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ABSTRACT

Eikonal Solution Using Physics-Informed Neural Networks for Global

Seismic Travel Time Modelling

Mohammad Hasyim Taufik

Being able to determine how much time it takes for a seismic wave to travel from

one point to another is essential in geophysics. One can achieve this goal under the

asymptotic ray assumption and end up with the so-called Eikonal equation. The

equation finds itself to be beneficial across science and engineering. In geophysics,

especially the global seismology field, the solution of this equation is primarily used

to perform travel time tomography and earthquake relocation application. In this

research I propose a novel scheme to solve the Eikonal equation under two main ob-

jectives in mind: being able to compute more accurate first-arrival travel time using

Three-dimensional (3-D) velocity model and also being as efficient as the standard

procedure. The proposed method is using a physics-informed neural network (PINN).

The forward problem is formulated such that the physical equation is the driving com-

ponent of the minimization of the objective function. The velocity model used on this

research is the second generation of the three-dimensional global adjoint tomographic

model, GLAD-M25, to account for anelastic behaviour of the Earth.

From the numerical tests, I observed one unique feature in using PINNs to solve the

Eikonal equation. I demonstrate that I can use a velocity model which has incomplete

velocity information in it and still able to model accurately in some regions the travel

time. The results show that the proposed method achieves a significant improvement

on the velocity validation and more importantly, is able to calculate the first-arrival

travel time using a full three-dimensional global tomographic model (GLAD-M25).
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The validation process is done by comparing the input velocity data with the recovered

velocity from the modelled travel time. The residuals for all depth is below -1 to 1 %

error and the recovered velocity and input data are align with a cosine similarity value

around 0.999. The main limitation pertaining to the first iteration model proposed on

this research is its training cost. For each epoch, given the large number of batches,

the training takes around 52.383 minutes. However, once the model is trained, the

inference process is comparable to a standard Eikonal solver.
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Chapter 1

Introduction

The prevalence, utilization and advancement of machine learning algorithms has cer-

tainly disrupted almost (if not all) aspects of human interactions with machines.

For scientists and researchers this opens up a whole spectrum of research in and

out of the machine learning paradigm itself. For some earth scientists, the tools are

treated as an additional standard tool to accelerate mundane repetitious tasks. For

others, specifically geophysicists, mastering the utilization of machine learning un-

locks several unanswered problems that usually approached using standard numerical

methods. The topics being covered in the thesis will try to blend the utilization of

machine learning algorithm and an understanding of the dynamics of seismic waves to

model the global seismic travel time, which usually approached in a simplistic man-

ner due to time constraint and computational cost. This thesis aims at utilizing the

advancement of neural network capability to solve the Eikonal equation for modelling

global seismic travel time.

1.1 Motivation

The Eikonal equation is a first-order nonlinear partial differential equation and can

be derived from both of the wave equation via the Wentzel-Kramers-Brillouin (WKB)

approximation and the Huygen’s principle in ray theory. It holds an important role

across interdisciplinary branches of science and engineering. The thesis will mainly

highlight its importance application towards geophysics. In geophysics, the Eikonal
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equation is extensively used for calculating the travel time of seismic waves. Although

its utilization and optimization (of its solutions) are mostly applied towards applied

geophysics, one major contribution of the Eikonal equation for the global geophysics

arena is to modelling global seismic travel time. In geophysics, the Eikonal equation is

heavily involved in addressing two fundamental questions pertaining to the traveling

seismic waves, what paths do these traveling seismic waves take and how long does

it take in doing so. For seismologists, these questions are primarily used to infer the

location of earthquakes (via travel time inversion using a particular velocity model).

There has been numerous attempts and frameworks attempting to model a three-

dimensional representation of the Earth velocity. One of the earliest attempts was

using the uniform material assumption that resulted in a layered cake velocity model.

Apparently, [1] was one of the earliest attempts to relax this assumption, resulting

in a more complex velocity model by inverting for the slowness fluctuation from the

compressional teleseismic waves. The advancement of computational power sparks

a more advanced adjoint state theory [2] implementation for estimating the velocity

model. The earlier attempts were outlined towards exploration-scale velocity inversion

[3]. In earthquake seismology, it took some time for the theory to be applied in at

least regional-scale [4], continental-scale [5], and eventually one of the first global-scale

velocity model, GLAD-M15 [6]. The thesis will primarily utilize the GLAD-M25 [7],

the updated version of GLAD-M15.

Mostly in practice, the simplistic, distance-dependent, 1-D Earth models are used

to relocate earthquake events and travel times calculation. These varying-with-depth

models are used to determine the travel time lookup tables as a function of source-

receiver distance, the event depth, and seismic phases. The calls towards a more

realistic 3-D velocity models comes from the inadequate accuracy of event locations

resulted from these simple models when teleseismic phases are also accounted [8].

The remedy, and sort of an antipode, of this approach is by using a more realistic
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(3-D) velocity models. Due to its computational cost, however, there are limited

attempts in achieving such a goal. Several previous attempts have been carried out

using different approaches with better travel time calculation and earthquake events

relocation in mind [9, 10, 11, 12]. The thesis will try to contribute in the same direction

by providing a more wider region of velocity model and provide easily amendable

software for future global velocity updates and utilizing non-conventional approaches

in solving the Eikonal equation.

The currently available Eikonal solvers can be categorized into two distinct groups.

The first group belongs to conventional attempts that solve the Eikonal equation

using numerical methods while the second group aims at utilizing neural networks

and machine learning. The former can further be classified into two main categories:

ray-based methods and grid-based methods. These approaches has its own unique

advantages and purposes [13].

On the other front, implementing NN and deep learning (DL) algorithms in solving

partial differential equations (PDEs) has continuously been applied to different areas

of science and engineering. The idea has been around for quite a while [14] and

apparently one network architecture in particular has set light to more researches of

applying this idea [15]. In solving the Eikonal equation, [16, 17] provides different

network architectures in achieving such a goal. The main differences between these

two are the network inputs and the residual blocks introduced in [16]. Both attempts

however, are based on an earlier ideas of mitigating source singularities using the

factored Eikonal equation [18].

The thesis will follow the similar pattern in utilizing the factored Eikonal equation

however, one major difference and one of its main contributions is on dealing with the

global Earth velocity model. The network will try to solve the Eikonal equation with

six input parameters, namely, the three vector components of the source location −→xs

and the receivers −→xr . To account for the Earth’s curvature and stay on the Cartesian
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coordinate, Eikonal equation, I will perform a coordinate transformation between the

so-called geodetic (longitude, latitude, depth) into geocentric (x, y, z). The thesis

will utilize the closed-form with no approximation conversion algorithm [19, 20].

1.2 Objectives and Contributions

The ability to model global seismic travel times will become of importance use not

only limited to the field of global seismology but will also contribute to the well-being

of our society of human kind in general. This benign goal however, gives rise to the

problem of dealing with the humongous global velocity model of the Earth. Thus,

the ultimate goal of this research is on utilizing the advancement of neural network

capability to solve the Eikonal equation for modelling global seismic travel time.

The thesis will try to address several challenges in dealing with the global velocity

model and provide an easily updatable framework in computing seismic travel times

efficiently. The important contributions proposed in this research can be summarized

in the following streams:

• Analyze numerical experiments on one of the unique feature of PINNs in over-

stepping the upwind difference structure.

• Propose a novel framework of modelling global seismic travel time using PINNs.

• Outline a method to easily update the neural network model for future velocity

model update using transfer learning and surrogate modeling.

1.3 Thesis Structure

The thesis can be outlined into six integral parts. First, I discuss the rationale on

why PINNs is the proposed method for the problem and important contributions

the research has to offer. The next two sections will set the grounds for theoretical

background for both of the Eikonal equation in geocentric coordinates and the main

gist of the thesis, the PINNs. The following section will continue the discussion on a
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unique feature of when dealing medium with incomplete velocity information. I then

discuss the main results for training and validation phase for the GLAD-M25 PINNs

results. The last section will be devoted for the takeaways and future directions of

this research.



21

Chapter 2

The Eikonal Equation

The chapter is intended to pave the way towards an understanding of the main com-

ponent of this thesis, the Eikonal equation. The chapter is divided into three parts.

I will briefly explain the mathematical derivation of the Eikonal equation. More

importantly, putting more emphasis on the so-called high frequency asymptotic ap-

proximation which is the main characteristic of the equation. Then I will continue

the discussion by demonstrating different flavors of the equation pertaining to dif-

ferent coordinate system. Unlike regional-scale problem which could be solved in

standard Cartesian coordinates, solving for the Eikonal equation using global-scale

Earth velocity model requires the spherical version of this equation. The last part

of the chapter will be devoted to discussing the numerical Eikonal solver, which is

important later on in the process of validating the PINNs travel time calculation.

This will also be relevant in comparing our proposed method with the conventional

Eikonal solver later on.

