
A Spurious-Free Characteristic Mode Formulation Based
on Surface Integral Equation for Patch Antenna Structures

Item Type Article

Authors Fan, Kun; Zhao, Ran; Cheng, Guangshang; Huang, Zhixiang; Hu,
Jun

Citation Fan, K., Zhao, R., Cheng, G., Huang, Z., & Hu, J. (2022). A
Spurious-Free Characteristic Mode Formulation Based on
Surface Integral Equation for Patch Antenna Structures. IEEE
Antennas and Wireless Propagation Letters, 1–1. doi:10.1109/
lawp.2022.3141410

Eprint version Post-print

DOI 10.1109/LAWP.2022.3141410

Publisher IEEE

Journal IEEE Antennas and Wireless Propagation Letters

Rights (c) 2022 IEEE. Personal use of this material is permitted.
Permission from IEEE must be obtained for all other users,
including reprinting/ republishing this material for advertising or
promotional purposes, creating new collective works for resale
or redistribution to servers or lists, or reuse of any copyrighted
components of this work in other works.; This file is an open
access version redistributed from: http://arxiv.org/pdf/2112.08939

Download date 24/05/2023 08:29:31

Link to Item http://hdl.handle.net/10754/674987

http://dx.doi.org/10.1109/LAWP.2022.3141410
http://hdl.handle.net/10754/674987


JOURNAL OF LATEX CLASS FILES, VOL. 11, NO. 4, DECEMBER 201X 1

A Spurious-Free Characteristic Mode Formulation
Based on Surface Integral Equation for Patch

Antenna Structures
Kun Fan, Ran Zhao, Member, IEEE, Guang Shang Cheng, Member, IEEE, Zhi Xiang Huang, Senior

Member, IEEE, Jun Hu, Senior Member, IEEE,

Abstract—Conventional surface integral equation (SIE)-based
characteristic mode formulation for the patch antenna struc-
ture with a finite substrate is susceptible to the spurious
(nonphysical) modes due to the dielectric part. To avoid the
contamination of spurious modes, we propose a novel generalized
eigenvalue formulation based on the electric field integral equa-
tion coupled Poggio-Miller-Chang-Harrington-Wu-Tsai (EFIE-
PMCHWT) equation. In this formulation, the real and imaginary
parts of the exterior integral operators are chosen to construct
the finalized weighting matrices, to connect radiated power of the
characteristic current. Compared with other SIE-based methods,
this equation doesn’t need additional post-processing since it can
effectively avoid spurious modes. Numerical results compared
with the volume-surface integral equation (VSIE) are investigated
to validate the accuracy.

Index Terms—characteristic modes (CM), surface integral
equation (SIE), patch structure, EFIE-PMCHWT, spurious-free.

I. INTRODUCTION

THE theory of characteristic modes (TCM) has grown in
popularity recently as it takes the intrinsic properties of

the electromagnetic target such as structure, material, and size
into account only and is independent of the excitations. Thus,
the TCM can clearly explain the physical radiation mechanism
from the analyzed objects. The TCM was firstly introduced
in the electromagnetic community by Garbacz [1]. Then,
Harrington and Mautz [2] proposed the electric field integral
equation (EFIE)-based TCM for perfect electric conductor
(PEC) structures. Following these two methods, the magnetic
field integral equation (MFIE)-based TCM was also introduced
[3] where no symmetric matrices are applied.

For dielectric objects, there are two different approaches
for the TCM formulations; one is starting from the volume-
integral-equation(VIE) [5], another is from the surface-
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integral-equation(SIE) [4]. Even though the VIE-based TCM
formulation approach has robust solutions both for loss and
lossless objects and is immune from spurious solutions, the
volume discretization will always lead to many unknowns
with expensive computational costs. To reduce the computa-
tional cost, the SIE-based Chang-Harrington formulation is
preferred. However, as shown in [6], the contamination of
spurious modes in CH (Chang–Harrington) formulation leads
to non-orthogonal far-field patterns. To address the issue, a
post-processing method is proposed to remove spurious modes
[6]- [8].

Various methods were developed to avoid nonphysical
modes contamination in recent years [9]- [12], but spurious
modes have not been completely removed. In [13], [14], by
choosing an exterior (radiation-related) integral operator as
a weighting operator of the generalized eigenvalue equation,
spurious modes can be effectively avoided, and the eigenvalues
have a clear physical interpretation.

