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ABSTRACT

Mean-Field Games on Networks and Wardrop Equilibria

Fatimah Al Saleh

This thesis consists of three main parts. In the first part, we discuss first-order

stationary mean-field games (MFGs) on networks. We derive the mathematical for-

mulation of first-order MFGs on networks with particular emphasis on the conditions

at the vertices both for the Hamilton-Jacobi equation and for the transport equation.

Then, we review the current method, which, for the stationary case, allows us to

convert the MFG into a system of algebraic equations and inequalities. Finally, we

discuss in more detail the travel cost and its properties.

In the second part, we discuss the Wardrop equilibrium model on networks with

flow-dependent costs and its connection with stationary MFGs. First, we build the

Wardrop model on networks. Second, we show how to convert the MFG model into

a Wardrop model. Next, we recover the MFG solution from the Wardrop solution.

Finally, we study the calibration of MFGs with Wardrop travel cost problems.

In the third part, we explain the algorithm for solving the algebraic system as-

sociated with the MFG numerically, then, we present some examples and numerical

results.
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1

Introduction

Models for flows on networks have a long history and arise in the study of traffic

and pedestrian crowds. These models encode congestion effects, the behavior and

preferences of agents, such as aversion to crowds and their attempts to minimize travel

time. One of the well-studied stationary models is the Wardrop model introduced

in [War52]. In this model, the cost to cross a network edge is a function of the

agents’ flow in that edge. Agents minimize their costs by taking into account the

flow. Multiple authors have studied Wardrop equilibria; see for example the survey

[CSM11]. In the context of optimal transport, Wardrop equilibrium was addressed

in [CS11] and [CJS08]. The Wardrop model was originally formulated on a directed

network, which makes it not applicable in the situations where the network is apriori

undirected (for example pedestrian networks). Further, the Wardrop model looks at

a single edge as an aggregate entity and does not describe the microstructure in the

edge. Hence, in [GMAS19] authors introduced the mean-field game (MFG) model on

undirected networks.

MFG theory was introduced in [LL06, HMC06] to describe the dynamics of sys-

tems with a large number of rational agents, where the agents seek to optimize an

individual functional that depends on the distribution of the other agents. An MFG

model is determined by a system of a backward in time Hamilton-Jacobi equation

(HJ) coupled with a forward in time Fokker-Planck (FP) equation. The HJ equa-

tion describes the optimal behavior of an agent and the FP equation governs the

distribution of the agents. MFG models have been used to address pedestrian flows
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[BDFMW14], pedestrian crowds [LW11], and population dynamics, as in [BMP11],

building evacuation problems [DTT17], and in the study of traffic flows [BZP14].

Recently, the interest in the study of nonlinear PDEs on networks has been in-

creasing due to its applications in traffic and pedestrian dynamics. In this regard,

various notions of viscosity solutions to the HJ equation on networks were studied in

[ACCT13, SC13, IMZ13]. Later in [CM13], the authors proved the equivalency of the

viscosity solutions of the HJ equation on networks. The existence and uniqueness of

viscosity solutions to Eikonal equations on networks are addressed in [CMS13]. More

recently, progress on junction problems has been obtained in [LS16, LS17]. Station-

ary HJ equations on networks were considered in [SS18] and [ISM17]. Concerning

transport phenomena on networks, the survey paper [BD11] examines a substantial

number of results. More recent works in this direction include [GHP16, CDMT17].

Because of the potential applications to traffic and pedestrian flows, several au-

thors in the MFG community examined MFGs on networks, in particular for second-

order problems. The stationary MFGs were studied in [CCM17, CM16, ADLT19].

The time-dependent case was studied in [CCM15, ADLT20]. However, prior methods

for MFGs on networks are not valid for first-order MFGs, where a distinct set of

phenomena occurs that includes the loss of smoothness for HJ equations and lack of

continuity for the value function at the vertices. First-order MFGs on networks were

considered in [BM], [BFMP19], [BMP21] and [BB12], in particular in the context of

optimal visiting problems where agents have multiple targets. The methods in those

papers, because are applied to general time-dependent problems are quite different

from ours, where we take full advantage of the stationary nature of the game. Re-

cently, in [AMMT] time-dependent MFGs on networks were examined in the light of

weak solutions. First-order deterministic MFGs with control on the acceleration were

studied in [AMMT20].

Explicit solutions to MFGs are hard to find and virtually all MFGs in higher
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dimensions, except for a few special cases, cannot be solved by algebraic methods.

As far as the authors are aware, there is no systematic approach for solving first-

order MFGs on networks, despite their obvious interest in applications that cannot

be modeled by second-order MFGs, such as vehicular networks.

Here, we study first-order congestion MFGs on networks. A network, Γ, is a union

of edges ek, Γ = ∪nk=1ek, where each edge is isomorphic to the interval [0, 1]. Each edge

in the network represents a road or a pedestrian path, and each vertex in the network

represents an intersection. In each edge ek, our model is given by a one-dimensional,

stationary, first-order MFG system


Hk(x, ux(x),m(x)) = 0

(−m(x)DpHk(x, ux(x),m(x)))x = 0,

(1.0.1)

together with boundary conditions at the vertices which will be discussed in detail

in Section 2.2. Here, u is the value function for an agent, and m is the probability

density of agents. The first equation in (1.0.1) is the Hamilton-Jacobi (HJ) equa-

tion, and the second equation is the transport equation. Because first-order MFGs

on networks can be seen as coupled systems of first-order MFGs, the current method

developed in [GNP17, GNP16] is used here to construct a novel approach for sta-

tionary MFGs on networks. Using the transport equation, in (1.0.1), we see that the

current j = −m(x)DpHk(x, ux(x),m(x)) is constant in x. This transforms the MFG

system (1.0.1) into an algebraic system. To complement the conditions in the edges of

the network, at the vertices vi, we derive necessary conditions involving the currents

and the value functions. Finally, we solve the algebraic system together with these

conditions.

The relation between Wardrop equilibrium and MFGs on networks was first ob-

served in [GMAS19]. However, the precise correspondence between these two models

was not established there. Here, we address this problem; that is, how to convert an
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MFG on a network into a standard Wardrop problem and further use the solution of

the corresponding Wardrop problem to solve the original MFG.

As we mentioned before, the standard Wardrop equilibrium is formulated on a

directed network, where the agents seek to find the least costly path between entrances

and exits. Here, we consider a Wardrop model, where agents enter in a finite set of

vertices with a prescribed current intensity and leave through a set of exit vertices

where they pay an exit cost. Although our MFG model is defined on undirected

networks, the preceding problem is closely related to the MFG model on networks,

where the entry currents and the exit costs are given, and the direction of the current

in each edge is not prescribed apriori. We discuss an explicit way to transform one

problem into the other.

Now, we give a brief overview of each chapter of this thesis.

Chapter 2 contains the following main contributions. In Section 2.2, we derive

the MFG model on networks which consists of the HJ equation and the transport

equation in the edges and other equations and inequalities in the edges and at the

vertices. Then, we generalize the current method, to network problems. This enables

us to convert a system of nonlinear differential equations into a system of algebraic

equations with suitable boundary conditions at the vertices. Finally, in Section 2.4,

we define the cost and study its properties. In the MFG model, the cost in an edge

can change from point to point, while, in the Wardrop model, the cost is a function of

the edges; that is, each edge is treated as a homogeneous entity. Thus, the conversion

between MFG and Wardrop models averages the microscopic effects in the MFG into

a macroscopic cost that determines the Wardrop. Finally, we provide some exact

examples for the critical congestion case.

In Chapter 3, we begin by outlining, in Section 3.1, the main definitions and

results of Wardrop equilibria. There, we define the stationary Wardrop model on

a directed network, with flow-dependent travel costs in the edges. Furthermore,
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we prove the uniqueness of the Wardrop equilibrium and obtain a condition that

ensures that the Wardrop equilibrium does not allow loops. This condition is used

to obtain a correspondence between Wardrop and MFG models. Then, we study the

reformulation of the MFG problem into a Wardrop problem and the development of a

method to recover the MFG solution from the solution to the corresponding Wardrop

model. In Section 3.2, based on the undirected network of the MFG model, we build

a new directed network on which we define the corresponding Wardrop problem.

Then, we prove that the solution of the MFG model is the Wardrop equilibrium.

Moreover, we prove that the associated Wardrop problem has a unique solution, which

implies the uniqueness of the solution to the original MFG problem. To complete the

correspondence between MFG and Wardrop models, in Section 3.3, we show how to

recover the solution to the MFG problem from the associated Wardrop equilibrium.

In a Wardrop equilibrium, the cost incurred by an agent on an edge is the travel

time. This time depends on the flow of agents and, thus, can be measured experi-

mentally. Therefore, in principle, these models are simple to calibrate: it is enough to

have data on the flow rates and corresponding velocities. However, it is not obvious

how to calibrate the MFG model in general. Therefore, in Section 3.4, using the

notions and results of the previous sections, we show how to calibrate a MFG model

on a single edge. The problem is the following.

Problem 1. Consider the cost c for an agent to cross an edge. Suppose c is given

as a function of the current and the direction of travel. Find an MFG model whose

cost coincides with c.

Note that the cost, c, may not be the travel time and as far as the authors know,

before this work, there was no systematic approach to solving Problem 1. We rigor-

ously state the preceding problem in Section 3.4 and solve it. In particular, we show

how certain non-monotone MFG models arise as solutions to Problem 1 for natural
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costs. Hence, non-monotone MFG models may be needed to model general traffic

problems. In non-monotone MFGs agents act as if they want to be in congested ar-

eas which is surprising from a modeling point of view. These non-monotone problems

are not well studied and further research in this direction should be pursued.

In Chapter 4, we address the problem of solving the algebraic system associated

to the MFG numerically. We identify the behavior of the MFG


|ux|2
2mα

+ V (x) = g(m)

(−m1−αux)x = 0,

where α is the congestion strength. In the critical congestion case, i.e. α = 1, the

MFG system becomes a linear algebraic system that does not depend on m and can be

solved by linear programming methods. In this case, we implemented an exact solver.

In the more general case 0 6 α 6 2, we get a nonlinear algebraic system that depends

on m. We develop an iterative algorithm that solves the system numerically. This

works effectively in networks that are not very large. The reason behind this is that

whenever the network gets larger, the algebraic system also gets larger. This system

includes a set of equations and conditions for each edge and a set of equations and

conditions for each vertex. Some of these conditions include alternatives that need

to be taken into account and make the solving process quite complex because even in

small networks this result in a huge system. This system cannot be solved efficiently

using built-in functions such as the ones available in Mathematica. That is why we

need to develop a symbolic computational technique to address the complexity of

the problem. We discuss the details of the algorithm in Section 4.2. Later, we use

our code to produce numerical solutions for both the critical congestion case and the

non-critical congestion case. Finally, we discuss the issues that we faced when solving

the algebraic system numerically.
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2

First-Order Stationary Mean-Field Games on Networks

We start this chapter by discussing preliminary notions and notation for problems on

networks. Then, we derive the first-order MFG model on networks, which comprises

an HJ equation and a transport equation in the edges together with suitable boundary

conditions at the vertices. Then, we show how to use the current method to transform

the MFG system into an algebraic system. Finally, we discuss the travel cost and its

properties in an edge.

2.1 Preliminaries on Networks

Here, we introduce the mathematical formalism for MFGs on networks. We split

our discussion into two parts, statics – concerning the network structure and its

parameterization – and kinematics – the study of the trajectories.

2.1.1 Statics

A network, Γ, is a metric space endowed with a distance d : Γ× Γ→ R+
0 . In MFGs,

we consider an undirected network Γ that satisfies the following properties.

1. The network Γ decomposes into a finite collection of subsets isometric to the

closed interval [0, 1] called the edges, E = {ek ⊂ Γ : k ∈ K = {1, 2, ..., n}},

∪nk=1ek = Γ.

2. To any edge ek, we associate the pair (vr, vi) of its endpoints, which may be

identified with ek if there is no ambiguity. The (finite) set of vertices is V =
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{vi : i ∈ I = {1, 2, ...,m}} ⊂ Γ.

Here, we will not consider a single vertex edge that start and end at the same

vertex.

3. Edges can only intersect at vertices. If vr and vi, belong to the same edge, ek,

we say that ek connects vr with vi.

4. The connection structure of the network is determined by the adjacency matrix,

A, which is a m×m matrix such that,

Ari =


1 if vr, vi ∈ ek for some ek

0 otherwise.

We assume that each edge is identified with the interval [0, 1] and each vertex in

that edge corresponds to the points 0 or 1. The map π : [0, 1] × K → Γ defines a

system of local coordinates for the network, Γ, with the following properties.

1. π([0, 1]× {k}) = ek for every k ∈ K.

2. Let ek = (vr, vi) ∈ E. Then {π(0, k), π(1, k)} = {vr, vi} ⊂ V , and π(θ, k) /∈ V

for 0 < θ < 1.

3. π : (0, 1)×K → Γ is injective.

Note that property 1 implies that π : [0, 1]×K → Γ is surjective, since ∪nk=1ek = Γ.

The function vi(k) is the coordinate function that gives the x-coordinate of a vertex,

vi, in an edge, ek; that is, π(vi(k), k) = vi. Note that vi(k) is only defined if vi ∈ ek.

Second, we address the properties of the metric, d, in Γ. Given z1, z2 ∈ Γ, d is

defined as follows:

1. For z1, z2 ∈ ek, we have z1 = π(x1, k) and z2 = π(x2, k), for x1, x2 ∈ [0, 1].
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Then, we set

d(z1, z2) = |x1 − x2|.

2. If z1, z2 do not belong to a common edge, then

d(z1, z2) = inf

[
d(z1, vi0) +

N−1∑
l=0

d(vil , vil+1
) + d(vN , z2)

]

= inf
[
d(z1, vi0) +N + d(vN , z2)

]
where (z1, vi0), (vil , vil+1

), and (vN , z2) are adjacent.

These two properties have the following meaning: if two points are in the same

edge, the distance is the usual distance on [0, 1] of the corresponding coordinates;

if two points are not in the same edge, we find the shortest path on the network

connecting these two points, where each edge has length one. Different edge lengths

can be considered. However, we only need a metric to make sense of concepts such

as continuity; for this, the length of the edges is irrelevant.

The interior of an edge ek connecting vr with vi is,

int(ek) = ek\{vr, vi} = π((0, 1)× {k});

this definition coincides with the topological definition of the interior of ek. The

interior of Γ, int(Γ), is the set of edges without the vertices

int(Γ) = ∪ek∈Eint(ek).

this definition does not correspond to the topological notion of the interior of Γ.

Agents enter the network through λ entrance vertices and exit it through µ exit

vertices (disjoint from the entrance vertices). A flow of agents, the entry current

ι > 0, is prescribed at the entrance vertices. At the exit vertices, agents pay an
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exit cost φ. Here, we assume the exit cost vanishes. The set of entrance vertices is

denoted by ∂iΓ, and the set of exit vertices is denoted by ∂oΓ. For convenience, we

assume that the last µ vertices in V are the exit vertices. Furthermore, we suppose

that entrance and exit vertices have incidence of one. As discussed in the remark

below, this assumption entails no loss of generality.

