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ABSTRACT
Matrix acidization simulation is a challenging task in the study of flows in porous media due to the changing porosity in the procedure.
The improved Darcy–Brinkman–Forchheimer framework is one model to do this simulation. In this framework, the mass and momentum
conservation equations are discretized to form a pressure–velocity linear system. However, the coefficient matrix of the linear system has
a large condition number, and solving the linear system belongs to the saddle point problem. As a result of that, convergence is hard to
achieve when solving it with iterative solvers. It is well known that the scale of the linear systems in matrix acidization simulation is large,
and therefore, the usage of iterative solvers is required. Thus, a decoupled scheme is proposed in this work to decouple the pressure–velocity
linear system into two independent linear systems: one is to solve for pressure, and the other one is to solve for velocity. It is emphasized that
both of the linear systems are discretized from the elliptical partial differential equations, which guarantees fast convergence can be achieved
by iterative solvers. A numerical experiment is carried out to demonstrate the correctness of the decoupled scheme and its higher computing
efficiency. After that, the decoupled scheme is applied in investigating the factors that cannot change the optimal injected velocity and the
dissolution pattern in matrix acidization.

© 2021 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0067340

NOMENCLATURE

av interfacial surface area per unit volume
Cf cup-mixing concentration of the acid
Cs concentration of the acid at the fluid–solid interface
De effective dispersion tensor
F Forchheimer coefficient
g gravity vector
kc local mass-transfer coefficient
ks surface reaction rate
K permeability value
p pressure
R(Cs, T) reaction rate

t time
u velocity vector
μ fluid viscosity
ϕ porosity
ρf mass density of the fluid
ε pseudo-compressibility factor
α dissolving power of the acid

I. INTRODUCTION

In petroleum engineering, matrix acidization is a kind of oper-
ation in which the oil production channel can be opened up again
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by the injection of acid flows, after the acid flows dissolve the depo-
sitions, such as mud and rocks. However, the numerical simula-
tion of matrix acidization is not an easy task in the flow study of
porous media. Its key characteristic is the change in porosity with
the progress of the acidization procedure, which brings a challenge
to the simulation task. In order to reflect the change in porosity accu-
rately, the Darcy–Brinkman–Forchheimer (DBF) framework and its
derivations are provided by Wu and co-workers1–6 In this frame-
work, the behavior of acid flows in the matrix is decided not only by
Darcy’s law, but also by the viscous effect and inertial force, which
is represented by the addition of the Brinkman term and Forch-
heimer term to the momentum conservation equation of the two-
scale model,7 respectively. After this, the DBF framework is named.
The meaning of all kinds of notations in the following discussions is
given in the Nomenclature section.

In the former literature, the mass conservation equation and
momentum conservation equation of the improved DBF frame-
work5 (one of the derivations of the DBF framework) are combined
together to form an equation system to solve for the pressure field
and velocity field simultaneously. With the finite difference method
in space and the semi-implicit method in time, this equation sys-
tem can be discretized to a linear system. Furthermore, such a linear
system can be solved appropriately with serial and direct solvers,
such as LAPACK8 and UMFPACK,9 if the linear system is not too
large. However, as mentioned above, the key characteristic of matrix
acidization is the change in porosity, which requires a fine enough
simulation grid to capture the structure of the porosity well, i.e.,
the scale of the linear system will become very large. Unfortunately,
the computation of the serial and direct solvers is very time wast-
ing in such conditions, which leads to the intolerable running time
of matrix acidization simulation. One plausible solution is appealing
to parallel and iterative solvers, such as HYPRE.10 However, such a
solver meets one main trouble when solving the linear system, which
can be seen as follows. The momentum conservation equation of the
improved DBF framework is

ρf
∂

∂t
(

u
ϕ
) + ρf

u
ϕ
⋅ ∇

u
ϕ
= −∇p −

μ
K

u +∇ ⋅ μ∇
u
ϕ

−
ρf F
√

K
∣u∣u + ρf g. (1)

The mass conservation equation of the improved DBF framework is

∂ϕ
∂t
+∇ ⋅ u = 0. (2)

It is noted that ∂ϕ
∂t can be reduced to a constant as

∂ϕ
∂t
=

avαCf kcks

ρs(kc + ks)
(3)

by the following equations:7

∂ϕ
∂t
=

R(Cs, T)avα
ρs

, (4)

kc(Cf − Cs) = R(Cs, T), (5)

FIG. 1. The pressure–velocity linear system after discretization.