2.1 Mathematical Derivation

The derivation on this section is based on the derivation in [13]. The second-order

linear partial differential scalar wave equation in its canonical form is expressed as

∇2ψ(x, t) =
1

V 2(x)

∂2ψ(x, t)

∂t2
, (2.1)
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with a possible solution in the form of

ψ(x, t) = A(x)e±iω(τ(x)−t), (2.2)

and ψ, x, t, v, A, ω, and τ corresponds to the potential field, position vector, time,

wave speed, the ”slowly-varying” wave amplitude, angular frequency, and the travel

time as a function of the position vector, in the same order. Substituting (2.2) into

(2.1) yields to

−ω2ψ(x, t) = V 2(x)(∇2A(x)− ω2∇τ(x) · ∇τ(x))ψ(x, t)

± iωV 2(x)(2∇A(x) · ∇τ(x) + A(x)∇2τ(x))ψ(x, t).

(2.3)

in which the dot, ·, represents the dot product operator. Plugging this expression

back to (2.1) results in One important remark on the result in (2.3) is that if the

ansatz (2.2) satisfies the scalar wave equation only when the velocity v(x) is slowly

varying, i.e. it satisfies the approximation of the scalar wave equation. Equation (2.3)

can further be factored into the real part,

∇τ(x) · ∇τ(x) =
1

V 2(x)
+
∇2A(x)

ω2
(2.4)

and the imaginary part

(2∇A(x) · ∇τ(x) + A(x)∇2A(x)) = 0. (2.5)

The second element on equation (2.4) can be neglected under the condition of

∇τ(x) · ∇τ(x) = |∇τ(x)|2 � ∇
2A(x)

ω2
, (2.6)
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in which the condition is always satisfied in a homogeneous, constant velocity, medium.

In this case, ∇2A(x) is exactly zero, hence the second element on equation (2.4) is

exactly zero. However, when the velocity, v(x) is slightly varying, neglecting the

second element becomes an approximation.

Furthermore, under the assumption of ω →∞, the (2.4) is known as the so-called

Eikonal equation

|∇τ(x)|2 =
1

V 2(x)
(2.7)

while the equation (2.5) known as the transport equation which serves to compute

the amplitude change once the phase is solved using the Eikonal equation. The

approximation (2.7) is also known as the high-frequency asymptotic approximation,

which also means the solution to the wavenumber in the Eikonal equation, which is

controlled by the local properties of the medium. This approximation also has two

important features: it will work better as the frequency increases and in some cases,

especially in finite frequency, the approximation may fail.

As the background and formal derivation of the Eikonal equation has been dis-

cussed, the following two sections I will discuss the relevant Eikonal equation for this

research and provide background knowledge on commonly used Eikonal solvers.

2.2 Eikonal Equation in Different Coordinates System

The Eikonal equation in Cartesian coordinate system is expressed by rewriting the

equation (2.7) as

|∇τ(x)|2 =

(
∂τ

∂x

)2

+

(
∂τ

∂y

)2

+

(
∂τ

∂y

)2

=
1

V 2(x, y, z)
. (2.8)

In most of seismic exploration and local to regional scale seismological applica-

tions, the Cartesian Eikonal equation suffices the need to compute the first arrival

travel time. For global scale applications or generally when the curvature of the
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Earth is taken into consideration, however, the Cartesian introduces some artefacts

around the source location and away from the source location. More specifically, [21]

demonstrates that the travel time errors tend to be large in two particular cases: an

area with large curvature (e.g. near the source location) and when the wavefront

propagates diagonally with respect to the grid orientation. Hence, [21] proposes to

use the Eikonal equation in the spherical coordinate system in dealing with the cur-

vature issue. Hence, the 3-D Eikonal equation in the spherical coordinate system is

expressed as

(
∂τ

∂r

)2

+
1

r2

(
∂τ

∂θ

)2

+
1

r2 sin2 θ

(
∂τ

∂φ

)2

=
1

V 2(r, θ, φ)
, (2.9)

with r, θ, φ is now introduced to replace the Cartesian basis vector x, y, and z.

The need for implementing the Eikonal equation in non-Cartesian systems on

this research comes from the fact that the velocity model itself is built in spherical

coordinate system. The research will also investigate whether the error produced by

the Cartesian Eikonal equation is significant compared to the spherical coordinate.

2.3 Eikonal Solvers

In the next two sections I will briefly go over some of the commonly used numerical

methods in solving the Eikonal equation.

2.3.1 Ray-Based Eikonal Solvers

In a broader sense, currently available numerical methods for computing the travel

time and ray paths can be categorized into two major groups: the ray-based approach

and the grid-based approach. These two categories have one commonality shared be-

tween them, that is they are both based on the standard numerical methods and are

both used in a case-specific problem (i.e. the method needs to be slightly adjusted
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in dealing with, for example Two-dimensional (2-D) compared to 3-D, regular sur-

faces versus nonregular surfaces). The former attempts at solving the kinematic ray

equations while the latter attempts to solve for the Eikonal equation. The kinematic

ray equation is derived by using the relation of the position vector, x and the path

length l of the curve emanating from the source location as the wavefront evolves.

The relation is expressed as

dx

dl
=
∇τ(x)

s(x)
. (2.10)

Using the inverse velocity (slowness), s as

∇τ(x)

dl
= s(x), (2.11)

and by taking the gradient on both sides to yield

d∇τ(x)

dl
= ∇s(x). (2.12)

The kinematic ray equation is formulated using the equation (2.10) and (2.12) to form

d

dl

(
s(x)

dx

dl

)
= ∇s(x). (2.13)

Several algorithms have been proposed to solve for the kinematic ray equation, also

known as ray-tracing methods. These methods can further be classified into two dis-

tinct approaches, namely, the shooting methods and bending methods. The shooting

methods are based on the principle of formulating the (2.13) as an initial value prob-

lems (IVP) then allowing a complete set of rays (emanating from the source and

obeying the Fermat’s principle) to be tracked using a particular initial guess of the

ray path.
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2.3.2 Grid-Based Eikonal Solvers

On the other front, there are also a plethora of options for solving the Eikonal solution

directly for the first-arrival travel time. I will broadly categorize them into three major

branches: the FMM, the sweeping scheme and the finite-difference scheme.

The finite-difference schemes are the main workforce for the grid-based approach.

These three share a common implementation ideas, they try to solve the Eikonal

equation by approximating the gradient of the travel time ∇τ in (2.7). Both of the

FMM and Fast Sweeping Method (FSM) try to use the entropy-satisfying form of the

Eikonal equation to overcome the so-called multipathing phenomenon (a discontinuity

marked by branches in the wave front).

Now that I have discussed the conventional Eikonal solvers, the next two chapter

will then serve to introduce the novel approach proposed in this research as well as

discuss a neat feature that it poses.
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Chapter 3

Physics-Informed Neural Networks (PINNs)

On this section, I will start the discussion on PINNs by first briefly explain its his-

torical background. I will devote the following two sections into discussing some of

the currently available PINNs architecture and the kind of architecture used on this

research.

3.1 Historical Backgrounds

Solving differential equations is the major objective PINNs try to accomplish. This

idea has been around at least from the proliferation of supercomputers and the in-

crease in computing power in the 1990s, where [14] tried to solve a simple differential

equation using neural networks and [22] and [23] introduced the use of partial differ-

ential equations with their loss function as a penalty term. However, as the research

of neural networks experiences the so-called artificial intelligence (AI) winter, the ap-

plication of solving differential equations using neural networks needs to wait at least

20 years to gain its popularity as it has today.

Recently, several approaches have been proposed in solving dynamical systems

using neural network algorithm. Although the term PINNs itself has largely been

popularized by the work of [15], it is worth mentioning some of the previous works

leading to the hype that PINNs gains as it does today. Here I broadly categorize these

approaches into four main categories, the first group of research aims at incorporating

neural networks with existing numerical methods, the second group also works in
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conjunction with existing numerical methods but only for domain discretization, the

third group tries to use the residual form of the PDEs as a regularizer or penalty term

on the objective function, and the last group which, instead of dealing with high-order

derivatives as in the residual-based approach, uses the integral form (variational) of

the PDEs. These four categories are chosen in a relatively timely-manner and will be

the main discussion of the following subsection.

