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a b s t r a c t

Light-Emitting Diode (LED) optical wireless communication is a potentially low-cost, sustainable
approach for enabling high-speed free-space and underwater transmissions within a limited commu-
nication range. Establishing a tightly controlled line of sight (LOS) between transmitter and receiver
is a significant challenge because the angle of the alignment is not directly measured and has to
be estimated. To address this problem, we propose a novel switched-gain discrete-time nonlinear
observer for an LED-based optical communication model in which the nonlinear output functions are
composed of nonlinear vector functions of multi-scalar combinations of the states. Lyapunov function-
based analysis that ensures global stability is used to design the proposed observer in each piecewise
monotonic region of the LED output functions. Furthermore, we prove via a quadratic Lyapunov-
based approach that a constant stabilizing observer gain design approach has no feasible solution
when the entire LED optical communication range is considered. Therefore, a suitable switched-gain
nonlinear observer is derived for non-monotonic output measurement equations. Simulation results
are shown together with extensive comparisons with the Extended Kalman Filter (EKF) to illustrate
the performance of the proposed switched-gain observer design.

© 2022 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Many research efforts are devoted to advancing Optical Wire-
less Communication (OWC) technology for indoor and outdoor
applications as the demand for capacity increases. OWC is
considered an emerging alternative technology in the commu-
nication area. It carries out flexible networking solutions with
cost-effective and high-speed license-free wireless connectivity
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and Technology (KAUST) through Base Research Fund (BAS/1/1627-01-01). The
21st IFAC World Congress (IFAC 2020), July 12–17, 2020, Berlin, Germany. This
paper was recommended for publication in revised form by Associate Editor
Angelo Alessandri under the direction of Editor Thomas Parisini.
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(R. Rajamani), taousmeriem.laleg@kaust.edu.sa (T.-M. Laleg-Kirati).
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for several applications (Ghassemlooy et al., 2012; N’Doye et al.,
2018; Zhang et al., 2020). Compared to radio-frequency (RF)
and acoustic communication systems, OWC technology provides
low latency, low cost and power consumption, and high data
rates (Hagem et al., 2011; Hanson & Radic, 2008; Lu et al., 2009).

Most communication for above-ground robots and devices oc-
curs through RF communication. RF communication has been the
standard method for the autonomous ground robotic network to
operate wirelessly. However, RF technology presents limitations
such as a limited available data rate and congested spectrum (Bo-
rah et al., 2012; Ghassemlooy et al., 2012). Hence, optical wireless
communication (OWC) technology is an alternative that can com-
plement RF technology to overcome these limitations (Borah
et al., 2012; Elgala et al., 2011; Ghassemlooy et al., 2012; Majum-
dar & Ricklin, 2010). The practical applications of the free-space
optical communication system have been a great interest of wide
field-of-view (FoV) such that NASA technologies for interplane-
tary free-space optical (FSO) communication systems, Facebook
drones Aquila (Nov, 2018), Google’s internet balloons (De-Vaul

https://doi.org/10.1016/j.automatica.2022.110309
0005-1098/© 2022 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-
nc-nd/4.0/).
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et al., 2014), FSO communication in space (Elgala et al., 2017),
and military platforms (Soo Sim Daniel, 2003).

Furthermore, the rapid adaption and decreasing cost of the
light-emitting-diode (LED) makes it a compelling alternative and
a promising communication technique to acoustic and radio-
based wireless free-space and underwater optical communica-
tions (N’Doye et al., 2020; Zhang et al., 2020). Although there
is extensive effort to build reliable OWC for mobile network-
ing sensing applications, however, OWC systems’ practicality to
maintain accurate alignment angle of tracking optical systems in
autonomous robot platforms has been, until recently, a significant
problem. In addition, the required alignment angle is not directly
measured and has to be estimated.

Kalman-type filters have been considered industry-standard
solutions for motion control problems and navigation systems.
However, these filters rely on local linearization assumptions and
fail when the initial estimation errors are large. Furthermore,
previous results on the Extended Kalman Filter (EKF)-based al-
gorithm of maintaining active alignment control for LED-based
wireless optical communications lack strong theoretical stability
guarantees of the convergence of the estimator (Solanki et al.,
2016, 2018). Indeed, small errors in the output measurement can
make the EKF system go unstable.

Recently, some interesting results based on the moving hori-
zon estimation (MHE) algorithm for robot vehicle position prob-
lem have been addressed in Alessandri and Gaggero (2019) and
Alessandri et al. (2019). MHE can handle constraints in a con-
sistent manner and varying measurement delays. However, the
increased computational requirements for MHE over a long es-
timation horizon might lead to an intractable infinite-horizon
estimation problem in practical applications (Rolf et al., 2007),
despite the recent attempts to reduce the computational bur-
den (Alessandri & Gaggero, 2019). On the other hand, sliding-
mode (SM) estimator and high-order SM observers may pro-
vide higher performance than an EKF (Alessandri, 2003). How-
ever, these observers have complex design conditions and lack
robustness (Rajamani et al., 2017).

In contrast to the moving horizon estimation and sliding
mode observer frameworks, LMI-based observer design tech-
niques have been widely used for different classes of nonlinear
systems (Acikmese & Corless, 2011; Arcak & Kokotovic, 2001;
Draa et al., 2019; Ha & Trinh, 2004; Wang et al., 2014; Zemouche
et al., 2017). Moreover, these developed LMI-based observer
design methods in the literature may fail when it comes to actual
application to non-monotonic nonlinear systems (Rajamani et al.,
2020). On the other hand, the authors in Lacerda et al. (2014)
and Li et al. (2012) proposed filters for polynomial systems with
H∞ performance. A nice feature of these filters is that they
rely on Sum-of-Square (SOS) approaches and quadratic Lyapunov
functions. Indeed, the SOS techniques may overcome infeasibility
problems on the LMI-based filter design since a general Lya-
punov function with additional decision variables may modify
the structure of the LMI avoiding infeasibility in the case of
non-monotonicity of the nonlinear output functions.

Recently, a novel LMI-based switched-gain observer design
method for nonlinear continuous systems has been nicely devel-
oped in Rajamani’s work (Rajamani et al., 2020) to tackle the non-
monotonicity gap. The developed algorithm works effectively
when the involved nonlinear functions are non-monotonic and
depend on scalar variables. However, it fails when the involved
nonlinear non-monotonic output functions depend on an arbi-
trary number of multi-dimensional variables. Indeed, the method
in Rajamani et al. (2020) needs to be extended to discrete-time
systems and to be generalized to systems in which the output
nonlinearities depend on multi-dimensional variables. Hence, we
propose a discrete-time nonlinear switched-gain observer for

the LED-based optical communication system. The LED model’s
output functions are involved in nonlinear vector functions of
multi-scalar combinations of the states.

