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ABSTRACT

The first law of thermodynamics reveals that all fluids are compressible, and the second law of thermodynamics entails all fluids to have
positive viscosity. These established laws reaffirm the possibilities of the occurrence of Sanal flow choking in yocto to yotta scale systems and
beyond [Kumar et al., “Discovery of nanoscale Sanal flow choking in cardiovascular system: Exact prediction of the 3D boundary-layer-
blockage factor in nanotubes,” Sci. Rep. 11, 15429 (2021); “Sanal flow choking: A paradigm shift in computational fluid dynamics code
verification and diagnosing detonation and hemorrhage in real-world fluid-flow systems,” Global Challenges 4, 2000012 (2020)]. The Sanal
flow choking occurs in the real-world flows at a critical total-to-static pressure ratio [Kumar et al., “Abstract P422: Sanal flow choking leads
to hemorrhagic stroke and other neurological disorders in earth and human spaceflight,” Circul. Res. 129(1), AP422 (2021)]. At the Sanal
flow choking condition, the Rayleigh-flow-effect (thermal choking) and the Fanno-flow-effect (choking due to frictional effects) unite at a
unique site of the sonic-fluid-throat. In this article, the two-dimensional (2D) and the three-dimensional (3D) boundary-layer-blockage
factors and average friction coefficient are generated for different working fluids passing through a cylindrical port, at the Sanal flow choking
condition, as universal benchmark data for a credible verification of in silico codes for both adiabatic and diabatic flows. The outlook,
advancement, and significance of the analytical methodology, invoked for developing Sanal flow choking model using well-posed initial
conditions, for generating the universal benchmark data for computational fluid dynamics code verification are critically reviewed herein.
The closed-form analytical models presented herein for predicting the 2D and the 3D boundary-layer-blockage factors at the sonic-fluid-
throat of adiabatic and diabatic flows and average friction coefficient in a circular duct at the Sanal flow choking condition are fabulously
unaffected with any errors due to discretization and fully freed from empiricism for a credible decision making on various high fidelity
numerical simulations. The Sanal flow choking model offers the luxury to the scientific community for solving numerous unresolved
problems in boundary layer theory. It provides universal benchmark data for various applications irrespective of the laminar/turbulence flow
features in wall-bounded compressible viscous flow systems. The 2D and 3D in silico simulation results are presented for demonstrating
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conclusively the possibilities of the occurrence of the Sanal flow choking and streamtube flow choking [Kumar et al., “The theoretical
prediction of the boundary layer blockage and external flow choking at moving aircraft in ground effects,” Phys. Fluids 33(3), 036108
(2021).] in internal and external flows. The phenomenological manifestation of the flow choking phenomenon reported herein extends
disruptive technologies at the cutting-edge to solve century-long unresolved scientific problems in physics of fluids with credibility.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0086638

NOMENCLATURE

A Port area
a Velocity of sound
a� Velocity of sound at the choked flow condition
A�ft Port area at the sonic fluid-throat

BLB Boundary layer blockage
CPR Critical total-to-static pressure ratio

d Port height/diameter
dft Fluid-throat diameter at the choked flow condition
di Inlet port diameter

DDT Deflagration to detonation transition
HCR Heat capacity ratio (c)

l Length of the upstream-port
LCDI Lower critical detonation index

M Mach number
Mft Mach number at the fluid-throat
M•

ft Mach number at the sonic fluid-throat
Mi Inlet Mach number
Mx Axial Mach number
P Static pressure
Po Stagnation pressure
R Gas constant
To Stagnation temperature
U Mean flow velocity
u Velocity magnitude
Ui Mean flow velocity at the inlet
Uft Mean flow velocity at the fluid-throat location
u� Sonic velocity (a�) magnitude
x Distance in axial direction
y Distance in Y-direction
c Ratio of specific heat capacities (heat capacity ratio)
d Boundary-layer displacement thickness

d�x Boundary-layer-displacement thickness at the sonic location
q Density
qi Fluid density at the inlet
qft Fluid density at the fluid-throat location
qo Total or stagnation density

Subscripts

ft Fluid-throat
i Inlet
o Total or stagnation condition
x Axial distance from the inlet
1 Freestream condition

Superscript

� Sonic condition

I. INTRODUCTION

The description of physics of fluids may be deemed primitive;
however, mathematical modeling and in silico simulation of flows
existing in a real-world (coined herein as real-world flows1,2) is still a
vigorous research topic of contemporary interest. The first law of ther-
modynamics reveals that all fluids are compressible,1,3–5 and the sec-
ond law of thermodynamics entails all fluids to have positive
viscosity.6,7 It corroborates that all fluids in nature are compressible
viscous (or viscid) to a certain extent. To study the incompressible
flow features, continuity and momentum equations are adequate
means to perform the task. The fact is that these equations only
administer the mechanical features of such flows, and therefore, for
state-of-the-art real-world flow analyses, we must invoke the com-
pressible viscous flow theory in fulfilling all the conservation laws of
nature for attaining real-time answers of fluid dynamics problems for
high fidelity applications. More specifically, for a compressible flow
simulation, the principle of the conservation of energy must be consid-
ered in addition to the continuity and momentum equations. Note
that the science of energy (or entropy—a measure of energy dispersal)
is thermodynamics; thus, thermodynamics is a critical component in
the analysis of compressible viscous flow applicable for diabatic flows
(flow involves transfer of heat), which we have focused herein.

Although the basic governing equations of compressible viscous
flows were established for more than a century, until the theoretical
discovery of the phenomenon of Sanal flow choking,1,3–5 there was no
closed-form analytical model available in the open literature for pre-
dicting the three-dimensional (3D) boundary-layer-blockage (BLB)
factor of any internal flow system for both adiabatic and diabatic flows.
The Sanal flow choking phenomenon is affirmed herein as a com-
pressible viscous flow effect and a revolutionary theory in physics of
fluids.1,4,8 The fact is that the phenomenon of Sanal flow choking is
competent to offer keys to numerous unresolved research questions,
moved ahead over the years, in the real-world flows (the continuum
and/or the non-continuum).1,3–5 Currently, the phenomenon of the
Sanal flow choking and streamtube flow choking1,8 received consider-
able attention in the scientific community. In the previous connected
papers, Kumar et al.1,3,4,8 reported conclusively that the specific heat at
the constant pressure (Cp) of real-world flows is always higher than its
specific heat at the constant volume (Cv). It implies that all fluids in
nature are compressible with various magnitudes of compressibility
percentage, ranging from a zero-plus (0þ) value, as the enthalpy is
always higher than the internal energy. Note that in the real-world
flows, each independent degree of freedom, controlling the specific
heat capacity, permits the particles to store thermal energy. It corrobo-
rates that the heat capacity ratio (c ¼ Cp/Cv) is always greater than
one for the real-world flows.1 On this rationale, the physical situation
of Sanal flow choking and/or streamtube flow choking in real-world
flows at a critical pressure ratio (CPR) is reaffirmed. The existence of
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the flow choking phenomenon at a critical pressure ratio is particularly
true in real-world flows,1–22 viz., water pipelines (i.e., coupled with cav-
itation),9,10 oil and natural gases in the chemical industry pipelines,
and other real-world fluid flows.1,2,4,14,16 More specifically, the physical
situation of flow choking is impossible when Cp equals to Cv.
Therefore, flow choking will never occur in any incompressible flow
simulation. According to the first law of thermodynamics, enthalpy of
a substance is always higher than internal energy. It corroborates that
all fluids in nature are compressible. The first law of thermodynamics
is a version of the law of conservation of energy, adapted for thermo-
dynamic processes, distinguishing three kinds of transfer of energy, as
heat, as thermodynamic work, and as energy associated with matter
transfer, and relating them to a function of a body’s state, called inter-
nal energy. Therefore, as stated earlier, specific heat at constant pres-
sure (Cp) will be always higher than the specific heat at constant
volume (Cv). Note that the first law of thermodynamics is an empirical
result confirmed by laboratory and practical experience.

Over the centuries, the physical situation of hydrodynamic flow
choking, followed by cavitation, was unnoticed. There was a general
comprehension that water and other liquids are incompressible fluids
or rather with negligible compressibility.9,10 Therefore, the phenome-
non of flow choking was ruled out in liquids by the earlier investi-
gators. In most of the systems, cavitation is an undesirable
phenomenon, and its elimination is still a major field in the study of
fluid dynamics.9,10,22 It is well-known that when the static pressure of
a liquid reduces to below its vapor pressure, the phenomenon of cavi-
tation occurs heading to the development of tiny vapor-filled cavities
in the liquid. Note that a priori knowledge of the CPR in an internal/
external flow system is important for taking necessary measures for
negating the possibilities of shock wave generation in real-world flow
systems. It is known that shock wave will generate during the collapse
of cavitation bubbles, provided the ratio of the pressure inside the bub-
ble and the outside is higher than or equal to CPR for flow choking.
This is an exciting research topic of topical interest in interdisciplinary
themes.1,4,12,16

The critical pressure ratio for the Sanal flow choking (i.e., block-
age factor persuaded flow choking) and/or the streamtube flow chok-
ing in real-world flow systems are exclusively controlled by the heat
capacity ratio of fluid.1,3–5 Analytical findings reveal that an increase in
the heat capacity ratio of fluid can decrease simultaneously the viscos-
ity and turbulence for prohibiting the Sanal flow choking and/or
streamtube flow choking in real-world flows.1 Analytical and in silico
results established that an increase in static pressure can negate the
possibilities of flow choking in both internal and external flow sys-
tems.1,3–5,8 These findings reveal that the accurate estimation of flow
properties as functions of space and time are inevitable for predicting
undesirable flow choking in real-world flows. It will help for invoking
preventive strategies for prohibiting cavitation, shock wave generation,
and detonation in both internal and external flow systems.
Admittedly, there are no closed-form analytical models available as on
the date for predicting various flow properties as functions of space
and time;1,2 therefore, we must rely upon high fidelity in silico or
in vitro methodology. The solution to fluid dynamics puzzle usually
encompasses the estimation of different properties of the fluid, such as
flow velocity, pressure, density, viscosity, and temperature, as func-
tions of space and time. The exact predictions of these flow properties
are very difficult because in vitro data are mostly restrained in time

and space, and in silico results generally do not indicate the actual state
of real flows. The fact is that problems inherent in recognition of in sil-
ico simulation of real-world flows contain the complexity to denote
exact initial and boundary conditions and the intricacy of epitomizing
the volatile flow characteristics.2

Recently, without missing flow physics, Kumar et al.1,3–5,23 devel-
oped closed-form analytical models using the well-posed initial condi-
tions for predicting the 2D and 3D boundary-layer-blockage (BLB)
factors at the sonic-fluid-throat location of both adiabatic and diabatic
flows in a wall-bounded system. In addition, a mathematical model
capable to predict the average friction coefficient of a cylindrical duct
at the Sanal flow choking condition is also developed. Subsequently,
based on these analytical models, Sankar et al.24 predicted the exact
values of the BLB factor and the corresponding average friction coeffi-
cient of various working fluids in an internal flow system with a cylin-
drical port at the Sanal flow choking condition. The closed-form
analytical models developed at the Sanal flow choking conditions are
critically examined herein because the numerical data generating from
these infallible mathematical models can be taken as reliable bench-
mark data for the validation, calibration, and verification of numerous
compressible viscous flow solvers as well as in vitro flow meter for
abundant applications.1 More specifically, the data generated from the
closed-form analytical models satisfying all the conservation laws of
nature need not require any experimental benchmark data for its veri-
fication. Instead, the experimental and numerical data can be verified
using the data generated from the closed-form analytical models con-
ceiving all conservation laws of nature. Briefly, Sanal flow choking
phenomenon is due to the real-flow choking effect and it offers univer-
sal benchmark data for CFD code verification.

The analytical methodology presented herein for predicting the
BLB factor at the Sanal flow choking condition warrants the capability
for featuring the laminar–turbulent-transition in an idealized internal
flow system (i.e., no skewed velocity profiles) from the known values of
the axial Mach number. The estimation of the axial Mach number very
close to the true value can be achieved through high fidelity in silico sim-
ulation. Admittedly, the exact prediction of the axial Mach number dur-
ing the laminar–turbulent-transition in an internal flow system is a
challenging in silico task. The fact is that the axial Mach number signifi-
cantly depends on the variations of fluid viscosity in space and time
along with turbulent flow features. It is apparent from the Sanal flow
choking model that1,3 the local BLB factor, port geometry (fixed or vari-
able), the inflow Mach number, and the heat capacity ratio are the key
parameters influencing the axial Mach number of an internal flow sys-
tem. These key parameters are having an influence on the local
Reynolds number. Note that the reliable characterization of a material’s
rheological behavior is important for real-world flow analysis.

The novelty of the Sanal flow choking model for diabatic flows
comes from the fact that all conservation laws of nature are satisfied at
a unique sonic-fluid-throat location in both continuum1,3,5,8 and non-
continuum4 wall-bounded fluid flow systems. As the pressure of the
diabatic nanoscale fluid and/or non-continuum-flows rises, average-
mean-free-path diminishes and thus, the Knudsen-number lowers.
This physical situation leads to a zero-slip wall-boundary condition
with the compressible viscous flow regime in wall-bounded fluid flow
systems heading to Sanal flow choking due to the blockage factor per-
suaded sonic-fluid-throat effect. It is important to note that the phe-
nomenon of flow choking and supersonic flow development could

Physics of Fluids REVIEW scitation.org/journal/phf

Phys. Fluids 34, 041301 (2022); doi: 10.1063/5.0086638 34, 041301-3

Published under an exclusive license by AIP Publishing

https://scitation.org/journal/phf


occur at a critical total-to-static pressure ratio in yocto to yotta scale
systems and beyond due to the convergent–divergent (CD)-shaped
streamtube flow effect. The fact is that flow gets accelerated to the con-
tracted area of the streamtube for meeting the continuity condition set
by the conservation law of nature, and as a result, the considerable
pressure difference is attained inside the streamtube leading to the
choked flow condition. The exact solutions achieved from the closed-
form analytical models and the numerical results demonstrating the
Sanal flow choking and streamtube flow choking generated from the
validated flow solvers presented in this article provide authentic
answers to many unresolved research problems in physics of fluids.1,4,8

Although numerous studies have been carried out on real-world
flows with the multi-disciplinary focus, there are still many unresolved
problems in various industries due to the absence of underlying insight
of physics of streamtube flow choking1,8 and the science behind the
environmental explosion and detonation.25 Note that the theoretical
discovery of Sanal flow choking and streamtube flow choking in real-
world flows deals disruptive technologies at the cutting edge. It helps
to solve decades-long unanswered questions in physics of fluids, which
includes the prediction of deflagration to detonation transition
(DDT).1,4 In fact, until the theoretical discovery of the Sanal flow
choking and streamtube flow choking,1,8 the physical developments
implicated in the mechanism of DDT were poorly understood28 and
treated as a major unresolved problem over the years in the industry
and academia. To understand physics of detonation and chemistry of
diabatic flows (flow involves the transfer of heat) in chemical energy
systems,25–28 various studies were conducted by previous researchers
with limited success. A literature review reveals that, due to the lack of
understanding of the fundamental cause of DDT,28–38 several in vitro
and in silico studies were reported over the decades to predict and
negate the shock wave and detonation in both internal and external
flow systems. In silico simulation results demonstrating the Sanal flow
choking and streamtube flow choking are presented herein for estab-
lishing physics of detonation chemistry.25–27 In a nutshell, this article
sheds light on to predict and/or prevent DDT in real-world flow sys-
tems with tangible solutions.

Recently, we reported1,4 that Sanal flow choking leads to detona-
tion in reacting flow systems. Unlike milli-scale or macroscale fluid
flow, the governing equations’ capturing exact flow physics and chem-
istry are not well delineated for modeling and simulation of DDT in
the nanoscale fluid flow system as it is truly intricate.39–48 Note that
in vitro methods in nanoscale are having inherent inaccuracy for gen-
erating benchmark data for in silico code verification. Therefore, data
generating from the closed-form analytical models satisfying all the
conservation laws of nature can be used as universal benchmark data.4

Since the phenomenon of nanoscale Sanal flow choking for diabatic
flows satisfies all conservation laws of nature, data generated from this
model,1,4 viz., the BLB factor at the sonic-fluid-throat and average fric-
tion coefficient, can be taken for in silico model verification with
reliability.

