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ABSTRACT 

Investigation of Cryorgenic Nitrogen Injection Under Supercritical Condition Using 

Tabulated Real Fluid Modeling Approach 

Abdullah Zaihi 

This work intended to model the cryogenic nitrogen spray under supercritical conditions 

using tabulated real-gas fluid properties. To investigate the effects of various equations of 

states (EoSs), four tables were generated using different EoSs such as the idea gas (IG), 

Peng-Robinson (PR), Soave-Redlich-Kwong (SRK), and Redlich-Kwong-Peng-Robinson 

(RKPR). For validations, the tabulated fluid properties using the CoolProp library were 

taken as the baseline case. The modelling results demonstrated that all the real-gas EoSs 

predicted similar spray features except for the IG EoS, which significantly underpredicted 

the density gradient and led to less intense jet diffusion and shorter penetration length. Of 

the four EoSs, the PR EoS exhibited the best agreement with the baseline case. 

Furthermore, the effect of ambient pressure on the spray development was also examined, 

ranging from the subcritical to the supercritical conditions. A highly diffusive and longer 

jet was observed under supercritical conditions (4 and 5 MPa). Thereafter, the effect of 

ambient temperature was also evaluated. It was found that the higher chamber temperature 

led to a more rapid decrease in density due to the better evaporation process, which 

resulted in a longer jet breakup length.  
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CHAPTER 1 

INTRODUCTION 
 

1.1 Motivation 
 

According to thermodynamic study, there are four states of matter: solid, liquid, gas, and 

plasma. However, there is another state between gas and plasma called a supercritical fluid 

which diffuses as gas and has a density as liquid. This state occurs when a species exceeds 

a critical point (elevated pressure and temperature). Supercritical fluid is involved in many 

applications such as diesel engines, gas turbines, gasoline direct injection engines, and 

rocket engines combustion chamber since high dense liquid fuel (subcritical) is typically 

injected into a high pressure and temperature environment (supercritical) as illustrated in 

Figure 1 [1][2]. Thus, understanding this phenomenon has become a very interesting 

subject. In fact, rising pressure leads to an increase in power efficiency (Bellan, 2006) [3]. 

The study of the supercritical phenomenon is ongoing and has not been sufficiently 

understood. To control spray-combustion efficiency or extract a large amount of power 

from the fuel, this phenomenon must be explicitly understood. Therefore, the investigation 

of the cryogenic nitrogen at supercritical condition using real fluid properties has to be 

conducted.  
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Figure 1: Operating envelopes for advance Diesel, gas turbine, and gasoline direct injection systems 

using n-dodecane, n-decane, and iso-octane as respective fuel surrogates [2]. 

 

1.2 Supercritical Fluid 
 

King and Srinivas (2009) defined supercritical fluid as being nigher liquid nor gas under 

high temperature and pressure above the critical point where liquid and gas can coexist 

meaning that molecules move and spread through space at high speed as gas, but they are 

close together performing high density which indicates the ability to dissolve materials 

like liquid [3]. Note that, there is no interface between liquid and gas in supercritical fluids. 

In addition, the fluid density has a large impact with a small change in temperature and 

pressure which allows many supercritical fluid properties to be fine-tuned [4]. In terms of 

chemical reaction, the solubility of reactants and products is much better in the 

supercritical state by increasing reaction rates [5].  
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Figure 2: Phases map for nitrogen (N2) based on temperature and pressure [6]. 

For instance, Figure 2 shows the phases that are encountered based on temperature and 

pressure for pure nitrogen (N2). The critical temperature and pressure for nitrogen are 

126.19 K (-146.96 ˚C) and 3.39 MPa. If the temperature is below the critical temperature, 

and pressure exceeds the critical pressure, the fluid behaves as a compressible liquid. On 

the other hand, when the fluid has pressure lower than critical pressure and temperature 

above the critical temperature, a gaseous phase is encountered. The incompressible liquid 

phase reveals at both temperature and pressure below the critical point and above the 

exponential purple line which also can be expressed as  

 
𝑙𝑜𝑔10(𝑃𝑣) = 𝐴 −  

𝐵

𝑇 + 𝐶
 , 

(1) 

 
 

 

where 𝑃𝑣 is vapor pressure (bar) which is a function of temperature, T (K). A, B, and C 

are constant values [7]. According to Edejer and Thodos (1967), the values of A, B, and 

C are 3.7362, 264.651, and -6.788, respectively [8]. The linear pink line represents the 

separation between the solid and the other phases. King and Srinivas (2009) also claimed 
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that supercritical fluid has a unique property unlike liquid or gas; it forms liquid-like 

density and gas-like transport properties of diffusivity and viscosity. 

1.3 Thermophysical and Transport Properties 
 

Transport property is defined as the ability to transport matter, energy, linear momentum, 

and some other property along a gradient. Viscosity, conductivity, sound speed, etc., are 

examples of transport property while thermophysical property comprises density, specific 

heat at constant volume and pressure, internal energy, enthalpy, and so on. In real 

applications, these properties depend on temperature and pressure. They also can be 

predicted using models derived from the equation of state (EoS) such as ideal gas, Peng-

Robinson, Soave-Redlich-Kwong, etc. In addition, some open-source platforms such as 

CoolProp possess a highly accurate formulated database of fluid and humid air properties 

which have been tested and approved by comparing with the most accurate data from 

relevant references [9]. 

