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DC IR-Drop Analysis of Power Distribution

Networks by a Robin Transmission Condition

Enhanced Discontinuous Galerkin Method

An Fa Yang, Min Tang, Member, IEEE, Jun Fa Mao, Fellow, IEEE,

Li Jun Jiang, Fellow, IEEE, Hakan Bagci, Senior Member, IEEE,

and Ping Li, Senior Member, IEEE

Abstract

In this work, a novel Robin transmission condition (RTC) enhanced discontinuous Galerkin (DG)

method is proposed for the DC IR-Drop analysis of power distribution networks with Joule Heating

effects included. Unlike the conventional DG method, the proposed DG method straightforwardly applied

to discretize the second-order spatial partial differential governing equations for the electrostatic potential

Φ and the steady-state temperature T , respectively. The numerical flux in DG used to facilitate the

information exchange among neighboring subdomains introduces two additional variables: the current

density J for the electrical potential equation and the thermal flux q for the thermal equation. To

solve them, at the interface of neighboring subdomains a RTC is presented as the second equation to

establish another connection for solutions in neighboring subdomains. With this strategy, the number of

degrees of freedom (DoF) involved in the proposed RTC-DG method is dramatically reduced compared
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with the traditional DG method. The finalized matrix system is solved in a finite-element tearing and

interconnecting (FETI)-like procedure, namely, the unknowns are obtained in a subdomain-by-subdomain

scheme. Finally, the accuracy and the efficiency of the proposed RTC-DG method is validated by serval

representative examples.

Index Terms

Domain decomposition method (DDM), discontinuous Galerkin (DG) method, DC IR-drop, electrical-

thermal co-simulation, Robin transmission condition (RTC).

I. INTRODUCTION

The reliability problems are becoming more serious with the continuous decreasing DC

operation voltage, the increasing integration density, and the ever-shrinking feature sizes. Among

them, DC IR-Drop [1] is a major issue in the power integrity (PI) problem, which would bring

significant challenges to the design of the power distribution networks (PDN) of integrated

circuits (IC) and printed circuit broads (PCB) [2]. In addition, Joule heating resulted thermal

effects could be considerable with the shrinking scale of vias and traces, which would have

serious impact on the resistivity of the conductors of PDNs. A comprehensive DC IR-drop

analysis of PDNs should include the thermal effects. Otherwise, the voltage drop could be

underestimated, which imposes a potential threat to the PI design. Thereby, the electrical-thermal

co-simulation for DC IR-drop analysis is particularly necessary. For this purpose, extensive

researches have been performed in the last few years.

Initially, the DC IR-Drop analysis is on the basis of the latency insertion method (LIM) [3]

and the equivalent circuit model [4]. Soon after, the electrical-thermal co-simulation has been

exploited with numerical algorithms such as the finite element method (FEM) [5]–[7] and the

finite volume method (FVM) [8], which are capable of dealing with the complex geometries.

As a integration of FEM and FVM, discontinuous Galerkin (DG) method [9], [10] absorbs the

advantages of FVM and FEM, which provides a better candidate with respect to the accuracy and

the parallel efficiency. For instance, to achieve high-order accuracy, like FEM [11], DG method

is able to use the hierarchical high-order basis functions to approximate the solution. But More

flexibly, the type and the order of basis functions in each element or subdomain are independent.

On the other hand, same as FVM [12], DG method assumes that the solutions in each subdomain

are individual to each other, and all information exchange among solutions in neighboring
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subdomains is facilitated via numerical flux, thus it is a natural domain decomposition method

(DDM) and very suitable for parallel computing.

To leverage the domain decomposition capability of DG, in [13], a DG method is proposed

for the transient thermal analysis of three-dimensional (3D) IC packages, where the transient

thermal equation is solved in an element-by-element scheme with explicit time-marching strat-

egy. With similar methodology, in [14], the DG method is extended to conduct the transient

electromagnetic-thermal co-simulation for dispersive media. A further step is made in [15],

where the DG method is applied to do steady-state electro-thermal co-analysis, where the Block

Thomas method is employed to solve the original globally coupled matrix system in a subdomain-

by-subdomain scheme with Block Thomas method. Even though the capability of DG method

in electrical-thermal analysis has been validated in these works, these DG based methods suffer

from a common drawback, namely, the second-order governing partial differential equations

(PDE) have to be degenerated to first-order ones. The additionally introduced variables (such

as current density J = −σ∇Φ and thermal flux q = −κ∇T ) in the degeneration process are

present in the whole computational domain, thus the number of DoF is significantly increased,

which is much larger compared with FEM.