Remark 2.1.1. If a vertex with an incidence of more than one is labeled as an

entrance, we attach an auxiliary entrance edge to it, relabeling its extra vertex as

the new entrance vertex. Similar relabeling is done for an exit vertex by adding an

auxiliary exit edge.

The set of all entrance and exit edges together with the original network Γ make

the full network. Sometimes, the edges or the vertices of the original network will be

called original edges or vertices, just to distinguish between them and the auxiliary

edges.

e1e2
e3

v1

v2

v3

v4

Fig. 2.1: MFG network.

Example 2.1.2. Consider a three edges network like the one in Figure 2.1. Let v1

and v3 be entrance vertices, and let v2 and v4 be exit vertices. We attach an exit edge

to v2 and an entrance edge to v3, so we get the new network in Figure 2.2.

2.1.2 Kinematics

A trajectory γ : [a, b] ⊆ R→ Γ, is a continuous map on Γ. We say that γ is a regular

trajectory if γ = π(x(t),k(t)) and for a finite partition of [a, b], a = t0 < t1 < ... <

tN+1 = b we have the following:

1. k : [a, b]→ K is piecewise constant; i.e. k is constant in [ti, ti+1).
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e1

e2

e4e3

e5

v1

v2v3

v4 v5

v6

Fig. 2.2: MFG network with entrance and exit edges.

2. x : [a, b]→ [0, 1] is continuous at all t 6= ti. We say that γ is Lipschitz or C1 if

x is Lipschitz or C1 (for t 6= ti).

The first property above excludes infinitely many transitions between edges. Also, we

observe that the coordinate x(t) may be discontinuous at ti because of the individual

parameterizations for its incident edges.

We define the vertex index at transition time ti between the edge k(t−i ) and k(t+i )

by ī = γ(ti). Finally, we define T∂Γ := inf{t ∈ [a, b]; γ(t) ∈ ∂oΓ}, as the first exit

time from Γ. T∂Γ = +∞, if γ never reaches ∂oΓ.

2.2 The derivation of First-Order Stationary Mean-Field Games

Model on Networks

In this section, we start with the deterministic control on networks. Then, we discuss

the HJ equations and the transport equations. First, we present the stationary MFG

model by deriving the time-dependent equations. Then, we drop the time dependence

to get the stationary equations.
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2.2.1 Calculus of Variations and Deterministic Control

We fix a network, Γ, where agents can enter through the entrance vertices. They can

move along the edges and they can switch from one edge to another at the vertices.

Agents can exit the network through the exit vertices. The agents are rational and

seek to minimize a cost functional as we explain in what follows. We consider the

following costs for moving in the network,

• Travel cost: in the edge ek = (vr, vi) = (π(0, k), π(1, k)), we define the cost of

moving from vr to vi by

cik = min
x,T

x(0)=vr
x(T )=vk

∫ T

0

L(x, k, ẋ, t)dt, (2.2.1)

Similarly, we define the cost of moving from vi to vr by

crk = min
x,T

x(0)=vk
x(T )=vr

∫ T

0

L(x, k, ẋ, t)dt, (2.2.2)

here, the minimum is taken over all Lipschitz trajectories and all possible termi-

nal times and L : int(Γ)×R× [0, T ]→ R, L(x, k, ẋ, t) is a given Lagrangian in

the edge ek. We assume that L is smooth (in x, ẋ, and t), uniformly convex in ẋ,

and bounded from below. We consider Lagrangians that depend on time; later,

this dependence is given through the density of agents. Hence, the stationary

problem is well defined.

Remark 2.2.1. The travel cost from an auxiliary entrance vertex to an orig-

inal vertex in the entrance edge is zero, and the travel cost in the opposite

direction is +∞. The travel cost from an original vertex to an auxiliary exit

vertex in the exit edge is the exit cost, and the travel cost in the opposite

direction is +∞.
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• Switching cost: when arriving at a vertex, vi in the edge ek, agents can switch

to a new incident edge el. The switching cost is ψ : I ×K×K → R+
0 , ψ(i, k, l)

or ψikl. The switching cost is only defined in pairs of incident edges at a vertex.

If two edges, ek and el, are not incident at a vertex, vi, we set ψikl = +∞. Often,

we may require ψikl > 0.

For any vertex, vi, that has more than two incident edges, we require the fol-

lowing triangle-type inequality in the switching costs,

ψikl 6 ψikp + ψipl. (2.2.3)

This prevents the situation when agents switch from ek to ep and then to el, as

the triangular inequality gives that multiple switches are suboptimal.

Remark 2.2.2. If we need to add extra vertices or edges, we modify the

switching costs as follows. The switching cost from an entrance edge to an

original edge is zero, and from an original edge to an entry edge is∞. Similarly,

the switching cost from an exit edge to an original edge is ∞, and from an

original edge to an exit edge is zero. This avoids entry through exits and exit

through entrances.

• Terminal cost: agents pay a terminal cost φ : (∂oΓ × [0, T ]) ∪ (Γ × {T}) → R,

φ(x, k) at the exit vertex if leaving Γ at a time t ∈ [0, T ] or if not leaving Γ at the

terminal time T . Later, in the stationary setting agents only have the option

to leave Γ, hence the terminal cost becomes an exit cost at the exit vertices.

Remark 2.2.3. In this thesis, when we refer to the cost or cost in an edge, we

always mean travel cost.

Now, we consider an agent who at the time t is at z = π(x, k) ∈ Γ and describe

the corresponding control problem. This agent chooses a Lipschitz regular trajectory
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γ and seeks to minimize

J(γ) =

T̄∫
t

L(x(s),k(s), ẋ(s), s) ds+
N∑
i=1

ψ(̄i,k(t−i ),k(t+i )) + φ(x(T̄ ),k(T̄ )).

Here, {ti} is the partition associated with γ = π(x,k) and T̄ = T∂Γ ∧ T .

We define the value function, u : [0, 1]×K× [0, T ]→ R, as the infimum of J over

all Lipschitz regular trajectories with γ(t) = π(x, k) and we write,

u(x, k, t) = inf
γ
J(γ). (2.2.4)

2.2.2 Hamilton-Jacobi Equation

If u is of class C1 in int(Γ)× [0, T ], then it solves the HJ equation in each edge, ek,

− ut(x, k, t) +H(x, k, ux(x, k, t), t) = 0, (2.2.5)

where the Hamiltonian, H, is the Legendre transform of L; that is,

H(x, k, p, t) := sup
v∈R

[−pv − L(x, k, v, t)].

The inverse transform gives the Lagrangian,

L(x, k, v, t) := sup
p∈R

[−pv −H(x, k, p, t)].

The value function at the vertex vi in the edge ek, is u(vi(k), k, t) or uik. Note that

the notation of the value function emphasizes that it is not only defined at the vertex

but rather on an edge/vertex pair.

In the process of minimizing their travel cost, agents choose the least expensive

path. In particular, they can switch from ek to el through the common vertex vi by
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paying a cost ψ(i, k, l). This possibility is encoded in the following inequality

u(vi(k), k, t) 6 u(vi(l), l, t) + ψ(i, k, l), ∀i, k, l. (2.2.6)

However, u may not be differentiable. Nonetheless, we prove the following verifi-

cation result.

Theorem 2.2.4 (Verification Theorem). Assume the function û : Γ× [t, T̄ ]→ R

is a classical solution of (2.2.5) in the edges of Γ, with the terminal condition

û(x, k, T̄ ) = φ(x, k). (2.2.7)

Assume (2.2.6) holds at the vertices of Γ. Then, û is the value function in (2.2.4).

Proof. Consider a trajectory γ(s) = π(x(s),k(s)) with γ(t) = π(x, k). Let t = t0 <

t1 < ... < tN < tN+1 = T̄ be the partition associated with k, such that k(s) = ki for

ti 6 s < ti+1. Using the fundamental theorem of calculus, for each 0 6 i 6 N , we

have
ti+1∫
ti

d

ds
û(x(s),k(s), s) ds = û(x(t−i+1), ki, t

−
i+1)− û(x(t+i ), ki, t

+
i ).

Because d
ds
û(x, ki, ·) = ûx(x, ki, ·) · ẋ + ûs(x, ki, ·), using the definition of H and that

û solves (2.2.5), we have

ti+1∫
ti

L(x , ki, ẋ, ·) ds =

ti+1∫
ti

(
L+ ûx · ẋ + ûs

)
ds

+ û(x(t+i ), ki, t
+
i )− û(x(t−i+1), ki, t

−
i+1)

≥
ti+1∫
ti

(
−H(x, ki, ûx, ·) + ûs

)
ds

+ û(x(t+i ), ki, ti)− û(x(t−i+1), ki, ti+1)

= û(x(t+i ), ki, t
+
i )− û(x(t−i+1), ki, t

−
i+1).
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Note that (2.2.6) implies, in particular, that

û(x(ti), ki, ti) + ψ(̄i, ki−1, ki)− û(x(ti), ki−1, ti) ≥ 0.

These last two inequalities together with (2.2.7) yield

J(γ) =
N∑
i=0

ti+1∫
ti

L(x(s), ki, ẋ(s), s) ds+ φ(x(T̄ ),k(T̄ ))

+
N∑
i=1

ψ(̄i, ki−1, ki)

≥
N∑
i=0

[
û(x(ti), ki, ti)− û(x(ti+1), ki, ti+1)

]
+ φ(x(T̄ ),k(T̄ )) +

N∑
i=1

ψ(̄i, ki−1, ki)

= û(x, k, t)− û(x(T̄ ),k(T̄ ), T̄ ) + φ(x(T̄ ),k(T̄ ))

+
N∑
i=1

[
û(x(ti), ki, ti) + ψ(̄i, ki−1, ki)

− û(x(ti), ki−1, ti)
]
≥ û(x, k, t).

Hence, take the infimum over all feasible trajectories to obtain u(x, k, t) > û(x, k, t).

Conversely, since K is finite and (2.2.6) holds, we can construct the trajectory

γ̃ = π(x,k) with a piecewise constant function k : [t, T̄ ]→ K that satisfies

û(x(ti), ki−1, ti) = û(x(ti), ki, ti) + ψ(̄i, ki−1, ki).

Then, in the edges, we determine x by solving

ẋ(t) = −DpH(x(t),k(t), ûx(x(t),k(t), t), t).

By the convexity of L, the preceding equation gives equality in the Legendre trans-

form. Thus, all the inequalities in the proof with γ̃ in place of γ are equalities.
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Therefore,

û(x, k, t) = J(γ̃).

Consequently, û(x, k, t) ≥ u(x, k, t) as required.

2.2.3 Transport Equation

The density of the agents in the edges evolves according to the transport equation.

The dynamics in the edges are given by


ẋ(t) = b(x(t),k(t), t), t > 0

x(0) = x,

(2.2.8)

where m is the population density and b : Γ × [0, T ] → Γ is a Lipschitz vector field.

From (2.2.8), in each edge ek, we have the transport equation

mt(x, k, t) + (b(x, k, t)m(x, k, t))x = 0.

Then, integrating with respect to x, we get

d

dt

∫ 1

0

m(x, k, t)dx = −b(x, k, t)m(x, k, t)
∣∣∣1
0

= j(0, k, t)− j(1, k, t),

where j(x, k, t) := b(x, k, t)m(x, k, t) represents the flow of agents passing through the

edge ek per unit of time at the coordinate x. In particular, j(1, k, t) is the number of

agents leaving through 1, and −j(0, k, t) is the number of agents leaving through 0.

For simplicity, we denote the current in the edge ek by jk. At the vertices, we have

Kirchhoff’s law which is ∑
k

σkjk = 0,
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where the sum is taken over all the incident edges ek at a vertex and the sign of the

current σk ∈ {−1, 1} is chosen according to the orientation. Kirchhoff’s law means

that at a vertex vi, the sum of the incoming currents jk is equal to the sum of the

outgoing currents jl, i.e. ∑
k

jk =
∑
l

jl. (2.2.9)

The current jk in the edge ek = (vr, vi) is decomposed into positive and negative

parts, jk = jik − jrk such that

jik · jrk = 0, jik, j
r
k > 0. (2.2.10)

where jik is the current going to the vertex vi and jrk is the current going to the vertex

vr. This means that all agents in an edge move in the same direction.

2.2.4 Mean-Field Games

Now, we consider the case where the Lagrangian, L, and hence the Hamiltonian, H,

depends on the distribution of the agents m. This implies that the travel cost depends

on j since m can be written as a function of j as we show in Section 2.3.

In MFGs, each agent wants to minimize the control problem in (2.2.4). Since all

agents are rational, they follow the same optimal strategy. Thus, in each edge ek, we

have 
−ut(x, k, t) +H(x, k, ux(x, k, t),m(x, k, t)) = 0

mt(x, k, t) + (−m(x, k, t)DpH(x, k, ux(x, k, t),m(x, k, t)))x = 0.
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In the stationary case, our MFG is


H(x, k, ux(x, k),m(x, k)) = 0

(−m(x, k)DpH(x, k, ux(x, k),m(x, k))x = 0.

(2.2.11)

To keep track of the transitions of the agents, we define transition currents. The

transition current from an edge ek to another edge el through a common vertex vi is

denoted by jikl. The transition currents satisfy the complementary condition

jikl · jilk = 0, jikl, j
i
lk > 0. (2.2.12)

If ek and el, are not incidents or if the agents in ek are moving away from el, then

jikl = 0.

The MFG system (2.2.11) is transformed into an algebraic system as we will

discuss in Section 2.3. The currents and the transition currents satisfy (2.2.10) and

(2.2.12), respectively. At the vertices and in the edges of the network, the following

equations and inequalities must hold.

Balance equations. Consider an edge ek = (vr, vi), and the set E of the incident

edges at vi distinct from ek. In terms of the transition currents, the current jik is

equal to the sum of the transition currents from ek to all the other incident edges at

vi, this models a splitting of the current

∑
el∈E

jikl = jik. (2.2.13)
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We have a similar equation for the gathering of the transition currents, the current

jrk is the sum of the transition currents to ek from all the incident edges at vi

∑
el∈E

jilk = jrk. (2.2.14)

Entrance equations. In every entry edge ek = (vr, vi), given the entering current

ιi at the entrance vertex vi, we have


jik = ιi,

jrk = 0.

(2.2.15)

Optimality conditions at the vertices. As we discussed in Section 2.2.2, at the

vertex vi, we have

uik 6 uil + ψikl, ∀i, k, l. (2.2.16)

Complementarity conditions at the vertices. If the transition current jikl is not

zero, then agents are moving from ek to el through vi. This implies that uik = uil+ψ
i
kl.

So, we have the following

jikl · (uik − uil − ψikl) = 0, ∀i, k, l. (2.2.17)

Optimality conditions in the edges. In the edge ek = (vr, vi), for any jk we have


urk 6 cik(jk) + uik,

uik 6 crk(jk) + urk.

(2.2.18)
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Moreover, 
jk > 0 =⇒ urk = cik(j

i
k) + uik,

jk < 0 =⇒ uik = crk(−jrk) + urk.

Complementarity conditions in the edges. In the edge ek = (vr, vi), we have

the complementary conditions


jik · (urk − uik − cik(jk)) = 0,

jrk · (uik − urk − crk(jk)) = 0.

