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We define a new class of Gaussian processes on compact metric graphs
such as street or river networks. The proposed models, the Whittle–Matérn
fields, are defined via a fractional stochastic partial differential equation on
the compact metric graph and are a natural extension of Gaussian fields with
Matérn covariance functions on Euclidean domains to the non-Euclidean met-
ric graph setting. Existence of the processes, as well as their sample path reg-
ularity properties are derived. The model class in particular contains differen-
tiable Gaussian processes. To the best of our knowledge, this is the first con-
struction of a valid differentiable Gaussian field on general compact metric
graphs. We then focus on a model subclass which we show contains processes
with Markov properties. For this case, we show how to evaluate finite dimen-
sional distributions of the process exactly and computationally efficiently.
This facilitates using the proposed models for statistical inference without
the need for any approximations. Finally, we derive some of the main statisti-
cal properties of the model class, such as consistency of maximum likelihood
estimators of model parameters and asymptotic optimality properties of linear
prediction based on the model with misspecified parameters.

1. Introduction. In many areas of applications, statistical models need to be defined on
networks such as connected rivers or street networks (Okabe and Sugihara, 2012; Baddeley
et al., 2017; Cronie et al., 2020). In this case, one wants to define a model using a metric
on the network rather than the Euclidean distance between points. However, formulating
Gaussian fields over linear networks, or more generally on metric graphs, is difficult. The
reason being that it is hard to find flexible classes of functions that are positive definite when
some non-Euclidean metric on the graph is used.

Often the shortest distance between two points is explored, i.e., the geodesic metric. How-
ever, it has been argued that this is an unrealistic metric for many processes observed in real
life (Baddeley et al., 2017). A common alternative is the electrical resistance distance (Okabe
and Sugihara, 2012), which was used recently by Anderes et al. (2020) to create isotropic co-
variance functions on a subclass of metric graphs with Euclidean edges. Anderes et al. (2020)
in particular showed that for graphs with Euclidean edges, one can define a valid Gaussian
field by taking the covariance function to be of Matérn type (Matérn, 1960):

(1) r(s, t) =
Γ(ν)

τ2Γ(ν + 1/2)
√

4πκ2ν
(κd(s, t))νKν(κd(s, t)),

where d(·, ·) is the resistance metric, τ,κ > 0 are parameters controlling the variance and
practical correlation range, and 0< ν ≤ 1/2 is a parameter controlling the sample path regu-
larity. The fact that we obtain the restriction ν ≤ 1/2 means that we cannot use this approach
to create differentiable Gaussian processes on metric graphs, even if they have Euclidean

MSC2020 subject classifications: Primary 60G60; secondary, 62M99, 62M30.
Keywords and phrases: Networks, Gaussian processes, stochastic partial differential equations, Gaussian

Markov random fields, quantum graphs.

1

ar
X

iv
:2

20
5.

06
16

3v
1 

 [
m

at
h.

ST
] 

 1
2 

M
ay

 2
02

2

https://imstat.org/journals-and-publications/annals-of-statistics/
mailto:david.bolin@kaust.edu.sa
mailto:alexandre.simas@kaust.edu.sa
mailto:jonas.wallin@stat.lu.se
https://mathscinet.ams.org/mathscinet/msc/msc2020.html


2 DAVID BOLIN, ALEXANDRE SIMAS AND JONAS WALLIN

edges. Because of this, and because of the many other difficulties in creating Gaussian fields
via covariance functions on non-Euclidean spaces, we take a different approach in this work
and focus on creating a Gaussian random field u on a compact metric graph Γ as a solution
to a stochastic partial differential equation (SPDE)

(2) (κ2 −∆)α/2(τu) =W, on Γ,

where α= ν + 1/2, ∆ is the Laplacian equipped with suitable “boundary conditions” in the
vertices, andW is Gaussian white noise. The advantage with this approach is that, if the so-
lution exists, it automatically has a valid covariance function. The reason for considering this
particular SPDE is that when (2) is considered on Rd, it has Gaussian random fields with the
covariance function (1) as stationary solutions (Whittle, 1963). The method of generalizing
the Matérn fields to Riemaniann manifolds by defining Whittle–Matérn field as solutions to
(2) specified on the manifold was proposed by Lindgren et al. (2011), and has since then been
extended to a number of scenarios (see Lindgren et al., 2022, for a recent review), including
non-stationary (Bakka et al., 2019; Hildeman et al., 2021) and non-Gaussian (Bolin, 2014;
Bolin and Wallin, 2020) models.

The difficulty in extending the SPDE approach to metric graphs is that it is not clear how
to define the differential operator in this case, and it is also not clear what type of covariance
functions one would obtain. We will in this work use quantum graph theory (Berkolaiko and
Kuchment, 2013) to define the operator and show that (2) then has a unique solution, for
which we can derive sample path regularity properties. We will furthermore show that this
solution has Markov properties when α ∈ N, and that we in these cases can derive finite
dimensional distributions of the process analytically. For α = 1 we obtain a process with
a covariance function that is similar to the exponential covariance function, i.e., the case
ν = 1/2 in (1), which was shown to be a valid covariance for metric graphs with Euclidean
edges by Anderes et al. (2020). However, our construction has two major advantages. First, it
has Markov properties, which means that the precision matrices (inverse covariance matrices)
of the finite dimensional distributions of the process will be sparse. This greatly simplifies
the use of the model for applications involving big data sets. Secondly, the model is well-
defined for any compact metric graph, and not only of the subclass with Euclidean edges. An
example of this covariance for a simple graph can be seen in Figure 1, and an example for a
graph from a real street network can be seen in Figure 5. Furthermore, we derive an explicit
density for the finite dimensional distributions of the processes for higher values of α ∈N. In
this case one cannot use the corresponding Matérn covariance function to construct a valid
Gaussian process in general, even for graphs with Euclidean edges (Anderes et al., 2020).
Thus, this construction provides, as far as we know, for the first time a covariance function
for differentiable random fields on compact metric graphs. See Figure 1 for an example.

Defining Gaussian random fields on graphs has recently received some attention. In par-
ticular various methods based on the graph Laplacian have been proposed (Sanz-Alonso and
Yang, 2021; Dunson et al., 2022; Borovitskiy et al., 2021). However, these approaches do not
define the Gaussian random field on the metric graph, but only at the vertices of the graph.
Since it is unclear if methods based on the graph Laplacian can be used to define a Gaussian
process on the entire metric graph, we will not consider these approaches in this work. How-
ever, we will later show that the construction by Borovitskiy et al. (2021) can be viewed as
an approximation of the exact Whittle–Matérn fields on metric graphs.

The outline of this work is as follows. In Section 2, we introduce the notion of compact
metric graphs in detail and provide some of the key results from quantum graph theory which
we will need in later sections. In Section 3 we introduce the Whittle–Matérn fields via (2)
and prove that the SPDE has a unique solution. Section 4 provides results on the regularity
of the covariance function, and sample path regularity of the corresponding Whittle–Matérn
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FIG 1. Examples of covariance functions (top) and corresponding realizations of a Gaussian process (bottom)
on a graph with α= 1 (left) and α= 2 (right). In both cases, κ= 3 and the covariance Cov(u(s0), u(s)), for
s0 = (1,0.5), is shown.

fields. In Section 5, we consider the Markov subclass α ∈N and show that we in this case can
derive closed-form expressions for the covariance function of the model. Section 6 contains
results on the statistical properties of the model, where we in particular prove consistency
results regarding maximum likelihood estimation of the parameters and consider asymptotic
optimality of kriging prediction based on the model with misspecified parameters. Section 7
shows that we can use the Markov properties of the model for computationally efficient in-
ference. Section 8 contains the comparison with the method based on the graph Laplacian,
and the article concludes with a discussion in Section 9. Proofs and further details are given
in six appendices of the manuscript.

2. Quantum graphs and notation. In this section, we introduce the notation that will
be used throughout the article as well as some of the key concepts from quantum graph
theory that we will need in later sections. We refer to Berkolaiko and Kuchment (2013) for a
complete introduction to the field.

2.1. Quantum graphs. A finite undirected metric graph Γ consists of a finite set of ver-
tices V = {vi} and a set E = {ej} of edges connecting the vertices. We write u ∼ v or
(u, v) ∈ E if u and v are connected with an edge. Each edge e is defined by a pair of vertices
(ē, e) = (vi, vk) and a length le ∈ (0,∞). For every v ∈ V , we denote the set of edges inci-
dent to the vertex v by Ev , and define the degree of v by deg(v) = #Ev . We assume that the
graph is connected, so that there is a path between all vertices, and we assume that the degree
of each vertex (i.e., the number of edges connected to it) is finite. Since the lengths le are
assumed to be finite, this means that the graph is compact. A point s ∈ Γ is a position on an
edge, i.e., s= (e, t) where t ∈ [0, le]. A natural choice of metric for the graph is the shortest
path distance, which for any two points in Γ is defined as the length of the shortest path in Γ
connecting the two. We denote this metric by d(·, ·) from now on.
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EXAMPLE 1. A typical example of an edge is a simple (i.e., without self intersection)
piecewise C1 curve γ : [0, le]→ Rd, 0< le <∞, for some d ∈ N, which is regular (i.e., for
all t ∈ [0, le] such that γ is differentiable at t, we have γ′(t) 6= 0) and is parametrized by
arc-length. It is a basic result in differential geometry that every regular piecewise C1 curve
admits a parametrization given by arc-length. Therefore, if we take the edge e to be induced
by the curve γ, then given t, s ∈ [0, le], with s < t, the distance between the points x= (e, s)
and y = (e, t) is given by the length of the curve γ([s, t]), which is given by L(γ|[s,t]) = t− s.
This shows that this is a suitable choice for edges in compact metric graphs, as the curve,
under these assumptions, is isometric to a closed interval.

A metric graph coupled with a differential operator on that graph is referred to as a quan-
tum graph. The most important differential operator in this context is the Laplacian. However,
there is no unique way of defining the Laplacian on a metric graph. The operator is naturally
defined as the second derivative on each edge, but at the vertices there are several options
of “boundary conditions” or vertex conditions which may be used. One of the most popular
choices is the Kirchhoff conditions

{f is continuous on Γ and ∀v ∈ V :
∑

e∈Ev ∂ef(v) = 0},

where ∂e denotes the directional derivative away from the vertex. The Laplacian with these
vertex conditions is often denoted as the Kirchhoff-Laplacian, which we here simply denote
by ∆Γ, and which by (Berkolaiko and Kuchment, 2013, Theorem 1.4.4) is self-adjoint. It
turns out that this particular Laplacian is the most natural for defining Whittle–Matérn fields
on metric graphs, and we from now on only consider this choice. We let {λ̂i}i∈N denote the
eigenvalues of ∆Γ, sorted in non-decreasing order, and let {ϕj}j∈N denote the corresponding
eigenfunctions. By Weyl’s law (Odžak and Šćeta, 2019) we have that λ̂i ∼ i2 as i→∞, so
there exists constants cλ,Cλ such that 0< cλ <Cλ <∞ and

(3) cλi
2 ≤ λi ≤Cλi2 ∀i ∈N.

2.2. Function spaces and additional notation. The space L2(Γ) is defined as the direct
sum of the L2(e) spaces on the edges of Γ. That is, f = {fe}e∈E ∈ L2(Γ) if fe ∈ L2(e) for
each e ∈ E ,

L2(Γ) =
⊕
e∈E

L2(e), ‖f‖2L2(Γ) =
∑
e∈E
‖f‖2L2(e).

We let C(Γ) = {f ∈ L2(Γ) : f is continuous} denote the space of continuous functions
on Γ and let ‖φ‖C(Γ) = sup{|φ(x)| : x ∈ Γ} denote the supremum norm. For 0< γ < 1, we
introduce the γ-Hölder seminorm

[φ]C0,γ(Γ) = sup

{
|φ(x)− φ(y)|
d(x, y)γ

: x, y ∈ Γ, x 6= y

}
,

and the γ-Hölder norm ‖φ‖C0,γ(Γ) = ‖φ‖C(Γ) + [φ]C0,γ(Γ). We let C0,γ(Γ) denote the space
of γ-Hölder continuous functions, that is, the set of functions φ ∈C(Γ) with ‖φ‖C0,γ(Γ) <∞.

We define the Sobolev space H1(Γ) as the space of all continuous functions on Γ with

‖f‖2H1(Γ) =
∑
e∈E
‖f‖2H1(e) <∞,

where H1(e) is the Sobolev space of order 1 on the edge e. The continuity assumption guar-
antees that f is uniquely defined at the vertices. Dropping the continuity requirement, one can
construct decoupled Sobolev spaces of any order k as the direct sum H̃k(Γ) =

⊕
e∈EH

k(e),
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endowed with the Hilbertian norm ‖f‖2
H̃k(Γ)

=
∑

e∈E ‖f‖2Hk(e) <∞, where Hk(e) is the
Sobolev space of order k on the edge e. We refer the reader to Appendix B for details about
these Sobolev spaces. Finally, for 0<α< 1, we define the fractional Sobolev space of order
α by the real interpolation between the spaces L2(Γ) and H1(Γ),

Hα(Γ) = (L2(Γ),H1(Γ))α.

See Appendix A for the basic definitions of real interpolation of Hilbert spaces.
Throughout the article, we let (Ω,F ,P) be a complete probability space, and for a real-

valued random variable Z , we let E(Z) =
∫

ΩZ(ω)dP denote its expectation. We let L2(Ω)
denote the Hilbert space of all (equivalence classes) of real-valued random variables with
finite second moment, E(Z2)<∞ . For a Hilbert space (E,‖ · ‖E), we let L2(Ω;E) denote
the space of E-valued Bochner measurable random variables with finite second moment.
This space is equipped with the norm ‖u‖L2(Ω;E) = E[‖u(ω)‖2E ].

3. Whittle–Matérn fields on compact metric graphs. Let κ2 > 0 and define the dif-
ferential operator

(4) Lu= (κ2 −∆Γ)u, u ∈D(L)⊂ L2(Γ).

The operator induces a symmetric and continuous bilinear form

(5) aL :H1(Γ)×H1(Γ)→R, aL(φ,ψ) = (κ2φ,ψ)L2(Γ) +
∑
e∈E

(φ′,ψ′)L2(e),

which is coercive with coercivity constant min(1, κ) (Arioli and Benzi, 2018). Furthermore,
it is clear that the operator is densely defined and positive definite and since the metric graph
is compact, and L has a discrete spectrum, where each eigenvalue has finite multiplicity
(Berkolaiko and Kuchment, 2013, Chapter 3). Clearly, the operator L diagonalizes with re-
spect to the eigenfunctions of ∆Γ, and it has eigenvalues {λi}i∈N = {κ2 + λ̂i}i∈N. In order
to define the Whittle–Matérn fields, we introduce the fractional operator Lβ in the spectral
sense as follows (see also Bolin et al., 2020). Define the Hilbert space

Ḣ2β =D(Lβ) := {φ ∈ L2(Γ) : ‖φ‖2β <∞},

with inner product (φ,ψ)2β := (Lβφ,Lβψ)L2(Γ) and induced norm ‖φ‖2β = ‖Lβφ‖L2(Γ).
Here, the action of Lβ :D(Lβ)→ L2(Γ) is defined by

Lβφ :=
∑
j∈N

λβj (φ,ϕj)ϕj ,

and thus ‖φ‖22β =
∑

j∈N λ
2β
j (φ,ϕj)

2. We denote the dual space of Ḣ2β by Ḣ−2β , which

has norm ‖φ‖2−2β =
∑

j∈N λ
−2β
j 〈φ,ϕj〉2, where 〈φ,ϕj〉 denotes the duality pairing between

Ḣ−2β and Ḣ2β .
LetW denote Gaussian white noise on L2(Γ), which we may, formally, represent through

the series expansionW =
∑

j∈N ξj ϕj P-a.s., where {ξj}j∈N are independent standard Gaus-
sian random variables on (Ω,F ,P). By (Bolin et al., 2020, Proposition 2.3) this series con-
verges in L2(Ω; Ḣ−s) for any s > 1/2, and thus, W ∈ Ḣ−

1

2
−ε holds P-a.s. for any ε > 0.

Alternatively, we can represent Gaussian white noise as a family of centered Gaussian vari-
ables {W(h) : h ∈ L2(Γ)} which satisfy

(6) E[W(h)W(g)] = (h, g)L2(Γ) ∀h, g ∈ L2(Γ).

We define the Whittle–Matérn fields through the fractional-order equation

(7) Lα/2(τu) =W,
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FIG 2. Marginal variances of the Whittle–Matérn field with α= 1 and κ= 5 on two different graphs.

where τ > 0 is a constant that controls the variance of u. By the facts above in combination
with (Bolin et al., 2020, Lemma 2.1), the SPDE (7) has a unique solution u ∈ L2(Γ) (P-a.s.)
given that α> 1/2. This solution is a Gaussian random field satisfying

(8) (u,ψ)L2(Γ) =W(τ−1L−α/2ψ) P-a.s. ∀ψ ∈ L2(Γ),

with covariance operator C = τ−2L−α satisfying

(Cφ,ψ)L2(Γ) = E[(u,φ)L2(Γ)(u,ψ)L2(Γ)] ∀φ,ψ ∈ L2(Γ).

We note that u is centered, and we let % denote the covariance function corresponding to C,
defined as

(9) %(s, s′) = E(u(s)u(s′)) a.e. in Γ× Γ.

REMARK 1. This covariance function % is in general not stationary. For example, the
marginal variances at the vertices will depend on the degrees, due to the Kirchhoff vertex
conditions. In particular, compared to vertices of degree 2, the field will have a larger vari-
ance at vertices of degree 1 whereas it will have a smaller variance at vertices with higher
degrees. An example of this can be seen in Figure 2. We discuss this further in Section 5.5.

4. Sample path regularity and spectral representations. The goal of this section is to
characterize the regularity of solutions u to the SPDE (7). We will derive two main results,
as well as a few important consequences of these. The first main result, Theorem 1, provides
sufficient conditions for u to have, P-a.s., continuous sample paths, as well as sufficient
conditions for existence of the weak derivatives. In the second regularity result, Theorem 3,
we fine-tune the conditions to ensure continuity. We are then able to ensure continuity of the
sample paths even when u does not belong to Ḣ1. Furthermore, we are able to obtain Hölder
continuity, with an order depending on the fractional exponent α of (7).