Cs =
Cf

1 + ks
kc

. (6)

After discretization, the linear system Ax = b is shown in Fig. 1. If
the 2D domain is considered, the discretized x-momentum conser-
vation equations, the discretized y-momentum conservation equa-
tions, and the discretized mass conservation equations are ranked
one by one from the top to the bottom of the linear system. Accord-
ingly, the x-velocity field U , the y-velocity field V , and the pressure
field P are put into the unknown vector x one by one. It is easy to
see that the entries of the diagonal at the right-bottom corner of
the coefficient matrix A are zeros, which is one reason for the big
condition number of the coefficient matrix A. In addition, from the
analysis of Eqs. (1) and (2), it is learned that solving the linear system
is, in fact, a saddle point problem. As a result of that, convergence is
hard to achieve by iterative solvers when they solve the linear sys-
tem. Unfortunately, as far as we know, except Ref. 2, no other work
has ever tried to solve the issue. In Ref. 2, they suggest adding a com-
pressibility term to the mass conservation equation, and then, Eq. (2)
is changed to

ε
∂p
∂t
+
∂ϕ
∂t
+∇ ⋅ u = 0. (7)

After such processing, the entries of the diagonal of the coefficient
matrix A are non-zeros, and therefore, the condition number of
the coefficient matrix A can be decreased. However, the introduc-
tion of the compressibility term changes the attribute of the flows,
which should be incompressibility in nature. A trade-off is to set the
pseudo-compressibility factor ε to be a very small positive number.

II. DECOUPLED SCHEME
Although the trade-off strategy eases the solvability issue of the

linear system with iterative solvers, it destroys the incompressibil-
ity attribute of the flows in matrix acidization. Thus, a decoupled
scheme is suggested. With this scheme, the linear system can be
solved easily by iterative solvers, and at the same time, the incom-
pressibility attribute of the flows can be maintained. In this scheme,
the Darcy–Forchheimer equation is solved first, which can be shown
as follows:

μ
K

un+1
D +

ρf F
√

K
∣un
∣un+1

D = −∇pn+1
+ ρf g, (8)

in which uD is an intermediate velocity and the superscripts repre-
sent the time step. By Eq. (8), uD can be solved as

un+1
D = (

μ
K
+

ρf F
√

K
∣un
∣)

−1

(−∇pn+1
+ ρf g). (9)
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FIG. 2. The flowchart of the decoupled
scheme.

In this condition, the mass conservation equation can be written as

∂ϕ
∂t
+∇ ⋅ un+1

D = 0. (10)

Then, by substituting Eqs. (9) and (10), the pressure equation can be
obtained as

∂ϕ
∂t
+∇ ⋅ (

μ
K
+

ρf F
√

K
∣un
∣)

−1

(−∇pn+1
+ ρf g) = 0. (11)

This equation is an elliptic equation with the unknown pn+1, which
guarantees its solvability by iterative solvers. In addition to this, the
incompressibility attribute of the flows is also guaranteed. How-
ever, the intermediate velocity uD is computed only from the Darcy
term and Forchheimer term, and therefore, the Brinkman correction
should be included as

ρf

Δt
(

un+1

ϕn+1 −
un

ϕn ) + (
μ
K
+

ρf F
√

K
∣un
∣)(un+1

− un+1
D )

+ ρf∇ ⋅ (
un

ϕn ⊗
un+1

ϕn+1 ) − μ∇2 un+1

ϕn+1 = 0. (12)

Equation (12) is another elliptic equation with the unknown un+1,
and therefore, it is easy to be solved by iterative solvers. Moreover,

it is easy to see that if Eq. (8) is substituted into (12), the discretized
equation [Eq. (1)] can be achieved, which means that un+1 in Eq. (12)
also satisfies Eq. (1). This is a demonstration that the decoupled
scheme has the same velocity solution as the improved DBF frame-
work. Since velocity is computed after pressure, the above demon-
stration also hints that the decoupled scheme has the same pressure
solution as the improved DBF framework.

Thus, by the above mathematical derivation, the coupled
pressure–velocity linear system of the improved DBF framework is
decoupled into two linear systems: one is to solve for the pressure
field and the other one is to solve for the velocity field. Since both
of the two linear systems are derived from the elliptic equations,
they can be easily solved by iterative solvers. Furthermore, if paral-
lel and iterative solvers are used, the large-scale simulation of matrix
acidization can be finished in a reasonable time period by a paral-
lel simulator. Meanwhile, since the decoupled scheme has the same
solution as the improved DBF framework, the incompressibility
attribute of flows in matrix acidization is maintained.

III. EVALUATION
A numerical experiment is carried out in this section to demon-

strate the reliability and applicability of the decoupled scheme. For
the purpose of comparison with the improved DBF framework, the
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concentration equation (13) is introduced to finish the description
of the improved DBF framework,

∂(ϕCf )

∂t
+∇ ⋅ (uCf ) = ∇ ⋅ (ϕDe ⋅ ∇Cf ) − kcav(Cf − Cs). (13)

The other equations of the improved DBF framework will not be
given here again, and they can be referenced in Ref. 14. With the
same philosophy as before, one linear system with the unknown
Cn+1

f is formed, after Eq. (13) is discretized. Since Eq. (13) is an
elliptic equation, the linear system can be easily solved by itera-
tive solvers. Until now, there have been three linear systems in the
decoupled scheme, and all of them can be solved by iterative solvers.
The flowchart of the decoupled scheme is shown in Fig. 2. Finite
difference methods are used to discretize the above equations on a
regular grid, and more details of the discretization can be referenced
in Ref. 1 and 5.

