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Abstract—Over the past few years, the prevalence of wireless
devices has become one of the essential sources of electromagnetic
(EM) radiation to the public. Facing with the swift development of
wireless communications, people are skeptical about the risks of
long-term exposure to EM radiation. As EM exposure is required
to be restricted at user terminals, it is inefficient to blindly
decrease the transmit power, which leads to limited spectral
efficiency and energy efficiency (EE). Recently, rate-splitting
multiple access (RSMA) has been proposed as an effective way
to provide higher wireless transmission performance, which is
a promising technology for future wireless communications. To
this end, we propose using RSMA to increase the EE of massive
MIMO uplink while limiting the EM exposure of users. In
particularly, we investigate the optimization of the transmit
covariance matrices and decoding order using statistical channel
state information (CSI). The problem is formulated as non-convex
mixed integer program, which is in general difficult to handle.
We first propose a modified water-filling scheme to obtain the
transmit covariance matrices with fixed decoding order. Then, a
greedy approach is proposed to obtain the decoding permutation.
Numerical results verify the effectiveness of the proposed EM
exposure-aware EE maximization scheme for uplink RSMA.

Index Terms—Electromagnetic (EM) exposure, multiuser mas-
sive MIMO, rate-splitting multiple access (RSMA), energy effi-
ciency (EE), statistical channel state information (CSI).

I. INTRODUCTION

Driven by the emerging data-hungry applications, such as
virtual reality, cloud core networks, artificial intelligence, and
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so on, future wireless networks are demanded to support high
spectral efficiency (SE) that reaches the peak of thousands
of megabits per second, which is usually accompanied by
the huge density of wireless connectivity [2]. As a result,
there is an emerging concern that people are more likely to
be exposed to high doses of electromagnetic (EM) radiation
[2]–[5]. As indicated in [6], the biological effects of EM
exposure include thermal and non-thermal effects. The former
represents the effect that excessive EM radiation absorbed by
the body can produce heat that may lead to tissue damage.
To deal with this mechanism, regulatory agencies such as the
Federal Communications Commission (FCC) and International
Commission on Non-Ionizing Radiation Protection (ICNIRP)
stipulate the maximum user exposure of EM emitted by a
qualified wireless device to ensure that the thermal effects is
below some thresholds [6]. In addition, there is a debate about
the long-term non-thermal effects on the human body, which
requires further research [6]. Since users are mainly exposed
to the radiation emitted by wireless terminals, the uplink EM
exposure is usually more essential than the downlink [3]. In
uplink transmissions, EM exposure is measured by a standard
metric named specific absorption rate (SAR), which indicates
the EM power absorbed by human tissue per unit mass
[3]. Compared with the constraint on power, which is only
related to the amplitudes of multiple antennas, SAR is also
the function of phase differences between any two transmit
signals [7], [8]. The SAR model is based on experimental
studies, which can be characterized by the sinusoidal function
of the phase difference [9]. In single antenna cases, the worst-
case SAR can be naturally satisfied by cutting down the
transmit power. However, adopting the same approach for the
compliance of SAR is not effective in achieving high data rate
when there are multiple transmit antennas. This leads to the
practical demand for the EM exposure-aware precoding design
in multiuser massive multiple-input multiple-output (MIMO)
uplink transmissions.

The introduction of SAR constraints makes it risky to
blindly increase the transmit power for higher performance as
the power consumption and EM radiation may also surge in
excess [5]. Achieving high data rate with low energy consump-
tion and EM exposure has become a significant need that the
new generation of wireless communications has to address [3],
[6]. With this in mind, rate-splitting multiple access (RSMA)
is exploited with great potential for MIMO transmission in the
next-generation wireless networks to meet the multiplying of
mobile data streams and limited resources [10]. Similar to non-
orthogonal multiple access (NOMA), which allows multiple
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users to access the same time and frequency resource block,
RSMA further splits the transmit signal of each user into
various sub-signals, which are transmitted independently on
the corresponding layers [10]–[13]. At the base station (BS),
the receiver adopts successive interference cancellation (SIC)
technology for decoding, where the sub-signals of various
users and layers are allocated with different rates according
to the decoding order [14], [15].

Compared with conventional multiple access schemes,
RSMA makes full use of the available time, frequency, power,
and space domains to achieve larger degree of freedom and
capacity region in the uplink transmission without time sharing
between users [13]. In practical systems, the SE improvement
of RSMA compared with NOMA mainly lies in that the length
of the decoding order permutation in RSMA is larger than
that in NOMA, which increases the degrees of freedom. This
property also improves the interference management ability
of communications and thus allows RSMA to provide a more
robust transmission scheme.

Recent studies have shown that the quality of communi-
cations can be further improved by using RSMA in both
downlink and uplink transmissions. In [14], one-layer rate-
splitting was used in the downlink MIMO broadcast chan-
nels to optimize the weighted sum rate. The work in [15]
investigated the implementation of RSMA in downlink dual-
functional radar communications. In [16], a successive null-
space-based precoding method was proposed to reduce the
inter-user interference and optimize the weighted sum rate
of the downlink MIMO-RSMA transmission. In fact, most
studies such as [14]–[16] focus on the downlink RSMA,
where the rate is split by dividing the transmit signal into the
common and private parts. For uplink RSMA communication,
the capacity can be theoretically achieved with perfect channel
state information (CSI) [17]. The authors in [11] proposed
a two-layer rate-splitting scheme to guarantee the max-min
fairness of single-input multiple-output (SIMO) uplink. In
addition, [10] investigated the problem of maximizing the sum
rate of users with proportional rate constraints in uplink RSMA
transmission, where the message of each user is split into
two layers that are transmitted in the same time-frequency
resource. Note that the prior works on uplink RSMA mainly
focus on the low-complexity precoding methods for the two-
layer rate-splitting scheme. These approaches are inapplicable
to the scene where the data stream of each user is split into
more layers to transmit, which is worth further investigation.

The studies of EM exposure transmission design in the
literature mainly focus on two aspects, i.e., decreasing the
EM exposure with quality of service (QoS) constraints and
enhancing the QoS with EM constraints [9], [18]–[23]. For the
first aspect, authors in [18] investigated a reconfigurable intel-
ligent surface (RIS) assisted system where the RIS phases and
beamforming matrix were jointly designed to reduce the EM
exposure. In [19], tethered unmanned aerial vehicles (TUAVs)
were introduced into the network architecture to minimize
the EM exposure while ensuring high data rate. Authors in
[20] considered the communication with improper hardware
distortion noise and used probabilistic shaping to minimize
the EM exposure while achieving the target throughput.

For the second aspect, the work in [21] investigated the pre-
coding design for the capacity with multiple SAR constraints
on MIMO uplink. Moreover, the sum-rate analysis with differ-
ent EM exposure constraints was examined in [22]. The active
design of the SAR-constrained SE maximization transmission
in metamaterials assisted system was further analyzed in
[23]. The work in [24] investigated the EE maximization
transmission strategy for uplink MIMO with SAR constraints.
Note that all the previous studies focus on the precoding design
for the multiuser scenario without rate split. The EM exposure-
aware transmission for the RSMA scheme still requires new
algorithm development. In addition, most studies consider the
uplink transmission in the criterion of SE maximization and
ignore the power cost in the precoding design which may
result in low energy efficiency (EE) [25]. Attributed to the
economic and ecological concerns, the transmission design
for EE maximization is receiving an increasing interest in
the literature [26]–[30]. Therefore, the EE analysis with EM
exposure constraints is also a critical issue for massive MIMO
uplink.