To simplify the exposition, we postpone the proofs of all statements in this section to
Appendix C. However, one of the key ideas of the proofs is to use interpolation theory (see
Appendix A) to characterize the spaces Ḣα. Another main idea is to exploit a novel Sobolev
embedding for compact metric graphs, namely Theorem 2, which we introduce and prove in
this paper, as well as a suitable version of the Kolmogorov-Chentsov theorem.

We begin with the statement of our first regularity result:
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THEOREM 1. Let u be the solution of (7). If α > 3/2, then, u ∈H1(Γ). In particular, u′

exists P-a.s. and u has, P-a.s., continuous sample paths. Furthermore, let

α∗ =

{
bα− 1/2c α− 1/2 /∈N
α− 3/2 α− 1/2 ∈N,

and α̃=

{
bα/2− 3/4c α/2− 3/4 /∈N
α/2− 7/4 α/2− 3/4 ∈N .

Then, for j = 1, . . . , α∗, Dju exists P-a.s.. Also, for m = 0, . . . , α̃, D2mu exists and has
continuous sample paths P-a.s.. Moreover, for α ≥ 2 and 1 ≤ k ≤ α∗ − 1, such that k is
an odd integer, we have that, P-a.s.,

∑
e∈Ev ∂

k
eu(v) = 0, for every v ∈ V , where ∂keu is the

directional derivative of Dk−1u. Finally, if 1/2<α≤ 3/2, then u does not belong to H1(Γ)
P-a.s., so in particular, u does not have a weak derivative.

Our goal now is to obtain more refined regularity results for the field u. More precisely,
we want to show that for all α > 1/2, u has, P-a.s., continuous sample paths. Actually, we
will show that if α ≥ 1 and 0 < γ < 1/2, then u has γ-Hölder continuous sample paths and
if 1/2< α< 1, then for every 0< γ̃ < α− 1/2, u has γ̃-Hölder continuous sample paths. We
will also derive Hölder regularity properties of the derivatives for higher values of α. To that
end, we now note that these derivatives that we will consider are well-defined.

REMARK 2. For α ≥ 1 and j = 0, . . . ,
⌊
α−1

2

⌋
, we have that, for any ε > 0, the real-

izations of u belong to Ḣα− 1

2
−ε. Let j ≤ α/2 − 1/2, which implies that 2j + 1 ≤ α. Take

0< ε < 1/2 so that 2j ≤ 2j + 1/2− ε≤ α− 1/2− ε. Then, by Proposition 11 in Appendix C,
Ḣα− 1

2
−ε ⊂ Ḣ2j ⊂ H̃2j(Γ) and, therefore, D2ju is well-defined for j = 0, . . . ,

⌊
α−1

2

⌋
. By an

analogous argument, we have that Dbαcu is well-defined if bαc is even and α− bαc> 1/2.

Recall that, for two Hilbert spaces E and F , we have the continuous embedding E ↪→ F
if the inclusion map from E to F is continuous, i.e., there is a constant C > 0 such that for
every f ∈ E, ‖f‖F ≤ C‖f‖E . A crucial result that is needed in order to derive our second
regularity result is the following Sobolev-type embedding for metric graphs, whose proof is
given in Appendix C.

THEOREM 2 (Sobolev embedding for compact metric graphs). Let 1/2<α≤ 1 and Γ be
a compact metric graph. We have the continuous embedding Hα(Γ) ↪→C0,α− 1

2 (Γ).

As a direct consequence we also have the embedding:

COROLLARY 1. Let α > 1/2 and define α̃= α− 1/2 if α≤ 1 and α̃= 1/2 if α > 1. Then
Ḣα ↪→C0,α̃(Γ).

By combining the Sobolev embedding with a suitable version of the Kolmogorov-
Chentsov theorem, we arrive at the following regularity result, which shows that the smooth-
ness parameter α provides precise control over γ-Hölder continuity of the sample paths.

THEOREM 3. Fix α > 1/2 and let α̃ = α − 1/2 if α ≤ 1 and α̃ = 1/2 if α > 1. Then,
for 0 < γ < α̃, the solution u of (7) has a modification with γ-Hölder continuous sample
paths. Furthermore, if α ≥ 1, then for j = 0, . . . ,

⌊
α−1

2

⌋
, the derivative D2ju has γ-Hölder

continuous sample paths. Finally, if bαc is even and α− bαc> 1/2, then for any γ̃ such that
0< γ̃ < α− bαc − 1/2 we have that Dbαcu has γ̃-Hölder continuous sample paths.
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REMARK 3. It is noteworthy that in both Theorems 1 and 3, we can only establish con-
tinuity of the derivatives of even order. The reason is that the odd order derivatives satisfy
the boundary condition

∑
e∈Ev ∂

2k+1
e f(v) = 0, where ∂2k+1

e f is the directional derivative of
∂2kf . This condition does not ensure continuity of ∂2k+1f . Another problem is that in order
to define continuity of ∂2k+1f , one needs to fix, beforehand, a direction for each edge, as these
derivatives are direction-dependent, which shows that there is no natural way of defining con-
tinuity of such functions. On the other hand, the even order derivatives are direction-free, so
the continuity of them is well-defined.

As a consequence of the previous results, we have continuity of the covariance function:

COROLLARY 2. Fix α> 1/2, then the covariance function %(·, ·) in (9) is continuous.

We also have the following series expansion of the covariance function.

PROPOSITION 1. Let α > 1/2, then the covariance function % admits the series repre-
sentation in terms of the eigenvalues and eigenvectors of L:

%(s, s′) =

∞∑
j=1

1

(κ2 + λ̂j)α
ϕj(s)ϕj(s

′),

where the convergence of the series is absolute and uniform. Further, the series also con-
verges in L2(Γ× Γ).

The continuity of the covariance function implies that we can represent u through the
Karhunen-Loève expansion as explained in the following proposition.

PROPOSITION 2. Let α> 1/2, and let u be the solution of (7). Then,

u(s) =

∞∑
j=1

ξj(κ
2 + λ̂j)

−α/2ϕj(s),

where ξj are independent standard Gaussian variables. Further the series,

(10) un(s) =

n∑
j=1

ξj(κ
2 + λ̂j)

−α/2ϕj(s),

converges in L2(P) uniformly in s, that is, limn→∞ sups∈Γ E
(
|u(s)− un(s)|2

)
= 0.

Given that we are on a graph where the eigenfunctions of ∆Γ are known, we can use the
Karhunen-Loève expansion as a simulation method by using the truncated series expansion
(10). The rate of convergence of this approximation is clarified in the following proposition.

PROPOSITION 3. Given that α> 1/2, we have that un converges to u in L2(Ω,L2(Γ)),

lim
n→∞

‖u− un‖L2(Ω,L2(Γ)) = 0,

and there exist k ∈N and some constant C > 0 such that for all n > k

‖u− un‖L2(Ω,L2(Γ)) ≤Cn−(α−1/2).
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Moreover, we can also use the Karhunen-Loève expansion to obtain the following result on
boundary conditions of the odd-order derivatives, which will be needed in Section 5, when
we apply Theorem 5 to obtain the density of the Whittle-Matérn Gaussian process. More
precisely, there, we will use that the directional derivatives of the solution u of Lαu =W ,
for integer α> 1, satisfy the Kirchhoff boundary conditions.

PROPOSITION 4. Let α = 2k for k ∈ N, and let u be a solution of Lα/2u = Lku =W .
Then, the odd-order directional derivatives of u are continuous on each edge e ∈ E and
satisfy the Kirchhoff boundary condition,

∑
e∈Ev ∂

2m+1
e u(v) = 0, where m= 0, . . . , k− 1.

Finally, as a corollary we obtain that for α > 3/2, the solution u of (7) is mean-square
differentiable (i.e., it has L2(Ω) derivatives) at every point and the L2(Ω)-derivative agrees
with the weak derivative.

COROLLARY 3. Let u be the solution of (7). If α > 3/2, then for every edge e ∈ E ,
and every point s ∈ e, u is L2(Ω)-differentiable at s (if s is a boundary term, then one must
consider a lateral derivative). Furthermore, for every point of every edge of the graph, the
L2(Ω)-derivative coincides with the weak derivative of u. Moreover, the same result is true
for higher order derivatives when they exist.

5. The Markov subclass. Even though it is important to be able to consider a general
smoothness parameter in the Whittle–Matérn fields, we believe that the most important cases
are α ∈ N which corresponds to the case of a local precision operator Q= C−1. The reason
being that, as we will show, this results in Gaussian random fields with Markov properties.

In this section, we will show that one can compute finite dimensional distributions as
well as the covariance function of the Whittle–Matérn fields explicitly in the case α ∈ N.
We will first present the general strategy for deriving the finite dimensional distributions and
then provide details for the two most important special cases α= 1 and α= 2. Before that,
however, we provide the result that the random field indeed is Markov in these cases.

5.1. Markov properties. Let us begin recalling some basic definitions regarding random
fields and their Markov properties. To this end we will follow Rozanov (1982), adapted to
our case of random fields on compact metric graphs.

DEFINITION 1. Let Γ be a compact metric graph and {u(s) : s ∈ Γ} be a random field,
that is, for every s ∈ Γ, u(s) is a random variable. Define, for each open set S ⊂ Γ, the
σ-algebra Fu(S) = σ(u(s) : s ∈ S). The family {Fu(S) : S ⊂ Γ, S is open} is called the
random field σ-algebra induced by u.

In order to define a Markov random field, we need to define splitting σ-algebras:

DEFINITION 2. Let F1,F2 and G be sub-σ-algebras of F . We say that G splits F1 and
F2 if F1 and F2 are conditionally independent given G. That is, G splits F1 and F2 if for any
A1 ∈ F1 and any A2 ∈ F2, we have P(A1 ∩A2|G) = P(A1|G)P(A2|G).

Given any set S ⊂ Γ, we will denote the topological boundary of S by ∂S. Let, also,
(∂S)ε = {x ∈ Γ : d(x,∂S) < ε} be the ε-neighborhood of ∂S. We can now define what it
means to be a Markov random field on a metric graph.
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DEFINITION 3. Let u be a random field on a compact metric graph Γ. We say that u is
Markov if for every open set S there exists ε̃ > 0 such that for every 0 < ε < ε̃, Fu((∂S)ε)
splits Fu(S) and Fu(Γ\S), where {Fu(S) : S ⊂ Γ, S is open} is the random field σ-algebra
induced by u.

We can now state the Markov property for the Whittle–Matérn random fields on compact
metric graphs, whose proof can be found in Appendix D:

THEOREM 4. Let Γ be a compact metric graph. Let, also, κ2 > 0 and α ∈ {1,2}. Then,
the solution u of (7) is a Markov random field in the sense of Definition 3.

5.2. Finite dimensional distributions. In order to obtain the finite dimensional distribu-
tions of the solution u of the SPDE (7) one must compute the covariance function % of u.
However, % is given by the Green function of the precision operator Lα and it is in general
very difficult to compute % explicitly. Typically expressions for % are given as series expan-
sions, such as that in Proposition 1, which is something we would like to avoid. Therefore,
we will compute the covariance function in an indirect manner. To this end, we will need
some key facts about the process. The first fact is that the Kirchhoff vertex conditions allows
us to remove vertices of degree 2 (and then merging the two corresponding edges) without
affecting the distribution of u. We formulate this fact as a proposition.

PROPOSITION 5. Suppose that Γ has a vertex vi of degree 2, connected to edges ek and
e`, and define Γ̃ as the graph where vi has been removed and ek, e` merged to one new edge
ẽk. Let u be the solution to (7) on Γ, and let ũ be the solution to (7) on Γ̃, then u and ũ have
the same covariance function.

PROOF. Let aL :H1(Γ)×H1(Γ)→R denote the bilinear form corresponding to L on Γ,
and let ãL denote the corresponding bilinear form on Γ̃. Note that H1(Γ) = H1(Γ̃) due
to the continuity requirement, and since the bilinear forms coincide for all functions on
H1(Γ) =H1(Γ̃), we have that the Kirchhoff-Laplacians ∆Γ and ∆Γ̃ have the same eigen-
functions and eigenvalues. Therefore, the random fields u and ũ as defined in terms of their
spectral expansions coincide.

The second key fact of the Whittle–Matérn fields that we need for deriving the conditional
distributions is formulated in Remark 5, which is a direct consequence of the Markov prop-
erty of the process and that for α ∈ N, the precision operator of the solution u of the SPDE
(7) is a local operator. In Remark 4, we explain in more detail how we use the fact that the
precision operator is local.

REMARK 4. For α ∈ N, the precision operator of u, Lα, can be decomposed as the
sum Lαf =

∑
e∈E L

α
e f |e, where Le is the restriction of the differential operator (4) to the

edge e and f ∈ Ḣ2α. Therefore, the restriction of the Green function of Lα to an edge e is
given by the Green function of Lαe with appropriate boundary conditions. Also, note that the
covariance function of u is the Green function of the precision operator, so we have that the
restriction of the covariance function of u to the edge e coincides with the covariance function
of a Whittle-Matérn random field on the edge e with appropriate boundary conditions. Note
that when α is an even positive integer, we can actually say more. Indeed, in this case, the
restriction of the solution of Lα/2u=W to the edge e solves Lα/2e u=We, whereWe is the
restriction ofW to the edge e, that is, it acts on functions whose support is contained in e.
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REMARK 5. When we consider the finite dimensional distributions of the Whittle–
Matérn field on an edge conditionally on the values of the process at the vertices connected
to that edge, they are the same as those of a Gaussian process with a Matérn covariance
function conditionally on the vertex values.

The two key facts, together with a symmetry assumption, defines a unique covariance func-
tion of the Whittle–Matérn field when evaluated on any edge. This is shown in the following
theorem. The theorem is formulated for a multivariate random field since we will need to
consider the process and its derivatives when deriving the finite dimensional distributions of
the Whittle–Matérn fields if α> 1.

THEOREM 5. Let (Ω,F ,P) be a complete probability space and let u : R×Ω→Rd be a
stationary Gaussian Markov process with strictly positive definite (matrix valued) covariance
function r (s, t) = Cov [u (s) ,u (t)]. Then

r̃T (s, t) = r(s, t) +
[
r(s,0) r(s,T )

][ r(0,0) −r(0, T )
−r(T,0) r(0,0)

]−1 [
r(t,0)
r(t, T )

]
(11)

is a strictly positive definite covariance function on the domain [0, T ]. Further, the family
{r̃T }T∈R+

is the unique family of covariance functions on {[0, T ]}T∈R+
satisfying the fol-

lowing conditions:

i) If ũ is a centered Gaussian process on [0, T ] with covariance r̃T (s, t), then for anym ∈N,
any t ∈Rm, t = (t1, . . . , tm), and any u0,uT ∈Rd,

ũ(t)|{ũ(0) = u0, ũ(T ) = uT }
d
= u(t)|{u(0) = u0,u(T ) = uT },

where ũ(t) = (ũ(t1), . . . , ũ(tm)),u(t) = (u(t1), . . . ,u(tm)).
ii) r̃T (0,0) = r̃T (T,T ).
iii) Let T1 + T2 = T and let ũT1

, ũT2
and ũT be three independent centered Gaussian pro-

cesses with covariance functions r̃T1
(s, t) , r̃T2

(s, t) and r̃T (s, t), respectively. Define

(12) ũ∗(t) = I (t≤ T1) ũT1
(t) + I (t≥ T1) ũT2

(t− T1)|ũT1
(T1) = ũT2

(0), t ∈ [0, T ],

as the process obtained by joining ũT1
(t) and ũT2

(t) on [0, T ]. Then ũ∗
d
= ũT

The proof is given in Appendix E. The results above give us the following strategy for
deriving densities of finite dimensional distributions of Gaussian Whittle-Matérn fields on Γ:

(i) Let α ∈N , and for each edge ei define independent multivariate processes

(13) uαi (s) = [ui(s), u
′
i(s), u

′′
i (s), . . . , u

(α−1)
i (s)]>,

with covariance function (11), where r(s, t) = [rij(s, t)], rij(s, t) = ∂i−1

∂ ti−1
∂j−1

∂ sj−1 r(s, t), and
r is the Matérn covariance function (1) with ν = α− 1/2 and d(s, t) = |s− t|.

(ii) Let uαe (s) =
∑

ei∈Γ I (s ∈ ei)uαi (s), and let A denote the Kirchhoff vertex conditions.
More precisely, by Theorem 3 and Proposition 4, A encodes continuity of the functions
u(2k), k = 0, . . . , bα−1/2c, at the vertices, and that u(2k+1), k = 0, . . . , bα/2 − 1c, satisfy
the Kirchhoff boundary condition. Now, define

(14) uα(s) = [u(s), u′(s), u′′(s), . . . , u(α−1)(s)]> = uαe (s)|A.
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v1

v2

e3e2e1

e2

ē2

e3

ē3

e1

ē1

e3e2e1

FIG 3. A graph Γ (left) and the split used to define the independent edge processes (right).

Then by construction uα(s) satisfies the Kirchhoff vertex conditions, so by Proposition 5,
and Remark 5, u(s) is a solution to (7).

We can now derive the density for uα(s) evaluated at the vertices, which due to Remark 5
uniquely defines any finite dimensional distribution of u on Γ. We introduce the vector

Uα
e = [uα1 (e1),uα1 (ē1),uα1 (e2),uα1 (ē2), . . . ,uαm(em),uαm(ēm)],(15)

then the distribution for this vector is defined by

Uα
e ∼N

(
0,Q−1

e

)
,(16)

where Qe = diag({Qi}mi=1), and Qi is the precision matrix of {uαi (ei),u
α
i (ēi)} which is

given by (17) in the following basic result about the covariance function in (11), whose proof
is also given in Appendix E:

COROLLARY 4. If ũ is a Gaussian processes on [0, T ] with covariance r̃T (s, t) from
(11), then the precision matrix of [ũT (0), ũT (T )] is

(17) Q̃ = Q− 1

2

[
r(0,0)−1 0

0 r(0,0)−1

]
,

where Q is the precision matrix of [u(0),u(T )].

Since, the Kirchhoff vertex conditions are linear on Uα
e , there exists a matrix A such that

the conditions can be written as

(18) AUα
e = 0.

Thus, the distribution of the vector

Uα = [uα(e1),uα(ē1),uα(e2),uα(ē2), . . . ,uα(em),uα(ēm)],(19)

is given by Uα ∼N
(
0,Q−1

e

)
|AUα = 0. The following example illustrates this procedure

for a simple graph with three edges.

