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Abstract - Introduction

• Biological networks have been under scientific investigation for long time. We see immediate appli-
cation in blood vasculature and leaf venation.

• We refer to the Cai-Hu model [1] to describe the formation of biological transport network.
• Describing leaf venation phenomenon is very challenging because of the nature of the problem. Even

in the same plant we can find different leafs with different venations patterns.
• Time evolution of the fluid is governed by an elliptic-parabolic system of partial differential equations

for the conductance tensor C, and the pressure p.
• Many tests are provided, on varying the values of the parameters involved.

Figure 1: Leaf venation (left), blood vasculature (right).

1. Model and Methods

Cai-Hu Model

−∇ · ((rI + C)∇p) = S in Ω, (rI + C)∇p(t, x⃗) · ν = 0 on ∂Ω
∂C
∂t

−D2∆C− c2∇p⊗∇p + γ|C|γ−2C = 0 in Ω, C(t, x⃗) = 0 on ∂Ω

where p = p(t, x⃗) ∈ R is the scalar pressure, C = C(t, x⃗) is the conductivity tensor, r the background
permeability [2] and S = S(x⃗) the sink-source function. In the metabolic function, for leaf venation,
1/2 < γ < 1. The Cai-Hu model refers to a global energy consumption in the sense that the equations
derive from the L2-gradient flow of the functional

Etens[C] :=
∫
Ω

D2

2
|∇C|2 + c2∇p[C] · P[C]∇p[C] +M(|C|) dΩ.

In[2] they prove that the derivative in time of the energy functional is negative, thus the system reaches
a steady state, as a minimal energy consumption.
Space discretization - Finite Differences scheme
• Domain Ω = [0, 1]× [0, 1], is discretized by a uniform Cartesian mesh with spatial step h := ∆x = ∆y.
• The variables conductivity and pressure are Cij ≈ C(xi, yj) and pij ≈ p(xi, yj), defined at the center

of the cell (i, j).
• Central differences for the computation of the space derivatives.

Time discretization
1. Extrapolation of the conductivity tensor at time tn+1/2 [3]:
Cn+1/2 = 3/2Cn − 1/2Cn−1

2. solve the Poisson equation: −∇
((
rI + Cn+1/2

)
pn+1/2

)
= S

3. apply the symmetric-ADI method to solve for C
Order of accuracy

• Richard extrapolation

• Wasserstein distance
(KP) : min

{∫
X×X c dγ : γ ∈ Π(µ, ν)

}
Wp(µ, ν) =

(
(KP), c(x, y) = |x− y|p

)1/p

2. Results and Conclusions

Results [4]
We show a comparison between ADI and symmetric-ADI schemes, how the condition number of the
Poisson equation depends on the parameter r, and also the solution of the system, C, for different pa-
rameters, and relative evolution in time of the energy potential associated to the equation.
The parameter r is the one that mainly influences the solution of the system.

r = 10−2 r = 10−3 r = 10−4

ADI sym-ADI ADI sym-ADI ADI sym-ADI
asymm(C) 6.1072×10−4 2.4657×10−8 0.0259 1.031810×−5 0.1536 0.1868
asymm(p) 3.8862×−5 9.2453×−10 0.0061 3.2774×−6 0.02683 0.02808

Table 1: D = 0.01, c = 5,∆x = 1.67× 10−3, tfin = 10, ε = 10−3.

Figure 2: r = 10−1 (left), 10−2 (center), 10−3 (right).

Figure 3: D = 10−2 (left), D = 5× 10−3 (center), D = 10−3(right)

Figure 4: r = 10−2 (left), r = 10−3 (center), r = 10−4(right)

Conclusions√
2nd order with extrapolation technique and Wasserstein distance

√
negative derivative in time of the energy functional

? efficient parallel solver for monolithic scheme for the system in (pn+1,Cn+1)
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