(2.2.19)

Exit equations. At the µ exit vertices, agents pay an exit cost φ. Here, in every

exit edge el = (vi, vs), we assume the exit cost vanishes, so we have

usl 6 0. (2.2.20)

with equality if jsl > 0. In el, we also have

jil = 0. (2.2.21)

The assumption that the exit cost vanishes entails no loss of generality, as the following

remark explains,

Remark 2.2.5. If the exit cost at an exit vertex is nonzero, we attach an auxiliary

exit edge to it, relabeling its extra vertex as the new exit vertex. In the auxiliary exit

edge, the travel cost is the exit cost and at the new exit vertex, the exit cost is zero.

2.3 Current Method

In this section, we transform the MFG (2.2.11) system into an algebraic system using

the current method introduced in [GNP16]. First, we study the general MFG (2.2.11)
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in an edge ek. For simplicity, we omit the dependence in the edge index k and we

identify ek with the interval [0, 1], so we get


H (x, ux(x),m(x)) = 0

(−m(x)DpH(x, ux(x),m(x))x = 0.

(2.3.1)

From the second equation in (2.3.1), the current

j = −mDpH (x, ux,m) (2.3.2)

is constant along the edge. Thus, in principle, we can solve (2.3.2) for ux and replace

it in the first equation. Accordingly, we obtain an algebraic equation for m. This

equation defines a distribution of players m(x, j).

Proposition 2.3.1. If H is strictly convex in p then, we have the following

1.

ux = −DvL

(
x,

j

m
,m

)
; (2.3.3)

2. m(x, j) solves

H

(
x,−DvL

(
x,

j

m
,m

)
,m

)
= 0. (2.3.4)

Proof. Since H is strictly convex in p, p → DpH(x, p,m) is invertible. Moreover, if

DvL(x, v,m) = −p and v = −DpH(x, p,m), we have

p = −DvL(x,−DpH(x, p,m),m).

From (2.3.2), we have

DpH(x, ux,m) = − j

m
.
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Accordingly, we get

p = −DvL

(
x,

j

m
,m

)
. (2.3.5)

Since ux = p, we have the first statement.

Now, using (2.3.5) in the HJ equation in (2.3.1), we obtain (2.3.4), which deter-

mines m as a function of x and j.

Next, we present a family of Hamiltonians that are a prototype for MFG conges-

tion models and illustrate this method.

Example 2.3.2. Let

H(x, p,m) =
|p|2

2mα
+ V (x)− g(m),

where g : R0
+ → R is an increasing function, V : [0, 1]→ R is a smooth function and

0 6 α 6 2 is the congestion strength. Then, (2.3.1) becomes


|ux|2
2mα

+ V (x) = g(m)

(−m1−αux)x = 0.

(2.3.6)

When α = 0, that means there is no congestion. When α = 1, the system decouples.

We call this the critical congestion model. First, we address the noncritical congestion

case, then we address the critical congestion.

Noncritical congestion model, α 6= 1: We consider two cases, when the current

is zero and when it is different from zero.
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j = 0 : in this case, m can vanish and we may not be able to find solutions to the

first equation in (2.3.6). Rather, we will look for solutions to

|ux|2

2mα
+ V (x) 6 g(m).

Since j = −m1−αux = 0, if m > 0 we have a solution given by g−1 (V (x)), provided

this inverse is well defined and is non-negative. Otherwise, m cannot be positive and

must vanish. Thus, we write m(x) = [g−1 (V (x))]
+

. In particular, if g(m) = m then

m = [V (x)]+; i.e. either m = 0 iff V (x) 6 0, or the sub-solution is actually a solution;

that is, m = V (x) if V (x) > 0.

j 6= 0 : in this case, m 6≡ 0. Substituting ux = −jmα−1 in the first equation in

(2.3.6), we get 
j2

2m2−α + V (x) = g(m)

j
∫ 1

0
mα−1dx = u(0)− u(1),

(2.3.7)

provided m > 0. In principle, we can determine m by solving the first equation in

(2.3.7) for m. In general, this equation is hard to solve, but there are two cases where

we get closed-form solutions, these cases are the following.

1) α = 2 : if α = 2, we have


j2

2
+ V (x) = g(m)

m > 0,

(2.3.8)

the task above simplifies, and we have the following explicit formula

m(x) =

[
g−1

(
j2

2
+ V (x)

)]+

.
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This example illustrates that we may fail to have a solution if V (x) < 0 for j small

and g(m) = m, for example.

2) g(m) = − c
m2−α , where c is a constant: in this case, assuming V (x) 6 0, we have


j2

2m2−α + V (x) = − c
m2−α

m > 0,

(2.3.9)

solving for m we get

m(x) =

(
c+ j2/2

−V (x)

) 1
2−α

.

Critical congestion model, α = 1: In this case, (2.3.6) becomes,


|ux|2
2m

+ V (x) = g(m)

(−ux)x = 0.

Then, in each edge, j = −ux. The case j = 0 is similar to the noncritical congestion

model. If j 6= 0, then m 6≡ 0, and (2.3.7) becomes


j2

2m
− g(m) = −V (x)

j = u(0)− u(1),

provided m > 0. So, u is linear in j and it does not depend on the density, m.

Remark 2.3.3. We refer to the last equation in (2.3.7) as the edge equation. In this

equation, either u(0) or u(1) is given by boundary conditions. The sign of the current

indicates the direction in which the agents travel, from 0 to 1 when j > 0 and from

1 to 0 when j < 0. When j > 0, the edge equation determines u(0) as a function of

u(1), whereas when j < 0, this equation determines u(1) as a function of u(0). This
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depends on how boundary conditions are specified, as we discuss in the next section.

2.4 Travel Cost in an Edge and its Properties

In this section, we analyze in more detail the cost in an edge. Then, we discuss the

cost properties: reversibility and monotonicity. Finally, we present a brief analysis of

the relation between the velocity and the current.

2.4.1 Travel Cost in an Edge

In (2.2.1) and (2.2.2), the Lagrangian does not depend on m. Here, we define the

travel cost based on a Lagrangian that depends on m. For that, we introduce the

Lagrangian

L(x, v,m) = sup
p
−pv −H(x, p,m).

The cost between two points x and y, is defined as follows

cxy(j) = min
x,T

x(0)=x
x(T )=y

∫ T

0

L(x, v,m(x, j))dt.

The HJ equation satisfies the dynamic programming principle, that is

u(x) = inf
y
cxy(j) + u(y).

Now, consider an edge and assume that this edge is identified with the interval

[0, 1] and the vertices with {0, 1}. Given the current j in this edge, there are two

costs. The cost of moving from left to right, (i.e. from 0 to 1), and is denoted by

c01(j), and the cost of moving from right to left, (i.e. from 1 to 0), and is denoted by

c10(j). These two costs are defined as follows:

Definition 2.4.1. Given a distribution of players m(x, j). For j ∈ R, the optimal
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cost of traveling from 0 to 1 in an edge, is

c01(j) = min
x,T

x(0)=0
x(T )=1

∫ T

0

L(x, ẋ,m(x, j))dt, (2.4.1)

where the minimum is taken over all Lipschitz trajectories and all possible terminal

times. The cost c10 is defined analogously:

c10(j) = min
x,T

x(0)=1
x(T )=0

∫ T

0

L(x, ẋ,m(x, j))dt. (2.4.2)

As we discussed in Section 2.2, the agent at a vertex of an edge has two options

either leaving this edge or crossing it to get to the opposite vertex of the same edge.

This is encoded in the following inequalities


u(1) 6 c10(j) + u(0),

u(0) 6 c01(j) + u(1).

(2.4.3)

Moreover, the self-consistency in MFGs requires that the direction in which the agent

moves is aligned with the direction of the current. This is reflected in the following

condition 
j > 0⇒ u(0) = c01(j) + u(1),

j < 0⇒ u(1) = c10(j) + u(0).

(2.4.4)

Remark 2.4.2. The optimality conditions in (2.4.3) imply the following local com-

patibility condition

−c01(j) 6 c10(j).

Or

c01(j) + c10(j) > 0.
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Proposition 2.4.3. If the costs in (2.4.3) are non-negative, then the inequalities in

(2.4.3) are redundant.

Proof. The optimality conditions (2.4.3) imply,

−c01(j) 6 u(1)− u(0) 6 c10(j).

If j 6= 0, one of the two inequalities is equality. Since the costs are non-negative, then

the other inequality holds.

Now, we analyze in detail, the variational problems that define the costs c01 and

c10.

Starting with c01, we parametrize, in (2.4.1), the velocity v by the space coordinate

x, so dx = vdt provided ẋ > 0, we get

c01(j) = min

∫ 1

0

L(x, v(x, j),m(x, j))

v(x, j)
dx, (2.4.5)

where the minimum is taken in the set Lipx ([0, 1]× R), of functions v : [0, 1]×R→ R+

that are Lipschitz in the first variable. Similarly, we have

c10(j) = min

∫ 1

0

−L(x, v(x, j),m(x, j))

v(x, j)
dx, (2.4.6)

where the minimum is taken in the set Lipx ([0, 1]× R), of functions v : [0, 1]×R→ R−

that are Lipschitz in the first variable.

Proposition 2.4.4. If L(x, v,m) is coercive in v and L(x, 0,m) > 0, then the fol-

lowing holds

1. There exist two functions v∗+ > 0 and v∗− < 0 that minimize (2.4.5) and (2.4.6),
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respectively. Moreover, these functions solve the Euler-Lagrange equation

− L(x, v(x, j),m(x, j))

v2(x, j)
+
DvL(x, v(x, j),m(x, j))

v(x, j)
= 0. (2.4.7)

2. We have

c01(j) =

∫ 1

0

DvL(x, v∗+(x, j),m(x, j))dx, for any j ∈ R. (2.4.8)

and

c10(j) = −
∫ 1

0

DvL(x, v∗−(x, j),m(x, j))dx, for any j ∈ R. (2.4.9)

3. If v 7→ L(x, v,m) is strictly convex in v, then v∗+ is unique in R+, and v∗− is

unique in R−.

Proof. Because L(x, 0,m) > 0, we have

lim
v→0

L(x, v(x, j),m(x, j))

v(x, j)
= +∞,

and by coercivity, we have

lim
v→∞

L(x, v(x, j),m(x, j))

v(x, j)
= +∞.

Then, for every x there exists a minimizer v∗+ > 0 of L(x,v,m)
v

which solves (2.4.7).

This pointwise minimizer is a minimizer of (2.4.5). This proves the first statement.

By (2.4.7), we have

DvL(x, v∗+(x, j),m(x, j)) =
L(x, v∗+(x, j),m(x, j))

v∗+(x, j)
. (2.4.10)

Thus, we get (2.4.8).
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Now, we prove the uniqueness of the minimizer. Because (2.4.7) holds, we have

D2
vv

(
L

v

)
= Dv

(
DvL

v
− L

v2

)
=
D2
vvL

v
− 2

DvL

v2
+ 2

L

v3

=
D2
vvL

v
.

The above identity with D2
vvL(x, v,m) > 0 and v∗+ > 0 imply that v 7→ L(x,v,m)

v
is

strictly convex. Therefore, the integrand of the variational problem is strictly convex,

which gives the uniqueness of v∗+.

Following the same steps, we can prove similar results for v∗−.

Remark 2.4.5. The cost c01 in (2.4.8) is defined for any j ∈ R. In particular, when

j < 0, c01 is the cost of moving against the current.

Now, we examine the relation between the travel cost and the value function.

Proposition 2.4.6. For j > 0, the cost c01(j) is given by

c01(j) =

∫ 1

0

c01(x, j)dx,

where c01(x, j) = −ux. Therefore, it solves the MFG system


H(x,−c01(x, j),m(x, j)) = 0,

−mDpH(x,−c01(x, j),m(x, j)) = j.

(2.4.11)

Similarly, for j < 0, the cost c10(j) is given by

c10(j) =

∫ 1

0

c10(x, j)dx,
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where c10(x, j) = ux. Therefore, it solves the MFG system


H(x, c10(x, j),m(x, j)) = 0,

−mDpH(x, c10(x, j),m(x, j)) = j.

Proof. Consider an edge with a current, j > 0. By the fundamental theorem of

calculus,

u(0) = u(1)−
∫ 1

0

uxdx.

By the first identity in (2.4.4), we have

u(0) = u(1) + c01(j).

Hence,

c01(j) = −
∫ 1

0

uxdx. (2.4.12)

Thus, −ux can be regarded as a cost per unit of length. We define c01(x, j) = −ux.

Therefore, c01(x, j) solves (2.4.11) and we have

c01(j) =

∫ 1

0

c01(x, j)dx.

The proof of the case j < 0, is similar.

Proposition 2.4.7. Let m(x, j) be determined by (2.3.4). If j > 0, then we have

c01(j) =

∫ 1

0

DvL

(
x,

j

m(x, j)
,m(x, j)

)
. (2.4.13)

Similarly, if j < 0, then we have

c10(j) = −
∫ 1

0

DvL

(
x,

j

m(x, j)
,m(x, j)

)
. (2.4.14)
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Proof. For j > 0, we use (2.3.3), to substitute ux in (2.4.12), to get (2.4.13). The

proof of the case j < 0, is similar.

Remark 2.4.8. Note that, (2.4.13) and (2.4.14) are not valid, in general, for j < 0

and j > 0, respectively. In these cases, we must use (2.4.8) and (2.4.9).

2.4.2 Travel Cost Properties

In this section, we study the properties of the cost implied by the microstructure of

the MFG in a single edge. We begin by addressing reversibility and then, we examine

monotonicity.

Reversibility of the Cost

We say that the cost is reversible if the cost for traveling along an edge from left to

right is the same as the cost for traveling from right to left along the same edge i.e.

c01(j) = c10(j). The cost is even if c01(−j) = c01(j). In some sense, in reversible

MFGs agents costs are insensitive to the direction of travel and only depend on the

density of other agents.

Proposition 2.4.9. If the Hamiltonian is an even function in p, i.e. H(x,−p,m) =

H(x, p,m), and strictly convex, then we have the following

1. The cost is reversible; that is, c01(j) = c10(j), ∀j ∈ R.

2. The cost is even; that is, c01(−j) = c01(j), ∀j ∈ R.

Proof. Since H is even, L is also even, i.e.

L(x,−v,m) = L(x, v,m).

The density m is determined by solving (2.3.4). For j > 0, traveling from 0 to 1, the

optimal velocity is v = j
m

, which solves the necessary optimality condition (2.4.7).



39

For the same j and m, we look at the optimal trajectory connecting 1 to 0. We claim

that the velocity −v is optimal. This is true because −v also solves (2.4.7). Then, by

(2.4.8), we have

c01(j) = c10(j).

Thus, the cost is reversible.

Now we prove the second statement. Consider the HJ equation in (2.3.1) and the

definition of the current in (2.3.2). If we replace j by −j, p = ux by −p = −ux,

and keep m unchanged, the HJ in (2.3.1) holds because H is even and (2.3.2) holds

because DpH is odd in p. Hence,

m(x,−j) = m(x, j). (2.4.15)

Because H is strictly convex, L is strictly convex. Thus, by Proposition 2.4.4, there

exists v∗+ > 0 unique solution of (2.4.7) in R . Using (2.4.15) in (2.4.7) we get

v∗+(x,−j) = v∗+(x, j), ∀j.

Similarly,

v∗−(x,−j) = v∗−(x, j), ∀j.

Then, (2.4.8) implies

c01(−j) = c01(j).