Currently, in silico simulation of the nanoscale nozzleless propul-
sion system is an active research topic in aerospace industries.4 In such
nanoscale systems, the BLB factor predicted using the in silico model
at the zero slip boundary conditions can be verified with an exact
solution of the BLB factor4 estimated and reported herein from the
closed-form analytical model for a credible decision making on the
possibilities of DDT in the nanoscale propulsion systems.48–50 Note

that in silico simulation of DDT in nanoscale systems is a gray
area.51–57 The initiation of surface-acoustic-wave (SAW) technology
onto lab-on-a-chip platforms has launched a new frontier in microflui-
dics.58–60 Figure 1 shows the surface acoustic wave with the periodic
shock wave generation59,60 presumably due to the series of conver-
gent–divergent (CD)-shaped microscale streamtube flow choking.8

Note that simulation of shock wave and detonation in microfluidic
lab-on-a-chip platforms is an active research topic of topical interest.
Control of fluids at the microscale is crucial for many scientific and
technological advancements.61

Currently,1,4 we reported that any validated fluid flow solver
capable to simulate the Sanal flow choking phenomenon could predict
the possibilities of the occurrence of DDT in chemical energy systems.
The Sanal flow choking model is capable to predict the lower critical
detonation index (LCDI) in terms of the critical pressure ratio
(CPR).1,8 Note that LCDI is controlled by the lowest heat capacity ratio
(HCR) of the evolved gases.1

In this article, we are primarily focused on the exact predictions
of the average friction coefficient and boundary layer blockage factors
for both the 2D and 3D CFD code verifications. It also aims for the
design optimization of numerous real-world internal fluid flow sys-
tems. Note that benchmark data are generated herein for various
working fluids at Sanal flow choking condition for both adiabatic and
diabatic flows. In silico simulations of various fluid flow systems are
presented herein for establishing the concept of Sanal flow choking
and streamtube flow choking. A few case studies are carried out and
reported herein for demonstrating the shock wave generation, detona-
tion, and pressure overshoot due to these flow choking phenomena.
Figures 2(a)–2(c) show the Sanal flow choking and cavitation in indus-
trial pipe line systems, viz., water, oil and natural gas, as may be the
case.

II. THE BACKGROUND

The experiences obtained over the decades from the rocket motor
flight tests reveal that an exact prediction of the boundary-layer-
blockage (BLB) factor is inevitable for the design and development of
high-performance dual-thrust rocket motors for meeting the future
needs of the aerospace industries.1 The grain-port-geometry optimiza-
tion of high-velocity transient (HVT) solid and hybrid dual-thrust
rocket motors, aimed to increase the propellant loading density within
the given envelope, is of topical interest in the design optimization of
new generation single-stage-to-orbit (SSTO) vehicles without the man-
ifestation of the Sanal flow choking.1 It aims to prohibit possible deto-
nation causing catastrophic failures. Figure 3 shows the geometrical

FIG. 1. Manifestation of the surface acoustic wave and shock wave generation pre-
sumably due to the series of microscale streamtube flow choking.25,198
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details of a typical HVT dual-thrust solid rocket motor (SRM).62 It has
experienced an undesirable internal flow choking phenomenon fol-
lowed by shock waves at the subsonic inflow condition.62–65

Figure 4 demonstrates the possible occurrence of the Sanal flow
choking episode in the dual-thrust hybrid rocket.1,4 The design opti-
mization of such dual-thrust hybrid rocket motors, without inviting
internal flow choking and with the highest possible propellant loading
density entails a clear perception of the physical phenomena that con-
trol the combustion and fluid dynamic processes inside the port. In
hybrid rockets, combustion usually appears in a boundary layer diffu-
sion flame near to the surface of the solid propellant. Literature review
reveals that the simplified analyses of hybrid combustion without
properly accounting the boundary layer heat transfer and the surface
regression rate cannot account for many of the complex physical

interactions.3 Therefore, the accurate estimation of the BLB factor of
hybrid rocket is necessary for its design optimization and an accurate
ballistic prediction.

Marxman et al.,66,67 Majdalani,68,69 and Dunlap et al.70 carried
out numerous studies to observe the boundary layer flow features of
SRMs. Taylor,71 Culick,72 Apte and Yang,73 Majdalani,74 Krier and
Kerzner,75 and Tian et al.,76 conducted significant analytical, experi-
mental, and numerical studies on boundary layer flow features of
hybrid rockets. Although all these studies contributed to the further-
ance of rocket technology, it is imperative to note that until the theo-
retical discovery of the phenomenon of Sanal flow choking in diabatic
flows, there was no unique model available for the exact prediction of
the 3D boundary layer blockage factor in the design optimization of
high-velocity transient (HVT) solid and hybrid rocket motors.1,77

FIG. 3. A typical dual-thrust solid propel-
lant rocket motor, which experienced
Sanal flow choking and pressure over-
shoot during the static test.3

FIG. 4. Manifestation of Sanal flow chok-
ing in a dual-thrust hybrid propulsion
system.1

FIG. 2. (a)–(c) Demonstration of Sanal flow choking in water, oil, and natural gas flow systems.
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Note that a priori knowledge of the 3D BLB factor of HVT motors
enables the designer to design the rocket motors with the highest pos-
sible propellant loading density without creating the physical situation
of Sanal flow choking during the entire mission. Open literature
reveals that there are no cases of internal flow choking reported for the
US Naval Air Warfare Center (NAWC) motors due to its low length-
to-diameter ratio (L/di< 20).78,79 The theoretical discovery of the
Sanal flow choking reveals that the NAWCmotor designer can further
improve the propellant loading density lucratively, without creating
any undesirable internal flow choking causing catastrophic failures.

Wang and Joseph80 reported that the BLB factor is never zero
because as stated earlier, the second law of thermodynamics demands
all real-world fluids possess viscosity.6,7 Therefore, dropping the BLB
factor during the in silico simulation can cause significant errors in
predicting flow features. The fact is that the boundary layer growth
can be affected by the variations in the inlet Mach number, axial Mach
number, and the heat capacity ratio of the flowing gas and also due to
the empiricism entailed in the conventional law of viscosity and the
local friction factor. On this rationale, the exact predictions of the 3D
blockage factor and average friction coefficient are inevitable for a
trustworthy design optimization of any high-performance rocket
motor through a validated in silico model. This effort is particularly
desirable for a foolproof verification of in silico results generated from
any compressible viscous flow solver. It is a well-recognized fact that
in vitro data mostly comprises certain degrees of error linked to the
intricacy of the experiment. Laval et al.81 highlighted that the data of
each in vitro study are influenced by various statistical convergence
levels and/or slightly distinct in vitromethodology. Certainly, an exact
estimation of the BLB factor through in vitro methodology is a chal-
lenging task. As a result, we must depend upon the closed-form ana-
lytical model established based on flow physics of the real-world flows.

The fundamental equations governing compressible viscous flows
have been established in the entire form over the decades. These equa-
tions give many insights, yield various reliable solutions, and can be
scrutinized for modeling laws, but it is extremely difficult to get the
exact solutions for a plausible judgment through the high-fidelity simu-
lation. The most accepted methodology to model physics of fluids is
with the Navier–Stokes equations. These equations are solved numeri-
cally using various in silico methodology. There are differences on the
existing exact procedures for verification, calibration, and validation of
in silico results. Therefore, the closed-form analytical model satisfying
the conservation laws of nature capable to predict exactly the 3D block-
age factor at the Sanal flow choking condition is a viable and brilliant
option for in silico code verification because the exact solution is totally

independent of any types of errors. The verification and validation scru-
tinize the errors in the numerical results, which is an enduring activity
worldwide due to the complex nature of computational fluid dynamics
(CFD) codes and rising diversities of applications in real-world flows.

Richardson extrapolation82 is frequently applied within the
numerical approximation of partial differential equations to enhance
some predictive quantities. Note that it is a methodology for improv-
ing the order of accuracy of numerical solutions that involves the use
of a discretization size.83 Studies of Roache,84–86 Hirsch,87 Bonfiglioli
and Paciorri,88 Powers, et al.,89,90 Huebner and Tatum,91 Oberkampf
and Trucano,92,93 Roy et al.,94–96 Thomas et al.,97 Iannelli,98 and sev-
eral others1,3,23,24 over the years corroborated that the CFD code verifi-
cation, the calibration, and the validation remain an issue of enduring
significance. Iannelli98 reported that, especially for compressible-flow
treatments that contain mixed subsonic and supersonic flows and
shock-wave boundary–layer interactions, the employed CFD code
should provide accurate results that are marginally influence by discre-
tization diffusion, either artificial or upwind. In general, skin friction
and wall-heat transfer are of primary interest for most practical appli-
cations.84 These quantities are sensitive to the first normal derivative
of velocity at the wall. Admittedly, the concept of a converged solution,
established to be so independent of the intended error measure, is
myth.84 Briefly, using the well-posed initial condition, the exact solu-
tion of the 3D boundary layer blockage factor obtained from the
closed-form analytical model satisfying the Sanal flow choking condi-
tion for the diabatic flow is already proved as a brilliant benchmark
data for the CFD code verification and calibration.1,3,4,8 The agreement
of the 3D CFD solutions to the benchmark data, generated from the
closed-form analytical model, within the desirable accuracy increases
the confidence level of the user on the solver. It implies that the
selected physical models and the code of solution capture real flow
physics for these classes of simulations for producing tangible solu-
tions for a credible decision making. On this rationale, as a back-
ground work for further studies world-wide, we have taken an effort
herein to report the closed-form analytical models capable to predict
the 2D and 3D boundary layer blockage factors for both adiabatic and
diabatic internal fluid flow systems. Furthermore, we have generated
analytical solutions and the database of BLB factors and average fric-
tion coefficients of various gases passing through a cylindrical duct as
benchmark data for in silcomodel verification.

III. ANALYTICAL METHODOLOGY

An idealized 3D physical model of a circular duct with a diver-
gent port is shown in Fig. 5. The 3D physical model is having a

FIG. 5. Manifestation of fluid-throat effect
and Sanal flow choking in a real-world
flow system leading to the development of
supersonic flow at the creeping inflow
(M<1) condition.
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constant upstream port cross-sectional area with high length-to-diam-
eter ratio (l/di> 27)3 followed by a divergent duct. Kumar et al.1,3,4

reported conclusively that if the l/d ratio is too large (l/di> 27), the
growing boundary layers from both side of the port can act together,
heading to a choked flow condition at a critical pressure ratio, due to
the viscous friction. Since the mass flow must be equal for each axial
location for meeting the continuity condition set by nature, the reduc-
tion in the rate of flow close to the surface owing to friction must be
compensated by an equivalent escalation near the axis. Accordingly,
the growth of the boundary layer happens in the influence of an accel-
erated external flow. Thus, at larger distances from the inlet section
flow becomes turbulent due to relatively high velocity; consequently,
the BLB factor will swiftly escalate heading to the sudden increase in
the axial velocity leading to choked flow condition. During the mathe-
matical modeling, the advantages of this choked flow condition is judi-
ciously applied. In this regard, a well-posed initial condition is invoked
for the exact prediction of the 3D boundary-layer-blockage (BLB) fac-
tor of real-world flows, at the Sanal flow choking condition for diabatic
viscous flows.1,4

Mathematical models for predicting the blockage factor (dx), at
the condition prescribed by the Sanal flow choking models, for 2D and
3D cases are presented in Secs. III B and IIIC. A circular cylinder with
an inlet port diameter, di is considered for the BLB factor estimation
for the 3D internal fluid flow system. It is pertinent to note that the
inlet condition of the real-world fluid flow system needs to be specified
for achieving the Sanal flow choking in any wall-bounded geometry.
The desirable inlet Mach number, for achieving the Sanal flow choking
condition in both adiabatic and diabatic flows, is an exclusive function
of the heat capacity ratio of the working fluid. Note that for predicting
the desirable inlet Mach number (Mi) for achieving the Sanal flow
choking in an adiabatic flow, CPR for the Fanno flow choking99 condi-
tion is equated with that of the fluid-throat62 persuaded choking con-
dition. Moreover, for the diabatic flow systems, for the exact
prediction of the inlet Mach number, the condition set for the thermal
choking99 is equated with the fluid-throat persuaded choking condi-
tion (i.e., boundary layer blockage factor caused flow choking
effect1,62) in terms of the CPR.

A. Governing equations

In this analysis, we invoke one-dimensional (1D) mass conserva-
tion equation for predicting the two-dimensional (2D) and the three-
dimensional (3D) boundary-layer-blockage (BLB) factors, which are
unique scalar quantities. The 1D continuity equation at the three dif-
ferent locations, viz., the head-end, axial location at x, and the antici-
pated sonic-fluid-throat location of any 3D internal flow system with
any type of inner port geometry (see Fig. 5) is written as

qiUiAi ¼ qxUxAx ¼ q�x a
�
xA
�
x: (1a)

For a 2D case with the unit width, Eq. (1a) is written as

qiUidi ¼ qxUxðdi � 2dxÞ ¼ qftUftðdi � 2dftÞ: (1b)

When the fluid-throat is choked, Mft ¼ M�ft ¼ 1; dft ¼ dx�; Uft

¼ u� ¼ a� ðsonic velocityÞ; qft ¼ q�.
At the sonic-fluid-throat location, the effective port diameter (dft)

is di � 2dx�.
At the choked flow condition, the continuity equation is written as

qiUidi ¼ qxUxðdi � 2dxÞ ¼ q�u�ðdi � 2dx
�Þ; (2)

di
ðdi � 2dx�Þ

¼ q�u�

qiUi
: (3)

Equation (3) can be written in terms of the total or stagnation condi-
tion as

di
ðdi � 2dx�Þ

¼ q�u�

qiui
¼ q�

qo

q0

qi

a�

ui
: (4a)

Note that in this analysis, the total or stagnation density, qo is constant
throughout the isentropic flow and defined as

qo ¼
Po
RTo

: (4b)

From the isentropic flow theory,99 we have

qo

qi
¼ 1þ c� 1

2
Mi

2

� �1=ðc�1Þ
; (5)

qo

q�
¼ cþ 1

2

� �1=ðc�1Þ
: (6)

It is important to note that the dissipative mechanisms of viscosity, ther-
mal conduction, and diffusion are strong in the regions adjacent to the
walls of the physical model (see Fig. 5), where boundary layers are
formed. Also note that within these boundary layers, the entropy
increases. On the other hand, while considering the fluid elements out-
side the boundary layer the dissipative effects are negligible.
Furthermore, heat is not added or taken away from the fluid elements at
these points and hence the flow is considered as adiabatic. Therefore, the
assumption of isentropic flow is valid because the fluid elements outside
the boundary layers are experiencing adiabatic and reversible processes.
Therefore, Eqs. (5) and (6) are powerful controlling analytical models for
such core flows, valid for a calorically perfect gas. In our modeling effort,
the BLB factor at the sonic-fluid-throat is estimated from the conserva-
tion laws. Since the BLB factor is a unique scalar quantity, the estimation
of the blockage at the sonic-fluid-throat will be accurate using the one-
dimensional (1D) flow analysis. The fact is that at the sonic-fluid-throat
location all conservation laws are satisfied. It is applicable to both two-
dimensional (2D) and three-dimensional (3D) cases. Moreover, the dissi-
pative mechanisms within the boundary layer at the sonic-fluid-throat is
insignificant in our mathematical model because the BLB factor is con-
sidered herein as a bulk blockage creating a convergent–divergent (CD)
nozzle throat effect. It is analogous to the conventional choked CD noz-
zle flow effect, which creates a supersonic flow condition.

B. Estimation of 2D boundary-layer displacement
thickness

Using the compressible flow theory, we have invoked the already
defined characteristic Mach number M� ¼ u=

ffiffiffiffiffiffiffiffiffiffiffiffi
cRT�
p� �

99 for gener-
ating a closed-form analytical solution for predicting the BLB factor.
Accordingly, we have,

ui
a�

� �2

¼ M�2 ¼
cþ 1
2

Mi
2

1þ c� 1
2

Mi
2

0
BB@

1
CCA: (7)

Physics of Fluids REVIEW scitation.org/journal/phf

Phys. Fluids 34, 041301 (2022); doi: 10.1063/5.0086638 34, 041301-7

Published under an exclusive license by AIP Publishing

https://scitation.org/journal/phf


The boundary-layer displacement thickness (i.e., BLB factor) at
the sonic-fluid-throat of the 2D physical model (see Fig. 5) can be pre-
dicted by substituting Eqs. (5)–(7) in Eq. (4) and further solving for
d�x , the following equation is established:

d�x ¼
di
2

1�Mi
2

cþ 1
1þ c� 1

2
Mi

2

� �" # cþ1
2ð1�cÞ

2
4

3
5: (8)

Equation (8) can be written in the non-dimensional form as

2d�x
di
¼ 1�Mi

2
cþ 1

1þ c� 1
2

M2
i

� �" # cþ1
2ð1�cÞ

: (9)

Again, Eq. (2) is written in the following form:

ðdi � 2dxÞ
ðdi � 2d�xÞ

¼ q�u�

qxUx
: (10)

We have,99

qo

qx
¼ 1þ c� 1

2
Mx

2

� �1=ðc�1Þ
; (11)

ux
a�

� �2

¼ M�2 ¼
cþ 1
2

Mx
2

1þ c� 1
2

Mx
2

0
BB@

1
CCA: (12)

Substituting Eqs. (6), (11), and (12) in Eq. (10), the following
equation is obtained:

ðdi � 2dxÞ
ðdi � 2dx�Þ

¼ 1
Mx

2
cþ 1

1þ c� 1
2

Mx
2

� �" # cþ1
2ðc�1Þ

: (13)

The local 2D boundary-layer displacement thickness can be estimated
by combining Eqs. (8) and (13) and solving for dx, the following equa-
tion is obtained:

dx ¼
di
2

1� Mi

Mx

1þ c� 1
2

M2
x

1þ c� 1
2

M2
i

2
664

3
775

cþ1
2ðc�1Þ

2
6664

3
7775: (14)

Equation (14) can be written in the non-dimensional form as2

2dx
di
¼ 1� Mi

Mx

1þ c� 1
2

M2
x

1þ c� 1
2

M2
i

2
664

3
775

cþ1
2ðc�1Þ

: (15)

The experiences gained through these mathematical modeling efforts
revealed that we can exactly predict the boundary-layer displacement
thickness at the sonic-fluid-throat of both adiabatic and diabatic cases
using well-posed initial conditions in any internal fluid flow system
obeying the compressible viscous flow theory. The 2D blockage factor
can be estimated using the closed-form analytical expression presented
as Eq. (9). Furthermore, with a priori knowledge of the axial Mach num-
ber, we can predict the local BLB factor, dx [see Eq. (15)] of an internal
flow system at any axial location. At the Sanal flow choking condition,
the axial Mach number (Mx) becomes one and Eq. (15) reduces to

Eq. (9), which gives the exact solution of the 2D boundary-layer-block-
age (BLB) factor of an internal flow system at the sonic-fluid-throat
region.