Because of the particular structures of patch antennas,
which are often composed of a metallic surface touched on
the finite dielectric substrate, the EFIE-PMCHWT [16]- [18]
are commonly chosen as the governing equation to model
the electromagnetic property. If the CH-type formulation for
the dielectrics were directly extended to analyze the CM of
the patch antenna structures by using the EFIE-PMCHWT,
it would also have the spurious mode contamination issue
[15].The volume-surface integral equation (VSIE) based TCM
is proposed for the printed patch antenna structures [19]
to avoid the spurious mode issue. However, the volume
discretization of the substrate will also lead to tremendous
computational costs. In this letter, a novel surface integral
equation (EFIE-PMCHWT) based CM analysis method is
proposed for printed patch antenna structures to reduce the
computational requirements.

Inspired by [14], in this proposed method, the integral
operator of EFIE-PMCHWT is split into the interior (material-
related) integral operator and exterior (radiation-related) in-
tegral operator. By correctly choosing a combination of the
real and imaginary parts of the exterior radiation operator
as the right weighting operator of the generalized eigenvalue
equation, the spurious mode contamination can be avoided,
and the eigenvalues have a clear physical interpretation. The
symmetrical EFIE-PMCHWT equation (sEFIE-PMCHWT) is
also developed to further reduce the computational cost,
with the same accuracy and higher efficiency than the non-
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symmetric one.

II. TCM FORMULATIONS FOR PATCH STUCTURES

As shown in Fig. 1, a simplified patch antenna structure,
which consists of metallic patch A touched on the dielectric
body B, is investigated. The background Ω1 is free space. The
εm and µm respectively denote permittivity and permeability
of the Ωm,m = 1, 2. The ηm=

√
µm/εm are the intrinsic

impedance of the region Ωm. Let Jc1and Jc2 represent the
equivalent electric surface currents on outer and inner surface
of the conducting surface and assume that Jd and Md denote
the equivalent electric and magnetic currents on the surface
of substrate. The Einc,Hinc denote the incident field in exterior
region.

Fig. 1. Electromagnetic scattering from a patch antenna structure.

The final linear matrix equation of the EFIE-PMCHWT formu-
lation [17], [18] for the patch antenna structure is expressed in
(1). The subscripts b, c1, c2 in this eqution denote the dielectric
surface, outer and inner conducting surfaces.

The detailed expression of matrix elements and vectors are
listed as following,

(
Pma,b

)
p,q

=
〈
fap , Lm

(
f bq
)〉
a(

Qm
a,b

)
p,q

=
〈
fap ,Km

(
f bq
)〉m
a(

bTF
a

)
p

=
〈
fap ,F

inc 〉
a

. (2)

where a and b denote the surface b, c1, c2, m = 1 or 2, F = E
or H and p, q denote the pth, qth test function fap and basis
function f bq on the surface a and b. The inner product of two
vectors u,v are defined as

〈u,v〉s =

∫
S

(u · v)dS (3)

The corresponding Lm, Km operators are defined as follow-
ing:

Lm(X(r′); ∂Ωm) =

− jkmηm
∫

∂Ωm

[I +
1

k2
m

∇∇�]Gm(r, r′)X(r′)dr′

Km(X(r′); ∂Ωm) =∫
∂Ωm

∇Gm(r, r′)×X(r′)dr′

(4)

with the Green function Gm(r, r′) = e−jkm|r−r′|

4π|r−r′| , and the
wavenumber km = ω

√
µmεm.

The characteristic modes of the patch antenna structures can
be obtained, via solving the following generalized eigenvalue
equation,

Z ·Xn = (1 + jλn)W ·Xn, (5)

where Z is the matrix of (1), W is the corresponding weight-
ing matrix, λn and Xn are respectively the nth eigenvalue and
corresponding eigenvector. As shown in [14], the nonphysical
modes are generated because the weighting operator W con-
tains the matrix of the interior of the body, which is not related
to the radiated power.

