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Abstract—Underwater acoustic communication networks
(UACNs) are considered a key-enabler to the underwater internet
of things (UIoT). UACN is regarded as essential for various
marine applications such as monitoring, exploration, and trading.
However, a large part of existing literature disregards the
3-dimensional (3D) nature of the underwater communication
system. In this paper, we propose a K-tier UACN that acts as
a gateway that connects the UIoT with the Space-Air-GroundSea Integrated System (SAGSIS). The proposed network architecture consists of several tiers along the vertical direction with
adjustable depths. On the horizontal dimension, the best coverage
probability (CP) is computed and maximized by optimizing the
densities of surface stations (SSs) in each tier. On the vertical
dimension, the depth of each tier is also optimized to minimize
inter-tier interference and maximize overall system performance.
Using tools from stochastic geometry, the total CP of the proposed
K-tier network is analyzed. For given spatial distribution of
UIoT device’s depth, the best CP can be achieved by optimizing
the depths of the transceivers connected to the SSs through a
tether. We verify the accuracy of the analysis using Monte-Carlo
simulations. In addition, we draw multiple useful system-level
insights that help optimize the design of underwater 3D networks
based on the given distribution of UIoT device’s depths.
Index Terms—UIoT, Stochastic Geometry, Coverage Probability, Underwater Communication, K-tier Network.

I. I NTRODUCTION
WING to the recent advances in wireless communication
technology, Space-Air-Ground-Sea Integrated Systems
(SAGSIS) is envisioned as a key player in the next generation
of wireless networks. As a part of SAGSIS in underwater,
the Underwater Internet of Things (UIoT) is a carrier that
promotes the development of underwater applications such
as high-speed marine communication which can provide a
global connection for underwater devices [1], sea gilders
which can be used for marine environmental monitoring,
underwater drone clusters which can be used for underwater
terrain exploration or mapping [2], and underwater sensor
and communication systems for target detection and tracking
[3], to name a few. In terms of underwater network, along
with the marine technology sector and ocean development,
like the research about marine environmental information
monitoring and data acquisition UIoT in [4], [5], underwater
communication networks has been developing rapidly and
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attracted the attention of many researchers. UACNs can be
regarded as one of the basic infrastructures of an underwater
system, especially in a large-scale system [6]. Although radio
frequency (RF) and visible light communication (VLC) can
also be used, their limited propagation distance makes them
less favorable in underwater environments compared to acoustic communication [7]–[9]. Communication and information
exchange among devices in the underwater environment is necessary for various purposes such as localization, detection, and
energy optimization, to name a few [10]–[13]. Connectivity of
underwater networks is also vital for some applications such
as autonomous underwater vehicles [14].
In this paper, we design a cross-medium network that can be
regarded as the gateway between Space-Air-Ground integrated
networks and the underwater wireless networks, and which can
provide a broader prospect for the development of underwater communication networks and the underwater Internet of
Things (UIoT). We consider a K-tier UACN where each tier
is placed at different a level and represents a set of surface
stations (SSs) that are extending their transceivers/receivers to
a unique depth using a tether. For that setup, we focus on the
coverage probability analysis and the optimal values of such
tethers for a given distribution of UIoT devices. More details
regarding the contributions of this paper are provided later in
this section.
A. Related work
In this subsection, we provide a brief summary of the related
works in three general directions of interest to this paper: (i)
modeling and analysis of UACNs and UAWSNs, (ii) stochastic
geometry-based analysis of underwater communications, and
(iii) the related works on coverage probability of UIoT.
Modeling and analysis of UACNs and UAWSNs. A common
practice in literature is to model the underwater communication networks as a 2D network, which disregards the depth
of different nodes and UIoT devices [15], [16]. However,
there are also few works that considered a 3D model for the
underwater network. For instance, authors in [17] proposed a
3D network that is built by depth-adjustable nodes, i.e. every
node can choose its depth freely. The authors also assumed that
the initial 2D coordinates of all the depth-adjustable nodes are
known and fixed. In [18], the authors used a similar network
model and aimed to reduce the overlap between close nodes
by adjusting the depth of nodes. One important aspect of
UACNs that requires careful modeling is interference. Due to
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the use of omnidirectional communication nodes, interference
can not be ignored and it can actually lead to a reduction in the
communication distance of network nodes and consequently
in coverage probability. In [19], the overlapping coefficient
”buoy group” mode is proposed. For a 2D network model,
the randomness in the locations of underwater targets and
interference is considered.
Stochastic geometry-based analysis of underwater communications. Stochastic geometry is becoming a powerful tool
for network performance analysis [20]–[22]. In the underwater
area, there are rare works that utilize this tool, despite its
tractability and the fact that it fits well random nature of the
underwater environment. To the best of our knowledge, the
only paper related to stochastic geometry in underwater is
[23]. In this paper, a cluster-based underwater wireless sensor
network is proposed. The network is divided into several small
clusters and each cluster has only one head that can collect
the information from its members and forward it to surface
nodes. The locations of all the sensors or nodes are modeled
as a homogeneous Poisson Point Process (PPP). The clusterbased network is a distributed 2D network, while the influence
of the distribution of depth of UIoT device on the performance
is not captured. In addition, Rayleigh fading is considered for
the channel model, which is impractical for the underwater
scenario.
Works related to coverage probability of UIoT. Few works
are focused on the issue of enhancement of coverage probability of UIoT. In [24], the connectivity and coverage probability
are analyzed based on the underwater cognitive acoustic
networks, primary users, and secondary users are designed
to avoid the communication collision. However, the features
of 3D underwater space, like the random distribution of the
UIoT devices and interference from different network nodes,
are not taken into account. In [25], the system structure and
open issues of UIoT are discussed, and AUV, smart sensors,
etc. are clarified to be included in the future.
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the weakness of the Global Position System (GPS), the
positions of SSs and UIoT devices are almost random,
so, we prefer a PPP to model the locations of the SSs
and the UIoT devices.
• Optimal K-tier network for a given UIoT device’s depth
distribution. Subject to a constraint on the density of
SSs in the UACN system, we analyze and optimize
the CP by adjusting the different tiers’ tether lengths.
Using numerical results, we draw multiple useful systems
insights that can be helpful in designing efficient UIoT
networks.
The rest of the manuscript is organized as follows. Sec. II
describes the system model of the proposed K-tier UACN.
Sec. III gives the detailed mathematical derivation of the CP.
Sec. IV verifies the correctness of theoretical analysis compared with the Monte Carlo simulations, discloses the insights
of the K-tier UACN, and provides solutions to maximize the
CP of UIoT. Conclusions and future work are stated in Sec.
V.
II. S YSTEM M ODEL
In this section, we propose a new structure for a K-tier
underwater acoustic network, which is described in Fig.1. In
the K-tier network model, we have a set of surface stations
(SSs), each composed of a surface buoy and an underwater
antenna, where the buoy and the antenna are linked by a tether.
The locations of the SSs are modeled by k different PPPs,
Φ1 , Φ2 , ..., Φk with densities γ1 , γ2 , ..., γk . The SSs in each
tier j has the same tether length tj . Each SS is annotated as
Sj,i , with j = 1, 2, ..., K, indicating which tier the SS belongs
to, and i = 1, 2, ... indicates the SS is the i-th nearest SS
to the reference UIoT device from the j-th tier. In Fig.1,
an example of the considered setup is provided. Cartesian
coordinates (xj,i , yj,i , tj ) are used to model the locations of
UIoT devices or the transceivers, where tj is the tether length
of j-th tier.

