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Abstract

In this work, we combine the generalized multiscale finite element method (GMsFEM) with a re-
duced model based on the discrete fracture model (DFM) to resolve the difficulties of simulating
flow in fractured porous media while efficiently and accurately reducing the computational com-
plexity resulting from resolving the fine scale effects of the fractures. The geometrical structure
of the fractures is discretely resolved within the model using the DFM. The advantage of using
GMsFEM is to represent the fracture effects on a coarse grid via multiscale basis functions con-
structed using local spectral problems. Solving local problems leads to consideration and usage
of small scale information in each coarse grid. Besides, the multiscale basis functions, generated
following GMsFEM framework, are parameter independent and constructed once in what we call
offline stage. These basis functions can be re-used for solving the problem for any input parameter
when it is needed. Combining GMsFEM and DFM has been introduced in other works assuming
continuous pressure across the fractures interface. This continuity is obtained when the fractures
are much more permeable than that in the matrix domain. In this work, we consider a general case
for the permeability in both fracture and matrix domain using the reduced model presented in [17].
The proposed reduction technique has significant impact on enabling engineers and scientist to ef-
ficiently, accurately and inexpensively solve the large and complex system resulted from modeling
flow in fractured porous media.

Keywords: Generalized multiscale finite element method, fractured porous media, discrete
fracture model, Darcy flow.
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1. Introduction

Applications of fluid flow in fractured media, such as oil flow in fractured reservoir, have
significant interests in recent researches. Due to the geometric complexity of the flow domain,
modeling the flow in such kind of media is challenging. Some common models have been used
to describe the fluid flow in fractured formations, such as the discrete fracture model (DFM),
continuum models, nonlocal multicontinuum, hybrid model, embedded fracture model (EFM), the
single and the multiple permeability models, the dual porosity and dual permeability models, see
[1–6, 16, 18, 20–24]. In [19], the authors combined multicontinuum approaches and generalized
multiscale finite element method to represent the solution of the unsaturated multicontinua flow
problem in fractured heterogeneous porous media. The saturated multicontinua flow was presented
in [6]. In [20], the authors considered the generalized multiscale finite element method for solution
of the poroelasticity problems in multicontinuum heterogeneous media. In all of these work the
fractures are assumed to be highly permeable and the interface conditions between the fractures
and surrounding matrix domain are not considered.

In this work, we will consider the DFM as our reduced model approach. This approach models
the fracture to be the lower dimensional surface (2D) or curve (1D) in a computational domain
(3D or 2D respectively). Most of these models utilize the standard numerical methods such as
finite element methods and finite volume methods to solve the governing partial differential equa-
tions. Some other reduced models used upscaling technique to, locally, incorporate the interaction
of fractures and permeability heterogeneities, see [7, 14]. The multiscale methods such as in [15]
tried to represent the fracture effects by adding new degrees of freedom in each coarse domain. The
generalization of the multiscale method in the sense of enriching the coarse spaces by adding basis
functions obtained from solving local spectral problems is the main concept of the generalized
multiscale finite element method (GMsFEM), see [8–11]. Solving local problems leads to utiliza-
tion of small scale information in each coarse grid. Then the multiscale basis functions-generated
offline space following the GMsFEM framework can be re-used for any input parameter to solve
the parameter-dependent problem in the online stage.

In [4], the authors proposed adaptive mixed finite element methods for simulating the single-
phase Darcy flow in two-dimensional fractured porous media. They utilize the reduced model
proposed in [17] based on the DFM to describe the flow in the fracture as a lower dimensional
problem. In this work, the solution of the coupled Darcy flows in the matrix and the fractures is
computed using the Raviart-Thomas mixed finite element methods. In [13], Efendiev et al. applied
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the GMsFEM in the fractured media under the assumption that the fractures are conductive type.
They considered two reduced models based on the DFM and the EFM.

In this work, we aim to solve the Darcy flow in fractured porous media by combining the DFM,
together with the GMsFEM, which efficiently represents the coarse-scale approximation of the
solution. Moreover, in our work we consider two types of fractures: conductors (if the fractures
permeability is larger than the matrix permeability) and barriers (if the fractures permeability is
much less than the matrix permeability). The novelty of our work is to represent a more general
reduction technique that is used to efficiently and accurately reduce the computational complexity
resulting from resolving the fine scale effects of the fractures. The generalization is due to that we
consider the general case for permeability for both fractures and the surrounding matrix domain.
In this reduction technique the interface conditions are taken into account when the reduced model
is utilized.

The remainder of the paper is organized as follows. In section 2 we introduce the reduced
model for Darcy flow in fractured porous media based on the DFM, the variational problem and the
fine-scale discretization based on the conforming finite element method. In section 3, we present
the GMsFEM for the reduced model of Darcy flow, the offline spaces are obtained by solving the
local spectral problems. The convergence results are derived in section 4. Finally, we give some
numerical results in section 5 to verify the efficiency of the proposed algorithm.