Although the parallel simulator of matrix acidization was real-
ized in the existing works, and the parallel solver, such as MUMPS,11

was applied in the simulator, the merits of parallelism are not fully
exploited considering MUMPS is a direct solver. With the decoupled
scheme, parallel and iterative solvers, such as HYPRE, can be applied
in the simulator, and much more acceleration can be gained. In the
following experiment, three tasks will be done:

1. Two single processors with the solver UMFPACK run on the
improved DBF framework and the decoupled scheme, respec-
tively, to investigate the correctness of the decoupled scheme.
UMFPACK is a serial and direct solver. Due to the reason
that the pressure–velocity linear system of the improved DBF
framework cannot be easily solved by iterative solvers, UMF-
PACK is leveraged here to compare the simulation results of
the decoupled scheme and the improved DBF framework.

TABLE II. Result comparison.

Improved DBF
framework

Decoupled
scheme

Pore volume to
breakthrough 4.866 4.848
Average porosity 0.593 0.592
Average concentration
(mol/m2) 268.325 268.550
Solver time (s) 40 177.5 23 523.5

2. The UMFPACK solver time of both the improved DBF frame-
work and decoupled scheme is given to compare the comput-
ing efficiency of them.

3. The parallel and iterative solver HYPRE is applied to the
decoupled scheme to evaluate the parallel performance of the
simulator.

In this experiment, matrix acidization is done in a rectangular
domain with the size of 0.1 × 0.04-m2. An acid flow is injected into
the domain from the left side with the velocity of 4.17 × 10−6 m/s. A
pressure of 1.52 × 107 Pa is imposed on the right side of the domain.
The up and down boundaries of the domain are closed. The other
parameter values can be seen in Table I. The simulator is written
in FORTRAN 90 and MPI and runs on macOS Catalina with four
cores. If a grid of 180 × 72 cells is imposed on the domain and the
time step is 10 s, the simulation results are shown in Table II.

For task 1, the key parameters at breakthrough are compared
in Table II. It can be seen that the pore volume to breakthrough
(PVBT), average porosity, and average concentration in the domain
are more or less the same for the improved DBF framework and
decoupled scheme. Moreover, the porosity profile, concentration
profile, and the streamlines are also compared in Fig. 3. From the

TABLE I. Experimental parameters.

Parameter Meaning Value

p0 Initial pressure in the matrix 1.52 × 107 Pa
μ Fluid viscosity 1.0 × 10−3 kg/(m s)
K0 Initial average permeability in the matrix 9.869 233 × 10−16 m2

ϕ0 Initial average porosity in the matrix 1.8 × 10−1

ρf Mass density of the fluid 1.01 × 103 kg/m3

Cf Cup-mixing concentration of the acid 5.0 × 102 mol/m3

αOS Constant depending on the pore connectivity 5.0 × 10−1

λX Constant depending on the structure of the medium 5.0 × 10−1

λT Constant depending on the structure of the medium 1.0 × 10−1

r0 Initial pore radius 1.0 × 10−6 m
av0 Initial interfacial surface area per unit volume 5 × 10−1 m−1

α Dissolving power of the acid 5.0 × 10−2 kg/mol
ρs Mass density of the solid phase 2.71 × 103 kg/m3

Sh∞ Asymptotic Sherwood number 3.66
ks0 Initial surface reaction rate 2.0 × 10−3 m/s (298 K)
dm0 Initial molecular diffusion coefficient 3.6 × 10−9 m2

/s (298 K)

AIP Advances 11, 125305 (2021); doi: 10.1063/5.0067340 11, 125305-4
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FIG. 3. The porosity profile, concentration profile, and streamlines in the domain for the improved DBF framework (left column) and decoupled scheme (right column).

table and the figure, it can be said that both the improved DBF
framework and the decoupled scheme simulate very similar results.
Since the correctness of the improved DBF framework was ver-
ified in Ref. 12, the correctness of the decoupled scheme is also
demonstrated by this experiment.

For task 2, it can be known from the last row of Table II that the
solver time of the decoupled scheme is only about 59% of that of the
improved DBF framework, which demonstrates that the decoupled
scheme has higher computing efficiency than the improved DBF
framework, even with the serial and direct solver UMFPACK.

For task 3, since there are only four cores in our Mac, the sim-
ulator will use one, two, and four processors to run, respectively.
GMRES13 in HYPRE is used to solve all the three linear systems. The

TABLE III. Scalability of HYPRE.

Number of processors 1 2 4

Solver time (s) 2267.0 1141.4 600.7
Speedup 1 1.99 3.77

solver time and speedup can be seen in Table III. From the results, it
can be known that the parallel and iterative solver HYPRE has a good
scalability on the decoupled scheme. Moreover, even in the condi-
tion of a single processor, the solver time of HYPRE (2267.0 s) is
only about 9.6% of that of UMFPACK (23 523.5 s). This also demon-
strates that much higher computing efficiency of the iterative solver
than the direct solver can be seen in the decoupled scheme.