The mathematical model presented herein as Eq. (15) apparently
shows as a 1D model, but we can predict the 2D BLB factor using this
model from the known values of the inlet port diameter, inlet Mach
number, heat capacity ratio, and the axial Mach number. This is the
novelty of the methodology invoked herein for predicting BLB factor
of any internal flow system obeying the compressible viscous flow the-
ory. The solution curves of Eq. (9) and Eq. (15) at different Mach
numbers are presented in Figs. 6(a) and 6(b).

C. Estimation of 3D boundary-layer displacement
thickness

If the port geometry of the 3D physical model (see Fig. 5) is cylin-
drical, Eqs. (1) becomes

FIG. 6. (a) Analytical prediction of the 2D BLB factor at different inflow Mach num-
bers with air as the working fluid. (b) Analytical predictions of the non-dimensional
BLB factor of a 2D internal fluid flow system.
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qiUid
2
i ¼ qxUxðdi � 2dxÞ2 ¼ q�xa

�
xðdi � 2d�xÞ

2; (16a)

qiUid
2
i ¼ q�xa

�
xðdi � 2d�xÞ

2; (16b)

qxUxðdi � 2dxÞ2 ¼ q�xa
�
xðdi � 2d�xÞ

2; (16c)

di � 2dxð Þ2

ðdi � 2d�xÞ
2 ¼

q�xa
�
x

qxUx
: (16d)

Using Eq. (16b), we can predict the boundary-layer displacement
thickness, d�x at the sonic-fluid-throat at any location of the upstream
port of the 3D physical model, which is the limiting condition imposed
in our analytical model

d2i
ðdi � 2d�xÞ

2 ¼
q�xa

�
x

qiUi
; (16e)

2d�x
di
¼ 1� qi

qo

qo

q�x

Ui

a�x

� �1=2

: (16f)

The non-dimensional boundary-layer displacement thickness at
the sonic-fluid-throat region (x¼ x�) of a 3D internal fluid flow system
with cylindrical port geometry can be obtained by substituting Eqs.
(5)–(7) in Eq. (16f). Accordingly, the following closed-form analytical
model [see Eq. (17)] is obtained:

2d�x
di
¼ 1�M1=2

i
2

cþ 1
1þ c� 1

2
M2

i

� �" # cþ1
4ð1�cÞ

: (17)

Substituting Eqs. (6), (11), and (12) in Eq. (16d), the following equa-
tion [see Eq. (18)] is obtained

ðdi � 2dxÞ
ðdi � 2dx�Þ

¼ 1

M1=2
x

2
cþ 1

1þ c� 1
2

Mx
2

� �" # cþ1
4ðc�1Þ

; (18a)

1� 2d
di x

� �

1� 2dx�

di

� � ¼ 1

M1=2
x

2
cþ 1

1þ c� 1
2

Mx
2

� �" # cþ1
4ðc�1Þ

: (18b)

Combining Eq. (17) and Eq. (18b), we get

2dx
di
¼ 1� Mi

Mx

� �1=2 1þ c� 1
2

M2
x

1þ c� 1
2

M2
i

2
664

3
775

cþ1
4ðc�1Þ

: (19)

It is pertinent to note that using Eq. (17), the rocket designers can
accurately predict the possibilities of the internal flow choking caus-
ing detonation in any high-velocity transient (HVT) motors similar
to a dual-thrust rocket.62–65 Furthermore, in silico code developers
and users can use authentically Eqs. (9) and (17) for the verification
of 2D and 3D CFD codes, respectively, with the following prudent
initial conditions (see Secs. III D and III E). It is evident from the
closed-form analytical models developed at the Sanal flow choking
condition [see Eqs. (9) and (17)] that the BLB factor prediction for
2D and 3D cases are totally freed from discretization errors and
empiricism. Therefore, we can invoke Eq. (17) authoritatively for the
3D CFD code verification and calibration for various industrial
applications.

The non-dimensional 3D BLB factor presented herein as Eq. (19)
is an infallible analytical model. It predicts the possibilities of the Sanal
flow choking in any wall-bounded 3D fluid flow system with a cylin-
drical port from the known values of heat capacity ratio (c). At the
Sanal flow choking condition, Eq. (19) reduces to Eq. (17). Note that
Eq. (17) is a prominent result because it gives the exact solution of the
3D boundary-layer-blockage (BLB) factor at the sonic-fluid-throat
region. The innovation and novelty of the closed-form analytical
model [Eq. (17)] is that; it is ideally insensitive to discretization errors
and entirely freed from empiricism. Figure 7 shows the comparison of
the 2D and 3D BLB factors at the sonic-fluid-throat of an internal fluid
flow system at different inlet Mach numbers. It is clear from Fig. 7 that
the boundary-layer displacement thickness (i.e., BLB factor) at the
sonic-fluid-throat of a 2D case is relatively higher than a 3D case.
Apparently, the closed-form analytical models highlighted herein for
predicting the 2D and 3D BLB factors [see Eqs. (9) and (17)] at the
Sanal flow choking condition does not reveal any viscous flow effect.
Nevertheless, the shear stress effect is well taken by these models at the
choked flow conditions for both adiabatic and diabatic flows. It was
achieved through the well-posed initial conditions. These tangible
efforts are described in Secs. IIID and III E. This is the novelty of the
closed-form analytical models presented herein.

D. Inlet Mach number estimation for choked adiabatic
flows

A literature review reveals that the boundary layer does not rule
out the equations of the Fanno model,1,3,99 which we have well taken
herein. These equations are just the laws of conservation of mass,
momentum, and energy, and the equation of state for the averaged
flow. In order to estimate the BLB factor for adiabatic flows, the critical
pressure ratio (CPR) for Fanno flow choking and the Sanal flow chok-
ing are equated for predicting the inlet Mach number, which is pre-
sented as the following equation:

FIG. 7. Comparison of the 2D and 3D non-dimensional BLB factors at the Sanal
flow choking condition at different inlet Mach numbers.3
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1
Mi

cþ 1
2þ c� 1ð ÞM2

i

� �1=2
¼ cþ 1

2

� �c=ðc�1Þ
: (20)

The desirable inlet Mach number for estimating the BLB factor at
the sonic-fluid-throat can be predicted using Eq. (20) corresponding
to the various working fluids having different heat capacity ratios.
Equation (20) provides the prudent initial condition for estimating the
2D and 3D BLB factors for adiabatic flows for a credible CFD code
verification. The solution curve of Eq. (20), simplified to the fourth
order equation, is presented as Fig. 8.

E. Inlet Mach number estimation for choked diabatic
flows

In order to predict the desirable inlet Mach number for an accurate
estimation of the BLB factor at the sonic-fluid-throat for diabatic fluid
flow systems, the critical pressure ratio (CPR) for thermal choking
(Rayleigh flow effect99) is equated with the Sanal flow choking condition
[see Eq. (21)]. Note that the inlet Mach number for diabatic flow chok-
ing is an exclusive function of the heat capacity ratio, which is derived
from Eq. (21) and reported herein as Eq. (22). It provides the prudent
initial condition for estimating the 2D and 3D BLB factors for diabatic
flows corresponding to the working fluid (see Fig. 8). At this physical sit-
uation, in any real-world flows, the Rayleigh flow and Fanno flow effects
will be taken in toto by the Sanal flow choking model. This is a unique
condition for generating universal benchmark data for real-world flows
for CFD code verification as it satisfies the laws of conservation of mass,
momentum, energy, and the equation of state

1þ c
1þ cM2

i

� �
¼ cþ 1

2

� �c=ðc�1Þ
; (21)

Mi ¼
1

c1=2
cþ 1ð Þ

2
cþ 1

� �c=c�1
� 1

" #1=2
: (22)

F. Analytical prediction of the average friction
coefficient

According to the laws of thermodynamics, all fluids in nature
exhibit compressible viscous flow effect at different degrees of percent-
age ranging from the zero plus (0þ) value. Therefore, friction between
fluid and the wall of the duct alters the flow properties along the port
up to the choked flow condition, which is taken as the limiting condi-
tion for developing the closed-form analytical model for predicting the
average friction coefficient, �f . This physical situation conceives the
effects of the shear stress in the analytical solution. Fanning friction
coefficient, f is invoked for describing the local shear stress, sw, which
is defined as sw ¼ 1

2 q u2f , where f is the dimensionless local Fanning
friction coefficient, u is bulk flow velocity, and q is the density of the
fluid. The integral formulation of the x component of the momentum
equation for the inviscid fluid contributing an additional surface force
in the form of frictional shear stress sw that acts on the surface of the
cylindrical control volume is written as the following equation:99

�
S

qV � dSð Þ u ¼ ��
S

p dSð Þx ��
S

sw dS: (23)

After invoking the compressible flow theory, the solution of Eq. (23)
applied to the cylindrical control volume of diameter di and length
l between station x1 (x¼ 0, M ¼ Mi) and x2 (x¼ l, M ¼ M2) is
obtained as the following equation:3,99

ðl
0

4 f dx
di
¼ � 1

cM2
� cþ 1

2 c
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M2

1þ c� 1
2

M2

0
@
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A

2
4

3
5
M2

M1

: (24)

At a limiting condition, the incoming subsonic flow (M1 ¼ Mi) is
accelerated to the sonic flow condition (M2 ¼ 1, l¼ L�) due to the
joint effects of the friction coefficient and the port length-to-diameter
(l/di) ratio. Accordingly, Eq. (24) becomes Eq. (25). Solving Eq. (25),
we get the average friction coefficient �f as Eq. (26)

ðL�
0

4 f dx
di
¼ � 1

cM2
i
� cþ 1
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i
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; (25)

�f ¼ di
4 L�

1�M2
i

cM2
i
þ cþ 1

2 c
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cþ 1ð ÞM2
i

2þ c� 1ð ÞM2
i

" #" #
; (26)

where

�f ¼ 1
L�

ðL�
0

f dx: (27)

It is pertinent to note that using Eq. (26) without any empiricism,
we can predict the average friction coefficient, �f of any circular tube to
be attained for the choked flow condition from the known values of
the l/di (L

�/di) ratio, the heat capacity ratio of the working fluid and
inlet Mach number.

Figures 9(a)–9(c) show the analytical prediction of the average
friction coefficient in the different length-to-diameter ratio of the duct

FIG. 8. Analytical prediction of the inlet Mach number from the heat capacity ratio
of operating fluid for satisfying the Sanal flow choking condition for both adiabatic
and diabatic flows.
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in achieving the flow choking in real-world flows with the different
heat capacity ratio at low creeping inflow conditions (Mi ¼ 0.1, 10�4,
10�6). Figure 10 shows the solution curve of Eq. (26). Figure 10 also
demonstrates the relation between average friction coefficient and the
inlet Mach number for achieving the flow choking condition in an
internal flow system with carbon dioxide as the working fluid.

Corresponding solution curves of 16 different working fluids operating
up to Mach number 5 with different L�/di ratios, named as the Vicky
graph are depicted in the Appendix.

The exact solutions of the 2D and 3D BLB factor for different work-
ing fluids along with the corresponding inlet Mach number are given in
Table I (see the Appendix) as benchmark data. The predicted average
friction coefficient for different L�/di ratios, and inflow Mach number
(�1) for different gases are given in Vigneshwaran’s table of exact solu-
tions (see Table II in the Appendix). Note that the local friction coeffi-
cient (f), typically an empirical data, depends on whether the flow is
laminar or turbulent. It is a function of Mach number, Reynolds number,
and surface roughness. Although the analytical models reported herein
[see Eqs. (1)–(27)] are having the wide range of applications, we have
restricted our discussion from creeping inflow to sonic flow condition.
Note that the BLB factor estimation during the deceleration of the real-
world flow from hypersonic condition to sonic flow condition with a
constant heat capacity ratio is beyond the scope of this article.

G. Entropy estimation at the Sanal flow choking
for diabatic flows

The joint occurrences of the Fanno flow and the Rayleigh flow
effects are established herein as the Sanal flow choking of real-world
flows. The equations connecting entropy and Mach number for
Fanno flow, Rayleigh flow, and Sanal flow models are given in Eqs.
(28)–(30), respectively. Figure 11 illustrates the entropy-Mach num-
ber comparison of Fanno flow, Rayleigh flow, and Sanal flow chok-
ing models. In order to achieve Sanal flow choking for diabatic
flows, the inlet Mach number needs to be estimated using Eq. (21)
corresponding to the working fluid. It is evident from Eq. (30) that
at Sanal flow choking condition, the change in entropy is zero at Mi

¼M¼ 1. It establishes that at the sonic-fluid-throat location all con-
servation laws are satisfied. Figure 12 shows the solution curve of Eq.
(30). Therefore, the methodology presented herein is declared as a
foolproof analytical technique for the exact prediction of the bound-
ary-layer-blockage (BLB) factor at the sonic-fluid-throat location of
the real-world fluid flows. The BLB factor can be taken as a universal
benchmark data for the verification and calibration of various com-
pressible viscous flow solvers

s� si
Cp

� �
FannoFlow

¼ ln
M
Mi

� �c�1=c 1þ c�1
2

M2
i

1þ c�1
2

M2

0
BB@

1
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cþ1=2c
2
6664

3
7775; (28)

s� si
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¼ ln
M
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FIG. 9. (a)–(c) Manifestation of the relation between the average friction coefficient
and the various length-to-diameter ratios of internal flow systems for achieving the
flow choking condition at low creeping inflow conditions (Mi ¼ 10�6, 10�4, 10�1).
(a) Inflow Mach number, Mi ¼ 10�6. (b) Inflow Mach number, Mi ¼ 10�4. (c) Inflow
Mach number, Mi ¼ 0.1.
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Equations (30) reveals that

s� si
Cp

� �
Sanal Flow

¼ s� si
Cp

� �
Fanno Flow

þ s� si
Cp

� �
Rayleigh Flow

: (30b)

H. Factors influencing flow choking in real-world flow
systems

The analytical models reveal that the possibilities of the occur-
rence of flow choking (Sanal flow choking/streamtube flow choking)
phenomenon is high in real-world flow systems at a critical total-to-
static pressure ratio (CPR). The critical pressure ratio (CPR) is

exclusively controlled by heat capacity ratio (HCR) of fluid. Equation
(31), derived from the compressible flow theory,15 shows the relation
between CPR and HCR (c). Equation (31) shows the condition for
flow choking in real-world systems. Note that when fluid pressure
ratio (FPR) is greater than or equal to CPR (FPR � CPR) the flow
choking (Sanal flow choking/streamtube flow choking) occurs any-
where in the fluid flow system

FPR � CPR ¼ Ptotal
Pstatic

� �
choking

¼ HCRþ 1
2

� �HCR=HCR�1
: (31)

Equation (31) reveals that low FPR and/or high HCR reduces the risk
of flow choking in real-world flow systems.

FIG. 11. Entropy-Mach number variations
of the three different flow choking models.

