Dissertation by
Rami Abdullatif I Albattat

In Partial Fulfillment of the Requirements
For the Degree of
Doctor of Philosophy

King Abdullah University of Science and Technology
Thuwal, Kingdom of Saudi Arabia

April 2022

2

EXAMINATION COMMITTEE PAGE

The dissertation of Rami Abdullatif I Albattat is approved by the examination
committee.

Committee Chairperson: Prof. Tadeusz W. Patzek
Committee Members: Prof. Shuyu Sun, Prof. Hussein Hoteit, Prof. Ivan Yotov.

3

COPYRIGHT PAGE

© April 2022
Rami Abdullatif I Albattat
All Rights Reserved

4

ABSTRACT
Analytical Modelling and Simulation of Drilling Lost-Circulation in Naturally
Fractured Formation
Rami Albattat

Drilling is crucial to many industries, including hydrocarbon extraction, CO2 sequestration,
geothermal energy, and others. During penetrating the subsurface rocks, drilling fluid
(mud) is used for drilling bit cooling, lubrication, removing rock cuttings, and providing
wellbore mechanical stability. Significant mud loss from the wellbore into the surrounding
formation causes fluid lost-circulation incidents. This phenomenon leads to cost overrun,
environmental pollution, delays project time and causes safety issues. Although lostcirculation exacerbates wellbore conditions, prediction of the characteristics of
subsurface formations can be obtained. Generally, four formation types cause lostcirculation: natural fractures, and induced fractures, vugs and caves, and
porous/permeable medium. The focus in this work is on naturally fractured formations,
which is the most common cause of lost circulation.
In this work, a novel prediction tool is developed based on analytical solutions and typecurves (TC). Type-curves are derived from the Cauchy equation of motion and mass
conservation for non-Newtonian fluid model, corresponding to Herschel-Bulkley model
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(HB). Experimental setup from literature mimicking a deformed fracture supports the
establishment of the tool. Upscaling the model of a natural fracture at subsurface
conditions is implemented into the equations to achieve a group of mud type-curves
(MTC) alongside another set of derivative-based mud type-curves (DMTC).
The developed approach is verified with numerical simulations. Further, verification is
performed with other analytical solutions. This proposed tool serves various
functionalities; It predicts the volume loss as a function of time, based on wellbore
operating conditions. The time-dependent fluid loss penetration from the wellbore into
the surrounding formation can be computed. Additionally, the hydraulic aperture of the
fracture in the surrounding formation can be estimated. Due to the non-Newtonian
behavior of the drilling mud, the tool can be used to assess the fluid loss stopping time.
Validation of the tool is performed by using actual field datasets and published
experimental

measurements.

Machine-Learning

is

finally

investigated

as

a

complementary approach to determine the flow behavior of mud loss and the
corresponding fracture properties.
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Chapter One:
Introduction

Humanity is interested in exploring the subsurface world to exploit various resources such
as water, hydrocarbon fluids, and thermal energy. One way to investigate and explore the
subsurface is by using drilling operations. Drilling underground water wells started a very
long time ago in human history. This technology also plays a key role in searching for
energy resources such as hydrocarbon. Drilling technology has been expanded for
applications in many industries, such as geothermal, environmental remediation, mining,
carbon dioxide storage, natural gas storage, water well, and other scientific purposes and
infrastructure development [1]. However, drilling a well is not always a simple process; It
entails multiple challenges and difficulties.
Drilling is the penetration of underground rocks to reach a targeted rock formation.
During this process, many incidents and challenges are often encountered, which may
cause economic, safety, and environmental disturbances. Due to the complex nature of
subsurface rock formations, technical problems often emerge unexpectedly. One of the
most pressing problems is lost circulation. Fluid is always used during drilling for serving
multiple purposes such as removing cuttings, lubrication, hydraulic rotations, and other
usages. When drilling fluid leaks from the circulated wellbore, either total or partial losses,
the reduction of drilling fluid level results in wellbore instability besides other issues. Thus,
lost circulation is noteworthy to be studied in great detail.
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Drilling fluid loss is a costly problem. This phenomenon may obstruct operations, increase
the nonproductive time (NPT), compromise the safety of personnel, contaminate
underground water and cause formation damage [2–9]. Drilling fluid contributes 25% to
40% of the total drilling costs [8]. Consequently, loss of this fluid adds significant overhead
to the total cost, besides other rising wellbore issues due to lost circulation. On a
worldwide scale, lost-circulation expenses one billion US dollars annually [10,11]. One
case study reported about a field near Bakersfield, California, in San Joaquin Valley, saved
$3.3 million by only mitigating lost circulation incidents [12]. Another case in offshore Nile
Delta area of the Mediterranean Sea in Egypt experienced one lost circulation incident
that persisted for eight days with 1500 barrels (bbl) of oil-based mud at a cost exceeding
$0.5 million [13]. A collection of 1500 gas wells in the Gulf of Mexico for drilling problems
is reported in Figure 1-1. Lost circulation has 13% of the drilling issues. It should be noted
that lost circulation may cause other issues, such as wellbore instability, sloughing shale
or washout [14].
In Canada, a group of 103 wells in Duvernay had a issue cost of $18 million Figure 1-2,
where lost circulation cost was around $2.6 million with almost 27.5 days of NPT. Total
NPT is reported to be 192.5 days, with 14.3% caused by lost circulation incidents. The
total drilling wells cost almost half billion dollar.
In the Middle East, 144 wells in Rumaila field in Iraq were reported to have a considerable
percentage of lost circulation [15], where 48% of all drilling issues were related to drilling
fluid loss with 295 days NPT, as illustrated in Figure 1-3. This high percentage value is
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higher than other locations due to the presence of natural fractures in carbonate rock
formations.

Figure 1-1: Collection of 1500 gas wells in the Gulf of Mexico that reported drilling issues
[5]. Lost circulation contributes 13% of total issues.

Figure 1-2: A group of 103 wells in Duvernay, Canada, with a problematic cost of $18.1
Million (MM). Numbers portrayed in the pie-chart are nonproductive time in hours [16].
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Figure 1-3: Statistical collection of all wells in Rumaila field, Iraq, where total NPT is 641
days and lost circulation is the largest drilling issue encountered in that field. Data source:
[15].
Lost circulation has been classified based on the severity of flow loss rate, as shown in
Table 1-1. These categories are standard in practice, and drillers will respond according
to the severity. Seepage loss can sometimes be tolerable to continue drilling without
interruption, whereas partial loss can often be problematic that is required to either cure
the loss or drill ahead. On the other hand, severe loss always demands an intervention to
regain circulation fluid. Total loss implies that the fluid is utterly lost into a thief zone with
no return to the surface. The last case is the most problematic situation to be
encountered.
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Table 1-1: Severity classification for lost circulation [17].
Lost Type

Flow Rate Amount

Seepage loss

Less than 10 bbl (1.5 m3/hr)

Partial loss

10-100 bbl/hr (1.5 to 15 m3/hr).

Severe loss

100-500 bbl/hr (15 to 75 m3/hr).

Total loss

No return to the surface.

Encountered formations corresponding to fluid loss can be subdivided into four types
attributed to flow mechanisms, induced-drilling fracture, natural fracture, caves or vugs,
and high permeable (or depleted) formation [18], as described in Figure 1-4. Each one has
its own investigation and specific mitigation tools. In this chapter, we mainly focus on
natural fractures and the corresponding modeling aspects.
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Figure 1-4: Lost circulation can happen in rock formations of four different types. The
arrows in the illustration indicate the flow direction of the circulating-fluid starting from
surface pumps, to drilling pipe, to the open-hole, then to the wellbore annulus, and finally
back to the surface. The brown color represents the invasion mud from wellbore to the
surrounding formations, and it may stop due to fluid yield stress property [19].
Naturally fractured formation is often prone to severe loss during either drilling,
cementing, or completion/workover job [20]. Consequently, multiple problems may
emanate because of the loss severity, such as kicks, wellbore instability, environmental
contamination, and formation damage. For example, more than 35% of drilled wells in a
fractured carbonate formation in Iran experienced lost circulation [21]. Similarly, in Saudi
Arabia, one-third of the drilled well underwent lost circulation [22].
To combat or mitigate this occurrence, one procedure is to add lost circulation material
(LCM) to the circulation fluid. LCM is a standard solution used in drilling practice for this
incident [23–26]. The fluid characteristics added with LCM, for instance, density and
viscosity, should be carefully selected based on hydraulic formation properties, such as
conductivity of the fractured thief zone, among other factors [27]. Since the time-scale of
the loss problem is a constraint, there is a demand to establish accurate and efficient
modeling tools feasible at real-time drilling operations to perform diagnostics and
predictions. Fluid loss rate into natural fractures mainly commences with a sudden spurt
followed by a gradual declining loss [28]. The ultimate lost volume is dependent on several
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factors, such as fluid mobilities, fracture conductivity, pore-volume, and fracture
extension [29].
Many analytical solutions have been introduced in the literature during the last three
decades for mud loss into a formation with a single effective fracture. Early modeling
attempts for simplified cases were based on Darcy’s Law at steady-state conditions
[30,31]. Afterward, a semi-analytical solution was introduced for Newtonian fluid model
into a horizontal fracture by combining diffusivity equation and mass conservation in onedimensional radial system [32]. Since this derived ordinary differential equation (ODE)
was solved numerically, an analytical solution of the diffusivity equation for a fluid with a
constant viscosity at steady-state conditions was later introduced [33]. Subsequently, the
first type-curves based on numerical solutions to describe mud loss volume as a function
of time into a horizontal fracture was established [34]. The fluid is non-Newtonian and
follows a model that exhibits Bingham plastic rheological behavior. The type-curves are
based on dimensionless parameters which depend on effective fracture hydraulic
aperture, fluid properties, and differential pressure. The generated type-curves were
based on numerical methods. Later, an analytical solution was proposed to produce
similar type-curves [35,36]. Estimation of hydraulic fracture aperture by simplifying
insignificant terms in the final equation form was analyzed [37]. Following a similar
workflow, a solution was derived for Yield-Power Law fluid model by reducing a Taylor
expansion of the governing nonlinear flow equation into its linear terms [38]. This
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simplified approach, however, may introduce significant errors in some conditions, as it
will be discussed in Chapter 2.
In this work, we introduce lost-circulation during drilling in a broader sense, discussed in
six chapters, where four main chapters address various challenges of lost circulation with
detailed analysis. Chapter 2 reports an experimental work to mimic lost circulation with
fracture deformation, where a numerical model is proposed to replicate the experiment.
Chapter 3 proceeds further in modeling mud loss by creating a diagnostic tool based on
type-curves. Chapter 4 proposes an advanced approach based on dual type-curves to
improve accuracy and address uncertainties in the solution. The last chapter proposes an
approach based on machine learning that can be used as a complementary tool to typecurves. Figure 1-5, shown below, illustrates the structure of the dissertation.

Figure 1-5: Dissertation structure showing discussed themes of the six chapters.
A brief outline of the remaining Chapters are discussed as follows:
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Chapter 2: we show an experimental work mimicking a horizontal fracture undergoing a
lost circulation phenomenon. The experimental setup consists of two primary setups.
Steady-state flow conditions of non-Newtonian fluids into the fracture are implemented.
The other setup demonstrates a stoppage flow based on applied pressure difference.
Simulations are used to replicate the same physics, including additional fracture
deformation. We show the inaccuracy of a previously proposed model in the literature
for cases ignoring the fracture deformation and its limitations in matching the experiential
observations with non-uniform fracture apertures.
Chapter 3: a new semi-analytical solution is developed to model drilling fluid loss. The
fluid exhibits a Herschel-Bulkley (HB) behavior. We utilize Cauchy equation of motion as
the governing equation to describe the loss problem. Due to the nonlinearity of the
problem, we reformulate and transform the system into ODE’s, which is then computed
numerically with an efficient ODE solver [39]. For generalization, we introduce
dimensionless groups and establish type-curves that model fluid loss volume as a function
of time.
Chapter 4: a modified type-curve is produced based on a more rigirous derivation. A unit
slope representing the modified type-curve is found after using the different
dimensionless variables. As a supporting solution, we derived a derivative-based typecurves solution for the modified version. Herewith, two solutions can be used in matching
the field data simultaneously. Examples of field data are shown. Sensitivity analysis was
investigated for the drilling parameters.
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Chapter 5: the utility of machine learning (ML) is applied in lost-circulation. After
generating adequate type-curves, fast and robust extraction of information from these
curves is generated by a training toolset. We use a developed ML workflow to prepare
and train the data. Consequently, this tool helps to reduce interpretation errors.
Chapter 6: conclusions for this work are outlined, followed by suggested future extensions
of this work. Even though significant developments are introduced, yet there are many
challenges required to pay attention to, particularly when handling non-Newtonian fluid
flow.
1.1 key findings and contributions
This dissertation produces significant results that can be summarized by the following:


Modeling fracture deformation (ballooning).



Establishing a monitoring tool that can be used in formation evaluation, well
planning, and combating lost-circulation.



Modification of this tool is performed with more accuracy derivative-based typecurves.



Machine learning application is proposed as a complementary tool to provide
quick analysis and accurate interpretations.
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Chapter Two:
Modeling Yield-Power-Law Drilling Fluid Loss in Fractured Formation

Abstract
Loss of circulation during drilling is a pressing problem that typically occurs when
significant volumes of the drilling fluid leak to the surrounding formation. In fractured
media, circulation loss is often a sudden event which may interrupt the drilling operations,
increase nonproductive time, and add complexity in controlling the fluid flow and
wellbore stability. Developing models to predict the fluid leak dynamics and identify the
suitable loss-control-material (LCM) is of significant interest to the industry. In this work,
a simulation approach is developed to model the dynamics of fluid loss for power-law
drilling fluids from the wellbore to a surrounding fractured medium. The model is based
on the Cauchy momentum equation and accounts for the key predominant flow
mechanisms, including the non-Newtonian behavior of the drilling fluid (mud) using a
power-law model. Experiments from the literature are used to assess the behavior of mud
loss into a single horizontal fracture, which includes the effects of mud rheology and yield
stress. The fracture is mimicked by two parallel circular plates separated by a given
spacing reflecting the fracture aperture. We show that previous unsuccessful attempts to
match the experimental data using analytical models are related to the assumption of
uniform fracture aperture. Simulations are then used to demonstrate that a slight
deformation in the fracture walls leads to a significant deviation in the analytical model
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predictions, and therefore the dynamics of fracture opening is a critical parameter that
should be carefully assessed.
In other related experiments, the analytical model also failed to capture the mud invasion
distance within the fracture as a function of pressure drop and the mud properties. In this
work, a modified analytical model that accounts for non-parallel fracture walls is
proposed. The new model allows to quickly assessing the impact of nonuniform fracture
apertures. It can serve as a screening tool to evaluate mud invasion distance as a function
of fracture geometry, mud rheological properties, and pressure drop resulting from the
well depth, injection rate, and mud density.
2.1 Introduction
The Oil & Gas industry seeks daily to extract hydrocarbons from underground reservoirs
safely and efficiently. Loss of mud circulation is a challenging problem. It is commonly
encountered during drilling, which may occur at different stages in terms of loss severity.
Significant mud loss may hamper operations, and increase nonproductive time and cost
[2–7,40,41]. The costs associated with this problem is within the range of one billion
dollars per year at the global scale [10,11]. Lost-circulation has also been reported in other
industries including Geothermal [42–44]. Mud loss can occur innately in different types
of formations. Cavernous, fractured or high permeable formations and may cause mud
circulation loss. For instance, mud loss was experienced in 35% of the drilled wells in some
carbonate fields in Iran, which are related to the presence of natural fractures [21]. A
similar phenomenon was observed in the Khuff formation in Saudi Arabia, where one-
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third of the drilled wells encountered lost-circulation [22]. This drilling challenge has also
been experienced in the Gulf of Mexico and other locations [45–50].
Numerical modeling and analytical methods are effective approaches used to assess mud
loss dynamics and to estimate fracture attributes under different assumptions related to
fluid properties and fracture geometry [32]. Zimmerman and Bodvarsson (1996) studied
the impact of variable apertures along a single fracture using Navier-Stokes equations for
Newtonian fluids, which showed deviation from the cubic law. An extension of the study
for non-Newtonian fluid using the Bingham plastic fluid rheology model was then
conducted by Liétard et al. (2002) [53]. Analytical solutions were proposed for transient
flow in radial mud invasion by Sawaryn [36] and Sarker et al. [54]. In all these studies, fluid
incompressibility property was found to be a reasonable assumption [55]. Modeling of
non-Newtonian fluid has been studied by other researchers [56–61]. Majidi et al. (2008,
2010) conducted experiments, supported by analytical modeling, to study the behavior
of steady-state mud invasion in a 2D radial fracture, where different yield-power-law
fluids were investigated. The authors showed that the fluid properties such as the yield
stress and non-Newtonian behavior have a crucial effect on the mud invasion distance.
An analytical solution for the steady-state flow of yield-power-law (Herschel-Bulkley)
fluids in a single fracture was developed. This analytical model was used to construct typecurves as a quick tool for mud loss diagnostics. However, the proposed model by Majidi
et al. assumed uniform fracture aperture (i.e., parallel fracture walls), and consequently
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could not match the experimental data. The model limitation is due to the fracture
deformation (ballooning effect), as will be demonstrated later.
In this work, a modified analytical solution for steady-state radial flow of yield-power-law
fluids in a fracture with deformed wall is introduced. The significance of analytical
solutions is that they are quick and simple to implement, free from numerical artifacts,
and can be used to validate numerical models [62,63]. Simulations are then used to
replicate the experiment conditions, including the fluid rheological properties and
fracture geometry, where the effect of fracture ballooning is investigated. We show the
accuracy of the model by Majidi et al. for the cases with nonuniform fracture aperture
and its limitation in matching the experimental observations with nonuniform fracture
apertures. To address this limitation, a modified analytical solution for deformed
fractures is proposed. The proposed model could be used to quickly assess the impact of
nonuniform fracture apertures. It can serve as a screening tool to evaluate mud invasion
distance as a function of fracture ballooning, mud rheological properties, and pressure
drop.
This chapter is organized as follows. First, the governing equations for non-Newtonian
fluid flow used in the models are shown. Then, the experiments conducted by Majidi et
al. (2008, 2010), including the analytical modeling, are reviewed. We then introduced a
2D radial model to investigate the accuracy of the analytical solutions and to replicate the
experimental data. The fracture deformation in the experiments and its influence on the
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pressure response is then discussed. Lastly, we present a modified analytical solution and
assess its accuracy.
2.2 Governing equations
The governing equations used to model single-phase fluid flow in fractures under
isothermal conditions are given by the mass and the momentum conservation equations
[62]. The mass conservation equation, with the absence of sink and source terms, is
defined by:


