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Abstract

Recently, interest in fractional-order inductors (FOIs) has increased since they

allow for accurate and robust models of dynamical systems to be designed.

However, practical implementation of these models has not been possible due

to the lack of single FOI realizations. To address this challenge, in this work,

we propose a simple-to-realize fractional-order inductor design with variable

constant phase angle (CPA). The design relies on characteristics of transverse

electromagnetic (TEM) mode propagating on a coaxial structure filled with

conductive material, more specifically NaCl-water solution and flour-based

mixtures. The CPA of the resulting FOI can be tuned by changing the conduc-

tivity of the dough mixture. Analysis of the proposed FOI design show that the

CPA can vary in a range from 0� to 90�. Two of these CPA values are verified

against experiments in the frequency band changing from 1 to 10 MHz.

KEYWORD S

coil, electromagnetic components, fractional-order circuits, fractional-order inductor,
inductor

1 | INTRODUCTION

The discovery of fractional-order elements (FOEs) has opened a new era of circuit design with extra degrees of freedom.
By introducing FOEs, improvements in frequency response can be observed for various applications. For instance,
applications include the fractional-order components and systems for power applications,1,2 the fractional-order
filters,3,4 the fractional-order controller,5 the fractional-order matching network6 based on the fractional smith chart
theory,7 the fractional-order resonator,8 and the fractional-order integrator/differentiator.9 FOEs are introduced to
achieve better performance and design.10 Fractional-order capacitor is used in a previous study,3 providing an extra
degree of freedom in the design which helps to compensate the attenuation loss. In Kadlčík and Horský,5 a fractional-
order controller can maintain a good stability of the regulation loop and a low dynamic DC output resistance of the
voltage regulator. Except FOEs, fractional-order modeling is widely applied. The fractional-order modeling is applied to
microwave components like transmission line.11 Mathematical models relying on fractional-order circuit elements per-
mit more accurate, robust, and flexible representations of real-world dynamical systems compared to models relying on
classical (and ideal) circuit elements.12-14 Fractional-order circuit elements include fractional-order capacitors
(FOCs)15-18 and fractional-order inductors (FOIs).19 The comparison between the FOIs and classical circuit elements is
perhaps best explained with a simple example (Figure 1). The most significant difference is the phase between applied
voltage and current. For ideal resistors and inductors, the phase between the applied voltage and current is independent
on frequency (0� and 90�, respectively). One can realize a phase between the voltage and current other than 0� and 90�
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by combining a resistor and a inductor (e.g., serial connection). However, a certain value of phase can only be
guaranteed at a specific frequency. Therefore, if a phase value between 0� and 90� need to be realized in a wide fre-
quency span, the fractional-order inductor is a ideal solution. The fractional-order inductor exhibits a phase value
between 0� and 90� in a wide range. A coil of wire (which can be thought of as a “real” inductor) is such a combination
of ideal inductor and ideal resistor, which can be modeled by an ideal inductor (with inductance L) connected in series
with a resistor (with resistance R). The impedance of this model is given by Rþ jX ¼Rþ jωL, with magnitudeffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2þω2L2

p
and phase tan�1(ωL/R), where ω¼ 2πf is the angular frequency and f is the frequency. Clearly, this model

is frequency dependent. Therefore, this series-connected network can be used to represent the coil of wire at only one
frequency. Since most of the real-world phenomena have fractional origin,20 their representations call for a more gener-
alized model:

Zðα,ωÞ ¼ ½cosðαπ=2Þþ jsinðαπ=2Þ�ωαLα
¼Rðα,ωÞþ jXðα,ωÞ ð1Þ

where α is the non-integer (real) order and Lα is the pseudo-inductance. The physical interpretation of this FOI expres-
sion in Equation (1), which involves real and imaginary power-law exponents, can be found in previous studies.21,22 As
clearly shown in Equation (1), resistance R(α, ω) associated with ohmic loses is connected in series with inductive reac-
tance X(α, ω). Both R(α, ω) and X(α, ω) have the same frequency dependence; therefore, the phase angle of Z(α, ω),
which is given by tan�1(X(α, ω)/R(α, ω)), is equal to απ/2. In theory, the phase angle is completely independent of fre-
quency. But in practice, for actual FOI implementations, the phase can be kept constant only within a frequency band.
This band, which is represented as flow < f < fhigh in this paper, is termed the constant phase zone (CPZ) in the litera-
ture. And the value of the phase angle in CPZ is termed constant phase angle (CPA). Note that the magnitude of Z
(α, ω) is given by ωαLα.