In this present work, we propose a scenario in which mobile
vehicle robotic agents are used for mobile networking sensing
applications. Our research aims at designing a discrete-time non-
linear switched-gain observer for nonlinear output equations to
estimate the angle between the receiver aperture and the LOS
beam sent by the transmitter for an LED-based optical commu-
nication system. For each piecewise monotonic region, we derive
a constant stabilizing observer gain to ensure global asymp-
totic stability. The proposed observer experiences switched gains
when a measurement is available in each region, then the whole
updated process error dynamics is described as a switched-gain
system. The benefit of the proposed switched-gain nonlinear ob-
server is its efficiency in guaranteeing global asymptotic stability
compared to the stochastic filters.

Note that a preliminary version of this work appeared as a
conference paper in N’Doye et al. (2020). In this extended version,
we

• provide complete proofs of the main results,
• derive a general synthesis method for an asymptotic conver-

gence of the estimation error for monotonic systems,
• demonstrate the infeasibility to solutions for the observer

design LMIs when the nonlinear functions are all non-
monotonic,
• conduct detailed simulation results to analyze the capability

of the proposed switched-gain observer design approach
to reconstruct the states in comparison to the standard
extended Kalman filter (EKF).

The outline of the rest of the paper is as follows. In Section 2,
the optical channel modeling of the LED system is presented,
including the luminous flux model and its state–space formula-
tion. In Section 3, we formulate our estimation problem. Then, we
provide details about the asymptotic convergence of the estima-
tion error, the demonstration of infeasibility to solutions for the
observer design LMIs when the nonlinear LED functions are all
non-monotonic, and the application of the developed switched-
gain observer techniques for LED-based optical communication.
In Section 4, simulation results are illustrated to compare the
performance of the proposed switched-gain observer and EKF.
Finally, concluding remarks are shown in Section 5.

Notation: Matrix A⊤ represents the transposed matrix of A. The
Euclidean norm of a vector x ∈ Rn is defined as ∥x∥ =

√
x⊤x. The

identity matrix of dimension r is denoted Ir . The blocks induced
by symmetry are denoted (⋆). The set Co(x, y) = {λx+(1−λ)y, 0 ⩽

λ ⩽ 1} is the convex hull of {x, y}. A vector of the canonical basis

of Rs is denoted es(i) =
(
0, . . . , 0,

ith
1 , 0, . . . , 0  

s components

)⊤
∈ Rs, s ⩾ 1.

A positive definite (negative definite) square matrix is denoted
S > 0 (S < 0). N+ is the set of positive integers.

2. LED-based optical channel modeling

The LED-based optical channel describes a two-way commu-
nication that consists of an LED transmitter and a photodiode
receiver; each end can rotate by an angle in which it establishes
and maintains LOS. Fig. 1 illustrates the experimental setup for
an estimation problem of LED-based optical channel modeling.
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Fig. 1. Mobile networking of ground vehicle robots with LED-based communi-
cation.

Fig. 2. LED communication scheme.

2.1. LED-based intensity model

The detector’s incident power can be determined based on the
signal irradiance at the relative detector position. Fig. 2 illustrates
the variables of interest, which include the transmission distance
d, the transmission angle θ , and the angle of incidence of φ.

The full signal strength model can be formulated as follows
(Doniec et al., 2013; Ghassemlooy et al., 2012; Solanki et al., 2016,
2018)

Pd = CI(θ, d) exp (−cd)g(φ), (1)

where Pd is the measurement of power, which is proportional
to the luminous flux of light detected by the receiver, C and
c are both constants. The exp (−cd) portion comes from Beer–
Lambert’s law (Miller et al., 2009) which describes the attenua-
tion of power when light travels through medium as an exponen-
tial decay; I(θ, d) is usually in the following form (Doniec et al.,
2013; Ghassemlooy et al., 2012; Solanki et al., 2016, 2018)

I(θ, d) = I(0, d) cosm(θ )/d2, (2)

where I(0) is the central luminous flux, as well as the maximum
luminous flux, and m is the order of Lambertian emission

m =
ln(2)

ln cos(θ1/2)
.

In the above formula, θ1/2 is the angle at half the illuminance of
an LED. Physically, I(0, d) cosm(θ ) represents the radiation pattern
of LED source (Ivan & Ching-Cherng, 2008) and the reciprocal
of d2 comes from the inverse-square law, which describes the
geometric dilution of a physical quantity. The resulting luminous
flux model is given as follows (N’Doye et al., 2020).

Pd(d, θ, φ) =
a exp (−bd)

d2
Ĩθ  

Transmitter

g(φ)
Receiver

, (3)

where Ĩθ is the angular intensity distribution of the transmitter,
g(φ) is the dependence of the received LED intensity on the

incidence angle φ and takes the form of two Gaussian terms with
six unknowns (N’Doye et al., 2020)

g(φ) ≈ a1 exp
[
−

(φ − b1
c1

)2]
+ a2 exp

[
−

(φ − b2
c2

)2]
. (4)

All the constants values in this section are nonnegative, and their
physical meaning can be found in Table 1.

2.2. State–space formulation

We note that, in practice, it is not easy to move the distance
d desirably because it requires moving the whole robot platform.
From (3), we formulate the state space equation through the three
variables of interest: the angular transmission intensity distribu-
tion Ĩθ , the angular position of the receiver φ, and the angular
velocity of the receiver φ̇. Subsequently, controlling the angular
velocity φ̇ is more independent and involves a local decision in
practice. The aim consists of adjusting the angular velocity φ̇ to
zero, which acts to the angular position φ to get alignment for
both robots on each side of communication. We combine Ĩθ and
d in one state variable (x1 = f (d, Ĩθ )) as we mentioned before
that d cannot be adjusted easily. Therefore, we define the states
as follows

x =

[x1
x2
x3

]
=

⎡⎣Cp Ĩθ exp (−cd)/d2
φ

φ̇

⎤⎦ , (5)

where φ ≜ x2 is the angular position and φ̇ ≜ x3 is the angular
velocity.

Here, the state variables of the moving LED in time fall into
the following form[x1(t +∆t)
x2(t +∆t)
x3(t +∆t)

]
=

[ x1(t)
x2(t)+ x3(t)∆t

x3(t)

]
. (6)

The discrete-time state space representation can be written as
follows

xk =

[x1,k
x2,k
x3,k

]
=

[ x1,k−1 + w1,k−1
x2,k−1 + Tex3,k−1 + w2,k−1
x3,k−1 + uk−1 + w3,k−1

]
, (7)

in which the states x2 and x3 are sampled synchronously at the
sampling time Te = k∆t by the time index k. w1,k, w2,k and w3,k
∈ ℓ2 are the process noises which are assumed to be Gaussian,
independent and white. uk is the control input which acts on the
receiver angular velocity.

2.3. Output measurement equation

The measurement Pd,k is expressed as

yk ≜ Pd,k = x1,kg(x2,k)+ vk, (8)

where g(.) is defined in (4) and vk ∈ ℓ2 is an additive white
Gaussian noise.