With the aim to reduce the number of DoF suffered in the conventional DG method but

simultaneously keep the domain decomposition capability of DG, in this work, a RTC enriched

DG method is presented to conduct the DC IR-drop analysis of PDNs with thermal effects

considered. Unlike the traditional DG method, the proposed DG method is applied directly to

solve the second-order governing PDEs, namely, the Laplace equation and the Poisson equation

respectively gauging the electrostatic potential and the steady-state thermal distributions. In DG

method, the solutions in each subdomain are assumed to be independent with each other, to

facilitate the information communication among solutions, usually a term called numerical flux

is employed. For the electrostatic potential equation, the numerical flux is not only a function

of potential Φ, but also a function of current density J; for the steady-state thermal equation,

the numerical flux is not only a function of temperature T , but also a function of thermal flux

q. Thus, to solve the additionally introduced unknowns, a Robin transmission condition (RTC)

serving as the auxiliary equation is established at the interface of neighboring subdomains for the

electrostatic potential equation and the steady-state thermal equation, respectively. In this way,

the unknowns J and q are merely located at the interface of neighboring subdomains, thus they

are surface unknowns. However, in traditional DG method, the second-order governing equations
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have to be degenerated to first-order ones, which results the additionally introduced unknowns

J and q are present in the whole computational domain, namely, they are volume unknowns.

Therefore, the proposed RTC-DG method in this work significantly decreases the number of

DoF compared with the traditional DG.

Instead of solving a globally coupled matrix system, the finalized matrix system is solved in

a FETI-like procedure [16]. The whole procedure involves two steps: firstly, the unknowns at

the interfaces of neighboring subdomains are solved; then, the unknowns in the internal of each

subdomain are solved simultaneously in a parallel way. In both steps, the sparse direct solver

PARDISO [17] is employed to solve the corresponding matrix equations. Compared with the

iterative methods such as the generalized minimum residual (GMRES) method, the deployed

solving strategy is much more efficient and is also free of convergence issue.

The organization of the remainder of the paper is as follow. In Section II, the mathematical

formulation of the proposed RTC-DG method for the electrostatic potential equation and the

steady-state thermal equation is introduced, also the direct solver is described in detail. In Section

III, the electrical-thermal cosimulation scheme is provided. In Section IV, several representative

numerical examples are presented to verify the accuracy and convergence performance of the

proposed method. Finally, the conclusion is summarized.

II. FORMULATION

Before the introduction of mathematical details of the proposed method, the computational

domain of interesting (denoted as Ω) is firstly split into K non-overlapping subdomains (de-

noted as Ωk), and each subdomain is further decomposed into a number of tetrahedrons Ωi
k

(i = 1, · · · , Kk), and then the DG formulation is applied to the governing equations in each

subdomain.

A. Formulation of Electrostatic Potential Equation by RTC-DG

For DC IR-drop analysis, the electrostatic potential Φ is governed by the Laplace equation

given by

∇ · σ∇Φ(r) = 0, (1)
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which subjects to the boundary condition defined as

Φ = Φ0 on Γdc

− σ∂Φ

∂n
=

Φ

RLS
on ΓR

where σ is the electrical conductivity of the conductors, Γdc is the Dirichlet boundary surface

with potential already given, ΓR is the impedance boundary surface connecting with external

load such as decoupling capacitors, match network, chips and memories, RL is the resistance

value of the external equivalent load, and S is the area of the cross section of the impedance

boundary surface.

To establish the matrix equation in the k-th sudomain, the DG test is applied to (1), which

leads to the following equation:∫
Ωk

∇ψki · σk∇Φk dV −
∫
∂Ωkl

ψki [n̂kl · (σk∇Φk)] dS = 0 (2)

where ψki is the i-th testing function for potential Φk in subdomain Ωk, and n̂kl is an unit outward

normal vector pointing from the current subdomain Ωk to its neighbor Ωl via the interface ∂Ωkl.