B. Contributions
This paper provides one of the first attempts to model
the underwater communication network using tools from
stochastic geometry while using a realistic model for the
communication channel. The analysis and optimization of CP
of a 3D UACN are provided based on a new K-tier network
model. The main contributions of this article are listed below.
• We design a new multi-tier UACN model which has a
cross-medium structure. In order to extend the applications of UIoT and SAGSIS, a K-tier UACN with surface
buoy receiver which can communicate with the stations
in air or space (UAV, HAP, satellite, etc.) and underwater
transmitter/receiver with adjustable depth is proposed.
Besides that, a detailed analysis of the CP is made.
• Considering the harshness of the underwater environment, it is almost impossible to make any assumptions
about the location of the SSs and the randomness of
the UIoT devices, we propose to use a random PPP to
describe the deployment of SSs and UIoT devices. Due
to the influence of ocean currents and waves, added to

Fig. 1: A diagram of underwater acoustic K-tier network.
Besides stations, we also have different UIoT devices, like
autonomous underwater vehicles (AUVs) or sensor nodes as
shown in Fig.1. We model the locations of the UIoT devices at
a given depth as a PPP. We consider a reference UIoT device
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at depth ur . The coordinates of the reference UIoT device
are Ur = (xr , yr , ur ). Given that the locations of SSs and
the UIoT devices are horizontally distributed according to two
independent PPPs, the stationarity of the PPP, and according to
Slyvniak’s theorem, we can always focus on the performance
of a ”typical” UIoT device located at the origin without loss
of generality [26], [27].
Definition 1. q
Distance between a SS and an UIoT device is
DSj,i →Ur = (xj,i − xr )2 + (yj,i − yr )2 + (tj − ur )2 , (1)

where j means the order of the tiers and i means the order of
the points in the tier. Without loss of generality, we assume
that the UIoT device projection position is directly at the
origin.
Hence, the distance can be rewritten as DSj,i →Ur =
q
2
2
2 + (t − u )2 where r2
rj,i
j
r
j,i = xj,i + yj,i , and in the
following we will regard DSj,i →Ur as Dj,i for simplicity.

Before we discuss the underwater channel model, it is
worth mentioning that an accurate model should take into
consideration the sea depth, temperature, and salinity level.
The model used in this paper is a semi-empirical model that
was first proposed [28] based on multiple experiments and is
currently widely used in literature [29]–[31].
A. Underwater Acoustic Communication Channel
The power received at the reference UIoT device from a
given transmitter is
P R = SL − T L − (N L − DI),
(2)
where P R is the power received which can be regarded as
received signal power, SL is the Source Level which is the
transmission power, T L is the Transmission Loss, N L is the
Noise Level, DI is the Directivity Index, and the units of all
these quantities are the same, dB. We have the definitions as
shown in Table I, and in this table, the Ref erence strength is
the plane wave sound strength with a root mean square sound
pressure of 1 µpa [28]. We can compute SL in dB as follows
Pt /4π
Pt /4π
= 10 log −12
SL = 10 log
Ref erence strength
10 /1.5 × 106
1.5 × 1018
≈ 10 log Pt + 170.77,
= 10 log Pt + 10 log
4π
(3)
where Pt is the signal power of transmission with the unit of
watts. So In the same way, we can also get

T L = 10 × log(Tl ) + 170.77 (dB)



 N L = 10 × log(N ) + 170.77 (dB)
l
,
(4)

DI
=
10
×
log(D
)
+
170.77
(dB)
i



P R = 10 × log(Pr ) + 170.77 (dB)
where Tl is the transmission loss, Nl is the noise, Di is the
direct gain, and Pr is the received signal power, all in watts.
According to (3) and (4), the received signal power Pr can
be derived as follows
1.5 × 1018 Pr
10 log
4π
= 10 log Pt − 10 log Tl − 10 log Nl + 10 log Di
Pt × Di
= 10 log
.
(5)
T l × Nl