EXAMPLE 2. In the case of the graph in Figure 5.2, we have that A= {A1,A2}, where
if α= 1 we simply have

(20) A1 = {u1(e1) = u2(e2) = u3(e3)}, A2 = {u1(ē1) = u2(ē2) = u3(ē3)},
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and A is a 4× 6 matrix

A =


1 0 1 0 0 0
0 1 0 1 0 0
0 0 1 0 1 0
1 0 0 1 0 1

 .
If α= 2 we instead have

A1 = {u1(e1) = u2(e2) = u3(e3), u
(1)
1 (ei) + u

(1)
2 (ei) + u

(1)
3 (ei) = 0},

A2 = {u1(ē1) = u2(ē2) = u3(ē3), u
(1)
1 (ēi) + u

(1)
2 (ēi) + u

(1)
3 (ēi) = 0},

(21)

and A is a 6× 12 matrix

A =


1 0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 1 0
0 1 0 1 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 1 0 1

 .

We will now illustrate how to use this procedure for α= 1 and α= 2.

5.3. The case α= 1. In this case, by Theorem 1, the process is not differentiable, so we
do not need to consider any derivatives in the construction. Then it is easy to see that the
covariance in (11) with T = le is given by

r̃(s, t) = r(s− t) +
[
r(s) r(s− `e)

][ r(0) −r(`e)
−r(`e) r(0)

]−1 [
r(t)

r(t− `e)

]
(22)

=
1

2κτ2 sinh(κ`e)
(cosh(κ(`e − |s− t|)) + cosh(κ(s+ t− `e))),(23)

where r(h) = (2κτ2)−1 exp(−κ|h|). Here (23) follows by simple trigonometric identities.
Further, the precision matrix in (17) is

(24) Q̃ = (2κτ2)

[
1
2 + e−2κ`e

1−e−2κ`e − e−κ`e
1−e−2κ`e

− e−κ`e
1−e−2κ`e

1
2 + e−2κ`e

1−e−2κ`e

]
.

Since the processes is not differentiable, the conditioning step in (14) is so simple that we
can obtain an explicit precision matrix for all vertices. We formulate this as a corollary.

COROLLARY 5. For each edge ei ∈ E , define ui as a centered Gaussian process with
covariance given by (22). Define the processes u(s) on each edge as u(s)|ei = ui(s)|A where
A encodes the continuity requirement at each vertex (see (20)). Then u solves (7) on Γ with
α = 1. Further, let U be an nv-dimensional Gaussian random variable with Uj = u(vj).
Then U∼N

(
0,Q−1

)
, where the precision matrix Q has elements

(25) Qij = 2κτ2 ·


∑
e∈Evi

(
1
2 + e−2κ`e

1−e−2κ`e

)
I (ē 6= e) + tanh(κ le2 )I (ē= e) if i= j,∑

e∈Evi∩Evj
− e−κ`e

1−e−2κ`e if i 6= j.
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PROOF. Assume without loss of generality that τ2 = 1
2κ and that Γ hasm0 edges. For each

circular edge, with ē= e, add a vertex v∗ at an arbitrary location on the edge which we denote
e∗. Assume now that we have m edges. Define ū1 = [u1(0), u1(`e1), . . . , um(0), um(`em)],
which by (24) has density

fue (ue)∝ exp

(
−1

2

∑
e∈E

qe,1u
2
e(0) + qe,2u

2
e(le)− 2qe,1ue(0)ue(le)

)
,

where qe,1 = 1
2 + e−2κ`e

1−e−2κ`e and qe,2 = − e−κ`e
1−e−2κ`e . Now define uv = [u(v1), . . . , u(vnv)] and

let A be the mapping that links each vertex, vi, to its position on the edges. Then

fuv (uv) = fue (Auv)∝ exp

(
−1

2

∑
e∈E

[
qe,1u

2(e) + qe,1u
2(ē)− 2qe,2u(e)u(ē)

])

= exp

(
−1

2
u>v Quv

)
.

Now for each vertex, v∗ that was created to remove a circular edge we have the two edges e∗0
and e∗1 that split e∗ then for some vertex vi we have

fuv (uv)∝ exp

(
−1

2

(
qe∗0 ,1 + qe∗1 ,1

)2 (
u2
v∗ + u2

vi

)
− 2

(
qe∗0 ,2 + qe∗1 ,2

)
uv∗uvi ,

)
and integrating out uv∗ gives exp

(
−1

2 tanh
(
κ le∗2

)
u2
vi

)
.

Let us consider a few examples of this construction. The first is when we have a graph
with only one edge and two vertices, i.e., an interval.

EXAMPLE 3. Consider the SDE (κ2 −∆)1/2τu=W on an interval [0, `e], where ∆ is
the Neumann-Laplacian. Then the covariance function of u is given by (23).

The second special case is the circle, where we only have one continuity requirement.

EXAMPLE 4. Consider the SDE (κ2−∆)α/2τu=W on a circle with perimeter T . Then
the covariance function of u is given by

r̃(t, s) =
1

2κτ2
e−κ|s−t| +

e−κT

κτ2(1− e−κT )
cosh(κ|t− s|) =

cosh(κ(|t− s| − T/2))

2κτ2 sinh(κT/2)
.

There are close connections between the Whittle–Matérn process and the process Anderes
et al. (2020) used to define the resistance metric of a graph.

COROLLARY 6. Assume that Γ is a graph with Euclidean edges. ZG in (6) Anderes et al.
(2020), without origin node, is obtained by setting τ2 = 2κ and letting κ→ 0 in (2).

PROOF. Since a Γ is a graph with Euclidean edges there are no circular edges, hence by
the expression of Qij in (24) and L’Hôspital’s rule we have that

lim
κ→0

2κQij =

{∑
e∈Evi

1
`e

if i= j,∑
e∈Evi∩Evj

− 1
`e

if i 6= j.

Noting that `e corresponds to the distance between two vertices completes the proof.
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At this stage it is interesting to compare to the case of a Gaussian process with an expo-
nential covariance function on Γ, which (given that Γ is a graph with Euclidean edges) by
Anderes et al. (2020) is a valid Gaussian process. In the case of a graph with one edge and
two vertices (i.e., a Gaussian process on an interval), this is a Markov process and thus has
the same conditional behavior as the process in Example 3. However, in the case of a circle,
it is easy to show that this is not a Markov process. For this reason, and despite the popularity
of the exponential covariance function, we believe that the Whittle–Matérn field is a more
natural choice than a Gaussian process with an exponential covariance function for data on
metric graphs. In particular since it has the natural SPDE representation.

To conclude this section, we note that we can now write down an explicit formula for
any finite dimensional distribution of the process. For this, we need the notion of an ex-
tended graph. Suppose that we have some locations s1, . . . , sm ∈ Γ. Then we let Γ̄s denote
the extended graph where {s1, . . . , sm} are added as vertices, and the edges containing those
locations are subdivided, and where we remove any duplicate nodes (which would occur if
si ∈ V for some i). Let

(26) Q̄s =

[
Qvv Qvs

Qsv Qss

]
denote the corresponding vertex precision matrix from Corollary 5. Then we have:

COROLLARY 7. Suppose that u(s) is the solution to (7) on a metric graph Γ with α= 1.
Suppose that we have locations s1, . . . , sn ∈ Γ, and let U denote the joint distribution of u(s)
evaluated at these locations. Then U∼N (0,Q−1

s ). Here Qs = Qss −QsvQ
−1
vv Qvs where

the elements are given in (26).

5.4. The case α= 2. We now consider the second fundamental case of the Markov sub-
class. When α= 2 the process is differentiable on the edges, and the construction of u is then
slightly more involved since we need to consider u2(s) = [u(s), u′(s)]>. However, we can
still construct the process by first considering independent processes on each edge and then
combining them by conditioning on the vertex conditions. Specifically, we have the following
representation of the covariance for each edge

COROLLARY 8. For α = 2 the covariance of u on the interval [0, le] is given, as a
marginal covariance of (11), by

r̃(s, t) = r(s−t)−


r(s)
−r′(s)
r(s− `e)
−r′(s− `e)


>
−r(0) 0 r(`e) r′(`e)

0 r′′(0) −r′(`e) −r′′(`e)
r(`e) −r′(`e) −r(0) 0
r′(`e) −r′′(`e) 0 r′′(0)


−1

r(t)
−r′(t)
r(t− `e)
−r′(t− `e)

 ,
where r(h) = (4κ3τ2)−1 (1 + κ|h|) exp(−κ|h|). Further, the precision matrix for the vector
[u(0), u′(0), u(le), u

′(le)] is

Q̃ =
2κτ2

(1− 2T 2)2 − 2e2T (2T 2 + 1) + e4T


κ2q1 κq2 κ2q3 κq4

κq2 q5 κq4 q6

κ2q3 κq4 κ2q1 κq2

κq4 q6 κq2 q5

 ,
where T = κT and the q-coefficients are q1 = e4T −

(
1− 2T 2

)2
+ 4T e2T , q2 = 4T e2T ,

q3 = 2eT
(
2T 2(T − 1)−T − e2T (T + 1) + 1

)
, q4 = 2T eT

(
2T 2 − e2T − 1

)
,

q5 =−κ2
(
1− 2T 2

)2
+ e2T (2κ2 + 4

(
κ2 − 1

)
T 2 − 4T − 2

)
−
(
κ2 − 2

)
e4T ,

and q6 = 2eT
(
−2T 3 − 2T 2 + T + e2T (T − 1) + 1

)
.
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FIG 4. Marginal variances of the Whittle–Matérn field with α= 1 and κ= 5 and adjusted boundary conditions
on two different graphs.

In the case of a graph with a single edge and two vertices, i.e., an interval, we do not have
any additional constraints and can simplify the covariance r̃(s, t) as follows.

EXAMPLE 5. Consider the SDE (κ2 −∆)τu=W on an interval [0, `e], where ∆ = d2

dt2

is the Neumann-Laplacian. Then the covariance function of u is given by

r̃(t, s) =r(|h|) +
r(h) + r(−h) + e2κ`er(v) + r(−v)

2eκ`e sinh(κ`e)
+
`e cosh(κs) cosh(κt)

2κ2τ2 sinh(κ`e)2

where h= s− t, v = s+ t and r(h) = (4κ3τ2)−1 (1 + κh) exp(−κh).

In the case of a circle, we instead get the following simplification.

EXAMPLE 6. Consider the SDE (κ2 −∆)τu =W on a circle with perimeter `e. Then
the covariance function of u is given by

r(t, s) =
1

4κ3τ2 sinh(κ`e/2)

([
1 +

κ`e
2

coth

(
κ`e
2

)]
cosh(v) + v sinh(v)

)
,

where v = κ(|s− t| − `e/2).

We can derive the finite dimensional distributions for point observations of u in the case
α = 2 by first constructing the precision matrix for u and u′ and then marginalizing out
u′. This will, however, result in a dense precision matrix, and we discuss better options for
inference in Section 7.

5.5. Non symmetric boundary conditions. The assumption ii) in Theorem 5 can be re-
laxed to allow for different boundary conditions. From a practical view point the increasing
variance at boundary vertices, seen in Figure 2, often will not be ideal, instead one can make
the boundary conditions on each vertex depend on the degree. The easiest is to assume that
vertices of degree one has a stationary distribution this means that one does not remove
1
2r(0,0)−1 for one of the end points in (17). Thus for instance for α = 1, (25) would be
modified to

Qij = 2κτ2 ·


1
2I (deg(vi) = 1) +

∑
e∈Evi

(
1
2 + e−2κ`e

1−e−2κ`e

)
I (ē 6= e) + tanh(κ le2 )I (ē= e) i= j,∑

e∈Evi∩Evj
− e−κ`e

1−e−2κ`e i 6= j.
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FIG 5. A realization of a Whittle–Matérn field with α= 1, κ= 2, and τ = 1/24 over a New York street network
(left) and example of the covariance of the field between one point in the network and all others (right). The graph
contains 21297 edges and 13026 vertices.

This adjustment corresponds to changing the vertex conditions at vertices of degree 1. With
this adjustment, we obtain the marginal variances shown in Figure 4 for the examples in
Figure 2. We applied this boundary condition to the field generated in Figure 5, where the
graph is generated on a connected component of the street map of New York (City of New
York, 2017). The graph contains 21297 edges and 13026 vertices and the process has α= 1.

It might be possible to remove the sink in the variance for vertices with degree greater than
two, seen in Figure 2, by adjusting the precision matrix in a similar way as in Corollary 4.
However, we leave investigations of such adjusted boundary conditions for future work.

6. Statistical properties. In this section, we consider the most important statistical prop-
erties of the Whittle–Matérn fields. Let µ(·;κ, τ,α) = N(0,L−α) denote the Gaussian mea-
sure corresponding to u on L2(Γ). That is, for every Borel set B ∈ B(L2(Γ)), we have

µ(B;κ, τ, β) = P({ω ∈Ω : u(·,w) ∈B}).

In the following subsections, we first investigate consistency of maximum-likelihood pa-
rameter estimation of the Whittle–Matérn fields, and then consider asymptotic optimality of
kriging prediction based on misspecified model parameters.

6.1. Parameter estimation. Recall that two probability measures µ, µ̃ on L2(Γ) are said
to be equivalent if for any Borel setB, µ(B) = 0 holds if and only if µ̃(B) = 0. If, on the other
hand, there exists a Borel setB such that µ(B) = 0 and µ̃(B) = 1, one says that the measures
are orthogonal. Equivalence and orthogonality plays a crucial role in the study of asymptotic
properties of Gaussian random fields. Necessary and sufficient conditions for equivalence
are given by the Feldman–Hájek theorem (Da Prato and Zabczyk, 2014, Theorem 2.25);
however, the conditions of this theorem are given in terms of the corresponding covariance
operators and are therefore difficult to verify in general.

In our setting, we have that the covariance operators for two Whittle–Matérn fields diago-
nalize with respect to the eigenfunctions of the Kirchhoff-Laplacian. This allows us to derive
the following result concerning equivalence of measures for the Whittle–Matérn fields on
metric graphs.

PROPOSITION 6. Suppose that µ(·;κ, τ,α) and µ(·; κ̃, τ̃ , α̃) are two Gaussian measures
on L2(Γ) as defined above, with parameters κ, τ > 0, α > 1/2 and κ̃, τ̃ > 0, α̃ > 1/2 respec-
tively. Then µ(·;κ, τ,α) and µ(·; κ̃, τ̃ , α̃) are equivalent if and only if α= α̃ and τ = τ̃ .
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PROOF. The two Gaussian measures can be written as µ(·;κ, τ,α) = N(0, τ−2L−α) and
µ(·; κ̃, τ̃ , α̃) = N(0, τ̃−2L̃−α̃), where L = κ2 + ∆Γ and L̃ = κ̃2 + ∆Γ. Recall that {λ̂i} and
{ϕi} denote the eigenvalues and corresponding eigenvectors of the Kirchhoff-Laplacian and
that {ϕi} forms an orthonormal basis of L2(Γ) and that this is also an eigenbasis for both L
and L̃, with corresponding eigenvalues λj = κ2 + λ̂j and λ̃j = κ̃2 + λ̂j respectively. Define
cj := τ̃2/ατ−2/αλ̃δjλ

−1
j for some δ > 0. Then, the asymptotic behavior of the eigenvalues λ̂j

in (3) shows that 0< c− < cj < c+ <∞ if and only if δ = α̃/α= 1. In this case we have that
limj→∞ cj = (τ̃ /τ)2/α. This means that we can only have that

∑∞
j=1(cj − 1)2 <∞ if τ = τ̃

and α= α̃. The results then follows by Corollary 3.1 of Bolin and Kirchner (2022).

Note that Gaussian measures are either equivalent or orthogonal (Bogachev, 1998, Theo-
rem 2.7.2). Thus, whenever α 6= α̃ or τ 6= τ̃ , the Gaussian measures are orthogonal. On the
other hand, if only κ 6= κ̃, the measures are equivalent. This has important consequences for
parameter estimation. It is well-known (Zhang, 2004) that all parameters of Matérn fields on
bounded subsets of R2 cannot be estimated consistently under infill asymptotics, but that one
can estimate the so-called micro-ergodic parameter, which in our case corresponds to τ . The
following proposition shows that τ in the Whittle–Matérn fields on metric graphs also can be
estimated consistently.

PROPOSITION 7. Suppose that u1, u2, . . . is a sequence of observations of u at distinct
locations s1, s2, . . . that accumulate at every point in Γ. Assume that α is known and fix κ at
some value κ∗. Let τn denote the value of τ that maximizes the likelihood L(y1, . . . , yn; τ,κ∗)
over τ ∈R+. Then τn→ τ , µ-a.s.

PROOF. Let fn,τ be the probability density function of the vector (u(s1), . . . , u(sn))> and
define ρn = log fn,τ,κ − log fn,τ∗,κ∗ . By Proposition 6, the Gaussian measures µ(·;κ, τ,α)
and µ(·;κ, τ∗, α) are orthogonal if τ∗ 6= τ and equivalent if τ∗ = τ . Also, by continuity of
sample paths (Theorem 3), we can apply (Gikhman and Skorokhod, 1974, Theorem 1, p.100).
Therefore, if τ∗ 6= τ , we have that ρn→−∞. If, on the other hand, τ∗ = τ , then ρn→ logC ,
where C is the Radon–Nikodym derivative dµ(u;κ, τ,α)/dµ(u;κ∗, τ,α). Then the result
follows by the same arguments as in the proof of (Zhang, 2004, Theorem 3): It is enough
to show that τn → τ µ-a.s., and it is therefore sufficient to show that for any ε > 0, there
exists an integer N such that for n >N and |τ − τ∗|> ε, ρn < logC − 1. This fact follows
immediately from the concavity of the log-likelihood function Ln = log fn,τ .

6.2. Kriging prediction. In this section, we want to characterize the asymptotic prop-
erties of linear prediction for u based on misspecified parameters. A sufficient criteria for
asymptotic optimality is equivalence of the corresponding Gaussian measures (Stein, 1999),
which by Proposition 6 means that we obtain asymptotically optimal linear prediction as soon
as α̃ = α and τ̃ = τ . However, by Kirchner and Bolin (2022) we know that equivalence of
measures is not necessary, and in this section we show that we in fact only need α̃ = α to
obtain asymptotic optimality.