 

 

 

 

 

 



14 

 

CHAPTER 2 

GOVERNING EQUATIONS 

2.1 Mass and Momentum Transport Equation 

The compressible equation for mass transport can be obtained as 

 

 
𝜕𝜌

𝜕𝑡
+

𝜕𝜌𝑢𝑖

𝜕𝑥𝑖
= 𝑆, (2) 

 

and for momentum transport is given as 

 

 
𝜕𝜌𝑢𝑖

𝜕𝑡
+

𝜕𝜌𝑢𝑖𝑢𝑗

𝜕𝑥𝑗
= −

𝜕𝑃

𝜕𝑥𝑖
+

𝜕𝜎𝑖𝑗

𝜕𝑥𝑗
+ 𝑆𝑖, (3) 

 

where 𝜎𝑖𝑗 is the viscous stress tensor which can be calculated as 

 

 𝜎𝑖𝑗 = 𝜇 (
𝜕𝑢𝑖

𝜕𝑥𝑗
+

𝜕𝑢𝑗

𝜕𝑥𝑖
) + (𝜇′ −

2

3
𝜇) (

𝜕𝑢𝑘

𝜕𝑥𝑘
𝛿𝑖𝑗). (4) 

 

From these three equations, 𝑢, 𝜌, 𝑃, 𝜇, and 𝑆 are velocity, density, pressure, viscosity, 

and the source term. The 𝜇′ is the dilatational viscosity, and 𝛿𝑖𝑗 is the Kronecker delta. 

The viscosity term is replaced with turbulence viscosity 𝜇𝑡 once the turbulence model is 

activated. For the Standard Reynold-Average Navier-Stokes (RANS) 𝑘-휀 turbulence 

model, the 𝜇𝑡 is expressed as 

 

 𝜇𝑡 = 𝐶𝜇𝜌
𝑘2

휀
, (5) 
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where 𝐶𝜇 is a model constant that can be tuned for a particular flow, 𝑘 is the turbulence 

kinetic energy, and 휀 is the dissipation of turbulence kinetic energy. More details about 

the turbulence models can be found in Section 2.4. 

The source term in the mass conservation equation (equation 2) can arise from evaporation 

or other submodels while in the momentum equation, the source terms may arise from, for 

instance, gravitational acceleration, spray coupling (in Lagrangian simulation), or mass 

sources [10]. 

2.2 Equation of State (EoS) 

To solve mass and momentum transport for compressible flows, an equation of state is 

needed to couple density, pressure, and temperature.  

The most common equation of state is the ideal gas equation which is based on the ideal 

gas theorem by assuming that molecules occupy no volume and do not interact with each 

other. In addition, all ideal gas collisions are elastic meaning that the speed of particles 

only depends on temperature. This equation can be derived using the statistical mechanics' 

approach as follows [11]: 

The partition function, 𝑍𝑛 for indistinguishable 𝑁 particles in a gas is defined as 

 𝑍𝑛 =
1

𝑁!
(

𝑉

𝜆𝑡ℎ
3 )

𝑁

∝ (𝑉𝑇3/2)
𝑁

, (6) 

 

where 𝑉 and 𝑇 are the volume and temperature, and 𝜆𝑡ℎ is the thermal wavelength that 

can be directly obtained from quantum concentration, 𝑛𝑄 by  
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 𝜆𝑡ℎ = 𝑛𝑄
−1/3

=
ℎ

√2𝜋𝑀𝑘𝐵𝑇
. (7) 

   

ℎ, 𝑀, and 𝑘𝐵 are the reduced Planck constant, the molecular mass, and the Boltzmann 

constant. Note that, the 𝜆𝑡ℎ is proportional to the 𝑇−1/2, hence  

 ln 𝑍𝑁 = 𝑁 ln 𝑉 +
3𝑁

2
ln 𝑇 + constants. (8) 

   

The Helmholtz function, 𝐹 is given as 

 𝐹 = −𝑘𝐵𝑇 ln 𝑍𝑛 = −𝑘𝐵𝑇𝑁 ln 𝑉 − 𝑘𝐵𝑇
3𝑁

2
ln 𝑇 − 𝑘𝐵𝑇 × constants. (9) 

   

Now, the ideal gas equation can be obtained using the pressure definition as follow: 

 𝑃 = − (
𝜕𝐹

𝜕𝑉
)

𝑇
=

𝑁𝑘𝐵𝑇

𝑉
= 𝑛𝑘𝐵𝑇. (10) 

Note that, 𝑁 = 𝑛𝑁𝐴 where  𝑁𝐴 is Avogadro’s number, and 𝑛 is the amount of substance 

of the gas (in mole). The equation can also be written in terms of the Ideal Gas Constant 

(𝑅 = 𝑘𝐵𝑁𝐴), 

 𝑃𝑉 = 𝑁𝑘𝐵𝑇 = 𝑛𝑅𝑇. (11) 

The ideal gas equation based on density, 𝜌 is provided as 

Other fluid properties such as internal energy 𝑈, specific heat at constant volume 𝐶𝑉, 

enthalpy 𝐻, and entropy 𝑆 can also be calculated as 

 𝑃

𝜌
= (

𝑅

𝑀
) 𝑇. 