IV. EXPERIMENTS
Actually, the main purpose of matrix acidization is to use the

minimal amount of acid to achieve the breakthrough of the oil pro-
duction channel. The amount of the acid can be referred to as the
volume of the acid or the mass of the acid. In this procedure, a lot of
factors will influence the amount of the used acid at breakthrough,
such as the injected velocity of the acid flow, the acid concentration,
and the configuration of the matrix. To find out how these factors
decide the amount of the used acid, many numerical experiments
have been done. Since the injected velocity of the acid flow can be
easily adjusted in the real operation, the relationship between the
injected velocity and the amount of the used acid is investigated in

AIP Advances 11, 125305 (2021); doi: 10.1063/5.0067340 11, 125305-5
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many of the early experiments.14–16 These experiments suppose the
physical and chemical parameters are fixed, and then by changing
the injected velocity of the acid flow, the optimal injected velocity
can be found. It is known that the optimal injected velocity is the
velocity corresponding to the minimal PVBT, which is an indica-
tor of the minimal volume of the used acid. At the optimal injected
velocity, the dissolution pattern of the matrix is the dominant worm-
hole. In other words, the optimal injected velocity guarantees the
breakthrough can be achieved with the minimal volume of acid.

However, after the optimal injected velocity is found, will it be
influenced by the other physical and chemical parameters? As far as
we know, no work has ever done experiments to answer the ques-
tion. Thus, in this section, some numerical experiments are carried
out to try to fill the niche. First, the scale of the matrix is changed.
The scale of the matrix is referred to as the lengths of the matrix in
the x direction, y direction, and z direction, respectively. However, it
is easy to know that if the scale of the matrix is changed randomly in
any of the three directions, the optimal injected velocity is changed.17

For example, if the x direction length of a matrix is enlarged by
two times, and the y direction length and z direction length of the
matrix are enlarged by three times, the optimal injected velocity will
be changed. Thus, this experiment will only consider the condition
that the scale of the matrix is changed while keeping the aspect ratio
of the matrix fixed, i.e., the ratio of the lengths of the matrix in the
three directions is fixed. Second, the acid concentration is changed.
Like the injected velocity, the acid concentration can also be easily
adjusted in the real operation. For example, the acid of smaller con-
centration can be obtained by adding more water into the acid of
larger concentration. Thus, is it necessary to dilute the acid solution
before matrix acidization? Since the acid concentration is changed,
the amount of the used acid in this experiment is referred to as the
acid mass. After the optimal injected velocity is obtained, can the
mass of the used acid be further reduced by changing the acid con-
centration? This experiment will answer the question. It is noted that
in the following experiments, the time steps of the iterations are fixed

for each experiment, and the time steps are chosen as small enough
to guarantee the convergence of the results.

A. The effect of the scale of the matrix
Suppose there is a matrix cuboid with 0.02-m length, 0.02-m

length, and 0.05-m length in the x direction, y direction, and z direc-
tion, respectively. An x direction face is defined as the face that is
perpendicular to the x axis. The definition of the y direction face and
the z direction face is similar. The x direction face with a smaller
x coordinate is called the left face, and the x direction face with a
larger x coordinate is called the right face. With the same philoso-
phy, the two y direction faces are called the down face and up face,
respectively, and the two z direction faces are called the front face
and back face, respectively. An acid flow is injected into the matrix
from the back face and goes out of the matrix from the front face.
The other faces of the matrix are closed. The experimental param-
eters are shown in Table I. For the purpose of comparison, these
parameters are more or less the same as those in Sec. 5.3 of Ref. 12,
except the scale of the matrix. However, the scale in Sec. 5.3 of
Ref. 12 is one time larger than the scale here, which means that
the aspect ratio of the matrix is fixed. A pressure of 1.52 × 107 Pa
is imposed on the front face of the matrix. The acid flow is injected
into the matrix at five different velocities: 3.04 × 10−7, 7.04 × 10−7,
1.04 × 10−6, 3.04 × 10−6, and 1.04 × 10−5 m/s. If a grid of 18 × 18
× 45 cells is used, which has the same resolution as the grid in Sec. 5.3
of Ref. 12, the acid-efficiency curve is shown in Fig. 4. The number
beside every point is the PVBT at the corresponding velocity. From
the figure, it can be seen that the optimal injected velocity is 1.04
× 10−6 m/s, which is the same as that in Sec. 5.3 of Ref. 12. Thus, the
optimal injected velocity is decided by the aspect ratio of the matrix
instead of the scale of the matrix, which is also hinted by Table 4
of Ref. 17. There, when the core length is 4 in. and the core diam-
eter is 1 in., the optimal injected velocity is 0.033 cm/s. When the
scale of the core is enlarged by 1.5 times, i.e., the core length is 6 in.,

FIG. 4. The acid-efficiency curve. The
number beside every point is the PVBT
at the corresponding velocity. From the
figure, it can be seen that the optimal
injected velocity is 1.04 × 10−6 m/s.
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and the core diameter is 1.5 in., the optimal injected velocity is 0.032
cm/s. However, the aspect ratio of the matrix is fixed.