3

If we transfer the unit dB into watts, (5) can be written as
4πPt × Di
.
(6)
Pr =
1.5 × 1018 Tl × Nl
B. Underwater Acoustic Path Loss
In general, there are two factors of energy loss during the
propagation of acoustic waves in water, Geometric Spreading
Loss and Attenuation Loss. Both of these two types of power
loss mainly depend on distance and frequency of propagation.
1) Geometric Spreading Loss: The geometric spreading
loss means a geometric effect that regularly weakens the
sound wave as it expands outward from the sound source.
Spreading loss increases with distance, and changes with
distance logarithmically. Spreading loss η can be divided into
three different types, spherical spreading loss ηs , cylindrical
spreading loss ηc , and mixed spreading loss ηm . Cylindrical
spreading loss ηc should be used when the communication
distance d is much longer than the distance r between the
upper and lower boundaries, and the spherical spreading loss
ηs should be applied when d is equal to or less than r,
otherwise mixed spreading loss ηm should be used. Geometric
spreading loss can be shown as:
η = λ × 10 log(1000d),
(7)
where d with the unit of km means propagation distance
between a pair of SS and UIoT devices, and generally λ is a
constant which equals 1.5 in common underwater application
scenarios.
2) Attenuation Loss: Attenuation loss includes absorption,
scattering, and acoustic energy leakage. However, absorption
loss and scattering loss are difficult to distinguish, so they
are generally calculated together. The loss of sound energy is
usually small, so the loss is generally ignored.
The overall transmission loss that captures all factors can
be written as follows
T L = η + α(f )d,
(8)
where η is geometric spreading loss with unit dB, d is the
distance between two nodes with unit km, f is the transmission
frequency, α(f ) is the absorption coefficient with unit dB/km,
and it can be also written with units of dB:
1.5 × 1018 Tl
10 log(
) = 10λ log(1000d) + α(f )d. (9)
4π
We can also convert TL from dB into absolute value, and
we can get
Tl (λ, f, d) = β(λ)dλ 100.1α(f )d ,
(10)
3λ

4π10
where β(λ) = 1.5×10
18 . According to Thorp’s formula [32],
the following α can be used as a simplified model for
frequencies less than 50 kHz:
0.11f 2
44f 2
α(f ) =
+
+ 2.75 × 10−4 f 2 + 0.003.
2
1+f
4100 + f 2
(11)
Since λ, f , Di and Nl are known in advance, β(λ) and α(f )
are calculated as constants, we can rewrite Pr as
Pt
(12)
Pr (d) =
C × T l(λ, f, d)
λ

Nl
where C = 1000
is a constant, T l(λ, f, d) = dλ 100.1α(f )d,
Di
and we will write T l(λ, f, d) as T l(d) for simplicity.
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TABLE I: Definitions of Sonar’s Parameters and Reference Locations
Parameter

Definition

Source Level, SL
Transmit Loss, TL
Noise Level, NL
Directivity Index, DI

10× log

strength at one meter
10× log Signal
Ref erence strength
Signal strength at one meter
10× log Signal strength at the receiver
Noise strength
10× log Ref
erence strength
Output noise power of non−directional hydrophone strength
Output noise power of directional hydrophone strength

C. Communication link in K-tier network
We assume the nearest SS association policy, namely, the
UIoT device associates with the nearest SS (the nearest
transceiver). The signals incoming from the rest of the SSs
are regarded as interference. Hence, it is essential to calculate
the signal-to-interference and noise ratio (SINR) to determine
whether the received useful signal Pr can be recognized by
the particular UIoT device. Combine with threshold τ , the CP
of the SS to the UIoT device can be written as:

 Pr
>τ ,
(13)
Pcov (λ, f, d) = P[SINR > τ ] = P 2
σ + IR
where σ 2 is the variance of Gaussian White Noise (GWN),
IR is the interference, τ is the threshold of the received SINR
to enable signal decoding. To compute the CP, we need the
distribution of Pr and IR . To calculate the distribution of
Pr , we need to derive the distribution of the distance to the
closest SS. Combined with underwater acoustic channel signal
propagation loss, we can obtain the distribution of path loss
of the closest distance. As for interference in K-tier network,
it can be divided into two parts, interference created by SSs
in the same tier with the tagged SS, and interference made by
SSs in other tiers.
If the nearest SS belongs to the m-th tier, the distance
between the reference UIoT device and this SS is Dm,1 . So,
with the given ur we have the following definition:
Definition 2. The Coverage probability of a K-tier network
is
Xk
Am P[SINRm > τ |ur ], (14)
P[SINR > τ |ur ] =
m=1
where Am is the m-th tier association probability, which
means the probability that the closest SS belongs to the m-th
tier, and
i
h
Pr (m)
P[SINRm > τ |ur ] = P 2
> τ ur ,
σ + IIntra−m + IInter
(15)
where Pr (m) is received signal power when the UIoT device
is associated with the m-th tier. According to (12) and (10),
the received useful signal can be written as:
Pt −1
T l (Dm,1 |ur ),
(16)
Pr (m|ur ) =
C
where Dm,1 means the distance between the nearest SS in mth tier to the target UIoT device. Besides that, we sort all the
distances between the target UIoT device and the SSs in a tier,
so Dm,1 means the shortest distance to the target UIoT device
in the m-th tier.
For the interference, we divided them into intra-interference
which is in the same tier as the useful signal, and interinterference which is in other tiers, and they are shown as:

X  Pt
T l−1(Dm,i |ur ) ,
(17)
IIntra−m (Dm,i |ur ) =
C
i=2

IInter (Dj,i |ur ) =

k
X

X  Pt

j=1,j6=m i=1

C


T l−1(Dj,i |ur ) .

III. M ATHEMATICAL A NALYSIS
P ROBABILITY

OF

(18)

C OVERAGE

Recall that we have the transmission loss as a function of
the distance d, T l(d) = βdλ 100.1α(f )d. In this section, we
will derive the distribution of the received signal power when
associating with the m-th tier, the distribution of the interference created by SSs in the m-th tier, and the distribution of
interference created by SSs in other tiers, and the associate
probability.
A. Distributions of distance and path loss
In a Poisson point Process (PPP), the probability density
function (PDF) of the distance from a reference location
located at the origin o to the n-th nearest point is [33]
2(πγ)n 2n−1
r
exp(−πγr2 ), r > 0, n = 1, 2, ....,
f (r, n) =
(n − 1)!
(19)
where γ is the density of the PPP.
Recall that due to the memoryless property of the Poisson
process the above equation applies for any arbitrary location
to its n-th nearest point, i.e. does not have to be at the origin.
In the following, for simplicity and without any ambiguity, we
will use f (r1 ), f (r2 ) to donate f (r, 1) and f (r, 2), so we have
f (r1 ) = 2πγr exp(−πγr2 ),

(20)

f (r2 ) = 2(πγ)2 r3 exp(−πγr2 ).