 v      v
t

(2.1)

Here, the fluid density is noted by  , time is t , and fluid velocity vector is v . For
incompressible fluid at the steady-state, Eq. (2.1) simplifies to:
 v  0

(2.2)

The momentum conservation equation (Cauchy equation of motion) is described as:



v
   v   v      pI  τ    g
t

(2.3)

where, the fluid pressure is denoted by p , I is the identity matrix, τ is the viscous stress
tensor, and  g is a body force such as gravity. The viscous stress tensor is defined as:

2
τ  2S      v  I
3

(2.4)
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Coupling with the continuity Eq. (2.2) , we get for the viscous tensor:

τ  2S

(2.5)

1
 v  v T 
2

(2.6)

Where the rate tensor is given by:

S

The yield-power-law fluid rheological model, with a fluid yield stress τ 0 , consistency m
and fluid index 𝑛, is expressed by:
n
τ  τ 0   S n or    0  m

(2.7)

The magnitude of the strain-rate tensor (shear rate) is:

1
 :
2

 

(2.8)

The operator (:) in the above equation is defined by:
a : b   anmbnm
n

(2.9)

m

It should be noted that viscosity is a function of the shear rate     γ  , where different
models could be used. The yield-power-law model based on the Herschel-Bulkley is given
by:

app   0 1  k n 1

(2.10)
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Eq. (2.10) provides the apparent fluid viscosity  app in terms of a consistency factor k and
the fluid yield stress  0 , and the flow index n . To avoid numerical instability when the
shear rate becomes small, Eq. (8) is constrained by a minimum shear rate value  min such
that:
 1

 :  ,  min 
 2


    max 

(2.11)

2.2.1 Boundary and initial conditions
In our model, a no-slip boundary condition is assumed at the fracture walls with no fluid
leakage to the fracture surrounding, which leads to:
v n  0
  pI     v   v T   n  0



(2.12)

Therefore, there is no viscous stress in the tangential direction, parallel to the wall. At the
fracture inlet, the experiment conditions ensured laminar flow with a constant injection
rate (fully-developed flow). At the fluid outlet, the pressure is kept constant at the
ambient conditions. The average radial velocity can be defined in terms of the inlet flow
rate by:

v avg   vdz 


Qin
1

w 2 rw w

(2.13)
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Where Qin is the inlet flow rate, rw is the inlet wellbore radius, w is the fracture aperture.
The problem is solved in the 2D axisymmetric domain. Thus, the gradient in the azimuthal
direction is zero,


 0 . Also, it is assumed that the angular velocity is zero, v  0 .


2.3 Experiment description
Extensive studies have been performed in the literature to improve the design of drilling
fluid and circulation loss materials [64–66]. Majidi et al. (2008, 2010) conducted several
experiments to study the behavior of mud invasion into a synthetic fracture, where
different fluid types and flow conditions were investigated. The fracture system consists
of two circular plates positioned in parallel and separated with a gap (1-1.2 mm) to mimic
the fracture aperture. A schematic of the experimental setup is shown in Figure 2-1 (left).

Figure 2-1: Experiment set-up showing a schematic view (left) and a picture (right) of two
parallel plates separated by a gap to mimic the fracture. The metal-bar grid was used to
hold the plates in place and prevent deformation [67,68] with permission from the author.
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Table 2-1: Rheological properties for two fluids and injection rates used in the
experiments [68].
Fluid Name
Yield-stress,  0 [Pa]
Consistency factor, m
[Pa.sm]
Flow index, n
[Dimensionless]
Flow rate, Qin [US

Polymer solution
(Pack)

Xanthan gum

0

1.45

5.30

3.37

0.480

0.407

0.25, 0.50, 1.00

0.11, 0.25, 0.54

gal/min]

The fluid was injected at constant rates through an inner tube of 3 inches (in) in diameter,
located at the center of the upper plate. The radius of the upper plate is 36 in. Flow rates
were kept low enough to maintain radial laminar flow within the fracture system from
the injection point at the center until the flow free exit along the outer plate boundary,
where the boundary pressure was kept at ambient conditions. The pressure was
measured during fluid flow at different radial distances via pressure transducers installed
within the lower plate. Solid spacers were used to maintain a uniform gap (about 1 mm)
between the parallel plates, and a metal grid was placed on the top plate to reduce plate
deformation during injection (see Figure 2-1, right view). Two types of experiments (I and
II) including flow at the steady-state and unsteady-state to measure yield stress were
performed. In all experiments, the injection rate was varied, and two types of non-
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Newtonian fluids, power-law model and Herschel-Bulkley (yield-power-law) were
investigated, as shown in Table 2-1.
2.4 Modeling of experiment I
In this set of experiments, the fluid was re-injected in a cyclical mode until steady-state
was achieved in terms of pressure drop across the radial distance between the inlet and
outlet. The experiments were repeated for two fluid types at different rates. A semianalytical solution was developed by Majidi et al. (2008, 2010) to model the steady-state
radial flow for non-Newtonian fluids with and without exhibiting yield stress. The semianalytical solution provides the fluid pressure versus radial distance as a function of the
injection rate, the fluid rheological properties (yield-stress, consistency factor, flow
index), and the fracture geometry (aperture, inner radius, outer radius). A significant
mismatch between the experimental data and the semi-analytical solutions was observed
(see Figure 2-2). The semi-analytical solution over-estimated the pressure trend for all
experiments especially for the ones associated with high injection rate and pressure. The
limitation of the semi-analytical model is related to the assumption of constant fracture
aperture. This assumption is inconsistent with the experienced fracture ballooning caused
by a slight deformation of the upper plate owing to fluid pressure during injection [67,69].
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Figure 2-2: Matching experimental data using the semi-analytical by [68] for the six
cases at different rates and different fluid types; plot on the top is for the polymer
solution with no yield stress; plot on the bottom is for the Xanthan gum solution with
the yield stress. The analytical solution consistently overestimated the data.
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2.4.1 Proposed simulations for experiment I
A 2D radial simulation model using an industrial simulator (COMSOL®) was developed to
assess the accuracy of the semi-analytical solution by Majidi et al. We used the model to
investigate the effect of fracture wall deformation on the injection pressure response. To
assess the accuracy of the analytical solution, a constant fracture aperture is initially
assumed. Figure 2-3 compares the numerical and semi-analytical solutions for three cases
with different injection rates, for which all show excellent agreement. This result confirms
the accuracy of the analytical solution for uniform fracture aperture.

Figure 2-3: Verification of our simulations with the semi-analytical model by Majidi et al.;
uniform fracture aperture is assumed.
There are key observations that are noteworthy to highlight. Simulation results showing
the radial velocity profiles at three locations; at the inlet (0.03 m), inside (0.2 m), and at
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the outlet (1 m) are compared with the results from semi-analytical model in Figure 2-4.
The solutions are consistent except at the inlet. The discrepancy is related to the
assumption in the analytical model that ignores the effect of the change in the radial
velocity (inertial effect) on the shear rate calculation. The shear rate model in the
simulations is given (see Eq. (2.8)).

 v   v 
  2 r    r 
 r   z 
2

2

(2.14)

However, the shear rate model in the analytical solution is assumed to be:



dvr
dz

(2.15)

Therefore, the inertial effect showed a minor impact on the velocity profile at the
proximity of the inlet and no impact away from the inlet. This minor discrepancy didn’t
affect the pressure profile, as shown in Figure 2-3. The shear thinning and thickening
effect is demonstrated in Figure 2-4, which shows the shear rate and the corresponding
fluid viscosity along the fracture aperture. The pressure profiles are almost linear (see
Figure 2-6). However, the viscosity changes significantly as a function of the velocity
profile and shear rate, as shown in Figure 2-7.
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At inlet (0.03m)

Inside (0.2 m)

At outlet (1m)

Figure 2-4: Radial velocity plots (top) at three different locations: inlet (0.03 m), inside
(0.2 m), and outlet (1 m) showing comparisons between the numerical and semianalytical solutions. The bottom plots show the corresponding velocity color maps from
the numerical model.
(a) Inlet (at 0.03 m)

(b) Inside (at 0.2 m)

(c) Outlet (at 1 m)
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Figure 2-5: Fluid viscosity and shear rate along the fracture aperture at the inlet (0.03
m), inside (0.2 m), and outlet (1 m). The bottom plots show the corresponding viscosity
color maps from the numerical model.

a) Vertical cross-section along the fracture

b) Top view
Figure 2-6: Pressure plots along a vertical cross-section (top) and along a horizontal over

view of the fracture (bottom).
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a) Velocity map (m/s)

b) Viscosity map (Pa.s)
Figure 2-7: Velocity profile and the corresponding fluid viscosity within a vertical crosssection.
2.4.2 Fracture ballooning effect
Fracture ballooning is a phenomenon that may occur due to mechanical deformation of
fractures resulting from fluid pressure and the surrounding stress field [70–72]. The
injection pressure response is very sensitive to the fracture aperture. Here, simulations
are used to investigate the fracture wall deformation (ballooning) on the pressure
response. Majidi et al. reported that the maximum plate deformation occurred
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somewhere between the inlet (center pf plate) and the outlet (outer boundary of the
plate) resulting from the force distribution caused by the fluid and exerted on the inner
walls of the plate, as shown in Figure 2-8. This hypothesis has been confirmed with our
simulations and showed a consistent trend, as appears in the figure.

Figure 2-8: Pressure profile and force distribution versus radial distance from the inlet
(top) and schematic showing how the force distributed along by the arrows (bot).
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Figure 2-9: Vertical cross-section showing a parabolic-shape deformation for the upper
plate.
To investigate the effect of fracture deformation on flow behavior, we consider a
parabolic deformation in shape for the upper plate mimicking the shape of the force
distribution function in Figure 2-8. The schematic in Figure 2-9 shows a vertical crosssection of the lower and upper plates along the radial distance. The parameter wm reflects
the enlarged fracture aperture, and L1 is a distance from the inlet where no occurred
deformation. The deformation magnitude of the upper plate can be represented by wm,
where the case with wi  wm represents the parallel-plate scenario (i.e., no deformation).
The curve w  r  mimicks the deformed plate and parameterized in terms of wi , wm , L1
and the inlet radius rw , as follows:
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(2.16)

if rw  r  L1

if

r  L1  rw
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Figure 2-10 shows the match for the pressure observations from the experiments with
the simulations when fracture defamation is taken into account. The simulation
parameters are provided in Table 2-2. Simulations showed that the maximum fracture
aperture enlargement varied between 0.7 mm and 1.6 mm for different experiments
depending on the experiment flow rate. This match presents significant improvement
compared to the model shown in Figure 2-2 and highlights the significance of fracture
aperture on the pressure response.
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Figure 2-10: Match of experimental data and simulations for the six cases at different
rates and fluid types.
Table 2-2: Summary of simulation matching parameters for the six experimental cases.
Fluid Name

Polymer solution
(Pack)

Xanthan gum

Flow rate, 𝑸𝒊𝒏
[gal/min]

Inlet aperture, 𝒘𝒊
[mm]

Linear region
length, 𝑳𝟏 [in]

Parabola vertex,
𝒘𝒎 [mm]

1.00

1.12

5.5

2.711

0.50

1.12

5.5

2.321

0.25

1.12

5.5

1.974

0.54

1.12

5.5

2.204

0.25

1.12

5.5

1.868

0.11

1.12

5.5

1.723

2.5 Modeling of experiment II
These experiments were conducted to investigate the flow behavior of fluids exhibiting
yield stress [67]. The authors measured the invasion distances for two fluids into the
fracture at constant injection pressures. In other words, for each imposed injection
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pressure, the mud invasion distance was measured at the steady-state. The steady-state
corresponds to the situation when the mud flow in the fracture stalls (see Figure 2-11).
Understanding this effect is needed to predict the mud loss volumes [73]. The
experimental data reflecting the invasion distance versus injection pressure for two fluids
are shown in Figure 2-12. The rheological properties of the two non-Newtonian fluid are
summarized in Table 2-3.