3.2 Different Flavors of NN-based PDE Solutions

3.2.1 Supervised Neural Networks with Numerical Methods

Approach

The first category of estimating solution of PDEs is based on the idea of utilizing

neural networks to work in conjunction with the standard numerical methods. One

approach as demonstrated in [24], utilizes the convolutional neural networks (CNN)

in a supervised manner that accepts labels provided by some numerical methods. The

former approach is implicitly assumed the differential operators is fixed (by choosing

a form of numerical methods for labelling), as the remedy of this assumption, PDE-

NET [25] is introduced. The underlying ideas of this approach is based on utilizing

a form of machine learning (e.g. neural networks) to learn both of the differential

operators and non-linear response of the PDEs. The authors claim that apart from

removing the fix differential operators, their approach will also handle inference of

longer time dynamic systems and even in a noisy environment. One common traits of

these approaches is the incapability of being independent from the numerical methods,

the proposed machine learning algorithm is proposed to work in collaboration with

these methods as opposed to replacing them altogether.
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3.2.2 Neural Networks Representation of Numerical Meth-

ods

The second category tries to discretize the domain of certain numerical methods and

tries to approximate the governing equation of such a method by representing them

using neural networks. As demonstrated in [26, 27], the proposed finite element

method (FEM)-based neural network is based on formulating the neural network

weights based on the FEM and use a type of backpropagation algorithm called ”net-

work inversion” to train the neural networks. One unique feature of these approach is

the use of an iterative solver for updating the neural networks compared to the stan-

dard backpropagation algorithms (e.g. auto-differentiation using chain rules). One

major disadvantage of implementing these algorithms is the scalability of the network

is in the same order of the numerical methods itself.

3.2.3 Neural Networks with Residual Form Objective Func-

tion

The type of PINNs architecture on this research is mainly derived from the original

work of [15]. The problem is formulated such that the physical equation acts as a

regularizer on the objective function. The optimization problem then becomes a way

to minimize the residual of the governing physical equation using PINNs prediction.

3.2.4 Neural Networks with Variational Form Objective Func-

tion

The next important, and most recent, approaches involves with the utilization of the

variational (integral) form of the governing PDEs of a particular dynamic systems

incorporated as a regularizer on the objective function [28, 29]. To this end, it is

worth noting that PINNs is still an active area of research and these variational

PINNs are actually derived from the widely-used residual form PINNs (discussed on
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the next subsection). The main attraction of the variational PINNs, as discussed by

their authors, are the relatively faster training time while promising an increase in

accuracy of the travel time calculation. The variational PINNs branches out from the

residual form in a sense that, instead of penalizing the residual (difference between

measurement and prediction) of the PDEs, the variational form introduces the so-

called test functions that are used as a multiplicative factor before performing the

summation (integral) over the given training points. Moreover, using the variational

form, I can free ourself from calculating the higher-order derivatives that mainly cause

the residual form problems (in a near-zero measurement points in spatio-temporal

domain). To conclude, although these approaches promise a major improvement on

the PINNs performance, it is worth emphasizing that these are not yet fully accepted

to be the best approach, at least when considering that they actually add another

hyperparameter to the problem from the use of the test functions.

3.3 Model Implementation Details

As mentioned on the previous subsection, the residual form of PINNs lies heavily on

the given physical equation the model tries to predict. With that in mind, the next

two subsections will first discuss the form of the objective function being used and

demonstrate the architecture as well as workflow to train the model.

3.3.1 Objective Function

There is a slight modification of the Eikonal equation (2.7) used in formulating the

objective function. Instead of directly solving for the travel time field τ , utilize the

factored Eikonal approach which is formulated by

T (x) = τ(x)T0(x)

= τ(x)
‖xR − xS‖

V0
.

(3.1)
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Compared to the equation (2.7), here I change the travel time field variable (τ(x))

into T (x) to introduce a scalar τ(x) that maps the background travel time, T0(x),

(which is only a function of distance between source xS and receivers location xR over

a background velocity constant V0) to the actual travel time. The PINNs is trained

to predict τ(x).

Using (3.1), I can rewrite equation (2.7), to solve for V (xR), into

V (xR,xS) =
[
(T0(xR)∇xR

τ(xR) +∇xR
T0(xR)τ(xR))2

]− 1
2

=

[
T 2
0

∥∥∥∇
r
τ(xR)

∥∥∥2 +
2τ(xR) (xR − xS) · ∇xR

τ(xR)

V 2
0

+
τ(xR)2

V 2
0

]− 1
2

,

(3.2)

and by plugging in xR = xS in search for the boundary condition (values of τxS
),

equation 3.2 will yield

V (xR = xS,xS) =
V0

τ(xS)
. (3.3)

Moreover, with an objective to minimize the re-calculated velocity from the mod-

elled travel time V̂ (xR) given any source-receiver pairs (xR,xS), our objective func-

tion, J , is now written in the form of

J =
1

NxT

∑
(xR,xS)∈xT

∣∣∣∣∣ V̂ (xR,xS)− V (xR,xS)

V (xR,xS)

∣∣∣∣∣
2

+

∣∣∣∣∣τxS
− V0

V (xR=xS ,xS)

V0
V (xR=xS ,xS)

∣∣∣∣∣
2

. (3.4)

There are two components of the objective function, the first tries to minimize the

given velocity label at a certain receiver xR with the PINNs recovered velocity V̂ (xR)

on the training data set xT . The second term ensures numerical stability around the

singular point (T (xs) = 0).



32

Figure 3.1: Proposed PINNs workflow. The orange circles correspond to the input
for the NN and the gray circle acts as labels. The NN is depicted by the blue circles
connected to some residual blocks (green rectangle) with an arbitrary number of
neurons and layers (small black circles). The output of the NN is the scalar factor
(green circle) which will then be backpropagated (yields to yellow circle) to form the
loss function (red circle).
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3.3.2 PINNs Architecture

In a pictorial depiction, 3.1 demonstrates how the proposed workflow on this research.

From a machine learning perspective, the problem is relatively straight-forward, it is

classified as a regression problem under the supervised learning scheme. The idea

is to construct a neural network with a regularization term obeying the governing

Eikonal equation and minimization of the inverted velocity and the given velocity.

As shown in 3.1, the neural network takes a six input vectors corresponds to the

receiver coordinates (xR, yR, zR) and the source coordinates (xR, yR, zR) and a label V

which represents the given medium velocity. The network consists of fully connected

layers with neurons (carrying a non-linear activation function) represented by blue

circles and the black dots represent an arbitrary number of layers and neurons. The

output of the network is the factor Eikonal τ . Being able to predict this factor,

I then utilize the so-called backpropagation represented by the dashed blue line.

Mathematically, this process perform chain-rule operators from the output to each

of the inputs, which in this case is equivalent to performing the gradient of τ , hence

resulted in ∇τ . To this end, together with the label V (gray circle), the objective

function described in 3.3 can be constructed. On every iteration (i.e. epoch), the

network is then updated represented by the orange line.
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Chapter 4

Overstepping the Upwind Difference Structure with PINNs

As previously discussed in Chapter 2, the proposed approach will suit most into the

grid-based categorization in trying to solve the Eikonal equation. There is a plethora

of methods under this group of category three that probably stands out among the

others are the expanding wavefront finite difference approach, the FMM and the FSM.

This chapter serves as a pathway to the real application of PINNs on the global earth

velocity model (discussed in the following chapter). In this chapter, I specifically

discuss a unique feature of using PINNs in solving the Eikonal equation: its ability

to completely be free from the so-called upwind difference structure. The following

sections will cover the theoretical part of the upwind difference structure which are

unavoidable in a standard grid-based approach.

The following section will then discuss how this limitation is relaxed using the pro-

posed PINNs followed by some numerical tests in two distinct situations: no missing

velocity information and with missing velocity information.

4.1 The Upwind Difference Structue

There are three popular approaches under the grid-based solutions of the Eikonal

equation: the finite-difference based, the FMM and the FSM. The finite-difference

based (especially the expanding wavefront) is probably most suited for the seismic

imaging application, while in the global seismology the FMM outshines the FSM

in the face of a highly heterogeneous velocity model. There is one common feature
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shared across these approaches, that is, the need to obey the causality imposed by

the upwind difference structure.

The Eikonal equation 2.8 can also be discretized and be rewritten in the form of

| (∇τ)ijk |
2 =

1

v2ijk
, (4.1)

where now the indices i, j, k represents the discretized index in the x, y, z direction

respectively. The FMM tries to approximate the gradient operator on the left hand

side of equation 4.1 by imposing its value to always be positive. This also ensures the

approximation will satisfy the entropy condition: a condition that states a wavefront

can only pass a certain point once. One of the scheme that obeys such conditions is

presented by

|∇τijk| ≈
∑

a=(x,y,z)

max

(
1

ha
D−aijk,−

1

ha
D+a
ijk, 0

)
, (4.2)

with ha being a factor along a axis, D+a
ijk, D

−a
ijk correspond to the forward and backward

difference scheme approximation of τ at i, j, k along a axis, in a 3-D coordinate system

spans by x, y, z basis. The so-called upwind difference scheme is demonstrated by this

expression, that is the value of the travel time τijk is determined by its neighbouring

points say τpqr such that τpqr < τijk. The FMM is then performed starting with

τijk = 0 and expands with the wavefront through time.

The FSM on the other hand, differs mainly in the type of difference scheme used

to approximate the gradient of τ . In its vanilla version [30], the upwind difference

scheme is in the form of

|∇τijk| ≈
√ ∑

a=(x,y,z)

max
(
D−aijk, D

+a
ijk

)2
, (4.3)

which shares a similarity with the FMM. The travel time at τijk is determined by its
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neighbouring points say τpqr such that τpqr < τijk.