Example 2.4.10 (Even Hamiltonian). Suppose the Hamiltonian is

H(x, p,m) =
p2

2
−m.
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Then, the Lagrangian is

L(x, v,m) =
v2

2
+m.

The corresponding MFG system is


u2x
2

= m,

(−mux)x = 0.

The density m is obtained by substituting ux = − j
m

in the HJ equation, which gives

the identity

1

2

(
− j

m

)2

= m.

Accordingly,

m =

(
j2

2

)1/3

.

On the other hand, (2.4.10) implies

v = (2m)1/2.

Hence, by substituting the formula for m in the previous identity, we get

v =

(
2

(
j2

2

)1/3
)1/2

.

Then, by (2.4.8) the cost is

c01(j) =

∫ 1

0

21/3|j|1/3dx = 21/3|j|1/3.

This cost is independent of the sign of j because the Hamiltonian is even. We can
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see this using (2.4.13), where we get the same cost

c01(j) =

∫ 1

0

j

m
=

j

(j2/2)1/3
= (2j)1/3.

Monotonicity of the Cost

For general MFGs of the form (2.3.1), under Lions monotonicity condition

− 2
m
DmH D2

pmH

D2
pmH 2D2

ppH

 > 0 (2.4.16)

the uniqueness of solution in a number of cases was proved in [Lio08] (also see [Por14]).

As we see next, this condition is relevant for the monotonicity of the costs.

Proposition 2.4.11. For j > 0, the following holds

∂c01∂j

∂m
∂j

 =
1

(DpH)2 +mDpHD2
pmH −mDmHD2

ppH

−DmH

−DpH

 . (2.4.17)

Moreover, if (2.4.16) holds, then

∂c01

∂j
> 0.

For j < 0, the following holds

∂c10∂j

∂m
∂j

 =
1

−(DpH)2 +mDpHD2
pmH +mDmHD2

ppH

−DmH

DpH

 . (2.4.18)
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Moreover, if (2.4.16) holds, then

∂c10

∂j
6 0.

Proof. Assuming j > 0, and differentiating (2.4.11) with respect to j, we get


−DpH(x,−c01,m)

∂c01

∂j
+DmH(x,−c01,m)

∂m

∂j
= 0,

mD2
ppH(x,−c01,m)

∂c01

∂j
−
(
DpH(x,−c01,m) +mD2

pmH(x,−c01,m)
) ∂m
∂j

= 1,

(2.4.19)

where c01 = c01(x, j) and m = m(x, j). The solution of (2.4.19) is given by (2.4.17),

which proves the first result.

For the second result, notice that DmH 6 0 and the determinant of the matrix in

(2.4.16) is

A = − 4

m
DmHD

2
ppH − (D2

pmH)2 > 0.

Using this and by Cauchy’s inequality, we get that the denominator in (2.4.17) satisfies

M = (DpH)2 +mDpHD
2
pmH −mDmHD

2
ppH

> (DpH)2 − (DpH)2 − 1

4
m2(D2

pmH)2 −DmHD
2
ppHm

=
Am2

4
> 0.

Consequently, (2.4.16) implies

∂c01

∂j
> 0.

The proof for the case j < 0 is similar.

Remark 2.4.12. If DmH(x,−c01,m) 6 0, then m and c01 have the same monotonic-

ity with respect to j and opposite otherwise. Since, we have by the first equation in
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(2.4.19) that

∂c01

∂j
= −mDmH(x,−c01,m)

j

∂m

∂j
. (2.4.20)

The condition (2.4.16) is not necessary for monotonicity of the cost, as we show

in the next example for separable Hamiltonians.

Example 2.4.13. Suppose H is separable, that is, of the form H(x, p,m) − g(m).

Then

D2
pmH = 0 and DmH = −g′(m).

From (2.4.17), we get

∂c01

∂j
=

g′(m)

(DpH)2 +DppHmg′(m)
. (2.4.21)

If g′(m) > 0 then ∂c01
∂j

> 0. If g′(m) < 0, the analysis is more delicate.

Let γ > 1. Consider the case where

H(p,m) =
|p|γ

γ
− g(m).

Then, we have

DpH(p,m) = p|p|γ−2,

DpH(p,m)2 = |p|2γ−2 =⇒ (DpH(−c01,m))2 = (γg(m))2− 2
γ ,

D2
ppH(p,m) = (γ − 1)|p|γ−2 =⇒ D2

ppH(−c01,m) = (γ − 1)(γg(m))1− 2
γ .

Substituting in (2.4.21), we get

∂c01

∂j
=

g′(m)

(γg(m))2− 2
γ + (γ − 1)(γg(m))1− 2

γmg′(m)
. (2.4.22)
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Thus, to get ∂c01
∂j

> 0 when g′(m) < 0, we need

γg(m) + (γ − 1)mg′(m) 6 0. (2.4.23)

A case where the prior inequality holds is the following. Consider

g(m) = m−β, β > 0.

Then, (2.4.23) becomes

γ − (γ − 1)β 6 0.

Hence, for β > γ
γ−1

, we have ∂c01
∂j

> 0.

Now, we study the monotonicity of c01 for j 6 0. In this case, agents are traveling

against the current, so we cannot use the result in Proposition 2.4.7 to compute c01.

Proposition 2.4.14. For j < 0, the following holds

∂c01(j)

∂j
=

∫ 1

0

1

v∗+
DmL(x, v∗+(x, j),m(x, j))

∂m(x, j)

∂j
dx. (2.4.24)

Moreover, if (2.4.16) holds, then

∂c01(j)

∂j
6 0. (2.4.25)

Proof. To simplify the notation, we will write v instead of v∗+. We write (2.4.10) as

follows

v(x, j)DvL(x, v(x, j),m(x, j))− L(x, v(x, j),m(x, j)) = 0.
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Then, we differentiate with respect to j, to get

v(x, j)D2
vvL(x, v(x, j),m(x, j))

∂v(x, j)

∂j
+ v(x, j)D2

vmL(x, v(x, j),m(x, j))
∂m(x, j)

∂j

−DmL(x, v(x, j),m(x, j))
∂m(x, j)

∂j
= 0.

(2.4.26)

Also, differentiating (2.4.8) with respect to j, we get

∂c01(j)

∂j
=

∫ 1

0

D2
vvL(x, v(x, j),m(x, j))

∂v(x, j)

∂j

+D2
vmL(x, v(x, j),m(x, j))

∂m(x, j)

∂j
dx.

Substituting D2
vvL(x, v(x, j),m(x, j))∂v(x,j)

∂j
from (2.4.26), we get (2.4.24). To prove

the second result, notice that in (2.4.24), we have

1

v∗+
DmL(x, v∗+(x, j),m(x, j)) > 0,

and by (2.4.18), we have

∂m(x, j)

∂j
6 0.

Thus, we get (2.4.25).

2.4.3 Analysis of Velocity

Lions monotonicity condition (2.4.16) is related to crowd aversion; that is, agents

try to avoid congested areas. As we have shown before, in this case, both c and m

increase with j. It is possible, however, to have a crowd seeking behavior, i.e. g

is decreasing, then c increases in j, and m decreases in j. This is something that

happens on uncongested highways. As speed increases, cars increase their distances,

hence density decreases. Here, we would like to investigate the dependence of the
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optimal velocity field

v(x, j) =
j

m(x, j)
(2.4.27)

on the current and the density. We begin with the dependence on the current.

Proposition 2.4.15. Let M = (DpH)2 +mDpHD
2
pmH −mD2

ppHDmH. For j > 0,

we have

∂

∂j
[v(x, j)] = −

vD2
pmH +D2

ppHDmH

M
.

Moreover, in the separable case, if the Lions condition holds, then

∂

∂j
[v(x, j)] 6 0.

If reverse Lions condition holds (that is; (2.4.16) holds with opposite inequality), then

∂

∂j
[v(x, j)] > 0.

Proof. Differentiating (2.4.27), with respect to j, we get

∂

∂j
[v(x, j)] =

1

m
− j

m2

∂m

∂j
.

From (2.4.17) and using that v(x, j) = −DpH(x, ux(x, j),m(x, j)), we have

∂m(x, j)

∂j
=
−DpH

M
=

j

mM
, (2.4.28)

Hence,

∂

∂j
[v(x, j)] =

1

m

[
1− j2

m2

1

M

]
= −

vD2
pmH +D2

ppHDmH

M
.

In the separable case, we have

∂

∂j
[v(x, j)] = −

D2
ppHg

′(m)

M
. (2.4.29)
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If Lions condition holds, then by Proposition 2.4.11, M > 0. Thus,

∂

∂j
[v(x, j)] 6 0.

If the reverse Lions condition holds, we get the opposite inequality.

Now, we study the relation between the velocity and the density through the

quantity ∂m
∂v
, which corresponds to the uncongested model, when it is greater or

equal to zero.

Proposition 2.4.16. For j > 0, in the separable case, we have

∂m

∂v
= − v

D2
ppHg

′(m)
. (2.4.30)

Proof. We have

∂m

∂v
=
∂m

∂j
.
∂j

∂v
.

By (2.4.28) and (2.4.29), we get

∂m

∂v
= − j

mM
.

M

D2
ppHg

′(m)
,

which gives (2.4.30) after simplification.

Remark 2.4.17. From (2.4.30), we see that if g(m) increasing, m decreases with v.

Whereas if g(m) decreasing, m increases with v.

A summary: Now, we summarize the results in this section. In highways or pedes-

trian traffic, we expect that as j increases m increases and v decreases. For separable

H, increasing g and j > 0, if Lions condition (2.4.16) holds, then

1. c01 increases as j increases, see Proposition 2.4.11.
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2. m increases as j increases, see Proposition 2.4.11.

3. v decreases as j increases. see Proposition 2.4.15.

Note, however, that the Lions condition is not needed for the previous points to

hold. Example 2.4.13 gives conditions under which 1 and 3 hold without monotonicity.

However, 2 does not hold, see Remark 2.4.12.

2.5 Examples

We end this chapter with some examples where we write the equations and the theo-

retical solutions to the algebraic system associated with the MFG (2.3.6). In Chapter

4, we explain an algorithm that we developed for solving this algebraic system in

larger networks where the theoretical solving takes a very long time.

First, we start with an example that emphasizes the relation between the cost and

the Hamiltonian.

Example 2.5.1. Consider the MFG (2.3.6), as in Example 2.3.2. To determine

the cost, we use (2.4.5) and (2.4.6). However, since the Hamiltonian is even and

strictly convex, the cost is reversible. Hence, the cost can be determined just from

the algebraic system. In the critical congestion case i.e. α = 1, we have,

u(0)− u(1) = j,

so the cost is j, if j > 0. In this case, m plays no role. In the noncritical congestion

case i.e. α 6= 1, we have,

u(0)− u(1) = j

∫ 1

0

mα−1dx, (2.5.1)
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so the cost is j
∫ 1

0
mα−1dx, if j > 0. In this case, we need to solve for m using,

j2

2m2−α + V (x) = g(m).

Then, using the resulting expression for m in (2.5.1), we get u(0)− u(1).

e1 e3

e2

v1

v2

v3

v4

Fig. 2.3: Road merge network.

Example 2.5.2 (Road merge). For simplicity, in this example and the next ex-

ample we set the switching costs between the original edges to zero and we provide

the mathematical details in the critical congestion case, i.e. α = 1. From the previous

example, the travel cost, in this case, is the current.

Consider the network in Figure 2.3. In this case, the entry vertices are v1, v3 and

the exit vertex is v4. We are given entering currents ι1 > 0 at v1, ι2 > 0 at v3,

with zero exit cost at v4. Let {e1, e2, e3} = {(v1, v2), (v3, v2), (v2, v4)}. First, we have

the positivity and the complementarity conditions for the currents and the transition

currents (since we only have one transition vertex, we omit the vertex index in the
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transition currents) 
j2

1 , j
1
1 , j

2
2 , j

3
2 , j

4
3 , j

2
3 > 0

j12, j21, j13, j31, j23, j32 > 0,

and 
j2

1 · j1
1 = 0

j2
2 · j3

2 = 0

j4
3 · j2

3 = 0


j12 · j21 = 0

j13 · j31 = 0

j23 · j32 = 0.

In e1 and e2, we have 
j2

1 = ι1, j1
1 = 0

j2
2 = ι2, j3

2 = 0.

In e3, we have 
u4

3 6 0

j2
3 = 0.

The balance equations are


j4

3 = j13 + j23

j2
3 = j31 + j32

j2
1 = j13 + j12


j1

1 = j31 + j21

j2
2 = j21 + j23

j3
2 = j12 + j32.

The optimality conditions at v2 are


u2

1 6 u2
3

u2
3 6 u2

1

u2
2 6 u2

3


u2

3 6 u2
2

u2
1 6 u2

2

u2
2 6 u2

1,
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which simplify to

u2
1 = u2

2 = u2
3.

The complementary conditions at v2 are


j13.(u

2
1 − u2

3) = 0

j31.(u
2
3 − u2

1) = 0

j23.(u
2
2 − u2

3) = 0


j32.(u

2
3 − u2

2) = 0

j12.(u
2
1 − u2

2) = 0

j21.(u
2
2 − u2

1) = 0

The optimality conditions in the edges are


u1

1 6 u2
1 + j2

1

u2
1 6 u1

1 + j1
1

u3
2 6 u2

2 + j2
2


u2

2 6 u3
2 + j3

2

u2
3 6 u4

3 + j4
3

u4
3 6 u2

3 + j2
3 .

The complementary conditions in the edges are


j2

1 · (u1
1 − u2

1 − j2
1) = 0

j1
1 · (u2

1 − u1
1 − j1

1) = 0

j2
2 · (u3

2 − u2
2 − j2

2) = 0


j3

2 · (u2
2 − u3

2 − j3
2) = 0

j4
3 · (u2

3 − u4
3 − j4

3) = 0

j2
3 · (u4

3 − u2
3 − j2

3) = 0.

From elementary computations, the value function at the vertices is given by,


u1

1 = 2ι1 + ι2

u2
2 = ι1 + ι2

u2
3 = ι1 + ι2


u2

1 = ι1 + ι2

u3
2 = ι1 + 2ι2

u4
3 = 0.
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The currents are given by,


j2

1 = ι1

j1
1 = 0

j2
2 = ι2


j3

2 = 0

j4
3 = ι1 + ι2

j2
3 = 0.

The transition currents are given by,


j12 = 0

j21 = 0

j13 = ι1


j31 = 0

j23 = ι2

j32 = 0.

We see that in this example, although we have a lot of equations the solving was

straightforward because of the structure of the network. In the next example, we

show that for the same network solving gets more complicated, since we change the

structure of the network, (i.e. entrances and exits).

e1

e2

e3

v1

v2

v3

v4

(a) Original graph

e1

e2

e3

e
2


e
3


v1

v2

v3

v4

v
3


v
4


(b) Full graph

Fig. 2.4: Road fork network.
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Example 2.5.3 (Road fork). In this example, we also set the switching costs to

zero and study the critical congestion case.