2. The reduced model

Consider the Darcy flow given by

−∇ · (κ(x)∇p) = f in Ω, (1)

where p denotes the pressure, f is the source term and κ(x) = κ(x)I is the hydraulic conductivity
(or permeability) tensor, where I is the identity matrix. Here κ(x) = κ̂(x)

µ
, where κ̂(x) is the

permeability of the porous media and µ is the viscosity of the fluid. We simplify our discussion
assuming there is only one single fracture in the whole domain Ω, the proposed concepts can be
extended to the case with multiple and complex fractures. Let Ωm denotes the matrix domain and
Ωf is the fracture domain, in which we can define the whole domain Ω as the combination of the
matrix and fracture domains, i.e. Ω = Ωm ∪ Ωf . Let γ denotes the single fracture passing through
Ω and dividing the matrix domain into two parts, Ω1 and Ω2, see the right graph in Figure 1. The
fracture domain Ωf contains γ as Ωf = {x ∈ Ω : x = s+ tn, s ∈ γ and t ∈ (−d(s)

2
, d(s)

2
)}, where

d(s) denotes the thickness of fracture at the point s ∈ γ.
We will use the reduced model presented in [17] based on DFM. This reduced model considers

3
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Figure 1: Left: the whole domain Ω is a union of the fracture subdomain Ωf and the matrix subdomain
Ωm = Ω1 ∪ Ω2. Right: The single fracture γ divides the matrix domain into Ω1 and Ω2 [4, 17].

the interaction between the fractures and the surrounding matrix. Before introducing the model,
we introduce the following notations, following [4, 17]:

• n denotes the unit normal vector to γ,

• τ denotes the unit tangential vector to γ,

• κf denotes fracture permeability and κm the permeability tensor in matrix domain,

• ∇τ denotes the tangential gradient and (∇τ ·) the divergence operators along γ.

• pf and pm are the restrictions of the pressure on the fracture and matrix, respectively.,

• ff and fm are the restrictions of the source term in the fracture and matrix, respectively,

• {·}γ the average of a quantity on γ such that {ψ}γ = 1
2
(ψ1|γ + ψ2|γ), where ψi|i=1,2 is a

function defined in Ωi with well-defined trace on γ,

• [[·]]γ the jump of a quantity across γ such that [[ψ]]γ = ψ1|γ − ψ2|γ .

• ‖q‖0,D is the standard L2 norm of a function q defined in a given open set D. ‖q‖2
0,D =

(q, q)D =
∫
D
q2, and ‖q‖η,D is the weighted L2 norm, ‖q‖2

η,D =
∫
D
η|q|2.

• For function q ∈ H1(Ω) we denote by ‖q‖H1
κ(Ω) the weighted energy norm

∫
Ω
κ|∇q|2.

The reduced model for flow in the domain presented in Figure1 is given by:

−∇ · (κm∇pm) = fm in Ωm, (2)

4
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together with the reduced equation

−∇τ · (η̂−1
γ ∇τpγ) = fγ − [[κm∇pm · n]]γ on γ, (3)

the interface conditions

−ξγηγ[[κm∇pm · n]]γ = {pm}γ − pγ on γ, (4)

−ηγ{κm∇pm · n}γ = [[pm]]γ on γ, (5)

and the boundary conditions

Dirichlet boundary conditions Neumann boundary condition

matrix part pm = gDm on ΓDm −κm∇pm · nΓ = gNm on ΓNm

fracture part pγ = gDγ on ∂γD −η̂−1
γ ∇τpγ · nΓ = gNγ on ∂γN

where nΓ is the unit outward normal on ∂Ω, pγ = 1
d(s)

∫ d(s)
2

− d(s)
2

pf (s, t)dt and fγ =
∫ d(s)

2

− d(s)
2

ff (s, t)dt.

The parameters in the above equations are defined as η̂−1
γ = d(s)κf , ηγ = d(s)/κf and ξγ =

2ξ−1
4
, ξ > 1/2. In case when the fracture is partially or totally immersed in Ω, the Nuemann

boundary condition on ∂γN can be considered as ∇τpγ · τ |∂γN = 0. For simplicity, we will
assume ΓNm = ∅ and ∂γN = ∅, i.e., only Dirichlet boundary conditions on ∂Ω are involved.

2.1. Variational problem

Let

QgDm
m = {qm ∈ H1(Ωm) : ∇qm · n ∈ L2(γ) and qm|ΓDm = gDm},

Q
gDγ
γ = {qγ ∈ H1(γ) : qγ|∂γD = gDγ }.