Figure 2-11: Sketch for plug test showing various mud invasion fronts rf in different colors
at different applied pressure drops, which is differential pressure between wellbore and
atmospheric. The known input is applied pressure drop and the measured output is mud
invasion front.
Similarly to Experiment I, the proposed analytical model by Majidi et al. could not capture
accurately the experiment observations (see Figure ). The limitation is again related to the
fracture aperture enlargement, which was not taken into consideration. In this work, the

52
analytical solution by Majidi et al. was modified to account for fractures with nonuniform
apertures following a similar approach for the fracture deformation, as depicted in Figure
2-9.
The derivative for the fluid pressure relative to the radial distance is given by:

2
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(2.17)
In 1D radial flow for incompressible fluid at a constant injection rate q , the rate can be
written by definition as:

q

As the fluid invasion front stops,

drf
dt

drf
dVm
 2 wrf
dt
dt

(2.18)

 0 . Therefore, Eq. (2.17) becomes:

dp 2 0 1  2m 

dr
1  m  w

(2.19)

Integration over the domain corresponding to constant uniform fracture, the pressure
drop, p1 , is computed as:

L1

2 0 1  2m 

 dp   1  m  w
rw

dr

(2.20)
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Solving,

p1 

2 0  L1  rw 1  2m 
1  m  w

(2.21)

Now, taking the equation corresponding over the parabolic-shape domain, we get:
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(2.22)

To facilitate the mathematical derivations, we define the following:
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Eq. (2.23) simplifies to:

dp
G
 2
dr Ar  Br  Z

(2.24)
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Integration of the above equation over the deformed domain from L1 to the mud invasion
front rf :

 dp  

rf

L1

G
dr
Ar  Br  Z

(2.25)

2

Solving the above equation, the pressure drop within the deformed domain [ L1 , rf ]
becomes:


 B  2 AL1 
 B  2 Arf  
2G  arctan 
 arctan 

 
2
2
  B  4 AZ 
  B  4 AZ  

p2  
 B 2  4 AZ

(2.26)

Substituting back the defined constants in Eq. (2.23) to get:
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(2.27)
The full domain solution combines both solutions, that is:
rf

L1

rw

rw

rf

 p  r  dr   p  r  dr   p  r  dr
1

Solving,

2

L

(2.28)
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p  p1  p2

(2.29)

Therefore,
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(2.30)
Rewriting the above equation in terms of the mud invasion front rf and simplifying, we
get:
1
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(2.31)
The above solution simplifies to the solution provided by Majidi et al. when the fracture
aperture is uniform with no deformation, i.e., wm  wi . Figure 2-12 shows the mud
invasion radius for two fluids (see Table 2-3) exhibiting yield stress as a function of the
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pressure drop. The invasion distance increases with pressure drop, as expected. The
analytical solution proposed by Majidi et al. couldn’t capture the trend accurately.
However, the proposed modified solution given in Eq. (2.31) provides a better match
when accounting for the fracture deformation. The maximum fracture aperture
enlargement was found to be within 0.5 mm for the cases.
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Figure 2-12: Data for mud invasion fronts for two fluids with yield stress (40 [g/L] Xanthan
gum at the top; 30 [g/L] Xanthan gum at the bot) and comparison between Majidi’s model
and the proposed modified model.
Table 2-3: Fluid properties used in the yield stress experiments.
Fluid name

Fluid yield stress,

Xanthan gum
40 [g/L]

[lbf/100ft2]
29

0

Consistency factor,
[lbf/100ft2.s]

m

Linear region
length, L1 [in]

4

Parabola vertex,
wm [mm]
1.5

6.5
Xanthan gum
30 [g/L]

20

5.5

1.25

2.6 Conclusion
The objective of this work is to study the mud loss behavior in fractured media. Focus was
given to analyze a set of experiments from the literature conducted by Majidi et al. The
principal findings are summarized as follows:
o The analytical solution by Majidi at el. was assessed for radial flow of nonNewtonian fluid in a single horizontal fracture. We evaluated the accuracy of the
analytical model using simulations and explained its limitation in matching the
experimental data. The analytical model overestimated the pressure response for
all experiments. This limitation was found to be related to the assumption of
constant and uniform fracture aperture.
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o The effect of fracture deformation on the pressure response was investigated at
the steady-state. We proposed a deformation model following the force
distribution function in the radial fracture. The deformation phenomenon was
incorporated in the simulations which helped to replicate and explain the
experimental data. Simulations suggested that the maximum enlargement in the
fracture aperture varies within 0.7 mm and 1.6 mm depending on the injection
rate and pressure. These results confirmed the sensitivity of the injection pressure
response to the fracture ballooning during injection.
o A modified analytical model was proposed to capture the mud invasion distance
for yield-stress fluids in terms of fluid rheological properties and the nonuniform
fracture geometry. The proposed model showed significant improvement in
replicating the experimental data and reconfirmed the implication of fracture
deformation effect.
o The developed numerical and analytical models can be used to assessing the
fracture ballooning effect. The developed models are provided in open access.
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Chapter Three:
A Semi-Analytical Approach to Model Drilling Fluid Leakage into Fractured
Formation

Abstract
Loss of circulation while drilling is a challenging problem that may interrupt operations
and contaminate the subsurface formation. Analytical modeling of fluid flow in fractures
is a tool that can be quickly deployed to assess drilling mud leakage into fractures. A new
semi-analytical solution is developed to model the flow of non-Newtonian drilling fluid in
fractured formation. The model is applicable for various fluid types exhibiting yieldpower-law (Herschel-Bulkley). We use finite-element simulations to verify our solutions.
We also generate type-curves and compare them to others in the literature. We then
demonstrate the applicability of the proposed model for two field cases encountering lost
circulations. To address the subsurface uncertainty, we combine the semi-analytical
solutions with Monte-Carlo and generate probabilistic predictions. The solution method
can estimate the range of fracture conductivity, parametrized by the fracture hydraulic
aperture, and time-dependent fluid loss rate that can predict the cumulative volume of
lost fluid.
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3.1 Introduction
Naturally fractured formation is often prone to severe mud loss during drilling operations.
As a result, problems may emanate because of the severity of lost fluid such as kicks,
wellbore

instability,

formation

damage,

and

sometimes

freshwater

aquifer

contamination [9,74]. One procedure to encounter and mitigate this problem is to add
lost circulation material (LCM) to the drilling fluid. LCM is commonly used in drilling
applications to reduce and stop lost circulation [23–26]. The fluid characteristics of LCM,
such as density and viscosity should be carefully selected based on the formation
hydraulic properties such as the conductivity of the thief layers and fractures, among
other factors [75–78]. Due to the time-scale of the problem, there is a need to develop
accurate and efficient modeling tools applicable to real-time drilling operations to
perform diagnostics and predictions. Field observations suggest that, during mud
filtration into porous media, an immediate spurt loss generally occurs, which then
decreases in rate as filter cake is being deposited.
On the other hand, mud loss rate into fractures often exhibits a sudden peak, followed by
a gradual declining loss [28]. The transient rate decline is related to the fluid pressure
build-up within the fracture. The ultimate lost volume is a function of the fluid mobilities,
and the fracture conductivity, pore-volume, and extension [29]. Analytical solutions for
mud loss into a single effective fracture, mimicking a fractured formation has been
studied for decades in the literature. Early modeling attempts for simplified cases were
based on Darcy’s Law at steady-state conditions [30,31]. Sanfillippo et al. (1997)
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introduced a semi-analytical solution for Newtonian fluid flow into a horizontal fracture
by combining the diffusivity equation and mass conservation in one-dimensional (1D)
radial systems. The derived ordinary differential equation (ODE) was solved numerically.
Maglione and Marsala (1997) presented an analytical solution of the diffusivity equation
for fluids with a constant viscosity at the steady-state conditions. Liétard et al. (2002)
developed type-curves based on numerical solutions to describe time-dependent mudloss volumes into a horizontal fracture. The model is applicable for non-Newtonian fluids
exhibiting Bingham-Plastic rheological behavior. The authors generated type-curves,
based on dimensionless groups, to describe mud-loss rates as a function of the fracture
hydraulic aperture and fluid properties. Other authors proposed analytical approaches
to generate similar type-curves to the ones proposed by Liétard et al. (2002). [79]
evaluated the analytical and numerical modeling of the flow of Herschel-Bulkley fluid
model in a monotube. Huang et al. (2011) derived a method to estimate the hydraulic
fracture aperture by simplifying insignificant terms in the governing equations. Majidi et
al. (2010) generated approximate analytical solutions for yield-power-law fluids by
reducing a Tylor expansion of the governing nonlinear flow equation into its linear terms.
This approximation helped to generate an analytical solution but was found to introduce
inaccuracies in some cases, as discussed in the paper. Motivated by the work of Majidi et
al. (2010), Dokhani et al. (2020) introduced a mathematical model and numerical
solutions to account for fluid leak-off from fractures. [83] used stochastic and global
sensitivity analysis to study drilling mud losses in fractured media. Other authors
proposed various numerical methods based on higher-order discretizations [84–89].

62
In this work, a new semi-analytical solution is developed to model the flow of nonNewtonian drilling or LCM fluids exhibiting a yield-power-law (Herschel-Bulkley) behavior.
The non-Newtonian fluid flow is described by the Cauchy momentum equation. The
nonlinear system of equations is reformulated and converted into a system of ODE’s,
which is then solved numerically with an efficient ODE solver [39]. For convenience, we
also introduce dimensionless groups and develop type-curves, which describe fluid
volume loss behavior versus dimensionless time, as a function of the fracture and fluid
properties. The fracture is represented by two parallel plates in a 1D radial system. We
use high-resolution finite element simulations from commercial software, COMSOL [90],
to verify our model. We also compare our proposed semi-analytical solutions to two other
models from the literature. The developed type-curves describe the mud-loss volume and
mud-invasion front velocity under various fluid rheological properties, drilling pressure
conditions, and fracture aperture. We use the type-curves and demonstrate the
applicability of the proposed model for two field cases. We discuss a simple approach to
combine the developed semi-analytical solutions with Monte-Carlo simulations to
address uncertainties.
This paper is organized as follows; we first review the main governing equation for nonNewtonian fluid flow. Then, we reformulate the equations for 1D radial system, followed
by a discussion of the solution method of the obtained semi-analytical system. In section
two, we compare our solution to other analytical solutions for a particular fluid-type case.
For general cases, we verify our solutions with full-physics numerical simulations. In the
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third section, we introduce new type-curves with the corresponding dimensionless
groups. In section four, before the conclusion, we demonstrate the applicability of the
proposed approach for two field cases.
3.2 Physical & mathematical model
The general governing equation used to describe non-Newtonian fluid dynamics is given
by Cauchy equation [91,92], such that,



v
   v   v      pI  τ    g
t

(3.1)

In the above equation, the transient term consists of the fluid density  , velocity vector

v , and time t . The fluid pressure is denoted by p , the fluid shear stress by τ , the
gravitational acceleration by g , and the identity matrix by I .
The fracture is represented by two parallel radial plates, perpendicular to the wellbore,
as shown in Figure 3-1. Note that horizontal fractures could occur at shallow depths and
over-pressurized formations [93,94].
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Figure 3-1: Physical domain mimicking a horizontal fracture intercepting the wellbore. The
shaded brown area shows the mud radial invasion, 𝑟𝑤 is wellbore radius, w is fracture
aperture, 𝑉𝑚𝑢𝑑 is mud-loss volume.
Assuming steady-state conditions and neglecting gravity with low inertial effect in
comparison to other forces, Eq. (3.1) becomes,

0      pI  τ 

(3.2)

In 1D radial system r , the above equation simplifies to [62],

 ( z, r )  z

p
r

(3.3)

Where  ( z , r ) is the radial shear stress component, perpendicular to the z -direction.
On the other hand, the shear stress component  is described by the Herschel-Bulkley
fluid model [95], that is,
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 dv 
 ( z, r )   0  m  r 
 dz 

n

(3.4)

In Eq. (3.4), the parameter  0 is the yield shear stress, which determines the fluidity state,
as explained later. The flow index n is a positive number that reflects fluid rheological
behavior. For instance, the fluid exhibits shear-thinning behavior when n  1, and shearthickening when n  1 . Typical values for flow behavioral index in drilling fluid ranges from
about 0.3-1.0 [96]. The other parameters correspond to the consistency multiplier m ,
and the derivative of the radial velocity vr in the z-direction, reflecting the shear rate.
Note that the Herschel-Bulkley model in Eq. (3.4) can also be used to describe Newtonian
fluids when considering  0  0 and n  1 .
3.2.1 Solution method
Our system of equations is given by the Cauchy equation (3.3) and the Herschel-Bulkley
fluid model Eq. (3.4). The first equation combines two external forces, pressure force, and
shear force, applied to the fluid. The second equation describes the fluid rheological
behavior as a function of the fluid yield stress and shear rate. The proposed solution is
based on the assumption that the drilling fluid viscosity is higher than the in-situ water
viscosity in the fracture, with no significant mixing between the two fluids. Under these
conditions, a piston-like displacement is considered at the mud-water interfaces, which is
a reasonable assumption [55]. Therefore, the fluid pressure and the shear force are
approximated only within the mud invaded zone. The fracture is assumed infinite acting
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with constant average hydraulic aperture, and no-slip boundary conditions (B.C.) are set
at the fracture walls. The no-slip B.C. is adequate for highly viscous fluid, such as mud
[97,98]. The pressure is assumed to be constant at the inlet.
The concept of the proposed solution method is illustrated in Figure 3-2. As the fluid
propagates deep into the fracture, radial flow velocity decreases, and shear stress
diminishes. The shear rate is highest in the vicinity of the wellbore and gradually reduces
away from the wellbore. Therefore, the fluid apparent viscosity increases as the shear
rate decreases with the radial distance. Furthermore, driven by the vertical variations of
flow velocity and shear stress, fluid layers along the fracture aperture develop and
introduce self-friction with the highest intensity at the fracture wall and reduces linearly
towards the fracture centerline, as illustrated in Figure 3-2. Consequently, a region with
diminished shear rate (i.e. dvr dz  0 ) develops at the fracture center, corresponding to
the yield shear stress zone  0 (see Eq. (3.4)). This region is denoted by the plug flow
region, while the rest is the free flow region. As the fluid propagates further within the
fracture, the plug region expands toward the fracture walls, eventually reaching a total
stall of the flow, as illustrated in Figure 3-3a. This condition represents the ultimate
steady-state, where the pressure drop between the wellbore and the mud front becomes
too small to overcome the yield stress  0 (see Figure 3-3b).
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Figure 3-2: Sketch of an infinite-acting fracture cross-section of aperture w , intercepting
the wellbore. No-flow and no-slip B.C. are imposed at the fracture wall. rf  t  is the timedependent radial distance of the invading fluid into the fracture; vr is the velocity vector,
and  is the shear stress. The plug flow region corresponds to the region where the
variation of the velocity along the z-axis diminishes; the free flow region corresponds to
the region outside the plug region.

a) Stages of mud propagation.

b) Pressure profiles.

Figure 3-3: Illustration (a) of yield-power-law fluid flow in a radial fracture showing the
evolution of the propagation of the plug region as the mud travels away from the wellbore,
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resulting in total plugging. Plot (b) shows typical pressure profiles versus radial distance
at various times and invasion distances, where a constant injection pressure is assumed
at the wellbore.
The fluid flow in the fracture is symmetrical across the fracture centerline. Therefore, we
derive the equations for the domain upper half of symmetry. Based on the previous
discussion, where we subdivided the flow domain into two regions a plug and a free
region, the following conditions are introduced for the velocity vector:

vr , plug ( z ), for z  z plug

w

vr  z    vr , free  z  , for z plug  z 
2

w

0, for z 


2

(3.5)

In Eq. (3.5), z plug is the vertical extension of the plug region. vr , plug , and vr , free denote the
velocities within the plug region and free region, respectively. The last condition is a result
of no-slip B.C.
Connecting these two Eq.(3.3) and (3.4) as,

p
 dv 
z  0  m r 
r
 dz 

n

(3.6)

Solving the differential equation for the general solution of the velocity profile of the half
fracture (i.e. z [0, w / 2] ) domain, we get,
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 p w

 p
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 0 
z  0 
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 r
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  0   r 2
  n   z 0 

m
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 r 2

 r







vr  z  
p
(n  1)
r
1/ n

(3.7)

Eq.(3.7) is valid along the fracture aperture in the z-direction, where two regions,
according to the velocity profile, can be distinguished: plug (non-deformed) region and
free (deformed) region. We can see from Herschel-Bulkley equation model that the plug
region corresponds to zero derivative of the velocity in the z-direction, that is,

dvr
0 .
dz

Substituting this condition in the fluid model with pressure Eq.(3.6), the following
equation of fluid yield stress is obtained,

z plug

p
0
r

(3.8)

The velocity is defined at the three B.C. as described in Eq.(3.5). Substitute Eq.(3.8) into
the solution of the general velocity profile in Eq.(3.7), we get,
1/ n
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 p  w

 p
n
 z plug  
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n 1
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(3.9)
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Use this Eq.(3.9) to find velocity profile in the plug region (plug velocity) by substituting

z plug 

0

p
r

and simplifying, we get,
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n 1
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(3.10)

Now, we have two velocity profiles as expressed as,
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(3.11)
We transform the velocities into the total volumetric flow rate (flux);

Qtotal  Q plug  Q free

(3.12)

Applying the surface integral of the velocity field for the two regions,
z plug

Qtotal  4 r


0

v r  plug dz  4 r

w /2



z plug

v r  free dz

(3.13)
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Substituting, we find the total flux,
1/ n 1