Inspired by the aforementioned considerations, we intend
to investigate the EM exposure-aware EE maximization design
for multiuser massive MIMO uplink RSMA transmissions with
statistical CSI. To the authors’ best knowledge, this is the first
work that proposes to use RSMA for energy and EM exposure
efficient communications. The main contributions of this paper
are summarized as follows:

• We investigate the uplink RSMA transmission design
for multiuser massive MIMO systems in the criterion of
EE maximization with EM exposure constraints, where
each user transmits a superposition of several sub-signals
from the split layers. To decouple the transmit covariance
matrices and decoding order, we divide the original
problem into the equivalent two levels, where the inner
one is the optimization of transmit covariance matrices of
all layers of users with given decoding permutation and
the outer one is to search the optimal decoding order on
its feasible set that can maximize the results of the inner
optimization.

• To address the inner problem, we approximate the er-
godic EE by applying the deterministic equivalent (DE)
method to reduce the computation complexity. To deal
with the non-convex numerators of the objective function,
we adopt the minorization-maximization (MM) meth-
ods to construct the problem with convex numerators
through Taylor expansion linearization. Then, based on
the Dinkelbach’s method, we transform the non-convex
fractional program into a series of convex sub-problems.
After that, a modified water-filling algorithm is proposed
for the EM aware problem.

• For the outer problem, the optimal decoding order can
be obtained using the exhaustive method. To reduce the
optimization complexity, we further propose a greedy
approach so that the decoding order can be optimized in
advance according to channel characteristics. After com-
bining all the above methods, we propose the overall low-
complexity EE maximization algorithm for uplink RSMA
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Fig. 1. The uplink transmission in a single cell by using rate-splitting multiple
access.

transmissions with EM exposure constraints. Numerical
results demonstrate the effectiveness of our proposed
algorithm.

The rest of this paper is organized as follows. Section II
describes the model of the uplink RSMA in multiuser massive
MIMO systems and formulates the EM exposure-aware EE
maximization problem with statistical CSI. Section III presents
the overall optimization algorithm for uplink RSMA with
EM exposure constraints. In Section IV, numerical results
are analyzed for the performance of the proposed algorithm.
Section V draws the conclusions of this paper.

The major notations are list as follows. E{·} denotes
the expectation operation, A , B means the quantity A
is defined by B. U\(k,l) represents the set composed of
the remaining elements of U after removing its element

(k, l). diag
{

Qαk,βlk

}K,Lk
k,lk=1

denotes the block diagonal ma-

trix where the
[
k−1∑
a=1

La + lk

]
-th block is Qαk,βlk

. diag {a}
denotes the diagonal matrix composed of elements from vector
a. The operation (·)! and � means the factorial and Hadamard
product, respectively. (x)+ = max{x, 0}. The imaginary unit
is represented by  =

√
−1.

II. SYSTEM MODEL

A. Rate-Splitting Multiple Access

As illustrated in Fig. 1, we consider a single cell uplink
communication of the RSMA system where K users with Nk
antennas at each user k ∈ K = {1, ...,K} transmit signals to
a M -antenna BS simultaneously in the same frequency and
time resource. The original data stream sk ∈ CNk×1 of user k
is split into L layers, i.e., {sk,1, ..., sk,L}, where sk,l ∈ CNk×1

is the sub-data stream on layer l ∈ L = {1, ..., L} of
user k satisfying E{sk,l} = 0, E{sk,lsHk,l} = INk and
E{sk,lsHi,j} = 0,∀(k, l) 6= (i, j) [11]. Then, rate-splitting is
achieved by precoding these sub-data streams respectively and
transmitting the superposition of the precoded signals to the
BS [10]. Denote the encoded transmit signal of user k at layer
l as

xk,l = Fk,lsk,l ∈ CNk×1, (1)

where Fk,l ∈ CNk×Nk is the corresponding transmit precoding
matrix. Similarly, xk,l is zero mean and independent of
other transmit signals, i.e., E{xk,l} = 0 and E{xk,lxHi,j} =

0,∀(k, l) 6= (i, j), and its covariance matrix is Qk,l =
E{xk,lxHk,l}. Then, the transmit signal from user k, as the
summation of the signals from L layers, is given by

xk =

L∑
l=1

xk,l =

L∑
l=1

Fk,lsk,l ∈ CNk×1. (2)

Correspondingly, the receive signal at the BS is given by

y =

K∑
k=1

L∑
l=1

Hkxk,l + n ∈ CM×1, (3)

where Hk ∈ CM×Nk is the channel matrix from user k to the
BS, n ∈ CM×1 denotes the additive noise following circular
symmetric complex Gaussian distribution with zero mean and
covariance σ2IM . Then, the BS decodes xk,l,∀k, l from the
receive signal y by using SIC. The decoding order is indicated
by an ascending permutation π = (πk,l)∀k,l, where πk,l ∈ N+

means the serial number of the decoding order of the sub-
signal xk,l and satisfies πk,l 6= πi,j ,∀(k, l) 6= (i, j). Specif-
ically, the BS has successfully decoded all the sub-signals
ahead of πk,l in the decoding permutation and eliminates
them in advance, then decodes xk,l by treating the remaining
sub-signals, except for the desired sub-signal, as interference.
Denote U = {(k, l)|k ∈ K, l ∈ L}, we can write the receive
signal at the BS as

y =
∑

(p̄,q̄)∈Q̄k,l

Hp̄xp̄,q̄

︸ ︷︷ ︸
eliminated in advance

+ Hkxk,l︸ ︷︷ ︸
desired signal

+
∑

(p,q)∈Qk,l

Hpxp,q︸ ︷︷ ︸
interference

+n,

(4)

where Qk,l = {(p, q) ∈ U|πp,q > πk,j} and Q̄k,l =
{(p̄, q̄) ∈ U|πp̄,q̄ < πk,j} is the complementary set of Qk,l in
the space of U\(k,l).

B. System EE

Consider that transmitters only have the statistical CSI for
uplink channels, whose spatial correlations are described by
the jointly correlated Rayleigh fading model. Then, Hk can
be characterized as [31]

Hk = UkH̃kV
H
k ∈ CM×Nk , (5)

where H̃k ∈ CM×Nk is the beam domain channel ma-
trix with zero-mean and independently distributed elements,
Uk ∈ CM×M and Vk ∈ CNk×Nk are deterministic unitary
matrices. Then, the statistical CSI of Hk can be described by
the coupling matrix between the transmit and receive eigen-
directions, which is defined as [32]

Ωk = E
{

H̃k � H̃∗k

}
∈ CM×Nk . (6)

In particular, when M →∞ in our considered massive MIMO
systems, Uk in (5) becomes asymptotically identical for all
users, which can be expressed as [33], [34]

Uk
M→∞

= U ∈ CM×M , ∀k, (7)

where U is irrelevant to the locations of users and only de-
pends on the topologies of BS antenna array [33]. For example,
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when the BS employs the uniform linear array (ULA) antenna
spacing of half-wavelength, the discrete Fourier transform
(DFT) matrix takes a good approximation of U [29], [34].
According to (4), the BS treat nk,l =

∑
(p,q)∈Qk,l Hpxp,q +n

as the aggregate interference-plus-noise that follows Gaussian
distribution for a worst-case design when decoding the desired
signal xk,l [35]. Then, the achievable ergodic rate of the sub-
signal xk,l can be formulated by

Rach
k,l = E

{
log det

(
IM + HkQk,lH

H
k C−1

k,l

)}
= E

{
log det

(
Ck,l + HkQk,lH

H
k

)}
− E {log det (Ck,l)} ,

(8)

where Ck,l denotes the covariance matrix of the interference-
plus-noise nk,l expressed by

Ck,l = σ2IM +
∑

(p,q)∈Qk,l

HpQp,qH
H
p ∈ CM×M . (9)

Due to the channel hardening effect in the transmission of
massive MIMO, we can approximate the ergodic rate of the
decoded signal xk,l in (8) by [36]–[38]