FIG. 10. Vicky graph: Manifestation of the
relation between average friction coeffi-
cient and the inlet Mach number for
achieving the flow choking condition in an
internal flow system with carbon dioxide
as the working fluid [solution curve of Eq.
(26)—see the Appendix].
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Herein, after invoking the compressible flow theory, analytical
models have been developed [see Eqs. (32)–(37)] to correlate multitudes
of variables causing internal flow choking in real-world flow systems.
Note that frequent choking and unchoking phenomena in any internal
flow system due to air intake or otherwise causing multiple shock wave
generation and pressure-overshoot would lead to pipeline defects

LCFI ¼
ðHCRÞ evolved gases

with the lowest HCR

þ 1

2

0
@

1
A
ðHCRÞlowest=ððHCRÞlowest�1Þ

; (32)

UCFI ¼
ðHCRÞfluid þ 1

2

� �ðHCRÞfluid=ððHCRÞfluid�1Þ
: (33)

The following are the conditions set for prohibiting the flow choking
in real-world systems [see Eqs. (34)–(37)]:

FPR <
HCRþ 1

2

� �HCR=ðHCR�1Þ
; (34)

M < 1; (35)

ðReynolds numberÞ kinematic viscosity of fluidð Þ
Hydraulic diameter of the duct

� Fluid density
ðHCRÞ ðPÞstatic

� �1=2
< 1; (36)

ðFluid flow rateÞlocal ðfluid viscosityÞlocal
ðHCRÞlowest ðPstaticÞ ðDuct cross� sectional areaÞlocal

" #1=2
< 1;

(37)

Reynolds numberð Þx

¼ Fluid densityð Þx velocityð Þx hydraulic diameter of the ductð Þx
Dynamic viscosityð Þx

:

(38)

Equations (32)–(37) are correlating multitudes of variables
causing internal flow choking leading to industrial pipeline defects.
In order to prohibit any type of flow choking11 (Sanal flow chok-
ing/streamtube flow choking) in industrial pipelines, all flow sys-
tems must maintain FPR lower than the lower critical flow choking
index (LCFI). Note that LCFI can be estimated from the lowest
value of the HCR of evolved gases in the industrial pipelines [see
Eq. (32)]. The upper critical flow choking index (UCFI) can be esti-
mated [see Eq. (33)] from the known values of specific heat of fluid
at constant pressure (Cp) and the specific heat of fluid at constant
volume (Cv). Equations (34) and (35) are two independent and
complementing physical situations for maintaining the unchoked
flow condition in the real-world flow system. Note that Eqs. (36)
and (37) are the corollary of Eq. (35), correlating with the multi-
tude of variables controlling the flow choking phenomenon. These
equations explain the role of the pipeline blockage, in terms of the
pipeline cross-sectional area and the fluid flow rate, along with the
other properties of fluid on the risk of flow choking. It is evident
from the closed-form analytical model [Eq. (36)] that a decrease in
fluid viscosity enhances the flow Reynolds number [see Eq. (38)],
which is subjected to the relative internal movement due to differ-
ent fluid velocities. The Reynolds number ðRe ¼ q u dh

l Þ is defined as
the ratio of inertial forces to viscous forces within a fluid. It
depends on the density of the fluid, q, the velocity, u, the hydraulic
diameter of the duct, dh, and the dynamic viscosity, l, of the fluid.
For flow in a pipe or tube, the Reynolds number at an axial location
x is generally estimated using the mean radial velocity of the fluid
at the axial location x. Note that an increase in Reynolds number
due to the individual or the combined effects of four parameters
identified in Eq. (38) creates high turbulence level causing an aug-
mented boundary layer blockage factor leading to an early undesir-
able flow choking. It implies that relatively high viscosity and low
viscosity are risk factors for internal flow choking in industrial
pipelines with divergent/bifurcation regions/valves. The risk could

FIG. 12. Proof of the concept of Sanal
flow choking condition satisfying the
real-world flow effect [solution curves of
Eqs. (30)].
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be negated by simultaneously reducing the fluid viscosity and flow
turbulence by rising thermal-tolerance-level in terms of HCR and/
or by decreasing the FPR through different design options.
Therefore, estimation of the 3D blockage factor and the average
friction coefficient are meaningful objectives for in silico code veri-
fication with credibility.

IV. IN SILICO METHODOLOGY

In silico results are generated using a validated flow solver.8,13–15

Herein, we presented the concept of Sanal flow choking1 and
streamtube-flow choking4,8 causing shock wave and detonation in the
wall-bounded and free-external flows. Once the streamlines com-
pressed, the significant pressure difference achieves within the

FIG. 13. (a)–(g). In silico manifestation of
Sanal flow choking and streamtube flow
choking phenomena in an internal flow
system with divergent port8 (correspond-
ing to Fig. 5). Multimedia view: https://
doi.org/10.1063/5.0086638.1
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streamtube and the flow becomes faster to the contracted site for meet-
ing the continuity condition set by the conservation law of nature. At
this physical situation in internal/external flow systems, when the
shape of the streamtube is similar to the convergent–divergent (CD)

duct, the phenomenon of the Sanal flow choking and supersonic flow
development occurs at a critical-total-to-static pressure ratio (CPR) in
yocto to yotta scale systems and beyond. Note that if the streamtube
shape in the reacting flow is like the off-designed CD-nozzle flow

FIG. 14. (a)–(l) In silico manifestation of choking and unchoking phenomena along with diminishing shock waves in an internal flow system with divergent port8 (corresponding
to Fig. 5). Multimedia view: https://doi.org/10.1063/5.0086638.2
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FIG. 14. (Continued.)
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passage, there are possibilities of the existence of the detonation any-
where in the divergent region of the streamtube. A series of such types
of streamtube flow choking creates multiple shock waves in real-world
flow systems capturing shock diamonds. Note that the exact value of

the critical pressure ratio for streamtube flow choking in any real-
world flow system is exclusively determined by the heat capacity ratio
of the working fluid. In the case of multispecies/composite fluid flow
systems, the condition for flow choking is governed by the dominant

FIG. 14. (Continued.)
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gas that possesses with the lowest heat capacity ratio. The occurrence
of the Sanal flow choking and streamtube flow choking are demon-
strated in classical fluid flow systems through the two-dimensional
(2D) and three-dimensional (3D) in silico simulations (see Figs. 13

(Multimedia view), 14 (Multimedia view), 15, 16 (Multimedia view),
17, and 18) using validated flow solvers.

Figures 13(a)–13(g) (Multimedia view) show the Sanal flow chok-
ing followed by streamtube compression and choking,8 in enlarged

FIG. 14. (Continued.)
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views, in an internal flow system with divergent port. Figures 14(a)–14(l)
show in silico manifestation of choking [see Fig. 14(e)–14(j)] and
unchoking [see Figs. 14(k) and 14(l)] phenomena at different time
steps along with the demonstration of diminishing shock waves

[see Figs. 14(f), 14(h), and 14(j)] in a simulated dual-thrust rocket with
large length-to-diameter ratio.

Figures 15(a) and 15(b) show in silicomanifestation of flow chok-
ing due to streamline compression on the upper surface of a stationary

FIG. 14. (Continued.)
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airfoil during the channel flow choking at ground effect.8 Figure 15(a)
shows total-to-static pressure ratio along the streamlines, and Fig.
15(b) shows the corresponding Mach number variations for establish-
ing the phenomenon of streamtube flow choking in external flows.

This is a remarkable finding for the design optimization of supercriti-
cal airfoils for numerous industrial applications. Figures 16(a)–16(g)
show in silico manifestation of multiple flow choking due to stream-
lines compression at moving airfoil in ground effect.8 Figure 17(a)

FIG. 14. (Continued.)
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shows the external flow choking of an airfoil (Boeing 737 root airfoil)
at the ground effect followed by shock wave generation due to the CD
nozzle-shaped streamline compression. The channel flow choking is
also evident in this image. Figure 17(b) shows channel flow choking of
an airfoil (NACA 63-415) at ground effect followed by streamlines
compression and choking near to the ground. It is evident from Fig.
17(b) that when viscosity is relatively high, the streamlines compres-
sion and choking followed by the shock wave generation are evident at
the underneath of the airfoil. Figures 17(c)–17(e) show streamtube

compression and choking in a classical exit flow simulation of 2D CD
nozzle at different flow conditions, viz., cold flow, hot flow, and react-
ing flow. In silico simulation for reacting flow (methane/air) has been
carried out using a validated 2D, transient, double precision, pressure-
based, species, SST k–W turbulence model. Mixture Species are CH4,
O2, CO2, CO, H2O, and N2. Ideal-gas-mixing-law is invoked for the
methane–air mixture combination.

Figures 17(f)–17(h) show the physical model, grid system in the
computational domain, and the Mach number contour highlighting the

FIG. 15. (a) and (b). In silico manifestation
of flow choking due to streamline com-
pression on the upper surface of a station-
ary airfoil during the channel flow choking
at ground effect.8 (a) Total-to-static pres-
sure ratio along the streamlines. (b) Mach
number along the streamlines.
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streamtube compression in a classical exit flow simulation of 3D
CD nozzle. Figures 18(a)–18(d) show the 3D numerical simulation
demonstrating the phenomena of Sanal flow choking and stream-
tube flow choking in a classical internal fluid flow system [see Fig.
18(a)]. In silico simulations have been carried out using validated

3D, double precision, density-based implicit, and SST k-omega
turbulence model. Viscosity is modeled using Sutherland’s law.
During this transient unsteady condition, the specific heat ratio
was constant. Ideal gas is selected as the working fluid. Figure
18(d) corroborates the possibilities of the occurrence of 3D Sanal
flow choking followed by multiple streamtube flow choking in a
straight duct ends up with a divergent port like a dual-thrust solid
and/or hybrid rocket motor. Briefly, Figs. 13–18 reaffirmed that
the Sanal flow choking and/or the streamtube flow choking can
happen in internal and free external flows at a critical total-to-
static pressure ratio.

Recently, Kumar et al.1,4,25 demonstrated the possibilities of the
occurrence of detonation in dual-thrust chemical rockets due to the
Sanal flow choking. Now the basic reason for DDT in the chemical
energy systems has come to the foreground. It is imperative to note
that over the centuries, there was a robust consciousness in scientific
communities that at the creeping inflow condition, DDT would not
happen in a duct with uniform port that ends up with a divergent sec-
tion. This article could truly negate this erroneous concept on DDT
through a closed-form analytical model and in silico results. Briefly, a
truly prevalent research question on DDT spinning world-wide over
the centuries has been resolved with a cogent answer in this article. In
brevity, the answer is that the creeping or low subsonic flow (contin-
uum or non-continuum) gets accelerated to supersonic flow in a uni-
form duct that ends up with a divergent region due to the Sanal flow
choking.1,4 It leads to shock wave generation or detonation as may be
the case. Note that at this physical situation, multiple shock waves
(normal and/or oblique) or shock diamonds can occur due to stream-
tube compression and flow choking [see Figs. 14(a)–14(l)]. Note that
Sanal flow choking and streamtube flow choking phenomena pre-
sented herein are new theoretical concepts applicable to real-world
flows.

Panchal and Menon195 investigated Sanal flow choking due to
the stream-tubes forming a shape similar to a converging–diverg-
ing (CD) duct as in a rocket motor configuration.64 Compressible
Navier–Stokes equations are solved using a high-fidelity multi-
physics solver, LESLIE <http://www.ccl.gatech.edu/leslie>, which
is a well-established multiblock, structured code used in the past
for large eddy (LES) and direct numerical simulation (DNS) of a
variety of reacting/non-reacting configuration.191,192 A thermally
perfect gas (TPG) assumption is used for modeling the equation of
state and the viscosity is modeled using Sutherland’s law. A for-
mally second-order predictor–corrector scheme is used for time
integration, and the spatial fluxes are computed using a formally
third-order Monotonic Upstream-Centered Scheme for
Conservation Laws (MUSCL).192 A subsonic constant-mass inflow
is used with Navier–Stokes Characteristic Boundary Condition
(NSCBC) formulation.193 Air is injected at the inflow with its
mass-flow corresponding to a Mach number (M) of 0.55 (if the
pressure is at 1 atm) and a temperature of 300 K. The pressure of
the system is maintained at 1 atm via a sponge outflow.194 The
walls are adiabatic, no-slip. Panchal and Menon195 reported the
boundary layer growth within the tube with l/d¼ 40 forms a con-
verging stream-tube, and the flow chokes when it exits into the
geometrically diverging duct like a dual-thrust solid rocket motor
configuration.64 Even though the results are non-reacting and 2D,
they do show effects of Sanal flow choking.195

FIG. 16. (a)–(g) In silico manifestation of multiple flow choking due to streamlines
compression at moving airfoil in ground effect.8 Multimedia views: https://doi.org/
10.1063/5.0086638.3; https://doi.org/10.1063/5.0086638.4
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A. Estimation of the blockage factor from
the in silico results

Traditionally, in the theory of boundary layers, all the inves-
tigators world-wide cited extensively the blockage factor in the
integral methods for 2D cases as a tool for numerous applications,

as its description is very clear and crisp (see the following
equation):18

dx ¼
ðdi=2
0

1� qxðyÞuxðyÞ
q1U1

� �
dy: (39)

FIG. 17. (a)–(h) In silico manifestation of streamtube compression and flow choking in various systems. (a) Demonstration of external flow choking due to streamlines com-
pression. (b) Demonstration of the occurrence of streamlines compression and choking in regions where viscosity is relatively high. (c) Cold flow (300 K). (d) Hot flow (1000 K).
(e) Reacting flow (2D case). (f) Physical model (CD nozzle) with the external computational domain. (g) Grid system in the computational domain. (h) Demonstration of stream-
tube compression in hot flow in the free external domain of a 3D CD nozzle.
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FIG. 17. (Continued.)
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Note that the law of conservation of mass is invoked herein for
developing mathematical models [see Eqs. (40)–(42)] for the nearly
accurate estimation of the 3D BLB factor from the in silico results. The
following analytical expressions [Eqs. (40)–(42)] are recommended to
predict the 3D blockage factor from the in silico results, which are
developed based on the law of conservation of mass:

qxuxAx ¼
ðA
0

qxuxdA ¼
Xn
i¼1
ðquÞx;iAx;i: (40)

For a cylindrical duct case, Eq. (40) can be recast as Eq. (41) as
follows:

qxux
di
2
� dx

� �2

¼ 2
ðdi=2
0

qxuxrdr: (41)

For a 3D circular duct, Eq. (41) is solved for predicting the BLB factor
and obtained as the following equation:

dx ¼
di
2
� 2

ðdi=2
0

rqxðrÞuxðrÞdr

qxux

2
64

3
75
1=2

: (42)

Alternatively, the 3D BLB factor for a circular duct at the Sanal flow
choking condition can also be evaluated by solving the following
equation:1,27,99

dx
2 � didx þ 2

ðdi=2
0

1� qu
q1u1

� �
rdr ¼ 0: (43)

Figures 19(a) and 19(b) show the master curve, generated from
the closed-form analytical models, for in silico code verification. It
presents the analytical mapping of the non-dimensional blockage fac-
tor of the 2D and 3D adiabatic and diabatic fluid flow systems operat-
ing with different fluids having heat capacity ratio up to 5. The 3D
blockage factors presented in Table I (see the Appendix) and Fig. 19
for various gases are truly universal benchmark data, which are useful
for the CFD code verification, validation, and calibration with confi-
dence. It is evident from these benchmark data that the 3D blockage
factor for the diabatic flow is relatively higher than adiabatic flows.
While comparing with 2D cases,1 we have noticed that the 2D block-
age factor is relatively higher than the 3D blockage factor for both adi-
abatic and diabatic flow cases at the Sanal flow choking condition.
Note that the exact values of these data are useful input to the
CFD community for in silico code verification with credibility. The
outlook, advancement, and significance of the analytical methodology

FIG. 17. (Continued.)
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presented herein stem from the fact that the models reported herein
are fabulously unaffected with any errors due to discretization and
fully freed from empiricism for a credible decision making on various
high fidelity numerical simulations.100–126

V. RESULTS AND DISCUSSION

The pioneering works of Prandtl,127 Blasius,128 K�arm�an,129 and
Pohlhausen130 are generally considered as vital in boundary-layer
analysis. Although the foundational boundary-layer equations by
Prandtl (1904) was established a century before,130–140 closed-form
analytical methodology for the exact prediction of the 2D and 3D
boundary-layer displacement thickness for diabatic flows (flow
involves the transfer of heat) was not addressed until the theoretical
discovery of the Sanal flow choking phenomenon (2020).1 Recently,
Majdalani and Xuan141 revisited the K�arm�an–Pohlhausen (KP)
momentum-integral approach because it has received tremendous
academic interest and scope in the analysis of viscous and thermal
boundary layers. Despite its easiness, the KP approach stays to act a
key role in numerous articles that dedicate themselves to boundary-
layer theory. Having illustrated the closed-form analytical methodol-
ogy herein for predicting the 3D boundary layer blockage factor at the
Sanal flow choking condition in a wall-bounded problem, the fluid
dynamic researchers can now proceed further for the exact prediction

of the boundary layer blockage at the laminar–turbulent-transition
regions of adiabatic and diabatic flows through momentum-integral
approach or otherwise through a unique conservation law of nature.
As can be seen from the analytical models [see Eqs. (1) and (3)], this
task can be accomplished through the accurate estimation of the axial
Mach number at various locations where the laminar–turbulent-
transition persists. The prevailing theory of the Navier–Stokes equa-
tion offers the theoretical foundation for the advancement of turbu-
lence research. Nevertheless, Zhaoshun et al.142 and several others1–3

highlighted that it is difficult to make a conclusion on turbulence
research because of its broad band spectrum, different standpoints,
and varieties of industrial problems. Note that the Sanal flow choking
model provides the luxury to the scientific community for solving sev-
eral unresolved problems in boundary layer theory. It provides univer-
sal benchmark data for various applications irrespective of the
laminar/turbulence flow features in a wall-bounded compressible vis-
cous flow system.