An FOI, ideally described by Equation (1), can be used to accurately model or implement dynamical systems in a
wide range of applications such as respiratory systems,23 brain monitoring,24 bioelectrodes,25 energy storage,26

FIGURE 1 Comparison between conventional electrical elements R and L, RL series circuit, and fractional-order inductor [Colour

figure can be viewed at wileyonlinelibrary.com]
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electromagnetics,27 rectifiers,28 resonators,10,29 oscillators,29-31 impedance matching networks,6,32 chaotic system,33

transmission line,11 and sensory transducers.25 The use of these applications in real-life requires actual implementations
of FOIs.

Many works have been accomplished with FOCs. However, so far, realization of FOIs has most been done via emu-
lation of fractional-order impedance behavior8,9,34-36 as shown in Table 1. Some of these models are difficult to imple-
ment due to the number of branches or large/negative element values,8 require too much power,9,35 result in large
variations, and ripples in the CPA.20,36 There is a recent work presenting an FOI design based on the coaxial structure
featuring passive, single-element properties avoiding the drawbacks mentioned above.19 This is achieved by utilizing
the property of the propagation of a TEM wave in a homogenous electrical lossy medium. However, the CPA of the pro-
posed FOI design is fixed to 45� by theory, lacks from the tunability of the CPA. Generally, there is no such a robust,
easy-implementing, single-device, passive design method with variable CPA for FOIs, limiting the application of
the FOIs.

In this work, we continue from the success in a previous study.19 Unlike these emulators, an actual compact FOI
design with a variable CPA is proposed. This design relies on the propagation of the transverse electromagnetic (TEM)
wave in a coaxial structure filled with a conductive material to generate the fractional-order response. Different from a
previous study,19 the conductivity of the filler material is varied along the direction of wave propagation to tune the
phase angle of the impedance in the range 0ř < ϕ < 90�, resulting in an FOI with a variable CPA.

This paper is organized as follows. The description of the proposed design is given in Section 2. A further introduc-
tion of the discretization of the conductivity profile is introduced in Section 3. This discretization technique helps in a
easier fabrication of the proposed design. In Section 4, the experimental results with the proposed design is illustrated.
Finally, the last section concludes the paper.

2 | PROPOSED FOI DESIGN

Following the previous work,19 the proposed design is based on the coaxial structure which is shown in Figure 2A. Dif-
ferent from Zhang et al,19 where the filling material in the coaxial structure is homogeneous electrical lossy medium,
the conductivity of the lossy medium in this work has a spacial variety along the propagation direction. This structure
supports the TEM mode as normal lossless coaxial structure, but the TEM mode decays along the propagation direction
due to the lossy filling medium. Assume the loss in the metallic shell and core is negligible compared with the loss in
the medium within the frequency of interest. Additionally, it is assumed that σ � ωϵ, where σ and ϵ are the conductiv-
ity and the permittivity of the filler material. The well-known telegrapher's equations are used to model the voltage and
the current associated with the TEM mode; however, under the two assumptions listed above, the series resistance
(associated with the loss in metals) and the parallel capacitor (associated with energy storage due to the permittivity of
the filler material) are ignored. The final model for the telegrapher's equations are shown in Figure 2B.

TABLE 1 A comparison of different type of FOIs with this work

Ref.
Type of
realization Type of network

Type of
verification

Frequency
bandwidth (Hz)

Realized
phase angle

Single
element

Easy
design

8 Active CMOS Meas 10 kHz–10 MHz 10
Hz–700 Hz

Only 45� No No

9a Active FPGA Sim/meas - 9�, 45�, 81� No No

19 Passive (NaCl + H2O) mixture Sim/meas 18 MHz–1 GHz only 45� Yes Yes

34 Passive RL network Sim/meas 10 kHz–10 MHz 400
kHz–40 MHz

22.5�, 45�,
60�

No No

35 Active,
passive

FPGA Sim/meas f c ¼ 100Hz - No No

36 Active GIC Meas 0.2 Hz–1 MHz 18�, 45�, 63� No No

This study Passive (NaCl + H2O + flour)
mixture segments

Sim/meas 1 MHz–10 MHz 30�, 60� Yes Yes

aIn Tolba et al,9 the realization of fractional-order integrator/differentiator based on Grünwald–Letnikov (GL) operator is studied.
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For this model, inductance and the conductance per unit length are expressed as LðxÞ¼ L0 and GðxÞ¼G0ðx=lÞβ,
where L0, G0, β are constants and l is the length of the coaxial structure. These three constants are used to engineer the
conductivity profile of the filler material in the coaxial structure along the x-direction and therefore control the (input)
impedance leading to the fractional-order behavior. Then the wave equations of the voltage V and current I yield as