The porosity contours at breakthrough for the five different
injected velocities are shown in Fig. 5. From the figure, it can be seen
that the five dissolution patterns are generated. Figure 5(a) shows the
face dissolution pattern, which means that the acid flow is injected
into the matrix at a very slow velocity: 3.04 × 10−7 m/s, and the acid
can fully dissolve the matrix at the front of the acid flow. Thus, the
porosity contour is in the configuration of stratiform. When the
injected velocity is increased to 7.04 × 10−7 m/s, a conical worm-
hole appears, which is shown in Fig. 5(b). If the injected velocity is
further increased to 1.04 × 10−6 m/s, a dominant wormhole comes

out, as shown in Fig. 5(c). The configuration of the wormhole looks
more obvious in Fig. 5(c) than in Fig. 5(b), and therefore, the worm-
hole in Fig. 5(c) is called the dominant wormhole. In the pattern of
the dominant wormhole, the breakthrough can be achieved with the
minimal volume of acid. When the injected velocity is 3.04 × 10−6

m/s, two wormholes can be seen in Fig. 5(d), which hints the pattern
of a ramified wormhole. When the injected velocity is as large as
1.04 × 10−5 m/s, the uniform dissolution pattern can be seen in
Fig. 5(e). In this pattern, the acid flow goes into the matrix at a very
large velocity, so that the acid cannot fully dissolve the matrix at the
front of the acid flow. Instead, the whole matrix is dissolved by the
acid simultaneously. Thus, the stratiform configuration in Fig. 5(a)

FIG. 5. The five different dissolution patterns can be seen when the injected velocity is changed from 3.04 × 10−7 to 1.04 × 10−5 m/s. v stands for the injected velocity.
(a) v = 3.04 × 10−7 m/s, face dissolution. (b) v = 7.04 × 10−7 m/s, conical wormhole. (c) v = 1.04 × 10−6 m/s, dominant wormhole. (d) v = 3.04 × 10−6 m/s, ramified
wormhole. (e) v = 1.04 × 10−5 m/s, uniform dissolution.
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cannot be seen, which is replaced by the cross-bedded configuration
in Fig. 5(e). It is emphasized that the five dissolution patterns cor-
responding to the five injected velocities can also be found in the
experiment of Sec. 5.3 of Ref. 12. Thus, it is concluded that the dis-
solution patterns are also decided by the aspect ratio of the matrix
instead of the scale of the matrix.

From the above observations, it is known that the optimal
injected velocity and the dissolution patterns at different injected
velocities, which are two of the most important topics in matrix
acidization, depend on the aspect ratio of the matrix instead of the
scale of the matrix when the other parameters are fixed. This con-
clusion is important, since it tells us that the numerical study of the
large-scale matrix acidization can be replaced by that of the small-
scale matrix acidization, which is a big saving of the computing
resource. For example, suppose there is a real matrix in reservoirs,
which is of 2 km-length in the x direction, 2 km-length in the y
direction, and 5 km-length in the z direction, respectively, and then,
1.8 × 106

× 1.8 × 106
× 4.5 × 106 cells are needed to do simu-

lation if the same grid resolution as before is kept. Unfortunately,
such a simulation cannot be finished in a reasonable time. However,
this computational impossibility can be conquered by shrinking the
scale of the matrix with the fixed aspect ratio. As a result of that,
the huge matrix is replaced by the small matrix with the scale of 0.2
× 0.2 × 0.5 m3, and therefore, only 18 × 18 × 45 cells are needed
to do simulation, which is just the experiment in this section. It can
be anticipated that the optimal injected velocity found on the small
matrix is also the optimal injected velocity on the huge matrix.

B. The effect of the acid concentration
In the above experiment, the acid concentration is fixed. As a

result of that, the amount of the used acid at breakthrough can be
indicated by the volume of the used acid, or PVBT. However, if the
acid concentration is not fixed, how will it affect the results of the

TABLE IV. PVBT for the three kinds of acid concentration and the five injected veloci-
ties. The first column represents the injected velocity, the first row represents the acid
concentration, and the other cells represent the PVBT.

PVBT (m/s) 50 mol/m3 500 mol/m3 1000 mol/m3

3.04 × 10−7 31.10 3.14 1.59
7.04 × 10−7 27.90 2.83 1.44
1.04 × 10−6 25.01 2.53 1.28
3.04 × 10−6 28.04 2.85 1.45
1.04 × 10−5 29.01 2.92 1.47

matrix acidization? To answer the question, the experiment in this
section is carried out. The experimental condition and operation are
more or less the same as before, and the acid flow goes into the
matrix at the five injected velocities as before. Besides the acid with
the concentration of 500 mol/m3, which is used in the above exper-
iment, the other two kinds of acid with the concentration of 50 and
1000 mol/m3, respectively, are also considered in this experiment.
It is noted that when the acid concentration is changed, the other
chemical parameters of the acid, such as mass density and viscosity,
are not changed much, and therefore, their values are the same as
the experiment before.