We define V (Ω) = Q
gDm
m ×QgDγ

γ and V0(Ω) = Q0
m×Q0

γ . For each q = (qm, qγ) ∈ V0(Ω), we define
the following energy norm

|||q|||2Ω = ‖∇qm‖2
κm,Ωm + ‖∇τ qγ‖2

η̂−1
γ ,γ

+ ‖{qm}γ − qγ‖2
ξ−1
γ η−1

γ ,γ
+ ‖[[qm]]γ‖2

η−1
γ ,γ

, (6)

which is defined based on the bilinear form (8) as follows.
The weak formulation of the above matrix-fractured reduced system can be written as: Find

p = (pm, pγ) ∈ V (Ω) such that

b(p, q) = (f, q) ∀ q ∈ V0(Ω), (7)

5
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where

b(p, q) = (κm∇pm,∇qm)Ωm + (η̂−1
γ ∇τpγ,∇τ qγ)γ + (ξ−1

γ η−1
γ ({pm}γ − pγ), {qm}γ − qγ)γ

+ (η−1
γ [[pm]]γ, [[qm]]γ)γ, (8)

and

(f, q) = (fm, qm)Ωm + (fγ, qγ)γ. (9)

Remark 1. If κf � κm > 0, we have [[pm]]γ ≈ 0 and {pm}γ ≈ pγ for highly permeable fracture,
then the bilinear form defined by (8) is reduced to be

b(p, q) = (κm∇pm,∇qm)Ωm + (η̂−1
γ ∇τpγ,∇τ qγ)γ. (10)

This case has been considered in [13].

2.2. Fine-scale discretization

Let T hm be a conforming shape-regular triangulation of Ωm and T hγ be a finite element partition
of γ. We assume that T hm and T hγ are matching at the interface γ. We use kh to denote the fine-grid
block in T hm and eh the fine-grid element in T hγ . Let Mfine denote the total number of fine nodes in
T hm , and we define the finite element space V h(Ωm) ⊂ Q

gDm
m to be the space spanned by piecewise

linear basis functions {φi0}Mfine
i=1 defined on T hm . We let V h

0 (Ωm) = {q ∈ V h(Ωm) : q|ΓDm = 0} ⊂
Q0
m. Similarly, let V h(γ) ⊂ Q

gDγ
γ , such that V h(γ) = span{ψi0}

Mf

i=0, where Mf is the total number
of partition nodes of T hγ . Finally, V h

0 (γ) = {q ∈ V h(γ) : q|∂γD = 0} ⊂ Q0
γ . Now, we define

V h(Ω) = V h(Ωm)× V h(γ) and introduce the discrete approximation of the weak formulation (7)
to be: Find ph = (phm, p

h
γ) ∈ V h(Ω) such that

(κm∇phm,∇qhm)Ωm + (η̂−1
γ ∇τp

h
γ ,∇τ q

h
γ )γ + (ξ−1

γ η−1
γ ({phm}γ − phγ), {qhm}γ − qhγ )γ (11)

+ (η−1
γ [[phm]]γ, [[q

h
m]]γ)γ,

= (fm, q
h
m)Ωm + (fγ, q

h
γ )γ, ∀qh = (qhm, q

h
γ ) ∈ V h

0 (Ω) = V h
0 (Ωm)× V h

0 (γ),

such that

phm = gD,hm on ΓDm and phγ = gD,hγ on ∂γD, (12)

where gD,hm and gD,hγ are approximations of gDm and gDγ in V h(Ω) and V h(γ), respectively. Using
the definition of the bilinear form b(·, ·) in (8), we can write (11) simply as

b(ph, qh) = (f, qh) ∀qh ∈ V h
0 (Ω). (13)

6
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The variational problem (13) can be written in a matrix form as
(
Am −B
−BT Aγ

)

︸ ︷︷ ︸
A

(
Pm

Pγ

)

︸ ︷︷ ︸
P

=

(
Fm

Fγ

)

︸ ︷︷ ︸
F

, (14)

where (Pm Pγ)
T is the vector of approximate values of matrix and fracture pressure on T hm and

T hγ , and (Fm Fγ)
T is the vector of discrete source term. Here Am, B and Aγ are defined by

Am = [am]ij =

∫

Ωm

κm∇φi0 · ∇φj0 +

∫

γ

ξ−1
γ η−1

γ {φi0}γ{φj0}γ +

∫

γ

η−1
γ [[φi0]]γ[[φ

j
0]]γ,

Aγ = [aγ]rs =

∫

γ

η̂−1
γ ∇τψ

r
0 · ∇τψ

s
0 +

∫

γ

ξ−1
γ η−1

γ ψr0ψ
s
0,

B = [b]is =

∫

γ

ξ−1
γ η−1

γ {φi0}γψs0.

3. GMsFEM for the reduced model of Darcy flow

Let T H be a usual conforming partition of the computational domain Ω into finite elements
KH
j , such that T hm∪T hγ is a refine mesh of T H . We use {xi}nci=1 (where nc denotes the total number

of coarse nodes) to denote the vertices of the coarse mesh T H , and define the neighborhood of the
node xi by

ωi = ∪{KH
j ∈ T H ;xi ∈ K̄H

j }.

Let li denote the total number of fine nodes within ωi. If the fracture γ passes through ωi, we
denote the part of the fracture γ which belongs to ωi by γωi and use ωim to denote the matrix part
of ωi.