(12) 
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 𝑈 = 𝑘𝐵𝑇2 (
𝑑 ln 𝑍𝑁

𝑑𝑇
) =

3

2
𝑁𝑘𝐵𝑇, (13) 

 

 𝐶𝑉 = (
𝜕𝑈

𝜕𝑇
)

𝑉
=

3

2
𝑁𝑘𝐵, (14) 

 

 𝐻 = 𝑈 + 𝑃𝑉 =
5

2
𝑁𝑘𝐵𝑇, (15) 

and 

 
𝑆 = − (

𝜕𝐹

𝜕𝑇
)

𝑉
=

𝑈 − 𝐹

𝑇
= 𝑁𝑘𝐵 [

5

2
− ln(𝑛𝜆𝑡ℎ

3 )]. 
(16) 

 
 

 

Peng-Robinson (PR), Soave-Redlich-Kwong (SRK), and Redlich-Kwong-Peng-Robinson 

(RKPR) are known as cubic or real gas equations of state which is originated from the van 

der Waals equation of state (more terms are added which depend on critical temperature 

and pressure for particular species to improve the accuracy of the approximation and 

broaden their usage). The PR and SRK can be expressed as a general, pressure explicit 

form 

 
𝑃 =

𝜌𝑅𝑇

𝑀 − 𝑏𝜌
−

𝑎𝛼(𝑇) 𝜌2

𝑀2 + 𝑢𝑀𝑏𝜌 + 𝑤𝑏2𝜌2
, 

(17) 

 
 

 

where u and w are constant used to distinguish between PR, SRK, and RKPR (i.e. [1, 0] 

for SRK and [2, -1] for PR). a and b, respectively, consider the attraction and repulsion 

forces between molecules, which are determined by the critical temperature (Tc) and 

pressure (Pc). α is dependent on the acentric factor (ω) and reduced temperature (T/Tc).  
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Note that, Redlich-Kwong-Peng-Robinson EoS is a combination equation of RK and PR 

and can be written as  

 
𝑃 =

𝜌𝑅𝑇

𝑀 − 𝑏𝜌
−

𝑎𝛼(𝑇) 𝜌2

(𝑀 + 𝑞1𝑏𝜌)(𝑀 + 𝑞2𝑏𝜌)
. 

(18) 

 
 

 

q1 is the third parameter in addition to a and b, and q2 is a function of q1. More details 

about u, w, a, b, α, q1, q2, and other fluid properties based on each cubic EoS can be 

obtained in Ref. [12].  

2.3 Energy Transport Equation 

In CONVERGE, the energy equation can be solved for either incompressible or 

compressible flows. Also, it is optional to solve with or without the momentum and mass 

equations. Without solving these equations, the diffusion terms are only solved in the 

energy equation without taking into account the convection effect.  

The compressible form of the energy equation is provided as 

 

𝜌
𝜕𝑒

𝜕𝑡
+ 𝜌

𝜕𝑢𝑗𝑒

𝜕𝑥𝑗
= −𝑃

𝜕𝑢𝑗

𝜕𝑥𝑗
+ 𝜎𝑖𝑗

𝜕𝑢𝑖

𝜕𝑥𝑗
+

𝜕

𝜕𝑥𝑗
(𝐾

𝜕𝑇

𝜕𝑥𝑗
) +

𝜕

𝜕𝑥𝑗
(𝜌𝐷 ∑ ℎ𝑚

𝜕𝑌𝑚

𝜕𝑥𝑗
𝑚

) + 𝑆, (19) 

 

where 𝜌, 𝑒, 𝑃, 𝑆, and K are density, specific internal energy, pressure, source term, and 

conductivity. 𝐶𝑣 and 𝐶𝑝 are specific heats, 𝛾 is the specific heat ratio, ℎ𝑚 and 𝑌𝑚 are the 

specific enthalpy and the mass fraction of species, and D is the mass diffusion coefficient. 

𝜎𝑖𝑗 and 𝑇 represent the stress tensor and temperature, respectively. Note that, the 

conductivity is replaced by the turbulence conductivity once a turbulence model is 

activated, as given by 
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 𝐾𝑡 = 𝐾 +
𝑐𝑝𝜇𝑡

Pr𝑡
, (20) 

 

where 𝜇𝑡 is the turbulence viscosity, and Pr𝑡 is the turbulence Prandtl number which is 

formulated in CONVERGE as 

 Pr𝑡 =
𝑐𝑝𝜇𝑡

𝐾𝑡
, (21) 

 

where 𝑐𝑝, 𝜇𝑡, and 𝐾𝑡 are the specific heat, turbulence viscosity, and turbulence 

conductivity.  

 

Four extra terms are contained in the energy equation other than convection and diffusion 

terms. A source term is included to account for user-specified energy source and 

turbulence dissipation. −𝑃
𝜕𝑢𝑗

𝜕𝑥𝑗
 is a pressure term that accounts for compression and 

expansion. This term goes to zero for incompressible flow due to divergence-free in the 

field. 𝜎𝑖𝑗
𝜕𝑢𝑖

𝜕𝑥𝑗
 is a viscous dissipation term that accounts for kinetic energy viscously 

dissipating into heat. A species diffusion term, 
𝜕

𝜕𝑥𝑗
(𝜌𝐷 ∑ ℎ𝑚

𝜕𝑌𝑚

𝜕𝑥𝑗
𝑚 ), accounts for energy 

transport because of species diffusion.  

2.4 Turbulence Modeling 

Turbulence is well known as a random or disordered motion of fluid elements which 

occurs in many real-life cases. According to Reynold's experiment, it depends on velocity 

and viscosity: higher velocity and lower viscosity lead to an increase in turbulence flow. 

This flow can be well predicted using turbulence modeling in CFD simulations. The most 

important features of turbulence are randomness of transport variables such as momentum 
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transport between elements with respect to time and space because of fluctuation of 

variables (temperature, velocity, etc.), a wide range of length and time scale, and strong 

mixing due to diffusivity. Eddies that are created by turbulence can be split based on their 

size. The large eddies extract kinetic energy from the mean flow and evolve into smaller 

and smaller eddies carrying the energy until dissipation [13].  

2.4.1 RANS Models 

The general idea of Reynolds-Averaged Navier-Stokes (RANS) is to average the 

fluctuation of the transport variables such as velocity, 𝑢 with respect to space and time. 