The three acid-efficiency curves for the three kinds of acid con-
centration are shown in Fig. 6, and the PVBT for the three kinds
of acid concentration and the five injected velocities are shown in
Table IV. From Fig. 6, it can be seen that for the three kinds of
acid concentration, the optimal injected velocity is always the same:
1.04 × 10−6 m/s, which means that the optimal injected velocity is
not changed by the acid concentration. Besides that, when the x axis
represents the 10-base logarithm of the injected velocity and the y
axis represents the 10-base logarithm of the PVBT, the shapes of
the three acid-efficiency curves are the same, which hints that the

FIG. 6. The three acid-efficiency curves
for the three kinds of acid concentration.
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FIG. 7. The dissolution pattern at v = 3.04 × 10−7 m/s for the concentration of
50 mol/m3 (a) and 1000 mol/m3 (b) is the face dissolution, which is consis-
tent with the dissolution pattern for the concentration of 500 mol/m3 [Fig. 5(a)].
(a) 50 mol/m3. (b) 1000 mol/m3.

FIG. 8. The dissolution pattern at v = 7.04 × 10−7 m/s for the concentration of
50 mol/m3 (a) and 1000 mol/m3 (b) is the conical wormhole, which is consis-
tent with the dissolution pattern for the concentration of 500 mol/m3 [Fig. 5(b)].
(a) 50 mol/m3. (b) 1000 mol/m3.
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FIG. 9. The dissolution pattern at v = 1.04 × 10−6 m/s for the concentration of
50 mol/m3 (a) and 1000 mol/m3 (b) is the dominant wormhole, which is consis-
tent with the dissolution pattern for the concentration of 500 mol/m3 [Fig. 5(c)].
(a) 50 mol/m3. (b) 1000 mol/m3.

FIG. 10. The dissolution pattern at v = 3.04 × 10−6 m/s for the concentration of
50 mol/m3 (a) and 1000 mol/m3 (b) is the ramified wormhole, which is consis-
tent with the dissolution pattern for the concentration of 500 mol/m3 [Fig. 5(d)].
(a) 50 mol/m3. (b) 1000 mol/m3.
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FIG. 11. The dissolution pattern at v = 1.04 × 10−5 m/s for the concentration of
50 mol/m3 (a) and 1000 mol/m3 (b) is the uniform dissolution, which is consis-
tent with the dissolution pattern for the concentration of 500 mol/m3 [Fig. 5(e)].
(a) 50 mol/m3. (b) 1000 mol/m3.

acid concentration cannot change the shape of the acid-efficiency
curve either. However, the acid-efficiency curve of the smaller acid
concentration is above that of the larger acid concentration, which
is reasonable. Furthermore, the dissolution patterns for the two
kinds of acid concentration (50 and 1000 mol/m3) are also stud-
ied. Figures 7–11 show the dissolution patterns at the five injected
velocities, respectively. By comparing them with Fig. 5, it can be seen
that the dissolution pattern is not changed by the acid concentration
when the injected velocity is fixed.

Since the acid concentration is not fixed in this experiment,
the multiplication of the acid concentration and the correspond-
ing PVBT is used to indicate the amount of the used acid, which
is also an evaluation of the acid mass. However, when the acid con-
centration is fixed as in Sec. IV A, the amount of the used acid is
indicated by the PVBT, which is also an evaluation of the acid vol-
ume. For each injected velocity in Table IV, the multiplication of the
acid concentration and the corresponding PVBT is calculated, and
the results are shown in Table V. From Table V, it can be learned that
when the injected velocity is fixed, the mass of the used acid increases
with the increase in the acid concentration. This is a useful observa-
tion. After the optimal injected velocity is found, how to choose the
acid concentration becomes a question. If a larger acid concentration
is chosen, more acid mass is consumed. However, it also indicates
smaller PVBT, which leads to less time to achieve breakthrough. On
the other hand, if a smaller acid concentration is chosen, less acid
mass is consumed. However, it also hints larger PVBT and therefore
more time to achieve breakthrough. Thus, it is concluded that more
acid mass (more economic cost) brings with less time to achieve
breakthrough, and less acid mass (less economic cost) brings with
more time to achieve breakthrough. A compromise between them
should be made in the real matrix acidization operation.

However, it can be seen from Table V that the increase rate
of the acid mass to the acid concentration is not very large. For
example, at the injected velocity of 3.04 × 10−7 m/s, when the acid
concentration is 50 mol/m3, the multiplication value is 1555; when
the acid concentration is 1000 mol/m3, the multiplication value is
1590. The acid concentration is increased by 20 times, while the mul-
tiplication value is increased by only about 1.02 times. Meanwhile,
such an increase rate decreases with the increase in the acid concen-
tration, which means that the used acid mass will become more or
less the same when the acid concentration is very large. This obser-
vation implies that choosing the acid of larger concentration may
be a better strategy, after the optimal injected velocity is decided. In

TABLE V. The multiplication of the acid concentration and the corresponding PVBT
in Table IV. The first column represents the injected velocity, the first row represents
the acid concentration, and the other cells represent the multiplication values. Note
that the unit of the multiplication is not given in the table.