Due to the tangential continuity of solutions crossing the interface ∂Ωkl in DG method is

weakly enforced, numerical flux must be utilized to facilitate the information communication

among adjacent subdomains. With the relation between the conductive current density and the

electric field inside the conductor given by

Jk = −σk∇Φk, (3)

(2) is accordingly reformulated as∫
Ωk

∇ψki · σk∇φk dV +

∫
∂Ωkl

ψki (n̂kl · J∗) dS = 0 (4)

where n̂kl · J∗ is the numerical flux, which is defined as

n̂k · J∗ =Ce
0(n̂kl · Jk − n̂lk · Jl) + Ce

1(n̂kl · Jk + n̂lk · Jl)

+ Ce
2(Φk − Φl)

(5)

with n̂lk = −n̂kl. In this work, the upwind flux is used, thus the corresponding parameter

coefficients are defined by: Ce
0 = 0 , Ce

1 = 0.5 , and Ce
2 = −4 .

It is observed that the numerical flux in (5) is a function of both the electric potential Φ and

the current density J. Therefore, in order to solve these two unknown variables together, one

additional auxiliary equation is required.
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In the traditional DG methods such as the works in [13]–[15], the auxiliary equation is obtained

via transforming the second-order PDE in (1) into two first-order PDEs, but which makes J as

a volume unknown, i.e., it has to be solved in the whole computational domain. As a result, the

number of DoFs increases dramatically, resulting in excessively computational cost.

Since the numerical flux in (5) merely happens at the interfaces of neighboring subdomains,

thus J is a two-dimensional unknown variable that also only appears at the subdomain’s in-

terfaces. In this way, the auxiliary equation is desired to confine the J at the interfaces of

neighboring subdomains instead of the entire computational domain. To reach this aim, a Robin

transmission condition (RTC) that connects the solutions in current subdomain k and its neighbor

l is established, which is derived on the basis of the following continuity relations:

Φk = Φl on ∂Ωkl (6)

and

n̂kl · Jk = −n̂lk · Jl on ∂Ωkl (7)

With (6) and (7), a general RTC can be obtained as

β1(Φk − Φl) + β2

(
n̂kl · Jk + n̂lk · Jl

)
= 0 (8)

where two scaling factors β1 and β2 are introduced to balance the magnitude difference between

Φ and J as well as to improve the condition number of later formed matrix equation. Refer to

the relation in (3), it is assumed that β1 = 1 and β2 = σk in this wrok.

Next, the Galerkin test is applied to (8), which leads to the following formulation:∫
∂Ωkl

ϕki ·
[
(Φk − Φl) + σk(Jkn + Jln)

]
S = 0 (9)

with ϕki denoting the i-th testing function, Jkn = n̂kl · Jk and Jln = n̂lk · Jl indicating the normal

component of Jk/l, respectively.

Then, to establish a fully-discrete matrix system, Φk/l and J
k/l
n in (4) and (9) are further

approximated by nodal basis functions:

Φk/l =

n
k/l
Φ∑
j=1

γ
k/l
j φ

k/l
j (10)

Jk/ln = σ

n
k/l
J∑
j=1

λ
k/l
j ϕ

k/l
j (11)

December 17, 2021 DRAFT



7

where nk/lΦ and n
k/l
J denote the total number of the basis functions for Φk/l and Jk/l in the k-

and l-th subdomains, respectively; γk/lj and λk/lj are the corresponding expansion coefficients to

be determined.

With (5), (10), and (11), a compact form of (4) and (9) can be obtained asTk
e 0

0 0

γk
λk

+
K∑
l=1

Fkl
ΦΦ Fkl

ΦJ

Fkl
JΦ Fkl

JJ

γl
λl

 =

fke
0

 (12)

where fke is a column vector rising from the Dirichlet boundary condition; Fkl
ΦΦ, Fkl

ΦJ, Fkl
JΦ,

and Fkl
JJ denote the coupling matrices between the k-th subdomain and the l-th subdomain,

respectively. It is necessary to remind that the coupling matrices are zero if the l-th subdomain

is not the neighbor of the k-th subdomain. In the following, the definitions of matrix elements

are given by

[Tk
e ]
ij =

∫
Ωk

∇φki · σk∇φkj dV (13)

[Fkk
ΦΦ]ij = −4.0

∫
∂Ωk

φki · φkj dS (14)

[Fkl
ΦΦ]ij = 4.0

∫
∂Ωkl

φki · φlj dS (15)