The upwind structure imposes a very logical scheme in obtaining the travel time

values, that is we start from a point where the travel time value and its velocity

information is known (e.g., source location) and gradually expands to the region by

solving for the unknown. However, it might face a serious problem that leads this

scheme to a failure, that is when some region (gaps) of the computational domain has

unknown information of the velocity value. To overcome this limitation, on the next

chapter I will discuss an interesting feature the PINNs delivers, that it can interpolate

this gap regions.

4.2 PINNs as an Interpolator

Under the umbrella of the universal approximation theorem [31], the multilayered

feedforward neural networks can be viewed as a universal function approximator.

This means the neural networks, in theory, are functional that can approximate any

complex relationship existing between a given set of inputs and the output. In this

research, what lies behind the PINNs architecture is essentially a simple functional

of multilayered feedforward neural networks. The functional itself takes in the form

of

f(XS,XR) = τ, (4.4)

the functional f(XS,XR) is represented by a multilayered feedforward neural network,

which takes an input of the source and receivers coordinate XS,XR and spits out the

factored travel time scalar τ .

From the output, τ is then optimized such that the it obeys both of the Eikonal

equation and the given label (e.g. velocity values). The functional f(XS,XR) acts

as an interpolator in the region where the labels are available (region with velocity
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information). Furthermore, it also acts, based on the level of complexity it manages to

learn from the labels, as an extrapolator in a region with unknown velocity value. It is

worth emphasizing that the level of extrapolation complexity is highly dependent on

the known velocity region. The following subchapter is intended to further investigate

to which extend this intrapolator-extrapolator works.

4.3 Numerical Tests

In this subchapter, I will go over two distinct synthetic tests to showcase the ability

of PINNs as an interpolator. The first case demonstrates and compares the travel

time calculation between PINNs and the FMM method when all the velocity values is

known. The second tests are intended to further investigate the interpolation ability

the PINNs poses.

All velocity used for training these tests is summarized on 4.1. The computational

domain here is a 3-D Cartesian coordinate with a spatial grid sizing is 0.02 km on

a domain where X, Y, Z represents the basis of the coordinate with a value between

-1 to 1 km. To make the plot analogous to the actual size of the Earth, each plot of

the results is scaled so that the range of X, Y, Z are now between the average Earth

radii, -6371 to 6371 km. The implementation details are presented on 4.1.

4.3.1 Complete Velocity Information

To better appreciate the PINNs ability on solving an incomplete velocity models, it is

worth comparing the results it manages to produce with a conventional Eikonal solver,

on this case I will be comparing it with the FMM. The complete velocity model used

for this comparison is depicted on 4.1a, this synthetic velocity model is generated

using a smoothed random Gaussian distribution on a 3-D Cartesian domain. The

point source is symbolized by the white star on each figure.

The results from this experiment is shown on 4.2, the first row corresponds to the
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(a) Training velocity for the complete velocity
case

(b) Training velocity for the homogeneous ve-
locity case

(c) Training velocity for the radially-
increasing velocity case

(d) Training velocity for the randomly-varying
velocity case

Figure 4.1: Velocity used in training for different synthetic tests. It is all generated
on -1 to 1 3-D grid with spacing interval of 0.02. For plotting purposes, the model is
scaled to mimic the Earth coordinate system, hence the coordinate value is around
-6371 to 6371 km.
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No. Hyperparameter Values/Type

1 Number of hidden layers 64
2 Number of neurons per layer 96
3 Activation function atan
4 Optimization algorithm Adam
5 DL framework/wrapper SciANN
6 Trainable parameters 587,425
7 Total points 1,030,301
8 Learning rate 7e−6

9 Batch size 0.25(Number of points)
10 Number of training epochs 500
11 Weight initialization Glorot uniform

Table 4.1: Implementation details of numerical tests performed in Chapter 4.

inverted velocity (4.2a) from the modelled travel time (4.2b) using the loss function

3.2. The second row corresponds to the velocity residuals (exaggerated by a scale of

100) with the input data (4.2c) and travel time residuals (also exaggerated by a scale

of 100) compared to the FMM. The inverted velocity from the travel time shows a

good match which results in a random error distribution shown in 4.2c. It is important

to note that the apparent high travel time residual along the diagonal (around the

source location) of the plot is mainly dominated from the inaccuracy of the FMM. One

of the characteristic of the (first order) FMM is that it is an absolute stable method.

However, this comes with a compromise of inaccuracy along the diagonal due to

insufficient sampling (on a Cartesian grid). From this experiment, I can conclude

that the proposed scheme works well in a standard full-velocity information medium.

Comparing the PINNs with the FMM, depicted on 4.2d, it’s clear that along the

vertical and horizontal direction, the PINNs model as accurate as the FMM.

4.3.2 Incomplete Velocity Information

Here I test PINNs on three velocity models with an increasing complexity: homoge-

neous, radially increasing, and smooth randomly varying velocity model. As we will

see, the complexity on the gaps region is highly dependent on how well the PINNs
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(a) Recovered velocity from PINNs (b) Travel time calculation from PINNs

(c) Absolute Velocity residual (d) Absolute travel time residual

Figure 4.2: Validation for the complete velocity case. The source is located on (X=0
km, Y=0 km, Z=5,574 km). The first row (from left to right) corresponds to the
PINNs recovered velocity and modelled travel time respectively. The second row
corresponds to the velocity absolute residual between recovered and input velocity
and travel time difference between modelled and the FMM.
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performs on the known velocity region. It is important to note that on the following

discussion I will refer to the region with velocity information as a with-gap region

and the one with no velocity information as a gap region. The gap region is intended

to mimic a scenario where one only has the velocity information up to a depth of

around 1000 km. This is of course a pessimistic assumption as the GLAD-M25 ve-

locity model contains velocity information up to the core-mantle boundary (CMB)

layer (2900 km).

4.3.2.1 Homogeneous Case

The first test is using a simple homogeneous (constant) 3-D velocity model depicted

on 4.1b. On this case, the scenario is simple, I want to analyze whether the PINNs

manage to interpolate the gap region using a constant velocity model. In this case,

the model is trained only on some part of the actual model. Once trained, I then

analyze its calculation also on the whole initial domain and compare the calculation

with the FMM.

The first column of 4.3 and 4.4 corresponds to the velocity validation and travel

time validation of the trained PINNs on a with-gap domain (ring-like sphere). The

second column of these figures correspond to the velocity validation and travel time

validation from the PINNs on full domain (entire sphere). On the with-gap domain,

both of the velocity residual (4.4a) and the travel time residual (4.4c) indicates a

good calculation the PINNs. It is important to note however, that along the gap

region, the travel time residual is slightly affected by the missing information on the

velocity medium which is manifested by a degradation of the travel time calculation

(slightly higher residual) compared to the opposite side of the source location. The

interpolation ability of PINNs can be observed by analyzing the second row of these

figures. From the velocity validation, the exaggerated velocity residual (4.3d), as

expected, shows a relatively larger residual compared to the regions used for training.
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(a) Recovered velocity from PINNs on train-
ing points

(b) Recovered velocity from PINNs on all
points

(c) Absolute Velocity residual on training
points

(d) Absolute Velocity residual on all points

Figure 4.3: Velocity validation for the homogeneous velocity case. The source is
located on (X=0 km, Y=0 km, Z=5,574 km). The first row (from left to right)
corresponds to the PINNs recovered velocity and modelled travel time respectively.
The second row corresponds to the velocity absolute residual between recovered and
input velocity and travel time difference between modelled and the FMM.

These regions however, also suggests that the PINNs is still able to interpolate to a

certain depth pretty accurately depicted by the low residual value on the gap region.

Another important remark from this experiment, is that the travel time calculation

on the gap region (4.4d) matches quite well with the one calculated using the FMM.

The one with slightly higher residual value on the travel time is also expected to be

away from the source. This is due to the missing velocity information in the center

of the sphere being interpolated slightly wrong by the PINNs.
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(a) Travel time calculation from PINNs on
training points

(b) Travel time calculation from PINNs on all
points

(c) Absolute calculation difference with the
FMM on training points

(d) Absolute calculation difference with the
FMM on all points

Figure 4.4: Travel time validation for the homogeneous velocity case. The source is
located on (X=0 km, Y=0 km, Z=5,574 km). The first row (from left to right) corre-
sponds to the PINNs modelled travel time on the trained region (gap) and the whole
computational grid respectively. With the same order, the second row corresponds
to the absolute residual between modelled travel time from PINNs and the FMM.
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4.3.2.2 Radially Increasing Case

For a more comprehensive review of this numerical experiment, I increase the model

complexity by using a radially increasing velocity model depicted by 4.1c. Continuing

the analysis from the constant homogeneous velocity model, I observe that still the

PINNs manages to interpolate some part of the gap region pretty accurately. This is

clearly shown when comparing the exaggerated velocity residual from the with-gap

(4.5c) with the one trained on the whole region (4.5d), the dark blue region extends

to some depth below the trained region. Compared to the homogeneous case, now

the velocity residual produces higher residual along the gap region. It is important to

note that, even trained with a missing velocity model, the with-gap velocity residual

is still being interpolated accurately, with the highest residual around 0.03 km/s.