4 r  dp   w  0 
 1/ n    

m  dr   2 dp 
dr 

1/ n

Qtotal
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 n  1 dp 2n  1  2 dp  
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(3.14)

Simplifying the above expresses to get,

Qtotal

1/ n



1/ n  2
1/ n
  1  


0
4 r  w 
 n  dp 
0
 1/ n  
1


   w dp  1  
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(3.15)

To avoid obtaining complex number because of the negative

dp
inside the power term,
dr

we rewrite the equation as,
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2 dr
 2 dr  
 2 dr  

(3.16)
The last term is approximated by using the second-order Taylor expansion, that is,

n
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(3.17)
Simplifying,
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(3.18)
By neglecting the higher-order terms, we get,
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(3.19)
We arrange the pressure gradient term as a polynomial equation of second degree, that
is,
2
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(3.20)
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This equation can be seen as a quadratic equation with unknown

dp
. To simplify the
dr

expression, we define the following quantities,

 4 
A

n

2 n 1
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m  2   2n  1 
 2n  1   0
B

 n 1  w / 2
 n  n2    0 
D


 n 1   w / 2 

n

(3.21)

2

Eq.(3.20), becomes,
n
 dp
 dp   Q
0      total
 B  D
n
 dr   r A
 dr
2

(3.22)

This equation is a nonhomogeneous, nonlinear first-order ordinary differential equation.
The general solution of the polynomial quadratic equation is in the form of
b  b2  4ac
. Hence,
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There are two roots for this equation, from which the positive root is selected, thus,
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(3.24)
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The pressure at the inlet is pw , and the pressure at the mud-font is p f . It should be
noted that the interface is moving with time rf  t  . As a result, we implement a moving
boundary condition at the interface only, that is,

pf

rf t 
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 dp  

2


n
n
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(3.25)

Integrate the left-hand side, and the first two sides on the right-hand side, we get,
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(3.26)
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(3.27)
To compute the last integral term on the right, we use,
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which can be solved as [99–101],

(3.28)
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(3.29)
Appell’s hypergeometric function of the first kind is a solution of the integral term. It is a
double hypergeometric series F1  ,  ,  ,  ,  ,   , where,
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We substitute back these values into Eq.(3.29) to get,

(3.30)
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(3.31)
We now have an analytical solution of pressure as a function of radial distance r . The
Eq.(3.31), (3.28) and (3.27) are used when the total flow rate entering the fracture is
known. Otherwise, if the total flow rate is unknown, we can use the total flow rate by
definition as,

Qtotal 

dVm
dt

(3.32)

Mud-loss volume can be found for radial flow as,



Vm   w rf  t   rw 2
2



(3.33)

Substituting Eq.(3.33) into (3.32) and differentiating,

Qtotal  2 wrf  t 

drf  t 
dt

(3.34)
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Finally, the mathematical problem of lost circulation in a smooth horizontal fracture is
solved analytically. Eqs.(3.34), (3.31), (3.28) and (3.27) are the solution of mud-loss flow
front rf  t  as a function of time t , based on the given parameters of mud rheology ( n , m
,  0 ), differential pressure ( p f , pw ) and fracture aperture ( w ). To summarize the ordinary
differential equation (ODE) system, we reassemble,
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(3.35)
The ODE system in Eq. (3.35) is nonlinear and cannot be computed analytically, except
for a particular case when n  1 . Therefore, a numerical ODE solver is used to solve Eq.
(3.35) starting with initial conditions rf  t  0   rw . Note that Eq. (3.35) shows only the





difference between the inlet pressure and the pressure in the fracture p f  pw is
needed to be modelled.
3.2.2 Particular solution for Bingham plastic fluids
Here, we show how the proposed solution can be derived mathematically for Bingham
plastic fluids, when n=1. Let us take Eq.(3.19), after approximating the last term, by
applying the same approach for Bingham plastic fluid condition ( n  1 ),
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Integrating,
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The above equation becomes,
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Rearranging,
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Eq.(3.39) is the final solution of Bingham plastic fluid model of mud invasion front rf  t 
as a function of time t . The equation can be derived in different forms, which is consistent
with the dimensionless form by [53]. The defined dimensionless groups are,
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Implementing into Eq.(3.39) to generate a dimensionless differential form,

drD  t  1    rD  t   1

dt D
rD  t  ln  rD  t  

(3.41)

This is an ordinary differential equation that can be solved analytically by using Inverse
Function Theorem (IFT) in such a way that any function f  x  is both differentiable and
invertible. Assuming y  f 1  x  is the inverse of f  x  which all x satisfying

f   f 1  x    0 . Thus, the derivative,

dy d
1
  f 1  x     f 1   x  
dx dx
f   f 1  x  

(3.42)

rD  t  ln  rD  t  
dt D

drD  t  1    rD  t   1

(3.43)

Eq.(3.41) becomes,

Providing the closed-form solution after applying initial condition at tD  0 and rD  1 , we
get,
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(3.44)
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In the above equation, the polylogarithmic function Li 2 is shown as a solution of
Eq.(3.43), which is the analytical solution of a dimensionless mud invasion front rD as a
function of dimensionless time t D for Bingham Plastic fluid model. Furthermore, an
analytical solution was provided as well [53].
Our proposed semi-analytical solution is a generalization of the one introduced by Liétard
et al. (2002) for Bingham plastic fluids. By taking a unity flow index ( n  1 ) in Eq.(3.4), the
Herschel-Bulkley model reduces to the Bingham plastic model such that,

 ( z, r )   0  m

dvr
dz

(3.45)

We showed the derivation of a particular case of the proposed solution when n  1 .
Figure 3-4 compares the solutions of the mud invasion front (dimensionless) versus a
dimensionless time obtain by our model and the one proposed by Liétard et al. (2002),
which shows identical match. The solutions are presented for various values between
0.002 and 0.04 of the dimensionless parameter  (see Eq. (3.40)).
This test case shows that a particular solution ( n  1 ) of the proposed semi-analytical
model converges to the analytical solution of Liétard et al. (2002) for Bingham plastic
fluids.
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α=0.002
α=0.004
α=0.01
α=0.02
α=0.04

Figure 3-4: Comparisons of solutions from a particular case of the proposed semianalytical with the analytical solution by Liétard et al. (2002) for Bingham plastic fluid
model. The type-curves corresponding show the invasion front versus time, generated for
different values of alpha between 0.002 and 0.04.
3.2.3 Error analysis
One way to support the betterment of the proposed solution is error analysis. As majidi
et al (2010) published an analytical solution solving the pressure profile as radial distance
varies, we can compare the solution with our proposed one. Solving the proposed Eq.
(3.20) and comparing the unapproximated solution Eq. (3.16) to find pressure distribution
as a function of radial distance, Figure 3-5 evinces an amelioration for different input
parameters. Six parametric inputs were varying in order to establish a mean relative error
in percentage.
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Figure 3-5: Error analysis performed between the proposed solution in comparison with
Majidi et al (2010). All curves were referenced to a base scenario.
3.2.4 Model verification: general solution
We use simulations to verify our semi-analytical solutions for general Herschel-Bulkley
fluids with different flow indexes, n . Simulations were performed using a finite-element
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method within COMSOL-Multiphysics [90] to solve the flow of a non-Newtonian fluid
within two parallel circular plates, mimicking the geometry of the radial fracture, shown
in Figure 3-1. We emphasize that the numerical solution is based on the Navier-Stokes
equations, whereas the semi-analytical solution is based on the more general Cauchy
equation of motion corresponding to the Herschel-Bulkley fluid. To address the
discrepancy between the two solution methods, we use the approach by Papanastasiou
(1987), which links the Navier-Stokes equation with the Cauchy equation by manipulating
the Herschel-Bulkley fluid as,



eff    0 1  e

 m p

  m  

n 1

(3.46)

Where, the effective viscosity as a function of shear rate, eff    is written in terms of
the viscosity due to yield stress 0 , consistency multiplier m , shear rate  , behavioural
flow index n , and a regularization exponent m p . The parameter m p has no physical
significance. However, it is important to avoid singularities in the numerical solutions.
Based on a sensitivity study (not shown here) to assess the effect of m p , we found that

m p =100 to 500 provided reasonable accuracy and robustness. High-resolution
simulations were also needed to reduce instabilities and numerical artefacts. The
accuracy of this numerical solution has been discussed previously [103].
In the simulation model, the fracture is assumed to be initially saturated in water at a
constant pressure. The size of the fracture in the simulation domain is selected to be large
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enough to mimic infinite boundary conditions. The simulation solution includes the
pressure solution in the mud and water zones, and the mud-front propagation [103].
Figure 3-6 compares the semi-analytical solutions and the numerical solutions obtained
for two cases with n  1 , and n  0.7 , reflecting a yield stress shear-thinning fluid. The
solutions describe the mud invasion distance versus time. The plateau section in the
curves reflect the maximum invasion distance, that is when the mud-front stalls. Both
solution methods are in good agreement.

Figure 3-6: Comparison between the proposed semi-analytical solutions with the
numerical solutions by COMSOL. Both methods show good agreements for different cases,
n=1, and 0.7.
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3.3 Type-curves
Type-curves (TC) are often generated with dimensionless groups to provide quick
interpretations and diagnostics of time-dependent trends. This technique is commonly
used in well testing [104]. In this work, we adopt the following dimensionless variables:
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tD  t 
Where, rD is the dimensionless mud-invasion radius, VD is the dimensionless mud-loss
volume, tD   t is the dimensionless time,  and  are dimensionless parameters
reflecting invasion stoppage behavior and fluid rheological behavior. Additional analysis
of the effect of  is discussed below. The governing system of equations given in Eq.
(3.47) is then rewritten in terms of the dimensionless variables, where the same solution
method is applied. Additional details on the derivation of the dimensionless form of the
semi-analytical solution are shown. We derive the type-Curves in dimensionless form. Let
us recall Eq. (3.27)
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Dividing all terms by p  p f  pw , we get,
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Substituting the defined constants as done previously in Eq.(3.21) and applying the
dimensionless variable rD 
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, it yields,
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The transforming of the third term to dimensionless form, we get,
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Hence, the proposed dimensionless parameters are,
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Figure 3-7 shows a set of type-curves generated for different flow indexes 𝑛 =
1.0, 0.8, 0.6, 0.4, and different values of  . The type- curves show cumulative mud loss
increase versus time. At far enough distance from the wellbore, the plugging effect
becomes more significant, and the fluid eventually halts.
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Figure 3-7: Type-curves in a dimensionless form showing dimensionless mud-loss volume
( VD ) versus dimensionless time ( t D ) for different values of n ( n =1, 0.8, 0.6, and 0.4) and

 (  =0.002, 0.004, 0.01, 0.02, and 0.04).
We compare our derived type-curves with the one proposed by [81]. Majidi’s et al. model
simplifies a nonlinear term in the governing equation by a linear term corresponding to a
first-order Taylor’s expansion. With this simplification, Majidi et al. (2010) could generate
an approximate analytical solution. In this work, however, we kept a second nonlinear
order in the equations. As a result, it was not possible to generate a full analytical solution,
but rather a semi-analytical solution, as detailed previously.
We found that the accuracy of this simplified solution by Majidi et al. depends on the
selected problem parameters. Figure 3-8 shows a comparison between the solutions of
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Majidi et al. and the proposed solutions for different values of  . The flow indexes are,
respectively, 𝑛 = 0.6, and 0.4 from left to right. At high values of  , both solutions are
consistent. However, as  decreases, the approximation error in Majidi’s et al. solution
increases, as depicted in Figure 3-9. The error reduces when the flow index increases or
approaches unity.

Figure 3-8: Comparisons of the dimensionless mud-front radius ( rD ) versus dimensionless
time ( t D ) obtained by the simplified solutions of Majidi et al. (2010) and our proposed
method. Different cases are considered, corresponding to flow indexes n=0.60 (a) and
n=0.40 (b). The simplified solution becomes less accurate as 𝛼 decreases.
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Figure 3-9: Plots showing the behavior of the deviation error in Majidi et al. (2010)
solutions as a function of 𝛼 (a) and n (b).
Another particular case that could be compare is at stopping conditions. The fluid is at
maximum static invasion. In another words, the total volumetric flow rate vanishes
whenever the fluid invasion halts, i.e.

drf  t 
dt

 0 . Solving for maximum radial invasion
max

after applying stopping condition into Eq.(3.35),

rf
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 rw 

2p
B  B2  4D

(3.52)

Substituting the defined constants Eq.(3.21) into Eq.(3.52) and using Eq.(3.47) for
dimensionless parameter,
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Majidi et al. (2010) has derived an approximated solution at stopping conditions as,

rD

max

 1

1



(3.54)

Figure 3-10 corroborates an improvement of the proposed analytical solution at fluid stop
comparing with Majidi et al. (2010). The relative error is plotted by comparing Eq.(3.54)
with Eq.(3.53).

Figure 3-10: Comparison of Majidi et al. (2010) and the proposed solution at halting
conditions for variable dimensionless parameter  .
3.3.1 Method demonstration
The proposed semi-analytical method is applied to four wells from two different fields. In
Field case 1, the drilling mud was Bingham plastic fluid with known fluid properties. A
deterministic approach is used to match the data with the semi-analytical model. In Field
case 2, a more complex Herschel-Bulkley fluid was used. In this case, a probabilistic
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approach is adopted to account for various uncertainties in the mud and subsurface
formation properties. Alterations in the mud properties could occur for various reasons
such as mud/water in-situ mixing, transient thermal effects, among others.
3.3.2 Field case 1
In the first case, a drilling Bingham plastic fluid was used for the drilling of two wells:
Machar18 and Machar20, in the Machar field in the North Sea [53]. Lost circulations
within naturally fractured formation were encountered in both wells, as shown in Figure
3-11. The fracture apertures were estimated to be around 0.42 and 0.64 mm for Machar
18 and Machar 20, respectively, based on a simplified method proposed by [80]. The
limitation of Huang’s et al. method is in the assumption that the total mud-loss volume
must be known, which is available in this case. In our proposed approach, however, the
total mud-loss volume can be predicted by fitting the transient mud-loss behavior versus
dimensionless time.
We note that the well data, given in Figure 3-11, as provided by Liétard et al. 2002, are
plotted versus different dimensionless groups than the ones used here. For consistency,
we replotted these field data using the proposed dimensionless variables given in Eq.
(3.47), as shown in Figure 3-12. The semi-analytical solutions were then generated to
replicate the transient mud-flow, which produced an excellent match to the trends, as
depicted in Figure 3-12. In this case, the behavioral flow index is unity (n=1) for Bingham
plastic fluid model, 19.5 lb/100ft2 of yield value, and 35 cp of plastic viscosity. The
dimensionless parameters are α=0.00215 and 0.0006436, respectively. Fracture
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apertures of Machar18 and Machar20 wells were found to be 𝑤 =0.425 mm and 0.616
mm.

Figure 3-11: Cumulative mud losses encountered in two wells in the Machar field, data
acquired from [53].
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Figure 3-12: Matching solutions for the two field data sets of Machar field using
dimensionless variables. Both graphs data were processed to capture transient leakage
behavior. The upper graph is for Machar20, and the lower plot is for Machar18.
3.3.3 Field case 2
The second field case corresponds to two wells in the Gulf of Mexico [68,81]. The mudloss volumes (gallons per minute) were reported versus time in the two zones for a limited
period before the mud-loss stops, as shown in Figure 3-13. The pressure drop, which is
the difference between the injection pressure and initial formation pressure, was
reported to be within the range of 700-800 psi, and mud properties are n=0.94, m=0.08
lbf.s/100ft2, and τ0=8.4 lbf/100ft2 at surface conditions.