∂2V
∂x2

� jωL0G0

lβ
xβV ¼ 0,

∂2I
∂x2

� ∂I
∂x

β

x
� jωL0G0

lβ
xβI ¼ 0:

ð2Þ

Considering the general solution with the boundary condition lim
x!∞

VðxÞ¼ 0 in the differential equation of the volt-
age V(x) and using the Modified Bessel Function of the first kind I, the impedance Z can be expressed at the feeding
position (x¼ 0)

Z ¼ lim
x!0

VðxÞ
IðxÞ

¼ ðjωlL0Þ
βþ1
βþ2

ðlG0Þ
1

βþ2

1
βþ2

� � β
βþ2

Γ
1

βþ2

� �

Γ
βþ1
βþ2

� �/ðjωÞβþ1
βþ2,

ð3Þ

where Γ is the gamma function. If β � [� 1, + ∞], βþ1
βþ2 will change from 0 to 1 corresponding to the phase angle

response between 0� and 90�. In the ideal case, since G and σ are linearly proportional, σðxÞ¼ σ0ðx=lÞβ would be
expected. When the target phase angle is greater than 45�, then β+ 1> (β+ 2)/2 leading to β>0. This means that to
ensure the condition σ�ωϵ is satisfied, σ(x) could be approximated as

σðxÞ¼ σminþσ0
x
l

� �β
, x � ½0, l� ð4Þ

where σ0 > σmin � ωϵ. When the target phase angle is smaller than 45�, then β + 1 < (β + 2)/2 leading to β < 0. This
means that ideal σ(x) becomes infinite at x¼ 0. To avoid this, σ(x) is approximated as

σðxÞ¼ σ0
xþxϵ

l

� �β

, x � ½0, l� ð5Þ

where xϵ is very small but ensures that the maximum value of σ(x) stays bounded as σmax ¼ σ0ðx=lÞβ.
To verify the fractional-order response for the two cases of β > 0 (phase angle>45�) and β < 0 (phase angle<45�),

the coaxial structure in Figure 2A is simulated using COMSOL Multiphysics® 5.5. The inner radius, outer radius, and
the length of the structure are set to a¼ 0:275 mm, b¼ 11 mm, and l¼ 50 cm, respectively. The relative permittivity
and permeability of the filler material are ϵr ¼ 78:4 and μr ¼ 1, respectively. For β>0, the conductivity profile is

FIGURE 2 (A) The illustration of the proposed variable FOI realization from NaCl + H2O + flour mixture. (B) The equivalent circuit

model of the proposed design [Colour figure can be viewed at wileyonlinelibrary.com]
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generated using Equation (4) with σmin ¼ 0:1 S/m and σ0 ¼ 19:9 S/m, and for β<0, Equation (5) with xϵ ¼ 0:001 cm and
σ0 ¼f0:232,1:32,13:42,344:6g S/m for β� {� 7/8,� 5/7,� 1/2,� 1/5} is used.

First, β > 0 case is considered with β � {0, 0.5, 1, 1.5, 2}. Figure 3A,B plots phase angle and the amplitude of the
impedance computed in the full-wave electromagnetic simulations, respectively. These figures verify the result in
Equation (3), showing that the coaxial structure has fractional-order response, but only in a bounded frequency range
flow < f < fhigh. fhigh decreases with increasing β, because at higher values of β, conductivity is lower (Figure 3C), which
means that the assumption σ � ωϵ becomes less accurate and the result in Equation (3) is not valid anymore. flow
decreases with decreasing β, because at lower values of β, conductivity is higher (Figure 3C) and the reflections from
the end of the coaxial structure are smaller, which increases the accuracy of the result in Equation (3) (i.e., boundary
condition lim

x!∞
VðxÞ¼ 0 is satisfied more accurately).

Next, β < 0 case is considered with β � {� 7/8, � 5/7, � 1/2, � 1/5}. Similarly, Figure 3D,E plots phase angle and
the amplitude of the impedance computed in the full-wave electromagnetic simulations, respectively. In this case, fhigh
seems to be less dependent on β (at least up to 100 MHz) because the assumption σ � ωϵ holds true for higher fre-
quency (conductivity is higher, compare Figure 3C–F). flow increases with increasing β because at higher values of β
conductivity is lower (Figure 3F) and the reflections from the end of the coaxial structure are larger, which decreases
the accuracy of the result in Equation (3) (i.e., boundary condition lim

x!∞
VðxÞ¼ 0 is not satisfied accurately).