Recently, the theoretical discovery of Sanal flow choking and
streamtube flow choking phenomena received significant attention in
aerospace and biomedical industries.1,4,197 Therefore, we have revisited
the analytical methodology herein, which was invoked for developing
the Sanal flow choking models for establishing its concept for various
applications in real-world flows. The closed-form analytical models

FIG. 18. (a)–(d) Demonstration of 3D Sanal flow choking in a cylindrical duct with divergent port. (a) Physical model. (b) Demonstration of Sanal flow choking in a 3D cylindrical
port followed by shock wave generation in the downstream region. (c) Demonstration of 3D Sanal flow choking and streamtube flow choking [enlarged view corresponding to
(b)] <https://youtu.be/GYN9WLnOrfE>. (d) Demonstration of the occurrence of the 3D Sanal flow choking and the variations of the streamline patterns during the flow devel-
opment in an internal flow system at different time steps <https://youtu.be/NyIMm4dcVNk> and <https://youtu.be/G1BuwdSXcU0>.
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capable to predict the 2D and the 3D boundary layer blockage factors
at the Sanal flow choking condition for adiabatic and diabatic flows
are presented herein for a case with the cylindrical port geometry.
Exact solutions of the boundary layer blockage factor and the average
friction coefficient of different cases at the Sanal flow choking condi-
tion are generated and reported herein as universal benchmark data.
The closed-form analytical solutions are generated for sixteen different
working fluids (viz., air, argon, butane, carbon dioxide, carbon monox-
ide, ethane, ethylene, helium, hydrogen, methane, neon, nitrogen,
octane, oxygen, propane, and steam) passing through different cylin-
drical ducts with different length-to-diameter ratio (see Tables I and
II). These data are useful for in silicomodel verification for solving the
real-world flow problems with confidence.

Understanding flow physics and chemistry, and the transport of
fluid from creeping inflow to the supersonic flow at the yocto to yotta

scale systems and beyond, is of notable significance for examining clas-
sical theories of the continuum and non-continuum fluid flows with
credibility.1,4 The biggest challenges in the CFD community for solv-
ing these types of problems with reliability are based on the authentic-
ity of the in silico model and the verification of its code of solution.
Admittedly, there are differences of opinion on the validity of the flow
simulation of nanoscale flows with the existing in silico methodology
using molecular dynamics (MD) simulations due to the spontaneous
thermal fluctuations.143–147 Recently, Zhao et al.145 highlighted that
the reliability of the conventional theories at the microscale and nano-
scale has been taken into question. Holland et al.146 stated that the
time dependent mass flow rate estimated using their enhanced in silico
simulation meets well with full molecular dynamics (MD) simulation.
Note that in real-world scientific experiments the robustness of in sil-
ico model needs to be verified to report the real flow characteristics in

FIG. 18. (Continued.)
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a non-trivial geometry at the nanoscale. Singh and Myong147 reported
that for enhanced modeling attempts, the combined effect of the prop-
erties of materials and geometry of the flowing medium must be con-
sidered. Briefly, closed-form analytical models presented herein are
capable to produce universal benchmark data to solve real-world flow
(the continuum/non-continuum) problems of any scale, as it con-
ceived the multitude of parameters influencing the critical pressure
ratio (CPR) and heat capacity ratio (HCR). Note that, as seen in the
analytical model [see Eq. (16)], CPR and HCR (c) are the apparent
determinants of Sanal flow choking and streamtube flow choking.
Therefore, the risk of flow choking in any real-world flow system can
be negated by decreasing the total-to-static pressure ratio and/or
increasing the heat capacity ratio of the fluid.

Physics of detonation, at the creeping inflow condition due to the
blockage factor persuaded flow choking, presented herein is a pointer
toward for predicting detonation in yocto to yotta scale systems and
beyond.148–163 In silico simulations of the streamtube flow choking in
free external flows indicate that the environmental explosion can occur
any time anywhere in the atmosphere at a critical pressure ratio once the
shape of the streamtube is similar to an off-designed convergent–diver-
gent nozzle. The streamtube flow choking is a radical theory in predicting
the deflagration to detonation transition in both internal and free

external flows. The in silico results generated and presented herein for
reacting and non-reacting flow cases for both internal and external flows
corroborated the physical situation of streamtube compression leading to
a choked flow condition. Note that the Sanal flow choking is vulnerable
to catastrophic failures of internal flow systems with sudden expansion/
divergent port. It leads to the cavitation, shock wave, and detonation as
may be the case. At the lower critical detonation index (LCDI), the criti-
cal pressure ratio of the chemical energy system is a unique function of
the lowest heat capacity ratio (HCR) of the gas in the duct.

In the case of dual-thrust rockets, the boundary layer growth
within the upstream port forms a converging–diverging duct shape,
and the flow chokes when it exits into the geometrically diverging duct
at a critical pressure ratio. This choking is not able to hold continu-
ously due to unsteadiness in the flow, and pressure waves are created
at the throat (i.e., boundary layer blockage persuaded fluid-throat) that
travel upstream when it unchokes (an identical physical situation
reported by Panchal and Menon195). Even when the throat is
unchoked, several M>1 pockets are found downstream of the diverg-
ing duct as the stream-tube still compresses due to the corner recircu-
lation zones and oscillating shear layers.195 The flow at the diverging
throat chokes again as the boundary layers and the upstream flow-
field redevelop. This frequent choking/unchoking is continuously
observed for this configuration.64 This physical situation creates multi-
ple shock wave and pressure-overshoot. Note that frequent flow chok-
ing and pressure-overshoot create memory effects in the downstream
region of the dual-thrust solid propellant rocket motor creating high-
risk due to variations in viscoelastic properties. Note that shock wave
occurs only when the downstream region of the choked location is
divergent-shaped stream-tube. Also note that axial Mach number used
in the analytical model is based on an idealized physical situation of a
straight duct ending with a divergent port (i.e., no skewed velocity pro-
file–maximum velocity is at the axial region). It aims for in silicomodel
verification. It is important to note that the skewed velocity profiles
can be predicted by a validated fluid–structural interactive in silico
model calibrated and verified at the Sanal flow choking condition,
which is beyond the scope of this article.

In this article, the possible episode of Sanal flow choking and
shock wave generation in a duct with the divergent/ bifurcation region
is demonstrated through in silico methods. In silico results presented
herein demonstrated the innovative concept of the fluid-throat
induced Sanal flow choking followed by streamtube flow choking in a
straight tube ending with a divergent port, like a dual-thrust rocket
motor. The Sanal flow choking for diabatic flows is a real-world flow
effect as it converges with Fanno and Rayleigh flow choking phenom-
ena at a single location, where the sonic-fluid-throat effect persists.
The risk of the undesirable Sanal flow choking and streamtube flow
choking could be annulled by breaking the boundary layer blockage
and/or increasing the HCR of the evolved gases in the duct for main-
taining the total-to-static pressure ratio always lower than the lower
critical detonation index in real-world flow systems. This article is a
robust elucidation to the industry for taking necessary measures to the
elimination of the undesirable shock wave and detonation in any sys-
tem with confidence.1,4,164–169

Using the benchmark data presented herein (see Vigneshwaran’s
tables24 of exact solutions in the Appendix: Tables I and II), a detonation
free energy system could be developed decisively by controlling the
inflow condition, selecting the desirable fluid viscosity, the heat capacity

FIG. 19. (a) and (b) Master curves: Analytical mapping of the 2D and 3D non-
dimensional blockage factor and the corresponding inlet Mach number and critical
pressure ratio for choking at different heat capacity ratio for both adiabatic and dia-
batic cases.1 (a) 2D case. (b) 3D case.
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ratio, the total-to-static pressure ratio, and the average wall-friction coef-
ficient and/or the length-to-diameter ratio of the internal fluid flow sys-
tem.170 Vicky Graphs presented in the Appendix [see Figs. 20(a)–20(p)]
show the relation between average friction coefficient and the inlet
Mach number for achieving the Sanal flow choking condition in an
internal flow system operating with 16 different working fluids [solution
curve of Eq. (26)]. Note that the selection of the length-to-diameter ratio
of a detonation free system is based on the average wall-friction coeffi-
cient or vice versa. It aims for achieving the unchoked flow condition,
(Ptotal/Pstatic)fluid-throat < LCDI, for prohibiting the undesirable shock
wave/detonation in any internal fluid flow system. In other words, in
brevity, we can reduce the risk of DDT by increasing the heat capacity
ratio and/or by decreasing the total-to-static pressure ratio of real-world
flows. In a nutshell, this article brightens light on discovering the likeli-
hoods of the undesirable Sanal flow choking and streamtube flow chok-
ing in the real-world flow systems for invoking tangible preventive
strategies of flow choking.1,4,8,13,28,59,60

This study established that the exact solutions of the blockage fac-
tors generated at the sonic-fluid-throat of internal flow systems can be
taken as universal benchmark data for CFD code verifications. We
have demonstrated that the exact values of blockage factors predicted
for both 2D and 3D cases at the Sanal flow choking conditions for
various gases are useful for high fidelity in silico simulation. We com-
prehended that any flow solver with fluid structural interactive (FSI)-
model verified and calibrated at the conditions prescribed by the Sanal
flow choking could predict exactly the existence of an internal flow
choking due to multitude of parameters governing critical pressure
ratio and heat capacity ratio. Invoking the thermoviscoelastic

properties of materials and the rheology of fluid in the FSI model
enhance the predictive capability of the flow solver for solving various
fluid dynamics problems of topical interest. Note that an accurate esti-
mation of the local viscosity of any fluid is a challenging task.

Briefly, this article throws light on predicting deflagration to det-
onation transition. Furthermore, the closed-form analytical model
developed at the Sanal flow choking for the diabatic flow is an innova-
tion for the design optimization of high-performance dual-thrust solid
and hybrid rockets. Having known the exact value of the 3D boundary
layer blockage factor, the chemical rocket motor designer could opti-
mize the port geometry of the high-velocity transient (HVT) motors
with the highest possible propellant loading density with the allied
igniter, without inviting DDT and without any costly empirical design
technique or in silico simulation. This is a remarkable finding in aero-
space industries for the lucrative design optimization of high-velocity
transient motors, within the given envelope, for the single stage to
orbit (SSTO) vehicles.

VI. CONCLUDING REMARKS

According to the laws of thermodynamics, all fluids in nature are
compressible and viscous. Therefore, the boundary layer blockage fac-
tor and the average friction coefficient at the Sanal flow choking condi-
tion for different working fluids presented in this article can be taken
as universal benchmark data for in silico studies with confidence.
Physics of sonic-fluid-throat discussed in this article is not purely an
engineering theme of the contest, rather this comprehensive study
begins to divulge the key to get the solution of real-world flow prob-
lems of contemporary interest. The flow choking phenomenon

TABLE I. Vigneshwaran’s table of blockage factors.

Analytical prediction of the non-dimensional blockage factors for 2D and 3D cases at the Sanal flow choking conditions for adiabatic and
diabatic flows

S. No Type of gas c

Adiabatic flow condition Diabatic flow condition

P0
P�Mi

2D case
2d�x
di

� �
3D case

2d�x
di

� �
Mi

2D case
2d�x
di

� �
3D case

2d�x
di

� �

1 Air 1.400 0.561 29 0.192 54 0.101 41 0.437 42 0.324 67 0.178 21 1.89 29
2 Argon(Ar) 1.667 0.537 22 0.205 20 0.108 49 0.423 57 0.329 56 0.181 20 2.0530
3 Butane (C4H10) 1.091 0.595 00 0.174 35 0.091 35 0.455 67 0.318 06 0.174 20 1.7048
4 Carbon dioxide (CO2) 1.289 0.572 56 0.186 52 0.098 07 0.443 68 0.322 42 0.176 85 1.8257
5 Carbon monoxide (CO) 1.400 0.561 29 0.192 54 0.101 41 0.437 42 0.324 67 0.178 21 1.8929
6 Ethane (C2H6) 1.186 0.583 82 0.180 44 0.094 70 0.449 77 0.320 21 0.175 51 1.7630
7 Ethylene (C2H4) 1.237 0.578 14 0.183 51 0.096 40 0.446 72 0.321 32 0.176 18 1.7941
8 Helium (He) 1.667 0.537 22 0.205 20 0.108 49 0.423 57 0.329 56 0.181 20 2.0530
9 Hydrogen (H2) 1.405 0.560 80 0.192 80 0.101 56 0.437 15 0.324 76 0.178 27 1.8959
10 Methane (CH4) 1.299 0.571 51 0.187 08 0.098 38 0.443 10 0.322 63 0.176 98 1.8318
11 Neon (Ne) 1.667 0.537 22 0.205 20 0.108 49 0.423 57 0.329 56 0.181 20 2.0530
12 Nitrogen (N2) 1.400 0.561 29 0.192 54 0.101 41 0.437 42 0.324 67 0.178 21 1.8929
13 Octane (C8H18) 1.044 0.600 85 0.171 14 0.089 58 0.458 69 0.316 95 0.173 53 1.6759
14 Oxygen (O2) 1.395 0.561 78 0.192 28 0.101 27 0.437 70 0.324 57 0.178 15 1.8899
15 Propane (C3H8) 1.126 0.590 78 0.176 65 0.092 61 0.453 47 0.318 87 0.174 69 1.7263
16 Steam (H2O) 1.327 0.568 61 0.188 64 0.099 24 0.441 50 0.323 21 0.177 33 1.8488
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TABLE II. Vigneshwaran’s table of average friction coefficient.

c ¼ 1.4 (Air)

Inlet Mach
number (Mi)

Average friction coefficient fð Þ

L�/di ¼ 1 L�/di ¼ 10 L�/di ¼ 25 L�/di ¼ 50 L�/di ¼ 102 L�/di ¼ 200 L�/di ¼ 500 L�/di ¼ 103

0.01 1783.6011 178.3601 71.3440 35.6720 17.8360 8.9180 3.5672 1.7836

0.04 110.0881 11.0088 4.4035 2.2018 1.1009 0.5504 0.2202 0.1101

0.08 26.6796 2.6680 1.0672 0.5336 0.2668 0.1334 0.0534 0.0267

0.12 11.3520 1.1352 0.4541 0.2270 0.1135 0.0568 0.0227 0.0114

0.16 6.0495 0.6049 0.2420 0.1210 0.0605 0.0302 0.0121 0.0060

0.2 3.6333 0.3633 0.1453 0.0727 0.0363 0.0182 0.0073 0.0036

0.24 2.3466 0.2347 0.0939 0.0469 0.0235 0.0117 0.0047 0.0023

0.28 1.5893 0.1589 0.0636 0.0318 0.0159 0.0079 0.0032 0.0016

0.32 1.1117 0.1112 0.0445 0.0222 0.0111 0.0056 0.0022 0.0011

0.36 0.7950 0.0795 0.0318 0.0159 0.0080 0.0040 0.0016 0.0008

0.4 0.5771 0.0577 0.0231 0.0115 0.0058 0.0029 0.0012 0.0006

0.44 0.4229 0.0423 0.0169 0.0085 0.0042 0.0021 0.0008 0.0004

0.48 0.3113 0.0311 0.0125 0.0062 0.0031 0.0016 0.0006 0.0003

0.52 0.2294 0.0229 0.0092 0.0046 0.0023 0.0011 0.0005 0.0002

0.56 0.1684 0.0168 0.0067 0.0034 0.0017 0.0008 0.0003 0.0002

0.6 0.1227 0.0123 0.0049 0.0025 0.0012 0.0006 0.0002 0.0001

0.64 0.0883 0.0088 0.0035 0.0018 0.0009 0.0004 0.0002 0.0001

0.68 0.0624 0.0062 0.0025 0.0012 0.0006 0.0003 0.0001 0.0001

0.72 0.0430 0.0043 0.0017 0.0009 0.0004 0.0002 0.0001 0.0000

0.76 0.0286 0.0029 0.0011 0.0006 0.0003 0.0001 0.0001 0.0000

0.8 0.0181 0.0018 0.0007 0.0004 0.0002 0.0001 0.0000 0.0000

0.84 0.0106 0.0011 0.0004 0.0002 0.0001 0.0001 0.0000 0.0000

0.88 0.0054 0.0005 0.0002 0.0001 0.0001 0.0000 0.0000 0.0000

0.92 0.0022 0.0002 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000

0.96 0.0005 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

1 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

c ¼ 1.667 (Argon)

Inlet Mach
number (Mi)

Average friction coefficient fð Þ

L�/di ¼ 1 L�/di ¼ 10 L�/di ¼ 25 L�/di ¼ 50 L�/di ¼ 102 L�/di ¼ 200 L�/di ¼ 500 L�/di ¼ 103

0.01 1497.7657 149.7766 59.9106 29.9553 14.9777 7.4888 2.9955 1.4978

0.04 92.3513 9.2351 3.6941 1.8470 0.9235 0.4618 0.1847 0.0924

0.08 22.3298 2.2330 0.8932 0.4466 0.2233 0.1116 0.0447 0.0223

0.12 9.4732 0.9473 0.3789 0.1895 0.0947 0.0474 0.0189 0.0095

0.16 5.0311 0.5031 0.2012 0.1006 0.0503 0.0252 0.0101 0.0050

0.2 3.0105 0.3010 0.1204 0.0602 0.0301 0.0151 0.0060 0.0030

0.24 1.9366 0.1937 0.0775 0.0387 0.0194 0.0097 0.0039 0.0019

0.28 1.3062 0.1306 0.0522 0.0261 0.0131 0.0065 0.0026 0.0013

0.32 0.9097 0.0910 0.0364 0.0182 0.0091 0.0045 0.0018 0.0009

0.36 0.6477 0.0648 0.0259 0.0130 0.0065 0.0032 0.0013 0.0006

0.4 0.4680 0.0468 0.0187 0.0094 0.0047 0.0023 0.0009 0.0005
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TABLE II. (Continued.)

c ¼ 1.667 (Argon)

Inlet Mach
number (Mi)