The system is locally unobservable at φ = 0◦. Hence, we
introduce a second receiver on the same robot. Then, we place
each receiver symmetrically with fixed shifted angle ∆φ1 = 6◦

and ∆φ2 = −6◦ to achieve observability, as illustrated in Fig. 3.
These shifted angles are added to account for the receiver’s actual
angular position orientation. At each movement of the trans-
mitter platform, the states are updated according to the system
dynamics. When φ1 is controlled to 0◦ and reads the wireless

3
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Table 1
LED parameters value.
Terms Model Parameters R2 RMSE

a(a1) b(b1) c(c1) a2 b2 c2
Scattering, absorption, dilution a exp (−bx)/x2 0.01009 1.972 – – – – 0.9947 0.0058

Receiver orientation a1 exp
[
−

(
x−b1
c1

)2]
+ a2 exp

[
−

(
x−b2
c2

)2]
0.9953 0.06298 0.2517 0.2260 −0.1995 0.132 0.9970 0.0205

Fig. 3. Measurements of two receivers φ1 and φ2 .

transmitted data, its orientation is being maintained by using φ2.
Hence, the resulting output vector can be written as follows

[
y1,k
y2,k

]
=

⎡⎢⎢⎣x1,kg(

φ1  
x2,k +∆φ1)

x1,kg(x2,k +∆φ2  
φ2

)

⎤⎥⎥⎦+ vk. (9)

Given the measurement, the primary goal is to estimate x1,k, the
angular position φ ≜ x2,k and the angular velocity φ̇ ≜ x3,k
based on which the control uk is designed, to drive x3,k and
indirectly x2,k towards zero, which corresponds to the maximum
light intensity’s orientation.

The next section is devoted to a general theory providing a
general observer design method, which can be used for other
real-world applications.

3. A general observer design theory

This section is devoted to a general theory on state observer
design. This theory is motivated by the LED-based optical com-
munication model described in (7) and (9).

3.1. Problem formulation

In this paper, we consider the family of linear systems with
nonlinear output measurements, described by the following set
of equations{
xk+1 = Axk + Buk + Ewk
yk = h(xk)+ Dwk

(10)

where xk ∈ Rn is the state vector, uk ∈ Rm is the input vector,
yk ∈ Rp is the output measurement, wk ∈ Rz is the disturbance
ℓ2 bounded vector and the matrices A ∈ Rn×n, B ∈ Rn×m, E ∈
Rn×z and D ∈ Rp×z are constant. The nonlinear output function
h : Rn

−→ Rp is assumed to be globally Lipschitz.
To estimate the unmeasurable state variables of the model

(10), we propose the following nonlinear observer structure

x̂k+1 = Ax̂k + Buk + L
(
yk − h(x̂k)

)
, (11)

where x̂k is the estimate of xk. The matrix L ∈ Rn×p is the
observer gain parameter to be determined later. Since h(.) is
globally Lipschitz, then, there exist zi ∈ Co(ϑi, ϑ̂i), functions
φij : Rni −→ R, and constants aij, bij, such that

h(x)− h(x̂) =
p,ni∑
i,j=1

φij(zi)Hij

(
ϑi − ϑ̂i

)
, (12)

and

ϑi = Hixk, ϑ̂i = Hix̂k,

aij ⩽ φij

(
zi
)
⩽ bij, φij(zi) =

∂hi

∂ϑ
j
i

(zi), (13)

where

Hij = ep(i)e⊤ni (j), φij ≜ φij

(
zi
)
, Hi ∈ Rni×n.

Since ϑi− ϑ̂i = Hiek and for all i = 1, . . . , p and j = 1, . . . , ni, we
can rewrite the nonlinearities as follows

h(xk)− h(x̂k) =
p,ni∑
i,j=1

φijHijHiek ≜ Cek +
p,ni∑
i,j=1

φ̃ijHijHiek,

where

C ≜
∑
(i,j)∈F

aijHijHi,

φ̃ij ≜ φij − aij, F ≜
{
(i, j) : aij ̸= 0

}
. (14)

By definition, the matrix C contains the quantities aij ̸= 0.
Then when all the nonlinearities are non-monotonic, the matrix
C will contain ALL the quantities aij of the system.

Then, the dynamic equation of the observation error ek =
xk − x̂k can be written as

ek+1 =

⎛⎝A− L
p,ni∑
i,j=1

[
φijHijHi

]⎞⎠ ek +
(
E − LD

)
  

E

wk

=

⎛⎝A− LC −
p,ni∑
i,j=1

φ̃ijLHijHi

⎞⎠
  

A

ek + Ewk. (15)

It follows that

0 ⩽ φ̃ij ⩽ b̃ij ≜ bij − aij.

Remark 1. Note that matrix Hi is a linear transformation map-
ping from the state variable to a vector of new variables which the
ith component of output function depends on. In general, we look
at the output function, which is vector-valued, in a component-
wise way. Then, each component of the output function is a
multivariate scalar-valued nonlinear function. These nonlinear
functions, if analytic, can be written as a compound of transcen-
dental functions which depend on the state variables. Whenever
the state variables appear as a linear combination (including the
case where a standalone state variable appears), we rename this

4
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linear combination to a new variable. Then Hi is a mapping from
the original set of state variables to the set of these new variables.
For example, assume the state x =

[
x1 x2 x3

]⊤
∈ R3 and the

ith component of the output function yi = x1ex2+x3 . In this case,
yi depends on ϑ1 = x1 and ϑ2 = x2+ x3, i.e., yi = fi(x1, x2+ x3) =

fi

([
1 0 0
0 1 1

]
x
)
. Therefore, Hi =

[
1 0 0
0 1 1

]
.

Before introducing the design method, the following definition
of H∞ stability is used in the paper.

Definition 1. System (15) is H∞ stable if there exist a positive
scalar µ and a K∞−function β(.) such that

∥e∥ℓn2 ⩽
√

µ∥w∥2
ℓz2
+ [β

(
∥e0∥

)
]2 (16)

for any ℓ2 disturbance wk and any initial error e0. The quantity
√

µ is called the disturbance attenuation level.

Definition 1 gives a more general H∞ criterion than the stan-
dard one used in control problem. However, criterion (16) is itself
a special case of a more general property, called Input-to-State-
Stability (ISS). For more details, we refer the reader to Sontag
(1989) and Sontag and Wang (1996).

The criterion (16) implies that the classical H∞ performance
indicator holds (Li & Fu, 1997). That is the transfer Tew from w to
e satisfies the H∞ norm:

∥Tew∥∞ ≜ sup
w

∥e∥ℓn2
∥w∥ℓz2

⩽
√

µ, e0 = 0. (17)

As usually, to perform the H∞ analysis leading to the cri-
terion (16), we use Lyapunov characterizations. The following
lemma provides some particular sufficient conditions ensuring
(16).

Lemma 1. Assume there exist a Lyapunov function V (.) and two
K∞−functions α(.) and β(.) such that

[α
(
∥ek∥

)
]
2 ⩽ V (ek) ⩽ [β

(
∥ek∥

)
]
2, ∀ k ⩾ 0, (18a)

Wk ≜ ∆Vk + ∥ek∥2 − µ∥wk∥
2 < 0, ∀ ek ̸≡ 0, wk ∈ ℓ2, (18b)

where ∆Vk ≜ V (ek+1)− V (ek). Then the criterion (16) holds.

Proof. From inequality (18b), we have

Vk+1 − Vk + ∥ek∥2 ⩽ µ∥wk∥
2.