Additionally, the influence of geometry parameters on the device performance is investigated in Figure 4. The phase
angle and amplitude of the impedance is simulated with different device lengths l¼f25,50,100g cm corresponding to
the 0.5l, l, and 2l for β¼f�1=2, 1g with designated CPA = {30ř, 60ř}. During these simulations, the conductivity pro-
files are determined by Equations (4) and (5) for both cases. As it can be seen from Figure 4A,E, a longer device length
extends the CPZ toward the lower frequency. The amplitude of the impedance exhibits a corresponding response as
shown in Figure 4B,F. With longer device, the TEM wave experiences a stronger decay while propagating till the end of
the device, leading to a lower level of the reflecting wave. Considering the fact that the TEM wave will experience a
stronger decay propagating in a medium with certain conductivity as the frequency increases. Therefore, for a certain
level of reflecting wave, a longer device length corresponds to a lower frequency. Further, the core position of the coax-
ial structure is considered. The deviation of the core from the center of the cross-section is the most obvious

FIGURE 3 Simulated phase angle and amplitude of the impedance, and conductivity at x¼ 0:5l while (A), (B), (C) β>0 and (D), (E),

(F) β<0, respectively [Colour figure can be viewed at wileyonlinelibrary.com]
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imperfection of the proposing device during the fabrication. Figure 4C–D and G–H show the simulated phase angle
and amplitude of the impedance of the proposed device with different deviations (r) of the core from the center of the
cross-section. As a result, the proposed design is insensitive to the variation of the core position. This feature guarantees
the robustness of the proposed design.

3 | DISCUSSIONS ON DISCRETIZATIONS

As discussed in the previous section, implementation of the filler material's conductivity profile requires the ideal pro-
file σðxÞ¼ σ0ðx=lÞβ to be modified as done in Equations (4) and (5). However, even after these approximations, the prac-
tical realization of the continuously varying conductivity profile is not straightforward. Therefore, further
approximations are introduced. These are described next.

The simplest case is β¼ 0 and was discussed in a previous study.19 In this case, the conductivity has no spatial
dependency. A material with homogenous conductivity can be used to fill the coaxial structure. Therefore, there is no
need for any approximations [even the one done in Equation (4)]. The conductivity profiles for other values of β have
spatial dependency. Usually, it's hard to realize a specific, continuously varying conductivity profile. Hence, it is intui-
tive to “discretize” the conductivity profile by dividing the whole structure into segments, within each of which, the
conductivity is set to a constant value.

For β¼ 1, which yields a CPA of 60�, the conductivity of the filler material has a linear spatial dependency and then
uniform discretization of l yields the discretized form of the conductivity profile as

σðnÞ¼ σminþσ0
n�1
N

� �1

,n¼ 1,2,…,N ð6Þ

where n is the index of the segments and N is the total number of segments. As N increases, both the phase angle and
the amplitude of the impedance approach the continuous case results.

However, for all other values of β, the gradient of the conductivity is not constant. Then one should not use a uni-
form discretization since this would possibly increase the number of segments unnecessarily with the same level of
accuracy. Note that higher number of segments makes the realization of the FOI design more difficult. To keep the

FIGURE 4 Simulated phase angle and amplitude of the impedance with different device lengths and deviation of the core, while (A),

(B), (C), (D) β¼ 1 and (E), (F), (G), (H) β¼�1=2, respectively. R is the inner radius of the outer shell, r is the deviation of the core from the

center [Colour figure can be viewed at wileyonlinelibrary.com]
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number of segments small for a given level of accuracy (deviation from the continuous conductivity profile), numerical
optimization is used in this work to find the optimum size and conductivities of each segment. It should be emphasized
that even though the concept of discretization is used to fabricate the prototype devices, our method is still different
from and superior than traditional RL series approach. First, our method is not constrained on discretization approxi-
mation. Second, with discretization, our method can still provide a more compact device by omitting the interconnec-
tion and packaging of individual RL devices.