Consider the network in Figure 2.4a. In this case, the entry vertex is v1 and the

exit vertices are v3 and v4. We are given the entering current ι1 > 0 at v1, and the

exit costs φ3 at v3 and φ4 at v4. Let {e1, e2, e3} = {(v1, v2), (v2, v3), (v2, v4)}, Since

the exits costs are not zero, we add two auxiliary exit edges. Let e2̃ = (v3, v3̃) be

the exit edge at v3 and e3̃ = (v4, v4̃) be the exit edge at v4, where v3̃ and v4̃ are

auxiliary vertices at which the exit costs are zero. We have the positivity and the

complementarity conditions for currents and transition currents


j2

1 , j
1
1 , j

2
2 , j

3
2 , j

4
3 , j

2
3 , j

3̃
2̃
, j3

2̃
, j 4̃

3̃
, j4

3̃
> 0

j12, j21, j13, j31, j23, j32, j22̃, j2̃2, j33̃, j3̃3 > 0,

and 

j2
1 · j1

1 = 0

j2
2 · j3

2 = 0

j4
3 · j2

3 = 0

j12 · j21 = 0

j13 · j31 = 0



j23 · j32 = 0

j 3̃
2̃
· j3

2̃
= 0

j 4̃
3̃
· j4

3̃
= 0

j22̃ · j2̃2 = 0

j33̃ · j3̃3 = 0.

In e1, we have {
j2

1 = ι1, j1
1 = 0.

In e3̃ and e4̃, we have 
j3

2̃
= 0

j4
3̃

= 0


u3̃

2̃
6 0

u4̃
3̃
6 0.
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The balance equations are



j2
1 = j12 + j13

j1
1 = j21 + j31

j3
2 = j12 + j32

j2
2 = j21 + j23

j4
3 = j13 + j23

j2
3 = j31 + j32

j3
2 = j22̃



j2
2 = j2̃2

j4
3 = j33̃

j2
3 = j3̃3

j3
2̃

= j2̃2

j 3̃
2̃

= j22̃

j4
3̃

= j3̃3

j 4̃
3̃

= j33̃.

The optimality conditions at v2 are


u2

1 6 u2
3

u2
3 6 u2

1

u2
2 6 u2

3


u2

3 6 u2
2

u2
1 6 u2

2

u2
2 6 u2

1,

which simplify to

u2
1 = u2

2 = u2
3.

The optimality conditions at v3 and v4 are


u3

2 6 u3
2̃

u3
2̃
6∞


u4

3 6 u4
3̃

u4
3̃
6∞.
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The complementary conditions at the vertices are



j13.(u
2
1 − u2

3) = 0

j31.(u
2
3 − u2

1) = 0

j23.(u
2
2 − u2

3) = 0

j32.(u
2
3 − u2

2) = 0

j12.(u
2
1 − u2

2) = 0



j21.(u
2
2 − u2

1) = 0

j2̃2 = 0

j22̃.(u
3
2 − u3

2̃
) = 0

j3̃3 = 0

j33̃.(u
4
3 − u4

3̃
) = 0.

The optimality conditions in the edges are



u1
1 6 u2

1 + j2
1

u2
1 6 u1

1 + j1
1

u3
2 6 u2

2 + j2
2

u2
2 6 u3

2 + j3
2

u2
3 6 u4

3 + j4
3



u4
3 6 u2

3 + j2
3

u3
2̃
6 u3̃

2̃
+ φ3

u3̃
2̃
6∞

u4
3̃
6 u4̃

3̃
+ φ4

u4̃
3̃
6∞.

The complementary conditions in the edges are



j2
1 · (u1

1 − u2
1 − j2

1) = 0

j1
1 · (u2

1 − u1
1 − j1

1) = 0

j2
2 · (u3

2 − u2
2 − j2

2) = 0

j3
2 · (u2

2 − u3
2 − j3

2) = 0

j4
3 · (u2

3 − u4
3 − j4

3) = 0



j2
3 · (u4

3 − u2
3 − j2

3) = 0

j 3̃
2̃
· (u3

2̃
− u3̃

2̃
− φ3) = 0

j3
2̃

= 0

j 4̃
3̃
· (u4

3̃
− u4̃

3̃
− φ4) = 0

j4
3̃

= 0.

From elementary computations we get three cases:
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Case 1: If ι1 6 φ4 − φ3, then the value function at the vertices is given by



u1
1 = φ3 + 2ι1

u2
2 = φ3 + ι1

u2
3 = φ3 + ι1

u2
1 = φ3 + ι1

u3
2 = φ3



u4
3 = φ3 + ι1

u3
2̃

= φ3

u4
3̃
6 φ4

u3̃
2̃

= 0

u4̃
3̃

= 0.

In this case, we do not have uniqueness for u4
3̃
.

The currents are given by



j2
1 = ι1

j1
1 = 0

j2
2 = 0

j3
2 = ι1

j2
3 = 0



j4
3 = 0

j3
2̃

= 0

j 3̃
2̃

= ι1

j4
3̃

= 0

j 4̃
3̃

= 0.

The transition currents are given by



j12 = ι1

j21 = 0

j13 = 0

j31 = 0

j23 = 0



j32 = 0

j2̃2 = 0

j22̃ = ι1

j3̃3 = 0

j33̃ = 0.

Case 2: This case is similar to the previous case, the difference is that ι1 6 φ3−φ4,

which implies that the current vanishes in e2.
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Case 3 : If ι1 > |φ4 − φ3|, then the value function at the vertices is given by



u1
1 = 1

2
(φ3 + φ4 + 3ι1)

u2
2 = 1

2
(φ3 + φ4 + ι1)

u2
3 = 1

2
(φ3 + φ4 + ι1)

u2
1 = 1

2
(φ3 + φ4 + ι1)

u3
2 = φ3



u4
3 = φ4

u3
2̃

= φ3

u4
3̃

= φ4

u3̃
2̃

= 0

u4̃
3̃

= 0.

The currents are given by



j2
1 = ι1

j1
1 = 0

j2
2 = 0

j3
2 = λι1

j2
3 = 0



j4
3 = (1− λ)ι1

j3
2̃

= 0

j 3̃
2̃

= λι1

j4
3̃

= 0

j 4̃
3̃

= (1− λ)ι1.

The transition currents are given by



j12 = λι1

j21 = 0

j13 = (1− λ)ι1

j31 = 0

j23 = 0



j32 = 0

j2̃2 = 0

j22̃ = λι1

j3̃3 = 0

j33̃ = (1− λ)ι1.

where the value of λ depends on the values of the exit costs φ3 and φ4.

As a summary for this example: in the first two cases, the entering current does

not split into the two edges, i.e. in one of the edges the current is zero because agents
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avoid the edge that has a higher exit cost, while in the last case the entering current

splits into the two edges since the exit costs are equal (or close).
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3

Wardrop Equilibria and Mean-Field Games

3.1 Wardrop Equilibrium Model on Networks

We consider a steady-state model of agents traveling through a network with flow-

dependent travel costs in the edges. Following the presentation of the model elements,

we discuss an equilibrium concept due to Wardrop [War52]. Later, we show how this

concept is related to the MFG model presented in Section 2.2. This model consists

of the following:

1. A finite directed network, Γ̃ = (Ẽ, Ṽ ), where Ẽ = {ẽk : k ∈ {1, 2, . . . , ñ}} is the

set of edges and Ṽ = {ṽi : i ∈ {1, 2, . . . , m̃}} is the set of vertices. To any edge

ẽk, we associate the pair (ṽr, ṽi) of its endpoints.

2. The current or the flow is the number of agents crossing a given point per unit

of time. The current in the edge ẽk is denoted by ̃k.

The current on the network is the ñ-dimensional vector ̃ = (̃1, . . . , ̃ñ).

3. The travel cost in each edge ẽk is given by a function c̃k : Ẽ → R. The cost is

local if c̃k depends only on ̃k.

We denote the vector of the costs in the edges by c̃(̃) = (c̃1(̃), . . . , c̃ñ(̃)).

Observe that 〈c̃(), 〉 :=
∑ñ

k=1 c̃k()jk is the social cost per unit of time corre-

sponding to the distribution of currents .

4. Agents enter the network through λ̃ entrance vertices and exit it through µ̃

exit vertices (disjoint from the entrance vertices). For convenience, we assume
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that the last µ̃ vertices in Ṽ are the exit vertices. Furthermore, we suppose

that entrance and exit vertices have incidence of one. If not, we proceed as in

Remark 2.1.1.

5. A flow of agents, the entry current ι̃ = (ι̃1, . . . , ι̃λ̃) > 0, is prescribed at the

entrance vertices. The entry currents in the other vertices are zero. This infor-

mation is encoded in a (m̃ − µ̃)-dimensional vector B̃. Each component of B̃

corresponds to a non-exit vertex.

6. At the µ̃ exit vertices, agents pay an exit cost φ̃. Here, we assume that this

exit cost vanishes. If an exit vertex has a nonzero exit cost, we proceed as in

Remark 2.2.5.

Let K̃ be the (m̃− µ̃)× ñ Kirchhoff matrix, obtained by removing µ̃ lines corre-

sponding to the exit vertices of Γ̃ from the incidence matrix of Γ̃, i.e.,

K̃ik =


1 if ẽk = (ṽi, ṽr)

−1 if ẽk = (ṽr, ṽi)

0 if ṽi 6∈ ẽk,

(3.1.1)

where i ∈ {1, 2, . . . , m̃ − µ̃} and k ∈ {1, 2, . . . , ñ}. The rows in K̃ correspond to

non-exit vertices of the network, and the columns correspond to the edges.

Definition 3.1.1. A distribution of currents, ̃ > 0, is admissible if

K̃ ̃ = B̃. (3.1.2)

The set of all admissible distributions of currents is denoted by A.

Remark 3.1.2. The m̃ − µ̃ equations in (3.1.2) correspond to Kirchhoff’s law for

the non-exit vertices.
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Next, following Smith ([Smi79]), we define the Wardrop equilibrium.

Definition 3.1.3. A distribution of currents ̃∗ ∈ A is a Wardrop equilibrium if,

for all ̃ ∈ A,

〈c̃(̃∗), ̃∗ − ̃〉 6 0. (3.1.3)

In Section 3.3, we prove that Definition 3.1.3 means that in a Wardrop equilibrium,

any current-carrying path is optimal in the sense that it minimizes the travel cost to

the exit.

We use the notion of monotonicity, defined below, to state and prove a result on

the uniqueness of Wardrop equilibria.

Definition 3.1.4. A cost c̃ is monotone if, for any ̃1, ̃2 ∈ A,

〈c̃(̃1)− c̃(̃2), ̃1 − ̃2〉 > 0. (3.1.4)

If, ̃1 6= ̃2, then the inequality in (3.1.4) is strict, and we say that c̃ is strictly

monotone.

Example 3.1.5. If c̃k depends only on ̃k and is an increasing function, then c̃ is

monotone.

Strict monotonicity of the cost is sufficient for uniqueness as we show in the next

theorem.

Theorem 3.1.6 (Uniqueness of Wardrop equilibrium). Suppose the cost c̃ is

strictly monotone on A. Then, there is at most one Wardrop equilibrium.

Proof. Suppose ̃1 and ̃2 are Wardrop equilibria. Then, for any ̃ ∈ A, we have

〈c̃(̃1), ̃1 − ̃〉 6 0 and 〈c̃(̃2), ̃2 − ̃〉 6 0. (3.1.5)
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Accordingly,

〈c̃(̃1)− c̃(̃2), ̃1 − ̃2〉 6 0,

and because c̃ is strictly monotone, ̃1 = ̃2.

Next, we discuss a necessary condition for the existence of a Wardrop equilibrium.

Definition 3.1.7. A current distribution ̃0 > 0 on Γ̃ is a current loop if it is a

nontrivial solution of K̃ ̃0 = 0.

Proposition 3.1.8. If ̃∗ is a Wardrop equilibrium, then

〈c̃(̃∗), ̃0〉 > 0,

for any current loop, ̃0.

Proof. Let ̃∗ be a Wardrop equilibrium and let ̃0 be a current loop. Set

̃(ε) = ̃∗ + ε̃0.

Since ̃0 is a loop, ̃(ε) ∈ A, for ε ∈ R+
0 . Condition (3.1.3), for the particular ̃(ε),

implies that

〈c̃(̃∗), ̃∗ − (̃∗ + ε̃0)〉 = −ε〈c̃(̃∗), ̃0〉 6 0, ∀ε > 0.

Thus, 〈c̃(̃∗), ̃0〉 > 0.

Next, we examine the structure of Wardrop equilibrium in a specific case relevant

to MFGs. The networks arising in MFGs are undirected. We associate to these

networks a network for which undirected edges correspond to pairs of oppositely

directed edges. Thus, these networks have as a basic building block the loop network

in Figure 3.1.
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e

k

e

l

v

rv


i

Fig. 3.1: Loop subnetwork.

Proposition 3.1.9. Consider a network containing the edge ẽk = (ṽr, ṽi) and the

reverse edge ẽl = (ṽi, ṽr). Let ̃k > 0 be the current in ẽk, and ̃l > 0 be the current

in ẽl. Let c̃k(̃) be the cost in ẽk, and c̃l(̃) be the cost in ẽl, where ̃ = (̃k, ̃l).

Furthermore, suppose that the costs c̃k and c̃l satisfy the following condition

c̃k(̃) + c̃l(̃) > 0. (3.1.6)

Then, any Wardrop equilibrium, ̃∗ = (̃∗k, ̃
∗
l ), satisfies the complementary condition

̃∗k · ̃∗l = 0, k 6= l. (3.1.7)

Proof. We prove the theorem for a network that has Figure 3.1 as a subnetwork. To

simplify the discussion below, we will omit all the edges and currents of this network

that are not depicted in Figure 3.1. Assume that ̃∗ = (̃∗k, ̃
∗
l ) is a Wardrop equilibrium

and does not satisfy (3.1.7), i.e., without loss of generality ̃∗k > ̃∗l > 0. Consider the

current loop ̃0 = (̃∗k − ̃∗l , 0), then by (3.1.3), we have

〈c̃(̃∗), ̃∗ − ̃0〉 = 〈(c̃k(̃∗), c̃l(̃∗)), (̃∗l , ̃∗l )〉 6 0

which contradicts the assumption (3.1.6). Hence, ̃∗ cannot be a Wardrop equilibrium.

Next, we analyze the monotonicity of the cost on a network containing the sub-



64

network in Figure 3.1.

Example 3.1.10. The monotonicity condition for the subnetwork in Figure 3.1 is

〈(c̃1(̃), c̃2(̃))− (c̃1(̂), c̃2(̂)), ̃− ̂〉 > 0,

where ̃ = (̃1, ̃2) and ̂ = (̂1, ̂2). Then, we get

(c̃1(̃)− c̃1(̂), ̃1 − ̂1) + (c̃2(̃)− c̃2(̂), ̃2 − ̂2) > 0.

Suppose that c̃1(̃) = ĉ1(̃1 − ̃2) and c̃2(̃) = ĉ2(̃2 − ̃1). Then, we have

(ĉ1(̃1 − ̃2)− ĉ1(̂1 − ̂2), ̃1 − ̂1) + (ĉ2(̃2 − ̃1)− ĉ2(̂2 − ̂1), ̃2 − ̂2) > 0.

The previous example can be generalized to networks that are built out of sub-

networks like the one in Figure 3.1. The sum in the monotonicity condition

∑
k

(c̃k(̃)− c̃k(̂))(̃k − ̂k) > 0,

can be organized in related pairs of edges. If the cost restricted to each of these pairs

is monotone we say that the cost is pairwise monotone.