The model is decomposed into an ensemble mean, �̅�𝑖 and a fluctuating term, 𝑢𝑖
′ as follows: 

 𝑢𝑖 = �̅�𝑖 + 𝑢𝑖
′. (22) 

 

This decomposition is substituted into Navier-Stokes equations to obtain the RANS 

transport equations and averaging. The compressible RANS equations for mass and 

momentum transport can be written as 

 
𝜕�̅�

𝜕𝑡
+

𝜕�̅��̃�𝑗

𝜕𝑥𝑗
= 0 (23) 

and 

 
𝜕�̅��̃�𝑖

𝜕𝑡
+

𝜕�̅��̃�𝑖�̃�𝑗

𝜕𝑥𝑗
= −

𝜕�̅�

𝜕𝑥𝑖
+

𝜕

𝜕𝑥𝑗
[𝜇 (

𝜕�̃�𝑖

𝜕𝑥𝑗
+

𝜕�̃�𝑗

𝜕𝑥𝑖
) −

2

3
𝜇

𝜕�̃�𝑘

𝜕𝑥𝑘
𝛿𝑖𝑗] +

𝜕

𝜕𝑥𝑗
(−�̅�𝑢𝑖

′𝑢𝑗
′̃ ). (24) 

 

The Favre average, �̃�𝑖 , for the velocity is known as 

 �̃�𝑖 =
𝜌𝑢𝑖̅̅ ̅̅̅

�̅�
. (25) 
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In Equation 14, (−�̅�𝑢𝑖
′𝑢𝑗

′̃ ) is the Reynolds stress term which represents the effects of 

turbulence, which is defined as 

 𝜏𝑖𝑗 = −�̅�𝑢𝑖
′𝑢𝑗

′̃ . (26) 

 

The closure of Equation 14 cannot be accomplished without modeling the Reynolds stress 

by the turbulence model. 

Standard k-ε Models 

In the standard k-ε, the Reynold stress term is obtained as 

 𝜏𝑖𝑗 = −�̅�𝑢𝑖
′𝑢𝑗

′̃ = 2𝜇
𝑡
𝑆𝑖𝑗 −

2

3
𝛿𝑖𝑗 (𝜌𝑘 + 𝜇

𝑡

𝜕𝑢�̃�

𝜕𝑥𝑖

), (27) 

 

where 𝑘 is turbulence kinetic energy which is expressed as half of the stress tensor trace: 

 𝑘 =
1

2
𝑢𝑖

′𝑢𝑗
′̃ , (28) 

 

and 𝜇𝑡 is the turbulence viscosity given by 

  𝜇𝑡 = 𝐶𝜇𝜌
𝑘2

휀
. (29) 

 

The 𝐶𝜇, in Equation 19, is the model constant used to tune for a specific flow, and 휀 is the 

dissipation of turbulence kinetic energy. The mean strain rate tensor  𝑆𝑖𝑗 in Equation 17 

can be written as 

 𝑆𝑖𝑗 =
1

2
(

𝜕𝑢�̃�

𝜕𝑥𝑗
+

𝜕𝑢�̃�

𝜕𝑥𝑖
). (30) 
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The models utilize turbulence diffusion and turbulence conductivity terms in order to 

consider the existence of turbulence in mass and energy transport. The turbulence 

diffusion, 𝐷𝑡 is introduced as 

 𝐷𝑡 =
𝜇𝑡

𝜌Sc𝑡
, (31) 

 

and the turbulence conductivity, 𝐾𝑡 is given by 

 𝐾𝑡 =
𝜇𝑡

𝜌Pr𝑡
𝐶𝑝, (32) 

 

where Sc𝑡 and Pr𝑡 are the turbulence Schmidt number and the turbulence Prandtl number.  

Additional transport equations are needed in standard k-ε models to obtain the turbulence 

viscosity given by Equation 19. Two equations are required; one for the turbulence kinetic 

energy, k, and the other for the dissipation of turbulence kinetic energy, ε. The transport 

equation of turbulence kinetic energy is expressed as 

 
𝜕𝜌𝑘

𝜕𝑡
+

𝜕𝜌𝑢𝑖𝑘

𝜕𝑥𝑖
= 𝜏𝑖𝑗

𝜕𝑢𝑖

𝜕𝑥𝑗
+

𝜕

𝜕𝑥𝑗

𝜇 + 𝜇𝑡

Pr𝑘

𝜕𝑘

𝜕𝑥𝑗
− 𝜌휀 +

𝐶𝑠

1.5
𝑆𝑠, (33) 

 

where factor 1.5 is an empirical constant. For the dissipation of turbulence kinetic energy, 

the transport equation is written as 

 
𝜕𝜌휀

𝜕𝑡
+

𝜕(𝜌𝑢𝑖휀)

𝜕𝑥𝑖

=
𝜕

𝜕𝑥𝑗

(
𝜇 + 𝜇𝑡

Pr𝜀

𝜕휀

𝜕𝑥𝑗

) + 𝐶𝜀3𝜌휀
𝜕𝑢𝑖

𝜕𝑥𝑖

+ (𝐶𝜀1

𝜕𝑢𝑖

𝜕𝑥𝑗

𝜏𝑖𝑗 − 𝐶𝜀2𝜌휀 + 𝐶𝑠𝑆𝑠)
휀

𝑘
+ 𝑆, (34) 
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where 𝐶𝜀𝑖 is a model constant that represent the expansion and compression of transport 

variables. 𝑆 is the user-supplied source term while 𝑆𝑠 is the source term that accounts for 

interactions with a discrete phase (spray). 
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CHAPTER 3 

NUMERICAL SETUP 

3.1 General 

The CONVERGE CFD code was used to simulate the single species (N2) spray under 

different conditions to investigate jet behavior in terms of diffusivity, turbulence, density, 

temperature, and velocity distribution with space and time. The type of fluid motion 

utilized for the simulations is Eulerian which defines the variations of physical quantities 

such as temperature, pressure, velocity, density, etc. at a distinct time in fixed cells. This 

method is complicated due to computing every single cell in the domain in x, y, and z 

directions as well as the time leading to time-consuming and time-step limitations 

dominated by grid size; however, it provides more stability and accuracy [14]. Regarding 

the geometry, two-dimension (2D) and three-dimension (3D) (full and sector cases) 

simulations were carried out to compare the efficiency and accuracy of the cases.  