4 | EXPERIMENTAL VERIFICATION

The outer shell of the fabricated device is a brass tube with a length l¼ 50 cm, an inner radius b¼ 11 mm, and an inner
wire with a radius a¼ 0:275 mm acts as the core of the coaxial structure. The inner wire is made of copper. As discussed
in the previous section, it's hard to fabricate a continuous varying conductivity profile, therefore, an FOI design with
N ¼ 8 segments is realized. In the experiments, we use dough prepared with flour and NaCl-water solution of different
concentrations for each segment. The mixture is prepared in the laboratory conditions with a temperature of 22�C and
relative humidity of 60%. The realized FOI device is fed through a 3.5 mm sub-miniature version A (SMA) connector
and tested by Agilent E4982A RF LCR meter that is connected to the DUT through Agilent E4982A test head and a
coaxial cable. The amplitude of the input voltage is 101 mV. Two cases are considered in the experiments: β¼ 1
(ϕ¼ 60�) and β¼�0:5 (ϕ¼ 30�). In addition, simulations of the realized device (with discretized conductivity profile)
and an “ideal” device with the corresponding continuous conductivity profiles are carried out using COMSOL Multi-
physics® 5.5.

First, the case with β¼ 1 (ϕ¼ 60�) is considered. The conductivity of each segments are defined by Equation (6)
with the values being σmin ¼ 0:1 S/m and σ0 ¼ 19:9 S/m. Since it is hard to estimate the conductivity of the dough mix-
ture, the conductivity, and corresponding concentration of the NaCl-water solution used to prepare the N-th segment
can be calculated37 using

σðnÞ¼ 20
n�1
8

� �
S=m,

ρðnÞ¼ 0:205
n�1
8

� �
g=ml:

ð7Þ

The sizes of each segments and concentrations of the NaCl-water solution used to prepare the dough mixture for
each segments are listed in Table 2. The simulation and measurement results are shown in Figure 5. The device exhibits
an average phase angle of 57.8� within the frequency range of interest 1–10 MHz as shown in Figure 5A. As plotted in
Figure 5B, the phase angle deviations to the ideal 60� are within the range of ±4�. Moreover, the phase angle and phase
angle deviation of simulated FOI are compared with the measured device in Figure 5A, B. The conductivity is approxi-
mated as shown in Figure 5C, and the N-segment is equally distributed.

Next, the case with β¼�0:5 (ϕ¼ 30�) is realized using the continuous conductivity profile described in Equation (5).
The change of the conductivity profile, in this case, is not homogeneous. Therefore, a non-uniform discretization is
used. The lengths and corresponding concentrations used to prepare each segment are listed in Table 3, generated by
numerical optimization as discussed in the previous section. The measured phase angle response of the fabricated
device is shown in Figure 5D. This device features an averaged phase angle of 30.1� within the frequency range of inter-
est 1–10 MHz. The measured phase angle deviates from the ideal value 30� within the range of ±2� as shown in
Figure 5E. The conductivities of all these portions follow the ratios of the conductivities of each segment given by the
optimized conductivity profile shown in Figure 5F.

TABLE 2 Concentration and length of each segment for 60�

Segment index 1 2 3 4 5 6 7 8

Concentration (g/ml) 0 0.03 0.05 0.08 0.10 0.13 0.15 0.18

Length (cm) 6.25 6.25 6.25 6.25 6.25 6.25 6.25 6.25

ZHANG ET AL. 7



FIGURE 5 Measured phase angle, phase angle deviation, and conductivity for profiles while (A), (B), (C) ϕ¼ 60� and (D), (E),

(F) ϕ¼ 30� [Colour figure can be viewed at wileyonlinelibrary.com]

TABLE 3 Concentration and length of each segment for 30�

Segment Index 1 2 3 4 5 6 7 8

Concentration (g/ml) 0.36 0.19 0.13 0.09 0.07 0.06 0.05 0.04

Length (cm) 1 1.8 3.1 4.8 6.7 8.7 10.8 13.1

FIGURE 6 A measured time domain response of ϕ¼ 30� FOI device [Colour figure can be viewed at wileyonlinelibrary.com]
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Table 1 compares the fabricated devices with other works on realizing fractional-order inductors. Our system has
been shown to be the best available passive, single-device design with variable CPA.