Figure 3-13: Mud-loss volume rate (gallons per minute) versus time (minutes) reported for
two wells, 1 and 2, in the Gulf of Mexico [68].
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Because of the nature of uncertainties in the drilling fluid and subsurface properties,
we apply a probabilistic modeling approach using Monte-Carlo simulations. This
probabilistic approach is needed to account for various uncertainties in the fluid
property alterations related to subsurface temperature conditions and fluid mixing
[105,106]. We perform uncertainty analysis by combining our semi-analytical solutions
with Monte-Carlo simulations. The whole process is computationally efficient and could
be performed within seconds. We vary six input parameters, including the flow index,
yield stress, fracture aperture, consistency factor, and pressure drop.
Figure 3-14 (right) corresponds to the parameters in Zone 2. These distributions are used
as inputs for the semi-analytical model, which is driven by the Monte-Carlo simulation
process. The history-match corresponds to the time-dependent cumulative mud-loss
volume, where uncertainties are taken into consideration. Figure 3-15 (left) shows the
solution matching band of the field data using the semi-analytical solution combined with
Monte-Carlo simulations. The matching p10, p50, and p90 percentiles are also shown.
Figure 3-15 (right) uses a violin plot to highlight the distribution behavior of the solution
versus time. Figure 3-16 shows similar analyses done to match the data in Zone 2.
For Well 1, the obtained probabilistic predictions for the fracture aperture were 0.57,
0.79, and 1.01 mm for p10, p50, and p90, respectively. The predicted total mud-loss
volumes were 968, 2591, and 5331 bbl for p10, p50, and p90, respectively. The
probabilistic distributions of the matching parameters are shown in Figure 3-17 for Well
1, and in Figure 3-18 for Well 2.
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a) Zone 1.

b) Zone 2.

Figure 3-14: Histograms showing the distributions of the input parameters, modified from
(Reza Majidi 2008), used in the Monte-Carlo simulations for Zone 1 (a) and Zone 2 (b).

a) Model match with uncertainty range.

b) Distribution of probabilistic match.

Figure 3-15: Well 1 data and corresponding solution match of cumulative mud-loss volume
(Vm) versus time, showing the p10, p50, p90, percentiles (a), and with the solution
distribution behavior (b).
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a) Model match with uncertainty range.

b) Distribution of probabilistic match.

Figure 3-16: Well 2 data and corresponding solution match of cumulative mud-loss volume
versus time, showing the p10, p50, p90, percentiles (a), and with the solution distribution
behavior (b).

a) Distribution of fracture aperture
uncertainty.

b) Distribution of total mud loss
uncertainty.

Figure 3-17: Histograms showing the predicted probabilistic distribution of the fracture
aperture (a) and the total mud-loss volume (b) for Zone 1.
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a) Distribution of fracture aperture
uncertainty.

b) Distribution of total mud loss
uncertainty.

Figure 3-18: Histograms showing the predicted probabilistic distribution of the fracture
aperture (a) and the total mud-loss volume (b) for Zone 2.
3.4 Discussion
The objective of the proposed model is to develop a numerical diagnostic tool to help
predict the dynamic behavior of mud leakage into fractured formation. The tool can be
used to perform quick sensitivity analyses and what-if scenarios to optimize LCM
selection. The model is based on simple computations and runs efficiently in a
spreadsheet. This feature makes it convenient to be coupled with Monte-Carlo
simulations to address uncertainties, where thousands of simulations are typically
needed. The input data for the model corresponds to the drilling fluid rheological
properties, the injection pressure-drop, and the mud-flow rate. The modeling procedure
consists of 1) converting and plotting the cumulative mud volumes versus a dimensionless
time, and 2) matching the trend with the semi-analytical model or the type-curves by
tuning the fracture hydraulic aperture. As a result, the matching trend provides an
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estimate of the fracture hydraulic aperture and a prediction of the mud-loss behavior,
including the flow halt time and the total ultimate volume of mud leakage.
The presented model assumes laminar flow, which may not be valid in the case of
turbulent flow. Turbulent flow, however, is known to occur in the near-wellbore region
for gas wells operating at high production or injection rates, and is less common for liquids
[107,108]. The fluids we are dealing with in this work are highly viscous, where the fluid
flow takes place in natural fractures with an aperture within the range of millimeters. The
reduced Reynold’s number, Re, for 1D radial flow is given by,

Re 

v w2
r

(3.55)

where r is the characteristic radius from the wellbore, v is the average velocity at
distance r , w is the fracture aperture, and  is the fluid viscosity. For instance, with  =
100cp, w =1mm, and flow loss rate into the fracture at 1 gal/sec, which is substantially
high. The Eq. (3.55) is computed at r = 10cm will be Re=~0.6<1, which is still within the
laminar flow regime [68].
It should be noted that the proposed model is based on several simplifications, and
therefore, its applicability is conditional. The main simplifications include the assumption
of mud-flow in a horizontal fracture. This assumption was adopted to neglect the
buoyancy effect, driven by the difference of densities of the drilling mud and the in-situ
water. Consequently, the model is not expected to be applicable when the gravity effect
is significant such as in the case of mud with a specific gravity different from one, flowing
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in inclined fractures. The model also neglects the effect of water displacement,
downstream of the mud. Therefore, the pressure of the water phase is assumed constant,
equal to the initial pressure of the formation. This assumption is valid when the mud
viscosity is significantly higher than the water viscosity. Note that an analogy to this
assumption is in Richards equations for water flow in unsaturated porous media, where
the air pressure is assumed constant. Other simplifications in our model include ignoring
the mud/water in-situ mixing and thermal effects. Furthermore, the modeling procedure
may produce non-unique solutions. This problem is common in all curve-fitting
approaches, such as pressure transient analysis (PTA) and decline curve analysis (DCA),
which mostly occur if the trend of field data is not well established. Therefore, uncertainty
analysis should always be accounted for, and different methods should be used to confirm
the results. The use of Monte Carlo simulations may mask some physical effects that are
not considered in the model. This approach could be useful to assess the range of
possibilities when significant uncertainties present in the input data.
3.5 Conclusions
Lost circulation during drilling operations is a common problem that requires immediate
intervention to circumvent fluid loss. Diagnostic tools, based on simplified input data such
as fluid properties, pressure, and rate trends, can be quickly deployed to quantify
uncertainties related to the fluid leakage into the subsurface formation and to perform
predictions. In this work, a new semi-analytical approach is presented to model the
leakage behavior of general Herschel-Bulkley fluids into a horizontal infinite-acting
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fracture, mimicking the effect of a fractured formation. The analytical approach is based
on simplified assumptions such as horizontal fractures with uniform aperture. However,
the proposed solution is a generalization of other analytical solutions developed for
Bingham plastic fluids. The model is therefore applicable to different types of nonNewtonian fluids, including yield stress shear-thinning and shear-thickening fluids. The
model verification was established for general cases using high-resolution finite element
simulations. The modeling approach can adequately predict the trend of mud leakage in
a system with horizontal fractures as a function of time. It can predict the effective
hydraulic aperture of the fracture, the ultimate total mud-loss volume, and the expected
duration before the leakage stalls, if conditions allow. We introduced dimensionless
groups and generated type-curves, which can provide quick diagnostics about the leakage
behavior from matching the type-curve trends without a need for simulations. We
demonstrated the applicability of the model for four wells from two different fields. A
numerical procedure was described to couple the model with Monte-Carlo simulations to
perform predictions under uncertainties. The proposed semi-analytical model is based on
simple calculations that can be performed efficiently. This model is useful as a numerical
diagnostic tool to perform quick predictions and to help optimize LCM selection by
performing what-if scenarios.
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Chapter Four:
Modeling Lost-Circulation in Natural Fractures Using Semi-Analytical
Solutions and Type-Curves

Abstract
Drilling is a requisite operation for many industries to reach a targeted subsurface zone.
During operations, various issues and challenges are encountered, particularly drilling
fluid loss. Loss of circulation is a common problem that often causes interruptions to the
drilling process and a reduction in efficiency. Such incidents usually occur when the drilled
wellbore encounters a high permeable formation such as faults or fractures, leading to
total or partial leakage of the drilling fluids.
In this work, a semi-analytical solution and mud type-curves (MTC) are proposed to offer
a quick and accurate diagnostic model to assess the lost-circulation of Herschel-Bulkley
fluids in fractured media. Based on the observed transient pressure and mud-loss trends,
the model can estimate the effective fracture conductivity, the time-dependent
cumulative mud-loss volume, and the leakage period. The behavior of lost-circulation into
fractured formation can be quickly evaluated, at the drilling site, to perform useful
diagnostics, such as the rate of fluid leakage, and the associated effective fracture
hydraulic properties. Further, derivative-based mud-type-curves (DMTC) are developed
to quantify the leakage of drilling fluid flow into fractures. The developed model is applied
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for non-Newtonian fluids exhibiting yield-power-law (YPL), including shear thickening and
thinning, and Bingham plastic fluids. Proposing rigorous dimensionless groups generates
the dual type-curves, MTC and DMTC, which offer superior predictivity compared to
traditional methods. Both type-curve sets are used in a dual trend matching, which
significantly reduces the non-uniqueness issue that is typically encountered in typecurves.
Usage of numerical simulations is implemented based on finite elements to verify the
accuracy of the proposed solution. Data for lost circulation from several field cases are
presented to demonstrate the applicability of the proposed method. The semi-analytical
solver, combined with Monte Carlo simulations, is then applied to assess the sensitivity
and uncertainty of various fluid and subsurface parameters, including the hydraulic
property of the fracture and the probabilistic prediction of the rate of mud leakage into
the formation. The proposed approach is based on a robust semi-analytical solution and
type-curves to model the flow behavior of Herschel-Bulkley fluids into fractured
reservoirs, which can serve as a quick diagnostic tool to evaluate lost-circulation in drilling
operations.
4.1 Introduction
Various industries are interested in drilling for different purposes, such as exploitation of
natural resources, CO2 geological storage, nuclear waste, environmental remediation,
and others [1]. To perform such operations, a variety of drill equipment is used, including
drilling fluid that provides pressure control, cooling, lubrication, bit rotation, cuttings
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removal, among others. However, during drilling operations, many difficulties and
challenges are encountered, sometimes causing environmental, economic, and safety
issues. Unexpected problems are usually emerged due to the complexity of subsurface
formations and wellbore components [72]. One of the most challenging problems is lostcirculation (LC) of drilling fluid. Loss of circulation is a pressing problem in drilling
operations, including oil and gas and geothermal industries [42,109–113]. Lost-circulation
is typically subdivided into four categories in terms of the intensity of loss rate; seepage,
moderate, severe, and total losses [17,114]. This challenging issue can disturb drilling
operations and exacerbate non-productive time (NPT), which may lead to cost overrun
depending on the loss type [2–6,8,40]. Wellbore circulation fluid can be lost into multiple
mechanisms, assigned generally to four geological formation nature; porous matrix, large
cavities, natural fractures, and drilling-induced fractures [18], as illustrated in Figure 1-4.
Lost circulation has been experienced in various places. For instance, it is reported that
35% of the total drilled wells encountered mud loss in Iran in carbonate rocks because of
natural fractures [21], and in other places in the Middle East [115]. Carbonate formations
are highly prone to mud loss due to presence of extensive natural fractures and LC in
carbonates is much more challenging [116,117]. LC has also occurred in the Gulf of Mexico
and other locations around the world [45–49,118]. Such drilling problems can significantly
increase the NPT and operational cost, mainly in high-temperature regions
[60,78,119,120]. Furthermore, mud loss may cause formation damage, safety hazards,
and pollutes water tables [2–5,8,9,121]. Consequential problems due to LC are

105
summarized in Table 4-1 [17,122,123]. To develop a mitigation plan, general guidance is
commonly used in LC. Seepage loss is often affordable to proceed drilling with no
hindrance, whereas partial loss can often be crucial, and a decision is required either to
cure the loss or to proceed. However, severe losses into thief zones and fractures often
require immediate action to mitigate circulation loss. The focus of this paper is on
modeling mud leakage into natural fractures, as illustrated in Figure 4-1, as it represents
the most common severe scenario [124].
Table 4-1: Problems induced due to lost-circulation from three drilling and completion
jobs.
Cementing
Casing corrosion (external &
internal)
Bad zonal isolation
Reduced safety
Reduced annular space
coverage
Demand for remedial
cementing techniques
Water table pollution

Drilling

Completion/workover

Blowout and kill operations

Fluid loss

Downhole kicks
Environmental issues

Non-productive time
Proximity formation damage

Mud loss

Well loss

Time loss

More cost

Stuck pipe
Poor cement job
Safety issues

Wellbore integrity issues
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Figure 4-1: Illustration of mud loss occurred as the drilling bit transverses a conductive
natural fracture.
Naturally fractured formation is often subjected to severe circulation loss [20,61,76]. To
mitigate the loss, managed pressure drilling (MPD), redesign circulating fluid system, lost
circulation material (LCM), and plugging thief zone are all available solutions. LCM is a
effective solution often practiced to mitigate LC [23–26,65]. For a given incident scenario,
the selection of LCM, such as type, viscosity, and density, should be compatible with the
hydraulic formation properties, geological formation type, and other factors [27,58].
Lost circulation often occurs suddenly and requires immediate action. Due to the timescale constraint, a diagnostic tool that could be quickly applied on-site is needed. Such a
tool should be based on accurate and efficient modeling methods to provide optimized
solutions and what-if scenarios. In natural fracture, the fluid loss commences mainly with
a sudden jump in flow rate followed by a slow and gradual decline in loss rate [125]. The
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ultimate total loss volume depends on many factors including, fracture extension, pore
volume, fracture conductivity, and fluid mobilities [29,67].
One of the common approaches to predict loss decline curves is to use “type-curves”.
Type-curves are given as a set of dimensionless curves mimicking the physical behavior of
mud loss based on varying parameters in dimensionless. This approach has been applied
extensively in well-test [104], often used to evaluate flow dynamics and encountered
formation properties serving both fluid flow loss and formation evaluation. Estimation of
formation properties, determination of the best formation model, and identification of
the transient flow patterns can be obtained from type-curves [126].
The development of analytical solutions regarding LC phenomenon and its formation
evaluation has been attempted for years in the industry. For instance, Darcy's Law
assumption was applied at steady-state conditions as an early attempt to model LC
[30,31]. Semi-analytical transient flow assuming Newtonian fluid was then introduced to
solve flow equation in natural fracture [32]. Later, an analytical solution was proposed by
assuming a constant viscosity model for the mud [33]. Estimation of hydraulic fracture
aperture size based on a particular Bingham plastic model was developed by [53]. A
similar approach was adopted by other researchers [35,36]. Estimation of fracture
aperture was achieved analytically after ignoring insignificant terms [80]. Extension to
inclined fractures was proposed by [73]. An advanced solution of the flow equation in
which the fluid follows Herschel-Bulkley fluid was introduced by Majidi et al. [81,82,103].
This approach, however, may produce inaccuracies for a particular problem because of
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some simplification in the derivation, and therefore, an improvement was proposed
[127]. Nevertheless, a known problem with type-curves is related to the non-uniqueness
of the solution. An effective approach to address this issue is to combine the type-curves
with their corresponding derivative-based curves, similarly to those used in well testing
[128–130]. The concept of derivative-based type-curves has been used by [131] for
Newtonian fluids.
In this work, we introduce new dimensionless groups and propose novel derivative-based
mud type-curves (DMTC), which are combined with the mud type-curves (MTC), reflecting
the time-dependent dimensionless mud loss rate with its derivative. We discuss the
mathematical derivation in detail for MTC and DMTC. High-resolution simulations with
the finite element method were used to verify the semi-analytical solutions and the
corresponding type-curves. We demonstrate the approach by analyzing several field
cases. Finally, we perform a sensitivity analysis for the physical parameters to assess
uncertainties.
4.2 Problem Statement and Model
The focus in this work is to model mud loss into natural fractures. The wellbore is assumed
to intercept a horizontal infinite-acting fracture with an effective hydraulic aperture, w ,
as illustrated in Figure 4-2. Lost circulation occurs due to mud leakage from the wellbore
into the fracture, driven by the pressure drop, p between the well flowing pressure p f ,
and the fracture pressure pres . Because of the dominant conductivity of the fracture, the
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effect of mud infiltration in the porous media is neglected. As the shear-thinning mud
travels away from the wellbore, its apparent viscosity builds up as a function of the
decreasing shear rate. Consequently, the mud mobility and the leakage rate reduce,
leading eventually to a complete stall of the mud propagation [127].
wellbore
formation rock

wellbore

fracture
aperture, w

rw
z

pres

pf

fracture
r

p  p f  pres

rf

leakage

rf

mud front

Figure 4-2: Illustration showing a side view (left) of a wellbore intercepting a natural
fracture with an aperture w , and a top view (right) showing the mud invasion into the
fracture, highlighted by the shaded radial area with an average radius rf .
The radial shear stress component  ( z , r ) of the Herschel-Bulkley fluid model is given
by [95]:

 dv 
 ( z, r )   0  m  r 
 dz 

Where vr is the radial velocity,

n

(4.1)

dvr
describes the shear rate,  0 is the fluid yield stress,
dz

m is the consistency coefficient, and n is the flow behavior index reflecting the
rheological behavior of the mud, such that for n  1, n  1 , and n  1 the mud exhibits
shear-thinning, Newtonian, and shear-thickening behavior, respectively.
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The flow of the non-Newtonian mud within the fracture is modeled by the Cauchy
equation of motion, that is,



v
   v   v      pI  τ    g
t

(4.2)