It follows that
N∑

k=0

(
Vk+1 − Vk

)
+

N∑
k=0

∥ek∥2 ⩽ µ

N∑
k=0

∥wk∥
2,

which is identical to

VN − V0 +

N∑
k=0

∥ek∥2 ⩽ µ

N∑
k=0

∥wk∥
2.

Since from (18a), we have VN ⩾ [α
(
∥eN∥

)
]
2 > 0 for eN ̸≡ 0, then

N∑
k=0

∥ek∥2 ⩽ µ

N∑
k=0

∥wk∥
2
+ V0,

which is equivalent

lim
N→∞

N∑
k=0

∥ek∥2 ⩽ µ lim
N→∞

N∑
k=0

∥wk∥
2
+ V0.

Also, from (18a), we have V0 ⩽ [β
(
∥e0∥

)
]
2. Consequently, we get

∥e∥2
ℓn2

⩽ µ∥w∥2
ℓz2
+ V0 ⩽ µ∥w∥2

ℓz2
+ [β

(
∥e0∥

)
]
2,

which is equivalent to (16).

In the sequel, in the LMI framework, we particularly use a
standard quadratic Lyapunov function

Vk ≜ V (ek) = e⊤k Pek,

where P = P⊤ > 0. In this case, inequality (18a) is satisfied with
β
(
∥ek∥

)
=
√

λmax(P)∥ek∥. Hence, the aim consists in finding the
observer gain L and a Lyapunov matrix P = P⊤ > 0 such that the
following particular criterion holds:

∥e∥ℓn2 ⩽
√

µ∥w∥2
ℓz2
+ ν∥e0∥2 (19)

where
√

µ is the disturbance attenuation level; µ is a free so-
lution of a specific LMI condition to be established later, and
ν = λmax(P).

Minimization of the upper bound µ of the H∞ performance
criterion (19) reflects the disturbance attenuation/rejection ca-
pability of the proposed observer against both the process and
measurement noise, concatenated in a single vector wk.

3.2. A general observer design method

This subsection will derive the theoretical results on the ob-
server design procedure for a class of nonlinear monotonic output
equations systems. We demonstrate infeasibility to solutions for
the observer design LMIs when the nonlinear LED functions are
all non-monotonic. Then, we present a switched-gain observer
design methodology that enables stable observers for the non-
monotonic output functions of the LED optical communication
systems through an H∞ filter with ensured disturbance level µ.

The following theorem provides the conditions that guarantee
the asymptotic stability of the estimation error system (15) in the
H∞-optimality sense (19).

Theorem 1. Assume that there exist symmetric positive definite
matrices P ∈ Rn×n, Sij ∈ Rni×ni , i = 1, . . . , n and matrix X ∈ Rp×n,
so that the following LMI condition holds

min(µ) subject to (21) (20)

Σ =

[
M

[
Π⊤1 . . . Π⊤p

]
(⋆) −ΛN

]
< 0, (21)

where

M =

⎡⎣−P + In 0 A⊤P − C⊤X
(⋆) −µIz E⊤P − D⊤X
(⋆) (⋆) −P

⎤⎦ , (22)

Πi =

[
Π⊤i1 (X , Si1) . . . Π⊤ini (X , Sini )

]⊤
,

Π⊤ij (X , Sij) =

[ 0
0

−X⊤Hij

]
+

⎡⎣H⊤i
0
0

⎤⎦ Sij, (23)

Λ = block-diag
(
Λ1, . . . , Λp

)
, (24)

Λi = block-diag

(
2

b̃i1
Ini , . . . ,

2

b̃ini
Ini

)
, (25)

N = block-diag
(
N1, . . . ,Np

)
, (26)

5
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Wk = e⊤k

⎡⎣⎛⎝A− LC − L
p,ni∑
i,j=1

[
φ̃ijHijHi

]⎞⎠⊤ P

⎛⎝A− LC − L
p,ni∑
i,j=1

[
φ̃ijHijHi

]⎞⎠− P + I

⎤⎦ ek

+ w⊤k

[(
E − LD

)⊤
P
(
E − LD

)
− µI

]
wk

+ e⊤k

⎡⎣⎛⎝A− LC − L
p,ni∑
i,j=1

[
φ̃ijHijHi

]⎞⎠⊤ P
(
E − LD

)⎤⎦wk

+ w⊤k

⎡⎣(E − LD
)⊤

P

⎛⎝A− LC − L
p,ni∑
i,j=1

[
φ̃ijHijHi

]⎞⎠⎤⎦ ek (28)

Box I.

Ni = block-diag
(
Si1, . . . , Sini

)
, (27)

then, the observation error system in (15) is asymptotically stable
and the H∞ performance criterion (19) is guaranteed with ν =

λmax(P). In addition, the observer gain L is computed as

L = P−1X⊤.

Proof. The proof of this theorem is an extension of the
continuous-time case in Zemouche et al. (2017). By calculating
Wk along the trajectories of (15), we obtain (28) given in Box I.

Then, (28) can be written as follows

Wk =

[
ek
wk

]⊤ [
A⊤PA− P + I A⊤PE

(⋆) E⊤PE− µI

][
ek
wk

]
(29)

It follows that Wk ⩽ 0 if the following inequality holds[
A⊤PA− P + I A⊤PE

(⋆) E⊤PE− µI

]
< 0, (30)

which is equivalent to[
−P + I 0

(⋆) −µI

]
+

[
A⊤P
E⊤P

]
P−1

[
PA PE

]
< 0. (31)

Using Schur lemma we deduce that Wk < 0 if the following
matrix inequality holds⎡⎣−P + I 0 A⊤P

(⋆) −µI E⊤P
(⋆) (⋆) −P

⎤⎦ < 0, (32)

which is equivalent to⎡⎢⎢⎢⎢⎢⎣
[
−P + I 0

0 −µI

] ⎡⎢⎢⎢⎣
⎛⎝A− LC − L

p,ni∑
i,j=1

[
φ̃ijHijHi

]⎞⎠⊤ P(
E − LD

)⊤
P

⎤⎥⎥⎥⎦
(⋆) −P

⎤⎥⎥⎥⎥⎥⎦ < 0.

(33)

Inequality (33) can be rewritten as (34) given in Box II.
From Young’s inequality we have

Y⊤i Xij + X⊤ij Yi ⩽
1
2

(
Xij + SijYi

)⊤
S−1ij

Πij  (
Xij + SijYi

)

for any symmetric positive definite matrices Sij. Therefore, from
(13) and the fact that aij = 0, inequality (34) holds if

M+
p,ni∑
i,j=1

(
Π⊤ij

( 2

b̃ij
Sij

)−1
Πij

)
< 0. (35)

Hence, by Schur lemma and the change of variable X = L⊤P ,
inequality (35) is equivalent to (21). This ends the proof.