(21)

1) Distributions of closest distance and path loss in every
tier: In order to calculate the CP in the K-tier network, we first
compute the distribution of the distance between the reference
UIoT device and the nearest SS in each tier. The horizontal
distance (distance between projections on x-y plane) between
the reference UIoT device and the
qclosest SS in the j-th tier is
2 + z 2 and z is relative
annotated as Rj,1 where Dj,1 = Rj,1
j
j
depth which is zj = tj − ur . The cumulative distribution
2
)
function (CDF) of Rj,1 is FRj,1 (rj,1 ) = 1 − exp(−γj πrj,1
and the PDF can be found as
dFRj,1 (rj,1 )
2
= 2πγj rj,1 exp(−γj πrj,1
). (22)
fRj,1 (rj,1 ) =
drj,1
With the CDF of Rj,1 in (22), and given that Rj,1 must
bigger than the relative depth |zj |, we get
FDj,1 (dj,1 ) = P (Dj,1 ≤ dj,1 )
q

2 + z2 ≤ d
Rj,1
=P
j,1
j
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q


= P 0 ≤ Rj,1 ≤ max(d2j,1 , zj2 ) − zj2


= 1 − exp − γj π max(d2j,1 , zj2 ) − zj2 . (23)

Differentiation with respect to dj,1 , we have the PDF of Dj,1
as follows
(
2πγj dj,1 exp(−γj π(d2j,1 − zj2 )), if d2j,1 > zj2
fDj,1 (dj,1 ) =
.
0
, else
(24)
2) Distribution of the distance to the nearest SS conditioned
on the distance to the second nearest SS: The distribution of
Rj,2 conditioned on Rj,1 is a well-known result in literature
[34], which is


2
2
f (rj,2 |rj,1 ) = 2γj πrj,2 exp − γj π(rj,2
− rj,1
) ,

(25)

f (rj,1 , rj,2 ) = f (rj,1 )f (rj,2 |rj,1 )
= f (rj,2 )f (rj,1 |rj,2 )

f (rj,1 , rj,2 )
2rj,1
= 2 .
f (rj,2 )
rj,2

(26)

B. Distribution of the received power from the tagged SS in
the m-th tier
When the tagged SS is in m-th tier and the probability that
SINRm bigger than the threshold is shown in (15), here we
give the definition of distribution of the useful signal.
Definition 3. The CP is described in Definition 2, and we have
−1
useful signal power Pr (m|ur ) = PCt T lD
(dm,1 |ur ), where
m,1
−1
T l (dm,1 |ur ) is the path loss of useful signal. So, we need
to calculate the distribution of path loss. In order to make the
calculation more simple, we make a definition that
−λ
(27)
T l−1 (Dm,1 |ur ) = Dm,1
10−0.1αDm,1 , Ym,1 .
So, in the following, we need to derive the distribution of Ym,1 .
Lemma 1. Using (26) we can get the CDF of Dm,1 ,


FDm,1 dm,1 |rm,2 = P Dm,1 ≤ dm,1 |rm,2

 2 
min max d2m,1 − (ur − tm )2 , 0 , rm,2
,
=
2
rm,2
2
where d2m,1 = rm,1
+ (ur − tm )2 .

Lemma 2. So, we can get the distribution of Ym,1 conditioned
on rm,2


FYm,1 ym,1 rm,2 = P Ym,1 ≤ ym,1 rm,2


−1 
2  2 
2
10λ
λ
, 0 ,rm,2
)
−
u
−t
W ( α ln(10)
y
min max α ln(10)
r
m
m,1
10λ
.
= 1−
2
rm,2
(32)

Proof. See Appendix B.
The above distribution is essential for the computation of
the coverage probability, as will be shown later.

C. Distributions of interference in the m-th tier and other tiers

2
= (2γj π)2 rj,1 rj,2 exp(−γj πrj,2
),

f (rj,1 |rj,2 ) =

is always a non-positive value, so T l−1(Dm,1 ) is a monotonically decreasing function.

(28)

Proof. See Appendix A.
Before we compute the distribution of Ym,1 , we need to
introduce an important rule that the inverse of the function
y = x−a 10−bx can be written as

 −1 
aW ab y ln−a (10) a
,
(29)
x=
b ln(10)
where W (·) means Lambert W function.
So we can get the inverse function of ym,1 =
−0.1αdm,1
d−λ
as following
m,1 10

α ln(10) −1
10λ
λ
.
(30)
W
ym,1
dm,1 =
α ln(10)
10λ
As we can see that


∂Ym,1
−λ−1
−λ ln 10
(31)
+ αDm,1
= −10−0.1αDm,1 λDm,1
∂Dm,1
10

According to (15), we divide the interference into two parts:
Intra-interference which is the interference coming from the
SSs in the m-th tier, and inter-interference which is made
by SSs in other tiers. In the following, we will compute
distributions of them respectively. In the following, we define
IIntra−m as the intra-interference in m-th tier and IInter as the
inter-interference.
1) The interference from SS in the m-th tier:
Definition 4. Here we give the definition of the intrainterference, and it can be divided into two parts, one is from
the second nearest SS in m-the tier, and the other part is
coming from the rest of the SSs in the m-th tier. The intrainterference can be written as
Pt −1
T l (Dm,2 |ur ) + IIntra−m3 ,
IIntra−m (Dm,i |ur ) =
C
P
where IIntra−m3 (Dm,i |ur ) = i=3 PCt T l−1(Dm,i |ur ).