Where  is mud density, v is velocity vector, t is time, p is fluid pressure, I is the
identity matrix,  is the shear stress tensor, and g is the gravitational acceleration.
For 1D radial flow, the pressure drop, p , is derived in terms of the total volumetric
leakage rate Qtotal and the mud front distance rf  t  , as follows (see Section 3.2.1):

p 

B  rf  t   rw 
2





n
Qtotal
rf  t 

1 n

 rw1 n

2 1  n  A

1

2

rf  t 



rw

2
 

n
  B  Qtotal   4 D  dr
 

rn A 


(4.3)

Where A, B , and C , are functions of the mud physical properties, n ,  0 , and fracture
aperture w .
4.2.1 Analytical solution and type-curves
The derived equation from Eq.(4.3) for mud invasion front as a function of time becomes:

1

B  rf  rw 
2p

n
Qtotal
 rf1n  rw1n 

1


2p 1  n  A
2p

rf  t 



rw

2
 

n
  B  Qtotal   4 D  dr
 

rn A 



(4.4)

Eq.(4.4) can be rewritten in a compact form reflecting three dimensionless terms, such
that:
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  rf , rw , p, n, w, 0     rf , rw , p, n, w, m, Qtotal     rf , rw , p, n, w, m, Qtotal ,  0   1
(4.5)
Where,

Term I :  
Term II :  

B  rf  rw 
2p



n
Qtotal
rf1 n  rw1 n

2p 1  n  A

1
Term III :  
2p

rf t 



rw



(4.6)

2


n
  B  Qtotal   4 D  dr

 

rn A 



In the above equations, the term  represents the stopping condition for mud invasion
relative to fluid yield stress;  reflects the behavior of mud propagation before the
fluid comes to a stop, while the third term  includes some effects of  and  but
with less significance, as discussed below.
Eq.(4.5) shows a fractional relationship of the three dimensionless terms that sum up to
unity. As one term decreases, the other terms increase so that their sum is always one. A
volumetric illustration of  ,  , and  and their typical behaviour versus time is shown
in Figure 4-3. The term  is proportional to the invasion radial distance  rf  rw  , and
inversely proportional to p , which is essentially constant at a given depth. At later
stages, as the mud propagates further away from the wellbore,  increases as a result
of increasing  rf  rw  (see Figure 4-3). On the other hand, the term  exhibits its highest
value at the early time of mud loss. It then decreases with time, reflecting the behaviour
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n
of the time-dependent leakage rate Qtotal
, which is initially high and then gradually

declines with time. This mud-loss declining behavior is consistent with field observations
[28]. As the mud loss gets to a stop,  vanishes,  peaks while  accounts for a minor
balancing value.

Figure 4-3: Illustration showing a typical behavior of the three dimensionless terms  , 
, and  as a function of time. The summation of the three terms is always one at all times.
Since the magnitude of the  term (the yellow area in Figure 4-3) is minor and
insignificant in comparison with the magnitude of  and  , we ignore the  term to
analyze the governing dimensionless groups. This term is only ignored to determine the
representative dimensionless groups. The  term is, however, included in all
computations. Transforming Eq. (4.4) to a dimensionless form and after ignoring  , one
gets:
1
n 1


drD 
1  2n  1    0   2rw 
2
 2n  1   m  n  rw  n
1 n

1 
 rD  1   n   p   w  rD dt 
 
  rD  1 
2  n  1   p   w 
1 n
 





n

n

(4.7)
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Where the dimensionless mud-invasion radius rD and other dimensionless parameters
are defined as:
rD  rf / rw
tD  t 
 2n  1   2rw    0 
 



 n  1   w   p 
1

 n  w 
 
 
 2n  1   rw 

1
n

(4.8)
1

 p  n
 m



In the above equations, t D is dimensionless time,  is the stopping parameter, and 
is a flow parameter. Substituting Eq. (4.8) into (4.7), one obtains:

1


2

 rD  1 

 

2n
rD1 n  1 rD rD

1 n

n

(4.9)

With Eq.(4.8), the dimensionless mud-loss volume can be defined by,
2
2
Vm  wrf rf
VD 

 2  rD 2  1
2
Vw  wrw rw

(4.10)

rD  VD  1

(4.11)

drD
dVD
1

dt D 2 VD  1 dt D

(4.12)

Leading to,

Taking the derivative with respect to t D ,

Combining Eq. (4.11) and (4.12) into Eq.(4.9), we get,
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1 n
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VD  1  1 
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 D

1 n 
  dt D 



n

(4.13)

Eq.(4.13) describes the dimensionless volumetric loss VD as a function of dimensionless
time. Rewriting  and  in Eq.(4.13) in terms of the dimensionless groups,
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VD  1  1

1 n
 dV 
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V

1
 D  2  1  D 

1 n 
  dt D 

n

(4.14)

As  vanishes, solving  in Eq.(4.13) gives the mud loss volume with no fluid yield stress,
as shown in Figure 4-4. This plot shows the solutions of Herschel-Bulkley fluid flow
representing a dimensionless time-dependent mud-loss with assuming no stopping
criterion. Therefore, dimensionless mud loss increases linearly with dimensionless time.
The solid lines are selected based on varying flow behavior indexes n starting from unity
to zero. The yellow region is the spectrum solutions that all possible solutions exist in
between.
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Figure 4-4: Dimensionless mud-loss versus dimensionless time showing linear trend with
the absence of yield-stress. The plots correspond to Bingham plastic case (n=1) and
decreasing in the flow behavior index to almost zero, implying no flow. The yellow region
represents the area of possible with variable n.
Based on Figure 4-4, VD is almost linear in the log-log plots. Therefore, a power-law
function is used to correlate VD to t D , such that,
VD  tD

c n

(4.15)

The exponent c  n  , to be determined, stands for the slope observed in Figure 4-4 that
is changing as a function of the flow behavior index n . The derivative of Eq.(4.15) with
respect to t D yields,

dVD
c n 1
 c  n  t D 
dtD

(4.16)
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Substituting Eq.(4.15) into Eq. (4.16),
dVD
V
 c  n D
dtD
tD

(4.17)

Placing flow behavior index n as a power on both sides,
n

n

n
 dVD  
VD 
n VD

c
n

c
n





 

tD 
t Dn
 dt D  

(4.18)

Recalling Eq. (4.13) and ignoring  (Term I),
1 n
2 
  dVD 
2 1
1
V

1



 D

1 n 
  dt D 

n

(4.19)

Substituting Eq.(4.18) into Eq.(4.19),
n
1 n
2 
n VD

2
1
 VD  1  1 c  n  n
1 n 
tD


(4.20)

1 n
V n 

VˆD  D  1  VD  2  1
1 n 


(4.21)

From Eq.(4.20), we can define,

Thus, the combination of Eq.(4.21) into Eq. (4.20) yields,

1  2c  n 

Rearranging,

n

VˆD
t Dn

(4.22)
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n
t Dn  2c  n  VˆD

(4.23)

In log-log scale, Eq.(4.23) becomes,



 

n
log  t Dn   log VˆD  log 2c  n 



(4.24)

Taking the derivative of Eq.(4.24) with respect to the whole term   log  tDn  ,





    dd  log  2c  n  

d
d
log  t Dn  
log VˆD
d
d
Since

n

(4.25)

c  n  is only a function of flow behavioral index n , the last term in Eq.(4.25)

vanishes. The first term on the left is equal to one, therefore, Eq. (4.25) simplifies to,

    1

(4.26)

    1

(4.27)

d
log VˆD
d

Substituting back the term  ,

d log VˆD



d log  t Dn 



 

Eq.(4.27) implies that plotting log VˆD versus log  t Dn  exhibits a unit slope. Therefore,
using VˆD to define the type-curves is more convenient than the mud-loss volume VD , as
all curves at early time can collapse to only one.
Figure 4-5 shows examples of the type-curves, VˆD versus t Dn , for different values of n and

 , representing different fluid types. The transformation into these dimensions is
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adequate in such a way that all cases of flow index must fall at the diagonal and then
branch from this baseline depending on the stopping conditions. The stopping criteria
follow a logarithmic stepwise, as shown in the Figure 4-5.

Figure 4-5: Proposed type-curves provided by VˆD versus t Dn in the log-log scale. The curves
show almost a unit slope for different values of n and  . The diagonal lines represent the
behavior where the flow does not exhibit a stopping criterion. The shaded region is the
area where all the possible solutions can exist.
The relationship between the dimensionless space to physical dimensional space is
obtained from:
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Eqs.(4.28) and (4.29) provide the linking between the physical parameters to the typecurves. The fracture aperture w is an unknown that can be determined by matching
observed data with the type-curves.
4.2.2 Derivative-based solution
One general drawback about type-curves is the non-uniqueness of the solution. To
address this issue, we develop additional derivative-based curves that can be applied in
combination with the previously developed type-curves. The advantage of introducing
the derivative-based curves is that they are more sensitive to capture deviations from the
unit slope. For convenience, both sets of curves (type-curves and the derivative-based
curves) should be of consistent scales to be plotted on the same axes.
The terms  and  (see Eq.(4.14)) vary between zero and one, as illustrated in Figure
4-6.  entails the stopping effect, whereas  starts at one due to the initial mud leak at
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a high rate. Afterward, the flow rate gradually reduces as the mud invasion comes to a
stop, where  is the dimensionless parameter reflecting the stopping criterion.

Figure 4-6: Typical behavior of  and  versus dimensionless time for different values
of  , as  decreases from left to right.
Since the term  incorporated the derivative

dVD

dt D

(see Eq. (4.14)), we introduce the

derivative-based parameter VˆDD , defined by:
VˆDD  VˆD  

(4.30)

Notice that VˆDD is almost that same as VˆD when  is close to one during the early time
of mud leak. It then deviates from VˆD towards zero, reflecting a change in the trend
when  decreases as the mud invasion into the fracture come to a stop. Figure 4-7
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shows examples of the obtained mud type-cures (MTC) represented by VˆD , and the
derivative-based mud type-curves (DMTC), represented by VˆDD , for different fluid types.

Figure 4-7: Typical behavior of the proposed mud type-curves (MTC), represented by VˆD ,
and the corresponding derivative-based solution of type-curves (DMTC), represented by

VˆDD . The solutions are for n  0.8 with different values of  .
The linking equation between the derivative-based type-curves and the solution from
physical space is given by:
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(4.31)

The right-hand side of Eq.(4.31) can be evaluated based on the mud-loss data and an
effective fracture aperture w , to be estimated by matching the observed data with the
type-curves.
4.2.3 Modeling procedure
The modeling workflow can be conducted in simple steps, which include developing the
type-curves (i.e., the analytical solution) in Steps 1-3, preparing the field data in Steps 45, evaluating the match in Step 6, and repeating the steps until a satisfactory match is
achieved. The procedure steps are given by:
1. For given fluid properties  and n (if available), and an initial guess for w (or any
other uncertainty parameter), use Eq.(4.13) to calculate for dimensionless mudloss volume VD as a function of dimensionless time t D .
2. Use Eq. (4.21) to plot VˆD vs. t Dn in log-log scale, corresponding to MTC.

2
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3. Use Eq.(4.30) and (4.14) to plot VˆDD vs. t Dn , which is the corresponding derivativebased mud type-curves (DMTC).
4. From the given mud-loss rates Qtotal , calculate Vm vs. t by using a numerical
integration method, i.e. Vm   Qtotal dt .
5. Use Eqs.(4.28) and (4.29) to plot the observed date in the form VˆD vs. t Dn in loglog scale.
6. Evaluate the match between the type-curves and the processed field data. If the
match is satisfactory, the procedure is complete.
7. If the match is not satisfactory, modify w (and any other uncertainty parameters),
and repeat from Step 1.
4.3 Verification using simulation
To verify the proposed MTC and DMTC, a commercial simulator, COMSOL®, is used to
solve the problem of non-Newtonian flow in a 2D radial system mimicking flow in a
fracture. It should be noted that this simulator uses Navier-Stokes equations [63],
whereas the representative governing equation is the Cauchy Equation of motion. To
solve this discrepancy, we follow a technique proposed by Papanastasiou (1987), to the
capture Cauchy equation by the Navier-Stokes equation through the Herschel-Bulkley
fluid, such that,

 zr   0  m   

n

(4.32)
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Dividing all terms with shear rate  ,

 zr  0
n 1
  m  



(4.33)

eff     0  m  

(4.34)

Eq.(4.33) can be rewritten in the form,

The effective viscosity, eff      zr



n 1

, in Eq.(4.34) is a function of shear rate where

0   0  is the viscosity generated from the fluid yield stress. To avoid the singularity in
0 , as   0 , we introduced an exponential regularization function controlled by a
parameter m p ,



eff    0 1  e

 m p

  m  

n 1

(4.35)

The viscosity equation is used as proposed by Papanastasiou (1987). The governing
equation is linked with the fluid equation by the effective viscosity, i.e.,   eff    . To
illustrate the behavior of the regularization (see Figure 4-8), we plot the shear stress
versus shear rate for different values of m p , where the regularized function converges to
the actual Hersche-Bulkley model as m p or the shear rate increases. This step is critical to
avoid numerical instability in the simulation model.
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Figure 4-8: Behavior of the modified shear stress as a function of the regularized
parameter 𝑚𝑝 , used to avoid numerical instability in the simulator.
Figure 4-9 shows the viscosity profiles at two different times after mud invasion starts in
the fracture. As the mud travels away from the wellbore (see Figure 4-10), viscosity
increasing as a result of reduced shear thinning. The pressure profiles are shown in Figure
4-11. The mud loss rate versus time is presented in Figure 4-12, which illustrates how the
mud comes to a stop. Further details of the simulation model and its validation with
experimental data are found in [103].
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Figure 4-9: Viscosity maps at different times showing how the fluid viscosity increases as
the mud travels away from the wellbore.

Figure 4-10: Mud front locations at two different times.

Figure 4-11: Vertical cross-sections, showing the pressure profiles in the fractures at
different times.
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Figure 4-12: Mud loss rate versus time, showing the rate decreasing to zero as the mud
front comes to a stop.
The analytical solutions represented by the type-curves are compared with the results
from solving the full Navier-Stokes equations corresponding to two test cases of nonNewtonian fluids with properties n=0.9 (Figure 4-13 up) and n=1 (Figure 4-13 down). The
results show an excellent match between the numerical and analytical solutions. A
detailed description of the simulation model and its validation is given in Section 2.2

Figure 4-13: Comparisons of the proposed mud type-curves (MTC) and the derivativebased mud type-curves (DMTC) with the numerical results obtained by solving the full
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Navier-Stokes equations using COMSOL®, conducted for two test cases of fluid types
corresponding to n =1.0 (left) and n=0.7 (right).
4.4 Field applications
To demonstrate the validity of the proposed model, we applied it to five wells that
exhibited lost circulations in different fields [32,53,68,127]. The reported mud volume
loss rates versus time for the five wells are shown in Figure 4-14 along with the proposed
f;pw rate models. The relevant physical properties of the fluids are provided in Table 4-2.
The well data, including the fluid rates, are converted to the dimensionless groups using
Eqs.(4.28), (4.29), and (4.31). The processed data are then matched with the type-curves
MTC, and DMTC. The matching curves provide an estimate of the effective fracture
aperture and the ultimate mud loss volumes.