Remark 2. The convex optimization problem (20)–(21) in Theo-
rem 1 does not depend explicitly on ν and then this value is not
optimized. Indeed, we considered only the standard cost function
used in H∞ context. However, we can introduce ν in the convex
optimization problem by adding constraint. Since ν = λmax(P),
we can introduce a new scalar slack variable ν̄ and include the
inequality P < ν̄In. In this case, to optimize both µ and ν̄, we
need to modify the cost function. Instead of (20), we have to use
other cost functions depending on ν, like

min
(
max

(
µ, ν̄

))
subject to (21) and P < ν̄In

or

min (αµ+ βν̄) subject to (21) and P < ν̄In
where α and β can be fixed by the user with respect to the
objectives at hand.

3.3. On feasibility of (21) for non-monotonic outputs

The following theorem provides the non-existence of a con-
stant observer gain solution for the non-monotonic LED-based
optical communication model under the existence of a quadratic
Lyapunov function.

Theorem 2. Assume that the two following items hold:

(i) All the nonlinear output functions hi, i = 1, . . . , p, are non-
monotonic;

(ii) the system matrix A is not Schur stable.

Then the LMI (21) is infeasible.

Proof. First, consider the following change of variables

Tij =
2

b̃ij
Sij and Ñ = ΛN.

Then, the LMI (21) in Theorem 1 is equivalent to[
M

[
∇
⊤

1 . . . ∇⊤p
]

(⋆) −Ñ

]
< 0, (36)

6
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M  ⎡⎢⎢⎢⎣
[
−P + I 0

0 −µI

] ⎡⎣A⊤P − C⊤L⊤P

E⊤P − D⊤L⊤P

⎤⎦
(⋆) −P

⎤⎥⎥⎥⎦+
p,ni∑
i,j=1

φ̃ij

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Y⊤i  ⎡⎢⎢⎢⎣
H⊤i

0

0

⎤⎥⎥⎥⎦
Xij  [

0 0 −H⊤ij L
⊤P
]
+X⊤ij Yi

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
< 0. (34)

Box II.

where

M =

⎡⎣−P + In 0 A⊤P − C⊤X
(⋆) −µIz E⊤P − D⊤X
(⋆) (⋆) −P

⎤⎦ , (37)

∇i =

[
∇
⊤

i1 (X ,Ti1) . . .∇⊤ini (X ,Tini )
]⊤

,

∇
⊤

ij (X ,Tij) =

[ 0
0

−X⊤Hij

]
+

b̃ij
2

⎡⎣H⊤i
0
0

⎤⎦Tij. (38)

To simplify the proof, we will use a compact form of (36). To this
end, we introduce the following notation

G ≜
[
H11 . . .Hin1 . . .Hp1 . . .Hpnp

]
,

H⊤ ≜
[
H⊤1 . . .H⊤1  

n1times

. . .H⊤p . . .H⊤p  
nptimes

]
.

We also define Γa and Γb in the same diagonal form as Λ by
replacing 2

b̃ij
with aij and bij, respectively. Then, LMI (36) can be

written under the compact form⎡⎢⎢⎢⎣M −

[ 0
0

PLG

]
+

[
H⊤

0
0

]( Λ−1  
Γb − Γa

2

)⊤
Ñ

(⋆) −Ñ

⎤⎥⎥⎥⎦ < 0. (39)

Since from (i) all the nonlinear functions hj are non-monotonic,
then from the definition of C in (14), we deduce that

C = GΓaH. (40)

This compact form expression of the matrix C is essential and
plays an important role to proof infeasibility of the LMI for the
LED model. It follows that M in (37) can be decomposed as

M =

⎡⎣−P + In 0 A⊤P
(⋆) −µIz E⊤P − D⊤X
(⋆) (⋆) −P

⎤⎦
−

[ 0
0

PLG

]
Γa
[
H 0 0

]
−

[
H⊤

0
0

]
Γ ⊤a

[ 0
0

PLG

]⊤
(41)

Hence from Schur lemma and the decomposition (41), LMI (39) is
equivalent to (42). On the other hand, after some manipulations,
the LMI (42) is identically written under the form (43), which
brings out the monotonicity through the term Γ ⊤a ÑΓb + Γ ⊤b ÑΓa
(Eqs. (42) and (43) are given in Boxes III and IV). Hence, if all the
nonlinearities are non-monotonic, i.e.

Γ ⊤a ÑΓb + Γ ⊤b ÑΓa < 0, (44)

then the feasibility of (43) implies⎡⎣−P + In 0 A⊤P
(⋆) −µIz E⊤P − D⊤X
(⋆) (⋆) −P

⎤⎦ < 0. (45)

Let

Ω =

[In 0 0
0 0 In
0 Iz 0

]
,

then inequality (45) is equivalent to

Ω⊤

⎡⎣−P + In 0 A⊤P
(⋆) −µIz E⊤P − D⊤X
(⋆) (⋆) −P

⎤⎦Ω < 0, (46)

which is identical to⎡⎣−P + In A⊤P 0
(⋆) −P PE − X⊤D
(⋆) (⋆) −µIz

⎤⎦ < 0. (47)

It follows that from (47) we have necessarily[
−P + In A⊤P

(⋆) −P

]
< 0 (48)

which means that A is Schur stable. This contradicts item (ii) of
Theorem 2. Then if the matrix A is not Schur stable, the LMI (21)
is infeasible. This ends the proof.

Three conclusions can be derived from Theorem 2.

(i) The proposed LMI (21) remains still infeasible even if the
observer gain L is time-varying. Indeed, it is quite clear
from the LMI (21) that the proof of infeasibility does not
depend on the gain L, which is not inside the diagonal term
in the LMI (21). On the other hand, if a time-varying gain
is used to overcome infeasibility of the LMI (21), it will
be mandatory to proceed with a different manner to get a
new LMI condition, where infeasibility will depend on the
observer parameters.

(ii) It is worth mentioning that the goal is to facilitate the use
of Young inequality and focus only on the matrices. With
aij < 0, for example, we cannot apply the Young inequality
to get the LMI condition of Theorem 1. The matrices Γa
and Γb are introduced and used in the proof of Theorem 2
because all the properties of the nonlinearities should be
accounted in the proof of infeasibility. Furthermore, the
non-monotonicity is characterized by both aij and bij, then
by Γa and Γb, with Γa < 0 and Γb > 0.

(iii) Note that the non-monotonicity does not directly imply in-
equality (44) holds for any general symmetric and positive
definite matrix Ñ. However, due to the structure of Ñ and
(more essential) the structure of Γa and Γb (each matrix
block Sij is multiplied by a scalar aij and bij, respectively

7
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⎡⎣−P + I 0 A⊤P
(⋆) −µI E⊤P − D⊤X
(⋆) (⋆) −P

⎤⎦− [ 0
0

PLG

]
Γa
[
H 0 0

]
−

[
H⊤

0
0

]
Γ ⊤a

[
0 0

(
PLG

)⊤]

+

⎛⎜⎝−[ 0
0

PLG

]
+

1
2

[
H⊤

0
0

]( Λ−1  
Γb − Γa

)⊤
Ñ

⎞⎟⎠ Ñ−1

⎛⎜⎝−[ 0
0

PLG

]
+

1
2

[
H⊤

0
0

]( Λ−1  
Γb − Γa

)⊤
Ñ

⎞⎟⎠
⊤

< 0. (42)

Box III.