Lemma 3. The expected value of IIntra−m3 (Dm,i |ur ) is
hX
i
Pt −1
E[IIntra−m3 (Dm,i |ur )] = E
T l (Dm,i |ur )
i=3 C
 1 2−λ
αDm,2 ln(10) 
Pt
λ−2
ln
(10)Γ 2 − λ,
=
γm 2π
C
0.1α
10
(33)

where Γ(·) is a Gamma function, and as we can see that the
expectation of the distribution of IInter−m3 is a function of
Dm,2 .
Proof. See Appendix C.
Hence, the intra-interference conditioned on Rm,2 can be
approximated as follows
Pt −λ −0.1αDm,2
D 10
IIntra−m (Dm,2 |ur ) =
C m,2



1 2−λ λ−2
Pt
αDm,2 ln(10) 
+ γm 2π
ln
(10)Γ 2 − λ,
C
0.1α
10
(34)

1/2
2
where Dm,2 = Rm,2
+ (ur − tm )2
.
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2) The interference from the rest of the tiers:
Definition 5. The interference at the UIoT device coming from
all the tiers except the m-th tier is
Xk
IInter−j (Dj,i |ur ),
IInter (Dj,i |ur ) =
j=1,j6=m

where the interference from j-th tier is

X Pt
T l−1(Dj,i |ur ) , j = 1, 2, ..., k, t 6= m.
IInter−j (Dj,i |ur) =
C
i=1
In order to compute the distribution of inter-interference in
j-th tier, we separate it into two parts, the first part is coming
from the closest interferer at distance Dj,1 in every tier, while
the second part is the interference coming from the rest of the
SSs as follows
Pt −1
IInter−j (Dj,i |ur ) =
T l (Dj,1 |ur ) + IInter−j2 (Dj,i |ur ),
C
(35)


P
Pt
−1
where IInter−j2 (Dt,i |ur ) = i=2 C T l (Dj,i |ur ) .

 1 2−λ
αDj,1 ln(10) 
Pt
,
lnλ−2 (10)Γ 2 − λ,
γj 2π
C
0.1α
10
(40)
2
2
where Dj,1
= Rj,1
+ (ur − tj )2 .
+

D. Association probability
In this part, we will calculate the association probability
which is the probability that the tagged SS is in the m-th tier,
and then we do a summation from m = 1 to m = k, to
compute the CP.

Theorem 1. After we have CDF of the closest distance
in every tier in (23), we assume that Dm,1 is the closest
1
2
distance in {Dj,1 |(Rj,1
+ (ur − tj )2 ) 2 , j = 1, 2, 3, ..., k}
2
2
2
where Rj,1 = xj,1 + yj,1 , so according to (23) we get the
association probability with the m-th tier Am conditioned on
ur as follows
j=k
Y 
 γj
1 − 1 |ur − tm | < |ur − tj |
Am|ur =
γj + γm
j=1,j6=m

2
Defining Yj,1 = T l−1 (Dj,1 |ur ), similar to the previous
× exp − γm π(ur − tj ) + γm π(ur − tm )2

subsection, we get
+ 1 |ur − tj | ≤ |ur − tm |
−1

α ln(10) λ
10λ



(36)
W
Yj,1 .
Dj,1 =
× exp − γj π(ur − tm )2 + γj π(ur − tj )2 − 1
α ln(10)
10λ
 γj
Lemma 4. The CDF of path loss Yj,1 = T l−1 (Dj,1 |ur ) can
− 1 |ur − tj | ≤ |ur − tm |
γj + γm
be written as



 10λ

2
α ln(10) −1
2
2
2
λ
× exp − γj π(ur − tm ) + γj π(ur − tj ) ur .
W(
yj,1 ) − zj ,
FYj,1 (yj,1 ) = exp − γj π
α ln(10)
10λ
(41)
(37)
where zj2 = (ur − tj )2 .

Proof. See Appendix F.

Proof. See Appendix D.

Now we are ready to compute the CP, which is provided in
the next subsection.

−1

Define G(yj,1 ) =

α ln(10) λ
10λ yj,1

then we have

fYj,1 (yj,1 )

E. Coverage probability



10λ
2
2
2γj π10W (G(yj,1 )) exp −γj π ( α ln(10)W (G(yj,1 ))) −zj
=
.
1

α ln(10)
α ln(10) yj,1
λ
exp
W
(G(y
))
+
y
j,1
j,1
10λ
(38)

1) The CP for a given depth of UIoT device ur : The overall
CP for a given value of ur is given in the below Theorem.

Lemma 5. After we have the distribution of the main interinterference in every tier, we need to calculate the expectation
of the remaining interference.

where Am is shown in (41) and using (34) and (40),
P[SINRm > τ |ur ] is
P[SINRm > τ |ur ]
Z
Z
Z
Z


=
1 − FYm,1 ym,j rm,2 f (r1,1 )
...

E[IInter−j2 (Dj,1 |ur )]
 1 2−λ
Pt
αDj,1 ln(10) 
=
lnλ−2 (10)Γ 2 − λ,
γj 2π
,
C
0.1α
10
(39)
where Γ(·) is the Gamma function.
Proof. See Appendix E.
Pt
−1
(Dj,1 |ur ) and
can see that both
C Tl
IInter−j2 (Dj,i |ur ) are both functions of Dj,1 or Rj,1 .
So, with given ur , we have the distribution of total interinterference as follows

We

IInter (Dj,1 , j = 1, 2, ..., k, j 6= m|ur )
P
Xk
t −λ
D 10−0.1αDj,1
=
j=1,j6=m
C j,1

Theorem 2.
P[SINR > τ |ur ] =

Rm,2

R1,1

R2,1

Xk

m=1

Am P[SINRm > τ |ur ],

(42)

Rk,1

× f (r2,1 )...f (rk,1 )f (rm,2 )dr1,1 dr2,1 ...drk,1 drm,2 ,
where f (rj,1 ) is shown in (22) and according to (21),
2
2 3
rm,2 exp(−πγm rm,2
),
f (rm,2 ) = 2π 2 γm
and


=

1 − FYm,1 ym,j rm,2
s


10λ
min
max α ln(10)
W

where
ym,j =τ

−1

α ln(10)
λ
ym,j
10λ
2
rm,2

!2


2
2
− ur −tm , 0 , rm,2

,

C 2
σ + IIntra−m (rm,2 )
Pt
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Proof. See Appendix G.
2) The depth of UIoT device ur subject to a distribution:
We have calculated the CP of the K-tier network in (42) for a
given UIoT device depth ur . If the depth of the UIoT device
follows a given probability distribution, we can regard ur as
a random variable instead of a constant with PDF fUr (ur ).
Therefore, the overall CP can be calculated by


(43)
P[SINR > τ ] = EUr P[SINR > τ |ur ] .