3.2 Fluid Properties Table Creation 

Some simulations were performed using the fluid properties tabulation method for entire 

phases instead of modeling using an equation of state for gas and tracking the properties 

using tabulated liquid simulation. In fact, the liquid properties in the conventional Eulerian 

simulations such as using the Void of Fluid approach only consider the effect of 

temperature, which makes the prediction less reliable. Therefore, the tabulation method 

that accounts for the effects of both pressure and temperature was utilized in this study.  

For the baseline case, the fluid properties table including thermophysical and transport 

properties of N2 was obtained from the CoolProp fluid properties library. The fluid 
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properties file must be in a specific form in order to be properly utilized by the solver. 

First, a fluid type, its molecular weight, number of temperatures, pressures, and columns 

have to be stated. Then, the file must orderly contain density, specific volume, internal 

energy, enthalpy, entropy, specific heat with constant volume and pressure (Cv and Cp), 

speed of sound, viscosity, thermal conductivity, and compressibility for each temperature 

and pressure as shown in the example in Figure 3. CONVERGE uses this table to detect, 

for example, density distribution based on temperature and pressure provided on each cell 

in a simulation field. The liquid and gas simulation and thermodynamic data are not 

required for this method. 

 

Figure 3: Data included inside a fluid properties file in CONVERGE. 

3.3 Geometry design 

3.3.1 2-Dimensional Geometry Design 

The 2D simulation was implemented to investigate whether this provides sufficiently 

accurate outcomes since it costs less and demands less physical time for simulation than 
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the 3D case due to the fact that fewer cells are required. The simulation domain is 120 

mm* 60 mm, and the nozzle diameter is 2.2 mm with a 1 mm extension outward as shown 

in Figure 4. 

 

 

 
Figure 4: 2D geometry dimension details. 

 

3.3.2 3-Dimensional Geometry Design 

Full Geometry 

For the 3D simulation, a full (cylindrical) geometry was created, tested, and compared 

with the 2D and sector geometries regarding the accuracy and time consumption.  The 

diameter of the cylinder is 60 mm in width and with 120 mm in height. The nozzle is the 

same as the 2D case, with a 2.2 mm-diameter and an 1-mm extension as shown in Figure 

5. 
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Figure 5: 3D full geometry dimension details. 

Sector  

Also, a sector (part of cylinder) shape was used for the purpose of saving time. The sector 

angle is 45˚ with a 30 mm radius and 120 mm height. Moreover, a 120˚ sector was 

investigated as well for further comparison. The nozzle and the extension for both sectors 

are the same as the 2D and full geometries as illustrated in Figures 6 and 7. 



28 

 

 

Figure 6: 45˚ Sector dimension details. 

 

 

Figure 7: 120˚ sector dimension details. 

3.4 Mesh Generation 

3.4.1 Grid Control 

For the 2D case, a base grid size of 0.275 mm was used, which is considered as a fine 

mesh. The total cells number was about 1.7 million cells. Note that the Fixed Embedding 

(FE) or Adaptive Mesh Refinement (AMR) models were not activated for the 2D case. 
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For the full-geometry 3D simulation, a base grid of 0.6 mm was applied. Moreover, the 

FE and AMR models were employed to refine the mesh quality near the nozzle exit and 

better resolve the flow field with a reasonable computational cost. This mesh generated a 

total cell number of about 1.57 million. Regarding the 45˚ sector case, the size of the base 

grid used is the same as the 3D case. However, a significantly lower cell number (about 

0.196 million) was generated owing to the simplicity of the sector shape. On the other 

hand, a base mesh size of 0.55 mm was used for the 120˚ sector case which led to about 

0.679 million cells in the computational domain.   

3.4.2 Fixed Embedding 

Fixed Embedding allows controlling the mesh refinement in a specific region on the 

simulation field. Since the nozzle size is small, the FE could be utilized to cover the nozzle 

tip to precisely anticipate the transport variables for all cases as shown in Figure 8. The 

size of the grid (scaled grid) on the FE domain is specified by a dimensionless grid scale 

and proportionally depends on the base grid. The scaled grid is obtained as 

 𝑠𝑐𝑎𝑙𝑒𝑑 𝑔𝑟𝑖𝑑 =
𝑏𝑎𝑠𝑒 𝑔𝑟𝑖𝑑

2𝑔𝑟𝑖𝑑 𝑠𝑐𝑎𝑙𝑒
 (35) 

The grid scale value must be an integer number. It has an inversely proportional effect on 

the grid size. The refined scale for the full and 45˚ sector cases was 4 while for the 2D 

simulation, a refined scale of 2 was chosen because of its fine base mesh. For the 120˚ 

sector, a refined scale of 3 was used instead. By following Equation 25, the minimum grid 

size in the nozzle region was 0.0375 mm for the full and 45˚ sector cases and 0.0688 mm 

for the 2D and 120˚ sector cases. 
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(a) 

 
(b) 

 
(c) 

 
Figure 8: Nozzle enclosed with Fixed Embedding in (a) 2D case, (b) full 3D case, and (c) sector case. 