3.2 Reformulation of Mean-Field Game as Wardrop Model

Here, we reformulate the MFG model from Section 2.2 as a Wardrop equilibrium

model, as described in Section 3.1. Then, after identifying the network, the currents,

and the costs in the Wardrop model, we show that the MFG solution corresponds to

a Wardrop equilibrium.

The network in the Wardrop model is directed while in the MFG model it is

undirected. To establish the correspondence between MFG and Wardrop models, we
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show how to build a new directed network, Γ̄, from the MFG undirected network, Γ.

1. To each current and transition current, we associate a directed edge. In effect,

this amounts to doubling all undirected edges and creating transition edges

corresponding to the transition currents.

2. Each of the two vertices of these directed edges corresponds to a pair (ek, vi),

where ek is an edge and vi is one of its vertices in Γ. This pair is built as follows.

• In the case of a current jik in an edge ek ∈ Γ with vertices (vr, vi), the

vertices of the new edge correspond to the pairs (ek, vr) and (ek, vi).

• In the case of a transition current jikl from the edge ek to the edge el

through the vertex vi, the new vertices correspond to the pairs (ek, vi) and

(el, vi).

Remark 3.2.1. A natural notation for the edges in Γ̄ is to use the same

indices from the corresponding current in the MFG, for example ēik for the

edge carrying the current jik, and ēikl for jikl. However, to avoid heavy notation

and keep consistency with the previous notation, we relabel the edges and the

vertices and write Γ̄ = (Ē, V̄ ), for Ē = {ēκ : κ ∈ {1, 2, . . . , n̄}} and V̄ = {v̄i :

i ∈ {1, 2, . . . , m̄}}. When the precise correspondence is needed, we use the

identification ēκ = ēik or ēκ = ēikl.

3. Because entrance currents at exit vertices and exit currents at entrance vertices

vanish, we delete the corresponding edges, so that Γ̄ has entrance and exit

vertices with incidence one.

Example 3.2.2. Consider the network in Example 2.1.2. To transform this network

from the MFG setting to the Wardrop setting, we follow the previous steps. We get

the new network Γ̄ in Figure 3.2, which consists of 22 edges and 10 vertices. The
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blue edges correspond to the currents and the red edges correspond to the transition

currents. The dashed edges will be deleted as discussed in the third step above. Thus,

these dashed edges are not a part of Γ̄.

e1
e19

e7

e11

e8

e2
e9

e6
e14

e15

e21

e12

e10

e4

e5

e13

e22

e17
e16

e18

e3
e20

v1

v2

v7v3

v5

v8

v6

v9

v10

v4

Fig. 3.2: New Wardrop network Γ̄.

The correspondence between the variables in the MFG model and Wardrop model

is as follows

1. The value function from the MFG is a function on the new vertices, because

uik is a function on pairs (ek, vi), where vi is a vertex of ek. While this function

does not appear explicitly in the Wardrop model, it is relevant in our analysis.

2. Each current or transition current in the MFG network corresponds to an edge

in the new network Γ̄. Thus, we have a natural correspondence between currents

in the two models, j and ̄. If ēκ = ēik, we set ̄κ = jik, and if ēκ = ēikl, we set

̄κ = jikl.

3. By combining (2.2.13) and (2.2.14) at every pair (ek, vi) which is not an entrance

or an exit, we obtain the Kichhoff’s law in the corresponding vertex of Γ̄

jrk +
∑
el∈E

jikl = jik +
∑
el∈E

jilk, (3.2.1)
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which can be written in terms of the variable ̄ in a straightforward way.

4. Moreover, at entrance vertices, where we have the entry current assignments,

we have the first equation in (2.2.15). This equation and (3.2.1) are encoded as

a matrix equation

K ̄ = B.

Thus, for every vertex in Γ̄ that is not an exit, we have a linear equation.

5. Let ēik ∈ Γ̄ and ērk ∈ Γ̄ be the edges corresponding to the undirected edge

ek = (vr, vi) ∈ Γ, with orientations corresponding to the currents jik and jrk

respectively. Based on the discussion in Section 2.2, the MFG has two costs cik

and crk in the edge ek. The cost for traveling in ēik is c̄ik(jk) = cik(j
i
k− jrk), where

jk = (jik, j
r
k), and the cost for traveling in ērk is c̄rk(jk) = crk(j

r
k − jik).

6. The switching costs ψikl from the MFG are constant travel costs in the new

Wardrop model; that is, c̄κ(j) := c̄ikl(j) = ψikl in the transition edges ēκ = ēikl.

Applying this to the network in Figure 3.2, we get the new Wardrop network

as in Figure 3.3.

c1

ψ12

0

ψ21

c2
0

c6
∞

ψ23

∞

∞

0

0

0

0

ψ32

∞

c3

v1

v2

v7

v3

v8

v5

v6

v9

v10

v4

Fig. 3.3: New Wardrop network with costs.

The main result connecting MFGs with Wardrop models is
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Theorem 3.2.3. Let M be an MFG model and W be the corresponding Wardrop

model. Suppose that a pair (u, ∗) solves M. Then, the corresponding ̄∗ is a Wardrop

equilibrium for W.

Proof. For any admissible ̄, we have

K ̄∗ = B and K ̄ = B.

Subtracting the two equations, we get

K(̄∗ − ̄) = 0. (3.2.2)

Let u be the vector of value functions arising from the MFG. Multiplying (3.2.2) by

uT , gives

uTK(̄∗ − ̄) = 0.

Except for the currents pointing towards an exit vertex (which appears only once),

each current appears twice, one for each of its vertices but with different signs. The

previous computation can be organized as

∑
ēik

(urk − uik)(̄i∗k − ̄ik) +
∑
ēikl

(uik − uil)(̄i∗kl − ̄ikl) = 0, (3.2.3)

the first sum is over the edges of W where the vertices of ek are vr and vi, this includes

the exit edges since in that case uik 6 0. The second sum is over the transition edges

of W corresponding to transitions through the vertex vi from ek to el. Based on the

complementarity conditions in the edges (2.2.19), there are two cases for the first

term, either

̄i∗k > 0⇒ urk − uik = c̄ik(̄
∗),
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or, noting (2.2.18),

̄i∗k = 0⇒ urk − uik 6 c̄ik(̄
∗).

Because ̄ik > 0,

̄i∗k = 0⇒ (urk − uik)(̄i∗k − ̄ik) > c̄ik(̄
∗)(̄i∗k − ̄ik).

Similarly, based on the complementarity conditions at the vertices (2.2.17), we have

two cases for the second term, either

̄i∗kl > 0⇒ uik − uil = ψikl,

or, noting (2.2.16),

̄i∗kl = 0⇒ uik − uil 6 ψikl.

Because ̄ikl > 0,

̄i∗kl = 0⇒ (uik − uil)(̄i∗kl − ̄ikl) > ψikl(̄
i∗
kl − ̄ikl).

Using these results in (3.2.3), we get

∑
ēik

̄i∗k >0

c̄ik(̄
∗)(̄i∗k − ̄ik) +

∑
ēik

̄i∗k =0

c̄ik(̄
∗)(̄i∗k − ̄ik) +

∑
ēikl
̄i∗kl>0

ψikl(̄
i∗
kl − ̄ikl) +

∑
ēikl
̄i∗kl=0

ψikl(̄
i∗
kl − ̄ikl) 6 0.

This implies

〈c̄(̄∗), ̄∗ − ̄〉 6 0.

which means ̄∗ is a Wardrop equilibrium.

Next, we prove a uniqueness result for the new Wardrop equilibrium.
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Proposition 3.2.4. If for every edge ek = (vr, vi) corresponding to an edge in the

MFG, the costs are reversible, even, increasing for positive current, and satisfying

(3.1.6), then in the new Wardrop model the current is unique in the corresponding

edge.

Proof. For an edge ek = (vr, vi), let c̄ik(jk) = cik(j
i
k − jrk) = cik(jk) be the cost in

the new Wardrop, where cik is the cost in the MFG, and jk = (jik, j
r
k). Similarly, let

c̄rk(jk) = crk(j
r
k− jik) = crk(−jk). For the Wardrop monotonicity, we need monotonicity

over all edges i.e. we study the quantity

∑
k

(c̄k(̃)− c̄k(̂), ̃− ̂),

which can be written for each edge as

∑
k

(cik(̃k)− cik(̂k))(̃ik − ̂ik) + (crk(−̃k)− crk(−̂k))(̃rk − ̂rk).

The costs corresponding to the transition currents do not play role because they are

constants. Since the cost is reversible (i.e. cik(j) = crk(j) = c(j)), we get

∑
k

(c(̃k)− c(̂k))(̃ik − ̂ik) + (c(−̃k)− c(−̂k))(̃rk − ̂rk). (3.2.4)

Because of (3.1.7), we verify four cases for Wardrop equilibrium, these cases are as

follows

1. If ̃rk = ̂rk = 0, then (3.2.4) becomes

∑
k

(c(̃ik)− c(̂ik))(̃ik − ̂ik).
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2. If ̃ik = ̂ik = 0, then since c is even, (3.2.4) becomes

∑
k

(c(−̃rk)− c(−̂rk))(̃rk − ̂rk).

3. If ̃ik = ̂rk = 0, then, since c is even, (3.2.4) becomes

∑
k

(c(̃rk)− c(̂ik))(̃rk − ̂ik).

4. If ̃rk = ̂ik = 0, then (3.2.4) becomes

∑
k

(c(̃ik)− c(̂rk))(̃ik − ̂rk).

In all of the four cases, the sums are non-negative, since the cost c(j) is increasing for

j > 0. The inequality is strict if c(j) is strictly increasing and ̃ik 6= ̂ik. Because the

cost is strictly monotone, by Theorem (3.1.6), the Wardrop equilibrium is unique.

Remark 3.2.5. For general costs (i.e. not even or reversible), a condition that

implies uniqueness is the following

1. The cost cik is increasing in R+
0 , if ̃rk = ̂rk = 0.

2. The cost crk is increasing in R+
0 , if ̃ik = ̂ik = 0.

3. The following inequality holds

̃rkc
r
k(−̂ik) + ̂ikc

i
k(−̃rk) 6 ̃rkc

r
k(̃

r
k) + ̂ikc

i
k(̂

i
k),

if ̃ik = ̂rk = 0.
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4. The following inequality holds

̃ikc
i
k(−̂rk) + ̂rkc

r
k(−̃ik) 6 ̃ikc

i
k(̃

i
k) + ̂rkc

r
k(̂

r
k),

if ̃rk = ̂ik = 0.

Remark 3.2.6. In Proposition 3.2.4, we proved the uniqueness of the currents,

however, under the same assumptions we do not have the uniqueness of the transition

currents. For example, if we consider four edges that intersect in a single vertex as

in Figure 3.4. Let the currents in e1 and e3 be j1 = j3 = 10, and the currents in e2

and e4 be j2 = j4 = 5. For the transition currents we may have j13 = 10, j24 = 5 and

j14 = j23 = 0. Or we may have for example, j13 = 7.5 and j24 = j14 = j23 = 2.5.

e1

e4

e3

e2

Fig. 3.4: Four edges intersect in one vertex.

Proposition 3.2.7. Under the same assumptions of Proposition 3.2.4, in the MFG

the current is uniquely defined in each edge.
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Proof. Suppose the MFG has two current solutions in one edge. By theorem 3.2.3,

these two currents are the Wardrop equilibrium current solutions, and by the unique-

ness of the currents in the Wardrop model, these two currents are the same.

3.3 Recovering Mean-Field Games Solution from Wardrop

Solution

In this section, we show how to recover the MFG solution from the corresponding

Wardrop model solution. We start with an MFG problem and build the corresponding

Wardrop problem. We follow the same procedure as in Section 3.2 to convert the MFG

model into a Wardrop model, so the structure of the network and the costs come from

the MFG. Then, we solve the new Wardrop problem and use its solution to recover the

solution of the MFG, which consists of the currents, the transition currents, and the

value function. To recover the current in an edge ek of an MFG from the current in

the Wardrop model, we just have to consider the difference of the currents in the two

directed edges associated with ek in the Wardrop model. For the transition currents,

the correspondence is immediate. Kirchhof’s law (3.2.1) in the new Wardrop network

Γ̄, implies the splitting and gathering equations (2.2.13) and (2.2.14) in the MFG

network Γ, as the following proposition shows.

Proposition 3.3.1. Consider a MFG model satisfying (2.2.10) and (2.2.3) with

strict inequality. Let ̃∗ be the corresponding Wardrop equilibrium. Then, (2.2.13)

and (2.2.14) hold on every non-entrance and non-exit vertex.

Proof. In the Wardrop model, we have Kirchhoff’s law (3.2.1) for every non-entrance

and non-exit vertex. Because of (2.2.10), either jrk = 0 or jik = 0. Without loss of

generality, assume that jik = 0, then (3.2.1) becomes

jrk +
∑
el∈E

jikl =
∑
el∈E

jilk. (3.3.1)
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We need to show that the corresponding transition currents jikl are zero. Suppose, by

contradiction, that one of the currents jikl is nonzero, then by (3.3.1), we have ji
l̃k
> 0,

for some l̃. Consider the Wardrop equilibrium ̃∗, take σ > 0 small enough, and set

̂ by changing the following coordinates.

̂ikl = ji∗kl − σ,

̂i
l̃k

= ji∗
l̃k
− σ,

and

̂i
l̃l

= ji∗
l̃l

+ σ.

Note that ̂ ∈ A. Because ̃∗ is a Wardrop equilibrium, we get

σ(−cl̃l(̃
∗) + cl̃k (̃

∗) + ckl(̃
∗)) 6 0,

which is

σ(−ψi
l̃l

+ ψi
l̃k

+ ψikl) 6 0.

Thus,

ψi
l̃l
> ψi

l̃k
+ ψikl,

which contradicts the strict inequality (2.2.3). Hence, jikl must be zero. Using this in

(3.3.1), we get (2.2.14). Similarly, we get (2.2.13).

Next, we retrieve the value function. For this, we present the following definitions

and a key result.

Definition 3.3.2. Given a Wardrop equilibrium, a regular vertex is a vertex that

belongs to an edge where the current is positive.

Definition 3.3.3. A walk is a sequence of vertices and edges of a graph. A positive
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directed walk is a walk of regular vertices connected by edges with positive currents.

Lemma 3.3.4. Suppose all loops have positive costs. Any regular vertex is connected

to an exit by a positive walk. Moreover, Wardrop equilibrium admits no loops.

Proof. Let ṽ be a regular vertex. Then, at ṽ, there are walks of positive currents that

either end at an exit or have an infinite number of vertices. Having these loops is

incompatible with Wardrop equilibrium. To prove this, for a loop of positive currents,

consider the Wardrop equilibrium ̃∗ and take σ > 0 small enough. For the currents

in each edge of the loop, we set

̂k = ̃∗k − σ.

For all other edges, ̂k = ̃∗k. Since the cost is positive, we have

〈c̃(̃∗), ̃∗ − (̃∗ − σ)〉 = σc̃(̃∗) > 0. (3.3.2)

which contradicts the Wardrop equilibrium condition.

Because of Lemma 3.3.4, we can always connect any regular vertex ṽi ∈ ẽk =

(ṽr, ṽi) to an exit vertex. Hence, we define

ũik =
∑
l

c̃l(̃l), (3.3.3)

where ũik is the candidate for the value function at ṽi, c̃l(̃l) is the cost in each edge

of the walk and the sum is taken over the current carrying edges.