To construct the multiscale space, the space of multiscale basis functions, we follow the GMs-
FEM framework. We start by constructing the local snapshot space V snap

ωi
in each coarse neighbor-

hood ωi. Essentially, it is the space containing an extensive set of basis functions which can be the
local fine solutions or solutions of local problems with all possible boundary conditions. And then
we apply a local space reduction technique to select the dominant modes in the snapshot space.
The multiscale space, also called the offline space, is obtained by the linear span of these modes.

3.1. Local snapshot space

Let φωi and ψωi denote the matrix and the fracture pressure, respectively, restricted to the local
domain ωi. To construct the local snapshot space, we solve the following problem in each ωi:

7
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given fine-scale piecewise functions δi and δ̂i, find (φω
i

j , ψ
ωi

j ) ∈ V h(ωim)× V h(γω
i
) such that

∇ · (κm∇φω
i,snap

j ) = 0, in ωim, (15)

∇τ · (η̂−1
γ ∇τψ

ωi,snap
j ) = [[κm∇φω

i,snap
j · n]]γ, on γω

i

, (16)

with the interface conditions

−ξγηγ[[κm∇φω
i,snap

j · n]]γ = {φωi,snap
j }γ − ψω

i,snap
j on γω

i

,

−ηγ{κm∇φω
i,snap

j · n}γ = [[φω
i,snap

j ]]γ on γω
i

,

and local boundary conditions

Case 1 Case 2 Case 3
γω

i non-immersed in ωi γω
i partially immersed in ωi γω

i totally immersed in ωi

φω
i,snap

j = δi, on ∂ωim φω
i,snap

j = δi, on ∂ωim φω
i,snap

j = δi, on ∂ωim

ψωi,snap
j = δ̂i, on ∂γω

i,D ψωi,snap
j = δ̂i, on ∂γω

i,D ∇τψ
ωi,snap
j · τ = 0 on ∂γω

i,N

∇τψ
ωi,snap
j · τ = 0 on ∂γω

i,N

For simplicity, we can assume δi = δ̂i on ∂ωim ∩ ∂γω
i,D. Once we have the local solutions, we

define the local snapshot space to be

V snap
ωi

= span {φωi,snap
j : 1 ≤ j ≤ li}.

Remark 2. In this work we restricted our approximation using GMsFEM to the pressure space in
matrix domain. For that we consider the snapshot space V snap

ωi
is the space spanned by the local

matrix pressure solution φω
i,snap

j . However, we can define a snapshot space for fracture pressure to

be the space spanned by the local fracture pressure solution ψω
i,snap

j and then perform a dimension
reduction by solving a local eigenvalue problem in this space. This will be considered in our next
work, based on the present foundation.

3.2. Local multiscale space

In order to construct the local multiscale space V H
ωi

, we perform a dimension reduction in the
local snapshot space. To do so, we solve the following local eigenvalue problem in the snapshot
space. Find a real number λk > 0 and a vector Ψk ∈ V snap

ωi
such that :

aoff
i Ψk = λiks

off
i Ψk, (17)

8
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where

aoff
i (φω

i,snap
r , φω

i,snap
s ) =

∫

ωi
κm∇φω

i,snap
r · ∇φωi,snap

s , (18)

soff
i (φω

i,snap
r , φω

i,snap
s ) =

∫

ωi
κ̃m φω

i,snap
r φω

i,snap
s , (19)

where κ̃ = κ
∑nc

i=1H
2|∇χi|2, H denotes the coarse mesh size and χi is the partition of unity

function defined in the next section. The above eigenvalue problem with weight κ̃ is motivated by
multiscale techniques as explained in [12].

To generate the offline space, we choose the smallest Mωi

off eigenvalues λik and the corre-
sponding eigenvectors Ψk = (Ψkj)

li
j=1, where (Ψkj) is the j-th component of the vector Ψk for

k = 1, · · · ,Mωi

off . Hence, we define the local offline basis functions to be

φω
i,off

k =

li∑

j=1

Ψkjφ
ωi,snap
j , k = 1, · · · ,Mωi

off .

3.3. Global coupling

In order to define the global offline space we will use the standard multiscale partition of unity
functions obtained by solving the following problem in each coarse block KH ∈ ωi:

∇ · (κ∇χi) = 0, in KH ∈ ωi,
χi = yi, on ∂KH ,

where yi is a continuous function on ∂KH and is linear on each edge of ∂KH . After getting the
partition of unity functions χi, we multiply them by the eigenfunctions obtained from solving the
local spectral problem. That is, we define

ϕi,k = χiφ
ωi,off
k for 1 ≤ i ≤ nc and 1 ≤ k ≤Mωi

off . (20)

This multiplication yields continuous basis functions due the continuity of the partition of unity
function. Now, we define the offline space (continuous Galerkin multiscale) space to be

V H = span{ϕ1, ϕ2, · · · , ϕMoff}, (21)

where Moff =
∑nc

i=1M
ωi

off . We define the operator matrix R ∈ RMfine×Moff to be

R = [ϕ1, ϕ2, · · · , ϕMoff ],

9



Jo
ur

na
l P

re
-p

ro
of

Journal Pre-proof

where Mfine denotes the total number of fine nodes.