From the travel time calculation (4.6), the effect of high velocity residual is ob-

served. Compared to the previous homogeneous case, the region with low travel time

residual now only corresponds to only some parts near the source, the one which is on

the other side of the ring produces higher travel time residual. From this experiment,

I observe that slightly increasing the velocity model complexity affects the way the

PINNs interpolate on the gap region. On the gap region, the PINNs captured the

overall linear trend but miscalculated the value at the center of the gap.

4.3.2.3 Randomly-Varying Case

The last experiment on these synthetic tests is using a smoothed random Gaussian

velocity model, depicted on 4.1d. With a random velocity model, it is interesting

to see that the PINNs manages to interpolate quite accurately on both the with-gap

region (4.7c) and the gap region (4.7d). The largest absolute error in the with-gap

region is around 0.06 km/s while the gap region is dominated by a value below 0.2

km/s.

The travel time calculation (4.8) also reveals that compared to the previous case,
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(a) Recovered velocity from PINNs on train-
ing points

(b) Recovered velocity from PINNs on all
points

(c) Absolute Velocity residual on training
points

(d) Absolute Velocity residual on all points

Figure 4.5: Velocity validation for the radially-increasing velocity case. The source
is located on (X=0 km, Y=0 km, Z=5,574 km). The first row (from left to right)
corresponds to the PINNs recovered velocity and modelled travel time respectively.
The second row corresponds to the velocity absolute residual between recovered and
input velocity and travel time difference between modelled and the FMM.



46

(a) Travel time calculation from PINNs on
training points

(b) Travel time calculation from PINNs on all
points

(c) Absolute calculation difference with the
FMM on training points

(d) Absolute calculation difference with the
FMM on all points

Figure 4.6: Travel time validation for the radially-increasing velocity case. The source
is located on (X=0 km, Y=0 km, Z=5,574 km). The first row (from left to right)
corresponds to the PINNs modelled travel time on the trained region (gap) and the
whole computational grid respectively. With the same order, the second row corre-
sponds to the absolute residual between modelled travel time from PINNs and the
FMM.
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(a) Recovered velocity from PINNs on train-
ing points

(b) Recovered velocity from PINNs on all
points

(c) Absolute Velocity residual on training
points

(d) Absolute Velocity residual on all points

Figure 4.7: Velocity validation using random velocity model. The source is located on
(X=0 km, Y=0 km, Z=5,574 km). The first row (from left to right) corresponds to
the PINNs recovered velocity and modelled travel time respectively. The second row
corresponds to the velocity absolute residual between recovered and input velocity
and travel time difference between modelled and the FMM.

the region with high travel time residual is more focused around the opposite side of

the source on the with-gap region (4.8c). On the gap region, the travel time residual

also shows better calculation compared to the previous case, as now the low travel

time residual region is more spread out away from the source.

From this experiment, I conclude that the PINNs ability to interpolate with miss-

ing velocity information is heavily dependent on the complexity of the velocity model

itself. It is also observed that given any with-gap velocity model, I can at least have

some regions with good travel time calculation and low velocity residual: near the

source location. In other words, given any incomplete velocity model, a relatively
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(a) Travel time calculation from PINNs on
training points

(b) Travel time calculation from PINNs on all
points

(c) Absolute calculation difference with the
FMM on training points

(d) Absolute calculation difference with the
FMM on all points

Figure 4.8: Travel time validation for the randomly-varying velocity case. The source
is located on (X=0 km, Y=0 km, Z=5,574 km). The first row (from left to right)
corresponds to the PINNs modelled travel time on the trained region (gap) and the
whole computational grid respectively. With the same order, the second row corre-
sponds to the absolute residual between modelled travel time from PINNs and the
FMM.

good travel time calculation is still expected by placing the receivers near the source

location.
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Chapter 5

A Neural-Network Travel Time Function for the Earth

The chapter will focus on delivering the results to obtain the aforementioned main

motivation. I devote three sections to first discuss the input being used by the PINNs,

the next section will cover some of the important data preprocessing stages, and the

last section will showcase the proposed scheme performance in calculating the first-

arrival global seismic travel time.

5.1 The Global Earth Velocity Model

The velocity model used on this research is the second generation of the 3-D global

adjoint tomographic model, GLAD-M25 [7]. The velocity is built to account for

realistic effects due to 3-D anelastic behaviour of the Earth, topographic and bathy-

metric variability, as well as Earth’s ellipticity, Earth’s self-gravitation, and rotation.

In short, I am aiming to get a more accurate travel time calculation out of using the

GLAD-M25 model compared to the standard 1-D velocity model (e.g., the EK137

model [32]).

The input coordinate for the NN are sampled from the original points on the

vertically-polarized P-wave velocity from the GLAD-M25. These points are sampled

randomly from a coarser representation (four times larger than the initial sampling)

of the GLAD-M25 along the longitude and latitude dimensions. Hence, the total

points for the training and validation process is 21, 627, 871. Out of these points, 90

% corresponds to the training process and 10 % to the validation process.
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5.2 Data Preprocessing

From a machine learning perspective, data preprocessing should always be considered

as an important step before even designing the network architecture. In this research,

I will highlight two important steps I used before training the model: domain projec-

tion from geodetic to geocentric coordinates and normalization.

5.2.1 Projection

Using conventional Eikonal solvers, [21] suggests to migrate away from the Cartesian

to the spherical coordinate system to mitigate some sampling issues near the source

location. In this research, instead of doing the computation using 2.9, I will demon-

strate that with PINNs the singularity-related problem will be handled automatically

using a second term on 3.3.

Hence a projection step should be performed to transfer the velocity data from a

geodetic coordinate (θ, φ, r) to a geocentric coordinate (X, Y, Z). Consequently, the

Eikonal equation will still be on a Cartesian grid. More importantly, the value of the

input of the network will be in the range of (−Re, Re) with Re being the radius of

the Earth.

5.2.2 Normalization

One of the advantages of doing a projection is to be able to implement the Eikonal

with Cartesian coordinates. More importantly it can also make the input of the

network to be in the range of (−Re, Re). With this, one is essentially free from

performing standardization and will only need to scale the coordinate input to be in

the range of (-1, 1). This can be easily performed by dividing the whole coordinate

value by a factor of Ra with Ra being the average radius of the Earth (6371 km).
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5.3 Training Process

The implementation details of the training performed in this section can be found in

5.1. I used the idea of using skip connection for the regression problem in the form

of residual blocks. The idea is originated from the success of implementing the so-

called skip connections on the image recognition problem ([33]). Figure 5.2 depicts

the comparison between the original idea (left hand side) and its implementation

in this research (right hand side). Using the same idea, by introducing the skip

connections, the model is expected to learn more complex features compared to only

fully connected layers.

It is worth noting that the learning process lies under the so-called under-parameterized

regime, i.e. the number of trainable NN parameters is less than the total number of

training points. In this regime the learning process is largely affected by the chosen

hyperparameters. I will briefly compare the effect of choosing different activation

function and discuss this on the Appendix A.

The resulting training curve is depicted on figure 5.1. The stair case characteristic

shown on this plot corresponds to the use of learning rate scheduler, which reduces

the learning rate value after certain value stagnation on each curve. For each epoch,

given the large number of batches, the training takes around 52.383 minutes, which

will be the current limitation of the proposed modelling scheme. However, once the

model is trained, the inference process is comparable to a standard Eikonal solver

(e.g., FMM [34]). For the equivalent 256 x 5 x 256 computational grid, PINNs takes

0.72 seconds to compute the travel time.

5.4 Numerical Results

For the sake of readability and conciseness, here I will only show five different depth

slices for further analysis. Figure 5.3 to 5.7 showcase results from these five different
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Figure 5.1: Training and validation loss curves.

Figure 5.2: Residual block comparison for image recognition and regression problem.
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depth slices.

The travel time calculation from the PINNs is shown on figure 5.3e to 5.7e. On

each plot, the point source is denoted by the black star located on 37◦ N, 122◦ W, 475

km. Figure 5.3a to 5.8a depicts the input velocity model for each depth. The velocity

calculation depicted by 5.3b to 5.7b is obtained by inserting the travel time calculation

from PINNs back to the governing Eikonal equation in search for V (3.2). Looking at

these different depth slices, it is clear to see that at each depth, the velocity variation

differs quite significantly. Figure 5.3c to 5.7c and figure 5.3d to 5.7d corresponds to

the absolute and relative difference between the input velocity data and calculation.

Figure 5.4f to 5.8f showcase how the relative error distribution for any given depth.