Average friction coefficient fð Þ

L�/di ¼ 1 L�/di ¼ 10 L�/di ¼ 25 L�/di ¼ 50 L�/di ¼ 102 L�/di ¼ 200 L�/di ¼ 500 L�/di ¼ 103

0.44 0.3413 0.0341 0.0137 0.0068 0.0034 0.0017 0.0007 0.0003

0.48 0.2501 0.0250 0.0100 0.0050 0.0025 0.0013 0.0005 0.0003

0.52 0.1834 0.0183 0.0073 0.0037 0.0018 0.0009 0.0004 0.0002

0.56 0.1340 0.0134 0.0054 0.0027 0.0013 0.0007 0.0003 0.0001

0.6 0.0972 0.0097 0.0039 0.0019 0.0010 0.0005 0.0002 0.0001

0.64 0.0696 0.0070 0.0028 0.0014 0.0007 0.0003 0.0001 0.0001

0.68 0.0490 0.0049 0.0020 0.0010 0.0005 0.0002 0.0001 0.0000

0.72 0.0336 0.0034 0.0013 0.0007 0.0003 0.0002 0.0001 0.0000

0.76 0.0222 0.0022 0.0009 0.0004 0.0002 0.0001 0.0000 0.0000

0.8 0.0140 0.0014 0.0006 0.0003 0.0001 0.0001 0.0000 0.0000

0.84 0.0081 0.0008 0.0003 0.0002 0.0001 0.0000 0.0000 0.0000

0.88 0.0042 0.0004 0.0002 0.0001 0.0000 0.0000 0.0000 0.0000

0.92 0.0017 0.0002 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000

0.96 0.0004 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

1 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

c ¼ 1.091 (Butane)

Inlet Mach
number (Mi)

Average friction coefficient f
� �

L�/di ¼ 1 L�/di ¼ 10 L�/di ¼ 25 L�/di ¼ 50 L�/di ¼ 102 L�/di ¼ 200 L�/di ¼ 500 L�/di ¼ 103

0.01 2289.0507 228.9051 91.5620 45.7810 22.8905 11.4453 4.5781 2.2891

0.04 141.4564 14.1456 5.6583 2.8291 1.4146 0.7073 0.2829 0.1415

0.08 34.3756 3.4376 1.3750 0.6875 0.3438 0.1719 0.0688 0.0344

0.12 14.6785 1.4678 0.5871 0.2936 0.1468 0.0734 0.0294 0.0147

0.16 7.8542 0.7854 0.3142 0.1571 0.0785 0.0393 0.0157 0.0079

0.2 4.7386 0.4739 0.1895 0.0948 0.0474 0.0237 0.0095 0.0047

0.24 3.0753 0.3075 0.1230 0.0615 0.0308 0.0154 0.0062 0.0031

0.28 2.0935 0.2094 0.0837 0.0419 0.0209 0.0105 0.0042 0.0021

0.32 1.4722 0.1472 0.0589 0.0294 0.0147 0.0074 0.0029 0.0015

0.36 1.0587 0.1059 0.0423 0.0212 0.0106 0.0053 0.0021 0.0011

0.4 0.7729 0.0773 0.0309 0.0155 0.0077 0.0039 0.0015 0.0008

0.44 0.5697 0.0570 0.0228 0.0114 0.0057 0.0028 0.0011 0.0006

0.48 0.4219 0.0422 0.0169 0.0084 0.0042 0.0021 0.0008 0.0004

0.52 0.3127 0.0313 0.0125 0.0063 0.0031 0.0016 0.0006 0.0003

0.56 0.2310 0.0231 0.0092 0.0046 0.0023 0.0012 0.0005 0.0002

0.6 0.1694 0.0169 0.0068 0.0034 0.0017 0.0008 0.0003 0.0002

0.64 0.1227 0.0123 0.0049 0.0025 0.0012 0.0006 0.0002 0.0001

0.68 0.0873 0.0087 0.0035 0.0017 0.0009 0.0004 0.0002 0.0001

0.72 0.0606 0.0061 0.0024 0.0012 0.0006 0.0003 0.0001 0.0001

0.76 0.0405 0.0041 0.0016 0.0008 0.0004 0.0002 0.0001 0.0000

0.8 0.0258 0.0026 0.0010 0.0005 0.0003 0.0001 0.0001 0.0000

0.84 0.0152 0.0015 0.0006 0.0003 0.0002 0.0001 0.0000 0.0000
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TABLE II. (Continued.)

c ¼ 1.091 (Butane)

Inlet Mach
number (Mi)

Average friction coefficient f
� �

L�/di ¼ 1 L�/di ¼ 10 L�/di ¼ 25 L�/di ¼ 50 L�/di ¼ 102 L�/di ¼ 200 L�/di ¼ 500 L�/di ¼ 103

0.88 0.0079 0.0008 0.0003 0.0002 0.0001 0.0000 0.0000 0.0000

0.92 0.0032 0.0003 0.0001 0.0001 0.0000 0.0000 0.0000 0.0000

0.96 0.0008 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

1 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

c ¼ 1.289 (Carbon dioxide)

Inlet Mach
number (Mi)

Average friction coefficient fð Þ

L�/di ¼ 1 L�/di ¼ 10 L�/di ¼ 25 L�/di ¼ 50 L�/di ¼ 102 L�/di ¼ 200 L�/di ¼ 500 L�/di ¼ 103

0.01 1937.2795 193.7280 77.4912 38.7456 19.3728 9.6864 3.8746 1.9373

0.04 119.6249 11.9625 4.7850 2.3925 1.1962 0.5981 0.2392 0.1196

0.08 29.0190 2.9019 1.1608 0.5804 0.2902 0.1451 0.0580 0.0290

0.12 12.3629 1.2363 0.4945 0.2473 0.1236 0.0618 0.0247 0.0124

0.16 6.5977 0.6598 0.2639 0.1320 0.0660 0.0330 0.0132 0.0066

0.2 3.9689 0.3969 0.1588 0.0794 0.0397 0.0198 0.0079 0.0040

0.24 2.5678 0.2568 0.1027 0.0514 0.0257 0.0128 0.0051 0.0026

0.28 1.7422 0.1742 0.0697 0.0348 0.0174 0.0087 0.0035 0.0017

0.32 1.2209 0.1221 0.0488 0.0244 0.0122 0.0061 0.0024 0.0012

0.36 0.8748 0.0875 0.0350 0.0175 0.0087 0.0044 0.0017 0.0009

0.4 0.6363 0.0636 0.0255 0.0127 0.0064 0.0032 0.0013 0.0006

0.44 0.4672 0.0467 0.0187 0.0093 0.0047 0.0023 0.0009 0.0005

0.48 0.3447 0.0345 0.0138 0.0069 0.0034 0.0017 0.0007 0.0003

0.52 0.2545 0.0254 0.0102 0.0051 0.0025 0.0013 0.0005 0.0003

0.56 0.1872 0.0187 0.0075 0.0037 0.0019 0.0009 0.0004 0.0002

0.6 0.1367 0.0137 0.0055 0.0027 0.0014 0.0007 0.0003 0.0001

0.64 0.0986 0.0099 0.0039 0.0020 0.0010 0.0005 0.0002 0.0001

0.68 0.0699 0.0070 0.0028 0.0014 0.0007 0.0003 0.0001 0.0001

0.72 0.0483 0.0048 0.0019 0.0010 0.0005 0.0002 0.0001 0.0000

0.76 0.0322 0.0032 0.0013 0.0006 0.0003 0.0002 0.0001 0.0000

0.8 0.0204 0.0020 0.0008 0.0004 0.0002 0.0001 0.0000 0.0000

0.84 0.0119 0.0012 0.0005 0.0002 0.0001 0.0001 0.0000 0.0000

0.88 0.0062 0.0006 0.0002 0.0001 0.0001 0.0000 0.0000 0.0000

0.92 0.0025 0.0003 0.0001 0.0001 0.0000 0.0000 0.0000 0.0000

0.96 0.0006 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

1 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

c ¼ 1.4 (Carbon monoxide)

Inlet Mach
number (Mi)

Average friction coefficient fð Þ

L�/di ¼ 1 L�/di ¼ 10 L�/di ¼ 25 L�/di ¼ 50 L�/di ¼ 102 L�/di ¼ 200 L�/di ¼ 500 L�/di ¼ 103

0.01 1783.6011 178.3601 71.3440 35.6720 17.8360 8.9180 3.5672 1.7836

0.04 110.0881 11.0088 4.4035 2.2018 1.1009 0.5504 0.2202 0.1101
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TABLE II. (Continued.)

c ¼ 1.4 (Carbon monoxide)

Inlet Mach
number (Mi)

Average friction coefficient fð Þ

L�/di ¼ 1 L�/di ¼ 10 L�/di ¼ 25 L�/di ¼ 50 L�/di ¼ 102 L�/di ¼ 200 L�/di ¼ 500 L�/di ¼ 103

0.08 26.6796 2.6680 1.0672 0.5336 0.2668 0.1334 0.0534 0.0267

0.12 11.3520 1.1352 0.4541 0.2270 0.1135 0.0568 0.0227 0.0114

0.16 6.0495 0.6049 0.2420 0.1210 0.0605 0.0302 0.0121 0.0060

0.2 3.6333 0.3633 0.1453 0.0727 0.0363 0.0182 0.0073 0.0036

0.24 2.3466 0.2347 0.0939 0.0469 0.0235 0.0117 0.0047 0.0023

0.28 1.5893 0.1589 0.0636 0.0318 0.0159 0.0079 0.0032 0.0016

0.32 1.1117 0.1112 0.0445 0.0222 0.0111 0.0056 0.0022 0.0011

0.36 0.7950 0.0795 0.0318 0.0159 0.0080 0.0040 0.0016 0.0008

0.4 0.5771 0.0577 0.0231 0.0115 0.0058 0.0029 0.0012 0.0006

0.44 0.4229 0.0423 0.0169 0.0085 0.0042 0.0021 0.0008 0.0004

0.48 0.3113 0.0311 0.0125 0.0062 0.0031 0.0016 0.0006 0.0003

0.52 0.2294 0.0229 0.0092 0.0046 0.0023 0.0011 0.0005 0.0002

0.56 0.1684 0.0168 0.0067 0.0034 0.0017 0.0008 0.0003 0.0002

0.6 0.1227 0.0123 0.0049 0.0025 0.0012 0.0006 0.0002 0.0001

0.64 0.0883 0.0088 0.0035 0.0018 0.0009 0.0004 0.0002 0.0001

0.68 0.0624 0.0062 0.0025 0.0012 0.0006 0.0003 0.0001 0.0001

0.72 0.0430 0.0043 0.0017 0.0009 0.0004 0.0002 0.0001 0.0000

0.76 0.0286 0.0029 0.0011 0.0006 0.0003 0.0001 0.0001 0.0000

0.8 0.0181 0.0018 0.0007 0.0004 0.0002 0.0001 0.0000 0.0000

0.84 0.0106 0.0011 0.0004 0.0002 0.0001 0.0001 0.0000 0.0000

0.88 0.0054 0.0005 0.0002 0.0001 0.0001 0.0000 0.0000 0.0000

0.92 0.0022 0.0002 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000

0.96 0.0005 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

1 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

c ¼ 1.186 (Ethane)

Inlet Mach
number (Mi)

Average friction coefficient fð Þ

L�/di ¼ 1 L�/di ¼ 10 L�/di ¼ 25 L�/di ¼ 50 L�/di ¼ 102 L�/di ¼ 200 L�/di ¼ 500 L�/di ¼ 103

0.01 2105.6135 210.5613 84.2245 42.1123 21.0561 10.5281 4.2112 2.1056

0.04 130.0718 13.0072 5.2029 2.6014 1.3007 0.6504 0.2601 0.1301

0.08 31.5821 3.1582 1.2633 0.6316 0.3158 0.1579 0.0632 0.0316

0.12 13.4708 1.3471 0.5388 0.2694 0.1347 0.0674 0.0269 0.0135

0.16 7.1988 0.7199 0.2880 0.1440 0.0720 0.0360 0.0144 0.0072

0.2 4.3370 0.4337 0.1735 0.0867 0.0434 0.0217 0.0087 0.0043

0.24 2.8105 0.2810 0.1124 0.0562 0.0281 0.0141 0.0056 0.0028

0.28 1.9101 0.1910 0.0764 0.0382 0.0191 0.0096 0.0038 0.0019

0.32 1.3410 0.1341 0.0536 0.0268 0.0134 0.0067 0.0027 0.0013

0.36 0.9627 0.0963 0.0385 0.0193 0.0096 0.0048 0.0019 0.0010

0.4 0.7015 0.0702 0.0281 0.0140 0.0070 0.0035 0.0014 0.0007

0.44 0.5161 0.0516 0.0206 0.0103 0.0052 0.0026 0.0010 0.0005

0.48 0.3815 0.0382 0.0153 0.0076 0.0038 0.0019 0.0008 0.0004
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TABLE II. (Continued.)

c ¼ 1.186 (Ethane)

Inlet Mach
number (Mi)

Average friction coefficient fð Þ

L�/di ¼ 1 L�/di ¼ 10 L�/di ¼ 25 L�/di ¼ 50 L�/di ¼ 102 L�/di ¼ 200 L�/di ¼ 500 L�/di ¼ 103

0.52 0.2822 0.0282 0.0113 0.0056 0.0028 0.0014 0.0006 0.0003

0.56 0.2081 0.0208 0.0083 0.0042 0.0021 0.0010 0.0004 0.0002

0.6 0.1523 0.0152 0.0061 0.0030 0.0015 0.0008 0.0003 0.0002

0.64 0.1101 0.0110 0.0044 0.0022 0.0011 0.0006 0.0002 0.0001

0.68 0.0782 0.0078 0.0031 0.0016 0.0008 0.0004 0.0002 0.0001

0.72 0.0541 0.0054 0.0022 0.0011 0.0005 0.0003 0.0001 0.0001

0.76 0.0361 0.0036 0.0014 0.0007 0.0004 0.0002 0.0001 0.0000

0.8 0.0229 0.0023 0.0009 0.0005 0.0002 0.0001 0.0000 0.0000

0.84 0.0135 0.0013 0.0005 0.0003 0.0001 0.0001 0.0000 0.0000

0.88 0.0070 0.0007 0.0003 0.0001 0.0001 0.0000 0.0000 0.0000

0.92 0.0029 0.0003 0.0001 0.0001 0.0000 0.0000 0.0000 0.0000

0.96 0.0007 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

1 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

c ¼ 1.237 (Ethylene)

Inlet Mach
number (Mi)

Average friction coefficient fð Þ

L�/di ¼ 1 L�/di ¼ 10 L�/di ¼ 25 L�/di ¼ 50 L�/di ¼ 102 L�/di ¼ 200 L�/di ¼ 500 L�/di ¼ 103

0.01 2018.7598 201.8760 80.7504 40.3752 20.1876 10.0938 4.0375 2.0188

0.04 124.6816 12.4682 4.9873 2.4936 1.2468 0.6234 0.2494 0.1247

0.08 30.2596 3.0260 1.2104 0.6052 0.3026 0.1513 0.0605 0.0303

0.12 12.8991 1.2899 0.5160 0.2580 0.1290 0.0645 0.0258 0.0129

0.16 6.8886 0.6889 0.2755 0.1378 0.0689 0.0344 0.0138 0.0069

0.2 4.1471 0.4147 0.1659 0.0829 0.0415 0.0207 0.0083 0.0041

0.24 2.6852 0.2685 0.1074 0.0537 0.0269 0.0134 0.0054 0.0027

0.28 1.8234 0.1823 0.0729 0.0365 0.0182 0.0091 0.0036 0.0018

0.32 1.2790 0.1279 0.0512 0.0256 0.0128 0.0064 0.0026 0.0013

0.36 0.9173 0.0917 0.0367 0.0183 0.0092 0.0046 0.0018 0.0009

0.4 0.6678 0.0668 0.0267 0.0134 0.0067 0.0033 0.0013 0.0007

0.44 0.4908 0.0491 0.0196 0.0098 0.0049 0.0025 0.0010 0.0005

0.48 0.3625 0.0362 0.0145 0.0072 0.0036 0.0018 0.0007 0.0004

0.52 0.2679 0.0268 0.0107 0.0054 0.0027 0.0013 0.0005 0.0003

0.56 0.1973 0.0197 0.0079 0.0039 0.0020 0.0010 0.0004 0.0002

0.6 0.1442 0.0144 0.0058 0.0029 0.0014 0.0007 0.0003 0.0001

0.64 0.1041 0.0104 0.0042 0.0021 0.0010 0.0005 0.0002 0.0001

0.68 0.0739 0.0074 0.0030 0.0015 0.0007 0.0004 0.0001 0.0001

0.72 0.0511 0.0051 0.0020 0.0010 0.0005 0.0003 0.0001 0.0001

0.76 0.0341 0.0034 0.0014 0.0007 0.0003 0.0002 0.0001 0.0000

0.8 0.0216 0.0022 0.0009 0.0004 0.0002 0.0001 0.0000 0.0000

0.84 0.0127 0.0013 0.0005 0.0003 0.0001 0.0001 0.0000 0.0000

0.88 0.0066 0.0007 0.0003 0.0001 0.0001 0.0000 0.0000 0.0000

0.92 0.0027 0.0003 0.0001 0.0001 0.0000 0.0000 0.0000 0.0000
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TABLE II. (Continued.)