Rk,l = E
{

log det
(
K̃k,l + HkQk,lH

H
k

)}
− log det

(
K̃k,l

)
,

(10)

where

K̃k,l = E{Ck,l} =
∑

(p,q)∈Qk,l

UE{H̃pV
H
p Qp,qVpH̃

H
p }UH

+ σ2IM . (11)

Denote the matrix-valued function on X ∈ CNk×Nk as

Θ̃k(X) , E
{

H̃kV
H
k XVkH̃

H
k

}
∈ CM×M . (12)

Based on the statistical characteristics of the channel matrix in
the beam domain, it can be derived that Θ̃(X) is a diagonal
matrix, where the diagonal elements are obtained by[

Θ̃k(X)
]
ii

=

Nk∑
j=1

[Ωk]ij
[
VH
k XVk

]
jj
,∀i = 1, ...,M. (13)

Note that by rewriting Hk according to (5) and exploiting the
Sylvester’s determinant identity, i.e., det(I + AB) = det(I +
BA), the approximation rate in (10) is equivalent to

Rk,l =E
{

log det
(
Kk,l + H̃kV

H
k Qk,lVkH̃

H
k

)}
− log det (Kk,l) , (14)

where Kk,l is given by

Kk,l = UHK̃k,lU = σ2IM +
∑

(p,q)∈Qk,l

Θ̃p(Qp,q). (15)

In RSMA systems, the total power consumption is described
by an affine model comprised of three parts [26], [39], i.e.,

P (Q) =

K∑
k=1

(
ξk

L∑
l=1

tr {Qk,l}+ Pc,k

)
+ PBS, (16)

where Q , diag {Qk,l}K,L represents the aggregate covari-

ance matrix for all layers and users, ξk(> 1) denotes the
inverse of the power amplifier inefficiency at user k, Pc,k is
the dynamic power dissipation of user k, and PBS incorporates
the circuit power consumption at the BS [32]. Denote the
communication bandwidth as W , then the EE of the system
can be written as

EE = W

∑
(k,l)∈U Rk,l

P (Q)
. (17)

C. EM Exposure Model

In practical uplink communications, the transmit signals
are not only power constrained but also restricted by specific
EM exposure level [22]. In general, the power constraints are

described by
L∑
l=1

tr {Qk,l} ≤ Pmax,k for all user k, where

Pmax,k represents the power budget of user k. Moreover, the
EM exposure at transmitters is usually measured by SAR,
which can be modeled as a quantity averaged over the transmit
signals with a time-averaged quadratic constraint given by [21]

SARk,a =

L∑
l=1

E{tr
{
xHk,lRk,axk,l

}
} =

L∑
l=1

tr {Rk,aQk,l}

≤ Dk,a, a = 1, 2, ..., Ak, (18)

where the subscripts k, a represent the k-th user and a-th par-
tial body of mathematical quantities, Rk,a is the SAR matrix,
which fully describes the dependence of SAR measurements
on transmit signals with the unit of each entry as kg−1 [22],
Dk,a denotes the SAR budget, and Ak means the number of
the partial body exposed to the EM radiation. According to
[9], with given transmit antennas, the SAR measurements vary
slightly over a fairly wide range of frequencies (1.8 – 2 GHz).
For the uplink communication where W < 200 MHz, the SAR
measurements in different frequencies are almost the same,
which allows all the carriers in our considered RSMA system
to share the same SAR matrix [9]. Note that Rk,a is relatively
stable for a device within the given model [7]. In practice,
SAR matrices can be reported by users to the BS after the
transmission link is established.

D. Problem Formulation

In this paper, we investigate the EM exposure-aware trans-
mission strategy design for RSMA uplink of multiuser mas-
sive MIMO under the EE maximization criterion, where
we optimize the transmit covariance matrices of sub-signals
{Qk,l}∀k,l at the users and the decoding order π at the BS to
maximize the system EE, i.e.,

P1 : max
{Qk,l}∀k,l,π

EE(Q,π), (19a)

s.t.

L∑
l=1

tr {Qk,l} ≤ Pmax,k, Qk,l � 0, (19b)

L∑
l=1

tr {Rk,aQk,l} ≤ Dk,a, ∀k, a, (19c)

π ∈ Π, (19d)
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where Π is the set composed of all possible decoding order of
sub-signals and contains a total of (KL)! discrete elements.

Note that the challenges in tackling P1 come from two
aspects. The first one lies in the objective function, which is
non-convex on both covariance matrices and decoding order.
In addition, because of the expectation operations of (14),
the computational cost becomes enormous if the Monte Carlo
method is adopted to calculate the average EE in the opti-
mization. The second one lies in the constraints. In particular.
the introduction of SAR constraints, i.e., (19c), brings great
challenges in obtaining the optimal covariance matrices, where
we can not determine the optimal transmit direction and then
transform P1 into the conventional power allocation problem.
Moreover, it can be observed that the discrete variable π,
which makes P1 a non-convex mixed integer problem, further
complicates the problem. In the following, we will develop
algorithms to address problem (19).

III. EM EXPOSURE-AWARE EE OPTIMIZATION

In this section, we investigate the strategy design of problem
P1 under the criterion of EE maximization. Note that it is
challenging to figure out the optimal solution of P1 beacuse
of the decoding order constraint (19d). To tackle this problem,
we rewrite (19a) as

max
π

max
{Qk,l}∀k,l

EE(Q,π). (20)

By fixing the permutation π, the inner optimization of (20)
can be expressed as

P in
2 : f(π) = max

{Qk,l}∀k,l
EE(Q,π), (21a)

s.t.

L∑
l=1

tr {Qk,l} ≤ Pmax,k, Qk,l � 0, (21b)

L∑
l=1

tr {Rk,aQk,l} ≤ Dk,a, ∀k, a. (21c)

Then, setting the maximal value of the inner optimization to
f(π), P1 can be formulated as the equivalent problem given
by

Pout
2 : max

π
f(π), (22a)

s.t. π ∈ Π. (22b)

The optimal decoding order can be obtained by exhaustive
search, which will introduce high complexity to the overall
optimization [10]. With this in mind, we intend to figure out
a greedy approach where the decoding permutation can be
determined in advance. In the following, we first investigate
the optimization of transmit covariance matrices with a given
decoding order.

A. Deterministic Equivalence
Assuming that the decoding order π is fixed within its

feasible set, we can determine Kk,l,∀k, l by (15) and rewrite
the objective function of (21) as

ηEE(Q) =

∑
(k,l)∈U r

+
k,l(Q)− r−k,l(Q)

P (Q)
, (23)

where

r+
k,l(Q) = E

{
log det

(
Kk,l + H̃kV

H
k Qk,lVkH̃

H
k

)}
, (24)

r−k,l(Q) = log det

σ2IM +
∑

(p,q)∈Qk,l

Θ̃p(Qp,q)

 . (25)

It is noteworthy that problem P in
2 with the optimization

function of (23) involves random elements in the calculation.
However, using stochastic programming approaches like the
Monte-Carlo method will incur huge computation complexity
[40]. To mitigate the computational burden, we approximate
the ergodic EE by applying the DE method, which is a
low complexity approach for calculating the expected values
without averaging [41]. According to the large-dimensional
random matrix theory, the DE provides the deterministic
approximation of the function with random matrices, which
is asymptotically accurate when the dimensions of matrices
increase to infinity at a fixed rate [32], [41]. The DE method
is achieved by introducing several auxiliary variables and itera-
tively calculating the objective function. For further simplified
calculation, we denote

Θk(X) , E
{

H̃H
k XH̃k

}
∈ CNk×Nk . (26)

Similarly, utilizing the property that the elements of H̃k are
zero-mean and independently distributed, Θk(X) is a Nk ×
Nk-dimensional diagonal matrix with the elements