Figure 4-14: Volumetric flow rates for the five fields where the left figure shows data from
two fields: Machar and Agip fields [32,53], while the right figure shows data for two wells
from the Gulf of Mexico (GOM) [68,127].
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Table 4-2: Well and field information with the fluid rheological properties used in the
calculations.
Property/Reference

Majidi et al. (2008)

Liétard et al. (2002)

Sanfillippo et al.
(1997)

Area

Gulf of Mexico
(GOM)

Machar field, UK Central North
Sea

Agip fields

Incident name

Zone 1

Zone 2

Machar-20

Machar-18

Well A

Depth

28,070
[ft]

29,154
[ft]

8468 [ft]

-

11882.32 [ft]

Rock type

Rheological
parameters

-

Tor chalk

 0  8.4 [lb/100ft2],
m  0.08
[lb/100ft2.sn],
n  0.94

-

Pressure drop

700-800 [psi]

Rheology model

Herschel-Bulkley

Reported average
hydraulic aperture

w  0.84
[mm]

w  0.69
[mm]
-

 0  19.5
[lb/100ft2],
 p  48.1 [cP],

1120 [psi]

493.5 [psi]

Bingham Plastic

w  0.61 [mm]

-

 0  14.6
[lb/100ft2],
m  0.042 [
lb/100ft2.sn],
n  0.7

rw  8 ½ [in]

rw  8 ½ [in]

Wellbore radius

Estimated average
hydraulic aperture

 0  19.5
[lb/100ft2],
 p  30.5 [cP],

limestones

1010 [psi]
Herschel-Bulkley

w  0.42 [mm]

w  0.33 [mm]

-

0.32-0.35 [mm]
core sample

The first field case corresponds to reported lost circulation incidents in Central North Sea,
UK, at two wells: Machar-18 and Machar-20 [53]. The mud-loss rates and the mud
physical properties corresponding to Bingham Plastic model, are provided in Figure 4-14a
and Table 4-2, respectively. Figure 4-15 shows the match for Machar-18 (left) and
Machar-20 (right) with the analytical model represented by MTC and DMTC. The
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calculated fracture apertures corresponding to the match are 0.425mm and 0.616mm for
Machar-18 and Machar-20, respectively. This aperture range is consistent with the one
estimated by [53].
The data for the second field case is reported by [32], as shown in Figure 4-14a. The drilling
mud properties, corresponding to a Herschel-Bulkley model, are given in Table 4-2. The
best match of the analytical model with the data is shown in Figure 4-16, which
corresponds to an effective fracture aperture of 0.33mm. This estimate is consistent with
the aperture range of 0.32-0.35mm, suggested by Sanfillippo et al. based on experimental
data of a core sample.
The third field case includes two wells in the Gulf of Mexico (GOM) [68,81]. The two wells
correspond to two zones, named Z1 and Z2. Following a similar procedure, Figure 4-20
shows the best match for the field data with the analytical model, which resulted in an
estimate of the effective fracture aperture of 0.69mm and 0.82mm for well Z1 and Z2,
respectively. Unlike the other test cases, the model, in this case, exhibits higher
uncertainties in the match because of the lack of field data in establishing a clear deviation
trend from the unit slope. This uncertainty implies the possibility of finding other
solutions with equal matching quality. Therefore, uncertainty analysis is required, as
discussed in the next section.
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Figure 4-15: Match of the analytical solutions represented with MTC and DMTC with field
data from the Central North Sea for well-18 (left) and well-20 (right). MTC is represented
in solid blue lines, and the derivative solution (DMTC) is illustrated by dashed lines. The
solid lines are the best fit, corresponding to 0.425mm and 0.616mm apertures,
respectively. Well data are from [53].

Figure 4-16: Matching field data from Sanfillippo et al. (1997) with the analytical solution
MTC, represented by the solid blue line, and the derivative-based solution DMTC,
represented by the dashed line. The best fit corresponds to 0.33mm aperture.
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Figure 4-17: Match of the analytical solutions represented by MTC and DMTC with field
data from the Gulf of Mexico for well Z1(left) and well Z2 (right). MTC is represented in
solid blue lines, and the derivative solution (DMTC) is illustrated by dashed lines. The solid
lines are the best fit, corresponding to 0.69mm and 0.82mm apertures. Well data are from
[68,81].

4.5 Uncertainty analysis
An uncertainty-analysis procedure is combined with the analytical model to assess the
probabilistic solutions and the corresponding predictions. The inclusion of the derivativebased solution (DTMC) provides an additional constraint to limit the range of possible
solutions. For instance, Figure 4-18a provides the matching MTC solutions within 8%
tolerance from the field data. The corresponding solutions ranges are [710.4-2853.3 bbl]
for the ultimate loss volume and [0.652-0.719 mm] for the fracture aperture. By including
DMTC and using the same tolerance (i.e., 8%) to select the matching MTC and DMTC
curves, the corresponding range of solutions shrikes to [1148.5-2082.1 bbl] for mud loss,
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and [0.675-0.705 mm] for fracture aperture (see Figure 4-18b). These results, summarized
in Table 4-3, which highlight the value of including DMTC to constrain the range of
uncertainties.

Figure 4-18: Range of uncertainties in the solution by only using MTC to match the data
within L2 relative error of 8% (left), and the obtained range of uncertainties by including
both MTC and DMTC to match the data within the same error, showing a more
constrained solution and narrower uncertainty ranges.
Table 4-3: Uncertainty analysis reported for total mud-loss volumes and fracture
apertures showing the effect of inclusion and exclusion of DMTC.
Property
Tolerance
MTC uncertainty without DMTC
MTC uncertainty with DMTC

Vmmin

Value
8%
 710.4 [bbl] and Vmmax  2853.3 [bbl]

wmin  0.652 [mm] and wmax  0.719 [mm]
Vmmin  1148.5 [bbl] and Vmmax  2082.1 [bbl]
wmin  0.675 [mm] and wmax  0.705 [mm]
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4.6 Sensitivity study
A sensitivity analysis study is further conducted to investigate the significance of various
parameters on the model output. Six rock and fluid parameters are considered in the
study including, the pressure drop p , fracture aperture w , flow index n , consistency
factor m , fluid yield stress  0 , and the wellbore radius rw . Each parameter contributes
to a certain degree to the mud loss amount. The influence of each parameter is evaluated
by the normalized sensitivity matrix S , expressed as [132],
S  P E 

P
E

(4.36)

Where E is the multivariable performance function with parameters P , normalized by
the term

P
. This normalized sensitivity function provides the relative impact of the
E

parameters on the objective function [133,134]. The performance function is the timedependent mud-front function r f  t  , which can be written as,
E   r f  t    t  t p  dt  r f  t p 
t

(4.37)

Where;  is Dirac delta function constrained on a selected time point t p , corresponding
to the mud front at time t p . An average value is then used to capture the sensitivity si ,
that is,

si 

1
bi  ai



bi

ai

s dPi

(4.38)
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Where the interval  ai , bi  belongs to a region within a variable Pi .
Figure 4-19 shows the variation of the calculated mud front as a function of several
uncertainty parameters, corresponding to the fluid physical properties and fracture
aperture, as shown in Table 4-4.

136

Figure 4-19: Mud front behavior as a function of six uncertainty parameters plotted at
t p  106 s .
Table 4-4: six parameters and their ranges used in the sensitivity study
Parameter

Study parametric range
SI unit

Field unit

Pressure drop, p

5-5.5 MPa

725.2-797.7 psi

Hydraulic fracture aperture, w

0.1-2 mm

0.1-2 mm

Fluid yield stress,  0

1-15 Pa

2.1-31.3
lb/100ft2

Flow behavior index, n

0.4-0.95

0.4-0.95

Consistency factor, m

0.1-5 Pa.sn

0.21-10.44
lb.sn/100ft2

Wellbore radius, rw

0.1-0.3 m

3.9 -11.8 in

The calculated mud front demonstrates distinct behaviors as a function of the uncertainty
parameters (Table 4-4). Figure 4-20 illustrates a tornado plot showing the sensitivity
assessment of the considered variables and their influence on the objective function, i.e.,
the mud front. As shown in Figure 4-20, the pressure drop and fracture aperture produced
the highest effect on mud invasion, followed by fluid yield stress and flow index. The
wellbore radius showed an insignificant effect, as expected. We should note that the
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sensitivity analysis is time-dependent, where the contribution of these parameters may
change depending on the stage of mud loss.

Figure 4-20: Normalized average sensitivity analysis showing the relative contribution of
various uncertainty parameters on the mud invasion to the fracture.
4.7 Discussion
The motivation of this work is to develop a simple model that can be applied efficiently
to predict mud loss behavior in natural fractures under field conditions. As lost-circulation
happens suddenly and lasts for a short time (minutes to hours), a simple and quick
modeling tool is needed to assess the losses rapidly with available field data, which can
help in decision-making and in conducting what-if scenarios. With such simplifications and
lack of data come some limitations in the model, as discussed below.
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Fracture configuration: The proposed semi-analytical method is derived for a single radial
fracture, mimicking a natural fracture. Natural fractures, however, often exhibit complex
structures with multiple branches and intersections. The presented model is invalid if the
encountered fracture network cannot be represented by a single equivalent fracture.
Note that the characteristics of the fracture network are unknown before and during
drilling, and therefore extending the method to model complex fracture configurations
will not be practical or useful at this stage. Furthermore, analytical solutions are hard to
derive for complex geometries. On the other hand, relying on 3D simulation methods is
impractical for this application.
Mud leak-off: Mud leak-off from the fracture to the surrounding porous matrix is ignored
in the model. Therefore, the proposed model becomes invalid if the leak-off is significant
compared to the losses within the fracture, which is unlikely to occur for various reasons.
Firstly, mud cake is expected to form in the porous medium at the fracture-matrix
interface (i.e., fracture walls), which should limit mud leak-off, similarly to the wellbore
[135,136]. A plaster formation inside the matrix surrounding the fracture has been
observed experimentally, preventing mud losses into the surrounding matrix [137–139].
Secondly, the yield stress property of the non-Newtonian mud helps to blockage the flow
into the matrix [140]. Thirdly, with the presence of a high conductive fracture, the fluid
pressure in the fracture is not expected to build up to allow a high enough driving force
to establish significant cross-flow.
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Fracture aperture: The proposed method assumes that the modeled fracture aperture is
constant and uniform, which may not fully represent natural fractures that often exhibit
non-uniform apertures and rough fracture walls. It is, however, a common practice to
assume that the mechanical aperture of a fracture can be approximated with its
equivalent hydraulic aperture [141–143]. On the other hand, fractures may exhibit stressdependent apertures, and therefore the equivalent hydraulic apertures should be a
function of the stress field [144,145]. In this work, we assume that the change in fracture
aperture due to stress field alteration is insignificant. Therefore, the model becomes
inaccurate if this condition is violated, and therefore, requires further developments.
Matching field data: We noticed that the model does not capture field data at early times
(initial ~10 minutes of mud loss), as shown in Figure 4-16 and Figure 4-17 for several field
cases. The deviation of the early data from the analytical solution, which is a straight line
with a unit slope in dimensionless units, implies that some relevant mechanisms could be
missing from the model. This mismatch cannot be evaluated with the model’s uncertainty
or sensitivity analysis. With the lack of details about the field cases, the reasons for this
mismatch are not evident to the authors. The model, however, shows good matches with
field data at the intermediate and late times, extending from about 10 minutes to hours.
The alignment of field-data trends with the analytical solution at intermediate and late
times provides confidence in the validity of the model.
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4.8 Conclusion
This work provides a modeling approach for lost circulation due to drilling mud leakage
into natural fractures. The main findings of this study are as follow:
o Mud type-curves are derived from a developed semi-analytical solution to model
the flow of non-Newtonian fluids into natural fractures. We proposed to combine
mud type-curves with derivative-based mud type-curves.
o The combination of the two type-curves helps to reduce a non-uniqueness issue
in matching field data and, therefore, in improving the applicability of the model.
o The analytical solution, including mud type-curves and derivative-based solutions,
are verified using high resolution finite-element simulations, which showed
excellent agreement between the proposed solution and simulation results.
o Field cases, including mud-loss data from five wells in different regions, are used
to demonstrate the applicability of the proposed approach, where the solution
uncertainty could be reduced by including the derivative-based solution.
o A sensitivity analysis study is conducted to assess the most influential physical
parameter on the objective function, corresponding to the mud invasion front. As
a result, fracture aperture and pressure drop showed the highest contributions,
followed by the fluid yield stress and consistency factor.
o The proposed approach represents a robust modeling tool that can be efficiently
used for field applications to provide diagnostics about mud loss and improve
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decision-making by providing a quick means to perform predictions and conduct
what-if scenarios.
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Chapter Five:
Modeling Lost-Circulation in Fractured Media Using Physics-based
Machine Learning

Abstract
Penetrating the subsurface formation with all its complexity, particularly the presence of
conductive natural fracture, would likely cause drilling fluid loss. Using modeling tool is
needed to mitigate and overcome this technical issue. Here, utilization of machine
learning to model drilling mud loss is investigated in this work. Machine learning has
become an attractive tool in many disciplines. Associating machine learning with drilling
applications is not explored thoroughly in the literature. Therefore, the application of
machine learning is introduced here within the context of lost circulation. The developed
type-curves for predicting mud loss behavior during drilling were used as a training
dataset to the machine learning tool. The advantages of such a tool include the following:
Reduce the time of interpreting and analyzing information. Minimize human error due to
subjectivity. Create an efficient way of integrating the type-curves solution with machine
learning to assess uncertainties. Further, in terms of formation evaluation, the provided
tool helps assessing the fracture conductivity from the behavior of the leakage rate as a
function of time.
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5.1 Introduction
Artificial Intelligence (AI) possess attractive and powerful features to serve as robust
solution for broad problems that human encounters. The main scientific approaches are
generally divided into four realms; experiments, analytics, simulations and AIs [146]. It
contains high computational algorithms to handle various complex problems.
A subclass of AI is Machine-Learning (ML) that has been widely utilized in oil and gas
industry [147]. Its applications include reservoir characterization [148], drilling
engineering [149,150], enhanced oil recovery [151], history matching [152], well testing
[153], well logging [154], production engineering [155], reservoir geomechanics [156],
uncertainty quantification, among others. This approach is an efficient way of handling
complex problems by fitting a high non-linear function, particularly in lost-circulation
[74,157–162]. Various authors in the literature have investigated the use of ML for drilling
fluid loss due to the presence of natural fracture in carbonates [163].
In this chapter, we develop a novel machine learning-based tool to predict the effective
hydraulic aperture of natural fractures. The main established developments in the
previous chapters are used in the machine learning tool in this chapter. The tool is
constructed using Artificial Neural Network (ANN), as illustrated in Figure 5-1.
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Figure 5-1: Typical structure of multi-layer Artificial Neural Network (ANN).
5.2 Sampling strategy
The first focus in the developed ML method is identifying the relevant uncertainty
parameters. Due to high variational subsurface environment conditions, uncertainty
analysis is crucial, particularly during drilling operations [164,165]. In our model, six
uncertain parameters are identified, which include, the flow behavior index n , fluid yield
stress

 0 , average hydraulic fracture aperture w , consistency factor m , pressure drop

p , and wellbore radius rw . Sampling via random distribution was not found to be
effective. In contrast, we found that using the Latin Hypercube sampling (LHC) technique
exhibits a better performance [166,167]. As a result, we adopted LHC for our investigation
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due to its feature of space-filling strategy and avoidance of clustering effect, see Figure
5-2.

Figure 5-2: Latin Hypercube sampling (LHC) visualize for three uncertainty parameters for
a set of samples, S  500 events. The right figure shows the solutions of the cumulative
mud-loss volume versus time, calculated using the semi-analytical solution.
Table 5-1: Six uncertainty parameters with their corresponding ranges and distribution.
Parameter

Range

Pressure drop, p

[0.5,8] [MPa]

Hydraulic fracture aperture, w

[0.1,4] [mm]

Distribution

Uniform
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Fluid yield stress,  0

[0.1,15] [Pa]

Flow behavior index, n

[0,1]

Consistency factor, m

[0.1,10] [Pa.sn]

Wellbore radius,

[0.1524,0.71122] [m]

rw

The additional input parameter is the mud loss volume-variable versus time, denoted as
Vm , and t , respectively.