[Fkk
ΦJ]ij = 0.5σk

∫
∂Ωk

φki · ϕkj dS (16)

[Fkl
ΦJ]ij = −0.5σk

∫
∂Ωkl

φki · ϕlj dS (17)

[Fkk
JΦ]ij = σk

∫
∂Ωk

ϕki · φkj dS (18)

[Fkl
JΦ]ij = −σk

∫
∂Ωkl

ϕki · φlj dS (19)

[Fkk
JJ ]ij = σk

∫
∂Ωk

ϕki · ϕkj dS (20)

[Fkl
JJ]ij = −σk

∫
∂Ωkl

ϕki · ϕlj dS (21)

Finally, by coupling the individual matrix in K different subdomains together, a global matrix

December 17, 2021 DRAFT
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system can be obtained as

M1
e C12

e C13
e · · · C1K

e

C21
e M2

e C23
e · · · C2K

e

C31
e C32

e M3
e · · · C3K

e

...
...

... . . . ...

CK1
e CK2

e · · · CK,K−1
e MK

e





υ1
e

υ2
e

υ3
e

...

υKe


=



f̃ 1
e

f̃ 2
e

f̃ 3
e

...

f̃Ke


(22)

where υke = [γk, λk]T , f̃ke = [fke ,0]T , and

Mk
e =

Tk
e + Fkk

ΦΦ Fkk
ΦJ

Fkk
JΦ Fkk

JJ

 (23)

and

Ckl
e =

Fkl
ΦΦ Fkl

ΦJ

Fkl
JΦ Fkl

JJ

 (24)

B. Formulation of Steady-State Thermal Equation by RTC-DG

For the steady-state thermal analysis, the heat equation is governed by

∇ · κ∇T (r) = −Q(r), (25)

which is subject to the boundary conditions:

T = T0 on Γtc

κ
∂T

∂n
= −h(T − Ta) on Γconv

with κ indicating the thermal conductivity, h designating the convection coefficient, and Q

representing the Joule heating source.

Similar to matrix formulation procedure of the electrical problem, the DG test is directly

applied to (25) in the k-th subdomain,∫
Ωk

∇ψkp · κk∇T k dV−
∫
∂Ωkl

ψkp [n̂k · (κk∇T k)] dS=

∫
Ωk

ψkp ·QkdV (26)

where ψkp is the p-th nodal basis function for the temperature distribution T in the k-th subdomain.

By further resorting to the definition of thermal flux given as

qk = −κk∇T k (27)
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then (26) can be rewritten as∫
Ωk

∇ψkp · κk∇T k dV−
∫
∂Ωk

ψkp [n̂kl · q∗] dS=

∫
Ωk

ψkp ·QkdV (28)

where n̂kl is an unit outward normal vector pointing from the k-th subdomain to the l-th

subdomain, and the term n̂kl · q∗ is the numerical flux defined by

n̂kl · qk =Ch
0 (n̂kl · qk + n̂kl · ql) + Ch

1 (n̂kl · qk − n̂kl · ql)

+ Ch
2 (T k − T l) (29)

In this work, the upwind flux is employed, where the coefficients are defined as Ch
0 = 0,

Ch
1 = 0.5 and Ch

2 = −4.

It is noted that the numerical flux introduces new variable named as thermal flux q, thus to

solve it, another auxiliary equation is needed. In traditional DG method, the PDE defined as

∇·q = Q is utilized as the auxiliary equation [13]–[15]. As a consequence, the unknown q has

to be evaluated in the entire computational region, which no doubt increases the computational

burden considerably.

In this work, in order to not only solve the new unknown q but also confine it at the interfaces

of neighbor subdomains, a RTC is designed on the basis of the continuity of T and n̂ ·q across

the interface ∂Ωkl, which is given by

τ1(T k − T l) + τ2(qk + ql) = 0 (30)

where qk = n̂kl · qk and ql = n̂lk · ql; τ1 and τ2 are two factors used to make T and q at the

same scale. In this work, τ1 = 1 and τ2 = κk are made on the basis of relation in (27).