To get the proper weighing matrix without spurious mode,
based on this theory, we define the exterior matrix as

Zext =


η1P

1
d,d −Q1

d,d η1P
1
d,c1

0

Q1
d,d 1/η1P

1
d,d Q1

d,c1
0

η1P
1
c1,d

−Q1
c1,d

η1P
1
c1,c1 0

0 0 0 0

 (6)

After substituting the exterior matrix (6) into the Poynting’s
theorem (the object is lossless), the following equation is
obtained,

− 1

2
[XH

n · (Zext ·Xn)] =

1

2

∫∫
©
S

(E×H∗) · dS +
1

2
jω

∫∫∫
V

(µ1|H|2 − ε1|E|2)dV
(7)

where S denotes the surface away from the system and V
denotes the space bounded by the surface S. The first term
of the right-hand-side represents the radiation power and the
second term represents the stored field energy. Therefore, the
radiation power of the exterior part is defined as:

Prad
n = −1

2
Re[XH

n · (Zext ·Xn)]. (8)

Inspired by [14], the weighting matrix W defined in (9) is
chosen as

W=


Re(η1P

1
d,d) jIm(−Q1

d,d) Re(η1P
1
d,c1

) 0

jIm(Q1
d,d) Re(1/η1P

1
d,d) jIm(Q1

d,c1
) 0

Re(η1P
1
c1,d

) jIm(−Q1
c1,d

) Re(η1P
1
c1,c1) 0

0 0 0 0


(9)

to satisfy

Prad
n = −1

2
Re[XH

n · (Zext ·Xn)]=− 1

2
[XH

n · (W ·Xn)]. (10)

In the electromagnetic scattering problem, the final linear
matrix equation is defined as,

Z ·X = Finc, (11)

where Finc is the right-hand-side vector of the linear equation
discretized from the incident field. Due to the nonsymmetry
of Z and W are , the supplementary eigenvalue equation [20]
can be constructed as

ZT ·Xa
n = (1+jλn)WT ·Xa

n, (12)
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η1P

1
d,d + η2P

2
d,d −Q1

d,d −Q2
d,d η1P

1
d,c1

η2P
2
d,c2

Q1
d,d + Q2

d,d 1/η1P
1
d,d + 1/η2P

2
d,d Q1

d,c1
Q2

d,c2

η1P
1
c1,d

−Q1
c1,d

η1P
1
c1,c1 0

η2P
2
c2,d

−Q2
c2,d

0 η2P
2
c2,c2




Jd

Md

Jc1

Jc2

 =


bTE

d

jbTH
d

bTE
c1
0

 . (1)


η1P

1
d,d + η2P

2
d,d jQ1

d,d + jQ2
d,d η1P

1
d,c1

η2P
2
d,c2

jQ1
d,d + jQ2

d,d 1/η1P
1
d,d + 1/η2P

2
d,d jQ1

d,c1
jQ2

d,c2

η1P
1
c1,d

jQ1
c1,d

η1P
1
c1,c1 0

η2P
2
c2,d

jQ2
c2,d

0 η2P
2
c2,c2




Jd

jMd

Jc1

Jc2

 =


bTE

d

jbTH
d

bTE
c1
0

 . (16)

where the T represents the transpose of a matrix. The eigen-
vectors satisfy the following orthogonality.

XT
m · (W ·Xa

n) = δmn. (13)

Due to the complete orthogonality of the set formed by
characteristic modes [21], the induced current generated by
an external source can be defined as

X ≈
N∑
n=1

τnXn, (14)

where τn is the modal excitation coefficient, which can be
expressed as

τn =
(Xa

n)TFinc

1+jλn
. (15)

To reduce the computational costs and simplify the CM
solving procedure, a procedure similar to [4] can be utilized
to symmetrize the aforementioned EFIE-PMCHWT equation
as following (termed as sEFIE-PMCHWT),

Because the exterior part

Zext =


η1P

1
d,d jQ1

d,d η1P
1
d,c1

0

jQ1
d,d 1/η1P

1
d,d jQ1

d,c1
0

η1P
1
c1,d

jQ1
c1,d

η1P
1
c1,c1 0

0 0 0 0

 (17)

is symmetric, it satisfies

− 1

2
Re[XH

n · (Zext ·Xn)] = −1

2
[XH

n · (Re(Zext) ·Xn)]. (18)

Thus, one can define the weighting matrix W of the
symmetric equation with the real part of the operator Zext

W=


Re(η1P

1
d,d) Im(−Q1

d,d) Re(η1P
1
d,c1

) 0

Im(−Q1
d,d) Re(1/η1P

1
d,d) Im(−Q1

d,c1
) 0

Re(η1P
1
c1,d

) Im(−Q1
c1,d

) Re(η1P
1
c1,c1) 0

0 0 0 0


(19)

Compared to the non-symmetric formulation, the symmetric
one needs less memory and improves computational efficiency.
In particular, in the computation of the induced current, it can
avoid constructing the supplementary eigenvalue equation.