[Θk(X)]jj =

M∑
i=1

[Ωk]ij [X]ii ,∀j = 1, ..., Nk, (27)

where Ωk is defined in (6). Then, (24) can be well approx-
imated at a low computational level by using the eigenmode
coupling matrix Ωk as follows [41]

r+
k,l(Q) ≈ R+

k,l(Q) = log det (INk + Γk,lQk,l)

+ log det
(
Γ̃k,l + Kk,l

)
− tr

{
IM − Φ̃−1

k,l

}
, (28)

where Γk,l, Γ̃k,l and Φ̃k,l are DE parameters respectively
given by

Γk,l = VkΘk(Φ̃−1
k,lK

−1
k,l )V

H
k , (29a)

Γ̃k,l = Θ̃k(Q
1
2

k,lΦ
−1
k,lQ

1
2

k,l), (29b)

Φ̃k,l = IM + Γ̃k,lK
−1
k,l , (29c)

Φk,l = INk + Q
1
2

k,lΓk,lQ
1
2

k,l. (29d)

Substituting (28) into (14), the DE expression of the ergodic
rate for user k at layer l can be expressed as

Rk,l(Q) = R+
k,l(Q)− r−k,l(Q). (30)

As elucidated above, the DE equation R+
k,l(Q) is deter-

mined by DE parameters, which are related to the aggregate
transmit covariance matrix Q and require iterative calculations.
With an initial value of Φk,l, the DE parameters Γk,l, Γ̃k,l and
Φ̃k,l that are used to approximate r+

k,l(Q) can be obtained
by cyclically updating Φk,l and Φ̃k,l through (29a)–(29d).
Therefore, an iterative algorithm for calculating the DE of the
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ergodic SE is proposed in Algorithm 1.

Algorithm 1 Computation of DE Parameters of r+
k,l(Q)

Input: Initial
{

Φ
(0)
k,l

}
∀k,l

, channel statistics {Ωk}∀k, feasible

covariance matrix Q and permutation π, iteration thresh-
old ε1.

Output: The DE parameters Γk,l, Γ̃k,l and Φ̃k,l, ∀(k, l) ∈ U .
1: Initialize

{
Φ

(0)
k,l

}
∀k,l

, iteration index u = 0, threshold ε1.

2: for all (k, l) : U do
3: Reset iteration index u = 0.
4: repeat
5: Calculate Φ̃

(u)
k,l by (29b) and (29c) with given

Φ
(u)
k,l .

6: Update Φ
(u+1)
k,l by (29a) and (29d) with given

Φ̃
(u)
k,l .

7: Set u = u+ 1.
8: until

∣∣∣∣∣∣Φ(u)
k,l −Φ

(u−1)
k,l

∣∣∣∣∣∣2
F
≤ ε1.

9: Return Φk,l = Φ
(u)
k,l and Φ̃k,l = Φ̃

(u)
k,l .

10: Calculate Γk,l and Γ̃k,l by (29a) and (29b), respec-
tively with given Φ

(u)
k,l and Φ̃

(u)
k,l .

11: end for
12: Return {Γk,l}∀k,l,

{
Γ̃k,l

}
∀k,l

, and
{

Φ̃k,l

}
∀k,l

.

Note that the DE method reduces the computational com-
plexity compared with the Monte-Carlo method, which re-
quires a great number of repeated optimization problems to
average the solutions. In addition, due to the fact M � Nk,∀k
for common RSMA uplink massive MIMO systems, the cal-
culation of DE parameters is of low complexity despite the
operation of matrix inversion. It can be observed that Kk,l,
Γ̃k,l and Φ̃k,l are diagonal matrices so that their inverses can
be easily obtained, whose complexity is negligible for the
overall optimization process.

Then, by approximating ηSE(Q) with its DE expression,
which is defined by ηEE(Q), the asymptotic EE maximization
problem without expectation operation can be expressed as

P3 : max
{Qk,l}

ηEE(Q) =

∑
(k,l)∈U Rk,l(Q)

P (Q)
, (31a)

s.t.

L∑
l=1

tr {Qk,l} ≤ Pmax,k, Qk,l � 0, (31b)

L∑
l=1

tr {Rk,aQk,l} ≤ Dk,a, ∀k, a. (31c)

B. Low Complexity Precoding Design for RSMA

Generally, the fractional programming approaches are
adopted to handle the problem P3 that contains one fractional
objective function. However, R+

k,l(Q) and r−k,l(Q) are both
concave over Q as indicated in [27], [42], which results in
the non-convexity of the numerator in (31a). Then, P3 is an
NP-hard problem and can not be guaranteed the global optimal
solution within a polynomial-time complexity [27]. Therefore,

directly using the classical fractional programming methods
for solving the EE maximization problem will exponentially
increase the complexity, which calls for an efficient algorithm
to tackle P3. To this end, we resort to the MM method to
handle P3 by solving a series of subproblems that successively
approximate the original problem.

As elaborated in [43], [44], the MM procedure is an
iterative optimization procedure used to asymptotically solve
the non-convex program, where the main idea is to construct
a series of solvable lower bound functions with the utilize of
local maximizer points of each iteration. Note that the non-
convexity of (31a) comes from the subtraction of two convex
functions, which inspires us to construct the convex function
by linearizing the second term. To this end, we denote the
derivative of r−k,l(Q) over each Qp,q for any (p, q) ∈ Qk,l as

∆k,l
p,q ,

∂r−k,l(Q)

∂Qp,q
. It is shown as a conjugate symmetric matrix

and can be formulated as

∆k,l
p,q = VpE{H̃H

p K−1
k,l H̃p}VH

p

=

M∑
i=1

VpWp,iV
H
p

σ2 +
∑

(p,q)∈Qk,l
tr
{
VpWp,iVH

p Qp,q

} , (32)

where

Wp,i , diag
{

[Ωp]i1 , ..., [Ωp]ij

}Nk
j=1

. (33)

Then, the approximate solution of P3 can be derived by
applying the iterative MM method, where the local maximizer
of the `-th subproblem can be expressed as

P(`)
4 : Q(`+1) = arg max

{Qk,l}∀k,l

∑
(k,l)∈U R̃k,l(Q|Q(`))

P (Q)
, (34a)

s.t.

L∑
l=1

tr {Qk,l} ≤ Pmax,k, Qk,l � 0, (34b)

L∑
l=1

tr {Rk,aQk,l} ≤ Dk,a, ∀k, a. (34c)

In P(`)
4 , R̃k,l(Q|Q(`)) is the first-order Taylor expansion of

Rk,l(Q) on the point Q(`) given by

R̃k,l(Q|Q(`)) = R+
k,l(Q)− r−k,l(Q

(`))−∑
(p,q)∈Qk,l

tr
{

(∆k,l
p,q)

(`)(Qp,q −Q(`)
p,q)
}
, (35)

where ` ∈ N denotes the number of iterations and (∆k,l
p,q)

(`)

is the value of ∆k,l
p,q at point Q

(`)
p,q . According to [43], the

surrogate function R̃k,l(Q|Q(`)) constructed by the optimiza-
tion results of the previous iteration complies with the MM
iteration condition, which guarantees that

{
Q(`)

}∞
`=0

will
finally converge to the suboptimal solution of P3.

Consider that the numerator and denominator of (34a) are
concave and convex over Q, respectively. In this paper, we
adopt Dinkelbach’s method to transform the concave-convex
fractional programming into a sequence of convex problems.
Specifically, each P(`)

4 can be equivalently addressed by iter-
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atively handling the maximization subproblems as [27]

P(`),[t]
5 : Q(`),[t+1] = arg max

{Qk,l}∀k,l

∑
(k,l)∈U

R̃k,l(Q|Q(`))

− η(`),[t]P (Q), (36a)

s.t.