Next, the Galerkin test is applied to (30) with trial function ψkq∫
∂Ωkl

ψkq ·
[
(T k − T l) + κk(qk + ql)

]
dS = 0 (31)

By further expanding the unknowns with nodal basis functions, namely,

T k/l =

n
k/l
T∑
j=1

Λ
k/l
j ν

k/l
j (32)

qk/l =

n
k/l
q∑
j=1

Υ
k/l
j ψ

k/l
j (33)
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with n
k/l
T and n

k/l
q denoting the total number of basis functions for T k/l and qk/l, respectively;

ν
k/l
j and ψ

k/l
j representing the j-th scalar basis functions for T k/l and qk/l, respectively; Λ

k/l
j

and Υ
k/l
j indicating the corresponding expansion coefficients to be solved.

Then, with (29), (32) and (33), a compact form of (28) and (31) can be obtained asTk
h 0

0 0

Λk

Υk

+
K∑
l=1

FklTT FklTq

FklqT Fkl
qq

Λl

Υl

 =

fkh
0

 (34)

Finally, the total K subdomain matrix equations will couple together to form a global matrix

system given as 

M1
h C12

h C13
h · · · C1K

h

C21
h M2

h C23
h · · · C2K

h

C31
h C32

h M3
h · · · C3K

h

...
...

... . . . ...

CK1
h CK2

h · · · CK,K−1
h MK

h





υ1
h

υ2
h

υ3
h

...

υKh


=



f̃ 1
h

f̃ 2
h

f̃ 3
h

...

f̃Kh


(35)

It is essential to explain that the detailed mathematical expressions of the matrix blocks in (34)

and (35), as well as the associated matrix elements will not be shown here due to the limited

space, but which can be readily derived by just alternating the basis functions and the material

parameters in terms of the expressions given from (15) to (24).

C. Comparison with the Traditional DG Method

For electrical-thermal DC IR-drop analysis, the traditional DG method needs to degenerate

the second-order PDEs in (1) and (25) into two first-order ones, and then DG test is applied

to the two first-order PDEs. To have a more insightful understanding, the electrostatic potential

governing equation is taken as example for illustration.

The traditional DG method [13]–[15] solves (1) by introducing an intermediate variable J,

then (1) is able to be reduced into two first-order PDEs defined by

J = −σ∇Φ (36)

∇ · J = 0 (37)

It is obviously noticed that the auxiliary variable J needs to be solved in the entire computa-

tional domain, which is particularly unfavorable with regarding to the computational performance.

Nevertheless, in this work, the proposed DG method directly discretizes the second-order

governing PDEs in (1) and (25), and the RTC is exploited as the auxiliary equation. The most
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TABLE I

NUMBER OF DOFS FOR Φ AND J WITH NΦ , NJ , NT , AND Nq DENOTING THE NUMBER OF DOFS FOR THE POTENTIAL Φ,

THE CURRENT DENSITYJ, THE TEMPERATURE T , AND THERMAL FLUX q, RESPECTIVELY.

Method NΦ NJ NT Nq

RTC-DG 66, 033 10, 659 66, 189 10, 659

Traditional DG [15] 66, 033 198, 099 66, 189 10, 659

Fig. 1. The geometrical profile of the power plane

important significance of the RTC includes two folds: i) the new variable is strictly confined at

the interfaces of neighboring subdomains; ii) only the normal component of the new variable is

required while the x, y, and z-components need to be calculated in the traditional DG method.

Thus, the number of DoFs in the proposed RTC-DG method is decreased remarkably.

III. ELECTRICAL-THERMAL CO-SIMULATION

To facilitate the electrical to the thermal coupling, the Joule heating resultant heat source Q

in (25) is obtained as

Q = J · E = σ |∇Φ|2 (38)

To consider the impact of temperature rising on the material properties, the resistivity (denoted

as ρ with ρ = 1
σ

) of conductors is considered as a function of temperature T , which is updated

in terms of

ρ(T ) = ρ0[1 + α(T − T0)] (39)

with ρ0 indicating the initial value at ambient temperature T0, and α designating the temperature

coefficient of the conductors.