To clarify the setup, let Z denote the vector space of all linear combinations of u, i.e.,
elements of the form γ1u(s1) + . . .+ γKu(sK), where K ∈ N and γj ∈ R, sj ∈ Γ for all
j ∈ {1, . . . ,K}. To characterize optimal linear prediction for u, we introduce the Hilbert
space H as the closure of, with respect to the norm ‖ · ‖H induced by the inner product,( K∑

j=1

γju(sj),

K′∑
k=1

γ′ku(s′k)

)
H

:=

K∑
j=1

K′∑
k=1

γjγ
′
kE
[
u(sj)u(s′k)

]
.
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Suppose now that we want to predict h ∈ H based on a set of observations {ynj}nj=1 of the
process. Then, the best linear predictor, hn, is the H-orthogonal projection of h onto the
subspace Hn := span

{
y0
nj

}n
j=1

.
A relevant question is now what happens if we replace if we replace hn with another

linear predictor h̃n, which is computed based on a Whittle–Matérn field with misspecified
parameters. To answer this, we assume that the set of observations

{
{ynj}nj=1 : n ∈N

}
yields

µ-consistent kriging prediction, i.e.,

(27) lim
n→∞

E
[
(hn − h)2

]
= lim
n→∞

‖hn − h‖2H = 0.

Following (Kirchner and Bolin, 2022), we let Sµadm denote the set of all admissible sequences
of observations which provide µ-consistent kriging prediction. We then have the following
result regarding the Whittle–Matérn fields.

PROPOSITION 8. Let hn, h̃n denote the best linear predictors of h ∈H based onHn and
the measures µ(·;κ, τ,α) and µ(·; κ̃, τ̃ , α̃). Set H−n :=

{
h ∈ H : E

[
(hn − h)2

]
> 0
}

. Then,
any of the following statements,

lim
n→∞

sup
h∈H−n

E
[
(h̃n − h)2

]
E
[
(hn − h)2

] = lim
n→∞

sup
h∈H−n

Ẽ
[
(hn − h)2

]
Ẽ
[
(h̃n − h)2

] = 1,(28)

or, for some c ∈R+,

lim
n→∞

sup
h∈H−n

∣∣∣∣∣ Ẽ
[
(hn − h)2

]
E
[
(hn − h)2

] − c∣∣∣∣∣= lim
n→∞

sup
h∈H−n

∣∣∣∣∣E
[
(h̃n − h)2

]
Ẽ
[
(h̃n − h)2

] − 1

c

∣∣∣∣∣= 0,(29)

holds for all {Hn}n∈N ∈ Sµadm if and only if α = α̃. In this case, the constant c in (29) is
c= (τ̃ /τ)2/α.

PROOF. We use the same notation as in the proof of Proposition 6, and thus have
µ(·;κ, τ,α) = N(0, τ−2L−α) and µ(·; κ̃, τ̃ , α̃) = N(0, τ̃−2L̃−α̃), where L = κ2 + ∆Γ and
L̃ = κ̃2 + ∆Γ. Since both measures are centered, we have by (Kirchner and Bolin, 2022)
that that necessary and sufficient conditions for any of the statements in (28) or (29) is:

i The operators τ−2L−α and τ̃−2L̃−α̃ have isomorphic Cameron–Martin spaces.
ii There exists c > 0 such that L−α/2L̃α̃L−α/2 − c−1I is a compact operator on L2(Γ).

As in Proposition 6, define cj := τ̃1/βτ−2/αλ̃δjλ
−1
j for some δ > 0. Then, the asymptotic

behavior of the eigenvalues of the Kirchhoff-Laplacian shows that 0< c− < cj < c+ <∞ if
and only if δ = α̃/α = 1. In this case we have that limj→∞ cj = (τ̃ /τ)2/α. The result then
follows from Corollary 3.1 in Bolin and Kirchner (2022).

7. Inference for the Markov subclass. In this section we are interested practical meth-
ods for estimating the parameters of the Whittle–Matérn fields on a graph Γ in the Markov
case, as well as performing prediction for unobserved locations. We will consider both the
case of direct observations of the random field as well as observations under Gaussian mea-
surement noise. That is, we assume that we have observations y = [y1, . . . , yn] at locations
s1, . . . , sn where si ∈ Γ, which in the first setting are obtained as yi = u(si) and in the second
as

yi|u(·)∼N
(
u(si), σ

2
)
.
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When studying prediction we will look at a set of location s∗ ∈ Γ and predict u(s∗)|y based
on the corresponding conditional distribution.

We will start by considering inference in the case α= 1, where we will provide two possi-
ble methods for computing the likelihood. The first method is the standard method for latent
Gaussian processes, while the second utilizes that one can integrate out certain variables with
help of the Markov property of the exponential covariance function. After this we will extend
the method to processes with higher values of α ∈ N, which is much less straightforward
compared to the exponential case.

7.1. Inference for the case α = 1. The easiest method to derive inference is to expand
the graph Γ to include the observations locations s1, . . . , sn, which we denote Γ̄s, and con-
sider the random variable Ū = [u(v1), . . . , u(vm), u(s1), . . . u(sn)] obtained by evaluating
the Gaussian processes at the vertices of the extended graph. In the case of direct observa-
tions, the likelihood is then obtained by Corollary 7, and in the case of observations under
measurement noise we have

Ū∼N
(
0,Q−1

)
,

y|u(·)∼N
(
B̄Ū, σ2I

)
,

where B̄ = [0n×m, In×n] and Q is the precision matrix defined by (25). The resulting log-
likelihood is thus

l(σ, τ,κ) = log

(
|Q|1/2 σn∣∣Qp

∣∣1/2
)
− 1

2σ2
yTy +

1

2
µTQpµ,

where Qp = Q + 1
σ2 B̄

T
B̄ and µ = Q−1

p
B̄
T
y

σ2 . In either case, it is straightforward to perform
prediction of unobserved nodes by including the prediction locations in the graph, computing
the joint density of the observations and the prediction locations, and finally computing the
conditionally distribution using the standard formulas for conditionally densities of Gaussian
Markov random fields (see, e.g., Rue and Held, 2005).

An alternative method in the case of indirect observations is to utilize the fact that the
Gaussian processes on the different edges are independent given U = [u(v1), . . . , u(vm)], and
that these processes have exponential covariance functions conditionally on the vertex values.
Let yei denote all observations on edge ei, let ti denote the position of their observations on
the edge, and set si = [0, lei ]. Then the set of observations {yei}

l
i=1, are independent given

U with distribution given by yei |u(·)∼N (BiU,Σi) . Here

Bi = r1(ti, si)r1(si, si)
−1Bv(ei),

Σi = r1(ti, ti)− r1(ti, si)r1(si, si)r1(ti, si)
> + σ2I,

where Bv(ei) is the matrix such that Bv(ei)U = u(si) and r1(t, s) is a matrix with elements
r1(t, s)ij = Cov [u(ti), u(sj)] = r1(ti, sj), where r1 is given by (1) with ν = 1/2. Note
that the matrices do not depend on r̃ in Theorem 5 since r̃ satisfies Remark 5 and, hence,
u (ti) |u (si) has a conditional exponential covariance structure. The resulting log-likelihood
is thus given by

l(σ, τ,κ) = log

(
|Q|1/2∣∣Qp

∣∣1/2∏l
i=1 |Σi|1/2

)
+

1

2
µTQpµ−

1

2

l∑
i=1

yTi Σ−1
i yi,

where Qp = Q + BT
i Σ−1

i Bi and µ = Q−1
p

∑l
i=1 BT

i Σ−1
i yi.
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7.2. Inference for the case α ∈ N + 1. In order to derive the density of the observations
in the case α ∈ N we use the construction of the distribution from Section 5. That is, we
consider centered independent Gaussian processes uαi on each edge ei with covariance given
by (11), and then generate the Kirchhoff boundary condition by (18). As noted in Section 5
it suffices to derive the density of

Uα = [uα(e1),uα(ē1),uα(e2),uα(ē2), . . . ,uα(em),uα(ēm)].

The classical method for deriving the density with linear constraint, AUα = 0, (see Rue
and Held (2005)) requires computing AQ−1AT where Q is the precision matrix of Uα.
Using this method would mean that one cannot take advantage of the Markov properties of
the process to obtain a computationally efficient method. However, as we will now see, one
can use the ideas developed in Bolin and Wallin (2021) to reduce the computational costs
significantly.

To define the likelihood (the density of the observations given Uα) we use the same nota-
tion as in the α= 1 case, and have the same formula

yei |u
α(·)∼N (Biu,Σi) .

Now to formulate Bi and Σi we need the matrices

Rs,s = Cov [x (s) , x (s)] , Rt,t = Cov [xα (t) ,xα (t)] , and Rs,t = Cov [x (s) ,xα (t)] ,

where x is a Gaussian processes with Matérn covariance function (1), where ν = α − 1/2

and d(s, t) = |s− t|. Then Bi = Rs,tR
−1
t,tBv(ei) and Σi = Rs,s−Rs,tR

−1
t,tR

>
s,t + σ2I. This

allows us to write the likelihood as

πY |Uα(y|u) =N (y;Bu,Σ)(30)

where B = diag ({Bi}mi=1) and Σ = diag ({Σi}mi=1). Before conditioning on the Kirchhoff
boundary condition we have πUα (u) =N

(
u;0,Q−1

)
with Q = diag ({Qi}mi=1), where Qi

is given by Corollary 4.
In Bolin and Wallin (2021) the authors derived a computationally efficient method for

computing the likelihood in the above situation when {Σi}mi=1 are diagonal matrices. We
cannot directly apply these results since we do not have diagonal matrices, so we will now
generalize the method to our situation. The idea is to change basis of u in such a way that the
constraints imposed via A become non-interacting, since one can then trivially write down
the likelihood. This means that we transform u to u∗ = Tu such that the k constraints of
A act only on u∗C where C = {1, . . . , k}. We denote the remaining, unconstrained, nodes by
u∗U . We let T denote the change-of-basis matrix of A, which can be computed efficiently
through Algorithm 2 in Bolin and Wallin (2021). It should be noted that the constrains in A
are sparse and non-overlapping in the sense that each constraint acts on only one vertex. This
means that computational complexity of creating T through Algorithm 2 in Bolin and Wallin
(2021) is linear in the number of vertices.

We now show how one can use the change of basis to facilitate computationally efficient
inference. The following two theorems provide the expressions needed.

THEOREM 6. Let U ∼ N
(
µ,Q−1

)
be a m-dimensional Gaussian random variable

where Q is a symmetric and positive definite matrix. Let Y be a n-dimensional Gaussian
random variable with Y|U∼N (BU,Σ) , where Σ is a positive definite matrix. Further let
A be a k×m matrix of full rank, take b ∈Rk, and let T be the change-of-basis matrix of A
and define Q∗ = TQT> and B∗ = BT>. Then the density of Y|AU = b is

πc(y) =
|Q∗UU |

1

2 |Σ|−1/2

(2π)c0 |Q̂
∗
UU |

1

2

exp

(
−1

2

[
yTΣ−1y

σ2
Y

+ µ̃∗>U Q∗UU µ̃
∗
U − µ̂∗>U Q̂

∗
UU µ̂

∗
U

])
,
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where c0 > 0 is a constant independent of the parameters, Q̂
∗
UU = Q∗UU + (B∗U )>Σ−1 B∗U

with [b∗,µ∗] = T [bµ], and finally µ̂∗U =
(
Q̂
∗
UU

)−1 (
Q∗UU µ̃

∗
U + (B∗U )>Σ−1 y

)
with

µ̃∗ =

[
b∗

µ∗U − (Q∗UU )−1 Q∗UC (b∗ −µ∗C)

]
.

THEOREM 7. Let U ∼ N
(
µ,Q−1

)
be a m-dimensional Gaussian random variable

where Q is a symmetric positive definite matrix and suppose that Y is a n-dimensional
Gaussian random variable satisfying Y|U∼N (BU,Σ) , where Σ is positive definite. Fur-
ther let A be a k ×m matrix of full rank, b ∈ Rk, and let T be the change-of-basis matrix
of A. Then

U|AU = b,Y = y∼N
(
µ̂, Q̂

)
,

where Q̂ = T>U ,Q̂
∗
UUTU , and µ̂ = T>

[
b∗

µ̂∗U

]
. Here Q̂

∗
UU and µ̂∗U are given in Theorem 6.

These two theorems directly provide numerically efficient methods for sampling and like-
lihood inference for our Gaussian random fields on Γ since standard sparse matrix methods
can be used to evaluate the expressions. The proofs of the theorems are given in Appendix F.

8. A comparison to models based on the graph Laplacian. Borovitskiy et al. (2021)
suggested constructing Gaussian Matérn fields on graphs based on the graph Laplacian. As
previously mentioned, this method does not define a stochastic process on the metric graph,
but only a multivariate distribution at the vertices. In this section we will investigate the
connection between this approach and our Whittle–Matérn fields. For simplicity we assume
that α= 1 so that the precision matrix at the vertices of the Whittle–Matérn field is given by
Corollary 5.

The model proposed by Borovitskiy et al. (2021) for a graph Γ = (V,E) is to define a
Gaussian process uV on V via

(κ̂2I + D−W)α/2uV ∼N(0, I),

where W is the adjacency matrix of the graph and D is a diagonal matrix with elements
Dii = di =

∑nV
j=1Wi,j . For α= 1 this simply means that uV is a multivariate normal distri-

bution with precision matrix Q̂ with elements

(31) Q̂i,j =


κ̂2 + di i= j

−1 i∼ j
0 otherwise,

where i ∼ j denotes that the vertices i and j are neighbors in the graph. Comparing this
expression to that in Corollary 5 we see that this defines a different distribution than that of
the Whittle–Matérn field on Γ evaluated on V . However, suppose that we take a graph such
as that shown in Figure 1 and subdivide each edge into pieces of length h, so that we obtain
a new graph Γh with edges of length h. In this graph, most vertices now have degree 2, and
if we then define ĉ = e−κh/(1 − e−2κh) and consider ĉQ̂ for this graph, where we choose
κ̂2 = ĉ−1 + 2e−κh − 2, we obtain that

(32) ĉQ̂i,j =


Qi,i i= j and di = 2

Qi,i + 1− d
2 + ĉ(d− 2)(e−κh − 1) i= j and di 6= 2

Qi,j i 6= j
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Thus, the precision matrix ĉQ̂ agrees with the precision matrix of the Whittle–Matérn field
for all vertices except those with degree different than 2. Hence, the construction based on the
graph Laplacian can be seen as an approximation of our exact construction, and the difference
between the covariance matrices Σ = Q−1 and Σ̂ = ĉ−1Q̂

−1
will be small if h is small and

most vertices have degree 2.
For example, suppose that we in the graph only have one vertex with degree 3, whereas

the other vertices have degree 2. Then ĉQ̂ = Q + vvT , where v is a vector with all zeros
except for one element

vi =

√
1− d

2
+ ĉ(d− 2)(e−κh − 1).

Then, via the Sherman–Morrison formula we obtain

Σ− Σ̂ =
vi

1 + v2
i Σii

ΣiΣ
>
i ,

where Σi is the ith column of Σ. Since vi→ 0 as h→ 0, we see that each element in the dif-
ference Σ− Σ̂ converges to 0 as h→ 0. Thus, the construction based on the graph Laplacian
can in some sense be viewed as a finite difference approximation of the true Whittle–Matérn
field. Note, however, that for a non-subdivided graph, the difference between the construction
based on the graph Laplacian and the exact Whittle–Matérn field can be large. Also, subdi-
viding the graph in order to get a good approximation would induce a high computational
cost. Thus, we cannot think of any reasons for why one would use the construction based
on the graph Laplacian as an approximation of the exact Whittle–Matérn field for practical
applications.

9. Discussion. We have introduced the Gaussian Whittle-Matérn random fields on met-
ric graphs and have provided a comprehensive characterization of their regularity properties
and statistical properties. We argue that this class of models is a natural choice for applica-
tions where Gaussian random fields are needed to model data on metric graphs. Of particular
importance here are the Markov cases α ∈ N. We derived explicit densities for the finite di-
mensional distributions in the exponential case α = 1, where we can note that the model
has a conditional autoregressive structure of the precision matrix (Besag, 1974). For the dif-
ferentiable cases, such as α = 2, we derived a semi-explicit precision matrix formulated in
terms of conditioning on vertex conditions. In both cases, we obtain sparse precision matri-
ces that facilitates the use in real applications to big datasets via computationally efficient
implementations based on sparse matrices (Rue and Held, 2005).

There are several extensions that can be considered of this work. The most interesting in
the applied direction is to use the models in log-Gaussian Cox processes to model count data
on networks, where it is likely that most applications of this work can be found. For example,
log-Gaussian Cox processes on linear networks can be suitable for modeling of apartments
sales or murders in cities or accidents on road networks. Another interesting aspect is to
consider generalized Whittle–Matérn fields, where we would allow the parameters κ and τ
to be non-stationary over the graph. In the Markov case, a natural extension is to expand
Theorem 5 to allow for a non-stationary covariance, and also relax condition ii) to allow
for a directional relation in the Gaussian random field. In the non-Markovian case, a natural
extension is to use a finite element method combined with an approximation of the fractional
operator, similarly to the methods by Bolin et al. (2020) and Bolin and Kirchner (2020), to
derive numerical approximations of the random fields. An other interesting extension is to
consider Type-G extensions of the Gaussian Whittle–Matérn fields similarly to the Type-G
random fields in (Bolin and Wallin, 2020). An interesting property in such a construction is
that the process on each edge could be represented as a subordinated Gaussian process.
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APPENDIX A: REAL INTERPOLATION OF HILBERT SPACES

Let H0 and H1 be two Hilbert spaces, with corresponding inner products (·, ·)H0
and

(·, ·)H1
, respectively. Let, also, H1 ⊂ H0 and for every u ∈ H1, ‖u‖H1

≥ ‖u‖H0
, where

‖u‖2Hj = (u,u)Hj , j = 0,1. We say that a Hilbert space H is an intermediate space between
H0 and H1 if H1 ⊂H ⊂H0, with continuous embeddings. We say that H is an interpolation
space relative to (H0,H1) if H is an intermediate space and for every bounded linear opera-
tor T :H0→H0 such that T (H1)⊂H1 and the restriction T |H1

:H1→H1 is bounded, we
also have that T (H)⊂H and T |H :H→H is bounded.

We will consider the so-called K method of real interpolation. For further discussions on
such methods we refer the reader to Lunardi (2018), McLean (2000) or Chandler-Wilde et al.
(2015). Define the K-functional for t > 0 and φ ∈H0 as

(33) K(t, φ;H0,H1) = inf{(‖φ0‖2H0
+ t2‖φ1‖2H1

)1/2 : φj ∈Hj , j = 0,1, φ0 + φ1 = φ},

and for 0<α< 1, define the weighted L2 norm by

(34) ‖f‖α =

(∫ ∞
0
|t−αf(t)|2dt

t

)1/2

.