3.4. Offline discrete problem

Define pHm =
∑Moff

i=1 αiϕi ∈ V H(Ωm), then the multiscale (offline) problem is to find pH =

(pHm, p
H
γ ) ∈ V H(Ωm)× V h(γ) such that

(κm∇pHm,∇qHm)Ωm + (η̂−1
γ ∇τp

H
γ ,∇τ q

H
γ )γ + (ξ−1

γ η−1
γ ({pHm}γ − pHγ ), {qHm}γ − qHγ )γ

+ (η−1
γ [[pHm]]γ, [[q

H
m ]]γ)γ,

= (fm, q
H
m)Ωm + (fγ, q

H
γ )γ, ∀(qHm , qHγ ) ∈ V H

0 (Ωm)× V h
0 (γ), (22)

such that

pHm = phm on ΓDm and pHγ = phγ on ∂γD. (23)

The reduced variational problem (22) can be written in a matrix form as


RTAmR −RTB

BTR Aγ




︸ ︷︷ ︸
Ã



PH
m

PH
γ




︸ ︷︷ ︸
P̃

=



RTFm

Fγ




︸ ︷︷ ︸
F̃

, (24)

where RTAmR ∈ RMoff×Moff , Aγ ∈ RMf×Mf . Thus, the matrix Ã in the equation (24) is of size
(Moff + Mf )× (Moff + Mf ) while the matrix A in equation (14) is (Mfine + Mf )× (Mfine + Mf )

with Moff << Mfine.

Remark 3. In order to make a difference between the multiscale solution and the finite element
solution in the fine scale, here we use pHγ ∈ V h(γ) in the fine mesh of fracture when we consider
the multiscale finite element solution pHm ∈ V H(Ωm) in the matrix. If we consider the standard
finite element solutions for both of fracture pressure and matrix pressure in the fine scale, we use
ph = (phm, p

h
γ) ∈ V h(Ωm)× V h(γ) to denote the solutions.

4. Convergence analysis

The convergence analysis for using reduced model to compute the fine-scale solution has been
introduced in [17]. In this section we will estimate the error |||ph − pH |||2Ω, where ||| · |||Ω is as
defined in (6). First, we start with proving the following lemma.
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Lemma 1. Let qm ∈ V h
0 (Ω), where Ω is a domain containing a single fracture γ divides Ω into the

union of two sub-domains Ω1 and Ω2 (see Figure 1). Then we have

‖{qm}‖2
0,γ + ‖[[qm]]‖2

0,γ ≤ C‖∇qm‖2
0,Ω. (25)

Proof. Recalling the definitions of {·}γ and [[·]]γ , the Young’s inequality, the trace inequality and
Poincaré inequality, we immediately have

‖{qm}‖2
0,γ ≤

1

2

∫

∂Ω1

|qm,1|2 +
1

2

∫

∂Ω2

|qm,2|2

≤ C1

∫

Ω1

|∇qm,1|2 + C2

∫

Ω2

|∇qm,2|2 ≤ C

∫

Ω

|∇qm|2 = C‖∇qm‖2
0,Ω. (26)

Similarly, we can estimate the second term of (25) as following:

‖[[qm]]‖2
0,γ ≤

∫

γ

|qm,1|2 +

∫

γ

|qm,2|2

≤ C1

∫

Ω1

|∇qm,1|2 + C2

∫

Ω1

|∇qm,2|2 ≤ C‖∇qm‖2
0,Ω. (27)

Summing (26) and (27), we get the desired estimate in (25).

Next, in each coarse neighborhood ωi, i = 1, · · · , nc, we introduce the following operator
πi : V h(ωi)→ V H(ωi) such that pHm − πiphm ∈ V H

0 (ωi). This operator is introduced to be used in
the following theorem.

Theorem 2. Let ph = (phm, p
h
γ) ∈ V h(Ωm)×V h(γ) be the solution of the variational problem (13)

and pH = (pHm, p
H
γ ) ∈ V H(Ωm) × V h(γ) be the solution obtained by solving (22), then the error

|||pH − ph|||2Ω is bounded above by Λ−1 where Λ = min1≤i≤nc λ
i

Mωi
off +1

is the minimum eigenvalue

that is not included in the coarse space.

Proof. Since V H
0 ⊆ V h

0 , we can choose (qhm, q
h
γ ) in (11) to be (qHm , q

H
γ ) and then subtract the

resulting equation from (22) to obtain

(κm∇(pHm − phm),∇qHm)Ωm + (η̂−1
γ ∇τ (pHγ − phγ),∇τ q

H
γ )γ

+
(
ξ−1
γ η−1

γ ({pHm − phm}γ − (pHγ − phγ)), {qHm}γ − qHγ
)
γ

+ (η−1
γ [[pHm − phm]]γ, [[q

H
m ]]γ)γ

= 0, (28)

for (qHm , q
H
γ ) ∈ V H

0 (Ωm) × V h
0 (γ). Taking the restriction of (28) in each coarse neighborhood ωi,
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we can choose qHm = pHm − πiphm ∈ V H
0 (ωi) and qHγ = pHγ − phγ ∈ V h