Due to the resulted electrical-thermal coupling matrix system is nonlinear, to efficiently solve

it, the fixed point method is employed. The details of the solving scheme is presented as below:
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Algorithm 1 Electrical-Thermal Co-simulation [15]
1: Initializing: Let T = T0, ρ = ρ0, and define the stop criterion δ0 as well as the number of

iterations N

2: for i = 1 : N do

3: Solve (22) to get the potential distribution

4: Calculate the thermal Source Q according to (38)

5: Solve (35) with Q to obtain the temperature profile

6: Update the resistivity according to (39)

7: Calculate L2 relative norm error δρ

8: if δρ < δ0 then

9: Output solutions of interests

10: Exit

11: end if

12: end for

13: Output T and Φ

IV. SOLVING STRATEGY

To solve the matrix equations in (22) and (35), in this work, a block-diagonal preconditioner

is applied in advance. Let’s take the electrical problem for illustration due to limited space. After

applying the preconditioner, (22) is reformulated as
I M−1

1 C12
e · · · M−1

1 C1K
e

M−1
2 C21

e I · · · M−1
2 C2K

e

...
... . . . ...

M−1
K CK1

e M−1
K CK2

e · · · I




υ1
e

υ2
e

...

υKe

=

M−1

1 f̃
1
e

M−1
2 f̃

2
e

...

M−1
K f̃

K
e

 (40)

Then, (40) is going to be solved in a procedure similar to that employed in FETI method [16]

in this work. The whole solution process involves two steps: i) the unknowns at the interfaces

of subdomains are calculated firstly; ii) the interior unknowns in each subdomain are evaluated

on the basis of solutions obtained in the first step.

To facilitate the solving procedure, the unknowns pertinent to subdomain Ωk are divided into

three groups: γIk for the expansion coefficients of the potential inside the subdomain; γsk for

the expansion coefficients of the potential on the subdomain interface and λsk for the expansion
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(a)

(b)

Fig. 2. The voltage distribution (unit: V) of the power plane. (a) Results calculated by DG method. (b) Results calculated by

FEM.

coefficients of the current density on the subdomain interface, then the solution vector υke can

be rewritten as

υke =


γIk

γsk

λsk

 (41)

Similarly, (23) and (24) could be rewritten as

Mk
e =


MII

k MIS
k 0

MSI
k MSS

k MSF
k

0 MFS
k MFF

k

 (42)

and

Ckl
e =


0 0 0

0 CSS
kl CSF

kl

0 CFS
kl CFF

kl

 (43)

By introducing a restriction operator Rk, the surface unknowns ῡke can be conveniently

extracted from υke , that is,
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(a)

(b)

Fig. 3. The temperature distribution (unit: V) of the power plane. (a) Results calculated by DG method. (b) Results calculated

by FEM.

ῡke = Rkυ
k
e =

γsk
λsk

 (44)

with

Rk =

0 Iφk 0

0 0 IJk

 (45)

Then, it can be easily shown that

M−1
k Ckl

e υ
l
e = M−1

k (Ckl
e R

T
kRk)υ

l
e = M−1

k Ckl
e R

T
k ῡ

l
e (46)

with with the identity defined as,

RT
kRk =


0 0 0

0 Iφk 0

0 0 IJk

 (47)

With the relation in (46), a new matrix equation only containing the unknowns at the interfaces

of neighboring subdomains can be obtained as
I Z1C̄

12
e · · · Z1C̄

1K
e

Z2C̄
21
e I · · · Z2C̄

2K
e

...
... . . . ...

ZKC̄
K1
e ZKC̄

K2
e · · · I




ῡ1
e

ῡ2
e

...

ῡKe

=

f̄ 1
e

f̄ 2
e

...

f̄Ke

 (48)
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Fig. 4. The geometrical profile of the six-layered TSV array

TABLE II

NUMBER OF DOFS FOR Φ AND J WITH NΦ , NJ , NT , AND Nq DENOTING THE NUMBER OF DOFS FOR THE POTENTIAL Φ,

THE CURRENT DENSITYJ, THE TEMPERATURE T , AND THERMAL FLUX q, RESPECTIVELY.

Method NΦ NJ NT Nq

RTC-DG 612, 471 62, 753 612, 603 62, 753

DG [15] 612, 471 1, 837, 413 612, 603 1, 837, 809

where

Zk = RkM
−1
k RT

k

C̄kl
e = RkCklR

T
l

f̄ke = M−1
k f̃

k
e

(49)

Due to the number of the surface unknowns is much smaller than the total number of

unknowns, thus a direct solver can be applied. In this work, the PARDISO solver is employed.

Moreover, it is obviously noted that each row of the matrix (48) is independent to each other,

thus they can be calculated in parallel to improve the calculation speed.