Then we have the following interpolation space for 0<α< 1,

(35) (H0,H1)α = {φ ∈H0 : ‖K(·, φ;H0,H1)‖α <∞},

which is a Hilbert space with respect to the inner product

(φ,ψ)(H0,H1)α =

∫ ∞
0

t−2αK(t, φ;H0,H1)K(t,ψ;H0,H1)
dt

t
.

Let, now H̃0 and H̃1 be two additional Hilbert spaces, with Hilbertian norms ‖ · ‖H̃0
and

‖ · ‖H̃1
, respectively, such that H̃1 ⊂ H̃0 and for every u ∈ H̃1, we have ‖u‖H̃1

≥ ‖u‖H̃0
.

We say that T : H0 → H̃0 is a couple map, and we write T : (H0,H1)→ (H̃0, H̃1) if T
is a bounded linear operator, T (H1) ⊂ H̃1, and T |H1

: H1 → H̃1 is also a bounded linear
operator.

Given Hilbert spacesH and H̃ , we say that (H,H̃) is a pair of interpolation spaces relative
to
(

(H0,H1), (H̃0, H̃1)
)

if H and H̃ are intermediate spaces with respect to (H0,H1) and

(H̃0, H̃1), respectively, and if, whenever T : (H0,H1)→ (H̃0, H̃1) is a couple map, we have
that T (H)⊂ H̃ and that T |H :H→ H̃ is a bounded linear operator.

The following theorem, which is proved in (Chandler-Wilde et al., 2015, Theorem 2.2),
tells us that if H and H̃ are both obtained from the K method, then the pair (H,H̃) is an
interpolation pair:

THEOREM 8. Let 0 < α < 1. Then,
(

(H0,H1)α, (H̃0, H̃1)α

)
is a pair of interpolation

spaces with respect to
(

(H0,H1), (H̃0, H̃1)
)

.

APPENDIX B: THE FRACTIONAL SOBOLEV SPACE Hα(I)

In this section we will provide different definitions for the Sobolev space of arbitrary
positive order on a bounded interval I = (a, b), and show how they are connected. All the
proofs and details of the results in here can be found in McLean (2000) and Demengel and
Demengel (2007). The final result on interpolation of Fourier-based fractional Sobolev spaces
can be found in Chandler-Wilde et al. (2015).
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We begin with the definition of the Sobolev spaces of positive integer orders. Let C∞c (I)
be the space of infinitely differentiable functions on I with compact support.We say that a
function f ∈ L2(I) has a weak derivative of order m if there exists a function v ∈ L2(I) such
that for every φ ∈C∞c (I),∫

I
u(t)

dmφ(t)

dtm
dt= (−1)m

∫
I
v(t)φ(t)dt.

In this case we say that v is the mth weak derivative of u and we write v =Dmu.
The Sobolev space Hm(I) is defined as

(36) Hm(I) = {u ∈ L2(I) :Dju exists for every j = 1, . . . ,m},
and we have the following characterization of H1(I):

(37) H1(I) = {u ∈ L2(I) : u is absolutely continuous}.
We will now define the fractional Sobolev-Slobodeckij space of order 0<α< 1. To this end,
first we consider the Gagliardo-Slobodeckij semi-norm and the corresponding bilinear form

[u]α =

(∫
I

∫
I

|u(t)− u(s)|2

|t− s|2α+1
dtds

)1/2

, [u, v]α =

∫
I

∫
I

(u(t)− u(s))(v(t)− v(s))

|t− s|2α+1
dtds.

The Sobolev-Slobodeckij space Hα
S (I) = {u ∈ L2(I) : [u]α <∞}, for 0<α< 1, is then a

Hilbert space with respect to the inner product (u, v)Hα
S (I) = (u, v)L2(I) + [u, v]α. We have

the following Sobolev embedding (Demengel and Demengel, 2007, Theorem 4.57):

THEOREM 9. For 1/2 < α ≤ 1, we have that Hα
S (I) ↪→ C0,α−1/2(I), where we define

H1
S(I) :=H1(I).

We also have Fourier-based fractional Sobolev spaces. To define these, let

S(R) = {u ∈C∞(R) : ∀a, b ∈N, sup
x∈R
|xaDbu(x)|<∞}

be the Schwartz space of rapidly decreasing functions, whereC∞(R) is the space of infinitely
differentiable functions in R. Let S ′(R) be the dual of S(R) and we embed L2(R) in S ′(R)
by the action 〈u, v〉= (u, v)L2(R), where u ∈ L2(R) and v ∈ S(R). Let, for u ∈ S(R), F(u)
be the Fourier transform of u:

F(u)(x) =
1√
2π

∫
R
e−ixtu(t)dt.

We can then extend F to a map from S ′(R) to S ′(R), see, for instance, McLean (2000). For
α ∈R, we define Hα

F (R)⊂ S ′(R) as Hα
F (R) = {u ∈ S ′(R) : ‖u‖Hα

F (R) <∞}, where

‖u‖Hα
F (R) =

(∫
R
(1 + |x|2)α|F(u)(x)|2dx

)1/2

.

Note that the above norm assumes two things: that F(u) can be identified with a measurable
function, and that (1 + |x|2)α/2|F(u)(x)| belongs to L2(R).

We can now define the Fourier-based fractional Sobolev spaces on a bounded interval I .
To this end, let D(I) = C∞c (I), and D′(I) be its dual. Then, we define the Fourier-based
Sobolev space of order α as Hα

F (I) = {u ∈ D′(I) : u = U |I for some U ∈Hs
F (R)}, where

U |I is the restriction of the distribution U to the set I , see (McLean, 2000, p. 66). The space
Hα
F (I) is a Hilbert space with respect to the norm ‖u‖Hα

F (I) = inf{‖U‖Hα
F (R) : U |I = u}.

Recall that two Hilbert spaces E and F are isomorphic, which we denote by E ∼= F , if
E ↪→ F ↪→ E. The two definitions of fractional Sobolev spaces are in fact equivalent in this
sense, (McLean, 2000, Theorems 3.18 and A.4):
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THEOREM 10. For any bounded interval I ⊂ R and any 0 ≤ α ≤ 1, we have that
Hα
S (I)∼=Hα

F (I), where H1
S(I) =H1(I) and H0

S(I) = L2(I).

The advantage of the Fourier-based definition of fractional Sobolev spaces is that it is
suitable for interpolation. Indeed, we have by (Chandler-Wilde et al., 2015, Lemma 4.2 and
Theorem 4.6):

THEOREM 11. Let I ⊂ R be a bounded interval, α0 ≤ α1, and θ ∈ (0,1). Further, set
α= α0(1− θ) + α1θ. Then, Hα

F (I)∼= (Hα0

F (I),Hα1

F (I))θ.

Finally, for 0 < α < 1 we have the following identification of the interpolation-based
Sobolev space Hα(I) = (L2(I),H1(I))α.

PROPOSITION 9. For 0<α< 1 and any bounded interval I , we have Hα(I)∼=Hα
S (I).

PROOF. By Theorem 10, we have that H0
F (I) ∼= L2(I) and H1

F (I) ∼= H1(I). Thus, it
follows from the same arguments as in the proof of Corollary 10 that

(38) Hα(I) = (L2(I),H1(I))α ∼= (H0
F (I),H1

F (I))α.

Now, by Theorems 10–11 and (38), we have that Hα(I)∼=Hα
F (I)∼=Hα

S (I).

As an immediate consequence we obtain a Sobolev embedding for the interpolation-based
fractional Sobolev space:

COROLLARY 9. For 1/2<α≤ 1, we have that Hα(I) ↪→C0,α−1/2(I).

PROOF. Follows directly from Proposition 9 and Theorem 9.

APPENDIX C: PROOFS OF THE RESULTS IN SECTION 4

We start by introducing some additional notation that we need in this section. For two
Hilbert spaces E and F , recall that E ∼= F if E ↪→ F ↪→E. The space of all bounded linear
operators from E to F is denoted by L(E;F ), which is a Banach space when equipped with
the norm ‖T‖L(E;F ) = supf∈E\{0}

‖Tf‖F
‖f‖E . We let E∗ denote the dual of E, which contains

all continuous linear functionals f :E→R.
Note that the eigenfunctions {ϕi}i∈N of ∆Γ form an orthonormal basis of L2(Γ) and is an

eigenbasis for L defined in (4). Also note that ϕi satisfies aL(ϕi, φ) = λi(ϕi, φ)L2(Γ), where
aL is defined in (5). In particular, ϕi ∈H1(Γ) for every i ∈N. The above expression implies
that for each i ∈N,

(39) (ϕ′i, φ
′)L2(Γ) =

∑
e∈E

(ϕ′i, φ
′)L2(e) = (λi − κ2)(ϕi, φ)L2(Γ),

so if λi = κ2 then ‖ϕ′i ‖L2(Γ) = 0 and ϕi is constant on each edge e ∈ E . Since ϕi ∈H1(Γ),
we have that ϕi is continuous and, therefore, ϕi is constant on Γ. Thus, we directly have that
if ϕi is non-constant, which means that ‖ϕ′i ‖2L2(Γ) > 0, then λi > κ2. This also tells us that
the eigenspace associated to the eigenvalue λi = κ2 has dimension 1.

Throughout the proofs we will assume, without loss of generality, that τ = 1 to keep the
notation simple.

PROPOSITION 10. We have the identification Ḣ1 ∼=H1(Γ).
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PROOF. By (Kostenko et al., 2022, Section 2.3) we have D(L) = H̃2(Γ)∩C(Γ)∩K(Γ),

whereK(Γ) = {f ∈ H̃2(Γ) :
∑

e∈Ev ∂ef(v) = 0}. Therefore,D(L)⊂H1(Γ). For f ∈D(L),
define the energetic norm

‖f‖2E = aL(f, f) = (L1/2f,L1/2f)L2(Γ) = (κ2f, f)L2(Γ) +
∑
e∈E

(f ′, f ′)L2(e).

Since κ2 > 0, it is immediate that ‖·‖E is equivalent to ‖·‖H1(Γ). Further, by (Kostenko et al.,
2022, Theorem 2.8 and Remark 3.1),D(L) is dense inH1(Γ), with respect to ‖·‖H1(Γ), since
Γ is compact. In particular, D(L) is dense in H1(Γ) with respect to ‖ · ‖E .

Furthermore, L is linear, coercive and self-adjoint. Since ‖ · ‖E and ‖ · ‖H1(Γ) are equiva-
lent, D(L)⊂H1(Γ), H1(Γ) is complete, and D(L) is dense in H1(Γ) with respect to ‖ · ‖E ,
it follows that (H1(Γ),‖ · ‖E) is the energetic space associated to L. We refer the reader to
(Zeidler, 1995, Section 5.3) for the definition of energetic spaces.

Now, note that, since Γ is a compact metric graph (thus, we have finitely many edges of
finite length), it follows by Rellich-Kondrachov theorem, see, for instance, Evans (2010),
that H̃1(Γ) is compactly embedded on L2(Γ). Therefore, the embedding H1(Γ)⊂ L2(Γ) is
compact. By the characterization of energetic spaces, see (Zeidler, 1995, Example 4, p. 296),
it follows that (Ḣ1,‖ · ‖1) = (D(L1/2),‖ · ‖1) = (H1(Γ),‖ · ‖E). Since ‖ · ‖E and ‖ · ‖H1(Γ)

are equivalent, the result follows.

COROLLARY 10. We have the identification Ḣα ∼=Hα(Γ).

PROOF. Begin by observing that, by (Lunardi, 2018, Theorem 4.36),

(40) Ḣα ∼= (Ḣ0, Ḣ1)α,

where (Ḣ0, Ḣ1)α is the real interpolation between Ḣ0 and Ḣ1, see Appendix A. In view
of (40) and the fact that Ḣ0 = L2(Γ), it is enough to show that (L2(Γ), Ḣ1)α ∼= Hα(Γ).
By Proposition 10, Ḣ1 ∼= H1(Γ). In particular, there exists some C > 0 such that for
every u ∈ H1(Γ) we have that C−1‖u‖1 ≤ ‖u‖H1(Γ) ≤ C‖u‖1. Define C̃ = 1 + C and
C̆ = 1 +C−1, and observe that we have K(t, φ;L2(Γ),H1(Γ))≤ C̃K(t, φ;L2(Γ), Ḣ1) and
K(t, φ;L2(Γ), Ḣ1) ≤ C̃K(t, φ;L2(Γ),H1(Γ)), where K(·, ·; ·, ·) is the K-functional given
by (33). The identification Ḣα ∼= Hα(Γ) now follows directly by (40), (35), (34) and by
noting that Hα(Γ) = (L2(Γ),H1(Γ))α.

We will now obtain an embedding for higher order spaces.

PROPOSITION 11. We have the identifications Ḣ2 = H̃2(Γ) ∩ C(Γ) ∩ K(Γ), where
K(Γ) = {f ∈ H̃2(Γ) :

∑
e∈Ev ∂ef(v) = 0}, and for k > 2,

Ḣk =

{
f ∈ H̃k(Γ) :D2b k2cf ∈C(Γ),∀m= 0, . . . ,

⌊
k− 2

2

⌋
,D2mf ∈ Ḣ2

}
.

Furthermore, the norms ‖ · ‖k and ‖ · ‖H̃k(Γ) are equivalent.

PROOF. The identification of Ḣ2 follows from (Kostenko et al., 2022, Section 2.3). We
will now check that the embedding Ḣk ↪→ H̃k(Γ) is continuous. First, observe that (39)
tells us, from the definition of weak derivatives, that D2ϕi = ϕ′′i exists and is given by
ϕ′′i = (λi − κ2)ϕi. By using the above identity and induction, we have that for every k, i ∈N,
Dk ϕi exists. Furthermore, for m ∈N,

(41) D2m+1ϕi = (λi − κ2)mDϕi = (λi − κ2)mϕ′i and D2mϕi = (λi − κ2)mϕi .
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Now, we have by (41) that ‖Dk ϕj ‖2L2(Γ) ≤ λ
k
j . Indeed, if k is odd, k = 2m+ 1, for some

non-negative integer m, and by (39)

‖Dk ϕj ‖2L2(Γ) = ‖D2m+1ϕj ‖2L2(Γ) = (λi − κ2)2m‖ϕ′j ‖2L2(Γ) = (λj − κ2)2m+1 ≤ λkj .

The case of even k is analogous.
Let φ ∈ Ḣk, so φ=

∑
i∈Nαiϕi, where αi = (φ,ϕi)L2(Γ). We have that, for every N ∈N,∑N

i=1αiϕi ∈ H̃k(Γ). Furthermore,∥∥∥ N∑
i=1

αiϕi

∥∥∥2

H̃k(Γ)
≤

k∑
l=0

N∑
i=1

α2
iλ

l
i.

Since φ ∈ Ḣk, the series φ =
∑

i∈Nαiϕi converges in H̃k, whence φ ∈ H̃k. Now, observe
that, for j = 1, . . . , k, the jth order weak derivative, Dj : H̃k → L2(Γ), is a bounded linear
operator. Thus, Djφ=

∑
i∈NαiD

j ϕi . By the above expression, we have that

‖φ‖2
H̃k(Γ)

≤
k∑
l=0

∑
i∈N

λliα
2
i ≤

k−1∑
l=0

∑
i∈N

λliα
2
i +

∑
i∈N

λki α
2
i ≤

k∑
l=0

∑
i∈N

(
1

λ1

)k−l
λki α

2
i

≤

(
k∑
l=0

(
1

λ1

)k−l)
‖φ‖2k,

This shows the continuity of the embedding. The converse inequality to show the equivalence
of norms is simpler.

Let us now show the characterization of Ḣk for k ≥ 3. Note that f ∈ Ḣ3 if and only if
f ∈ Ḣ2 and Lf ∈ Ḣ1. Now, observe that Lf = κ2f −D2f and Ḣ2 ⊂ Ḣ1. Therefore,

f ∈ Ḣ3⇔ f ∈ Ḣ2 and Lf ∈ Ḣ1⇔ f ∈ Ḣ2 and D2f ∈ Ḣ1

⇔ f ∈ Ḣ2,D2f ∈ H̃1(Γ),D2f ∈C(Γ)⇔ f ∈ H̃3(Γ), f ∈ Ḣ2,D2f ∈C(Γ).

The characterization for Ḣk, k > 3, follows similarly.

Observe that if j = 2m, we have

(42) D2mφ=
∑
i∈N

αiλ
m
i ϕi .

The above expression allows us to obtain additional regularity for the derivatives of even
order of functions belonging to Ḣk.

COROLLARY 11. Let φ ∈ Ḣk. Then, D2mφ ∈H1(Γ) for m= 0, . . . ,
⌊
k−1

2

⌋
and k ∈ N.

In particular, D2mφ is continuous.

PROOF. Since, by Proposition 10, Ḣ1 ∼= H1(Γ), it is enough to show that D2mφ ∈ Ḣ1.
Now, observe that as φ ∈ Ḣk, we have φ =

∑
i∈Nαiϕi, with αi = (φ,ϕi)L2(Γ), and∑

i∈Nα
2
iλ

k <∞. By assumption, m ≤ (k − 1)/2, hence 2m + 1 ≤ k, which implies that∑
i∈Nα

2
iλ

2m+1
i <∞. On the other hand, by (42), D2mφ =

∑
i∈Nαiλ

m
i ϕi . Thus, we have

D2mφ ∈ Ḣ1, which concludes the proof.

PROOF OF THEOREM 1. First observe that by Remark 2.4 in Bolin et al. (2020), for any
ε > 0, u has sample paths in Ḣα− 1

2
−ε. For α > 3

2 , we have directly that for sufficiently
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small ε, Ḣα− 1

2
−ε ⊂ Ḣ1. By Proposition 10, we have Ḣ1 ⊂ H1(Γ). So, P-a.s., u belongs

to H1(Γ). Furthermore, by Proposition 11, Ḣα− 1

2
−ε ⊂ Ḣα∗ ⊂ H̃α∗(Γ). This shows that for

j = 1, . . . , α∗, P-a.s., Dju exists. The statement regarding even order derivatives follows
directly from Corollary 11, whereas the statement for odd order derivatives follows directly
from Proposition 11.