0 (γω
i
) and we have

(κm∇(pHm − phm),∇(pHm − phm))ωi + (η̂−1
γ ∇τ (pHγ − phγ),∇τ (pHγ − phγ))γωi

+
(
ξ−1
γ η−1

γ ({pHm − phm}γ − (pHγ − phγ)), {pHm − phm}γ − (pHγ − phγ)
)
γω
i

+ (η−1
γ [[pHm − phm]]γ, [[p

H
m − phm]]γ)γ

ωi ,

= (κm∇(pHm − phm),∇(phm − πiphm))ωi

+
(
ξ−1
γ η−1

γ ({pHm − phm}γ − (pHγ − phγ)), {phm − πiphm}γ
)
γωi

+ (η−1
γ [[pHm − phm]]γ, [[p

h
m − πiphm]]γ)γ

ωi .

If there are not fractures in ωi, the above formulation reduces to the local weak formulation only in
matrix and the following estimates also hold true. Using the Cauchy-Schwarz inequality, we have

(κm∇(pHm − phm),∇(pHm − phm))ωi + (η̂−1
γ ∇τ (pHγ − phγ),∇τ (pHγ − phγ))γωi

+
(
ξ−1
γ η−1

γ ({pHm − phm}γ − (pHγ − phγ)), {pHm − phm}γ − (pHγ − phγ)
)
γωi

+ (η−1
γ [[pHm − phm]]γ, [[p

H
m − phm]]γ)γ

ωi ,

≤ C1

∫

ωi
κm|∇(pHm − phm)|2 + C2

∫

ωi
κm|∇(phm − πiphm)|

+ C3

∫

γωi
ξ−1
γ η−1

γ |{pHm − phm}γ − (pHγ − phγ)|2

+ C4

∫

γωi
ξ−1
γ η−1

γ |{phm − πiphm}γ|2

+ C5

∫

γωi
η−1
γ |[[pHm − phm]]γ|2 + C6

∫

γωi
η−1
γ |[[phm − πiphm]]γ|2,

where Ci, i = 1, 2, · · · , 6 are chosen such that

(κm∇(pHm − phm),∇(pHm − phm))ωi + (η̂−1
γ ∇τ (pHγ − phγ),∇τ (pHγ − phγ))γωi

+
(
ξ−1
γ η−1

γ ({pHm − phm}γ − (pHγ − phγ)), {pHm − phm}γ − (pHγ − phγ)
)
γωi

+ (η−1
γ [[pHm − phm]]γ, [[p

H
m − phm]]γ)γ

ωi

�
∫

ωi
κm|∇(phm − πiphm)|2 +

∫

γωi
ξ−1
γ η−1

γ |{phm − πiphm}γ|2

+

∫

γωi
η−1
γ |[[phm − πiphm]]γ|2,

where a � b is used to denote a ≤ Cb for some constant C > 0. Since pHm − πiphm ∈ V H
0 (ωi) ⊆

V h
0 (ωi) and by (23), we have phm − πip

h
m ∈ V h

0 (ωi) and we can apply Lemma 1 on the last two
integrals where the weighted function in theses integrals can be bounded by its maximum. Taking

12
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the summation over i, we deduce that

|||phm − pHm|||2Ω �
∑

i

∫

ωi
κm|∇(phm − πiphm)|2. (29)

With the eigenvalue problem defined in (18) and (19), the integral in the right hand side of the
above inequality can be bounded by C1

H
Λ

+ C2

(
H−H2

Λ−1
+H2

)
, where Λ = min1≤i≤nc λ

i

Mωi
off +1

.
The details of the derivation of the upper bound for (29) can refer to [12]. Now we can conclude
the proof.

Remark 4. Using the example of Case 1 in the next section, we can see the reduction of the errors
corresponding to the number of eigenvalues selected in generating the offline (multiscale) space
(see Figure 2).

Figure 2: Energy error corresponding to use 3, 4, 5, 6, 7 and 9 multiscale basis functions per coarse neighborhood ωi.

5. Numerical examples

In this section, we present the performance of combining GMsFEM with the reduced model
(2)-(5) in some examples with different types of fractures. We consider the fine-scale solution as
a reference solution. Firstly, we consider the different types of fractures as shown in Figures 3(a)
(two intersected fractures) and 3(b) (more complicated and intersected fractures), and the following
four cases of permeability in fractures and matrix.

• Case 1: The fractures in Figure 3(a) are barrier fractures (κm � κf ).

• Case 2: The fractures in Figure 3(a) are permeable fractures (κm � κf ).

• Case 3: The fractures in Figure 3(b) are barrier fractures (κm � κf ).

13
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(a) Two intersected fractures (b) Multiple complex fractures

Figure 3: Structures of the fractures.

• Case 4: The fractures in Figure 3(b) are permeable fractures (κm � κf ).