c ¼ 1.237 (Ethylene)

Inlet Mach
number (Mi)

Average friction coefficient fð Þ

L�/di ¼ 1 L�/di ¼ 10 L�/di ¼ 25 L�/di ¼ 50 L�/di ¼ 102 L�/di ¼ 200 L�/di ¼ 500 L�/di ¼ 103

0.96 0.0006 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

1 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

c ¼ 1.667 (Helium)

Inlet Mach
number (Mi)

Average friction coefficient fð Þ

L�/di ¼ 1 L�/di ¼ 10 L�/di ¼ 25 L�/di ¼ 50 L�/di ¼ 102 L�/di ¼ 200 L�/di ¼ 500 L�/di ¼ 103

0.01 1497.7657 149.7766 59.9106 29.9553 14.9777 7.4888 2.9955 1.4978

0.04 92.3513 9.2351 3.6941 1.8470 0.9235 0.4618 0.1847 0.0924

0.08 22.3298 2.2330 0.8932 0.4466 0.2233 0.1116 0.0447 0.0223

0.12 9.4732 0.9473 0.3789 0.1895 0.0947 0.0474 0.0189 0.0095

0.16 5.0311 0.5031 0.2012 0.1006 0.0503 0.0252 0.0101 0.0050

0.2 3.0105 0.3010 0.1204 0.0602 0.0301 0.0151 0.0060 0.0030

0.24 1.9366 0.1937 0.0775 0.0387 0.0194 0.0097 0.0039 0.0019

0.28 1.3062 0.1306 0.0522 0.0261 0.0131 0.0065 0.0026 0.0013

0.32 0.9097 0.0910 0.0364 0.0182 0.0091 0.0045 0.0018 0.0009

0.36 0.6477 0.0648 0.0259 0.0130 0.0065 0.0032 0.0013 0.0006

0.4 0.4680 0.0468 0.0187 0.0094 0.0047 0.0023 0.0009 0.0005

0.44 0.3413 0.0341 0.0137 0.0068 0.0034 0.0017 0.0007 0.0003

0.48 0.2501 0.0250 0.0100 0.0050 0.0025 0.0013 0.0005 0.0003

0.52 0.1834 0.0183 0.0073 0.0037 0.0018 0.0009 0.0004 0.0002

0.56 0.1340 0.0134 0.0054 0.0027 0.0013 0.0007 0.0003 0.0001

0.6 0.0972 0.0097 0.0039 0.0019 0.0010 0.0005 0.0002 0.0001

0.64 0.0696 0.0070 0.0028 0.0014 0.0007 0.0003 0.0001 0.0001

0.68 0.0490 0.0049 0.0020 0.0010 0.0005 0.0002 0.0001 0.0000

0.72 0.0336 0.0034 0.0013 0.0007 0.0003 0.0002 0.0001 0.0000

0.76 0.0222 0.0022 0.0009 0.0004 0.0002 0.0001 0.0000 0.0000

0.8 0.0140 0.0014 0.0006 0.0003 0.0001 0.0001 0.0000 0.0000

0.84 0.0081 0.0008 0.0003 0.0002 0.0001 0.0000 0.0000 0.0000

0.88 0.0042 0.0004 0.0002 0.0001 0.0000 0.0000 0.0000 0.0000

0.92 0.0017 0.0002 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000

0.96 0.0004 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

1 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

c ¼ 1.405 (Hydrogen)

Inlet Mach
number (Mi)

Average friction coefficient fð Þ

L�/di ¼ 1 L�/di ¼ 10 L�/di ¼ 25 L�/di ¼ 50 L�/di ¼ 102 L�/di ¼ 200 L�/di ¼ 500 L�/di ¼ 103

0.01 1777.2502 177.7250 71.0900 35.5450 17.7725 8.8863 3.5545 1.7773

0.04 109.6939 10.9694 4.3878 2.1939 1.0969 0.5485 0.2194 0.1097

0.08 26.5829 2.6583 1.0633 0.5317 0.2658 0.1329 0.0532 0.0266

0.12 11.3102 1.1310 0.4524 0.2262 0.1131 0.0566 0.0226 0.0113
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TABLE II. (Continued.)

c ¼ 1.405 (Hydrogen)

Inlet Mach
number (Mi)

Average friction coefficient fð Þ

L�/di ¼ 1 L�/di ¼ 10 L�/di ¼ 25 L�/di ¼ 50 L�/di ¼ 102 L�/di ¼ 200 L�/di ¼ 500 L�/di ¼ 103

0.16 6.0268 0.6027 0.2411 0.1205 0.0603 0.0301 0.0121 0.0060

0.2 3.6195 0.3619 0.1448 0.0724 0.0362 0.0181 0.0072 0.0036

0.24 2.3375 0.2337 0.0935 0.0467 0.0234 0.0117 0.0047 0.0023

0.28 1.5830 0.1583 0.0633 0.0317 0.0158 0.0079 0.0032 0.0016

0.32 1.1072 0.1107 0.0443 0.0221 0.0111 0.0055 0.0022 0.0011

0.36 0.7917 0.0792 0.0317 0.0158 0.0079 0.0040 0.0016 0.0008

0.4 0.5747 0.0575 0.0230 0.0115 0.0057 0.0029 0.0011 0.0006

0.44 0.4211 0.0421 0.0168 0.0084 0.0042 0.0021 0.0008 0.0004

0.48 0.3100 0.0310 0.0124 0.0062 0.0031 0.0015 0.0006 0.0003

0.52 0.2283 0.0228 0.0091 0.0046 0.0023 0.0011 0.0005 0.0002

0.56 0.1676 0.0168 0.0067 0.0034 0.0017 0.0008 0.0003 0.0002

0.6 0.1221 0.0122 0.0049 0.0024 0.0012 0.0006 0.0002 0.0001

0.64 0.0879 0.0088 0.0035 0.0018 0.0009 0.0004 0.0002 0.0001

0.68 0.0621 0.0062 0.0025 0.0012 0.0006 0.0003 0.0001 0.0001

0.72 0.0428 0.0043 0.0017 0.0009 0.0004 0.0002 0.0001 0.0000

0.76 0.0285 0.0028 0.0011 0.0006 0.0003 0.0001 0.0001 0.0000

0.8 0.0180 0.0018 0.0007 0.0004 0.0002 0.0001 0.0000 0.0000

0.84 0.0105 0.0011 0.0004 0.0002 0.0001 0.0001 0.0000 0.0000

0.88 0.0054 0.0005 0.0002 0.0001 0.0001 0.0000 0.0000 0.0000

0.92 0.0022 0.0002 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000

0.96 0.0005 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

1 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

c ¼ 1.299 (Methane)

Inlet Mach
number (Mi)

Average friction coefficient fð Þ

L�/di ¼ 1 L�/di ¼ 10 L�/di ¼ 25 L�/di ¼ 50 L�/di ¼ 102 L�/di ¼ 200 L�/di ¼ 500 L�/di ¼ 103

0.01 1922.3581 192.2358 76.8943 38.4472 19.2236 9.6118 3.8447 1.9224

0.04 118.6989 11.8699 4.7480 2.3740 1.1870 0.5935 0.2374 0.1187

0.08 28.7918 2.8792 1.1517 0.5758 0.2879 0.1440 0.0576 0.0288

0.12 12.2648 1.2265 0.4906 0.2453 0.1226 0.0613 0.0245 0.0123

0.16 6.5445 0.6544 0.2618 0.1309 0.0654 0.0327 0.0131 0.0065

0.2 3.9363 0.3936 0.1575 0.0787 0.0394 0.0197 0.0079 0.0039

0.24 2.5463 0.2546 0.1019 0.0509 0.0255 0.0127 0.0051 0.0025

0.28 1.7274 0.1727 0.0691 0.0345 0.0173 0.0086 0.0035 0.0017

0.32 1.2103 0.1210 0.0484 0.0242 0.0121 0.0061 0.0024 0.0012

0.36 0.8671 0.0867 0.0347 0.0173 0.0087 0.0043 0.0017 0.0009

0.4 0.6306 0.0631 0.0252 0.0126 0.0063 0.0032 0.0013 0.0006

0.44 0.4629 0.0463 0.0185 0.0093 0.0046 0.0023 0.0009 0.0005

0.48 0.3414 0.0341 0.0137 0.0068 0.0034 0.0017 0.0007 0.0003

0.52 0.2520 0.0252 0.0101 0.0050 0.0025 0.0013 0.0005 0.0003

0.56 0.1854 0.0185 0.0074 0.0037 0.0019 0.0009 0.0004 0.0002
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TABLE II. (Continued.)

c ¼ 1.299 (Methane)

Inlet Mach
number (Mi)

Average friction coefficient fð Þ

L�/di ¼ 1 L�/di ¼ 10 L�/di ¼ 25 L�/di ¼ 50 L�/di ¼ 102 L�/di ¼ 200 L�/di ¼ 500 L�/di ¼ 103

0.6 0.1354 0.0135 0.0054 0.0027 0.0014 0.0007 0.0003 0.0001

0.64 0.0976 0.0098 0.0039 0.0020 0.0010 0.0005 0.0002 0.0001

0.68 0.0692 0.0069 0.0028 0.0014 0.0007 0.0003 0.0001 0.0001

0.72 0.0478 0.0048 0.0019 0.0010 0.0005 0.0002 0.0001 0.0000

0.76 0.0318 0.0032 0.0013 0.0006 0.0003 0.0002 0.0001 0.0000

0.8 0.0201 0.0020 0.0008 0.0004 0.0002 0.0001 0.0000 0.0000

0.84 0.0118 0.0012 0.0005 0.0002 0.0001 0.0001 0.0000 0.0000

0.88 0.0061 0.0006 0.0002 0.0001 0.0001 0.0000 0.0000 0.0000

0.92 0.0025 0.0002 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000

0.96 0.0006 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

1 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

c ¼ 1.667 (Neon)

Inlet Mach
number (Mi)

Average friction coefficient f
� �

L�/di ¼ 1 L�/di ¼ 10 L�/di ¼ 25 L�/di ¼ 50 L�/di ¼ 102 L�/di ¼ 200 L�/di ¼ 500 L�/di ¼ 103

0.01 1497.7657 149.7766 59.9106 29.9553 14.9777 7.4888 2.9955 1.4978

0.04 92.3513 9.2351 3.6941 1.8470 0.9235 0.4618 0.1847 0.0924

0.08 22.3298 2.2330 0.8932 0.4466 0.2233 0.1116 0.0447 0.0223

0.12 9.4732 0.9473 0.3789 0.1895 0.0947 0.0474 0.0189 0.0095

0.16 5.0311 0.5031 0.2012 0.1006 0.0503 0.0252 0.0101 0.0050

0.2 3.0105 0.3010 0.1204 0.0602 0.0301 0.0151 0.0060 0.0030

0.24 1.9366 0.1937 0.0775 0.0387 0.0194 0.0097 0.0039 0.0019

0.28 1.3062 0.1306 0.0522 0.0261 0.0131 0.0065 0.0026 0.0013

0.32 0.9097 0.0910 0.0364 0.0182 0.0091 0.0045 0.0018 0.0009

0.36 0.6477 0.0648 0.0259 0.0130 0.0065 0.0032 0.0013 0.0006

0.4 0.4680 0.0468 0.0187 0.0094 0.0047 0.0023 0.0009 0.0005

0.44 0.3413 0.0341 0.0137 0.0068 0.0034 0.0017 0.0007 0.0003

0.48 0.2501 0.0250 0.0100 0.0050 0.0025 0.0013 0.0005 0.0003

0.52 0.1834 0.0183 0.0073 0.0037 0.0018 0.0009 0.0004 0.0002

0.56 0.1340 0.0134 0.0054 0.0027 0.0013 0.0007 0.0003 0.0001

0.6 0.0972 0.0097 0.0039 0.0019 0.0010 0.0005 0.0002 0.0001

0.64 0.0696 0.0070 0.0028 0.0014 0.0007 0.0003 0.0001 0.0001

0.68 0.0490 0.0049 0.0020 0.0010 0.0005 0.0002 0.0001 0.0000

0.72 0.0336 0.0034 0.0013 0.0007 0.0003 0.0002 0.0001 0.0000

0.76 0.0222 0.0022 0.0009 0.0004 0.0002 0.0001 0.0000 0.0000

0.8 0.0140 0.0014 0.0006 0.0003 0.0001 0.0001 0.0000 0.0000

0.84 0.0081 0.0008 0.0003 0.0002 0.0001 0.0000 0.0000 0.0000

0.88 0.0042 0.0004 0.0002 0.0001 0.0000 0.0000 0.0000 0.0000

0.92 0.0017 0.0002 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000
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TABLE II. (Continued.)

c ¼ 1.667 (Neon)

Inlet Mach
number (Mi)

Average friction coefficient f
� �

L�/di ¼ 1 L�/di ¼ 10 L�/di ¼ 25 L�/di ¼ 50 L�/di ¼ 102 L�/di ¼ 200 L�/di ¼ 500 L�/di ¼ 103

0.96 0.0004 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

1 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

c ¼ 1.4 (Nitrogen)

Inlet Mach
number (Mi)

Average friction coefficient fð Þ

L�/di ¼ 1 L�/di ¼ 10 L�/di ¼ 25 L�/di ¼ 50 L�/di ¼ 102 L�/di ¼ 200 L�/di ¼ 500 L�/di ¼ 103

0.01 1783.6011 178.3601 71.3440 35.6720 17.8360 8.9180 3.5672 1.7836

0.04 110.0881 11.0088 4.4035 2.2018 1.1009 0.5504 0.2202 0.1101

0.08 26.6796 2.6680 1.0672 0.5336 0.2668 0.1334 0.0534 0.0267

0.12 11.3520 1.1352 0.4541 0.2270 0.1135 0.0568 0.0227 0.0114

0.16 6.0495 0.6049 0.2420 0.1210 0.0605 0.0302 0.0121 0.0060

0.2 3.6333 0.3633 0.1453 0.0727 0.0363 0.0182 0.0073 0.0036

0.24 2.3466 0.2347 0.0939 0.0469 0.0235 0.0117 0.0047 0.0023

0.28 1.5893 0.1589 0.0636 0.0318 0.0159 0.0079 0.0032 0.0016

0.32 1.1117 0.1112 0.0445 0.0222 0.0111 0.0056 0.0022 0.0011

0.36 0.7950 0.0795 0.0318 0.0159 0.0080 0.0040 0.0016 0.0008

0.4 0.5771 0.0577 0.0231 0.0115 0.0058 0.0029 0.0012 0.0006

0.44 0.4229 0.0423 0.0169 0.0085 0.0042 0.0021 0.0008 0.0004

0.48 0.3113 0.0311 0.0125 0.0062 0.0031 0.0016 0.0006 0.0003

0.52 0.2294 0.0229 0.0092 0.0046 0.0023 0.0011 0.0005 0.0002

0.56 0.1684 0.0168 0.0067 0.0034 0.0017 0.0008 0.0003 0.0002

0.6 0.1227 0.0123 0.0049 0.0025 0.0012 0.0006 0.0002 0.0001

0.64 0.0883 0.0088 0.0035 0.0018 0.0009 0.0004 0.0002 0.0001

0.68 0.0624 0.0062 0.0025 0.0012 0.0006 0.0003 0.0001 0.0001

0.72 0.0430 0.0043 0.0017 0.0009 0.0004 0.0002 0.0001 0.0000

0.76 0.0286 0.0029 0.0011 0.0006 0.0003 0.0001 0.0001 0.0000

0.8 0.0181 0.0018 0.0007 0.0004 0.0002 0.0001 0.0000 0.0000

0.84 0.0106 0.0011 0.0004 0.0002 0.0001 0.0001 0.0000 0.0000

0.88 0.0054 0.0005 0.0002 0.0001 0.0001 0.0000 0.0000 0.0000

0.92 0.0022 0.0002 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000

0.96 0.0005 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

1 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

c ¼ 1.044 (Octane)

Inlet Mach
number (Mi)

Average friction coefficient fð Þ

L�/di ¼ 1 L�/di ¼ 10 L�/di ¼ 25 L�/di ¼ 50 L�/di ¼ 102 L�/di ¼ 200 L�/di ¼ 500 L�/di ¼ 103

0.01 2392.1478 239.2148 95.6859 47.8430 23.9215 11.9607 4.7843 2.3921

0.04 147.8551 14.7855 5.9142 2.9571 1.4786 0.7393 0.2957 0.1479

0.08 35.9458 3.5946 1.4378 0.7189 0.3595 0.1797 0.0719 0.0359

0.12 15.3574 1.5357 0.6143 0.3071 0.1536 0.0768 0.0307 0.0154
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TABLE II. (Continued.)

c ¼ 1.044 (Octane)

Inlet Mach
number (Mi)

Average friction coefficient fð Þ

L�/di ¼ 1 L�/di ¼ 10 L�/di ¼ 25 L�/di ¼ 50 L�/di ¼ 102 L�/di ¼ 200 L�/di ¼ 500 L�/di ¼ 103