Finally, recall thatW =
∑

j∈N ξj ϕj P-a.s., where {ξj}j∈N are independent standard Gaus-
sian random variables on (Ω,F ,P). Further, by (8) and the previous representation ofW , we
have that (u,ϕj)L2(Γ) = λ

−α/2
j ξj . Therefore, if 1/2 < α ≤ 3/2, we have by (3), that there

exist constants K1,K2 > 0, that do not depend on j, such that

‖u‖21 =
∑
j∈N

λ−α+1
j ξ2

j ≥K1

∑
j∈N

λ
−1/2
j ξ2

j ≥K2

∑
j∈N

j−1ξ2
j .

Now, let Yj = j−1ξ2
j I
(
j−1ξ2

j ≤ 1
)

= j−1ξ2
j I
(
ξ2
j ≤ j

)
. Observe that

E(Yj)≥ j−1E
(
ξ2
j I
(
ξ2
j ≤ 1

))
=
δ

j
,

where δ > 0 does not depend on j, since {ξj}j∈N are i.i.d. standard Gaussian variables.
Hence,

∑
j∈N E(Yj) ≥

∑
j∈N

δ
j = ∞. Therefore, by Kolmogorov’s three-series theorem

(Durrett, 2019, Theorem 2.5.8) we have that
∑

j∈N j
−1ξ2

j diverges with positive P probabil-
ity. By Kolmogorov’s 0-1 law (Durrett, 2019, Theorem 2.5.3), the series diverges P-a.s. This
implies that, P-a.s., ‖u‖1 =∞. Thus, P-a.s., u does not belong to Ḣ1. By Proposition 10, u
does not belong to H1(Γ), P-a.s.

Due to the complicated geometry of Γ we also need the following version of the
Kolmogorov-Chentsov theorem.

THEOREM 12. Let u be a random process on a compact metric graph Γ. Let M,p > 0
and q > 1 be such that

E(|u(x)− u(y)|p)≤Md(x, y)q, x, y ∈ Γ.

Then, for any β ∈ (0, (q − 1)/p), u has a modification with β-Hölder continuous sample
paths.

PROOF. Our goal is to apply (Kratschmer and Urusov, 2021, Theorem 1.1). To this end,
we first observe that since Γ is compact, it is totally bounded. Now, letN(Γ, η) be the minimal
number to cover Γ with balls of radius η > 0. Let g be the maximum degree of the vertices
in Γ. It is easy to see that we have

N(Γ, η)≤ 2diam(Γ)g

η
,

where diam(Γ) = sup{d(x, y) : x, y ∈ Γ} is the diameter of the graph Γ. This shows that we
can apply (Kratschmer and Urusov, 2021, Theorem 1.1) to any compact graph Γ, and that we
can take t= 1 their statement. Therefore, if u is a random field such that

E(|u(x)− u(y)|p)≤Md(x, y)q, x, y ∈ Γ.

Then, for any β ∈ (0, (q− 1)/p), (ux)x∈Γ has a modification with β-Hölder continuous sam-
ple paths.
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Our goal now is to prove the Sobolev embedding for compact metric graphs. To this end,
let us begin introducing some notation. Given x, y ∈ Γ, let [x, y]⊂ Γ be the path connecting
x and y with shortest length and for a function u : Γ→R, we denote by u|[x,y] the restriction
of u to the path [x, y].

We begin by showing that restrictions of functions in the Sobolev space H1(Γ) to a path
[x, y] belong to the Sobolev space H1([x, y]), which is isometrically isomorphic to H1(Ix,y),
where Ix,y = (0, d(x, y)).

PROPOSITION 12. Let Γ be a compact metric graph. Let, also, x, y ∈ Γ. If u ∈H1(Γ),
then u|[x,y] ∈H1([x, y]).

PROOF. Let [x, y] = p1 ∪ p2 ∪ · · · ∪ pN , for some N ∈ N, where pi ⊂ ei, with ei ∈ E
and ei 6= ej if i 6= j. Furthermore, let the paths be ordered in such a way that p1 = [x, v1],
pN = [vN−1, y], pi ∩ pi+1 = {vi} and pi ∩ pj = ∅ if |i− j|> 1. Let v0 = x and vN = y. By
definition of H1(Γ), we have that u|pi ∈H1(pi) for every i. Thus, by (37), we have that for
every z ∈ pi, u(z) = u(vi−1)+

∫
[vi−1,z]

u′(t)dt. So, it follows from the continuity requirement
of u ∈H1(Γ), that for every z ∈ pi,

u(z) = u(vi−1) +

∫
[vi−1,z]

u′(t)dt= u(x) +

i−2∑
j=0

∫
[vj ,vj+1]

u′(t)dt+

∫
[vi−1,z]

u′(t).

It then follows that for every z ∈ [x, y], u(z) = u(x)+
∫

[x,z] u
′(t)dt. Therefore, by (37) again,

u ∈H1([x, y]).

We will now show that the restriction map u 7→ u|[x,y] is a bounded linear operator from
Hα(Γ) to Hα([x, y]) = (L2([x, y]),H1([x, y]))α:

PROPOSITION 13. Let Γ be a compact metric graph. Let, also, x, y ∈ Γ. Let u ∈ L2(Γ)
and define T x,y(u) = u|[x,y]. Then, for 0 < α ≤ 1, we have that T x,y|Hα(Γ) is a bounded
linear operator from Hα(Γ) to Hα([x, y]).

PROOF. In view of Theorem 8, it is enough to show that T x,y is a couple map from
(L2(Γ),H1(Γ)) to (L2([x, y]),H1([x, y])). It is immediate that T x,y(L2(Γ)) ⊂ L2([x, y])
and that for every u ∈ L2(Γ), ‖u‖L2([x,y]) ≤ ‖u‖L2(Γ), so that T x,y : L2(Γ)→ L2([x, y])

is bounded. Furthermore, by Proposition 12, T x,y(H1(Γ)) ⊂ H1([x, y]). It is clear that
‖u‖H1([x,y]) ≤ ‖u‖H1(Γ) for every u ∈H1(Γ), so that T x,y|H1(Γ)→H1([x, y]) is bounded.
Therefore, T x,y is a couple map from from (L2(Γ),H1(Γ)) to (L2([x, y]),H1([x, y])). The
result thus follows from Theorem 8.

We are now in a position to prove Theorem 2:

PROOF OF THEOREM 2. Let x, y ∈ Γ and Ix,yH : Hα([x, y]) → C0,α− 1

2 ([x, y]) be the
Sobolev embedding on [x, y], which, by Corollary 9, is a bounded linear operator. Let, now,
T x,y be the restriction operator, T x,y(u) = u|[x,y], where u ∈ L2(Γ). By Proposition 13, we
have that the composition Ix,yH ◦T x,y is a bounded linear map from Hα(Γ) to C0,α− 1

2 ([x, y]).
In particular, there exists 0<Cx,y <∞ such that for every u ∈Hα(Γ),

(43) sup
t∈[x,y]

|u(t)|+ sup
t,s∈[x,y]
t6=s

|u(t)− u(s)|
d(t, s)α−

1

2

≤Cx,y‖u‖H1(Γ).
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Now, note that for every x, y ∈ Γ, x 6= y, there exist v, ṽ ∈ V such that [x, y] ⊂ [v, ṽ].
Therefore, by (43),

|u(x)− u(y)|
d(x, y)α−

1

2

≤Cv,ṽ‖u‖H1(Γ) ≤
∑

w 6=w̃∈V
Cw,w̃‖u‖H1(Γ).

Since Γ is compact, the set V is finite, so that C :=
∑

w 6=w̃∈V Cw,w̃ <∞. Therefore,

[u]
C0,α− 1

2 (Γ)
= sup
x,y∈Γ
x 6=y

|u(x)− u(y)|
d(x, y)α−

1

2

≤C‖u‖H1(Γ).

Similarly, ‖u‖C(Γ) ≤C‖u‖H1(Γ) and therefore, ‖u‖
C0,α− 1

2
(Γ)≤ 2C‖u‖H1(Γ).

PROOF OF COROLLARY 1 . First note that if α > 1, then Ḣα ↪→ Ḣ1, so it is enough to
consider 1/2< α≤ 1. The result thus follows directly from Theorem 2, Proposition 10 and
Corollary 10.

We are now in a position to start to prove the more refined regularity statement. For this
part, our ideas are inspired by the regularity results in Cox and Kirchner (2020). We begin
with the following key result, which allows us to obtain a continuous process which we will
show solves (7).

LEMMA 1. Fix α > 1/2 and let α̃= α− 1/2 if α≤ 1 and α̃= 1/2 if α > 1. For s ∈ Γ,
let u0(s) =W

(
(L−α/2)∗(δs)

)
, where δs is the Dirac measure concentrated at s ∈ Γ . Then,

(44) E
(
|u0(x)− u0(y)|2

)
≤ ‖L−α/2‖2L(L2(Γ),C0,α̃(Γ))d(x, y)2α̃.

Furthermore, for any 0< γ < α̃, u0 has a γ-Hölder continuous modification.

PROOF. We begin by observing that for α> 1/2, we have by Theorem 2, that

L−α/2 : L2(Γ)→ Ḣα ∼=Hα(Γ) ↪→C0,α̃(Γ),

where α̃= α− 1/2 if α≤ 1 and α̃= 1/2 if α > 1. Therefore, L−α/2 : L2(Γ)→C0,α̃(Γ) is
a bounded linear operator. Let (L−α/2)∗ :

(
C0,α̃(Γ)

)∗ → (L2(Γ))∗ = L2(Γ) be its adjoint.
Define, for f ∈ C0,α̃(Γ), 〈δx, f〉=

∫
fdδx = f(x). Then |〈δx, f〉| = |f(x)| ≤ ‖f‖C0,α̃(Γ),

and therefore δx ∈
(
C0,α̃(Γ)

)∗. Furthermore, (L−α/2)∗(δx) ∈ L2(Γ). This tells us that
W
(
(L−α/2)∗(δx)

)
is well-defined.

We now use linearity ofW , the isometry (6), and the considerations above to obtain(
E
(
|u0(x)− u0(y)|2

))1/2
=

(
E

(∣∣∣W ((L−α/2)∗(δx − δy)
)∣∣∣2))1/2

= ‖(L−α/2)∗(δx − δy)‖L2(Γ) ≤ ‖(L−α/2)∗‖L((C0,α̃(Γ))∗,L2(Γ))‖δx − δy‖(C0,α̃(Γ))∗

≤ ‖L−α/2‖L(L2(Γ),C0,α̃(Γ))d(x, y)α̃,

where, in the last equality, we used that, for f ∈C0,α̃(Γ),

|〈δx − δy, f〉|= |f(x)− f(y)| ≤ ‖f‖C0,α̃(Γ)d(x, y)α̃,

which implies that ‖δx − δy‖(C0,α̃(Γ))∗ ≤ d(x, y)α̃. This gives us (44).
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Now, observe that u0(x)−u0(y) =W
(
(L−α/2)∗(δx − δy)

)
by the linearity ofW , There-

fore, u0(x) − u0(y) is a Gaussian random variable with the variance bounded above by
‖L−α/2‖2L(L2(Γ),C0,α̃(Γ))

d(x, y)2α̃. Thus, for any p > 2,

E (|u0(x)− u0(y)|p)≤E(|U |p)‖L−α/2‖pL(L2(Γ),C0,α̃(Γ))
d(x, y)α̃p,

where U follows a standard normal distribution. The proof is completed by applying the
above version of the Kolmogorov-Chentsov theorem (Theorem 12) and standard arguments,
since p > 2 is arbitrary, to obtain the existence of a γ-Hölder continuous modification for any
0< γ < α̃.

We will now show that for any 0< γ < α̃, a γ-Hölder continuous version of u0 solves (7):

LEMMA 2. Fix α > 1/2 and let α̃ = α − 1/2 if α ≤ 1 and α̃ = 1/2 if α > 1.
Fix, also, 0 < γ < α̃ and let u be any γ-Hölder continuous modification of u0, where
u0(x) =W

(
(L−α/2)∗δx

)
. Then, for all φ ∈ L2(Γ), (u,φ)L2(Γ) =W(L−α/2φ).

PROOF. Recall that given x, y ∈ Γ, [x, y]⊂ Γ is the path connecting x and y with shortest
length, and let (x, y] = [x, y] \ {x}. We will begin by considering x, y ∈ e, for some e ∈ E
and showing that

∫
(x,y] u(x)dx=W(L−α/21(x,y]). Since the set of half-open paths is a semi-

ring that generates the Borel sets in Γ, the simple functions obtained by the above indicator
functions are dense in L2(Γ). Now, also observe that

(45)
∫

(x,y]
u(x)dx=

∫
[x,y]

u(x)dx.

Therefore, we can take the closed path [x, y]. Since u has continuous sample paths, the inte-
gral

∫
[x,y] u(x)dx is the limit of Riemann sums. Specifically, let x= x0, . . . , xn = y be a parti-

tion of [x, y], and x∗i be any point in [xi, xi+1], i= 0, . . . , n−1, where maxi l([xi, xi+1])→ 0
as n→∞. Then, by linearity ofW , we have∫

[x,y]
u(x)dx= lim

n→∞

n−1∑
i=0

u(x∗i )l([xi, xi+1]) = lim
n→∞

n−1∑
i=0

W
(

(L−α/2)∗δx∗i

)
l([xi, xi+1])

= lim
n→∞

W

(
(L−α/2)∗

(
n−1∑
i=0

δx∗i l([xi, xi+1])

))
.

Now, observe that C0,α̃(Γ) ↪→ C0,γ(Γ), since [f ]C0,γ(Γ) ≤ diam(Γ)α̃−γ [f ]C0,α̃(Γ). Let us
then study the convergence of

∑n−1
i=0 δx∗i l([xi, xi+1]) in

(
C0,γ(Γ)

)∗. We have that for any
f ∈C(Γ)∣∣∣〈1[x,y], f〉−

〈
n−1∑
i=0

δx∗i l([xi, xi+1]), f

〉∣∣∣≤ n∑
i=0

∫
[xi,xi+1]

|f(x)− f(x∗i )|dx

≤ ‖f‖C0,γ(Γ)

n∑
i=0

∫
[xi,xi+1]

d(xi, xi+1)γdx≤ ‖f‖C0,γ(Γ)d(x, y) max
i
d(xi, xi+1)γ .

Therefore,∥∥∥1[x,y] −
n−1∑
i=0

δx∗i l([xi, xi+1])
∥∥∥

(C0,γ(Γ))∗
≤ d(x, y) max

i
d(xi, xi+1)γ→ 0
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as n→∞, since maxi l([xi, xi+1])→ 0 as n→∞. Since (L−α/2)∗ :
(
C0,γ(Γ)

)∗→ L2(Γ),
is bounded, it follows that

(L−α/2)∗

(
n−1∑
i=0

δx∗i l([xi, xi+1])

)
→ (L−α/2)∗1[x,y]

in L2(Γ). Finally, by (6), we have that

lim
n→∞

W

(
(L−α/2)∗

(
n−1∑
i=0

δx∗i l([xi, xi+1])

))
=W((L−α/2)∗1[x,y]) =W(L−α/21[x,y]).

This proves that
∫

[x,y] u(x)dx =W(L−α/21[x,y]). By linearity the above identity holds for
simple functions with indicator functions of the above type, and from our discussion in the
beginning of this proof, the simple functions are dense in L2(Γ).

Let, φ ∈ L2(Γ) be any function and φn be a sequence of simple functions such that φn→ φ
in L2(Γ). Then,

E

(∣∣∣(u,φ)L2(Γ) −W(L−α/2φ)
∣∣∣2)1/2

≤E
(∣∣(u,φ)L2(Γ) − (u,φn)L2(Γ)

∣∣2)1/2

+E

(∣∣∣W(L−α/2(φn − φ))
∣∣∣2)1/2

.

Observe that E
(∣∣(u,φ)L2(Γ) − (u,φn)L2(Γ)

∣∣2)1/2
→ 0 as n→∞ since u is bounded (u is

continuous and Γ is compact) and φn → φ in L2(Γ). Now, since L−α/2 : L2(Γ)→ L2(Γ)
is a bounded operator, thus L−α/2(φn − φ) → 0 in L2(Γ) and by (6), we obtain that

E
(∣∣W(L−α/2(φn − φ))

∣∣2)1/2
→ 0 as n→∞. Thus (u,φ)L2(Γ) =W(L−α/2φ).

We now obtain the proof of our second regularity result as a consequence of Lemma 2:

PROOF OF THEOREM 3. Observe that Lemma 1 and Lemma 2 directly implies that u is
a solution of Lα/2u=W . Therefore, for any 0< γ < 1

2 , u has a modification with γ-Hölder
continuous sample paths.

Now, if α = 3, then L3/2u =W if and only if v = Lu = L−1/2W. This implies that v
solves the SPDE L1/2v =W and by Lemma 2, v has γ-Hölder continuous sample paths.
Now, note that v = Lu = κ2u − u′′. By using the first part of this proof directly to u, we
also have that u has a modification with γ-Hölder continuous sample paths. Therefore, also
D2u= u′′ = v+κ2u has a modification with γ-Hölder continuous sample paths. The general
case can be handled similarly, which thus concludes the proof.

PROOF OF COROLLARY 2. Observe that since u is a modification of u0, we have, by
Lemma 1, that

(46) E
(
|u(x)− u(y)|2

)
=E

(
|u0(x)− u0(y)|2

)
≤ ‖L−α/2‖2L(L2(Γ),C0,α̃(Γ))d(x, y)2α̃.

Note that (46) implies that u is continuous in L2 at every point x ∈ Γ. This implies that the
covariance function % is continuous at every (x, y) ∈ Γ× Γ.

We will now show that the covariance operator is an integral operator with kernel given by
the covariance function (which follows from standard theory on L2 processes but we prove
here for completeness).
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LEMMA 3. Let α > 1/2 and C = L−α be the covariance operator of u, where u is the
solution of Lα/2u=W . Then,

(Cφ)(y) = (%(·, y), φ)L2(Γ) =
∑
e∈E

∫
e
%(x, y)φ(x)dx,

where % is the covariance function of u.

PROOF. Let T : L2(Γ)→ L2(Γ) be the integral operator with kernel %.

(Tφ)(y) = (%(·, y), φ)L2(Γ) =
∑
e∈E

∫
e
%(x, y)φ(x)dx.