Once the surface unknowns ῡke (k = 1, 2, · · · , K) are solved, the unknowns inside each

subdomain can be computed via

υke = M−1
k

(
f̃ke −

∑
l 6=k

CklR
T
l ῡ

l
e

)
(50)

The calculation of each subdomain is completely independent to each other as well. Thus, it

can be implemented in parallel to further reduce calculation time.

For the steady-state thermal issue, a same solving procedure is applied in this work.
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Fig. 5. The convergence property of the iterative electrical-thermal co-analysis scheme for the second example.

(a) (b)

Fig. 6. The temperature distribution (unit: V) of the TSV array. (a) Results calculated by DG method. (b) Results calculated

by FEM.

V. NUMERICAL RESULTS

In this section, to show the accuracy of the proposed RTC-DG method as well as the fast

calculation property of the direct solver, several representative examples are investigated. For

domain decomposition, a open source code METIS [19] is used to automatically regroup the

generated tetrahedron mesh elements as evenly as possible, which leads to balance loads among

subdomains. The computation of all examples is performed on the Intel Xeon Gold 6240R 2.4

GHz workstation with 48 cores. For electrical-thermal cosimulation, the stop criterion of the

electrical-thermal solver is predefined as δρ = 0.001.
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A. A Power Plane with Swiss Cheese Effect

To imitate the ”Swiss Cheese Effects”, a large number of holes are formed on a power plane

shown in Fig. 1. The length l, the width w, and the thickness t are 29.8 mm, 9.6 mm, and

0.05 mm, respectively. The radius of the via holes is 0.2 mm, and the separation distances

between two adjacent via holes are 0.4 mm along the width direction and 0.6mm along the

length direction, respectively.

To investigate the ”Swiss Cheese Effects” resulted excessive Joule heating, a 1 V voltage source

is imposed on the left end surface of the power plane and a resistive load with RL = 0.01 Ω

is placed on the right end surface. The convection boundary condition is applied on the top

and the bottom surface with h = 500 W/(m2 ·K). Other associated parameters are defined as

ρ0 = 1.75e− 8 Ω ·m, α = 0.0039 K−1, Ta = 300 K and κ = 400 W/(m ·K). The whole

power plane is decomposed into 120 subdomains, and totally 167, 559 tetrahedrons are involved.

In table I, the number of DoFs for the associate variables are presented. For comparison, their

counterparts in the traditional DG method are also given.

The electrical-thermal solver converges after 4 iterations, which is performed with 6 threads

and takes around 52 seconds with peak memory cost about 3.8 G. The obtained voltage and

temperature distributions are presented in Fig. 2 and 3. For accuracy validation, those obtained

by FEM are also provided. Apparently, they agree with each other perfectly. Furthermore, the

voltage drop with thermal effects is 0.1754 V while it’s 0.1465 V without thermal effects, i.e.,

19.8% more loss is caused owing to the Joule heating.

B. A Multilayered PDN Chained by Through Silicon Via (TSV) Array

In the second example, a PDN composed of six-layered copper planes is studied, where all

power planes are vertically stacked via the TSV array. As shown in Fig. 4, the copper-filled TSV

has radius 0.1 mm and height 0.5 mm. The length, the width, and the thickness of each copper

plane are 6.0 mm, 6.0 mm and 0.05 mm, respectively. The separation between two adjacent

TSVs is 0.3 mm along both x- and y-axis. The electrical and thermal properties of the material

are same as those in the first example. A voltage source VDD = 1 V is placed over the left

surface of the first layer, and the vias on the top layer are terminated by resistive loads with

RL = 1 Ω. The convection cooling boundary condition with h = 500 W/m2K is enforced at

the bottom surface of each layer.
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(a) (b)

Fig. 7. The temperature distribution (unit: V) of the TSV array. (a) Results calculated by DG method. (b) Results calculated

by FEM.

The whole structure is decomposed into 140 subdomains and totally 2, 164, 329 tetrahedrons

are generated. The number of DoFs for Φ, J, T , and q are listed in Table II. As can be seen, for

the auxiliary variable J, the proposed RTC-DG reduces the number of DoFs from 1, 837, 413 to

62, 573; while for the auxiliary variable q, the number of DoFs is decreased from 1, 837, 809 to

62, 573 if the RTC-DG method is used. Thus, the RTC-DG method truly reduces the number of

unknowns significantly.