⎡⎣−P + I 0 A⊤P
(⋆) −µI E⊤P − D⊤X
(⋆) (⋆) −P

⎤⎦− 1
2

[
H⊤

0
0

] <0  [
Γ ⊤a ÑΓb + Γ ⊤b ÑΓa

] [
H 0 0

]

+

(
−

[ 0
0

PLG

]
+

1
2

[
H⊤

0
0

](
Γb + Γa

)⊤
Ñ

)
Ñ−1

(
−

[ 0
0

PLG

]
+

1
2

[
H⊤

0
0

](
Γb + Γa

)⊤
Ñ

)⊤
  

>0

< 0. (43)

Box IV.

for a couple (i, j)), then non-monotonicity implies (44).
Hence, this justifies and confirms the matrix Ñ to be block-
diagonal form from the application of Young’s inequality,
rather than be a general symmetric and positive definite
matrix.

3.4. A switched-gain based observer as a solution

It has recently been proven in the continuous-time case (Ra-
jamani et al., 2020) that when all the nonlinear output functions
are non-monotonic, a single observer gain that guarantees expo-
nentially stable estimation error over the entire operating range
cannot be found. Consequently, the LMI (21) is not feasible. Con-
trary to what has been indicated in Rajamani et al. (2020), the
LMI (21) is not feasible since the observer gain is constant. How-
ever, it remains infeasible even for time-varying gain in case of
non-monotonicity of all the output functions hi(.). It is due to
the design procedure and the exploitation of the nonlinearities
related assumptions. Different observer design methods that use
a time-varying gain jointly with a new way to handle the nonlin-
earities and introduce output transformations exist. However, if
we want to keep LMI (21) and exploit it for the observer design,
then the unique solution is to introduce a switched-gain based
observer as depicted in Figs. 4 and 5.

The goal consists of designing a switched-gain observer that
uses observer gains and a hysteresis to make the observer error
dynamics globally asymptotically stable. Indeed, the basic idea of
this switched-gain strategy consists of combining, for example,
two constant-gain regions, as shown in Fig. 4, with no loss of
generality. The switched-gain is designed so that around the
nominal switch point y∗ = yswitch between, for example, two
regions and the hysteresis variable ε, the observer error dynamic
guarantees convergence. To proceed, we consider a switched-
gain observer with a constant-gain Li in the region Ri designed
using the LMI (21) with ΓaRi

, ΓbRi
, and the corresponding value

of the quadratic Lyapunov positive definite matrix Pi as shown in
Fig. 4 in the case of switching between two regions. In Fig. 4, the
parameter ε is the hysteresis added to the switching to ensure a
minimum dwell time after each switch (Rajamani et al., 2020).

The stability of the switched-gain observer of Fig. 4 consisting
of different constant observer gain regions needs to be consid-
ered. Note that the proposed switching-gain strategy selects the
current mode of operation of a switched system based on the
nominal value of the output y∗ = yswitch for each region, as
illustrated in Fig. 5. Subsequently, the switching strategy utilizes
the notion of dwell time, which has been widely used in con-
trol techniques, see for instance (Branicky, 1998; Mayhew et al.,
2011; Peleties & DeCarlo, 1991; Sanfelice, 2021). The number of
regions involved depends on how non-monotonic the involved
functions are and how many zero-slope points are involved in
these nonlinear functions. As more zero-slope points occur in the
non-monotonic function, more switching regions are needed.

Let the observers be designed to be asymptotically stable
in each of the switching regions using the quadratic Lyapunov
function analysis of Theorem 1. Then, it should be noted that
inside each region, a single observer gain is used, and asymptotic
stability is guaranteed under the constraint of feasibility of (21).
Furthermore, the stability of the overall switched system can
be guaranteed if the system satisfies a minimum dwell time
constraint in each region and the results from switching system
theory (Alessandri et al., 2005; Goebel et al., 2012; Liberzon,
2003).

Remark 3. Let yswitch and Li be the nominal switching point
between the two regions and observer gains respectively so that
asymptotically stable switched-observers gains are designed and
for some positive parameter ε, the value of the output function is
such that there exists i+ for which

yi ⩾ yi+switch + ε, (49)

then the switched-gain observer strategy updates i to i+ (i+
denotes the value of i after the switch) and applies to the observer
dynamics the observer gain matrix associated to the new value
of i. Note that condition (49) determines the situation when
switching to the observer gain associated with i+ occurs when
the observer error is far to the slope points.

The proposed switched-gain based observer can be summa-
rized as follows

8
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Fig. 4. Discrete-time observer with switched gains.

Fig. 5. Switched-gain based observer design where i+ ∈
{
r ∈ {1, . . . , 5} : yi ⩾

yi+switch + ε
}
.

• When the observer gain Li is applied to the LED system for
given ε, apply it as long as

yi ⩽ yi+switch − ε, ∀r ∈ {1, . . . , 5}, (50)

then i is constant when (50) holds (i.e. when y is close to
yswitch).
• When

yi ⩾ yi+switch + ε, (51)

for r ∈ {1, . . . , 5}, then update i according to (i.e. when y is
far from yswitch).

i+ ∈
{
r ∈ {1, . . . , 5} : yi ⩾ yi+switch + ε

}
, ∀i+ = r.

The largest decay rate σ of system (10) is defined such that

lim
k−→∞

exp(σk) ∥ek∥ = 0, (52)

holds for wk ≡ 0 and for all trajectories ek. We can use the
quadratic Lyapunov function V (ek) = e⊤k Pek to obtain a lower
bound of the error dynamics (15). From (21), it implies that

∆V (ek) ⩽ −σ e⊤k ek. (53)

From (53) and the fact that

λmin(P) ∥ek∥2 ⩽ V (ek) ⩽ λmax(P) ∥ek∥2 , (54)

we have

∥ek∥ ⩽

√
λmax(P)
λmin(P)

∥e(0)∥ exp
(
−

kσ
λmax(P)

)
. (55)

Hence, the inequality (55) means that the observer error con-
verges exponentially to zero with the minimum decay rate σ .

For a finite set of piecewise regions with the monotonicity
that is guaranteed in each region, we can state the condition that
ensures a globally asymptotically stable switched-gain observer
with guaranteed disturbance level and decay rate. For the sake of
simplicity, the following proposition considers only two regions.

Proposition 3. Let P1, L1, µ1 and P2, L2, µ2 be the Lyapunov func-
tion matrices, observer gain matrices and disturbance attenuation
levels in regions 1 and 2 respectively, chosen so as to satisfy (21).
Let σ1, σ2 ∈ (0, 1) be the minimum convergence rates in the two
regions. Choose a value of r such that the following equations are
guaranteed

P1 ⩾ σ r−1
2 P2, (56)

and

P2 ⩾ σ r−1
1 P1, (57)

then, if the switching between regions does not occur faster than
r ∈ N+ times of sampling period, the switched-gain observer system
will be globally asymptotically stable with guaranteed attenuation
gain µ = max{µi}i∈{1,2}.