Now, fix α > 1/2 and recall that, by Corollary 2, % is continuous. Since, Γ is compact, %
is bounded, say by K > 0. Further, since Γ has finite measure, L2(Γ) ⊂ L1(Γ), so for any
φ,ψ ∈ L2(Γ), we have, by the Cauchy-Schwarz inequality,∑
e,ẽ∈E

∫
ẽ

∫
e
E(|u(x)u(y)φ(x)ψ(y)|)dxdy ≤

∑
e,ẽ∈E

∫
ẽ

∫
e

√
%(x,x)%(y, y)|φ(x)||ψ(y)|dxdy

≤K‖φ‖L1(Γ)‖ψ‖L1(Γ) <∞.
Therefore, by Fubini’s theorem,

(Tφ,ψ)L2(Γ) =
∑
e,ẽ∈E

∫
ẽ

∫
e
%(x, y)φ(x)dxψ(y)dy =

∑
e,ẽ∈E

∫
ẽ

∫
e
E(u(x)u(y))φ(x)dxψ(y)dy

=
∑
e,ẽ∈E

E

(∫
ẽ

(∫
e
u(x)ϕ(x)dx

)
u(y)ψ(y)dy

)
=
∑
e,ẽ∈E

E
(
(u,φ)L2(e)(u,ψ)L2(e)

)
= E

(
(u,φ)L2(Γ)(u,ψ)L2(Γ)

)
= (Cφ,ψ)L2(Γ).

This shows that the covariance operator is the integral operator with kernel %(·, ·).

Proposition 1 is now a direct consequence of the fact that the covariance operator is an
integral operator.

PROOF OF PROPOSITION 1. It is a direct consequence of Lemma 3, Corollary 2 and
Mercer’s theorem (Steinwart and Scovel, 2012). Furthermore, since the Γ has finite mea-
sure, it follows by the dominated convergence theorem that the series also converges in
L2(Γ× Γ).

We are now in a position to prove the Karhunen-Loève expansion for the solution of (7):

PROOF OF PROPOSITION 2. First, we define the random variables ξi = λ
α/2
i (u,ϕi)L2(Γ).

By Lemma 2, we have that ξi = λ
α/2
i W(L−α/2ϕi) =W(ϕi). Therefore, ξi are centered

Gaussian random variables. Furthermore, by (6), we have that E(ξ2
i ) = 1 and if i 6= j,

E(ξiξj) = (ϕi,ϕj)L2(Γ) = 0. Therefore, by the Gaussianity of ξi, {ξi} is a sequence of in-
dependent standard Gaussian random variables. Therefore, for every s ∈ Γ,

E
(
|u(s)− un(s)|2

)
= E(un(s)2)− 2E(un(s)u(s)) + E(u(s)2)

=

n∑
i=1

1

λαi
ϕi(s)

2 − 2

n∑
i=1

1

λ
α/2
i

E(u(s)ξi)ϕi(s) + %(s, s).
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Now, by Fubini’s theorem (with a similar justification as the one in the proof of Lemma 3)
and the fact that ρ is the kernel of the covariance operator L−α, we have that

E(u(s)ξi) =
∑
e∈E

∫
e
λ
α/2
i E(u(s)u(t))ϕi(t)dt= λ

α/2
i

∑
e∈E

∫
e
%(s, t)ϕi(t)dt

= λ
α/2
i (L−αϕi)(s) = λ

−α/2
i ϕi(s).

Thus, by the previous computations and Corollary 1, we have that

lim
n→∞

sup
s∈Γ

E
(
|u(s)− un(s)|2

)
= lim
n→∞

sup
s∈Γ

(
%(s, s)−

n∑
i=1

1

(κ2 + λ̂i)α
ϕi(s)

2

)
= 0.

Next, we will prove the rate of convergence of the Karhunen-Loève expansion.

PROOF OF PROPOSITION 3. First, note that by Proposition 2 combined with the fact that
Γ has finite measure, it follows from the dominated convergence theorem un converges to u
in the L2(Ω,L2(Γ)) norm. To simplify the notation, we write L2 = L2(Ω,L2(Γ)). LetN > n
and observe that

‖uN − un‖2L2
=
∥∥∥ N∑
j=n+1

ξj(κ
2 + λ̂j)

−α/2ϕj

∥∥∥2

L2

=
∑
e∈E

∫
e
E

 N∑
i=n+1

N∑
j=n+1

(κ2 + λ̂i)
−α/2(κ2 + λ̂j)

−α/2ξiξj ϕi(s)ϕj(s)

ds

=

N∑
i=n+1

(κ2 + λ̂j)
−αE(ξ2

i )
∑
e∈E

∫
e
ϕi(s)

2ds=

N∑
i=n+1

(κ2 + λ̂j)
−α.

Since we have convergence of uN to u in the L2-norm, we obtain by the above expression,
the Weyl asymptotics (3) and the integral test for series, that

‖u− un‖2L2
= lim
N→∞

‖uN − un‖2L2
= lim
N→∞

∥∥∥∥∥∥
N∑

j=n+1

ξj(κ
2 + λ̂j)

−α/2ϕj

∥∥∥∥∥∥
2

L2

= lim
N→∞

N∑
j=n+1

(κ2 + λ̂j)
−α =

∞∑
j=n+1

(κ2 + λ̂j)
−α ≤C

∞∑
j=n+1

j−2α ≤ C

n2α−1
.

Finally, we prove that the solution of Lku=W satisfy the Kirchhoff boundary conditions:

PROOF OF PROPOSITION 4. Let α = 2 and u be a solution of Lα/2u = Lu =W . Then,
by Theorem 1, Du exists. Furthermore, the restriction of u to an edge e is a solution of
Leu =We, where Le and We are the restrictions of L in (4) and the white noise, respec-
tively, to functions with support within the edge e. See, also, Remark 4. Now, observe that
since u ∈ Ḣ1 ∼= H1(Γ) and the derivative is a bounded operator in H1(Γ), we have that
Du=

∑
i∈N ξiλ

−1
i Dϕi, where {ξi}i∈N are independent standard Gaussian random variables,
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{ϕi}i∈N are the eigenvectors of L and {λi}i∈N are the corresponding eigenvalues. Further,
the by standard regularity theory, we have that for each edge e and each i ∈N, ϕi ∈C∞(e), in
particular, Dϕi is continuous on e. Now, by combining (Bolin and Kirchner, 2022, Proposi-
tion 4.5) with our proofs of Theorem 3 and Lemma 1, together with the fact that on each edge
e, we can write Le = (κ−D)(κ+D), with (κ+D)∗ = (κ−D), we obtain that the restric-
tion of Du to each edge e is continuous. In the same fashion, we obtain that the restriction of
the covariance function of Du to each edge e is continuous.

Now, observe that the expansion Du=
∑

i∈N ξiλ
−1
i Dϕi tells us that the covariance func-

tion of Du is given by

(47) %̃(t, s) =

∞∑
i=1

λ−2
i Dϕi(t)Dϕi(s).

In particular, Dϕi is an eigenfunction of the covariance operator of Du, which is the
integral operator with kernel %̃, associated to the eigenvalue λ−1

i :

(48)
∑
e∈E

∫
e
%̃(s, t)Dϕi(t)dt= λ−1

i Dϕi(s).

As noted above Dϕi is continuous on each edge e. Also, observe that for each edge e,
with t, s ∈ e, we have

∞∑
i=1

λ−2
i |Dϕi(t)Dϕi(s)| ≤

1

2

( ∞∑
i=1

λ−2
i |Dϕi(t)|2

)
+

1

2

( ∞∑
i=1

λ−2
i |Dϕi(s)|2

)

≤ 1

2
%̃(t, t) +

1

2
%̃(s, s)≤ sup

x∈e
%̃(x,x).

The continuity of %̃ on each edge e, together with the fact that each edge is compact, implies
that the supremum in the expression above is finite. We can use the above bound to proceed as
in the proof of Mercer’s theorem, for example in (Riesz and Nagy, 1990, theorem on p.245),
and conclude that the convergence of the series (47) is absolute and uniform on each edge e.
Now, we follow our proof of Proposition 2 to obtain that for each s ∈ Γ,

E

∣∣∣∣∣Du(s)−
n∑
i=1

ξiλ
−1
i Dϕi(s)

∣∣∣∣∣
2
= E

( n∑
i=1

ξiλ
−1
i Dϕi(s)

)2


− 2E

(
Du(s)

n∑
i=1

ξiλ
−1
i Dϕi(s)

)
+ E(Du(s)2)

=

n∑
i=1

λ−2
i Dϕi(s)

2 − 2

n∑
i=1

λ−1
i E(u(s)ξi)Dϕi(s) + %̃(s, s).

Now, we use that {Dϕi}i∈N is orthogonal in L2(Γ) with ‖Dϕi ‖2L2(Γ) = λi and (48) to
obtain that

E(Du(s)ξi) =
∑
e∈E

∫
e
%̃(s, t)Dϕi(t)dt= λ−1

i Dϕi(s).

Therefore, we can use the uniform convergence of the series (47) on each edge e to conclude
that

(49) lim
n→∞

sup
s∈e

E

∣∣∣∣∣Du(s)−
n∑
i=1

ξiλ
−1
i Dϕi(s)

∣∣∣∣∣
2
= 0.
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Now, we have that ϕi ∈ D(L), i= 1,2, . . . , and from Proposition 11, we have that for each
i,
∑

e∈Ev ∂eϕi(v) = 0. Since this sum is finite, we obtain that from (49), for each v ∈ V ,

E

∣∣∣∣∣∑
e∈Ev

∂eu(v)

∣∣∣∣∣
2
= lim

n→∞
E

∣∣∣∣∣∑
e∈Ev

∂eu(v)−
n∑
i=1

ξiλ
−1
i ∂eϕi(v)

∣∣∣∣∣
2
= 0.

Therefore,
∑

e∈Ev ∂eu(v) = 0. Similarly, for α = 2k, where k is a positive integer, we have
that the odd-order directional derivatives of the solution u of Lα/2u= Lku=W , satisfy the
Kirchhoff boundary condition,

∑
e∈Ev ∂

2m+1
e u(v) = 0, where m= 0, . . . , k− 1.

Let us now connect L2(Ω)-derivatives with weak derivatives.

PROOF OF COROLLARY 3. Since α > 3/2, we have by Theorem 1 that the weak deriva-
tive u′ exists. Given x, y ∈ Γ, recall that we denote by [x, y] the shortest path on Γ connecting
x and y. By Proposition 12, given x, y ∈ Γ,

u(y)− u(x) =

∫
[x,y]

u′(t)dt.

By Proposition 4, for every edge e, the covariance function of u′ is continuous on e × e,
that is, the function (x, y) 7→ E(u′(x)u′(y)) is continuous on e× e. Now, it follows from the
fundamental theorem of calculus that for every x ∈ e, with the limit being taken as a lateral
limit if x is a boundary point, we have

(50) lim
y→x

1

d(x, y)

∫
[x,y]

E(u′(x)u′(t))dt= E(u′(x)2),

and

(51) lim
y→x

1

d(x, y)

∫
[x,y]

E(u′(t)2)dt= E(u′(x)2).

Now, by Jensen’s inequality, with respect to the measure dt
d(x,y) , along with Fubini’s theo-

rem, we obtain that

E

[(
1

d(x, y)

∫
[x,y]

u′(t)− u′(x)dt

)2
≤ 1

d(x, y)

∫
[x,y]

E((u′(t)− u′(x))2)dt

= E(u′(x)2) +
1

d(x, y)

∫
[x,y]

E(u′(t)2)dt− 2

d(x, y)

∫
[x,y]

E(u′(t)u′(x))dt

Therefore, it follows by (50), (51) and the previous computation that, for every x ∈ e,

lim
y→x

E

( 1

d(x, y)

∫
[x,y]

u′(t)− u′(x)dt

)2
= 0.

Now, since u(y)−u(x)
d(x,y) = 1

d(x,y)

∫
[x,y] u

′(t)dt, we have that for every edge e and every x ∈ e,
u′(x) is the L2(Ω)-derivative of u at x. This shows that u is L2(Ω) differentiable at every
point of every edge and that its L2(Ω)-derivative agrees with the weak derivative. The result
for higher order follows by induction. This concludes the proof.
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APPENDIX D: THE MARKOV PROPERTY

In this section we will prove that the random field u, given by the solution of (7), is a
Markov random field, provided that α ∈ N. We begin by providing some definitions and
results regarding Markov properties of random fields. We will follow Rozanov (1982).

Let us begin with a very general and abstract definition of random fields. Observe that
Definition 4 is a natural generalization of Definition 1.

DEFINITION 4. Let (Ω,F) be a measurable space and let Γ be a compact metric graph.
A random field on Γ, with respect to (Ω,F), is a family of σ-algebras,

{F(S) : S ⊂ Γ, S is open},

such that for every open S, F(S) ⊂ F and for every pair of open sets S, S̃ ⊂ Γ, we have
F(S ∪ S̃) = σ(F(S)∪F(S̃)).

Similarly, by using the above definition, we can generalize Definition 3:

DEFINITION 5. Let (Ω,F ,P) be a probability space, Γ be a compact metric graph and
{F(S) : S ⊂ T,S is open} be a random field. We say that the {F(S) : S ⊂ T,S is open} is
Markov if for every open set S there exists ε̃ > 0 such that for every 0 < ε < ε̃, F((∂S)ε)
splits F(S) and F(T \ S).

Observe that when we consider the random field σ-algebra induced by the random field u,
Definitions 5 and 3 coincide.

In this section, the following class of random fields will be very useful to us:

EXAMPLE 7. Let (Ω,F ,P) be a probability space. Let also Γ be a compact met-
ric graph and suppose that for every open set S ⊂ Γ, we have a closed linear space
H(S)⊂ L2(Ω,F ,P) such that for every pair of open sets S and S̃, we have

H(S ∪ S) = span(H(S)∪H(S̃)).

Define for every open set S ⊂ Γ,F(S) = σ(w :w ∈H(S)). Then, {F(S) : S ⊂ Γ, S is open}
is a random field. We will also call {H(S) : S ⊂ Γ, S is open} a random field.

We will say that a random field {H(S) : S ⊂ Γ, S is open} is Gaussian if for every open
S, every w ∈H(S) is a Gaussian random variable with mean zero. We will now give two
concrete examples of Gaussian random fields. The reader should compare Example 8 below
with Definition 1 and observe that they induce the same random field.

EXAMPLE 8. Let Γ be a compact metric graph and {u(t) : t ∈ Γ} be a Gaussian ran-
dom function, that is, for every t ∈ Γ, u(t) is a random variable and the finite dimensional
distributions are Gaussian. Then,

H(S) = span(u(w) :w ∈ S),

where S is open, forms a Gaussian random field. Indeed, each element in span(u(w) :w ∈ S)
is Gaussian. Thus, the elements of H(S) are L2(P)-limits of Gaussian variables. Hence each
element in H(S) is Gaussian, see, e.g., (Ash and Gardner, 1975, Theorem 1.4.2, p.39).

We can also consider random fields generated by linear functionals acting on some Banach
space of functions defined in Γ (which are also called generalized functions):
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EXAMPLE 9. Let Γ be a compact metric graph and let X(Γ) be some Banach space of
real-valued functions defined on Γ. Let, u be a linear functional on X(Γ), that is, for every
φ ∈X(Γ), 〈u,φ〉 ∈R and for φ,ψ ∈X(Γ) and a, b ∈R,

〈u,aφ+ bψ〉= a〈u,φ〉+ b〈u,ψ〉, a.s.

Let us also assume that u is continuous in the sense that limn→∞ E
(
[〈u,φ〉 − 〈u,ψ〉]2

)
= 0,

for every sequence φn→ φ, where the convergence is in the space X(Γ). We then say that
u is a random linear functional. We say that the random linear functional is Gaussian if
for every φ ∈X(Γ), 〈u,φ〉 is a mean-zero Gaussian random variable. Let u be a Gaussian
random linear functional and define for every open set S ⊂ Γ,

H(S) = span(〈u,w〉 :w ∈X(Γ), Supp(w)⊂ S),

where Supp(w) stands for the support of the function w. Then, by a similar argument to the
one in Example 8, {H(S) : S ⊂ Γ, S is open} is a Gaussian random field.

Our goal now is to obtain conditions for a random field {H(S) : S ⊂ Γ} be Markov in the
sense of Definition 5. To this end we need some additional definitions. We begin with the
definition of orthogonal random fields:

DEFINITION 6. Let Γ be a compact metric graph and {H(S) : S ⊂ Γ} be a random field
in the sense of Example 7. We say that H is orthogonal with respect to a family of open sets
D0 if for every S ∈ D0 and any closed set K ⊃ ∂S we have H(S \K)⊥H(S̃ \K), where
S̃ = Γ \ S.

Related to this is the notion of dual fields, which is essential for characterizing Markov
properties:

DEFINITION 7. Let Γ be a compact metric graph with metric d and {H(S) : S ⊂ Γ} be
a random field in the sense of Example 7. Let C ⊂ Γ be a closed set and define

(52) H+(C) =
⋂
ε>0

H(Cε),

where Cε = {x ∈ Γ : d(x,C) < ε}. We say that a random field {H∗(S) : S ⊂ Γ, S is open}
is dual to the random field H if H∗(Γ) =H(Γ) and for every open S, H∗(S) =H+(Sc)⊥,
where Sc = Γ \ S and ⊥ stands for the orthogonal complement in the space H(Γ).

We then have the following result, whose proof can be found in (Rozanov, 1982, p. 100):

THEOREM 13. Let Γ be a compact metric graph and {H(S) : S ⊂ Γ} be a Gaussian
random field in the sense of Example 7. Let {H∗(S) : S ⊂ Γ, S is open} be the dual field to
H . IfH∗ is orthogonal with respect to class of open subsets of Γ, thenH is a Markov random
field.

The above statement was adapted our scenario, that is we assume the metric space to be
the metric graph Γ and the complete system of domains to be the family of open subsets of
Γ. We are now in a position to prove the Markov property of solutions of (7) when α ∈N.

PROOF OF THEOREM 4. Let Γ be a compact metric graph and consider the operator
Lα/2 : Ḣα→ L2(Γ), where Ḣα, for α ∈N, is given in Propositions 10 and 11. Observe that,
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by (8), the solution is the random linear functional given by 〈u,ϕ〉 =W(L−α/2ϕ), where
ϕ ∈ L2(Γ).