L∑
l=1

tr {Qk,l} ≤ Pmax,k, Qk,l � 0, (36b)

L∑
l=1

tr {Rk,aQk,l} ≤ Dk,a, ∀k, a, (36c)

where t denotes the iteration index and η(`),[t] is updated by

η(`),[t] =

∑
(k,l)∈U R̃k,l(Q

(`),[t]|Q(`))

P (Q(`),[t])
. (37)

It can be proved that Dinkelbach’s transform finally converges
to the globally optimal solution of P(`)

4 [27], [45]. With the hy-
brid use of the MM procedure and Dinkelbach’s transform, the
approximate solution of problem (21) containing the noncon-
vex objective function can be obtained by dealing with a series
of convex problems formulated by P(`),[t]

5 , which reduces the
problem-solving complexity significantly. Note that problem
(36) can be solved using either convex optimization tools [27],
[42] or the modified water-filling scheme proposed later in
Section III-B. Combining the above MM and Dinkelbach’s
methods, the EE maximization precoding design for uplink
RSMA is detailed in Algorithm 2.

By introducing Lagrange multipliers {µk}∀k and {λk,a}∀k,a
corresponding to the dual variables of constraints (36b) and
(36c), respectively, we derive the dual function of problem
(36) as

LA(Q, {µk}, {λk,a}) =
∑

(k,l)∈U

R̃k,l(Q|Q(`))− η(`),[t]P (Q)

−
∑

(k,l)∈U

µk (tr {Qk,l} − Pmax,k)

−
∑

(k,l)∈U

A∑
a=1

λk,a (tr {Rk,aQk,l} −Dk,a) , (39)

where µk ≥ 0 and λk,a ≥ 0, ∀k, a. Then, the Lagrange dual
problem of P(`),[t]

5 can be expressed as

min
µk≥0,∀k,

λk,a≥0,∀k,a

max
Q�0

LA(Q, {µk}, {λk,a}). (40)

Proposition 1: Constructing the optimal auxiliary matrix

S?k,l =
∑

(p̄,q̄)∈Q̄k,l

(∆p̄,q̄
k,l )

(`) + (η(`),[t]ξk + µ?k)INk+

A∑
a=1

λ?k,aRk,a, (41)

where {µ?k}∀k and {λ?k,a}∀k,a are optimal dual variables of
power and SAR constraints in problem (36), respectively.
Then, the optimal solutions of P(`),[t]

5 can be derived by a
modified water-filling scheme over (S?k,l)

− 1
2 Γk,l(S

?
k,l)
− 1

2 with

Algorithm 2 EE Maximum Iterative Algorithm for Uplink
RSMA

Input: Initial covariance matrices
{

Q
(0)
k,l

}
∀k,l

, channel statis-

tics {Ωk}∀k, feasible permutation π, iteration thresholds
ε2, ε3.

Output: The approximate solution
{

Qπ
k,l

}
∀k,l

of P3.

1: Initialize the iteration index ` = 0, η(`)
EE = 0.

2: repeat
3: Obtain (∆k,l

p,q)
(`), ∀(p, q) ∈ Qk,l by (32) and (33).

4: Set the interation index t = 0.
5: Initialize

{
Q

(`),[t]
k,l

}
∀k,l

=
{

Q
(`)
k,l

}
∀k,l

and calculate

the auxiliary value η(`),[t] by (28), (35) and (37).
6: repeat
7: Obtain Q(`),[t+1] by solving the problem (36).
8: Set t = t+ 1.
9: Update η(`),[t] by (37).

10: until
∣∣η(`),[t] − η(`),[t−1]

∣∣ < ε2.
11: Return

{
Q

(`+1)
k,l

}
∀k,l

=
{

Q
(`),[t]
k,l

}
∀k,l

.

12: Set ` = `+ 1.
13: Update the objective function of the `-th subproblem

in the MM procedure by

η
(`)
EE =

∑
(k,l)∈U R̃k,l(Q

(`)|Q(`))

P (Q(`))
. (38)

14: until
∣∣∣η(`)

EE − η
(`−1)
EE

∣∣∣ < ε3.

15: Return
{

Qπ
k,l

}
∀k,l

=
{

Q
(`)
k,l

}
∀k,l

.

the eigenvalue decomposition

(S?k,l)
− 1

2 Γk,l(S
?
k,l)
− 1

2 = Ũk,lΣk,lŨ
H
k,l, (42)

where Ũk,l and Σk,l are unitary and diagonal matrices,
respectively. Denote the diagonal elements of Σk,l =
diag {ϑk,l,1, ..., ϑk,l,Nk}, where ϑk,l,1 ≥ ... ≥ ϑk,l,Nk ≥ 0.
Then, the optimal tramsmit covariance matrix in user k at
layer l, i.e., Q

(`),[t+1]
k,l , can be expressed as

Q
(`),[t+1]
k,l = (S?k,l)

− 1
2 Ũk,lΛk,lŨ

H
k,l(S

?
k,l)
− 1

2 , (43)

where

Λk,l = diag

{(
1− 1

ϑk,l,n

)+
}Nk
n=1

. (44)

Proof: Refer to Appendix A.
Note that the DE parameters {Γk,l}∀k,l in (42) are also

dereived iteratively with given optimal solutions {Q?
k,l}∀k,l

of problem (36). Therefore, we resort to the alternating
optimization (AO) approach to optimize between {Γk,l}∀k,l
and {Qk,l}∀k,l, where we cyclically calculating {Qk,l}∀k,l
by Proposition 1 with given {Γk,l}∀k,l, and then update
{Γk,l}∀k,l through Algorithm 1 with the updated {Qk,l}∀k,l.
Finally, a modified EM exposure-aware water-filling scheme
is proposed in Algorithm 3. Then, substituting this modified
EM exposure-aware water-filling algorithm for step 7 of Al-
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Algorithm 3 EM Exposure-Aware Water-Filling Algorithm

Input: Initial dual variables {µ(0)
k }∀k and {λ(0)

k,a}∀k,a, feasible{
Q

(0)
k,l

}
∀k,l

and π, channel statistics {Ωk}∀k, necessary

constants in problem (36), iteration thresholds ε4.
Output: The optimal solution

{
Q?
k,l

}
∀k,l

of P(`),[t]
5 .

1: Initialize the iteration indices v1 = 0, v2 = 0.
2: repeat
3: Get S

(v1)
k,l ,∀k, l by (41) with µ(v1)

k and λ(v1)
k,a ,∀k, a.

4: Set
{

Q
(v1)
k,l,(0)

}
∀k,l

=
{

Q
(v1)
k,l

}
∀k,l

and v2 = 0.
5: repeat
6: Obtain DE parameters Γk,l,(v2),∀k, l by Algo-

rithm 1 with given Q
(v1)
k,l,(v2),∀k, l.

7: Calculate Ũk,l,(v2) and Σk,l,(v2),∀k, l by (42).
8: Obtain Q

(v1)
k,l,(v2+1),∀k, l by (43) and (44).

9: Set v2 = v2 + 1.
10: until

∣∣∣ηEE(Q
(v1)
(v2))− ηEE(Q

(v1)
(v2−1))

∣∣∣ < ε4.

11: Return
{

Q
(v1+1)
k,l

}
∀k,l

=
{

Q
(v1)
k,l,(v2)

}
∀k,l

.

12: Set v1 = v1 + 1.
13: Update the dual variables µ

(v1)
k and λ

(v1)
k,a ,∀k, a by

minimizing LA(Q(v1), {µk}, {λk,a}) in (40).
14: until The dual variables {µk}∀k and {λk,a}∀k,a converge.
15: Return

{
Q?
k,l

}
∀k,l

=
{

Qv1
k,l

}
∀k,l

.

gorithm 2, the approximate solutions of P in
2 can be obtained

at low complexity by performing all the steps of Algorithm
2 with a given permutation of decoding order π.