III. NUMERICAL RESULTS

In the first numerical example, a rectangular metallic film of
dimensions 100mm×40mm is investigated. The metallic film
covers the entire upper surface of the FR-4 substrate. The

thickness and relative dielectric constant of the substrate is
1.55mm and εr = 4.7, respectively. The mesh size is 0.3mm.
The frequency bands range from 1 to 8 GHz with a frequency
step of 50 MHz.

Fig. 2. The MS of the CMs about a rectangular patch on FR4 cuboid
substrate. Result of CH formulation, EFIE-PMCHWT, and sEFIE-PMCHWT
formulations are compared with the results of the VSIE solved by FEKO.

Fig. 3. The first 6 electric eigencurrents of the metallic patch at 1.275 GHz
computed with the sEFIE-PMCHWT.

Fig. 2 shows the modal significance of first 9 modes that
having the biggest modal significance at the lowest frequency.
The modal significance is defined as:

MS =

∣∣∣∣ 1

1 + jλn

∣∣∣∣ (20)

The curves with lines represent the results of VSIE solved by
commercial software FEKO, which is immune from spurious
modes. The curves with hollow circles and solid triangles rep-
resent the results of EFIE-PMCHWT and sEFIE-PMCHWT,
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respectively. The results of these three formulations agree
well with each other, showing that the proposed two SIE-
based formulations (EFIE-PMCHWT and sEFIE-PMCHWT)
for the patch structure can effectively avoid the spurious mode
with the same accuracy. In comparison, the results of the CH
formulation are also plotted with gray dotted lines. In the CH
formulation, the real part of the impedance matrix is chosen
as the right weighting operator. Obviously, it generates a large
number of spurious modes. These results validate that the
EFIE-PMCHWT and sEFIE-PMCHWT formulations have the
same accuracy. In the rest of this section, for simplification,
we only chose the results from sEFIE-PMCHWT.

To further validate the proposed method, the electric cur-
rents at 1.275GHz is also plotted, which is the resonant
frequency of mode 1, corresponding to the same structure
shown in Fig. 2. Fig. 3 displays the first six electric currents on
the metallic patch surface. The eigen-currents are very similar
to the results of [19], which is solved by VSIE.

Fig. 4. The first 60 modal excitation coefficients based on sEFIE-PMCHWT
at 3GHz.

Fig. 5. RCSs reconstructed by different number of modes based on sEFIE-
PMCHWT at 3GHz for the geometry shown inset of Fig. 4.

In the second numerical example, as shown inset of Fig. 4,
the radar cross-section (RCS) of a circular patch (with a
radius of 40mm) on a thick FR-4 substrate with a size of
100mm×100mm×50mm is investigated. The number of basis

Fig. 6. The characteristic fields of mode1 and mode5 computed with (a)
VSIE and (b) SIE (sEFIE-PMCHWT) at 3GHz for the geometry shown inset
of Fig. 4.

functions and modes is 1425 and 2824, respectively. Fig. 4
plots the first 60 modal excitation coefficients τn at 3 GHz. The
mode indexes are sorted from the largest modal significance
to the smallest. The figure shows that not all modes can be
efficiently excited because the coupling between the modal
excitation coefficient and modal significance also depends on
some properties of the external source, such as the position,
magnitude, phase, and polarization. Fig. 5 displays RCSs (the
plane wave incidents from -z-axis) reconstructed by 5, 10,
20, 40, and 60 modes (characteristic currents). Evidently,
as the number of superimposed modes increases, the RCS
converges to the correct result. Good agreement is observed
when the reconstructed induced current contains 60 modes.
This property can be used for modeling large-scale finite
periodic arrays [22] and analyzing general object’s scattering
property [23] with multiple excitations by choosing a small
number of CMs with the lowest eigenvalues as entire-domain
basis functions.

The characteristic fields of the proposed SIE-based method
(b) are compared with the results from the VSIE formulations
(a), in Fig. 6. The characteristic fields are produced by the
characteristic currents of mode1 and mode5, respectively. A
good agreement also can be observed.

IV. CONCLUSIONS

In this letter, an EFIE-PMCHWT based TCM and its sym-
metrization (sEFIE-PMCHWT) are proposed for patch antenna
structures. By defining the radiation-related right weight op-
erator of the generalized eigenvalue equation, spurious modes
can be effectively removed. The physical meaning of the right
weight operator is provided following Poynting’s theorem.
Numerical results have shown the accuracy and efficiency of
this formulation.
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