In all of the above cases the value of the matrix permeability κm is given as in Figure 5 with
minx∈Ωm κm(x) = 0.0030 and maxx∈Ωm κm(x) = 4650. The fracture permeability is κf = 10−9

for Case 1 and 3 (barrier fractures) and κf = 107 for Case 2 and 5 (permeable fractures).
If km is a fixed constant on Ωm (i.e. matrix permeability is homogeneous), the standard mul-

tiscale finite element method that uses one basis function per coarse node gives a good approxi-
mation as shown in the comparison between the FEM solution and standard MsFEM solution in
Figure 4 for Case 2 above (with the energy error of 1.36 %). However, if κm is heterogeneous,
as in Figure 5, more basis functions are needed in per coarse neighborhood using GMsFEM to
get better approximation as shown in the comparison in Figure 6, where in this example 5 basis
functions are used in per coarse neighborhood.

The solution of matrix pressure in the domain containing more complex fractures, as in Fig-
ure 3(b), is presented in Figure 7 for Case 3. In this figure we also illustrate the efficiency of
using GMsFEM for accurately approximating the fine-scale solution by fewer degrees of freedom
than the standard FEM, where in this example dim(V H) = 1070 for the GMsFEM solution and
dim(V h) = 11025 for the fine scale dimension.

The discontinuity of the flow in Figures 6 and 7 is because the fracture permeability is κf =

10−9 and this is much smaller than the permeability minx∈Ωm κm(x) = 3× 10−3 in matrix. The
case that the fracture permeability κf = 107 is much larger than the matrix permeability κm

(maxx∈Ωm κm(x) = 4650) is shown in Figures 8 and 9 for fractures represented in Figures 3(a)
(Case 2) and 3(b) (Case 4), respectively. In these cases, the continuity of the flow through the
fractures is clearly observed.
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(a) FEM solution of pm (DOF =
10404).

(b) Standard MsFEM of pm (DOF =
144).

Figure 4: Matrix pressure solution in case of homogeneous κm and κm � κf .

Figure 5: Heterogeneous permeability κm in matrix.

(a) FEM solution. (b) MsFEM solution (c) GMsFEM solution

Figure 6: Matrix pressure solution of the reduced order model in Case 1 with heterogeneous κm. (a) FEM matrix
solution, DOF=10404. (b) standard MsFEM matrix solution, DOF=144. (c) GMsFEM matrix solution, DOF=644.
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(a) FEM solution (b) GMsFEM solution

Figure 7: Matrix pressure solution of the reduced order model in Case 3 with heterogeneous κm and multiple complex
fractures. (a) FEM matrix solution, DOF=11025. (b) GMsFEM matrix solution, DOF=1070.

(a) FEM solution (b) GMsFEM solution

Figure 8: The continuity of the flow for the Case 2 when κf � κm.
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(a) FEM solution (b) GMsFEM solution

Figure 9: The continuity of the flow for the Case 4 when κf � κm.

Mωi

off dim(V H) Relative energy error%
Case 1 1 244 7.26

2 344 4.32
3 444 3.54
4 544 3.13
5 644 3.06

Case 2 1 244 45.49
2 344 29.62
3 444 25.61
4 544 23.95
5 644 22.96

Case 3 1 394 1.88
2 563 1.35
3 732 1.13
4 901 1.04
5 1070 0.99

Case 4 1 394 23.93
2 563 9.40
3 732 7.55
4 901 7.14
5 1070 6.30

Table 1: Relative energy error of the GMsFEM matrix pressure solution pHm relative to the fine-scale matrix solution
phm corresponding to the dimension of the offline space V H .

Recall that phm and pHm represent the matrix pressure for fine-scale and the GMsFEM solutions,
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respectively. We compute the energy norm for the relative error using the following definition:

Relative Energy Error =
(κm∇(phm − pHm),∇(phm − pHm))Ωm

(κm∇phm,∇phm)Ωm

. (30)

The relative energy errors for the four cases corresponding to the number of multiscale basis
functions constructed in each coarse neighborhood {ωi}nci=1 are displayed in Table 1. For example
in Case 1 when using 1 eigenvector corresponding to the first eigenvalue, the relative energy error
as defined above is about 7.26%. This error is reduced to 4.32% using two basis functions and to
3.54%, 3.31% and 3.06% by increasing the number of selected modes to 3, 4 and 5, respectively.
For permeable fractures in Case 2, the relative energy error is reduced from 45.49% using 1 basis
function to 22.96% using 5 basis functions per coarse region. Similar reductions in the relative
energy error for barrier and conductor fractures in Case 3 and Case 5 are observed. The plots of
the relative energy error for all cases are given in Figure 10.

(a) Case 1 (b) Case 2

(c) Case 3 (d) Case 4

Figure 10: Relative energy error for Cases 1-4.
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Next, we consider another case when some fractures are barriers (with 10−7 ≤ κf ≤ 10−9)
and some other fractures are conductors (with 107 ≤ κf ≤ 109) in the same porous media as
shown in Figures 11(a)-11(b). In these examples the red fractures have larger permeability than the
surrounding matrix domain (κm = 100) while the green fractures have much smaller permeability.