C. Decoding Order Optimzation

In the previous subsections, we have investigated the EM
exposure EE maximization design for transmit covariance
matrices {Qk,l}∀k,l with fixed permutation π, and obtained
the maximal ηEE(Q), which is also written as f(π) in the
problem (21). Now, we also need to optimize π in the outer
level, where the problem is formulated as (22). In fact, the
permutation π determines f(π) by determining Kk,l in (15).
The optimization of decoding order can effectively alleviate
the interference from other users or layers of the decoded
signal in the SIC procedure so that the overall rate throughput
and the system EE can be improved significantly.

Note that handling Pout
2 is difficult because of the non-

convex optimization function and the discrete variable π. For
problem (22), the optimal permutation π can be obtained
by exhaustive search, which ensures the optimal solution by
selecting the decoding order that maximizes the objective
function from the possible discrete value space Π. How-
ever, the complexity of this method will grow more than
exponentially when the users and layers increase constantly,
which is prohibitive for the overall algorithm. Specifically, the
optimization in our considered system with K users, where the
transmit signal of each user is split into L layers, requires a
search over (KL)! permutations of user and layer indices. To

deal with this challenge, we propose a low complexity scheme
considering only one permutation of all users and layers.

Similar to the optimization of decoding order in NOMA
systems, we arrange the permutation π according to the rank
of user k in terms of its maximum sum-rate in the single user
system [16]. Specifically, denote that RSU

k ,∀k as the maximum
sum rate of users k ∈ K in single user systems, respectively,
which can be formulated by

RSU
k = max

Qk�0
E
{

log det

(
IM +

1

σ2
HkQkH

H
k

)}
, (45a)

s.t. tr {Qk} ≤ Pmax,k, (45b)
tr {Rk,aQk} ≤ Dk,a, ∀k, a, (45c)

where Qk , E{xkxHk } =
∑L
l=1 Qk,l,∀k is the transmit

covariance matrix of user k. Then, our optimization of the
user index order (k1, k2, ..., kK) in problem (22) satisfies
RSU
k1

> RSU
k2

> ... > RSU
kK

, where k1, k2, ..., kK ∈ K denote
the indices of users in our considered system. Under this
principle, the layers that belong to the same user share the
same optimization expression, which are exchangeable in the
decoding order. Without losing generality, the approximate
solution of decoding order of SIC can be written as

π = (πk1,1, ..., πk1,L, πk2,1, ...πk2,L, ..., πkK ,1, ..., πkK ,L) .
(46)

Note that (46) utilizes the idea of the greedy algorithm so
that it can achieve the local optimum of P6. More importantly,
the complexity of handling problem (22) is greatly reduced
at a very slight cost, especially for the RSMA systems with
a lot of users and layers. With this in mind, the overall
EM exposure-aware EE maximization algorithm for multiuser
massive MIMO uplink RSMA is proposed in Algorithm 4.

Algorithm 4 Overall EE Maximization Algorithm for Uplink
RSMA with EM Exposure Constraints
Input: Channel statistics {Ωk}∀k, determined set Π.
Output: Approximate solutions

{
Qopt
k,l

}
∀k,l

and πopt of P1.

1: Obtain RSU
k ,∀k by solving the problem (45).

2: Arrange RSU
k ,∀k by descending order and obtain the

permutation π by (46).
3: Deterimine Qπ

k,l and Kk,l,∀k, l with given π.

4: Obtain the approximate solution
{

Qπ
k,l

}
∀k,l

of P in
2 by

Algorithm 2 and Algorithm 3 with given Qπ
k,l and

Kk,l,∀k, l.

D. Convergence and Complexity Analysis

In this sub-section, we intend to analyze the convergence
and complexity of the proposed EM exposure EE maximiza-
tion algorithm for uplink RSMA. Due to the fact that the result
of Proposition 1 is essentially the solution of (40), which
is the strong dual problem of the convex problem P(`),[t]

5 ,
the water-filling scheme iterating the dual variables {µk}∀k
and {λk,a}∀k,a in Algorithm 3 will certainly converges to
the global optimum of the problem (36) [42]. In addition,
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Algorithm 2 tackles the problem (31) by utilizing the MM
method and Dinkelbach’s transform, where its convergence is
guaranteed according to [27], [44]. Generally, Algorithm 4
optimizes the decoding order in advance and then maximizes
EE with given permutation π by Algorithm 2 and Algorithm
3. Therefore, after determining the permutation by the greedy
approach, P1 can be finally handled by Algorithm 4, which
will ensure the approximate solutions of P1.

Then, we analyze the computational complexity of the
proposed overall algorithm in detail. Note that the complexity
of the iterative algorithm depends on the number of iterations,
which can be dynamically adjusted by inputing different
thresholds. In Algorithm 3, the internal iteration including
steps 5–10 corresponds to the computation of Proposition 1
with given dual variables, where the main complexity locates
in (42) and can be expressed as O(

∑
k LN

3
k ). Consider that

Θ̃(X) and Θ(X) are diagonal matrices, the calculation of
DE parameters in (29a)–(29d) only requires a few linear
operations, where the complexity is estimated as O(

∑
k LN

2
k ).

Because of the fast convergence of DE parameters as indicated
in [31], the complexity of Algorithm 1 can be neglected
compared with that of (42). In addition, the external iteration
of Algorithm 3 aims to find the optimal dual variables by min-
imizing the Lagrange function at step 13. Due to the convexity
of the dual problem, the complexity of step 13 is expressed
by O

(
(K +

∑K
k=1Ak)x

)
, where 1 ≤ x ≤ 4 is determined

by the convex program [46]. Assume that the numbers of
internal and external iterations of Algorithm 3 are I1 and
I2, respectively. Then, the complexity of Algorithm 3 can
be estimated as O

(
I2

(
I1
∑
k LN

3
k + (K +

∑K
k=1Ak)x

))
.

Moreover, Algorithm 2 consists of the outer MM and in-
ner Dinkelbach’s approaches, which are assumed to per-
form I3 and I4 iterations, respectively. The complexity of
Algorithm 2 depends mainly on tackling the inner layer
problem, i.e., step 7, which is described by Algorithm 3.
Furthermore, the complexity of tackling (45) would be similar
to the complexity of tackling (36). Then, the complexity
of step 1 of Algorithm 4 is comparable to Algorithm 2
without the outermost two iterations. Therefore, the overall
computational complexity of Algorithm 4 is approximately
O
(

(I4I3 + 1)I2

(
I1
∑
k LN

3
k + (K +

∑K
k=1Ak)x

))
.

IV. NUMERICAL RESULTS

In this section, the performance of the proposed EM
exposure-aware EE maximization design for multiuser uplink
RSMA transmission is appraised through extensive computer
simulations. Consider the suburban scenario with non-line-of-
sight (NLOS) propagation, and the BS is equipped with half-
wavelength antenna spacing ULA. In this case, DFT matrices
can well approximate the deterministic unitary matrices in
Weichselberger’s channel decomposition model [34], [47].
Therefore, the values of U and Vk,∀k are set to DFT matrices
in our simulation [48]. Suppose that the system bandwidth is
W = 10 MHz, the number of SAR constraints at each user
is Ak = 1, the number of antennas at each user is Nk = 4
and the number of antennas at the BS is M = 64, the noise
covariance is σ2 = −96 dBm, the path loss is 120 dB, the
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(d)

Fig. 2. The convergence performance of the proposed EM exposure-aware
EE maximization algorithm under different power budgets Pmax. (a) I1; (b)
I2; (c) I3; (d) I4.

amplifier inefficiency is 1/ξk = 0.2,∀k, the power dissipations
at the users and BS are Pc,k = 30 dBm, ∀k and PBS = 40
dBm, respectively. In our simulations, the number of users is
K = 4, and the signal from each user is split into two layers,
which means L = 2, unless specified otherwise. Then, the
permutation π is composed of K · L = 8 elements.