We will now describe the steps of this proof. Our goal is to use Theorem 13. To this end,
we will use the solution u to define H(S) as in Example 9. Next, we will provide a suitable
candidate for the dual field to H , which we will denote by {H∗(S) : S ⊂ Γ, S is open}. We
then want to show that H∗ is actually dual to H . So, following Definition 7, we need to
show that: i) H(Γ) =H∗(Γ); ii) H∗(S) =H+(Sc)⊥. This step ii) will be done in two parts.
We first show that H∗(S) ⊂ H+(Sc)⊥, then we show that we actually have the equality
H∗(S) =H+(Sc)⊥. With this, we have that H∗ is dual to H , so as the final step in order to
apply Theorem 13, we show that H∗ is orthogonal with respect to the class of open subsets
of Γ. This gives us that the solution, when viewed as a random linear functional, satisfies the
Markov property. To conclude, we show that u can be identified with a function in L2(Γ),
which gives us the Markov property for the random field u.

We will now begin the proof. Observe that since L−α/2 is a bounded functional, it follows
by (6) that u is indeed a random linear functional in the sense of Example 9. Let us now define
a formal dual process, which our goal will be to show that it is actually the dual process. To
this end, we define 〈u∗, φ〉=W(Lα/2φ), where φ ∈ Ḣα. Observe that Ḣα is dense in L2(Γ)
(for instance, it contains all the eigenvectors of L). By using (6) again, we also have that u∗

is a random linear functional. Observe that {ϕi : i ∈ N} is dense in L2(Γ), is contained in
Ḣα, and that by linearity of W , 〈u,ϕi〉 = λ

−α/2
i W(ϕi) and 〈u∗,ϕi〉 = λ

α/2
i W(ϕi). Let H

and H∗ be the random fields induced by u and u∗, respectively, in the sense of Example 9.
Therefore, we have that

H(Γ) = span{W(ϕi) : i ∈N}=H∗(Γ).

Now, take any open set S ⊂ Γ and note that if Supp(φ) ⊂ S and Supp(ψ) ⊂ Sc, then (6)
implies that E[〈u,φ〉〈u∗,ψ〉] = (L−α/2φ,Lα/2ψ)L2(Γ) = (φ,ψ)L2(Γ) = 0. This implies that
H∗(S)⊂H+(Sc)⊥. To show that u∗ is the dual field to u, we need to show that we actually
have the equality in the above expression. To this end, consider the space

(53) S(Γ) =

{
f ∈

⊕
e∈E

C∞(e) : ∀m= 0,1,2, . . . ,D2mf ∈ Ḣ2

}
.

Observe that for every α ∈ N, S(Γ)⊂ Ḣα. Note that S(Γ) is dense in Ḣk(Γ), with respect
to the norm ‖ · ‖k, k ∈ N, since {ϕi : i ∈ N} ⊂ S(Γ). It is easy to see that if φ ∈ S(Γ) and
ψ ∈ Ḣk, then φψ ∈ Ḣk, for k = 1,2.

Now, observe that by Propositions 10 and 11, the norms ‖ ·‖k and ‖ ·‖H̃k(Γ) are equivalent.
Therefore, it follows by the Leibniz rule of differentiation together with equivalence of norms
that for α= 1,2, and any φ ∈ S(Γ) and ψ ∈ Ḣk that

‖Lα/2(φψ)‖L2(Γ) = ‖φψ‖α ≤C‖φψ‖H̃α(Γ) ≤ C̃‖φ‖H̃α(Γ) ≤ Ĉ‖φ‖α = Ĉ‖Lα/2φ‖L2(Γ).

By using the explicit characterization of S(Γ) and the density of S(Γ) in Ḣα, the same proof
as that of (Rozanov, 1982, Lemma 1, p.108) allows us to conclude that H∗(S) =H+(Sc)⊥.
This proves that u∗ is the dual process to u. We can now apply Theorem 13. To this end,
fix α ∈ {1,2}, let S ⊂ Γ be any open set and take any φ,ψ ∈ S(Γ) with Supp(φ) ⊂ S and
Supp(ψ)⊂ Sc = Γ \ S. Then, by (6),

E[〈u∗, φ〉〈u∗,ψ〉] = (Lα/2φ,Lα/2ψ)L2(Γ) = (Lαφ,ψ)L2(Γ) = 0,

since Lα is a local operator. By using that S(Γ) is dense in Ḣα with respect to ‖ · ‖α, it
follows that for any φ,ψ ∈ Ḣα, with Supp(φ) ⊂ S and Supp(ψ) ⊂ Sc = Γ \ S, we have
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(Lα/2φ,Lα/2ψ)L2(Γ) = 0. This implies the orthogonality condition in Definition 6 and by
Theorem 13, u is a Markov random field.

Finally, by Lemma 1 and Lemma 2, u can be identified with a random function in L2(Γ).
We then have by Examples 8 and 9, that if u is seen as random linear functional or as a
random function in L2(Γ), the resulting random field {H(S) : S ⊂ Γ, S is open} is the same.
Thus, u, seen as a random function in L2(Γ) is a Markov random field.

APPENDIX E: PROOF OF THEOREM 5

To prove the theorem we need the following lemma and corollary. The result in the lemma
is known in the literature as adjusting the c-marginal (Lauritzen, 1996, p. 134). Due to its
importance we state (in a slightly more general form than in Lauritzen (1996)) and prove it.

LEMMA 4. Assume that

X =

[
XA

XB

]
∼N (0,Σ) , with Σ =

[
ΣAA ΣAB

ΣBA ΣBB

]
.

where XA ∈RnA and XB ∈RnB . Let Q = Σ−1 (with the corresponding block structure) and
fix some symmetric and non-negative definite nB × nB matrix H. Then, if X∗B ∼N (0,H)
and X∗A = XA|B + ΣABΣ−1

BBX∗B , where XA|B ∼N
(
0,ΣAA −ΣABΣ−1

BBΣBA

)
, we have

that X∗ = [(X∗A)>, (X∗B)>]> ∼N (0,Σ∗), where

Σ∗ =

[
ΣAA −ΣABΣ−1

BBΣBA + ΣABΣ−1
BBHΣ−1

BBΣBA ΣABΣ−1
BBH

HΣ−1
BBΣBA H

]
(54)

and

(Σ∗)−1 = Q∗ =

[
QAA QAB

QBA QBB + H−1 −Σ−1
BB

]
=

[
QAA QAB

QBA H−1 + QBAQ−1
AAQAB

]
.(55)

If H is singular where the projection onto the non null space is P = H†H, then

Q∗ =

[
QAA QABP

PQBA H† + P
(
QBB −Σ−1

BB

)
P

]
=

[
QAA QABP

PQBA H† + P
(
QBAQ−1

AAQAB

)
P

]
.

PROOF. The expression for Σ∗ follows directly by the definitions of X∗A and X∗B , so we
only need to show that Q∗ has the desired expression. By Schur complement we get that

Q∗AA =
(
Σ∗AA −Σ∗AB (Σ∗BB)−1 Σ∗BA

)−1
=
(
ΣAA −ΣAB (ΣBB)−1 ΣBA

)−1
= QAA.

Then using that ΣABΣ−1
BB =−Q−1

AAQAB (see Rue and Held (2005) p.21 and 23) we have

Q∗BA =−QAAΣABΣ−1
BBHH−1 =−QAAΣABΣ−1

BB = QAB.

Using, again, the Schur complement and that ΣABΣ−1
BB =−Q−1

AAQAB we get

Q∗BB = H−1 + H−1Σ∗BAQ∗AAΣ∗ABH−1 = H−1 + Σ−1
BBΣBAQAAΣABΣ−1

BB

= H−1 + QBAQ−1
AAQAB = H−1 + QBB −Σ−1

BB.

Finally, if H is singular then

Q∗BB = H† + H†Σ∗BAQ∗AAΣ∗ABH† = H† + PΣ−1
BBΣBAQAAΣABΣ−1

BBP

= H† + P
(
QBB −Σ−1

BB

)
P.
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The lemma thus shows that one can change the conditional distribution of a Gaussian
random variable, XB without affecting the conditional distribution of XA|XB . The following
particular case is needed for the proof of the theorem.

COROLLARY 12. Assume the setting of Lemma 4 and that H−1 = Σ−1
BB + C, where C

is a symmetric and non-singular matrix. We then have that

X∗ =

[
X∗A
X∗B

]
∼N

(
0,

[
ΣAA −ΣAB

(
ΣBB + C−1

)−1
ΣBA ΣABΣ−1

BBH
HΣ−1

BBΣBA H

])
,

and that

Q∗ = Q +

[
0 0
0 C

]
.

PROOF. The result follows immediate from Theorem 4 and the Woodbury matrix identity.

The proof of Lemma 4 also provides us the following Corollary about precision matrices
with certain structures:

COROLLARY 13. Let Q∗ be a precision matrix of the form

(56) Q∗ =

[
QAA QAB

QBA S + QBAQ−1
AAQAB

]
.

Then, the matrix S is symmetric and positive definite. Furthermore, the inverse Σ∗ = (Q∗)−1

is given by

Σ∗ =

[
ΣAA −ΣABΣ−1

BBΣBA + ΣABΣ−1
BBS−1Σ−1

BBΣBA ΣABΣ−1
BBS−1

S−1Σ−1
BBΣBA S−1

]
(57)

PROOF. Since Q∗ is a precision matrix, it is invertible. We can find the expression for its
inverse, Σ∗ = (Q∗)−1, by comparing equations (56) and (57) with (55) and (54), respectively,
where we obtain that H−1 = S. In particular, from the proof of Lemma 4, we obtain that S
is invertible, and its inverse, S−1, is a covariance matrix, so it is symmetric and non-negative
definite. Since S is invertible, it is positive definite.

PROOF OF THEOREM 5. We will use the following matrix notation throughout the proof:
Suppose that Σ is the covariance matrix of a vector U = (u(t1), . . .u(tn))> for some
t1, . . . , tn ∈ R, then we use the notation Σtitj to denote the submatrix that is the covariance
matrix of (u(ti),u(tj))

>. We use the notation Q = Σ−1 for the corresponding precision ma-
trix. Let, also, Qtitj = (Σtitj )−1, whereas for a matrix M, we denote by Mtitj the submatrix
obtained from M with respect to the indices ti and tj . We will show the result by establishing
that any covariance function r̃ satisfying conditions (i), (ii) and (iii) must be of the form (11).
Finally, we will show that r̃T is, indeed, a covariance function. Fix some t, s ∈ (0, T ). Let Q

denote the precision matrix of the vector U = [u(t),u(s),u(0)u(T )] and Q̃ denote the preci-
sion matrix of the vector Ũ = [ũ(t), ũ(s), ũ(0), ũ(T )]. Let, also, A= {t, s} and B = {0, T}.
Then (i) and the Markov property of u imply that Q̃AA = QAA and Q̃AB = QAB. Hence,
Q̃ is of the form (56), so by Corollary 13, its inverse is given by (57), which directly implies
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that r̃ is given by

r̃ (s, t) =r(s, t)−
[
r(s,0) r(s,T )

] (
Σ0T

)−1
[
r(0, t)
r(T, t)

]
+

[
r(s,0) r(s,T )

] (
Σ0T

)−1
H0T

(
Σ0T

)−1
[
r(0, t)
r(T, t)

]
,

for some positive definite matrix H0T .
We will now show that conditions (ii) and (iii) provide an explicit form for H0T . Fix

some T1 ∈ (0, T ), let ũ∗ be obtained from (12), where T2 = T − T1, and ũ3 be obtained
from r̃T . We will obtain an explicit form for H0T by obtaining conditions for equality of
the densities of Ũ

∗
= [ũ∗ (0) , ũ∗ (T1) , ũ∗ (T )] and Ũ3 = [ũ3 (0) , ũ3 (T1) , ũ3 (T )], which

we denote, respectively, by fŨ∗ and fŨ3
.

Let C0T =
(
H0T

)−1 −Q0T . Then, by Lemma 4, we have that

fŨ∗(x)∝ fũ1(0),ũ1(T1)(x0,xT1
)fũ1(0),ũ1(T2)(xT1

,xT )

∝ exp

(
−0.5

[
x0

xT1

]T (
H0T1

)−1
[

x0

xT1

]
− 0.5

[
xT1

xT

]T (
H0T2

)−1
[
xT1

xT

])
= exp

(
−0.5xTQ∗x

)
,

where

Q∗ =

Q0T1

00 + C0T1

00 Q0T1

0T1
+ C0T1

0T1
0

Q0T1

0T1
+ C0T1

0T1
Q0T1

T1T1
+ Q0T2

00 + C0T1

00 + C0T2

T2T2
Q0T2

0T2
+ C0T2

0T2

0 Q0T2

0T2
+ C0T2

0T2
Q0T2

T2T2
+ C0T2

T2T2

 .
By Lemma 4 again, the density of Ũ3 is fŨ3

(x) = exp
(
−0.5xT Q̃x

)
, where

(58) Q̃ =

Q0T1T +

C0T
00 0 C0T

0T

0 0 0

C0T
0T 0 C0T

TT

 ,

and Q0T1T is the precision matrix of [u(0),u(T1),u(T )]. Now the densities are equal if
and only if Q∗ = Q̃3. This establishes three conditions on C0T : First, C0T

0T = 0 for all T .
Second, due to Markov property of u, we have that Q0T1T

00 = Q0T1

00 hence C0T1 = C0T for
all T1 and T , Hence C0T

00 =: C0 is a matrix independent of T . The same reasoning gives that
C0T
TT =: C1 is independent of T . Finally, we can use the Markov property and stationarity of

u to obtain that

Q̃T1T1
= Q0T1T

T1T1
= r(0,0)−1 +

(
Q0T1

0T1

)T (
Q0T1

00

)−1
Q0T1

0T1
+
(
Q0T2

0T2

)T (
Q0T2

T2T2

)−1
Q0T2

0T2
,

and by construction

Q∗T1T1
= 2r(0,0)−1 +

(
Q0T1

0T1

)T (
Q0T1

00

)−1
Q0T1

0T1
+
(
Q0T2

0T2

)T (
Q0T2

T2T2

)−1
Q0T2

0T2
+ C0 + C1,

whence C0 + C1 =−r(0,0)−1. By combining (58), the stationarity of u and condition (ii),
we get that C0 = C1. More precisely, we invert the right-hand side of (58) and use stationarity
of u to conclude that if C0 6= C1, then r̃T (0,0) 6= r̃T (T,T ). Thus,

C0T =−1

2

[
r(0,0)−1 0

0 r(0,0)−1

]
.
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Now the desired expression for the covariance of ũ(s) on [0, T ] is obtained by ap-
plying Corollary 12. Finally, we can see from the Schur complement that the matrix[

r(0,0) −r(0, T )
−r(T,0) r(0,0)

]
is positive definite, hence r̃ is a covariance function.

PROOF OF COROLLARY 4. This follows by using the C matrix found in the proof of
Theorem 5 and applying Corollary 12.

APPENDIX F: PROOF OF THEOREMS 6 AND 7

PROOF OF THEOREM 7. Note that πU∗U |Y,U∗C(u
∗
U |y,b

∗)∝ πY|U∗C,U∗U (y|b∗,u∗U )π(u∗U |b
∗).

We will derive the density by finding these two densities. First it is straightforward to see that

πY|U∗U ,U∗C(y|u
∗
U ,b

∗) =
1

(2π)
m

2 |Σ|1/2
exp

(
−1

2

(
y−B∗

[
b∗

u∗U

])>
Σ−1

(
y−B∗

[
b∗

u∗U

]))
,

as a function of u∗U can be written as

πY|U∗C,X∗U (y|b∗,u∗U )∝ exp

(
−1

2
u∗>U B∗>U Σ−1B∗Uu∗U + y>Σ−1B∗Uu∗U

)
.

From the proof of Theorem 2 in Bolin and Wallin (2021) we have

(59) U∗U |U∗C = b∗ ∼NC
(
Q∗UU

(
µ∗U − (Q∗UU )−1 Q∗UC (b∗ −µ∗C)

)
,Q∗UU

)
.

Hence, πU∗U |U∗C(u
∗
U |b
∗) ∝ exp

(
−1

2 (u∗U − µ̃∗U )>Q∗UU (u∗U − µ̃∗U )
)
, as a function of u∗U ,

where µ̃∗U = µ∗U − (Q∗UU )−1 Q∗UC (b∗ −µ∗C). Thus it follows that

πu∗U |Y,U∗C(u
∗
U |y,b∗)∝ exp

(
−1

2
u∗>U B∗>U Σ−1B∗Uu∗U +

(
B∗>U Σ−1y

)>
u∗U

)
·

exp

(
−1

2
u∗>U Q∗UUu∗U + (Q∗UU µ̃

∗
U )>u∗U

)
∝ exp

(
−1

2
(u∗U − µ̂∗U )> Q̂

∗
UU (u∗U − µ̂∗U )

)
.

Finally, using the relation U = T>U∗ completes the proof.

PROOF OF THEOREM 6. First note that πY|AU (y|b) = πY|U∗C(y|b
∗) and

πY|U∗C (y|b∗) =

∫
πU∗U ,Y|U∗C (u∗U ,y|b∗)du∗U

=

∫
πY|U∗U ,U∗C(y|u

∗
U ,b

∗)πU∗U |U∗C(u
∗
U |b∗)du∗U .(60)

The goal is now to derive an explicit form of the density by evaluating the integral in (60).
By the expressions in the proof of Theorem 7 we have that

πY|U∗U ,U∗C(y|u
∗
U ,b

∗)πU∗U |U∗C(u
∗
U |b∗) =

= exp

(
−1

2
u∗>U B∗>U Σ−1B∗Uu∗U +

(
B∗>U Σ−1y

)>
u∗U

)
|Q∗UU |1/2

(2π)c0 |Σ|1/2
·
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exp

(
−1

2
u∗>U Q∗UUu∗U + (Q∗UU µ̃

∗
U )>u∗U

)
exp

(
−1

2

[
y>Σ−1y + µ̃∗>U Q∗UU µ̃

∗
U

])

= πU∗U |Y,U∗C(u
∗
U |y,b∗)

exp
(

1
2 µ̂
∗>
U Q̂

∗
UU µ̂

∗
U

)
|Q∗UU |−1/2|Σ|1/2 (2π)c1

exp

(
−1

2

[
y>Σ−1y +µ∗>U Q∗UUµ

∗
U

])
,

where c0 and c1 are positive constants. Inserting this expression in (60) and evaluating the
integral, where one notes that πU∗U |Y,U∗C(u

∗
U |y,b

∗) integrates to one, gives the desired result.
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