(a) (b)

Figure 11: Red fractures are conductors and green fractures are barriers.

In Figures 12 and 13 we plot the FEM solution (left) and the GMsFEM solution (right) for the
case given in Figure 11(a) and 11(b), respectively. In these figures the dark blue region around the
red fractures indicate the continuity of the flow through these permeable fractures. From Figures
12 and 13, we can see the continuity and discontinuity matrix pressure due to the distribution of
permeability in matrix and fractures.

(a) FEM solution (b) GMsFEM solution

Figure 12: Matrix pressure solution pm for flow in the domain shown in Figure 11(a).
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(a) FEM solution (b) GMsFEM solution

Figure 13: Matrix pressure solution pm for flow in the domain shown in Figure 11(b).

Finally, we compute the Darcy velocity in the matrix domain Ωm using the following relation
between Darcy velocity and the pressure gradient,

um = −κm(x)∇pm(x). (31)

The goal of this example is to compare the Darcy velocity uhm which is obtained by using the
FEM solution for the matrix pressure phm, and the Darcy velocity uHm which is obtained using the
GMsFEM solution pHm. First, we consider Case 1 (the fractures in Figure 3(a) are barrier fractures).
The Darcy velocity in x direction is shown in Figure 14 for both FEM solution and GMsFEM. The
y direction of Darcy velocity for both FEM and GMsFEM is shown in Figure 15. The efficiency of
the proposed combination of the GMsFEM and the DFM in the computation of the matrix pressure
solution leads to a good approximation for the Darcy velocity using fewer degrees of freedom.

(a) FEM solution (b) GMsFEM solution

Figure 14: Darcy velocity in x direction. (a) Darcy velocity using FEM (DOF = 10404). (b) Darcy velocity using
GMsFEM (DOF = 444).
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(a) FEM solution (b) GMsFEM solution

Figure 15: Darcy velocity in y direction. (a) Darcy velocity using FEM. (b) Darcy velocity using GMsFEM.

Next, we consider a different example than those presented in the previous cases. We assume
there is a single vertical fracture in Ω as in Figure 16(a) and κm(x) is a heterogeneous permeability
field given in Figure 16(b). The FEM pressure solution phm and the GMsFEM solution pHm for the
barrier fracture case (min(κm) = 1.0222 × 104 � κf = 10−9) are shown in Figure 17. The
corresponding Darcy velocity in x and y directions are shown in Figures 18 and 19, respectively.
For the permeable fracture (κf = 106 � max(κm) = 1.9915× 104), the matrix pressure solution
for both FEM and GMsFEM are show in Figure 20 and the corresponding Darcy velocity in x and
y directions are shown in Figures 21 and 22, respectively. For these cases, we can also see that the
efficiency of using GMsFEM for accurately approximating the fine-scale solution by fewer degrees
of freedom than the standard FEM.

(a) (b)

Figure 16: (a) The domain Ω with a single vertical fracture. (b) Heterogeneous permeability κm in Ωm.
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(a) FEM solution (b) GMsFEM solution

Figure 17: Matrix pressure solution of the reduced order model in the case Ω has a single barrier fracture. (a) FEM
matrix solution, DOF = 10302. (b) GMsFEM matrix solution, DOF = 402.

(a) FEM solution (b) GMsFEM solution

Figure 18: Darcy velocity in x direction. (a) Darcy velocity using FEM. (b) Darcy velocity using GMsFEM

(a) FEM solution (b) GMsFEM solution

Figure 19: Darcy velocity in y direction. (a) Darcy velocity using FEM. (b) Darcy velocity using GMsFEM
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(a) FEM solution (b) GMsFEM solution

Figure 20: Matrix pressure solution of the reduced order model in the case Ω has a single conductor fracture. (a) FEM
matrix solution, DOF = 10302. (b) GMsFEM matrix solution, DOF = 402.

(a) FEM solution (b) GMsFEM solution

Figure 21: Darcy velocity in x direction. (a) Darcy velocity using FEM. (b) Darcy velocity using GMsFEM.

(a) FEM solution (b) GMsFEM solution

Figure 22: Darcy velocity in y direction. (a) Darcy velocity using FEM. (b) Darcy velocity using GMsFEM.
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6. Conclusions

The GMsFEM combining with the DFM as the reduced model is considered in this paper to
simulate the Darcy flow in fractured porous media. Both of the conductor and barrier types of
fractures are considered in our work. By solving the local problem and the local eigenvalue prob-
lem, the offline space representing the small scale information is obtained in the coarse grid. The
proposed algorithm can be applied for the case with complex fractures distribution. Numerical
experiments are shown to verify the efficiency of the GMsFEM for the Darcy flow in fractured
porous media. Although we apply the conforming FEM in this work, one can apply the postpro-
cessing technique by solving local problems to make the solution locally mass-conservative. The
mass-conservative mixed GMsFEM combining with the DFM would also be our future work for
this problem.
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