3.4.3 Adaptive Mesh Refinement 

The benefit of utilizing the Adaptive Mesh Refinement (AMR) is to spontaneously refine 

the grid depending on changes in variables such as density, temperature, or/and velocity 

instead of refining the whole simulation domain which causes higher cost and time-

consuming. A sub-grid in AMR represents the maximum gradient of specified variables 

that are considered for refinement. In other words, the AMR is not generated when the 

specified variable gradient exceeds the sub-grid value. The size of the grid is also defined 

using grid scale as demonstrated in previous section 3.3.3. In addition, the total number of 

cells applied in the field is dominated by identifying the maximum and minimum cells 

required in AMR. In the current work, the temperature and density were selected in the 

AMR model for a further refinement of the computational mesh, and their sub-grid values 

were set to 1 K and 0.1 kg/m3 with a refined scale of 2 all the cases. Furthermore, velocity 

was also used with a criteria of 0.05 m/s and a refined scale of 3.0 was applied. Figure 9 

visualizes the computational meshes for various cases. 
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2D 

 

3D – full 

 

120˚ Sector 

 

Figure 9: Mesh visualization of 2D and cross-section of full and 120˚ sector. 

3.5 Boundary and initial condition 

The boundary and initial condition play a significant role in this investigation. For 

example, different ambient conditions such as different chamber temperature and pressure 

affect the spray development significantly. Furthermore, a combination of fixed velocity 

and temperature of the liquid nitrogen (LN2) was used to define the inlet boundary 

condition. Table 1 summarizes details of the simulated cases. The first six cases were used 

Fixed 

embedding 

AMR 

Base 

grid  
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for parametric studies: case 1, 2, and 3 were used to investigate the ambient pressure effect, 

and case 4, 6, and 7 for ambient temperature effect on the spray development process 

while the other cases were applied for verification against the experimental data from 

literature [15].  

Table 1: Simulation cases. 

Case no. 

Injection 

temperature (K) 

Injection 

velocity (m/s) 

Ambient 

temperature (K) 

Ambient 

pressure (MPa) 

1 126.2 4.5 298.15 2 

2 126.2 4.5 298.15 3 

3 126.2 4.5 298.15 4 

4 126.2 4.5 600 5 

5 126.9 4.9 298.15 4 

6 126.2 4.5 900 5 

7 126.2 4.5 1200 5 

11 126.2 4.5 298.15 5 

12 135.7 4.9 298.15 5 
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CHAPTER 4 

RESULTS and DISCUSSION 

4.1 Model Validations 

4.1.1 Verification of the Tabulation Method 

The verification of applying the tabulation method was done by comparing the predicted 

fluid properties (density, viscosity, Cp, and conductivity) of N2 using the tabulation 

method against the CoolProp database. Figures 10 and 11 compare the predicted and 

CoolProp data for density and viscosity, and Cp conductivity, respectively. Overall, the 

simulated fluid properties demonstrate an excellent agreement with tabulated fluid 

properties which indicates that the solver properly reads from the table provided. 

 

Figure 10: Density and viscosity verification. 

 

Figure 11: Cp and thermal conductivity 

verification. 

4.1.2 Validation against the Experimental Data 

Centerline and Radial Density Validation 

Figure 12 shows the predicted and experimental profiles of N2 density in the x-direction 

(centerline) for case 11. Note that in simulations, the turbulence coefficient Cε1 was varied 
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and its effect on the predicted result was evaluated. Overall, the larger Cε1 value led to a 

longer liquid penetration, which could be represented by the location when a significantly 

large change of density was observed. Therefore, a higher density was induced at the same 

axial location with a larger Cε1 value. Various cases demonstrated the same density value 

(approximately 520 kg/m3) at the near-nozzle position (about 0 ≤ x/d ≤ 8), after which the 

phase transferred from the compressible liquid to supercritical. Comparatively, a Cε1 of 

1.52 matched the experimental best. Therefore, in the following RANS simulations, Cε1 = 

1.52 was applied. Figure 13 compares the predicted turbulent kinetic energy (TKE) and 

axial velocity using various Cε1 values at an axial location of x/d = 15. Note that the lower 

Cε1 value resulted in the more intense jet core/ambient gas interaction and TKE and thus 

the lower velocity. As a result, as shown in Figure 23, a shorter breakup length was 

generated. 

 

Figure 12: Comparison of centerline N2 density 

distribution of case 11 between experiment and 

simulation with different Cε1. 

 

 

Figure 13:Effect of Cε1 on TKE and velocity. 

 

 

Figure 14 compares the predicted transient results at various timings.  A converged result 

was observed with a simulation time longer than 88 ms, during which period the spray 
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could be considered at a steady state. As a result, the predicted result at a simulation time 

of 100 ms was used for comparisons. Figure 15 further compares the experimental and 

predict density distribution under the other different condition, including the i.e., the case 

12 (4.9m/s, 135.7K, and 5MPa). Instead of having a constant experimental density 

gradient at the beginning of the centerline as indicated in case 11, case 12 showed a 

constant decrease in the density gradient perhaps due to the higher injection temperature 

(above the critical temperature), meaning that the supercritical N2 was injected into a 

supercritical atmosphere. Moreover, the constant-density core for the case 12 ended at an 

earlier axial location compared to the case 11, which was attributed to the more intense 

interaction between the jet and ambient fluid.  

Figure 16 illustrates the influence of various computational geometries on the predicted 

result under the case 11 condition. Both the full 3D and 120˚ sector cases showed a good 

agreement with the experimental result. Comparatively, the 2D and 45˚ sector mesh 

demonstrated a large discrepancy. The reason for overprediction in the 2D case was that 

the density was more highly diffuse in two dimensions (in x and y) without considering 

the third dimension. Regarding the 45˚ sector geometry, the density was underpredicted, 

which was due to the insufficient grid resolution close to the axis especially near the nozzle 

tip. Note that, the refinement was done for this case, and the result showed grid size 

independence. 