There are several ways to validate the travel time calculation from PINNs. All

of the methods mentioned on this research will only be focusing on comparing the

recovered velocity and the input data. The most straight-forward one is achieved by

visually comparing the input with the recovered velocity. With this approach it is

pretty clear that overall the recovered velocity is slightly has lower frequency than the

input data. Overall, the PINNs manages to capture the complex velocity variation

along the vertical and horizontal direction. Another way to assess the recovered

velocity quality is by looking at the error plots (both relative and absolute value).

From these plots, all the depth slices are in agreement to show that the residual

is essentially zero judging by the dominantly green residual plots. Apart from these

plots, the relative error histogram also reveals that the dominant residual lies between

-0.5 to 0.5 %. Putting it in another word, the PINNs is able to accurately model travel

time with around 99 % accuracy.

Another way to assess the velocity difference between the recovered velocity and

the input data is by looking at each histogram distribution. Figure 5.9 depicts each

of the histogram for each depth on figure 5.3 to 5.7. I also include on each plot, the

CS matrix which corresponds to the cosine similarity distance. This metric calculates
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(a) GLADM25 velocity value (b) Recovered velocity

(c) Velocity residual (d) Precentage recovered velocity error

(e) Travel time calculation
(f) Recovered velocity error histogram

Figure 5.3: Recovered velocity results at 24 km depth. The source is located on
(LAT=38◦, LON=-122◦, Z=475 km) and denoted by the black star. From left to
right, the first row corresponds to the label velocity and recovered velocity from
PINNs respectively. The second row corresponds to the residual between these two
value in terms of its relative value and relative percentage. The last row depicts the
modelled travel time map and the relative percentage residual histogram.
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(a) GLADM25 velocity value (b) Recovered velocity

(c) Velocity residual (d) Precentage recovered velocity error

(e) Travel time calculation
(f) Recovered velocity error histogram

Figure 5.4: Recovered velocity results at 250 km depth. The source is located on
(LAT=38◦, LON=-122◦, Z=475 km) and denoted by the black star. From left to
right, the first row corresponds to the label velocity and recovered velocity from
PINNs respectively. The second row corresponds to the residual between these two
value in terms of its relative value and relative percentage. The last row depicts the
modelled travel time map and the relative percentage residual histogram.
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(a) GLADM25 velocity value (b) Recovered velocity

(c) Velocity residual (d) Precentage recovered velocity error

(e) Travel time calculation
(f) Recovered velocity error histogram

Figure 5.5: Recovered velocity results at 475 km depth. The source is located on
(LAT=38◦, LON=-122◦, Z=475 km) and denoted by the black star. From left to
right, the first row corresponds to the label velocity and recovered velocity from
PINNs respectively. The second row corresponds to the residual between these two
value in terms of its relative value and relative percentage. The last row depicts the
modelled travel time map and the relative percentage residual histogram.



57

(a) GLADM25 velocity value (b) Recovered velocity

(c) Velocity residual (d) Precentage recovered velocity error

(e) Travel time calculation
(f) Recovered velocity error histogram

Figure 5.6: Recovered velocity results at 920 km depth. The source is located on
(LAT=38◦, LON=-122◦, Z=475 km) and denoted by the black star. From left to
right, the first row corresponds to the label velocity and recovered velocity from
PINNs respectively. The second row corresponds to the residual between these two
value in terms of its relative value and relative percentage. The last row depicts the
modelled travel time map and the relative percentage residual histogram.
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(a) GLADM25 velocity value (b) Recovered velocity

(c) Velocity residual (d) Precentage recovered velocity error

(e) Travel time calculation
(f) Recovered velocity error histogram

Figure 5.7: Recovered velocity results at 2495 km depth. The source is located on
(LAT=38◦, LON=-122◦, Z=475 km) and denoted by the black star. From left to
right, the first row corresponds to the label velocity and recovered velocity from
PINNs respectively. The second row corresponds to the residual between these two
value in terms of its relative value and relative percentage. The last row depicts the
modelled travel time map and the relative percentage residual histogram.
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the similarity between frequency vectors, on this case two histograms. A very similar

vector will result in a CS with a value of 1.

The shallower part of the recovered velocity shows the velocity variation is sig-

nificantly higher than the deeper part. This might be one of the major reason the

CS value is among the lowest (0.963) compared to the other four depth slices. The

important takeaway from analyzing these histograms is captured by figure 5.8f. The

figure corresponds to the overall histogram comparison between recovered velocity

and data across all depth. The CS suggests that the PINNs manages to learn the

velocity of the input accurately. Another important remark drawn from this plot is

the actual velocity variation is from around 2 km/s up to as high as 14 km/s.

To better appreciate the PINNs accuracy, I also show some of the vertical slices

from the GLAD-M25 model. Figure 5.9 demonstrates these slices across different

location. These three-column plot to the actual input data, the recovered velocity,

and the absolute residual exaggerated by a factor of 100. On all four vertical slices,

it even clear that the PINNs able to recover the velocity accurately. Judging by the

residual column plot, the largest absolute error is dominated by a value below 0.02

km/s. With some spot having a value as high as 0.05 km/s absolute error.

The last attempt to investigate the PINNs recovered velocity accuracy is by an-

alyzing a 1-D statistical information. Figure 5.10 depicts three 1-D profiles along

the source location. The 1D feature is generated by taking the average, maximum,

and minimum value on each depth level. Alongside these statistics, I also show the

commonly-used 1D radial velocity model reference, the EK137. These figures are

extracted specifically to highlight the three seismic velocity discontinuities. The first

discontinuity is along the crust which is depicted by figure 5.10a. The second dis-

continuity corresponds to the region near the crust-mantle boundary and is shown in

figure 5.10b. The last discontinuity corresponds to the upper-lower mantle boundary

layer and depicted by figure 5.10c.
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(a) Histogram analysis on 24 km Depth (b) Histogram analysis on 250 km Depth

(c) Histogram analysis on 475 km Depth (d) Histogram analysis on 920 km Depth

(e) Histogram analysis on 2495 km Depth (f) Histogram analysis on All Depth

Figure 5.8: Velocity histogram analysis
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(a) Vertical profile around 0◦ latitude

(b) Vertical profile around 0◦ latitude

(c) Vertical profile around −180◦ longitude

(d) Vertical profile around 0◦ longitude

Figure 5.9: Vertical slices analysis. The source is located on (LAT=38◦, LON=-122◦,
Z=475 km) and denoted by the black star. From left to right, the first column cor-
responds to the label velocity. The second row corresponds to the recovered velocity.
The last two columns depict the residual between these two value in terms of its
relative value (magnified by 100) and relative percentage from left to right.
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By observing these figures, I can further highlight the velocity variation of the

model. In general, the vertical velocity variation is in a much higher order compared

to its lateral variation. With these plots, I can further highlight the PINNs recovered

velocity accuracy. From all three zoomed-in plot, I observe the average recovered

velocity matches the average input data quite well. Even on the largest discontinuity

near the crust, the average recovered velocity (solid blue line) still matches the average

input data (dashed red line) depicted on figure 5.10a. The same conclusion can also

be drawn from the other two discontinuities. One important remark drawn from this

plot is using a 1-D reference velocity model highly under- and over-estimate the actual

velocity variation on the Earth. This can be done, for example comparing the EK137

model value (green solid line) near the crust with the maximum or minimum value

from GLAD-M25 (yellow and black dashed lines).

No. Hyperparameter Values/Type

1 Number of residual blocks 20
2 Number of neurons per layer 512
3 Activation function ELU
4 Optimization algorithm Adam
5 DL framework/wrapper PyTorch
6 Trainable parameters 16,554,039
7 Number of points in GLAD-M25 89,016,102
8 Learning rate 1e−6

9 Batch size 128
10 Number of training epochs 160
11 Number of training points 19,465,083
12 Weight initialization Xavier normal

Table 5.1: Implementation details of the training process in Chapter 5.
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(a) 1-D profile analysis near the crust

(b) 1-D profile analysis near the crust to mantle boundary

(c) 1-D profile analysis near the lower-upper mantle boundary

Figure 5.10: 1-D profile analysis. The statistic is generated along the source location
(LAT=38◦, LON=-122◦, Z=475 km).
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Chapter 6

Concluding Remarks

6.1 Summary

In this research I proposed a novel scheme for solving the Eikonal equation to compute

the first-arrival global seismic travel time. The ultimate challenge of this research is

in trying to calculate the first-arrival travel time using a 3-D global Earth velocity

model. The main objective is to be able to calculate the global seismic first-arrival

travel time as efficient as using the standard non-realistic 1-D reference velocity model

while accounting for the lateral variation of the Earth properties for more accurate

calculations. The idea is originally proposed by [15] and further applied to the geo-

physical arena by [17, 16]. Compared to these works, the main challenge being solved

on this research, apart from its size, is the input velocity model: it has more veloc-

ity variation along the vertical axis and different velocity ranges across each depth

section. I also contribute in extending these works by introducing a modification to

the objective function to account for the boundary condition (at the source location).