The ranges of the uncertainty parameters were identified from the literature [96], as
presented in Table 5-1. Because of lack of enough data, we assumed uniform
distributions for the six parameters.
5.3 Problem formulation
To minimize the training time of generating the results, the previously developed semianalytical solution is utilized. The objective is to use the ML tool for the analysis of the
mu-loss data. The problem is formulated in such a way that there are three objective
functions, as outputs, and seven input parameters. Five input variables are scalars, while
the remaining two parameters is the time-dependent victor quantality, corresponding to



the volume loss ( Vmearly  Vm1 ,Vm2 ,Vm3 ,





,VmN ) versus time ( t early  t1 , t 2 , t 3 ,

shown in bold in Figure 5-3. The number of selected points for



, t N ), as
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Figure 5-3: Structure of the proposed ANN with seven inputs and three outputs. Variables
in bold are vector quantities, while the rest are scalars.
Table 5-2: Architecture of the proposed ANN with number of layers and neurons.
Layer
Layer

Neuron
20

2nd Layer
3rd Layer

14
14

4th Layer
5th Layer
6th Layer

10
8
11

1st

early time follows a discretion to represent early time before a significant effect of
stopping term, as lessons learned from Chapter 4. The definition of early data solution is
taken relative to the maximum stopping time t max at each solution event. In our scenario,
we choose a 30% logarithmically cut-off, i.e., taking merely the first 30% of the data and
ignoring the remaining 70%. This is justified due to real field applications where shortage
data of loss volume over time is expected. As a result, the values of early time and loss
volume can be known, i.e., t early and Vmearly . Table 5-2 presents the design of neurons and
layers pertaining that found to best minimize the error.
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5.4 Proposed machine learning workflow
5.4.1 General description
Machine surrogate development model is commonly undergone into multiple stages. We
propose a workflow reshaped for lost-circulation incidents [143,168]. To our best
knowledge, the proposed workflow in this work is applied for the first time for predicting
lost circulation events. The proposed workflow consists of three main general stages. The
first stage represents data acquisition. In this stage, a large set of data are obtained from
the semi-analytical solution applied to various ranges, as referred to Table 5-1. The
second stage is the surrogate model development. The output data from first stage are
prepared to train the ANN algorithm. Part of the trends of the ODE solution are taken into
consideration for the training process. A specified portion of the mud loss volume over
time is selected after determining a threshold cut-off. Error analysis is investigated along
with the training process, as discussed later. The third stage is for validation after the
surrogate model (SM) is complete. Testing data are generated to test the established
model to check its performance. The test solutions are produced through known ODE
functions. The final step is field data application. We demonstrate the feasibility of the
surrogate model with real field data of lost-circulation. Error analysis is shown with this
final step. Figure 5-4 presents all the steps of the proposed workflow utilized in this study.
Three stages are detailed in the figure.
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Figure 5-4: Proposed workflow for mud-loss surrogate model and validation.
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5.4.2 Data generation
Data generation can be originated from multiple sources, which are simulations, field
collections, or others. The first step is to identify the uncertainty parameters which are
the flow behaviour index n , fluid yield stress, average hydraulic aperture w , fluid yield
stress

 0 , average hydraulic fracture aperture w , consistency factor m , pressure drop

p , and the wellbore radius rw . The ranges of these values are shown in Table 5-1.
Afterward, using LHC to produce population of events according to specified sampling
numbers S . We select S  1500 based on the ODE solution. As previously discussed in
Chapter 3, semi-analytical solution of mud loss volume as a function of time is used for
data acquisitions. However, the output solutions do not equal to the sampling number
because the flow does not always initiate, depending on the selected conditions. For
instance, in the cases where the pressure drop does not overcome yield stress. As a result,
the output solutions have 1356 events, as shown in Figure 5-5. The circular points are
extracted after applying derivative equal to zero, i.e.

dVm
dt

 0 . This represents the final
max

volume that the mud will be lost. Then, t , Vm , t max and Vmmax are found and further
proceed to the second stage.
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Figure 5-5: Transient loss volume with stopping max volume and stopping max time.
5.4.3 Surrogate model development
The second stage is the main step of the workflow. It consists of generating the training
data of the ANN process. The known outputs from the first stage are associated with the
second stage by specifying a cut-off threshold data in order to design an early solution of
the transient mud loss volume. In other words, t and Vm are transformed into t early and
Vmearly after taking certain portion of the solutions only and removing the other end. For

our choice, we select 30% of the beginning solutions and call it early-time and earlyvolume. This was discussed early in Chapter 4. To compress wide range of values
presented in t early , Vmearly , t max and Vmmax , log base 10 is taken into account and they are
used in the ANN training. If log base 10 is not implemented, there would be high sensitive
outputs fluctuations because of using variable neurons and layers in the training
procedure [169].
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Figure 5-6: Early time solutions for the same solution set after selecting the 30% of the
solution. The dots are maximum time and volume. The solutions are 1356 events.

Figure 5-7: Performance function used for ANN training process. The red circle is the best
trained model accuracy.
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Figure 5-6 illustrates the selected cut-off solutions at the beginning solutions for both
time and loss volume after applying the threshold of 30% from the original solutions, as
mentioned in Figure 5-5. Now, the inputs and outputs are known, and the formulation of
the problem is well defined. For convergence matter of ANN, the inputs and outputs are
normalized by min-max linear scale. The inputs and outputs are normalized, following the
formula,

X

X value  X min
X max  X min

(5.1)

Where X value is the value of each input/output, X min is the minimum value of all events,
and X max is the maximum value. Now, the training package is performed through many
numbers of epochs until convergence. The training package of data includes 1356
solutions, which are split into two proportions; training-set of 70% and blind validationset of 30%. The purpose of segregation of the data and creation of validation-set is to
avoid overfitting/underfitting issues that are common issues in ML algorithms. Mean
squared error (MSE) plus root mean square error (RMSE) are used into the ANN tool to
monitor the performance function at each epoch step. Figure 5-7 presents the
performance of the training process at each epoch for the two sets of training and
validation. Overfitting/underfitting regions are shown in the same plot where the
optimized epoch is chosen at 477 epoch and achieves the best accuracy, as shown in the
black circle on the plot. At this circle, the validation-set has the minimum MSE and RMSE
values.
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Figure 5-8: Prediction of training and validation sets regarding ground truth.
Thereafter, the model’s prediction, shown in Figure 5-8, corresponds to the ground truth
values for the train-set and validation-set. The majority of the data assembles around the
diagonal line of the plots, reflecting minor errors. It should be noted that the validation
set is a blind set, which was used for checking overfitting or underfitting.
5.4.4 Model validation
The surrogate model serves as a prediction model. The third stage is used to confirm the
applicability and robustness of the SM and its accuracy. Therefore, there will be other
randomly distributed solutions generated based on random distributions. They are
inserted into the ODE function. With the same determined ranges of inputs, the testingset data contains 279 samples with the three targeted outputs.
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Figure 5-9: Testing-set validation of 279 samples showing as a histogram error plot
relative to the surrogate model. Three relative errors are presented for fracture aperture
in blue, maximum stopping time in green, and maximum mud loss volume in red.
This set of data is implemented into the established SM, and relative errors (RE) are
calculated for the three outputs. Figure 5-9 shows a relative error histogram for the three
outputs with a dashed line of zero error-line. The error graph shows a symmetric normal
distribution of the error values. The values conglomerate around the zero error-line, right
and left equally. This makes the model more reliable and rigorous since there is no
skewness or bias.
5.5 Field application
Field data of lost circulation incidents contains noise generally. The most common way to
quantify mud loss is by monitoring the pit volume changes or bottom-hole flow meter
[170,171]. The raw data is transformed into cumulative mud loss volume over transient
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time to be used as an additional validation step for the SM. That being said, the field cases
in the Gulf of Mexico (GOM) were tested. We took this one incident and applied 30% of
the data to predict the three outputs parameters as trained by SM. Figure 5-10 presents
three selected field cases, including two zones of LC in GOM, and one well in the North
Sea. The assumptions are made through the semi-analytical solution to obtain these three
outputs and label them as actual to find RE. In the case of the North Sea, the three outputs
are provided in the literature [34]. The figure shows the prediction of fracture aperture
stands of the minimum error compared to the other two outputs. The predicted
parameters overestimate the actual results with minor error values, except for
underestimating negative RE. Overall, the prediction error is within an acceptable range
of ±10% RE. Figure 5-11 presents a tornado graph of three field cases of the three output
values. Blue, green, and red bars in the tornado graph corresponds to aperture, max time,
and max volume, respectively. The light colors represent actual field data, while the dark
colors correlate with predicted values from SM. This graph confirms good predictability
of SM of the field observations.
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Figure 5-10: Tornado error bars for three field cases. Red is maximum stopping loss
volume, green is maximum stopping time and blue is fracture hydraulic aperture.

Figure 5-11: Values comparison between field and prediction of the three outputs.
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5.6 Discussion
The sampling process technique adopted in this work is Latin Hypercube sampling. This
scheme goes through cutting the cumulative distribution function into equal
segmentation lengths where random data points are selected in these partitions. The
analysis is assumed that the inputs are independent case, where six parameters are
independent of each other. Thus, each parameter has no correlation with any other
parameters. After following one-dimensional method for each parameter separately, the
combinations with the one-dimensional samples of the six parameters are amalgamated
randomly into six-dimensional space. The samples are normalized with a uniform
probability density function. The model is a coverage space-filling for our design of
experiment in addition to its property of avoiding clustering effect. The main reason to
use LCH is for saving computational process time than simple random selection of Monte
Carlo [172,173].
5.7 Conclusion
This work provides a rigorous workflow for the development of a data-driven, physicsfeaturing model for cumulative mud loss volume as a function of time in a naturally
fractured formation. The main findings are summarized as follow,
o We develop an accurate, efficient, and robust model for predicting the maximum
cumulative mud loss volume and stopping maximum time for the mud. Also,
equivalent hydraulic fracture aperture is approximated based on the developed
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surrogate model. The tool can cope with a wide range of flow index values, where
each flow index comprises a group-set of type-curves. To our best knowledge, this
is the first time to apply this comprehensive workflow for lost-circulation
phenomenon.
o Latin hypercube sampling assures space-filling dataset distributions instead of
clustering effect, which would lead to unstable performance – i.e., good
prediction for data points from the cluster areas and poor results for data inputs
from other areas.
o Min-max normalization maintains the convergence of coupled training-validation
process. Logarithmic base 10 of broad ranges affirms stabilized learning process
– i.e., essentially independent of the network structure design.
o The developed data-driven model shows good match for all training , validation,
and real field test cases. All relative errors are within acceptable values of ±10%.
o ANN with time as input vector could vitally capture time-series problems instead
of computationally cost Long Short-Term Memory (LSTM), yet honors the most
simplicity and efficacy.
o The proposed workflow could be readily incorporated to model LC phenomena
and a flexible advancement to include additional physics in future, such as
leakage, and inclined fracture.
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Chapter Six:
Conclusion and Future Work

6.1 General conclusions
Key findings are highlighted in this chapter to present a clear picture of this dissertation.
In the second chapter, the physics of non-Newtonian flow is explained. One complexity
was added regarding the deformation of parallel plates, mimicking a fracture. This varying
aperture can be encountered in field conditions as fractures may deform due to sufficient
applied stresses. In the third chapter, the findings were taken to pursue further in the
study. Modeling the physics in downhole conditions pertaining lost-circulation
phenomenon, based on certain assumptions, is achieved. The output results are typecurves, which are more accurate than what was published in the literature. Validating
with field datasets plus verification with established analytical solution and commercial
simulator were all fulfilled. Another addition to the study was uncertainty analysis. In the
fourth chapter, noticing the difficulty of using type-curves leading to misinterpreting
information are all investigated due to the non-uniqueness in the solutions. To overcome
this issue, modified type-curves (MTC) were developed, where another collection of
curves were combined with MTC. These novel curves are referred to as derivativemodified type-curves (DMTC). Dual type-curves, MTC and DMTC, serve concurrently in
the matching technique. In the fifth chapter, ANN was exploited to train the dataset based
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on ranges of uncertain parameters. Sequentially, an established workflow for the training
set of ML is demonstrated. Finally, a ready-to-use tool is produced.

6.2 Challenges
There are various challenges concerning lost-circulation that are still persisting. The
physics of non-Newtonian fluids and flow mechanics are not fully understood, especially
in porous media [140]. Applying Pore Network Model (PNM) to represent the porous
medium is an attempt to obtain a non-Newtonian fluid flow solution [174]. Figure 6-1
presents a sketch of the mud-filled in PNM and possible fluid clogging. PNM can be with
irregular pore bodies and throats sizes as a representative model of the porous medium
due to fluid yield stress and small throat size that may contribute to clogging.

Figure 6-1: Visualization of mud-filled in the pore network model (PNM) and fluid clogged.
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Modeling of fluid yield stress and its role is ongoing research [175]. For example, fluid
yield stress is time-dependent function [176], and fluid yield stress cannot simply be
represented by one single parameter [177]. It is recommended to use the simplestpossible yield stress equation [178]. Herschel-Bulkley (HB) fluid model causes
mathematical singularity whenever shear rate approaches zero [179,180]. This issue
stimulates scientists to modify Herschel-Bulkley fluid model [181]. However, flow
equations of HB fluid model for single tube and PNM were addressed [182].
The actual geometry of a natural fracture is complex. Inclination has not been taken into
account in this study, where gravity force is relevant to the flow equation of motion. As a
result, buoyancy emerges due to the density difference of fluids. Wellbore intersection of
an inclined natural fracture creates an ellipsoidal shape based on an angle between
wellbore inclination angle to fracture dip angle. Recent studies provide a solution of fluid
shape whenever the flow halts within an inclined natural fracture, but this does not
include a solution of the transient flow [73]. To our knowledge, no one has published a
flow equation solution of HB fluid model for inclined fractures.
Roughness is an extensive research topic. Modeling fracture roughness is currently
ongoing research, particularly in-situ stress field [183]. Turbulence flow within some
zones of the fracture creates vortices impacting highly the pattern of the flow. This
occurrence adds more complexity to the problem [141,184]. However, this thesis can
estimate the average hydraulic aperture, but not the mechanical aperture. Figure 6-2
exhibits an inclined wellbore traversing a fracture with a dip angle. In the figure, mud
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invasion occurs where a rough fracture sketch is attached therewith. The stagnant spots
have been experimentally observed in recent literature by A. Sugar (Sugar 2021).

Figure 6-2: Illustration of an inclined fracture with an inclined well intersection. Zooming
into a small spot, fracture roughness shows a region of stagnant flow. Hydraulic aperture
and mechanical aperture are considered in the image.

6.3 Future research
Lost-circulation holds multiple challenges and aspects regarding possible prospective
research. Scenarios of this incident are many, yet unsolved issues are still persisting. Two
instances are suggested in this section.
Drilling fluid loss often propagates into a fractured formation. However, this is not the
only existing incident. Fluid percolates into the surrounding upper and lower porous
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matrix due to pressure difference and gravity. As a result, additional loss will occur [185].
Figure 6-3 shows a hypothesis illustration for a drilling fluid loses into a natural fractured
and porous medium.

Figure 6-3: Mud invasion in fracture and porous matrix. Gravity plays a role in this sketch
and may contribute more loss in the lower part of the matrix zone.
Since there are numerous natural fractures that take place in the subsurface with various
geometrical properties, discrete fracture network (DFN) can be useful. Previously, tackling
a natural fracture as a single entity was studied. However, group of natural fracture is
being investigated for hydrocarbon reservoirs. To our knowledge, there is no study so far
that focuses on lost-circulation into DFN. A suggested illustration for the concept is
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presented in Figure 6-4. Here, intersectional sets of natural fractures and porous medium
are all subjected to fluid loss stance.

Figure 6-4: Applying Discrete Network Fracture (DFN) to model non-Newtonian flow
behavior as lost-circulation phenomenon for possible future work.
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