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Estimating divergence-free flows via neural networks
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1 RWTH Aachen University, Pontdriesch 14–16, Aachen 52062, Germany
2 KTH Royal Institute of Technology, SE-100 44 Stockholm, Sweden
3 King Abdullah University of Science and Technology, Thuwal, 23955-6900, Saudi Arabia

We apply neural networks to the problem of estimating divergence-free velocity flows from given sparse observations. Fol-
lowing the modern trend of combining data and models in physics-informed neural networks, we reconstruct the velocity flow
by training a neural network in such a manner that the network not only matches the observations but also approximately
satisfies the divergence-free condition. The assumption is that the balance between the two terms allows to obtain the model
that has better prediction performance than a usual data-driven neural network. We apply this approach to the reconstruction
of truly divergence-free flow from the noiseless synthetic data and to the reconstruction of wind velocity fields over Sweden.

© 2021 The Authors. Proceedings in Applied Mathematics & Mechanics published by Wiley-VCH GmbH.

Introduction. An important method of finding relations from a given dataset of observations is fitting a function to this
dataset. The function should be “rich” enough so that the relations between independent and dependent variables in the dataset
can be appropriately modeled. Recently, special nonlinear functions called neural networks have emerged for the purpose of
finding relations in the data. Particularly, an important class of functions named physics-informed neural networks [1] has
emerged to fit the data, for which one can postulate important physical properties of these data.

We apply physics-informed neural networks to the problem of estimating velocity flows that satisfy the divergence-free
condition, namely, flows of incompressible fluids. For that, we train the network to not only satisfy the given dataset of
observations but also to approximately satisfy the divergence-free condition.

We demonstrate the performance of such networks on two examples. The first example is based on divergence-free syn-
thetic data, while the second example is based on the dataset of wind velocity observations over Sweden in 2018, where we
use an assumption that the wind is incompressible due to the relatively low wind velocities.

Mathematical model. Consider dataset

{xi,ui} , i = 1, . . . , N, (1)

where xi ∈ R2 is the ith spatial point, ui ∈ R2 the velocity at this point, N total number of measurement points. Also,
assume that the velocity field u(x) satisfies the divergence-free condition, at least approximately:

∇ · u(x) ≈ 0. (2)

We seek an estimator û(x;θ) ≈ u(x) parameterized by θ ∈ Rn that satisfies the measurements (1) and the divergence-free
condition (2) simultaneously in a least-squares sense:

argmin
θ

1

N

N∑

i=1

∥ui − û(xi;θ)∥22 +
γ

P

P∑

i=1

(∇ · û(xi;θ))
2 (3)

where γ is regularization parameter that determines how strongly the divergence-free condition is enforced, and P the number
of points, at which the divergence-free condition is enforced. Note that the latter points are different from the measurement
locations.

As an estimator function û(x;θ), we use a neural network of type “multilayer perceptron” [4], which is trained (that is,
parameter θ is fitted) by solving the optimization problem (3) using ADAM optimizer [3]. Also, iterations of θ are averaged
using exponential averaging, and the averaged value is used for making predictions with the trained model.

Numerical examples. We apply divergence-free neural networks to truly divergence-free dataset (Example 1) and to the
wind estimation over Sweden (Example 2).

Example 1. We generate synthetic noiseless data {(xi, yi),ui}, i = 1, . . . , 10, where u(x, y) = (cosx sin y,− sinx cos y)T

and points (xi, yi) are sampled uniformly from domain [0; 2π]2. This dataset is a Taylor–Green 2D vortex fixed in time. Test
data are located on the 21× 21 uniform grid in this domain.

Figure 1 shows the comparison of the prediction errors of two networks: for one, parameter γ is set to zero, such that the
network is trained to only match the dataset, for another, parameter γ = 10−2. We can see that the neural network, trained to
satisfy both the dataset and the divergence-free condition, gives smaller prediction errors, especially at locations at distance
from the measurement locations.
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Fig. 1: Comparison of the prediction errors for two neural net-
works: left) γ = 0; right) γ = 10−2. Red arrows show the mea-
surement locations and corresponding velocity directions.
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Fig. 2: Comparison of 30 neural-network models (points) with the
base IDW model (dashed line). The best found model corresponds
to model index 21.

Example 2. We apply a neural network with divergence-free regularization to the problem of reconstruction of the wind
fields over Sweden. The assumption is that due to the low speed of the wind, the flow can be considered incompressible. The
data were collected from 165 weather stations in 2018, with measurements being recorded hourly, with missing values from
different stations.

To assess the quality of the neural network model, we use as a base model the Inverse Distance Weighting (IDW) model [2],
which estimates velocity at point xj by averaging weighted observations:

ûIDW(xj) =

∑N
i=1 W (ri,j)u(xj)∑N

i=1 W (ri,j)
(4)

where W is a weight, namely, decaying function of the distance ri,j between locations xi and xj .
To quantify the quality of the model, we estimate the prediction error by selecting at random from the dataset T time

snapshots and computing an average R2 score using K-fold cross-validation:

R2 = 1−
∑T

i=1

∑K
j=1

1
N ′

ij

∑N ′
ij

k=1 ∥uijk − ûijk∥22
∑T

i=1

∑K
j=1

1
N ′

ij

∑N ′
ij

k=1 ∥uijk∥22

where N ′
ij denotes number of test measurements for the ith time snapshot and jth cross-validation fold. The R2 score

provides normalized value of the prediction performance of the model as it does not depend on the scaling of the data. We
choose T = 500 and K = 5, therefore, to compute R2 score 2500 neural networks are required with a given configuration of
hyperparameters.

We train multiple neural networks with configurations specified by a triplet: γ ∈ {0, 10−4, 10−3, 10−2, 10−1}, number of
neurons in the 1st hidden layer h1 ∈ {20, 30}, number of neurons in the 2nd hidden layer h2 ∈ {0, 10, 20}.

Figure 2 shows comparison of the neural networks with these configurations against the base model (4). The best R2 score
is achieved by the model 21 with parameters γ = 0.01, h1 = 20, h2 = 20. However, one can see that the R2 = 62.5 of the
best model is relatively close to the R2 = 0.61 of the base model.

Conclusions. We applied physics-informed neural networks to estimation of divergence-free flows. Application to the
synthetic data, which are known to be truly divergence-free, shows that the addition of the divergence-free regularization
significantly improves the prediction error of the neural network, particularly, in the areas with known measurement data.
Application to the wind estimation over Sweden shows that divergence-free neural network can achieve better, although
marginally, prediction performance than the base inverse distance weighting model. Overall, addition of the physics-informed
regularizer improves the prediction performance of neural networks.
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