Proof. To ensure the decay rate σ > 0, we need ∆Vi(ek) <

−2σVi(ek) instead of ∆Vi(ek) < 0, hence this adds the term
{2σiPi}i∈{1,2} in the first row-column of M in (22). Now, consider
the case where the observer gain switches from L1 to L2 for wk ≡

0. Since σ2 is assumed to be the minimum convergence rate of
region 2, we have V2(k+ 1) ⩽ σ2V2(k) and ∆V2(ek)+ σ2V2(ek) =
e⊤k Σ̃ek where

Σ̃ =

[
M̃

[
Π⊤1 . . . Π⊤p

]
(⋆) −ΛN

]
< 0, (58)

and

M̃ =
[
−P2 + In A⊤P2 − C⊤X

(⋆) −(1− σ2)P2

]
,

C is designed in the operating regions of interest due to the
monotonicity concept. From the LMI (21), we know that Σ < 0
which implies by Schur complement that Σ̃ < 0 for wk ≡ 0.
On the other hand, suppose at ks ∈ N+, the observer intends
to switch between the two regions. By assumption, the exact
switching can only happen at or after ks + r , and we have

V2(ks + r) ⩽ σ r
2V2(ks).

Equivalently, that is

e⊤ks+rP2eks+r ⩽ σ r
2e
⊤

ksP2eks .

By (56), it follows that

V2(ks + r) = e⊤ks+rP2eks+r ⩽ σ2e⊤ksP1eks = σ2V1(ks).

9
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After entering region 2 at ks + r , V2(k) will keep decreasing
monotonically in region 2. Similarly, we can show that V1(ks+r) ⩽
σ1V2(ks) for a switching from region 2 to 1 intended at any ks ∈
N+ for wk ≡ 0. If the observer stays in one region after a finite
time of switching, ek will converge to zero since the observer
error dynamics is globally asymptotically stable for wk ≡ 0. Now,
consider wk ̸= 0, one has ∆V2(ek)+σ2V2(ek)+ e⊤k ek−µ2

i w
⊤

k wk =

ξ⊤k Σ̄ξk where ξk = [e⊤k w⊤k ]
⊤ and

Σ̄ =

[
A⊤PA− P + I A⊤PE

(⋆) E⊤PE− µ2I

]
.

From the LMI (21), Σ < 0 is equivalent to Σ̄ < 0 for all wk ̸= 0.
Therefore, one has ∆V2(ek) ⩽ −σ2V2(ek)+ e⊤k ek −µ2

i w
⊤

k wk for all
wk ̸= 0 by which ends the proof.

Remark 4. To support the general case where the switching rule
moves back and forth, one can assume the switching starts from
region 1 without loss of generality, and let {kκ

1, k
κ̄
1, . . . , k

κ̄
m, . . .} be

the sequence of time indices when the observer intends to switch
from one region to another. The superscript ‘‘κ ’’ (‘‘κ̄ ’’) represents
a switching from region 1 (2) to region 2 (1). By our assumption,

kκ
m + r ⩽ kκ̄

m, kκ̄
m + r ⩽ kκ

m+1

for all positive integer m. Therefore, we have

V2(kκ̄
m) ⩽ V2(kκ

m + r) ⩽ σ2V1(kκ
m),

V1(kκ
m+1) ⩽ V1(kκ̄

m + r) ⩽ σ1V2(kκ̄
m),

for all positive integer m. It follows that

V1(kκ
m) ⩽ (σ1σ2)m−1V1(kκ

1),

V2(kκ̄
m+1) ⩽ σm

1 σm+1
2 V1(kκ

1)

for all positive integer m. Since σ1, σ2 ∈ (0, 1), both V1(kκ
m)

and V2(kκ̄
m) converge to zero as m → ∞. Hence, by following

the same steps in the proof of Proposition 3, one can state
that the switched-gain observer system is globally asymptotically
stable with guaranteed decay rate and disturbance level µ =

max{µi}i∈{1,2} in each region. This completes the proof.

3.5. Numerical design procedure

The switching-gain based observer procedure is summarized
in Algorithm 1, which will be implemented in Section 4 to il-
lustrate the performances of the proposed methodology in Theo-
rem 1. The two following points are essential before proceeding
to the algorithm.

• In our LED setup, there are two sensors (output functions)
and five switching regions in total, which are the mini-
mal setup to achieve both observability and output mono-
tonicity2 such that the infeasibility issue of Theorem 2 is
avoided.
• Note that each output function can be written as hi(x1, x2).

From the system model, we notice that hi is monotonic w.r.t.
x1 while non-monotonic w.r.t. x2. Therefore, the x1 − x2
plane is cut into five stripes w.r.t. x2 such that in each of
these stripes, either h1 and/or h2 is monotonic w.r.t. x2. We
denote the range of x1 by [Φ1, Φ2] and the range of x2 is cut
into [l1, r1] ∪ · · · ∪ [l5, r5]. Hence the ith switching region is
defined as [Φ1, Φ2] × [li, ri].

2 Minimal in terms of the number of sensors and switching regions such that
there is at least one monotonic output function in each region.

Algorithm 1. Computation of the region gain.
Result: Observer gains L1, . . . , Lr for each region
Data: Boundary of regions [Φ1, Φ2] × [lk, uk] for k = 1, . . . , r;

Coefficients of output functions h1, h2
for k← 1 to r do

Initialization: C (k)
←

[
0 0 0
0 0 0

]
; flag← FALSE;

for i← 1 to 2 do
/* hi is monotonic w.r.t. x1 */
a(k)i1 ← min(t1,t2)∈[Φ1,Φ2]×[lk,uk]

∂hi
∂x1

(t1, t2);

b(k)i1 ← max(t1,t2)∈[Φ1,Φ2]×[lk,uk]
∂hi
∂x1

(t1, t2);
/* hi might be non-monotonic w.r.t. x2 in some

regions */
a(k)i2 ← min(t1,t2)∈[Φ1,Φ2]×[lk,uk]

∂hi
∂x2

(t1, t2);

b(k)i2 ← max(t1,t2)∈[Φ1,Φ2]×[lk,uk]
∂hi
∂x2

(t1, t2);

if a(k)i2 b(k)i2 < 0 and flag == FALSE then
if i==2 then

TERMINATE since the LMI (21) is infeasible by
Theorem 2;

else
Do nothing;

end
else

flag← TRUE;
end

Hi ←

[
1 0 0
0 1 0

]
;

C (k)
← C (k)

+ a(k)i1 Hi1Hi + a(k)i2 Hi2Hi;
b̃i1 ← b(k)i1 − a(k)i1 ;
b̃i2 ← b(k)i2 − a(k)i2 ;

end
use the data computed for both sensors to construct LMI (21);
Lk ← solve LMI constrained optimization problem (20)–(21);

end

4. Application to the LED model

This section illustrates the theoretical contributions presented
in the previous sections. The effectiveness of the proposed
discrete-time nonlinear switched-gain observer is evaluated for
the LED-based optical communication system. To do so, we con-
sider the problem of estimating x1,k, φ ≜ x2,k and φ̇ ≜ x3,k based
on which the control uk is designed to drive the states x2,k and
x3,k towards zero, which is the orientation with the maximum
light intensity. The process dynamics of the LED model (7) are
linear while the output equations (9) are nonlinear. It is also
clear that g(.) is function of the state x2,k. Using the discrete-
time nonlinear switched-gain observer (11), the nonlinear output
functions yk are monotonic in the operating ranges of x1,k and
φ ≜ x2,k as illustrated in Fig. 6. Hence, a constant observer gain
matrix Li exists in the operating ranges of interest. However, it
is impossible to find a constant gain matrix of Li with the ex-
ploitation of the LMI-based approach and the quadratic Lyapunov
function that makes the observer stable for the entire operating
range. Therefore, a switched gain based observer is needed for the
allowable operating regimes. The next subsection describes the
regions of monotonicity and how the observer switches between
different modes.