For the clarity of the simulation results, we assume that the
power constraints and the SAR constraints are the same for all
users, as adopted in [21], [22]. Then, the power and SAR bud-
gets in our simulations can be written as Pmax,k = Pmax,∀k
and Dk,a = D = 0.8 W/kg,∀k, a. Typically, the SAR matrix
can be obtained numerically by fitting measurements from a
phantom for human head with the given gesture [7]. In the
following, we take the SAR matrix adopted in [22] as an
example to show the performance of the proposed algorithm,
which is given by

Rk,a = R =


8 −6 −2.1 0
6 8 −6 −2.1
−2.1 6 8 −6

0 −2.1 6 8

 ,∀k, a. (47)

Fig. 2 describes the convergence performance versus itera-
tions I1–I4 of the proposed algorithm under different power
budgets, where we record the average EE values obtained after
each iteration of the overall algorithm. The results indicate
that all the iterations of the proposed algorithm exhibit fast
convergence rates. In particular, in the region of low Pmax,
the overall algorithm can converge with only one iteration.

Nextly, the EE performance for different EM exposure
constraints is presented in Fig. 3. It can be observed that the
increase in the SAR budgets will improve the EE performance
of the system in the region of high Pmax. When Pmax is
relatively low, the power constraints provide the main limiting
condition for system EE compared with the SAR constraints.
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Fig. 3. The EE performance versus SAR budgets under different power
constraints: DE and Monte-Carlo methods.
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Fig. 4. The EE performance of the proposed optimization approaches for
different decoding orders (D = 0.8 W/kg).

On this condition, the relaxation of SAR constraints has no ef-
fect on system EE. However, when Pmax is large enough, SAR
has gradually become the main constraint of the optimization
problem, which has a decisive impact on the maximum EE.
Therefore, the EE curves of Fig. 3 with large power budgets
can still monotonically increase under the high SAR budget
regime. In addition, Fig. 3 also shows the EE performance gap
between the DE and Monte-Carlo methods. In the simulations,
we calculate the average EE by the Monte-Carlo method with
1000 channel matrices samples. From the results, it can be
noted that the DE method provides a close approximation to
the ergodic EE of uplink RSMA systems.

Fig. 4 shows the EE performance gap caused by different
optimization methods of decoding order π. The first method
refers to traversing all the feasible sets of decoding order Π
to search for the optimal permutation that can maximize the
system EE. The second method is to determine the decoding
order in advance based on the channel characteristics of differ-
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Fig. 5. Comparision of EE performance among RSMA, NOMA, SDMA,
FDMA and TDMA transmission schemes.
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Fig. 6. Impact of the number of layers, L, on the maximum achievable EE
performance.

ent users, which is indicated in (45) and (46). In addition, we
present the maximum EE performance under random decoding
order and worst decoding order, which refers to the decoding
order opposite to the optimal permutation, as shown by the
blue and green curves of Fig. 4, respectively. The result shows
that the optimization of decoding order permutation improves
the system EE. Besides, the performance loss incurred by the
greedy approach is shown to be negligible compared with the
exhaustive approach. Since the multiple access interference is
only related to the receive signals of the layers that are decoded
later, the greedy approach, where the users and layers with
large channel gain are decoded previously, may minimize the
interference during the decoding. Therefore, the performance
gap between the proposed and second method can be small.

Moreover, for the purpose of appraising the performance
gain of uplink RSMA transmission in the criterion of EE
maximization, we intend to investigate the EM exposure-
aware EE maximization problems for uplink NOMA, space
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division multiple access (SDMA), frequency division multiple
access (FDMA), and time division multiple access (TDMA)
systems, respectively. For comparison purposes, we provide
the problem formulations under the above baseline schemes
with both power and SAR constraints, and then propose
the corresponding algorithms to deal with these problems.
Note that due to the introduction of SAR constraints, the
EM exposure-aware optimizations for these uplink baseline
transmissions are projected as a point that has not been studied
in the literature.

• NOMA: In the uplink NOMA transmissions, the BS
first decodes the signals of stronger users, and then
decodes the remaining signals by subtracting interference
from the decoded stronger user [49]. Then, the ergodic
rate of user k under the NOMA scheme is written as

RNOMA
k = E

{
log det

(
IM+

(σ2IM +

K∑
z=k+1

HzQzH
H
z )−1HkQkH

H
k

)}
. (48)

• SDMA: As indicated by [50], in the SDMA scheme,
the BS decodes the desired message by treating other
interference as noise. Then, the ergodic rate of user k
can be expressed as

RSDMA
k = E

{
log det

(
IM+

(σ2IM +
∑
k′ 6=k

Hk′Qk′H
H
k′)
−1HkQkH

H
k

)}
. (49)

• FDMA: In the FDMA scheme, the transmit signal of
each user occupies a fraction of the total bandwidth W .
Denote αk as the bandwidth fraction allocated to user
k, where 0 ≤ αk ≤ 1 and

∑K
k=1 αk = 1. Assume

that users are allocated the same bandwidth fraction, i.e.,
αk = 1/K,∀k. Then, the covariance of additive Gaussian
noise of user k can be expressed as σ2/K. At the BS,
the ergodic rate of user k can be written as

RFDMA
k = E

{
1

K
log det

(
IM +

K

σ2
HkQkH

H
k

)}
.

(50)

• TDMA: In the TDMA scheme, each user is assigned a
fraction of time to use the whole bandwidth. Denote βk
as the time fraction allocated to user k, where 0 ≤ βk ≤ 1
and

∑K
k=1 βk = 1. Assume that users occupy the same

time fraction, i.e., βk = 1/K,∀k. Then, the ergodic rate
of user k can be written as

RTDMA
k = E

{
1

K
log det

(
IM +

1

σ2
HkQkH

H
k

)}
.

(51)

Utilizing the definition of EE in (17), the energy consumption
can be rewritten as P (Q) =

∑K
k=1 (ξktr {Qk}+ Pc,k)+PBS.

Then, the EM exposure-aware EE maximization problem for

uplink NOMA, FDMA and TDMA can be expressed as

PUL : max
Qk�0,∀k

EEUL =

K∑
k=1

Rk/P (Q), (52a)

s.t. tr {Qk} ≤ Pmax,k, (52b)
tr {Rk,aQk} ≤ Dk,a, ∀k, a, (52c)

where Rk is taken as RNOMA
k , RFDMA

k and RTDMA
k in (48),

(50) and (51), respectively.

Fig. 5 compares the maximum EE performance among
RSMA and three baseline transmission schemes. Actually,
the main difference in EE of the four multiple access modes
mainly comes from their transmission SE performances. Com-
pared with TDMA, the FDMA uses a narrower frequency band
to transmit the data of each user and layer, thus resulting in
the reduction of noise energy and improving the system SE.
Furthermore, within the same bandwidth, the SDMA scheme
can realize the parallel data transmission of multiple users,
while FDMA can only transmit the data stream of one user.
Therefore, the system SE of SDMA can be greatly improved
compared with that of FDMA. Since the NOMA scheme has
lower multiple access interference than SDMA scheme, it can
achieve better EE performance at the cost of enhancing the
complexity of the receiver. Compared with NOMA, RSMA
continues to split each non-orthogonal user data stream in
the same time-frequency resource into multiple layers and
then independently transmit them in parallel, which further
improves the system SE. Therefore, when the number of layers
per user exceeds one, RSMA can achieve higher EE than the
NOMA transmission scheme.

Actually, the improvement of EE performance of RSMA
compared with NOMA is also related to the number of layers.
Fig. 6 presents the impact of the number of layers, L, on the
maximum achievable EE in the RSMA transmission scheme.
As expected, the EE performance increases as the number
of layers grows. However, due to the existence of multiple
access interference, the improvement of system EE by the
number of layers is not linear. When there are too many
layers divided by each user, the interference of each layer
decoded by the receiver will increase correspondingly, which
limits the improvement of system EE. Note that L cannot
grow boundless in practical scenarios. The number of RSMA
layers is limited by the data flow and the decoding complexity
at the receiver. Meanwhile, the increase of layers demands
higher complexity of decoding at the receiver, thus reducing
the efficiency of the algorithm. Generally, it would be best
to select the proper number of split layers in actual RSMA
systems.