Multiplication (m/s) 50 mol/m3 500 mol/m3 1000 mol/m3

3.04 × 10−7 1555 1570 1590
7.04 × 10−7 1395 1415 1440
1.04 × 10−6 1250.5 1265 1280
3.04 × 10−6 1402 1425 1450
1.04 × 10−5 1450.5 1460 1470
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such conditions, the economic cost is increased only a little, while
the time to achieve breakthrough is decreased much.

C. Summary and suggestion
From the above experiments, it can be learned that when the

optimal injected velocity is fixed, neither the change in the matrix
scale while keeping the aspect ratio of the matrix fixed, nor the
change in the acid concentration will change the optimal injected
velocity. Moreover, when the injected velocity is fixed, neither the
change in the matrix scale while keeping the aspect ratio of the
matrix fixed, nor the change in the acid concentration will change
the dissolution pattern.

These observations bring the useful suggestion to the real oper-
ation of matrix acidization. The huge matrix in real reservoirs should
be first shrunk to a small matrix, while keeping the aspect ratio of
the matrix fixed, so that the small matrix can be processed efficiently
by the computing resource. Then, the acid of larger concentration
should be injected into the matrix, since this kind of acid can save
you much simulation time, while the economic cost is a little more
than the use of the acid of smaller concentration. After that, the opti-
mal injected velocity can be found by changing the injected velocity
and comparing the corresponding PVBT.

V. CONCLUSION
Accurate simulation of matrix acidization requires the change

in porosity be well captured by the simulator, which can be guaran-
teed by the use of fine enough grids. However, such a grid makes this
simulation fall in the field of large-scale simulation, and the applica-
tion of parallel and iterative solvers becomes mandatory. The former
numerical scheme of the improved DBF framework generated a cou-
pled pressure–velocity linear system, and both pressure and velocity
were solved together. Considering that the coefficient matrix of the
coupled pressure–velocity linear system has a large condition num-
ber and that solving the linear system is a saddle point problem,
the linear system is hard to be solved by iterative solvers. Thus, in
this work, a decoupled scheme is provided to decouple the coupled
pressure–velocity linear system into two independent linear systems:
one is to solve for pressure, and the other one is to solve for velocity.
Since both linear systems come from the elliptical PDEs, they can
be easily solved by iterative solvers. In the parallel environment, the
parallel and iterative solver, such as HYPRE, can be used to achieve
better performance, which makes sure that the large-scale simulation
can be finished in a reasonable time period. We also demonstrate
mathematically that the decoupled scheme has the same solutions as
the coupled scheme of the improved DBF framework, which is also
proved by the numerical experiment. Besides that, the numerical
experiment also shows the higher computing efficiency of the decou-
pled scheme and the good scalability of HYPRE on the decoupled
scheme. For example, with the serial and direct solver UMFPACK,
the solver time of the decoupled scheme is about 59% of that of the
improved DBF framework; with the serial code, the solver time of
HYPRE is only about 9.6% of that of UMFPACK in the decoupled
scheme.

After that, the decoupled scheme is applied in investigating
the factors that cannot change the optimal injected velocity. At the
optimal injected velocity, the breakthrough can be achieved with
the minimal amount of acid, and therefore, it is one of the most
interesting indices in matrix acidization. In these experiments, it is

found that the change in the matrix scale while keeping the aspect
ratio of the matrix fixed and the change in the acid concentration
will not change the optimal injected velocity. This conclusion plays
an important role in instructing the real operation of matrix acidiza-
tion. The real and huge matrix can be first shrunk to the small
matrix that can be processed efficiently by the computing resource,
while keeping the aspect ratio of the matrix fixed. Then, the opti-
mal injected velocity derived from the small matrix should also be
the optimal injected velocity of the real and huge matrix. Then,
the conclusion can instruct the selection of the acid concentration.
Although the change in the acid concentration does not change the
optimal injected velocity, it is learned from the experiments that the
acid of larger concentration makes sure the breakthrough can be
achieved in much less time than the acid of smaller concentration,
while the used mass of the acid of larger concentration is a little more
than the acid of smaller concentration. As a result of that, the acid of
larger concentration is suggested in matrix acidization. Besides that,
it is also observed from the experiments that when the injected veloc-
ity is fixed, the change in the matrix scale while keeping the aspect
ratio of the matrix fixed and the change in the acid concentration
will not change the dissolution pattern.

The next step of this work is to derive the decoupled scheme
for the thermal DBF framework,12 which is an expansion of the
improved DBF framework by adding the energy conservation equa-
tion. Furthermore, more factors that influence the optimal injected
velocity will be investigated.

ACKNOWLEDGMENTS
This work was supported by the Peacock Plan Foundation of

Shenzhen (Grant No. 000255) and the General Program of Natural
Science Foundation of Shenzhen (Grant No. 20200801100615003).