With a particular distribution of ur , P[SINR > τ ] is only
function of tj and γj , j = 1, 2, ...k.
Further, if we want to get the maximum CP P[SINR > τ ],
we need to adjust the different tiers’ tether lengths tj under the
constraint of the sum of the densities of PPPs γj in different
tiers is constant. So, we can have the optimization problem as
follows


max
EUr P[SINR > τ |ur ]
tj ,γj ,j=1,2,...,k

s.t.

Xj=k
j=1

γj = Ω.

(44)

IV. P ERFORMANCE
In this section, we will verify the accuracy of the derived
expression for the CP using Monte-Carlo simulations. In
addition, using single-tier and two-tier setups, we will try
to reveal useful system-level insights, and the details of the
simulation setup are shown in Table II. The pseudocode of the
simulation process is shown in Algorithm 1, and it is executed
on the simulation platform of MATLAB 2020a.
TABLE II: Setting of Parameters in Simulation
Parameter

Setting

Frequency, f
Geometric Expansion Factor, λ
Source Level, SL
Directivity Index, DI
Noise Level, NL
Gaussian White Noise, σ

20 kHz
1.5
180 dB
7.8 dB
115 − 20 log10 (f ) dB
10−6

Algorithm 1 Calculate the CP in simulation.
Input: f, λ, SL, DI, N L, σ, tj , γj , τ, ur , n ← 0;
Output: CP;
while n <= iteration do
n ← n + 1;
Generate SSs according to PPP;
Get the transmission distance from each SS to the origin;
Calculate the desired signal power and the interference;
Calculate SINR;
end while
CP = P[SINR > τ ];
return CP;

A. single-tier network
The comparison between mathematical analysis and simulation for a single-tier network is shown in Fig.2. In this
comparison, we set the tether length as 2 km, and the density
of the PPP is 2 SSs/km2 . The continuous curves and star curves
are results of analysis and simulation under three different
values of τ , respectively. We can see that the results of
analysis and simulation are matching with a very small gap
as a result of the approximation applied in the analysis of the
interference.
Before proceeding with the rest of the simulation results,
we define two useful metrics that can be used to analyze the
performance of the considered system.
Definition 6. The range of CP is defined as the range of
the UIoT device’s depth, ur , that can achieve a CP bigger
than a predefined threshold. If the CP is smaller than the
predefined threshold, we consider the coverage performance
of the network to be unacceptable. The peak of CP is the
biggest value that the CP can achieve for different values of
ur .
For example, we consider a scenario where this predefined
threshold is 0.4. Hence, a coverage probability below 0.4 is
considered unacceptable. In that case, the range of CP is
defined as the range of UIoT devices’ depth that can achieve
CP above 0.4. In Fig.2 , we can see that the ranges of analysis
result with τ = 0.1, 0.15, 0.2 are 1.62 km, 1.14 km, 0.82
km, respectively. It shows that if the detection threshold τ
is smaller, the CP range is bigger, and this makes sense. In
this figure, it is also easy to find that the tether length t may
not affect the range but the density of PPP γ has a significant
influence. Besides that, we can find that the peak of each curve
is achieved when the tether length is equal to the depth of the
UIoT device, which is 2 km. It means that when the UIoT
device is set at the same level as the SSs, the CP is maximized.
While these results are trivial, they become more complicated
as we proceed to the multi-tier scenario in the next part.
1

Simulation
Analysis

0.9

Increasing :
[0.1, 0.15, 0.2]

0.8

Coverage Probability


+ IInter (rj,1 , j = 1, 2, ..., k, j 6= m) ur .

0.7
0.6
0.5
0.4

range=0.82

0.3

range=1.14

0.2

range=1.62

0.1
0

0

0.5

1

1.5

2

2.5

3

3.5

4

Depth of UIoT device [km]

Fig. 2: CP of single-tier network with t=2 km, γ=2 SSs/km2 .
In Fig.3 , we provide the values of the range and peak for
different values of γ with τ =0.2, t=5 km and the depth of
ur vary from 0 to 10 km. In this figure, we can find that
when the γ=0.6 SSs/km2 , the peak will achieve the biggest
value, and when the γ= 0.3 SSs/km2 , the range will be the
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biggest. Those two results are very useful when we design our
underwater communication K-tier network and decide which
γ we should choose.
2.5

0.9

Range of CP
Peak of CP

0.8

2

0.6

1.5

0.5
1

0.4

Peak of CP

Range of CP

0.7

the CP for two different distributions of UIoT device depth.
In particular, we set the UIoT device’s depth subject to a
uniform distribution over [2, 3] km and [2, 4] km, and the γ is
2 SSs/km2 . As we can see, the maximum CP is at the point
where the tether length equals the middle value of the range of
the uniform distribution. It is noteworthy that in some cases,
there is actually a set of values of the tether length that can
achieve this maximum value.
1

user dis. U ~ [2,3]
user dis. U ~ [2,4]

0.9

0.2
0

0

1

2

Density of PPP,

3

2

4

5

0.1

(points/km )

Fig. 3: Range and Peak of CP in single-tier network with τ =2,
t=5 km.

The expectation of CP

0.8

0.3
0.5

0.7
0.6

0.4
0.3
0.2

t 1 =1
t 1 =1.5

0.8

t 1 =2

Coverage Probability

0.7
0.6

0

1

2

3

4

5

The tether length [km]

Fig. 5: Range and Peak of CP in single-tier network with the
distribution of UIoT device’s depth are U ∼ [2, 3] km (solid
lines) and U ∼ [2, 4] km (dashed lines), γ = 2 SSs/km2 .