In addition, the effect of various EoSs such as PR, RKPR, SRK, and ideal gas on the 

predicted centerline density was investigated at the case 11 condition, as shown in Figure 

17. Obviously, the ideal gas law significantly underpredicted the centerline density. 

Otherwise, both the RK-PR and SRK EoSs reasonably reproduced the experimental data. 



36 

 

However, both of these two EoSs underprediced the liquid-core density near the nozzle 

exit. Comparatively, the PR EoS demonstrated the best agreement with the CoolProp 

tabulation case. After the transcritical stage, all the real-gas EoSs yielded similar predicted 

results. However, it should be mentioned that it is a coincidence that the PR EoS led to the 

best agreement with the CoolProp because this work primarily investigated the near-

critical point cases. In fact, on a more broader condition, the RKPR EoS exhibited the 

better predictive performance than the other three.  

 

Figure 14: Time effect on the solution of case 11. 

 

Figure 15: Difference between centerline 

experimental and projected density of case 12. 

 

Figure 16: Distinct geometries investigation of 

case 11. 

 

Figure 17: Different equation of state test in 

density anticipation. 
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Radial Density Validation 

Figure 18 compares the experimental and predicted radial density distribution under the 

case 5 condition using the CoolProp utility. The radial density distribution could be used 

to represent the diffusion of the jet. For instance, at a further downstream (x/d = 25) 

location, a more expanded density distribution and a lower peak density were observed 

owing to the jet-ambient fluid interaction. Generally, the overall shape and trend with the 

evolution of jet development were reasonably reproduced. Note that the numerical result 

showed an axisymmetric density profile at locations with x/d = 1.2 and x/d = 5, in contrast 

to the asymmetric experimental profile. This could be attributed to the uncertainty in the 

testing procedure and non-ideal nozzle structure. 

 

Figure 18: Radial density comparison between Mayer Experiment and CoolProp computation using 

case_5. 
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4.2 Effects of EoS 

Different EoSs were evaluated using the 2D direct numerical simulation (DNS) method at 

the case 11 condition. Figure 19 compares the predicted distributions of N2 density at 33 

ms. The ideal gas case showed not only a lower jet density but also a less diffusive 

distribution, while PR, RKPR, SRK, and CoolProp provided similar spray distribution 

features. Figure 20 compares the predicted density on the axis with the evolution of 

temperature using four EoSs and CoolProp. The cyan vertical line represents the critical 

temperature to differentiate two different phases (compressible liquid and supercritical). 

It is obvious that the ideal gas law failed to reproduce the transcritical effect which makes 

it less reliable under supercritical conditions. In addition, the average jet divergence angle 

was also calculated for different cases as shown in Table 2. The PR case predicted the 

highest jet angle at about 23.26˚ while the ideal gas predicted the smallest angle at about 

19.54˚. On the other hand, both RKPR and SRK gave similar jet divergence angles with 

the baseline CoolProp case.  
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Figure 19: Density distribution field for CoolProp, PR, RKPR, SRK, and ideal gas at time = 33 ms. 

 

Figure 20: Density change with temperature for CoolProp, PR, SRK, RKPR, and ideal gas. 

 

Table 2: Average jet divergence angle for distinct EoSs and CoolProp at time = 33ms. 

Case CoolProp PR SRK RK-PR Ideal Gas 

Avg. jet angle (deg.) 21.85 23.26 21.86 20.88 19.54 
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Figure 21 presents the time evolution using the CoolProp database and the ideal gas EoS. 

The CoolProp case predicted a more turbulent and diffusive spray distribution compared 

to the IG case. Due to the predicted higher density and thus the higher momentum, the 

CoolProp case demonstrated a higher breakup length and spray penetration length 

compared to the IG case. Figure 22 compares the predicted penetration length for various 

cases. The three real-gas EoSs (PR, SRK, and RKPR) predicted similar results with the 

CoolProp case, which demonstrated a significantly higher slope compared to the IG case. 

Note that the finally constant jet penetration length in the plot represented the jet exceeding 

the simulation domain. Moreover, the difference in spray penetration length between IG 

and baseline case which represents an error generated by idea gas with time was estimated 

as shown in Figure 23. Since the error almost linearly increases with time, the slope can 

be obtained using a linear fit line. The slope of the error is about 0.647.  

   

  
 

Figure 21: Time evolution of CoolProp and ideal gas cases. 
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Figure 22: Influence of EoS on jet penetration 

length. 

 

Figure 23: Error produced by ideal gas on jet 

penetration length. 

4.3 Effects of Ambient Pressure 

The effect of ambient pressure on jet behavior was also examined using the 2D DNS 

method. Four different ambient pressures ranging from the subcritical to the supercritical 

conditions were evaluated, including 2, 3, 4, and 5 MPa, which were named case 1, case 

2, case 3, and case11, respectively. Figure 24 shows the predicted density field at different 

pressures. Note that, 2 and 3 MPa are below the critical pressure of N2 (3.39 MPa). In 

other words, the LN2 at the subcritical state was directly injected into the ambient gas 

phase. As a result, the jet density abruptly dropped when phase change occurred, as shown 

in Figure 25. Comparatively, the higher ambient pressure led to higher density and more 

diffusive and turbulent spray distributions. Figure 26 compares the predicted spray 

penetrations at various ambient pressures. Note that the predicted spray penetration length 

under the supercritical conditions (4 and 5 MPa) were higher than those predicted at the 

gaseous conditions.  
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Figure 24: Density distribution with various time steps for Pamb. = 5 MPa, 4 MPa, 3 MPa, and 2 MPa. 