AUTHOR DECLARATIONS
Conflict of Interest

The authors declare no conflict of interest.

REFERENCES
1Y. Wu, A. Salama, and S. Sun, “Parallel simulation of wormhole propagation with
the Darcy–Brinkman–Forchheimer framework,” Comput. Geotech. 69, 564–577
(2015).
2Y. Wu, “Parallel reservoir simulations with sparse grid techniques and applica-
tions to wormhole propagation,” Ph.D. dissertation (King Abdullah University of
Science and Technology, 2015).
3J. Kou, S. Sun, and Y. Wu, “Mixed finite element-based fully conservative meth-
ods for simulating wormhole propagation,” Comput. Methods Appl. Mech. Eng.
298, 279–302 (2016).
4J. Kou, S. Sun, and Y. Wu, “A semi-analytic porosity evolution scheme for sim-
ulating wormhole propagation with the Darcy–Brinkman–Forchheimer model,”
J. Comput. Appl. Math. 348, 401–420 (2019).
5Y. Wu and M. Ye, “A Newton’s second law abided Darcy-Brinkman-
Forchheimer framework in matrix acidization simulation,” in International Con-
ference on Computational and Experimental Engineering and Sciences (Springer,
Cham, 2019).
6G. Zhu, J. Kou, B. Yao, Y.-s. Wu, J. Yao, and S. Sun, “Thermodynamically
consistent modelling of two-phase flows with moving contact line and soluble
surfactants,” J. Fluid Mech. 879, 327–359 (2019).
7M. K. R. Panga, M. Ziauddin, and V. Balakotaiah, “Two-scale continuum
model for simulation of wormholes in carbonate acidization,” AIChE J. 51(12),
3231–3248 (2005).

AIP Advances 11, 125305 (2021); doi: 10.1063/5.0067340 11, 125305-12

© Author(s) 2021

https://scitation.org/journal/adv
https://doi.org/10.1016/j.compgeo.2015.06.021
https://doi.org/10.1016/j.cma.2015.09.015
https://doi.org/10.1016/j.cam.2018.08.055
https://doi.org/10.1017/jfm.2019.664
https://doi.org/10.1002/aic.10574


AIP Advances ARTICLE scitation.org/journal/adv

8J. Demmel, “LAPACK: A portable linear algebra library for high-performance
computers,” Concurrency: Pract. Exper. 3(6), 655–666 (1991).
9T. A. Davis, “Algorithm 832: UMFPACK V4. 3—An unsymmetric-pattern mul-
tifrontal method,” ACM Trans. Math. Software 30(2), 196–199 (2004).
10R. D. Falgout and U. Meier Yang, “hypre: A library of high perfor-
mance preconditioners,” in International Conference on Computational Science
(Springer, Berlin, Heidelberg, 2002).
11P. R. Amestoy, I. S. Duff, and J.-Y. L’excellent, “Multifrontal parallel distributed
symmetric and unsymmetric solvers,” Comput. Methods Appl. Mech. Eng.
184(2-4), 501–520 (2000).
12Y. Wu, J. Kou, S. Sun, and Y.-S. Wu, “Thermodynamically consistent
Darcy–Brinkman–Forchheimer framework in matrix acidization,” Oil Gas Sci.
Technol. 76, 8 (2021).

13Y. Saad and M. H. Schultz, “GMRES: A generalized minimal residual algo-
rithm for solving nonsymmetric linear systems,” SIAM J. Sci. Stat. Comput. 7(3),
856–869 (1986).
14X. Liu, A. Ormond, K. Bartko, L. Ying, and P. Ortoleva, “A geochemical
reaction-transport simulator for matrix acidizing analysis and design,” J. Pet. Sci.
Eng. 17(1-2), 181–196 (1997).
15C. N. Fredd and H. S. Fogler, “Influence of transport and reaction on
wormhole formation in carbonate porous media,” AIChE J. 44, 1933–1949
(1998).
16P. Maheshwari and V. Balakotaiah, “Comparison of carbonate HCl acidizing
experiments with 3D simulations,” SPE Prod. Oper. 28, 402–413 (2013).
17C. Jia et al., “Modification of two-scale continuum model and numerical studies
for carbonate matrix acidizing,” J. Pet. Sci. Eng. 197, 107972 (2020).

AIP Advances 11, 125305 (2021); doi: 10.1063/5.0067340 11, 125305-13

© Author(s) 2021

https://scitation.org/journal/adv
https://doi.org/10.1002/cpe.4330030610
https://doi.org/10.1145/992200.992206
https://doi.org/10.1016/s0045-7825(99)00242-x
https://doi.org/10.2516/ogst/2020091
https://doi.org/10.2516/ogst/2020091
https://doi.org/10.1137/0907058
https://doi.org/10.1016/s0920-4105(96)00064-2
https://doi.org/10.1016/s0920-4105(96)00064-2
https://doi.org/10.1002/aic.690440902
https://doi.org/10.2118/164517-pa
https://doi.org/10.1016/j.petrol.2020.107972