The introduction of these term ensures more convergence in the training process and

better travel time calculation around the singular points (source locations).

Another important aspect discovered in this research is the ability of PINNs to

interpolate region with no velocity information. Using this kind of velocity model,

there is no conventional numerical solvers currently able to solve the Eikonal equation

with it. Being able to interpolate on these regions, offers two important advantages

for this research. One, I can substantially reduce the size of the 3-D Earth velocity
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model by selecting a certain range of depth instead of using the full velocity. More

importantly, I can now use the GLAD-M25 3-D tomographic Earth velocity model

(which only has velocity information up to the CMB layer) for solving the Eikonal

equation. I also observe with severe missing velocity information model, the most

accurate calculation is near the source location.

The results show that I am able to achieve a significantly low velocity residual

on the velocity validation phase and more importantly, I am able to calculate the

first-arrival travel time using a full 3-D global tomographic model (GLAD-M25) [7].

The validation process is done by comparing the input velocity data with the inverted

velocity from the calculated travel time. The residuals on all depth is below -1 to 1 %

error. The histogram comparison also reveals the recovered velocity and input velocity

are align with a cosine similarity value around 0.999 (perfect similarity is equivalent

with a value of 1). The use of geocentric coordinate also does not produce any velocity

residual anomalies near and away from the source: i.e. using the Cartesian coordinate

system is a viable option with PINNs. To conclude, from the experiment, reducing

the batch size sample and introducing the second term about the boundary condition

on 3.3, really improves the model performance.

6.2 Future Research Work

The interpolation ability of the proposed PINNs presented on 4 need more theoretical

understanding on how exactly the neural networks interpolate on the gap region. On

this research I only exploited this feature from an experimental point of view. More

theoretical reasoning is needed to fully justify what I observe. The recovered velocity

(5) can also be further validated using an observed earthquakes data. Moreover, the

PINNs can also be applied to perform the usual earthquake relocation process and

be compared to a standard method.

The ability to perform transfer learning and surrogate modeling on the network
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will also be an important aspect of the thesis. Once the network is trained, the idea of

transfer learning can be used to account for velocity update and surrogate modeling

will accelerate multiple source-receiver pair travel time calculation.

Apart from extending the research on 4 and 5, I also plan to deploy the model

for public. With this, the proposed plans previously need to be fully conducted and

analyzed. The key characteristic of this modelling approach is, in the long run, the

PINNs model can easily be updated to account for updates to the velocity model.
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[7] W. Lei, Y. Ruan, E. Bozdaǧ, D. Peter, M. Lefebvre, D. Komatitsch, J. Tromp,

J. Hill, N. Podhorszki, and D. Pugmire, “Global adjoint tomography - model

glad-m25,” Geophysical Journal International, vol. 223, pp. 1–21, 10 2020.

[Online]. Available: https://academic.oup.com/gji/article/223/1/1/5841525

[8] I. Bondár, S. C. Myers, E. R. Engdahl, and E. A. Bergman, “Epicentre accuracy

based on seismic network criteria,” Geophysical Journal International, vol. 156,

https://www.infona.pl//resource/bwmeta1.element.ieee-art-000004170030
http://library.seg.org/page/policies/terms
https://onlinelibrary.wiley.com/doi/full/10.1111/j.1365-246X.2009.04368.x https://onlinelibrary.wiley.com/doi/abs/10.1111/j.1365-246X.2009.04368.x https://onlinelibrary.wiley.com/doi/10.1111/j.1365-246X.2009.04368.x
https://onlinelibrary.wiley.com/doi/full/10.1111/j.1365-246X.2009.04368.x https://onlinelibrary.wiley.com/doi/abs/10.1111/j.1365-246X.2009.04368.x https://onlinelibrary.wiley.com/doi/10.1111/j.1365-246X.2009.04368.x
https://onlinelibrary.wiley.com/doi/full/10.1111/j.1365-246X.2009.04368.x https://onlinelibrary.wiley.com/doi/abs/10.1111/j.1365-246X.2009.04368.x https://onlinelibrary.wiley.com/doi/10.1111/j.1365-246X.2009.04368.x
https://onlinelibrary.wiley.com/doi/full/10.1111/j.1365-246X.2009.04368.x https://onlinelibrary.wiley.com/doi/abs/10.1111/j.1365-246X.2009.04368.x https://onlinelibrary.wiley.com/doi/10.1111/j.1365-246X.2009.04368.x
http://science.sciencemag.org/
https://academic.oup.com/gji/article/207/3/1739/2404568
https://academic.oup.com/gji/article/223/1/1/5841525


68

pp. 483–496, 3 2004. [Online]. Available: https://academic.oup.com/gji/article/

156/3/483/610875

[9] W. S. Phillips, M. L. Begnaud, C. A. Rowe, L. K. Steck, S. C.

Myers, M. E. Pasyanos, and S. Ballard, “Accounting for lateral

variations of the upper mantle gradient in pn tomography studies,”

Geophysical Research Letters, vol. 34, p. 14312, 7 2007. [Online]. Available:

https://agupubs.onlinelibrary.wiley.com/doi/full/10.1029/2007GL029338https:

//agupubs.onlinelibrary.wiley.com/doi/abs/10.1029/2007GL029338https:

//agupubs.onlinelibrary.wiley.com/doi/10.1029/2007GL029338

[10] S. C. Myers, M. L. Begnaud, S. Ballard, M. E. Pasyanos, W. S. Phillips,

A. L. Ramirez, M. S. Antolik, K. D. Hutchenson, J. J. Dwyer, C. A.

Rowe, and G. S. Wagner, “A crust and upper-mantle model of eurasia and

north africa for pn travel-time calculation,” Bulletin of the Seismological

Society of America, vol. 100, pp. 640–656, 4 2010. [Online]. Available: http:

//pubs.geoscienceworld.org/ssa/bssa/article-pdf/100/2/640/3650052/640.pdf

[11] N. A. Simmons, S. C. Myers, G. Johannesson, and E. Matzel, “Llnl-g3dv3:

Global p wave tomography model for improved regional and teleseismic travel

time prediction,” Journal of Geophysical Research: Solid Earth, vol. 117, p.

10302, 10 2012. [Online]. Available: http://earthquake.usgs.gov/regional/neic

[12] S. Ballard, J. R. Hipp, M. L. Begnaud, C. J. Young, A. V. Encarnacao, E. P.

Chael, and W. S. Phillips, “Salsa3d: A tomographic model of compressional

wave slowness in the earth’s mantle for improved travel-time prediction

and travel-time prediction uncertainty,” Bulletin of the Seismological Society

of America, vol. 106, pp. 2900–2916, 12 2016. [Online]. Available: http:

//pubs.geoscienceworld.org/ssa/bssa/article-pdf/106/6/2900/2643696/2900.pdf

[13] N. Rawlinson, J. Hauser, and M. Sambridge, “Seismic ray tracing and wavefront

tracking in laterally heterogeneous media,” Advances in Geophysics, vol. 49, pp.

203–273, 1 2008.

[14] H. Lee and I. S. Kang, “Neural algorithm for solving differential equations,”

Journal of Computational Physics, vol. 91, pp. 110–131, 11 1990.

[15] M. Raissi, P. Perdikaris, and G. E. Karniadakis, “Physics-informed neural net-

works: A deep learning framework for solving forward and inverse problems

involving nonlinear partial differential equations,” Journal of Computational

Physics, vol. 378, pp. 686–707, 2 2019.

https://academic.oup.com/gji/article/156/3/483/610875
https://academic.oup.com/gji/article/156/3/483/610875
https://agupubs.onlinelibrary.wiley.com/doi/full/10.1029/2007GL029338 https://agupubs.onlinelibrary.wiley.com/doi/abs/10.1029/2007GL029338 https://agupubs.onlinelibrary.wiley.com/doi/10.1029/2007GL029338
https://agupubs.onlinelibrary.wiley.com/doi/full/10.1029/2007GL029338 https://agupubs.onlinelibrary.wiley.com/doi/abs/10.1029/2007GL029338 https://agupubs.onlinelibrary.wiley.com/doi/10.1029/2007GL029338
https://agupubs.onlinelibrary.wiley.com/doi/full/10.1029/2007GL029338 https://agupubs.onlinelibrary.wiley.com/doi/abs/10.1029/2007GL029338 https://agupubs.onlinelibrary.wiley.com/doi/10.1029/2007GL029338
http://pubs.geoscienceworld.org/ssa/bssa/article-pdf/100/2/640/3650052/640.pdf
http://pubs.geoscienceworld.org/ssa/bssa/article-pdf/100/2/640/3650052/640.pdf
http://earthquake.usgs.gov/regional/neic
http://pubs.geoscienceworld.org/ssa/bssa/article-pdf/106/6/2900/2643696/2900.pdf
http://pubs.geoscienceworld.org/ssa/bssa/article-pdf/106/6/2900/2643696/2900.pdf


69

[16] J. D. Smith, K. Azizzadenesheli, and Z. E. Ross, “Eikonet: Solving the eikonal

equation with deep neural networks,” IEEE Transactions on Geoscience and

Remote Sensing, 2020.