B. Two-tier network
In Fig.6, CP of the two-tier network is shown, in which we
also set three different values of τ =0.1, 0.15, 0.2, and compare
the results of analysis and simulation. In Fig.6, we can see that
the performance trends of analysis and simulation are basically
the same with small gaps due to interference approximations.
1 Increasing, :
0.9 [0.1, 0.15, 0.2]

Simulation
Analysis

0.8

Coverage Probability

0.9

Increasing :
[0.1, 0.15, 0.2]

0.1
0

In Fig.4, we have five different curves, each representing
a different tether length from 1 km to 3 km. For each of
these values, we plot the CP for different values of γ. It
should be clarified that the detect threshold τ is 0.2, and the
UIoT device’s depth is subject to a uniform distribution over
[2, 3] km. In Fig.4, we can find that on each curve, there is
a peak, at where the density of PPP we should choose in our
design, and the peak of each curve is unique, which means
that if we decide on a tether length, the peak points to the
optimal γ that should be used. Besides that, we can see the
curves representing the length of the tether 2 km and 3 km,
respectively, are coincident. This is because the UIoT device’s
depth is subject to a uniform distribution over [2,3] km. When
the length of the tether is 2 km, the single-tier network is at the
upper edge of the area where the UIoT devices are distributed.
When the length of the tether is 3 km, the single-tier network
is at the lower edge of the area where the UIoT devices are
distributed. Since the UIoT device locations are uniformly
distributed both horizontally over [2,3] km and vertically, both
scenarios are identical in terms of CP performance.

Increasing :
[0.1, 0.15, 0.2]

0.5

0.7
0.6
0.5
0.4

0.85

0.3
1.15

t 1 =2.5

0.2

t 1 =3

0.1
0

0.5

1.65

1

2

3

4

5

6

Depth of UIoT device [km]

0.4

Fig. 6: CP of the two-tier network, under the situation that
γ1 = γ2 =2 SSs/km2 , t1 =2 km, t2 =4 km.

0.3
0.2
0.1
0

0

0.5

1

1.5

Density of PPP,

2

2.5

3

[SSs/km 2]

Fig. 4: Range and Peak of CP in single-tier network with
different densities of PPPs with γ=2 SSs /km2 .
In Fig.5, we study the influence of the tether length on

In order to have a more direct comparison with a single-tier
network, in the following simulations, we will fix the densities
of two tiers γ1 and γ2 both equal to 1 SSs/km2 , the sum of
the two is equal to γ in a corresponding single-tier network
and fixed the detection threshold τ =0.2. So in Fig.7, we fixed
t1 =5 km and then adjust t2 . In Fig.7, we can find that based
on the situation t1 =5 km, when t2 is much shorter than, much
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2.8

0.89

2.6

0.88

2.4

0.87

2.2

0.86

2

0.85

1.8

0.84

1.6

0.83

1.4

0.82

1.2

0

2

4

6

Peak of CP

Range of CP

longer than, or exactly equal to t1 , the peak has a high value.
But when t2 is equal to t1 , the range is very small. In this
figure, we can find that if we have a two-tier network and
want to have a bigger range and peak of CP, we need to make
the distance difference between two tether lengths at least 2
km.

0.81
10

8

Fig. 9: Optimal two tether lengths in the two-tier network
with γ1 = γ2 =1 SSs/km2 , τ =0.2 and the distribution of UIoT
device’s depth is U ∼[2,5] km.
V. C ONCLUSIONS A ND F URTHER W ORK

The second tether length, t2 (km)

Fig. 7: CP of the two-tier network, γ1 = γ2 =1 SSs/km2 , τ =0.2.
Next, we explore the two-tier network’s performance with
a distribution instead of a given value of ur . In order to
compare the single-tier and the two-tier network performance,
we will set the UIoT device’s depth distribution as a uniform
distribution over the range [2, Uh ] km, with Uh varying from 3
to 7 with the fixed t1 =5 km. Comparing the curve whose UIoT
device depth is uniformly distributed over the range [2,3] km
in Fig.8 and the same curve in Fig.5, we can see that with
the same range of uniform distribution of ur , under the same
detection threshold τ , the two-tiers network’s performance is
much better than the single-tier network, the peak of CP in
Fig.8 of U ∼ [2, 3] km is about 0.82 and the peak in Fig.5 of
U ∼ [2, 3] km is about 0.62.
0.9

UIoT device dis. U ~ [2, 3]
UIoT device dis. U ~ [2, 4]
UIoT device dis. U ~ [2, 5]
UIoT device dis. U ~ [2, 6]
UIoT device dis. U ~ [2, 7]

0.8

Coverage Probability

0.7
0.6

UACNs are the backbone of underwater development and
the prerequisite for the development of underwater multidevice collaboration. This raises the requirement of coverage
probability analysis of UACNs. In this paper, we developed
a stochastic geometry-based model to study the performance
of the coverage probability and optimal coverage probability
under different application scenarios.
First, according to the hierarchical characteristics of underwater networks, we build a K-tier network. Next, we derived
the coverage probability of the UIoT device as a function
of densities of PPPs, length of tiers’ tether length, and other
factors. Furthermore, we showed that the performance of the
K-tier network can achieve better performance. In particular,
we showed that under the background that the UIoT device
has a small range of depth, a single-tier network is good, and
with a large range of UIoT device’s depth, a multi-tier network
is better. In addition, we showed that the maximum CP can
be achieved by optimizing the tether lengths of the different
tiers.
This paper is one of the few concrete works that symbiotically merge the randomness of the network geometry and the
harsh environment of underwater acoustic communication.

0.5
0.4

A PPENDIX A
P ROOF OF L EMMA 1

0.3
0.2
0.1
0

0

2

4

6

8

10

The second tether length, t 2 [km]

Fig. 8: Range and Peak of CP in a two-tier network with t1 =5
km, γ1 = γ2 =1 SSs/km2 , τ =0.2 and different distributions of
UIoT device’s depth.
In order to explore and uncover the best performance of a
K-tier network, in Fig.9, we exhibit the result of optimizing
two tether lengths in a two-tier network. In this simulation, we
can achieve the biggest CP as 0.7032 at (t1 =2.8 km, t2 =4.2
km) or (t1 =4.2 km, t2 =2.8 km).