Proposition 3.3.5. Given the Wardrop equilibrium ̃∗, the value function ũ in

(3.3.3) is well defined at all regular vertices, i.e. given two different walks starting at

the same regular vertex, the value function ũ in these walks is the same. Moreover, a

walk going to an exit is at least as expensive as a current carrying walk going to any

exit.
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Proof. Let ũ be the value function at a regular vertex that has two outgoing walks,

and suppose the first walk is less expensive than the second walk. Consider the

Wardrop equilibrium ̃∗ and take σ > 0 small enough. For the currents in each edge

of the first walk, we set

1k = ̃∗k + σ.

For the currents in each edge of the second walk, we set

2k = ̃∗k − σ.

For all other edges that are not in the walks or that are common between them,

1k = 2k = ̃∗k. Since the new corresponding currents 1 and 2 satisfy Kirchhoff’s law,

applying the definition of Wardrop equilibrium (3.1.3) on the second walk, we get

〈c̃(̃∗), ̃∗ − (̃∗ − σ)〉 = σc̃(̃∗) > 0. (3.3.4)

because the cost is positive, and this contradicts the Wardrop equilibrium condition.

Note that if the second walk is not current carrying, the proof still holds, and

following the same steps we can prove that for any current carrying walk and any

other walk, the other walk is at least as expensive.

Proposition 3.3.6. Consider a Wardrop model and suppose all vertices are regular.

Then, the value function ũ in the Wardrop model is the value function u in the MFG

model and satisfies (2.2.16) and (2.2.18).

Proof. The value function u is the infimum among all walks. Hence, by Proposition

3.3.5, ũ = u. By Proposition 3.3.5, for ẽk = (ṽr, ṽi), we have

ũrk 6 c̃k(̃k) +
∑
l

c̃l(̃l),
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The sum here is over the current carrying edges. By (3.3.3), we can write the previous

inequality as

ũrk 6 c̃k(̃k) + ũik.

If ̃k > 0, then we have

ũrk = c̃k(̃k) + ũik.

If the edge ẽk, is a transition edge, then we can get (2.2.16) in a similar way, we

just need to replace the travel costs by the switching costs.

Theorem 3.3.7. If all vertices are regular in the Wardrop model, then the MFG

equations hold.

Proof. In Proposition 3.3.1, we proved the correspondence between the currents and

the balance equations. In Proposition 3.3.6, we proved the correspondence between

the value functions and the optimality equations. Hence, the MFG equations are

satisfied.

By this, we proved that we can recover the solution of an MFG problem, (u, ∗),

by the solution of the corresponding Wardrop problem, ̃∗.

3.4 Calibration of Mean-Field Games

In this section, we address Problem 1, that is, the precise correspondence between

MFG and Wardrop models. To study it in more detail, we consider is the following

two inverse problems:

Problem 2. Let W be a Wardrop model on a single edge, identified with the interval

[0, 1] with c : R+
0 → R+ a reversible current-dependent travel cost. Find L such that,

for any current j, ∫ T (j)

0

L(x, v,m)ds = c(j), (3.4.1)
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where T (j) > 0 is the crossing time for an agent moving at optimal speed.

Problem 3. Let W be a Wardrop model on a single edge, identified with the interval

[0, 1] with c : R+
0 → R+ a reversible current-dependent travel cost. Find L such that,

for any current j,

∫ T (j)

0

L(x, v,m)ds = c(j), and T (j) = c(j). (3.4.2)

where T (j) > 0 is the crossing time for an agent moving at optimal speed.

While Problem 2 may seem more natural, Problem 3 may be easier to calibrate

in practice as it would be enough to measure average speed v as a function of current

to get the cost c(j). In general, we are not aware of any other way to assign a travel

cost depending on the current.

The solution to these problems is not unique and any solution can be used to

generate an MFG model associated with the cost c. One of the reasons for non-

uniqueness is that there are no microscopic effects in Wardrop models. In Section

3.4.1, we work with a specific class of Lagrangians and illustrate how to solve these

problems. In particular, we work with x-independent Lagrangians. Even in this class,

there is no uniqueness, see Example 3.4.1.

3.4.1 Identification of Wardrop Cost Problems with Mean-

Field Games

In Problem 2, we identify a corresponding MFG model whose travel cost on an edge,

for a given current j, is c(j). We assume that agents travel from 0 to 1 so that the

current is positive. As we do not expect to recover the microstructure of the MFG

from the macrostructure of the Wardrop model, we consider Lagrangians without

x-dependency. As we proved in Section 2.4.2, to have reversible costs, we consider

Lagrangians which are even in the velocity. More concretely, we restrict our choice to
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L(x, v,m) = mαL(v) + g(m), (3.4.3)

with L strictly convex and even. This class is broad enough to include interesting

examples and specific enough that we can get closed formulas/ models for the cost.

Because the Lagrangian is even and the cost is reversible, solving the problem for

j > 0 is enough. Moreover, since there are no location preferences in the edge, the

incremental cost of the travel is the same everywhere; that is, ux is constant in x.

Therefore, the density is constant, i.e., m = m(j), as one can readily see from the

MFG system. The corresponding MFG is equivalent to


mαH

(
ux
mα

)
= g(m)

−mH′
(
ux
mα

)
= j,

(3.4.4)

where H is the Legendre transform of L. Following the same steps as in Section 2.3,

we find

ux = −mαL′
(
j

m

)
. (3.4.5)

From the second equation in (3.4.4) and the relation −L′(−H′(p)) = p, we transform

the MFG system into the algebraic system


mαH

(
−L′

(
j
m

))
= g(m)

c(j) = u(0)− u(1) = mαL′
(
j
m

)
,

(3.4.6)

provided m > 0. Suppose that the last equation in (3.4.6) is solvable for m and j,

i.e. there exists an invertible function Ψc such that

m = Ψc(j). (3.4.7)
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Now, let Φj(m) := mαL′
(
j
m

)
. Then, by (3.4.7) and the last equation in (3.4.6), we

have

Ψc(j) = m = Φ−1
j (c(j)).

Hence, we get

Ψ−1
c (j) = c−1(Φj(j)).

Hence, Ψc is well defined, at least locally, if m→ Φj(m) is strictly monotone in m for

every j. If, in addition, c is strictly monotone, then Ψc is invertible. Now, inverting

(3.4.7) and substituting in the first equation of (3.4.6), we get

mαH
(
−L′

(
Ψ−1
c (m)

m

))
= g(m). (3.4.8)

This relation identifies g(m) in terms of c,L′ and H.

Next, we show an example that applies the previous discussion to solve the inverse

problem.

Example 3.4.1. Let α 6= 1, and β > 0. Consider the Lagrangian, L(v) = β v
2

2
, with

corresponding Hamiltonian, H(p) = p2

2β
. The system (3.4.6) becomes


mα−2βj2 = 2g(m)

c(j) = mα−1βj,

(3.4.9)

provided m > 0. The second equation gives, for α 6= 1, m as a function of j:

m =

(
c(j)

βj

) 1
α−1

=: Ψc(j). (3.4.10)

Thus, if Ψc is invertible, we obtain

g(m) =
β

2
mα−2

(
Ψ−1
c (m)

)2
.
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Now, consider a linear cost, c(j) = c1 + c2j. By (3.4.10), the density is

m =

(
c1

βj
+
c2

β

) 1
α−1

.

Assuming c1, c2 > 0, the range of m is


[(

c2
β

) 1
α−1

,+∞
)
, for α > 1.(

0,
(
c2
β

) 1
α−1

)
, for α < 1.

(3.4.11)

For our linear cost, Ψc is invertible and we have

g(m) =
βmα−2c2

1

2 (βmα−1 − c2)2 ,

which can be written as follows

g(m) =
1

2β

c2
1(

mα/2 − c2
β
m1−α/2

)2 .

0.5 1.0 1.5 2.0
m

0.2

0.4

0.6

0.8

1.0

1.2

1

g(m)

Fig. 3.5: For α = 0.1, 1
g(m)

touches 0 at two points.

Note that such g is non-monotone. For α < 1, it has one singularity at 0 and
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0.5 1.0 1.5 2.0
m

5

10

15

1

g(m)

Fig. 3.6: For α = 3, 1
g(m)

touches 0 at one point.

another one at m0 =
(
c2
β

) 1
α−1

. This last value m0 is the maximal density. For α > 1

there is a singularity at m0 but it is minimal density in this case. This is illustrated

in Figure 3.5 where we plot 1
g(m)

for α = 0.1 and Figure 3.6 where we plot 1
g(m)

for

α = 3, with β = 1, c1 = 1 and c2 = 0.9 in both figures.

The preceding example illustrates an important point: even with simple linear

current-dependent cost, we obtain a coupling function g(m) that is non-monotone

which falls outside standard MFG theory. If α < 1, g(m) is neither decreasing nor

increasing for the values of m in (3.4.11). For α > 1, g(m) is decreasing for the values

of m that satisfy (3.4.11).

3.4.2 Identification of Wardrop Time Problems with Mean-

Field Games

Now, we consider Problem 3. As discussed in Section 2.4.3, the optimal velocity is

v = j
m

. Because the edge has length one and the velocity, v, is constant, we have

T =
m

j
.
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To address this problem, we consider L as in (3.4.3). In this case, we show how to

determine both L and g. Arguing as in Section 3.4.1, we obtain


mαH

(
−L′

(
j
m

))
= g(m)

mαL′
(
j
m

)
= c(j)

c(j) = m
j
,

(3.4.12)

provided m > 0. As before, we study the case j > 0. From the last equation in

(3.4.12), we get

m = jc(j), ∀j > 0. (3.4.13)

Let Ψc(j) = jc(j), if c is positive and increasing, then Ψc(j) is invertible. Hence,

j = Ψ−1
c (m).

Moreover, in this case m can take any value in R+. Using the prior identity, we

substitute j in the second equation of (3.4.12) and we use the result in the first

equation of (3.4.12) to get

g(m) = mαH
(
−c(Ψ

−1
c (m))

mα

)
. (3.4.14)

Up to here, L is an unknown. Now, we substitute m from (3.4.13) in the second

equation in (3.4.12) to get

L′
(

1

c(j)

)
=

c(j)

(jc(j))α
.

Finally, recalling that v = 1/c(j), we have

L′ (v) =
vα−1(

c−1
(

1
v

))α . (3.4.15)
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If c is increasing the preceding expression defines L′(v) for limj→∞
1
c(j)

6 v 6 1
c(0)

.

Thus, 1
c(0)

is the maximal velocity. So, to solve the inverse problem, we first use

(3.4.15) to identify L, compute its Legendre transform H and use (3.4.14) to obtain

g.

In the following example, we look at a simple cost structure, affine in j, and show

that non-monotone MFGs may arise.

Example 3.4.2. Suppose c(j) = 1 + j. We want to find L and g for which the cost

is c(j). The system (3.4.12) simplifies to



g(m) = mαH
(
− 2m1−α
√

1+4m−1

)
,

L′(v) = v2α−1

(1−v)α

v = 1
1+j

m = j(1 + j).

The Lagrangian is convex if α > 1
2
. However, the resulting coupling may fail to be

monotone, as Figure 3.7 illustrates.

0.5 1.0 1.5 2.0 2.5 3.0
m

0.5

1.0

1.5

2.0

2.5

3.0

m

Fig. 3.7: The coupling g(m) decreasing with m, for α = 0.6.
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3.4.3 Example: Braess paradox

Now, we present an application for the calibration of MFGs in Wardrop problems. In

particular, we show how the celebrated Braess paradox can arise in MFGs.

c(j)=45, e1

c(j)=|j|/100, e2

c(j)=|j|/100, e3

c(j)=45, e4

e4
˜ e1

˜

v1

v2

v3

v4

v1
˜v4

˜

Fig. 3.8: Braess paradox network

Example 3.4.3 (Braess paradox). Consider the network in Figure 3.8, with the

given costs. Agents want to move from the entrance vertex v1 to the exit vertex v4

through the network with the least travel cost. Assume that the exit cost is zero and

the entry current is 4000. At v1, half of the agents will go through the edge e1, and

the other half will use the edge e2, at the cost of 65. If we add a new edge e5 = (v2, v3)

as in Figure 3.9, with zero travel cost, then some agents will choose to take the path

e2, e5, e3. If all agents are taking this path then this is a Nash equilibrium, hence a

Wardrop equilibrium. By adding e5 the cost increases for everyone. This is Braess

paradox.

c(j)=45, e1

c(j)=|j|/100, e2

c(j)=0, e5

c(j)=|j|/100, e3

c(j)=45, e4

e4
˜ e1

˜

v1

v2

v3

v4

v1
˜v4

˜

Fig. 3.9: Braess paradox network with edge in the middle.

Since we proved in Section 3.3 that MFGs can be recovered through Wardrop

problems, a natural question is which MFGs give rise to the particular cost structure
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of the Braess paradox? The answer to this question is given by the following compu-

tations that determine the MFG for the Braess paradox. For the edges e3 and e2, we

obtain, for α > 1
2
,

L(v) =
|v|2α

2α100α
H(p) = 100α

|p|κ

κ
,

with κ = 2α
2α−1

, and

g(m) = Cα, Cα =
100(α−1)κ

κ
.

The constant costs do not fit the previous calibration. However, in e1 and e4, for

small ε, we can set the cost to

c(j) = 45 + ε|j|.

Similarly, in the edge e5, we set the cost to

c(j) = ε|j|.
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4

Solving the Mean-Field Game System

Here, we present our algorithm for solving the algebraic system arising from MFG

on a network. Then, we provide some examples of networks that illustrate these

applications with numerical results.

4.1 Algebraic Structure of Mean-Field Games

Now, we describe the equations for the MFG problem in Section 2.2. We split these

equations based on their structure into the following sets of equations:

• Linear equations:

Consider an edge ek = (vr, vi), and the set E of the incident edges at vi distinct

from ek. At the vertex vi, we have


∑

el∈E j
i
lk = jrk,∑

el∈E j
i
kl = jik.

(4.1.1)

In every entry edge ek = (vr, vi), given the entering current ιi at the entrance

vertex vi, we have 
jik = ιi,

jrk = 0.
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In every exit edge el = (vi, vs), that has vs as an exit, we have

jil = 0.

• Inequalities:

In an edge ek = (vr, vi), we have

jik > 0, ∀i, k.

At a vertex vi ∈ ek ∩ el, we have

jikl > 0, ∀i, k, l.

In an edge ek = (vr, vi), for any jk we have


urk 6 cik(jk) + uik,

uik 6 crk(jk) + urk.

At a vertex vi ∈ ek ∩ el, we have

uik 6 uil + ψikl, ∀i, k, l.

In every exit edge el = (vi, vs), at the exit vertex vs, we have

usl 6 0.

• Complementary equations:
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In an edge ek = (vr, vi), we have

jik · jrk = 0, i 6= r, ∀i, r, k,

which can be written in the form,

jik = 0 ∨ jrk = 0.

At a vertex vi ∈ ek ∩ el, we have

jikl · jilk = 0, ∀i, k, l,

which can be written in the form,

jikl = 0 ∨ jilk = 0.