Fig. 7 compares the EE performance of the proposed
algorithm in this paper with that in [22] and [24]. Note
that work in [22] and [24] investigated the sum-rate and EE
maximization for uplink multiuser MIMO systems with SAR
constraints, respectively. It can be observed that the algorithm
proposed in this paper has superior EE performance. It is worth
noting that if we optimize the transmit covariance matrices
in the criterion of sum-rate maximization, the system EE will
decrease under high power budget. This is because when Pmax
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Fig. 7. Comparison of EE performance between the proposed algorithm and
the algorithms in [22] and [24].
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Fig. 8. Comparison of EE performance between the proposed and baseline
approaches.

is high, the power budget is fully used to achieve high sum-
rate, which also increases the total power consumption of the
considered system and leads to the reduction of EE. Basically,
the algorithm proposed in this paper is more general compared
with that in [22] and [24]. In fact, the EE maximization
problem studied in [24] can be regarded as a special case of
the problem in this paper by setting the number of layers L to
one. For the algorithm in [22], we can further set ξk = 0,∀k
to achieve the same function.

To demonstrate the effectiveness of the proposed EM
exposure-aware active design, Fig. 8 compares the EE perfor-
mance of the proposed algorithm with baseline approaches,
i.e., the adaptive and worst-case power backoff approaches,
which only consider the power constraints in the criterion
of EE maximization and then attenuate the transmit power
to satisfy the SAR constraints. Specifically, we assume that
(21c) is not taken into account in the optimization problem
P in

2 . Then the two baseline approaches can make the EM

exposure non-aware results of P in
2 satisfy the condition (21c)

by introducing the backoff factor α.

• Adaptive Backoff [21]: Consider the problem (21) that
omits the SAR constraints, i.e.,

Q0 = arg max∑L
l=1 tr{Qk,l}≤Pmax,k

EE(Q,π), ∀k. (53)

Then, the adaptive backoff method makes the final re-
sult satisfy the SAR constraints by altering the transmit
covariances as

Qadp
k,l,opt = αadp

k Q0
k,l, ∀k, l, (54)

where

αadp
k = min

1,
Dk,a∑L

l=1 tr
{

Rk,aQ0
k,l

}
 , ∀k, a.

(55)

• Worst-case Power Backoff [21]: Similar to (55), we
introduce the backoff factor as

αwst = min

{
1,

Dk,a

SARwst

}
, ∀k, a, (56)

where

SARwst = max
k,a

max∑L
l=1 tr{Qk,l}≤Pmax,k

L∑
l=1

tr {Rk,aQk,l} .

(57)

Then, the worst-case power backoff approach makes the
final result of the problem (21) without (21c) meet the
SAR constraints by reducing the power budgets as

Qwc
opt = arg max∑L

l=1 tr{Qk,l}≤αwstPmax,k

EE(Q,π), ∀k.

(58)

Fig. 8 shows that our proposed EM exposure-aware EE
optimization design can achieve better EE performance com-
pared with the baseline approaches.1 It can be observed that
these approaches achieve the same EE when Pmax is low.
It is consistent with the results shown in Fig. 3 that the
power constraints are the main limits of system EE in the
region of small power budgets, where SAR constraints can
be naturally satisfied under this condition. Then, the backoff
factors αadp

k ,∀k and αwst are equal to one, which means the
power only constrained problem provides the same solutions of
(21). In addition, Fig. 8 indicates that SAR constraints restrict
the system EE in a different way from power constraints.
Actually, SAR constraints consider both the amplitude and
the phase differences between any two transmit antennas,
while the power constraints only restrict the amplitude of
transmit signals. Since the backoff approaches regard the
SAR constraint as the additional power constraint in the
overall optimization, the corresponding optimization results
are inferior to that of our proposed approach.

1Note that the complexity of both adaptive power backoff and worst-case
power backoff can be estimated as O

(
(I4I3 + 1)I2

(
I1
∑

k LN3
k +Kx

))
.

When the total number of SAR constraints is small, the complexity of our
proposed method has the same order as that of backoff methods.
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V. CONCLUSION

To summarize, we investigated the transmission design in
the criterion of EE maximization with EM exposure con-
straints for uplink RSMA communications. Specifically, we
optimized the transmit covariance matrices and decoding order
in the non-convex mixed integer program, which is basically
difficult to handle. We first applied the DE method to ob-
tain an approximate expression of the ergodic EE for the
reduction of optimization complexity. Later, we proposed a
modified water-filling scheme to obtain sub-optimal solutions
of covariance matrices with a given decoding order, where
MM and Dinkelbach’s methods were adopted to iron out the
difficulty caused by the non-convexity. Then, we design the
decoding order on its feasible set by using a greedy approach,
which can reduce the overall complexity compared with the
exhaustive approach. In the simulations, we confirmed the
effectiveness of the overall algorithm, which converges quickly
within a few iterations. In addition, the impact of the EM
exposure constraints and the number of layers split from each
user on the EE performance were presented for the uplink
RSMA transmission. The numerical results verified the EE
performance gain of uplink RSMA compared with the NOMA,
SDMA, FDMA, and TDMA schemes. Since we actively
considered the EM exposure constraints in the transmission
design, our proposed EM exposure-aware water-filling scheme
was shown to have superior EE performance compared with
several baselines such as the adaptive and worst-case power
backoff approaches.

APPENDIX A
PROOF OF PROPOSITION 1

As indicated in [41], the DE of (24) is an asymptotic
approximation function generated by the iterations of DE
parameters, which has been concluded that

∂R+
k,l(Q)

∂[Θk(Φ̃−1
k,lK

−1
k,l )]j,j

=
∂R+

k,l(Q)

∂[Γ̃k,lK
−1
k,l ]i,i

= 0,

∀i = 1, ...,M, j = 1, ..., Nk. (59)

Accordingly, the DE can be regarded as a function of Qk,l

with fixed DE parameters. The derivative of R+
k,l(Q) in (28)

over Qk,l is given by [41, Th. 4]

∂R+
k,l(Q)

∂Qk,l
= (INk + Γk,lQk,l)

−1Γk,l. (60)

Then, the optimal Q and dual variables satisfy the Karush-
Kuhn-Tucker (KKT) conditions:

∂LA
∂Qk,l

= (INk + Γk,lQk,l)
−1Γk,l − Sk,l = 0, ∀k, l, (61)

µk (tr {Qk,l} − Pmax,k) = 0, ∀k, (62)
λk,a (tr {Rk,aQk,l} −Dk,a) = 0, ∀k, a, (63)

where

Sk,l =
∑

(p̄,q̄)∈Q̄k,l

(∆p̄,q̄
k,l )

(`) + (η(`),[t]ξk + µk)INk+

A∑
a=1

λk,aRk,a. (64)

With given Γk,l and feasible dual variables {µk}∀k and
{λk,a}∀k,a, the inner optimization of (40) in terms of the
optimization variable Qk,l is equivalent to the problem with
the same KKT condition, which can be expressed as

max
Qk,l�0

log det (INk + Γk,lQk,l)− tr {Sk,lQk,l} . (65)

Therefore, when the optimal dual variables {µ?k}∀k and
{λ?k,a}∀k,a are obtained by the outer optimization of (40), the
solution of problem (65) are the same as (36) in terms of the
optimization variable Qk,l. Following the proof of [21, Th.
3.6], the analytical solutions of problem (65) can be derived as
the form of (43), which is omitted in this paper. This concludes
the proof.
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