 

 

 

Figure 25: Density change with temperature for 

Pamb. = 5 MPa, 4 MPa, 3 MPa, and 2 MPa. 

 

Figure 26:Jet penetration length for Pamb. = 5 

MPa, 4 MPa, 3 MPa, and 2 MPa. 

4.4 Effects of Ambient Temperature 

The influence of surrounding temperature was also investigated using the 2D DNS 

modeling method. Four various ambient temperature values were selected, including 

298.15, 600, 900, and 1200 K, which correspond to cases 11, 4, 6, and 7, respectively. It 
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should be mentioned that all these cases were under the supercritical condition with a Pamb. 

= 5 MPa. Figure 27 compares the predicted density distributions using various tables. 

Figure 28 and Figure 29 compare the predicted penetration length and axial density 

distribution. Comparatively, the higher ambient temperature led to a higher spray 

penetration owing to the lower ambient density. Furthermore, due to the same liquid 

temperature and velocity, the axial density at the nozzle exit yielded a similar value until 

the breakup length.  Note that, as the sounding temperature rose, a longer breakup length 

was generated. The break-up length was estimated using a centerline density plot as 

illustrated in Figure 29 at time = 29.7 ms. In this work, the distance of constant density 

from the nozzle exit to where the line started to fluctuate significantly was assumed as the 

break-up length. This is because the lower temperature yielded the higher density as well 

as the higher viscosity, which caused more fuel/ambient gas entrainment.  

    

    

    

    

 
 

Figure 27: Density gradient with distinct time step for Tamb. = 298.15 k, 600 K, 900 K, and 1200 

K. 
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Figure 28: Jet penetration length versus time for 

Tamb. = 298.15, 600, 900, 1200 K. 

 

Figure 29: Centerline density at time = 29.7 ms 

for Tamb. = 298.15, 600, 900, 1200 K. 

 

4.5 Time and Cost Analysis 

The time and cost analysis of the simulations was briefly done based on the geometry and 

mesh used. The details of geometry and mesh can be obtained from sections 3.3 and 3.4. 

The total core hours were calculated as 

 

Note that, the physical time was not the same as the simulation time. For example, the 

simulation time of spray was specified by the user while physical time was the 

computational time or running time. The cost in United State Dollar (USD) can be 

estimated from the total core hours by 

 

Table 3 provides the total core hours and cost in USD of each run for different types of 

geometry at the case 11 condition. Note that, this result is based on the tabulation method 

 𝑇𝑜𝑡𝑎𝑙 𝐶𝑜𝑟𝑒 𝐻𝑜𝑢𝑟𝑠 = 𝑃ℎ𝑦𝑠𝑖𝑐𝑎𝑙 𝑇𝑖𝑚𝑒 × 𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑁𝑜𝑑𝑒 × 𝐶𝑜𝑟𝑒 𝑃𝑒𝑟 𝑁𝑜𝑑𝑒. (36) 

 𝐶𝑜𝑠𝑡 (𝑈𝑆𝐷) = 𝑇𝑜𝑡𝑎𝑙 𝐶𝑜𝑟𝑒 𝐻𝑜𝑢𝑟𝑠 × 0.013. (37) 
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and RANS k-ε turbulence models with 0.1 s simulation duration. The running time and 

cost for the 3D-full case were considerably higher as expected, which was about 40 times 

of the 2D case and 2.5 times of the 120˚ sector. Therefore, most of the validation 

simulations were done using the 120˚ sector instead since it provided almost the same 

quality of outcomes as the 3D-full case.  

Table 3: Time and cost analysis for distinct geometries. 

Case Total core hours Cost (USD) 

2D 138.75 1.8 

3D-full 5740.8 74.63 

45˚ sector 806.4 10.48 

120˚ sector 2144 27.87 

 

Many other factors have an effect on the time and cost of computation such as the size of 

the fluid properties table, type of turbulence models, boundary and inlet conditions, 

simulation time, and so on.  
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CHAPTER 5 

CONCLUSION and FUTURE WORK 

8.1 Conclusion 

Understanding the fluid behavior under supercritical condition could be the key to 

enhancing combustion efficiency and minimizing emissions. Therefore, an investigation 

of spray at a supercritical state was carried out. As a result, the ideal gas equation 

underpredicted the density gradient under supercritical condition. It also provided less 

diffusion and less jet penetration length compared to the other cubic equations of state, 

PR, SRK, and RKPR which showed similarity in the result and well predicted Mayer’s 

experimental outcome. The result obtained by those cubic EoSs might vary under different 

condition or using different species which will be covered in the future. Operating at 

higher ambient pressure under supercritical condition yields better mixing efficiency and 

higher jet penetration length. Perhaps, there is no limitation for this; however, it is 

challenging to implement in real engine applications due to design limitations and the 

knocking effect. Regarding the surrounding temperature, the break-up length can be 

controlled by the temperature to obtain an optimum design. In the validation work, the 

turbulence coefficient Cε1 = 1.52 from the RANS model showed the best agreement with 

the experimental result. Finally, the 120˚ sector geometry has a positive effective in terms 

of cost and time consumption while providing sufficient accuracy.  
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8.2 Future Work 

More work can be done as an extension of this study to participate in the Society of 

Automotive Engineers (SAE) conference since the abstract has already been submitted. 

Some ideas are listed below: 

• Further investigate the effect of equations of state and validate using spray A 

condition (multi-species)  

• Simulate ammonia injection and investigate in terms of evaporation process, 

mixing efficiency, and so on using real fluid modelling approach 

• Prepare a technical paper for this work 
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