[17] U. bin Waheed, E. Haghighat, T. Alkhalifah, C. Song, and Q. Hao,

“Pinneik: Eikonal solution using physics-informed neural networks,” Computers

Geosciences, vol. 155, p. 104833, 10 2021. [Online]. Available: https:

//linkinghub.elsevier.com/retrieve/pii/S009830042100131X

[18] S. Fomel, S. Luo, and H. Zhao, “Fast sweeping method for the factored eikonal

equation,” Journal of Computational Physics, vol. 228, pp. 6440–6455, 9 2009.

[19] H. Vermeille, “Direct transformation from geocentric coordinates to geodetic

coordinates,” Journal of Geodesy, vol. 76, pp. 451–454, 11 2002. [Online].

Available: https://link.springer.com/article/10.1007/s00190-002-0273-6

[20] ——, “An analytical method to transform geocentric into geodetic coordinates,”

Journal of Geodesy, vol. 85, pp. 105–117, 2 2011. [Online]. Available:

https://link.springer.com/article/10.1007/s00190-010-0419-x

[21] T. Alkhalifah and S. Fomel, “Implementing the fast marching eikonal solver:

Spherical versus cartesian coordinates,” Geophysical Prospecting, vol. 49, pp.

165–178, 3 2001.

[22] D. C. Psichogios and L. H. Ungar, “A hybrid neural network-

first principles approach to process modeling,” AIChE Jour-

nal, vol. 38, pp. 1499–1511, 10 1992. [Online]. Available:

https://aiche.onlinelibrary.wiley.com/doi/full/10.1002/aic.690381003https:

//aiche.onlinelibrary.wiley.com/doi/abs/10.1002/aic.690381003https:

//aiche.onlinelibrary.wiley.com/doi/10.1002/aic.690381003

[23] I. E. Lagaris, A. Likas, and D. I. Fotiadis, “Artificial neural networks

for solving ordinary and partial differential equations,” IEEE Transactions

on Neural Networks, vol. 9, pp. 987–1000, 5 1997. [Online]. Available:

https://arxiv.org/abs/physics/9705023v1

[24] Y. Khoo, J. Lu, and L. Ying, “Solving parametric pde problems with artificial

neural networks,” European Journal of Applied Mathematics, vol. 32, pp.

421–435, 7 2017. [Online]. Available: https://arxiv.org/abs/1707.03351v3

[25] Z. Long, Y. Lu, X. Ma, and B. Dong, “Pde-net: Learning pdes from data,”

35th International Conference on Machine Learning, ICML 2018, vol. 7, pp.

5067–5078, 10 2017. [Online]. Available: https://arxiv.org/abs/1710.09668v2

https://linkinghub.elsevier.com/retrieve/pii/S009830042100131X
https://linkinghub.elsevier.com/retrieve/pii/S009830042100131X
https://link.springer.com/article/10.1007/s00190-002-0273-6
https://link.springer.com/article/10.1007/s00190-010-0419-x
https://aiche.onlinelibrary.wiley.com/doi/full/10.1002/aic.690381003 https://aiche.onlinelibrary.wiley.com/doi/abs/10.1002/aic.690381003 https://aiche.onlinelibrary.wiley.com/doi/10.1002/aic.690381003
https://aiche.onlinelibrary.wiley.com/doi/full/10.1002/aic.690381003 https://aiche.onlinelibrary.wiley.com/doi/abs/10.1002/aic.690381003 https://aiche.onlinelibrary.wiley.com/doi/10.1002/aic.690381003
https://aiche.onlinelibrary.wiley.com/doi/full/10.1002/aic.690381003 https://aiche.onlinelibrary.wiley.com/doi/abs/10.1002/aic.690381003 https://aiche.onlinelibrary.wiley.com/doi/10.1002/aic.690381003
https://arxiv.org/abs/physics/9705023v1
https://arxiv.org/abs/1707.03351v3
https://arxiv.org/abs/1710.09668v2


70

[26] J. Takeuchi and Y. Kosugi, “Neural network representation of finite element

method,” Neural Networks, vol. 7, pp. 389–395, 1 1994.

[27] P. Ramuhalli, L. Udpa, and S. S. Udpa, “Finite-element neural networks for

solving differential equations,” IEEE Transactions on Neural Networks, vol. 16,

pp. 1381–1392, 11 2005.

[28] R. Khodayi-Mehr and M. M. Zavlanos, “Varnet: Variational neural networks

for the solution of partial differential equations,” 12 2019. [Online]. Available:

https://arxiv.org/abs/1912.07443v1

[29] E. Kharazmi, Z. Zhang, and G. E. Karniadakis, “Variational physics-informed

neural networks for solving partial differential equations,” 11 2019. [Online].

Available: https://arxiv.org/abs/1912.00873v1

[30] H. Zhao, “A fast sweeping method for eikonal equations,” Math. Comput., vol. 74,

pp. 603–627, 2005.

[31] K. Hornik, M. Stinchcombe, and H. White, “Multilayer feedforward networks

are universal approximators,” Neural Networks, vol. 2, pp. 359–366, 1989.

[32] B. L. N. Kennett, “Radial earth models revisited,” Geophysical Journal

International, vol. 222, no. 3, pp. 2189–2204, 06 2020. [Online]. Available:

https://doi.org/10.1093/gji/ggaa298

[33] K. He, X. Zhang, S. Ren, and J. Sun, “Deep residual learning for image recogni-

tion,” 2015.

[34] M. C. A. White, H. Fang, N. Nakata, and Y. Ben-Zion, “PyKonal:

A Python Package for Solving the Eikonal Equation in Spherical and

Cartesian Coordinates Using the Fast Marching Method,” Seismological

Research Letters, vol. 91, no. 4, pp. 2378–2389, 06 2020. [Online]. Available:

https://doi.org/10.1785/0220190318

https://arxiv.org/abs/1912.07443v1
https://arxiv.org/abs/1912.00873v1
https://doi.org/10.1093/gji/ggaa298
https://doi.org/10.1785/0220190318


71

APPENDICES

A Effect of Different Activation Function

The difference results from choosing different type of activation function will be high-

lighted. It will also serve as a comparison of the results during half of the training

process (i.e., during epochs equal to 80 out of 160 total). It is also worth mentioning

that all the parameters are fixed apart from the activation function. The results also

indicate the dependency of the PINNs with the type of activation function in ensuring

convergence.
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A.1 ELU Activation Function

(a) GLADM25 velocity value (b) Recovered velocity

(c) Velocity residual (d) Precentage recovered velocity error

(e) Travel time calculation
(f) Recovered velocity error histogram

Figure A.1: Recovered velocity results at 24 km depth. The source is located on
(LAT=38◦, LON=-122◦, Z=475 km) and denoted by the black star. From left to
right, the first row corresponds to the label velocity and recovered velocity from
PINNs respectively. The second row corresponds to the residual between these two
value in terms of its relative value and relative percentage. The last row depicts the
modelled travel time map and the relative percentage residual histogram.
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A.2 SiLU Activation Function

(a) GLADM25 velocity value (b) Recovered velocity

(c) Velocity residual (d) Precentage recovered velocity error

(e) Travel time calculation
(f) Recovered velocity error histogram

Figure A.2: Recovered velocity results at 24 km depth. The source is located on
(LAT=38◦, LON=-122◦, Z=475 km) and denoted by the black star. From left to
right, the first row corresponds to the label velocity and recovered velocity from
PINNs respectively. The second row corresponds to the residual between these two
value in terms of its relative value and relative percentage. The last row depicts the
modelled travel time map and the relative percentage residual histogram.
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A.3 LeakyReLU Activation Function

(a) GLADM25 velocity value (b) Recovered velocity

(c) Velocity residual (d) Precentage recovered velocity error

(e) Travel time calculation
(f) Recovered velocity error histogram

Figure A.3: Recovered velocity results at 24 km depth. The source is located on
(LAT=38◦, LON=-122◦, Z=475 km) and denoted by the black star. From left to
right, the first row corresponds to the label velocity and recovered velocity from
PINNs respectively. The second row corresponds to the residual between these two
value in terms of its relative value and relative percentage. The last row depicts the
modelled travel time map and the relative percentage residual histogram.
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A.4 Tanh Activation Function

(a) GLADM25 velocity value (b) Recovered velocity

(c) Velocity residual (d) Precentage recovered velocity error

(e) Travel time calculation
(f) Recovered velocity error histogram

Figure A.4: Recovered velocity results at 24 km depth. The source is located on
(LAT=38◦, LON=-122◦, Z=475 km) and denoted by the black star. From left to
right, the first row corresponds to the label velocity and recovered velocity from
PINNs respectively. The second row corresponds to the residual between these two
value in terms of its relative value and relative percentage. The last row depicts the
modelled travel time map and the relative percentage residual histogram.
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