The nonlinear output functions are divided piece-wise into dif-
ferent regions. In each region, at least one of the output functions
is a monotonic function. Fig. 6 illustrates a piece-wise division of
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Table 2
Operating ranges of φ [rad] and corresponding switched-gain observer gains.
Region Left [rad] Right [rad] Observer gain (L) Optimal attenuation level

√
µ

1 −0.1745 −0.0637

⎡⎣ 0.8662 −0.8619
−1.1690 2.6077
−11.6979 26.1265

⎤⎦ 100.4965

2 −0.0637 −0.0288

⎡⎣ −0.6757 −0.1868
−1.6321 2.9010
−29.0384 51.6229

⎤⎦ 100.1578

3 −0.0288 0.1457

⎡⎣ 0.4711 0.7361
−1.7227 1.5778
−13.1396 12.0346

⎤⎦ 100.8566

4 0.1457 0.1806

⎡⎣ −0.1367 0.6327
−2.1472 0.8637
−57.4492 23.1061

⎤⎦ 100.0698

5 0.1806 0.2618

⎡⎣ −1.1083 0.6851
−2.7108 0.7248
−28.2802 7.5478

⎤⎦ 100.4578

Fig. 6. Regions around slope-change points of the nonlinear output functions
yk .

the nonlinear output functions in the operating regions of inter-
est due to the monotonicity concept. We note that the regions’
boundaries lie at the slope change points. For example, R2 is a
narrow region where the nonlinear output function’s slope y1 is
close to zero. In this region, only the output y2 will be used by the
observer since y2 is monotonic. Regions R1 and R3 lie on either
side of R2 and both of these regions can utilize both outputs y1
and y2. Both y1 and y2 are monotonic in these regions. Since each
region of interest R1 through R5 has monotonic output function
properties, as illustrated in Fig. 6. Then, a constant stabilizing
observer gain exists in each of these regions. Table 2 provides
the five operating regimes and their corresponding observer gains
and optimal attenuation levels.

We analyze the capability of the proposed discrete-time non-
linear switched-gain observer synthesis method to reconstruct
the states in comparison to a standard EKF (Anderson & Moore,
1979) based on the LED optical communication model (7)–(9).
We assume that the process noise vector wk ∼ N (0,Q ), and
measurement noise vk ∼ N (0, R). The gain matrices for EKF are
chosen using different settings of Q and R, including the same
covariance of the process and measurement noises. Figs. 7, 8, 9,
10 and 11 illustrate the estimation performance of the discrete-
time switched-gain observer and the EKF for different choices
of Q and R. The proposed switched discrete-time nonlinear ob-
server exhibits good estimation performance while the EKF fails
to maintain a good estimation performance. Subsequently, the
proposed discrete-time nonlinear switched-gain observer rejects

the process and measurement noises. Table 3 summarizes the
RMSE of the states and outputs errors for both nonlinear observer
design and EKF over the interval time [0–5 s]. Roughly, the
nonlinear observer outperforms the four EKF using different set-
tings of Q and R. Subsequently, the proposed nonlinear observer
generates a better convergence error than the EKF.

Remark 5. Note that the higher values of the optimal atten-
uation level mean that the signal noise deviation (process and
measurements) might be small. Even though the signal noise
deviation is small, the disturbance rejection property is essen-
tial in the switched-gain framework since very small standard
deviations can significantly affect the solutions to a switched-
gain system. In particular, the switched times of the nominal
solution between each switching region are likely different from
those solutions in the presence of noise, no matter how small the
noise perturbation function might be. Such mismatch can lead
to large errors between the nominal and the disturbed system
at a common time. Furthermore, as shown in the paper, even if
the values of the optimal attenuation level are relatively high, it
does not mean that the method is not beneficial as the proposed
switched-gain-based technique works better than the EKF.

Remark 6. The optimal value of µ returned by the LMI synthesis
conditions guarantees the H∞ criterion for any wk ∈ ℓ2, then
it corresponds to the worst case. That is, for any wk ∈ ℓ2, the
designed observer remains H∞ stable, and it will not exceed the
returned value of µ. In addition, the optimal value of µ depends
on the matrices E and D, which represent the distribution of
the process dynamics and output measurements disturbances.
Moreover, the resulting closed-loop disturbance gain once the
observer is designed is

√
µ = 26.4249.

5. Conclusion

We have designed a switched-gain observer framework in
which the output nonlinearities are non-monotonic and depend
on multi-dimensional variables. The designed observer is applied
to an LED-based optical communication system. Based on this
framework, sufficient conditions for the asymptotic stability and
the H∞ performance criterion of the observation error dynam-
ics are guaranteed using Lyapunov-analysis. To the best of our
knowledge, no constant observer gain results in the literature
lead to feasible LMI for non-monotonic output measurement
equations with multi-dimensional variables. The stability condi-
tion of the proposed switched-gain observer approach is based
on the dwell-time method and quadratic Lyapunov functions. For

11



I. N’Doye, D. Zhang, A. Adil et al. Automatica 141 (2022) 110309

Table 3
RMSE states and output errors performance comparison: nonlinear observer versus EKF over the interval time [0–5 s].
Design scheme RMSEx1 [W] RMSEx2 [Rad] RMSEx3 [Rad/s] RMSEy1 [W] RMSEy2 [W]

Nonlinear observer 0.0017 0.0047 0.1292 0.0023 0.0024
EKF (Q1, R1) 0.0010 0.0201 0.1368 0.0058 0.0076
EKF (Q2, R2) 0.0050 0.2843 0.1516 0.0458 0.0243
EKF (Q3, R3) 0.0010 0.0202 0.1360 0.0061 0.0074
EKF (Q4, R4) 0.0063 0.1228 0.1498 0.0447 0.0323

Fig. 7. Estimated state x̂1 along with the actual state x1 .

Fig. 8. Estimated state x̂2 along with the state x2 .

Fig. 9. Estimated state x̂3 along with the state x3 .

future work, one could benefit from non-monotonic Lyapunov
functions that allow the dynamics of the switched system to be

Fig. 10. Estimated output power ŷ1 along with the actual output power y1 .

Fig. 11. Estimated output power ŷ2 along with the actual output power y2 .

inferred in the Lyapunov function and overcome the infeasibility
of the LMI conditions.
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