To further verify the performance of the fabricated device, a time domain measurement is performed for β¼�1=2
(CPA = 30�). During this measurement, the fabricated device is connected in series with a resistor of 1.2 Ω. By measur-
ing the voltage drop on the resistor, the current passing through the fabricated device can be acquired. The excitation
sinusoidal signal with a frequency of 5 MHz is generated by an Agilent 33250 A Waveform Generator. The signal
crosses both the serial resistor and the fabricated FOI device. The voltages across the resistor and FOI are measured by
channel 1 (CH1) and channel 2 (CH2) of Tektronix MSO 4104 Mixed Signal Oscilloscope, respectively. The cyan trace
(labeled by “2”) is the measured voltage across the fabricated device while the red trace (labeled by “M”) represents the
current through the fabricated FOI device (M = CH1-CH2 from the built-in math function of the oscilloscope) in
Figure 6. The measured phase difference between the voltage and current of the fabricated device is 32.15� that matches
well with the measured frequency domain results.

5 | CONCLUSIONS

For the first time in the literature, a process to design and realize a passive single-element FOI with a variable CPA is
introduced. The design and the implementation process are supported with mathematical analysis, simulations, and
measurements. The fractional-order response is generated using the impedance of the TEM mode on a coaxial structure
filled with a conductive material. The phase angle can be controlled by tuning the conductivity profile. Approximations
are proposed to enable the realization of the FOI with an arbitrary order from 0 to 1. These approximations are vali-
dated by simulations, and as an example, the case with β¼f1; �0:5g are validated by both simulations and experi-
ments. The measured averaged CPAs of these two cases are 57.8� and 30.1� respectively in the frequency range from
1 to 10 MHz. The time domain measurement is performed with the case β¼�0:5, resulting a phase shift between the
voltage and current of 32.15�.

Although, the fabricated device has big size compared with modern electronic components, the method of designing
a single-element, passive fractional-order inductor with variable CPA proposed in this work, has the potential to be
modeled with smaller size. Moreover, the generalized Equation (3) shows that the fractional-order impedance does not
depend on the shape of the structure as long as it can support the propagation of a TEM wave. Therefore, in the future
work, we will investigate on the miniaturization of the proposed design method and the possibility of deploying this
method to other structures.
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APPENDIX A: THE DERIVATION OF EQUATION 3

From the telegrapher's model in Figure 2B, the differential equations about the voltage and current can be expressed

�½VðxþdxÞ�VðxÞ� ¼ jωLðxÞdxIðxÞ, ðA1Þ

�½IðxþdxÞ� IðxÞ� ¼VðxþdxÞGðxÞdx: ðA2Þ

By taking the derivative of Equation (A1) and inserting it in Equation (A2), the voltage equation is acquired (similar
to Equation (A2) and the current equation)

∂2V
∂x2

� jωL0G0

lβ
xβV ¼ 0,

∂2I
∂x2

� ∂I
∂x

β

x
� jωL0G0

lβ
xβI ¼ 0,

LðxÞ ¼ L0,

GðxÞ ¼G0
x
l

� �β
:

ðA3Þ

The general solution of the voltage differential equation in Equation (A3) is expressed as in a previous study,38
using the modified Bessel function of the first kind I

VðxÞ ¼ c1
ffiffiffi
x

p
I� 1

βþ2

2
ffiffiffi
a

p
βþ2

x
β
2þ1

� �

þc2
ffiffiffi
x

p
I 1
βþ2

2
ffiffiffi
a

p
βþ2

x
β
2þ1

� �
,

a ¼ jL0G0

lβ
:

ðA4Þ

Considering the boundary condition of the voltage lim
x!∞

VðxÞ¼ 0, with c being a constant

VðxÞ ¼ c
ffiffiffi
x

p ½I� 1
βþ2

2
ffiffiffi
a

p
βþ2

x
β
2þ1

� �

�I 1
βþ2

2
ffiffiffi
a

p
βþ2

x
β
2þ1

� �
�:

ðA5Þ

Inserting Equation (A5) into Equation (A1)
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IðxÞ ¼�dVðxÞ
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�g:

ðA6Þ

Knowing the expressions of both the voltage and current, the impedance measured at the feeding position ðx¼ 0Þ
can be calculated with Γ being the gamma function

Z ¼ lim
x!0

VðxÞ
IðxÞ

¼ ðjωlL0Þ
βþ1
βþ2

ðlG0Þ
1

βþ2

1
βþ2

� � β
βþ2

Γ
1

βþ2

� �

Γ
βþ1
βþ2

� �/ðjωÞβþ1
βþ2:

ðA7Þ

As it can be seen from Equation (A7), the resulted impedance follows the characteristics of a fractional-order induc-
tor. The order βþ1

βþ2 can be tuned by engineering the spatial profile of the conductivity of the filling material.
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