Since we already have the relationship between Dm,1 and
Rm,1 , we can derive the PDF of Rm,1 with given rm,2 as
follows


FDm,1 dm,1 |rm,2 = P Dm,1 ≤ dm,1 |rm,2

q
2
Rm,1
+ (ur − tm )2 ≤ dm,1 rm,2
=P
q


= P 0 ≤ Rm,1 ≤ d2m,1 − (ur − tm )2 rm,2


√
R min d2m,1 −(ur −tm )2 , rm,2 2rm,1


drm,1 ,
 0
2
rm,2
=
if dm,1 > |ur − tm |



0,
else
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=

10


2
√

 min d2m,1 −(ur −tm )2 ,rm,2
2
rm,2




=

, if dm,1 > |ur − tm |

0
, else

2
q

max d2m,1 − (ur − tm )2 , 0 , rm,2
min
2
rm,2

 2 
min max d2m,1 − (ur − tm )2 , 0 , rm,2

,
2
rm,2
where ur is the depth of the UIoT device which is given and
tm is the tether length of the m-th tier which is known.
=

A PPENDIX B
P ROOF OF L EMMA 2
Ym,1 is the path loss of useful signal as shown in Definition
3, based on the relationship between Ym,1 and Dm,1 , added
with PDF of Dm,1 in (28), we can derive the CDF of Ym,1 as
following:


FYm,1 ym,1 rm,2 = P Ym,1 ≤ ym,1 rm,2


−λ
= P Dm,1
10−0.1αDm,1 ≤ ym,1 rm,2



10λ
α ln(10) −1
λ
= P Dm,1 ≥
rm,2
W
ym,1
α ln(10)
10λ



α ln(10) −1
10λ
λ
rm,2
= 1− P Dm,1 ≤
W
ym,1
α ln(10)
10λ

 10λ

α ln(10) −1
λ
rm,2
= 1− FDm,1
W
ym,1
α ln(10)
10λ


−1 
2  2 
2
α ln(10)
10λ
λ
min max α ln(10) W ( 10λ ym,1
) − ur −tm , 0 , rm,2
= 1−
,
2
rm,2

where ur and rm,2 are given, tm is known.
A PPENDIX C
P ROOF OF L EMMA 3
When we calculate, in order to reduce the number of
variables in a function, we divided intra-interference into the
main interference which is created by the second SS in m-th
tier based on rm,2
E[IIntra−m3 (Dm,i |ur )] = E
=
=
=
=
=
=

hX P

t

T l−1 (Dm,i |ur )

i

C
i=3
Z
Pt
Pt h X −λ −0.1αDm,i i
−0.1αdm
Dm,i 10
=
E
γm d−λ
ddm
m 10
C
C
R2
i=3
Z ∞ Z 2π
Pt
−0.1αdm
γm
d−λ
dθdm ddm
m 10
C
dm,2 0
Z ∞
Pt
−0.1αdm
γm 2π
d1−λ
ddm
m 10
C
dm,2
Z ∞
Pt
10−0.1αdm
1 1−λ
γm 2π
)
(0.1αdm )1−λ
d(0.1αdm )
(
C
0.1α
0.1αdm,2 0.1α
Z ∞
1 2−λ
Pt
γm 2π(
)
(0.1αdm )1−λ 10−0.1αdm d(0.1αdm )
C
0.1α
0.1αdm,2
 1 2−λ
αdm,2 ln(10) 
Pt
lnλ−2 (10)Γ 2 − λ,
γm 2π
,
C
0.1α
10

where Γ(·) is the Gamma function. So, we have the total
intra-interference in the m-th tier as shown in (34) which is
based on the distance to the second nearest SS in the m-th
tier.

A PPENDIX D
P ROOF OF L EMMA 4
Before we calculate the distribution of inter-interference,
we need to derive the distribution of main path loss which is
created by the first closest distance in the j-th tier. We already
have the distribution of the first distance in j-th tier as shown
in (36) and the the relationship between Dj,1 and Yj,1 , it is
easy to derive the CDF of Yj,1 as follows


−λ
10−0.1αDj,1 ≤ yj,1
FYj,1 (yj,1 ) = P (Yj,1 ≤ yj,1 ) = P Dj,1


α ln(10) −1
10λ
λ
W
yj,1
= P Dj,1 ≥
α ln(10)
10λ


10λ
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W
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10λ
−1 
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10λ
Z α ln(10)
λ
W
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10λ
2
2
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2πγj dj,1 e−γm π(dj,1 −zj t ) ddj,1
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= 1 − − exp − γj π(d2j,1 − zj2 )
= exp

− γj π
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dj,1 = α ln(10)
W

−1
α ln(10)
λ
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10λ
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2
α ln(10) −1
10λ
λ
W
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− zj2
α ln(10)
10λ

!



.

A PPENDIX E
P ROOF OF L EMMA 5
When we compute the inter-interference, we divide it into
two parts, one is the main inter-interference which is made by
the first closest SS in every tier except the m-th, and another
is the remaining inter-interference whose expectation can be
calculated approximately based on the first closest distance
dj,1 .

X
P

t
−1
Dj,i |uR
Tl
E[IInter−j2 (Dj,i |ur )] = E
i=2 C

 X
Z



Pt
Pt
−λ
−0.1αdj
= E
ddj
Dj,i
10−0.1αDj,i =
d−λ
γj
j 10
C
C R2
i=2
Z ∞ Z 2π
Pt
−0.1αdj
dj dθddj
d−λ
= γj
j 10
C
dj,1 0
Z ∞
Pt
d1−λ
10−0.1αdj ddj
= γj 2π
j
C
d
Z ∞j,1
Pt
1 1−λ
1
= γj 2π
(
) (0.1αdj )1−λ 10−0.1αdj
d(0.1αdj )
C
0.1α
0.1α
0.1αdj,1
Z
1 2−λ ∞
Pt
)
(0.1αdj )1−λ 10−0.1αdj d(0.1αdj )
= γj 2π(
C
0.1α
0.1αdj,1
 1 2−λ
Pt
αdj,1 ln(10) 
= γj 2π
,
lnλ−2 (10)Γ 2 − λ,
C
0.1α
10
2
where, d2j,1 = rj,1
+ (ur − tj )2 , and ur and tj are given.
A PPENDIX F
P ROOF OF T HEOREM 1
Am is the probability that the useful signal or tagged SS
appears in the m-th tier. It means that we need to derive the
probability that the closest SS in the m-th tier will be closer
than all nearest SS in every other tier. We can compare Dm,1
with Dj,1 , for all j, respectively as follows
Am|ur
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A PPENDIX G
P ROOF OF T HEOREM 2
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in order to compute the above probability, we define that
j=1,
j6=m
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