The convergence rate of the electrical-thermal cosimulation is plotted in Fig. 5, only 5 iterations

are required to reach the desired accuracy. In Fig. 6 and 7, the calculated voltage and the

temperature distribution are presented. For reference, the results by FEM are given as well.

Great agreements are observed. The maximum voltage drop with thermal effect is 19.5 mV,

while the maximum voltage drop without considering Joule heating is 15.3 mV, 27.4% more

voltage drop is introduced owing to thermal effect and the lowest and the highest temperature

of the whole structure are increased to 384.7 K and 368.5 K, respectively.

For this example, the corresponding CPU time and the peak memory cost are about 48 minutes

and 32 G, respectively. To have a better insight into the impact of the number of subdomains

on the computation performance, the CPU time and peak memory cost versus the number of

subdomains are shown in in Fig. 8 (a) and (b). In addition, the CPU time versus the number of

threads pertinent to 140 subdomains is also provided in Fig. 8 (c).
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(a) (b)

(c)

Fig. 8. (a) The CPU time versus the number of subdomains; (b) The peak memory cost versus the number of subdomains; (c)

The CPU time versus the number of threads for 140 subdomains.

Fig. 9. The geometrical profile of the PCB with via-holes

C. A Two-layered Printed Circuit Board (PCB)

As the last example, a PCB composed of two power layers is studied. As shown in Fig. 9, the

two power layers are connected by the three orange vias with radius and height respectively equal

to 0.38105 mm and 1.77 mm. The geometry parameters of the first layer are l1 = 101.422 mm,
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TABLE III

NUMBER OF DOFS FOR Φ AND J WITH NΦ , NJ , NT , AND Nq DENOTING THE NUMBER OF DOFS FOR THE POTENTIAL Φ,

THE CURRENT DENSITYJ, THE TEMPERATURE T , AND THERMAL FLUX q, RESPECTIVELY.

Method NΦ NJ NT Nq

RTC-DG 260, 466 20, 591 260, 512 20, 591

DG [15] 260, 466 781, 398 260, 512 781, 536

Fig. 10. The convergence property of the iterative electrical-thermal co-analysis scheme for the last example.

w1 = 36.297 mm, and the thickness t1 = 0.03302 mm , while the geometry parameters of the

second layer are given as l2 = 103.886 mm, w2 = 70.409 mm, and t2 = 0.03302 mm.

The voltage source VDD = 1 V is placed on the first layer and a 0.25 Ω resistive load is

attached on a 0.38105 mm circular patch located over the second layer. The air convection

cooling boundary condition with h = 10 W/(m2 ·K) is applied on the top surface of power

planes. The entire structure is decomposed into 150 subdomains, and totally 686, 037 tetrahedrons

are resulted. In Table III, the number of DoFs for the associated variables are provided.

The electrical-thermal cosimulation takes 4 iterations to reach the convergence requirement,where

the convergence scheme presented in Fig. 10. In Fig. 11 and Fig. 12, the calculated voltage

distribution and the temperature distribution are presented. It is noted that the temperature of the

middle part of the first layer is higher than others owing to the ”Swiss cheese” effect, which is

increased to about 390 K. The maximum voltage drop with the thermal effect is 0.1 V, while the

maximum voltage drop without the thermal effect is 0.084 V , 19.9% more voltage loss is caused

due to the thermal effect. The calculation is performed with 6 threads, and the corresponding

CPU time and the memory cost are around 7 minutes and 5 G, respectively.
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(a)

(b)

Fig. 11. The voltage distribution (unit: V) of the PCB. (a) Results calculated by DG method. (b) Results calculated by FEM.

VI. CONCLUSION

A novel RTC-DG method is proposed for the DC IR-drop analysis of PDNs with thermal

effects included. The proposed DG method directly discretizes the second-order spatial PDEs,

and the introduced Robin Transmission Condition decreases the unknowns on the interface

between subdomain than the traditional DG method. To make full use of the advantage of DG

method in DDM, a FETI-like method is employed to solve the whole system in a subdomain-

by-subdomain scheme direct solver is resorted. The calculation is implemented in a parallel way,

thus significantly improved the computational efficiency. The proposed approach is benchmarked

by three examples by comparing with FEM.
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(a)

(b)

Fig. 12. The temperature distribution (unit: V) of the PCB. (a) Results calculated by DG method. (b) Results calculated by

FEM.
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