In an edge ek = (vr, vi), we have


jik · (urk − uik − cik(jk)) = 0,

jrk · (uik − urk − crk(jk)) = 0,

which can be written in the form,


jik = 0 ∨ urk − uik − cik(jk) = 0,

jrk = 0 ∨ uik − urk − crk(jk) = 0.

At a vertex vi ∈ ek ∩ el, we have

jikl · (uik − uil − ψikl) = 0, ∀i, k, l,
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which can be written in the form,

jikl = 0 ∨ uik − uil − ψikl = 0.

4.2 The Algorithm for Solving the Algebraic System

In this section, we discuss the structure of the algebraic system that corresponds to

the MFG. Then, we show how to solve it. First, we give a brief overview of our code

and its efficiency. Then, we discuss the details of each step.

4.2.1 System Structure

The equations, inequalities and alternatives in Section 4.1 have the logical form:

eq1 ∧ ... ∧ eqn ∧ iq1 ∧ ... ∧ iqm ∧ (altA1 ∨ altB1 ) ∧ ... ∧ (altAq ∨ altBq ), (4.2.1)

where eq, iq, and alt stand, respectively, for the equations, the inequalities, and the

alternatives of the complementary conditions in Section 4.1. The previous system is

written in conjunctive normal form (CNF), i.e. as a conjunction of disjunctions or

AND of ORs. While compact, this is not the ideal form to solve it. Rather, it is

better to write the system in disjunctive normal form (DNF), i.e. as a disjunction of

conjunctions or OR of ANDs, as:

(eq1∧...∧eqn∧iq1∧...∧iqm∧altA1 ...∧altAq )∨....∨(eq1∧...∧eqn∧iq1∧...∧iqm∧altB1 ...∧altBq ).

Then, to solve this disjunction, it is enough to solve each of the 2q alternatives, where

q is the number of complementarity conditions. For small networks, the number of

alternatives 2q can be rather large. If the number of the transition currents at a vertex

vi is T =
∑

i∈I Ii(Ii − 1), where I is the number of the incidence edges at vi, then
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q = 2
3
2
T+n, where n is the number of the edges. Hence, we may end up having to

solve too many alternatives which would make this problem too expensive to solve.

To avoid having to expand into DNF and getting a very large number of alternatives

to solve, we developed the following strategy.

• Preprocessing: solving all equalities, replacing and eliminating variables in CNF

until no equality remains.

• Iterative conversion in DNF while simplifying the system. This approach is

described in detail next.

4.2.2 Code Structure

The problem is to solve, simultaneously, all the equations and inequalities in Section

4.1. For linear costs, this is an elementary problem. However, even in this case, the

huge size of the system, even for small networks, forbids any naive method of solving;

that is, time is the major drawback.

The system is made of linear equations, linear inequalities, alternatives between

linear and nonlinear equations, and nonlinear inequalities. We consider first the linear

case, where c(j) is a linear function and there are no nonlinear equations or inequali-

ties. One obvious approach is to use the built-in ”Reduce” function in Mathematica,

this function solves systems comprising polynomial equations and inequalities con-

nected by boolean operators (and, or, not, . . . ). Unfortunately, this approach is too

slow when the system has too many alternatives. Another approach is to expand

the alternatives and write the system in DNF. Then, each alternative can be solved

separately. This is an inefficient process because the conversion to DNF and solution

takes a lot of time as there are as many as 2q alternatives, and each of these alterna-

tives needs to be analyzed separately, although most of them turn out to be trivially

false. The challenge we overcame was finding a method to solve these systems more

efficiently.
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We developed and implemented an algorithm that solves critical congestion and

noncritical congestion models using the current method. It takes the description of

the network with the determination of entrance and exit vertices along with values

for entry currents and exit costs, coupling type, and Hamiltonians in each edge, and

returns numeric values for currents, transition currents, and the value function.

Our algorithm performs these three steps:

• Step 1: assembles all equations of the algebraic system.

• Step 2: preprocesses the equations to simplify the system.

• Step 3: solves the system.

Step 3 is done by one of the following solvers:

• The linear solver (critical congestion).

• The nonlinear solver (noncritical congestion).

Now, we provide more details for each step.

Step 1: Assembling

In our implementation, we use the network data to build the network. The functional

capabilities of Mathematica are, then, used to assemble the equations. First, we build

the network given the network data which includes the vertex list, the adjacency

matrix, the entering currents, the exit costs, and the switching costs, this is done

by a function called ”Data2Equations”, which takes the network data and returns

the graph, together with the network information, variables and equations as an

association.

The function ”Data2Equations” includes the following:
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1. Switching costs consistency test: before solving the system, we need to

check the consistency of the switching costs, i.e. if the triangular inequality

(2.2.3) is satisfied. If not, then the code returns fail and stops.

2. Network information: the network information include

• The basic graph.

• The entrance vertices and edges and the exit vertices and edges, which

together give the auxiliary graph.

• The Full graph, which consists of the original graph and the auxiliary

graph.

• The vertex list and the edge list for the original graph and the full graph.

3. Variables: we define the variables which are the currents, the transition cur-

rents, and the value functions.

4. Equations: we build all the equations, inequalities, and alternatives in Section

4.1.

Finally, for the nonlinear solver, we build a function ”H” that gives the Hamilto-

nian in each edge, given g, V , and α. The travel cost is given by this Hamiltonian.

Step 2: Preprocessing

Before solving the algebraic system associated with the MFG, we simplify it by per-

forming some eliminations to the structural equations which are all the equations

except the edge equations. ”MFGPreprocessing” is a function that takes the system

and returns a simplified system. This is done using a function called ”Sys2Triple”.

This function takes the whole system and returns a triple by sorting the equations

based on their type (equalities, inequalities, and alternatives). Then, the function
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”TripleClean” takes the triple and the rules and returns an equivalent pair of system

and rules without equalities. The new system is equivalent to the old one in the sense

that if we transform the new rules into equations and join them with the new system,

then we get an equivalent system to the old one with the same transformation. The

equalities are solved and substituted into the system and added to rules, which makes

the system simpler. This is done until we get a system without equalities. After this

step, the system (4.2.1) is converted in the following system

iqk1 ∧ ... ∧ iqkm̃ ∧ (altAl1 ∨ ...) ∧ ... ∧ (altAlq̃ ∨ ...).

Note that because when eliminating equations some alternatives are false, in general,

this process reduces the q alternatives into a smaller number q̃.

Step 3: Solving

Now, we explain the third step of our algorithm, which consists of the linear solver

and the nonlinear solver.

Linear solver: The ”CriticalCongestionSolver” is a function that joins the edge

equations to the preprocessed system which is in CNF and returns an association with

rules to the solution of the critical congestion case. First, it calls ”MFGPreprocessing”

to eliminate the equalities. Then, it applies a function called ” MFGSystemSolver”

to the new system to solve it. It uses the function ”FinalClean” which performs more

simplifications to the system by a recursive function called ”BoolConvertor” which

converts the system to DNF. Then, it reduces the system by checking the feasibility

of the alternatives. This procedure is iterated until it reaches a fixed point. For

example, if the value of x is 3, then the alternative (x− 2 = 0 ∨ y − 3 = 0) simplifies

to y − 3 = 0, which says that the value of y is 3.
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Nonlinear solver: In this case, we split the nonlinear equations into the linear part

and the nonlinear part. For example, considering the MFG (2.3.6), the linear part is

the left-hand side (LHS):

u(1)− u(0) + j,

and the nonlinear part is the right-hand side (RHS):

j − j
∫ 1

0

mα−1dx.

We use the following scheme to solve the noncritical congestion cases:

(u(1))n+1 − (u(0))n+1 + jn+1 = jn − jn
∫ 1

0

mα−1
n dx.

So, by substituting the values from the previous step (linear solver) in the RHS, we

replace nonlinear equations with linear ones. This iteration scheme is initialized with

the critical congestion solution or zero current. In the code, this is done by a function

called ”NonLinear” which works in a similar way to ”CriticalCongestionSolver” and

uses the values of the currents from the critical case as an initial guess. Finally, we use

the function ”IsNonLinearSolution” to check that the solution that we get is correct

by comparing the equations and computing the maximum error for the nonlinear

solution which is the maximum norm of LHS− RHS.

4.3 Examples and Numerical Results

Here, we solve the algebraic system associated with the MFG (2.3.6). We consider

a number of examples that show the behavior of MFGs and our code, road merge,

and road fork examples. Then, we present in Jamarat example a network that cor-

responds to a real event. Finally, we discuss an example with a triangular network

that illustrates some of the difficulties we faced in solving.
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4.3.1 Examples

Example 4.3.1 (Road merge). Here, we look at some numerical results for Ex-

ample 2.5.2.

For α = 1 take g(m) = m and V (x) = 1
2

sin[(2π(x + 1
4
))]2, with ι1 = 2, ι2 = 3

and φ4 = 5, we see that agents have no choice other than exiting through v4 so the

currents merge in e3 and the value function decreases (Figure 4.1). Note that here,

and in the next plots, we delete the plots for the edges that have the same values.
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Fig. 4.1: Road merge: critical congestion with g(m) = m.

Now, let’s consider the same data and V (x) but with g(m) = logm. We get the

same values of u, since u is independent of m in the critical congestion case. However,

m is different as shown in Figure 4.2.

Then, we consider a nonlinear case when α = 2, with the same data, g(m) = m

and V (x) = 1
2

sin[(2π(x + 1
4
))]2. In Figure 4.3, we notice a similar behavior to the

critical congestion case (Figure 4.3), however, u is not linear now, although this is

not visible in the plot.

Example 4.3.2 (Road fork). Now, we look at some numerical results for Example

2.5.3 in the critical congestion case. In the first case, for g(m) = m and V (x) =
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Fig. 4.2: Road merge: critical congestion with g(m) = logm.
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Fig. 4.3: Road merge: noncritical congestion with g(m) = m.

1
2

sin[(2π(x + 1
4
))]2, with ι1 = 2, φ3 = 2 and φ4 = 5, we see (in Figure 4.4) that the

density m is 0 in e3 because agents avoid to exit through v4 since it is more expensive

and the value function u there is constant. In e2 the value function is decreasing.

In the second case, for g(m) = m and V (x) = 1
2

sin[(2π(x + 1
4
))]2, with ι1 = 2,

φ3 = 5 and φ4 = 2, as expected we get similar plots to case 1, except that agents

avoid v3 instead since it has the more expensive cost (Figure 4.5).
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Fig. 4.4: Road fork, case 1: current vanishing.
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Fig. 4.5: Road fork, case 2: current vanishing.

Finally, in the third case, for g(m) = m and V (x) = 1
2

sin[(2π(x + 1
4
))]2, with

ι1 = 2, φ3 = 5 and φ4 = 5, we see that the current splits equally between e2 and e3

since the exit costs are equal at the exits (Figure 4.6).

Example 4.3.3 (Jamarat). The throwing of pebbles ritual occurs in Hajj in Makkah.

Pilgrims enter the first level of Jamarat Bridge through two entrances. They have to

move forward and stop to throw pebbles at three walls. When they finish, they exit
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Fig. 4.6: Road fork, case 3: current splitting.

the bridge through three exits.

The network in Figure 4.7 corresponds to this event. This network consists of 14

vertices and 16 edges. The number of the alternatives is 297 ≈ 1.6 × 1029. Checking

each of these alternatives is clearly outside the scope of modern computers. We

simulated this problem with made-up data that corresponds to the number of pilgrims

entering the bridge and the cost to leave the bridge through each of the exits. The

same technology can be used to calibrate the model with real data. Although the

number of alternatives is huge, our code solves this problem in the critical congestion

case in approximately 6 seconds, which is a fast time. In the noncritical congestion

case, we were able to run the code and get solutions for the values of α close to 1.

For the other values of α there was an issue. This suggests a further study on the

convergence of the code in the noncritical congestion to improve the results.

4.3.2 Challenges and future improvements

The code that we developed works as expected in general. In particular, it always

solves the critical congestion case. However, in some cases, we may face some issues.

Next, we discuss the two main issues, as well as future research directions.
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Lack of uniqueness: The lack of uniqueness is a feature of the problem. Some

problems may not have a unique solution as in Example 2.5.3. One of the reasons,

as we mentioned in Remark 3.2.6 is that the transition currents are not unique. In

this case, we overcome this problem by making the code pick one solution. As an

example, consider the same network in Figure 2.4a. Let ι1 = 1, φ3 = 0, φ4 = 1,

ψ13 = ψ21 = ψ23 = 3 and ψ12 = ψ31 = ψ32 = 0. In this case, we have multiple

solutions because −2 6 u4
3 6 1 and that happens because of the complementary

conditions between the value functions and the transition currents at v4.

Lack of convergence: In the linear case, we can always solve the system and get

exact solutions. We are able to get solutions in the nonlinear case for some examples

such as ”road merge” and ”road fork”. However, in some other examples we may

have convergence issues as in the ”Jamarat” example. The nonlinear case relies on

an iterative method. Hence, these issues depend on the initial conditions and the

iterative scheme, which is not fully investigated here and will be addressed in future

research. As an example, consider a triangular network with v1 as an entrance and v2

as an exit (see Figure 4.8), we have two paths, the first one is from v1 to v2 to v3 and

the second from v1 to v3 directly. If there is a switching cost from e1 to e2, then the

total cost for moving from e1 to e2 is larger than moving directly through e3, then

all agents choose the second path. However, at some values of 0 < α < 1, we do not

have convergence. We believe the reason behind the lack of convergence is that the

initial guess of the iterative method that we get from the critical congestion is not

a good guess. Research on how to build better linear models and design improved

iteration methods is a critical direction that we plan to pursue in the future.
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5

Concluding Remarks and Future Work

5.1 Conclusion

Now, we provide a summary of what we discussed in this thesis.

In Chapter 2, we developed the formulation of first-order MFGs on networks. Us-

ing the current method, we obtained a purely algebraic system. In the case of critical

congestion, we eliminated the variable m in the MFG. In this case, we transferred the

MFG system into a linear algebraic system of equations and inequalities which can

be solved by standard methods. Finally, we studied the cost and its properties.

In Chapter 3, we presented the Wardrop model on networks. Then, we showed how

to reformulate the MFG problem into a Wardrop problem and proved that the MFG

solution is the Wardrop equilibrium for the corresponding Wardrop problem. Next,

we proved that the solution of the MFG problem can be recovered using the solution

of the corresponding Wardrop problem. Finally, we presented a novel approach to

the calibration of MFGs. We identified Wardrop cost problems with MFGs. We have

illustrated that even simple travel costs can give rise to non-monotone MFGs.

In Chapter 4, we developed an algorithm for solving the algebraic system associ-

ated with the MFG in critical and non-critical congestion models and provided some

examples and numerical results.

5.2 Future Work

The present work suggests several future directions:
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• Investigation of the convergence of the iterative method.

• Calibrating Lagrangians between two paths that are different in length.

• The non-monotone MFGs and their general properties and the extension of our

models to the dynamic setting. The lack of monotonicity for these MFG models

makes it possible that new phenomena to arise such as multiple equilibria or

instability.

• Studying the time-dependent case, for which elementary solution methods are

lacking.

• The problem of a single edge network with non-monotone costs and time-

dependent conditions in the adiabatic regime. This problem explains why some-

times there is traffic congestion that does not depend on the number of people

going into the network.
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