0.16 8.2228 0.8223 0.3289 0.1645 0.0822 0.0411 0.0164 0.0082

0.2 4.9645 0.4964 0.1986 0.0993 0.0496 0.0248 0.0099 0.0050

0.24 3.2244 0.3224 0.1290 0.0645 0.0322 0.0161 0.0064 0.0032

0.28 2.1968 0.2197 0.0879 0.0439 0.0220 0.0110 0.0044 0.0022

0.32 1.5461 0.1546 0.0618 0.0309 0.0155 0.0077 0.0031 0.0015

0.36 1.1128 0.1113 0.0445 0.0223 0.0111 0.0056 0.0022 0.0011

0.4 0.8132 0.0813 0.0325 0.0163 0.0081 0.0041 0.0016 0.0008
0.44 0.5999 0.0600 0.0240 0.0120 0.0060 0.0030 0.0012 0.0006

0.48 0.4447 0.0445 0.0178 0.0089 0.0044 0.0022 0.0009 0.0004

0.52 0.3299 0.0330 0.0132 0.0066 0.0033 0.0016 0.0007 0.0003

0.56 0.2440 0.0244 0.0098 0.0049 0.0024 0.0012 0.0005 0.0002

0.6 0.1791 0.0179 0.0072 0.0036 0.0018 0.0009 0.0004 0.0002

0.64 0.1299 0.0130 0.0052 0.0026 0.0013 0.0006 0.0003 0.0001

0.68 0.0925 0.0092 0.0037 0.0018 0.0009 0.0005 0.0002 0.0001

0.72 0.0642 0.0064 0.0026 0.0013 0.0006 0.0003 0.0001 0.0001

0.76 0.0430 0.0043 0.0017 0.0009 0.0004 0.0002 0.0001 0.0000

0.8 0.0274 0.0027 0.0011 0.0005 0.0003 0.0001 0.0001 0.0000

0.84 0.0161 0.0016 0.0006 0.0003 0.0002 0.0001 0.0000 0.0000

0.88 0.0084 0.0008 0.0003 0.0002 0.0001 0.0000 0.0000 0.0000

0.92 0.0035 0.0003 0.0001 0.0001 0.0000 0.0000 0.0000 0.0000

0.96 0.0008 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

1 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

c ¼ 1.395 (Oxygen)

Inlet Mach
number (Mi)

Average friction coefficient fð Þ

L�/di ¼ 1 L�/di ¼ 10 L�/di ¼ 25 L�/di ¼ 50 L�/di ¼ 102 L�/di ¼ 200 L�/di ¼ 500 L�/di ¼ 103

0.01 1789.9976 178.9998 71.5999 35.8000 17.9000 8.9500 3.5800 1.7900

0.04 110.4850 11.0485 4.4194 2.2097 1.1048 0.5524 0.2210 0.1105

0.08 26.7769 2.6777 1.0711 0.5355 0.2678 0.1339 0.0536 0.0268

0.12 11.3941 1.1394 0.4558 0.2279 0.1139 0.0570 0.0228 0.0114

0.16 6.0723 0.6072 0.2429 0.1214 0.0607 0.0304 0.0121 0.0061

0.2 3.6473 0.3647 0.1459 0.0729 0.0365 0.0182 0.0073 0.0036

0.24 2.3558 0.2356 0.0942 0.0471 0.0236 0.0118 0.0047 0.0024

0.28 1.5957 0.1596 0.0638 0.0319 0.0160 0.0080 0.0032 0.0016

0.32 1.1162 0.1116 0.0446 0.0223 0.0112 0.0056 0.0022 0.0011

0.36 0.7983 0.0798 0.0319 0.0160 0.0080 0.0040 0.0016 0.0008

0.4 0.5796 0.0580 0.0232 0.0116 0.0058 0.0029 0.0012 0.0006

0.44 0.4247 0.0425 0.0170 0.0085 0.0042 0.0021 0.0008 0.0004

0.48 0.3127 0.0313 0.0125 0.0063 0.0031 0.0016 0.0006 0.0003

0.52 0.2304 0.0230 0.0092 0.0046 0.0023 0.0012 0.0005 0.0002

0.56 0.1692 0.0169 0.0068 0.0034 0.0017 0.0008 0.0003 0.0002
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TABLE II. (Continued.)

c ¼ 1.395 (Oxygen)

Inlet Mach
number (Mi)

Average friction coefficient fð Þ

L�/di ¼ 1 L�/di ¼ 10 L�/di ¼ 25 L�/di ¼ 50 L�/di ¼ 102 L�/di ¼ 200 L�/di ¼ 500 L�/di ¼ 103

0.6 0.1233 0.0123 0.0049 0.0025 0.0012 0.0006 0.0002 0.0001

0.64 0.0888 0.0089 0.0036 0.0018 0.0009 0.0004 0.0002 0.0001

0.68 0.0628 0.0063 0.0025 0.0013 0.0006 0.0003 0.0001 0.0001

0.72 0.0433 0.0043 0.0017 0.0009 0.0004 0.0002 0.0001 0.0000

0.76 0.0288 0.0029 0.0012 0.0006 0.0003 0.0001 0.0001 0.0000

0.8 0.0182 0.0018 0.0007 0.0004 0.0002 0.0001 0.0000 0.0000

0.84 0.0106 0.0011 0.0004 0.0002 0.0001 0.0001 0.0000 0.0000
0.88 0.0055 0.0005 0.0002 0.0001 0.0001 0.0000 0.0000 0.0000

0.92 0.0022 0.0002 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000

0.96 0.0005 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

1 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

c ¼ 1.126 (Propane)

Inlet Mach
number (Mi)

Average friction coefficient fð Þ

L�/di ¼ 1 L�/di ¼ 10 L�/di ¼ 25 L�/di ¼ 50 L�/di ¼ 102 L�/di ¼ 200 L�/di ¼ 500 L�/di ¼ 103

0.01 2217.8673 221.7867 88.7147 44.3573 22.1787 11.0893 4.4357 2.2179

0.04 137.0385 13.7039 5.4815 2.7408 1.3704 0.6852 0.2741 0.1370

0.08 33.2915 3.3291 1.3317 0.6658 0.3329 0.1665 0.0666 0.0333

0.12 14.2098 1.4210 0.5684 0.2842 0.1421 0.0710 0.0284 0.0142

0.16 7.5998 0.7600 0.3040 0.1520 0.0760 0.0380 0.0152 0.0076

0.2 4.5827 0.4583 0.1833 0.0917 0.0458 0.0229 0.0092 0.0046

0.24 2.9725 0.2973 0.1189 0.0595 0.0297 0.0149 0.0059 0.0030

0.28 2.0223 0.2022 0.0809 0.0404 0.0202 0.0101 0.0040 0.0020

0.32 1.4212 0.1421 0.0568 0.0284 0.0142 0.0071 0.0028 0.0014

0.36 1.0214 0.1021 0.0409 0.0204 0.0102 0.0051 0.0020 0.0010

0.4 0.7452 0.0745 0.0298 0.0149 0.0075 0.0037 0.0015 0.0007

0.44 0.5488 0.0549 0.0220 0.0110 0.0055 0.0027 0.0011 0.0005

0.48 0.4062 0.0406 0.0162 0.0081 0.0041 0.0020 0.0008 0.0004

0.52 0.3008 0.0301 0.0120 0.0060 0.0030 0.0015 0.0006 0.0003

0.56 0.2221 0.0222 0.0089 0.0044 0.0022 0.0011 0.0004 0.0002

0.6 0.1627 0.0163 0.0065 0.0033 0.0016 0.0008 0.0003 0.0002

0.64 0.1178 0.0118 0.0047 0.0024 0.0012 0.0006 0.0002 0.0001

0.68 0.0837 0.0084 0.0033 0.0017 0.0008 0.0004 0.0002 0.0001

0.72 0.0580 0.0058 0.0023 0.0012 0.0006 0.0003 0.0001 0.0001

0.76 0.0388 0.0039 0.0016 0.0008 0.0004 0.0002 0.0001 0.0000

0.8 0.0246 0.0025 0.0010 0.0005 0.0002 0.0001 0.0000 0.0000

0.84 0.0145 0.0014 0.0006 0.0003 0.0001 0.0001 0.0000 0.0000

0.88 0.0075 0.0008 0.0003 0.0002 0.0001 0.0000 0.0000 0.0000

0.92 0.0031 0.0003 0.0001 0.0001 0.0000 0.0000 0.0000 0.0000
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produces momentary pressure-overshoot in real-world flow systems
having flow passage with an off-designed shape of a CD nozzle. It is
well known that an off-designed choked-flow CD nozzle creates unde-
sirable shock waves, but a well-designed choked-flow CD nozzle main-
tains the supersonic flow without creating any undesirable shock
wave. Therefore, one should not conclude that the CD nozzle-shaped
streamtube, once attains a critical pressure ratio for flow choking,
always creates shock waves. Note that shock wave occurs whenever

there is a disturbance to the supersonic flow, which is more prone in
pulsatile flows in flexible choked vessels and the off-designed choked
CD nozzle-shaped streamtube. Periodic choking and unchoking could
lead to memory effect on the walls of the viscoelastic tube due to the
transient pressure spike as a result of the shock wave generation. It
leads to catastrophic failures of the internal fluid flow systems.1

The infallible mathematical models highlighted herein are useful
for the real-world flow systems design, by pinpointing the governing

TABLE II. (Continued.)

c ¼ 1.126 (Propane)

Inlet Mach
number (Mi)

Average friction coefficient fð Þ

L�/di ¼ 1 L�/di ¼ 10 L�/di ¼ 25 L�/di ¼ 50 L�/di ¼ 102 L�/di ¼ 200 L�/di ¼ 500 L�/di ¼ 103

0.96 0.0007 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

1 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

c ¼ 1.327 (Steam)

Inlet Mach
number (Mi)

Average friction coefficient fð Þ

L�/di ¼ 1 L�/di ¼ 10 L�/di ¼ 25 L�/di ¼ 50 L�/di ¼ 102 L�/di ¼ 200 L�/di ¼ 500 L�/di ¼ 103

0.01 1881.7747 188.1775 75.2710 37.6355 18.8177 9.4089 3.7635 1.8818

0.04 116.1804 11.6180 4.6472 2.3236 1.1618 0.5809 0.2324 0.1162
0.08 28.1740 2.8174 1.1270 0.5635 0.2817 0.1409 0.0563 0.0282

0.12 11.9977 1.1998 0.4799 0.2400 0.1200 0.0600 0.0240 0.0120

0.16 6.3997 0.6400 0.2560 0.1280 0.0640 0.0320 0.0128 0.0064

0.2 3.8477 0.3848 0.1539 0.0770 0.0385 0.0192 0.0077 0.0038

0.24 2.4878 0.2488 0.0995 0.0498 0.0249 0.0124 0.0050 0.0025

0.28 1.6869 0.1687 0.0675 0.0337 0.0169 0.0084 0.0034 0.0017

0.32 1.1814 0.1181 0.0473 0.0236 0.0118 0.0059 0.0024 0.0012

0.36 0.8460 0.0846 0.0338 0.0169 0.0085 0.0042 0.0017 0.0008

0.4 0.6149 0.0615 0.0246 0.0123 0.0061 0.0031 0.0012 0.0006

0.44 0.4512 0.0451 0.0180 0.0090 0.0045 0.0023 0.0009 0.0005

0.48 0.3326 0.0333 0.0133 0.0067 0.0033 0.0017 0.0007 0.0003

0.52 0.2454 0.0245 0.0098 0.0049 0.0025 0.0012 0.0005 0.0002

0.56 0.1804 0.0180 0.0072 0.0036 0.0018 0.0009 0.0004 0.0002

0.6 0.1316 0.0132 0.0053 0.0026 0.0013 0.0007 0.0003 0.0001

0.64 0.0949 0.0095 0.0038 0.0019 0.0009 0.0005 0.0002 0.0001

0.68 0.0672 0.0067 0.0027 0.0013 0.0007 0.0003 0.0001 0.0001

0.72 0.0464 0.0046 0.0019 0.0009 0.0005 0.0002 0.0001 0.0000

0.76 0.0309 0.0031 0.0012 0.0006 0.0003 0.0002 0.0001 0.0000

0.8 0.0195 0.0020 0.0008 0.0004 0.0002 0.0001 0.0000 0.0000

0.84 0.0114 0.0011 0.0005 0.0002 0.0001 0.0001 0.0000 0.0000

0.88 0.0059 0.0006 0.0002 0.0001 0.0001 0.0000 0.0000 0.0000

0.92 0.0024 0.0002 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000

0.96 0.0006 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

1 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
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FIG. 20. (a)–(p) Vicky graphs: manifestation of the relation between average friction coefficient and the inlet Mach number for achieving the Sanal flow choking condition in an
internal flow system operating with sixteen different working fluids [solution curve of Eq. (26)].
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FIG. 20. (Continued.)
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FIG. 20. (Continued.)
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FIG. 20. (Continued.)
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FIG. 20. (Continued.)
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factors of Sanal flow choking and streamtube flow choking. For
instance, the exact prediction of the 3D boundary layer blockage factor
of a solid or hybrid rocket motor is useful for the rocket designers to
take reliable decisions for improving the propellant loading density
within the given envelope lucratively. It helps to avoid catastrophic
failures due to the undesirable shock waves and detonation. Most sig-
nificantly, the benchmark data presented herein are useful for the vali-
dation, standardization, and verification of in silico models and its
code of solutions for the high-fidelity simulation of real-world flow
problems with confidence. The fact is that the exact prediction of the
blockage factor at the Sanal flow choking condition for adiabatic and
diabatic flows offers a way to accurately identify the reasons of errors
of in silico flow solver. It is well known that the best benchmark data
are closed-form analytical solutions satisfying all conservation laws of
nature. Note that the Sanal flow choking model for diabatic flows satis-
fies all conservation laws of nature. Furthermore, in silicomodel verifi-
cation is truly a mathematical exercise.1,3

It is pertinent to note that the exact values of the 3D blockage fac-
tor and the average friction coefficient, presented herein as universal
benchmark data, are useful for solving high-fidelity industrial prob-
lems. These benchmark data help to re-examine the suitability of the
turbulence model and the viscosity law invoked in the CFD code for a
credible decision making with molecular precision. We have noticed
that, at the Sanal flow choking condition, the 3D blockage factor for the
diabatic flow is 45.12 % lower than the 2D blockage factor while using
working fluid as air. We concluded decisively that when the flow veloc-
ity inside the constriction region of the CD-shaped streamtube reaches
the local velocity of sound, supersonic flow will develop in the down-
stream region of the streamtube. At this physical situation, if the flow is
reacting, a minor disturbance to the supersonic flow leads to detonation.
The phenomena of Sanal flow choking and streamtube flow choking
received incredible significance in all fluid flow industries for solving
numerous problems of topical interest.1,4,171–175

The ZND detonation model, proposed independently by
Zel’dovich,176 von Neumann,177 and D€oring,178 highlights that an
infinitesimally thin shock wave compresses the explosive to a high
pressure called von Neumann spike.179,180 This may be due to stream-
line compression and flow choking. The Chapman–Jouguet condi-
tion181,182 affirms that the detonation promulgates at a velocity at
which the reacting gases just reach sonic velocity as the reaction ceases.
At this physical situation, the normal shock wave can occur within the
streamtube leading to steam explosions. Subsequently, the supersonic
flow becomes subsonic, and detonation terminates. If flow choking
occurs again in a CD-nozzle-shaped streamtube, due to the attainment
of the critical pressure ratio for choking as a consequence of the cas-
cade effects in internal or free external flows, detonation can occur
again. Note that steam explosions are not typically chemical explo-
sions, although a number of materials react chemically with steam so
that chemical explosions and fires may follow. For instance, zirconium
and superheated graphite react with steam and air, respectively, to give
off hydrogen, which burns violently in air.

Note that undesirable detonation can be negated by prohibiting
the CD-nozzle-shaped streamtube flow choking by keeping the total-
to-static pressure ratio always lower than the lower critical detonation
index (LCDI). It can be achieved by increasing the heat capacity ratio
of the fluid and also by increasing the fluid static pressure. The physi-
cal insight of the occurrence of the flow choking phenomenon in inter-
nal and free external flows provides possible solutions to many
industrial problems of contemporary interest.183–189 This is particu-
larly true for the prediction and negation of coal gas explosions. In
addition, the safe transport of carbon dioxide gas through pipelines
without creating internal flow choking is a significant aspect to develop
large-scale carbon capture and storage projects in the energy sector.190

Briefly, the discovery of Sanal flow choking and streamtube flow
choking, in diabatic flows causing memory effects in thermoviscoelas-
tic composite walls, is a breakthrough for further research in the

FIG. 20. (Continued.)
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central science.1,100–126,170,194–200 In a nutshell, any compressible vis-
cous flow solver, with a suitable turbulence model and a best fit law of
viscosity, verified and calibrated at the Sanal flow choking condition
for diabatic flows with state-of-the-art is considered as a reliable model
for forecasting the boundary layer blockage factor persuaded the flow
choking phenomenon in real-world flows. Such models help for high-
fidelity in silico simulations for numerous industrial applications.
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APPENDIX: VIGNESHWARAN’S TABLES OF EXACT
SOLUTIONS

1. Vicky graphs
Average friction coefficient and the corresponding inlet Mach

number for achieving the flow choking condition in an internal
flow system operating with sixteen different working fluids.
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