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LES of reacting flow in a Hydrogen jet into
supersonic crossflow combustor using a new
turbulent combustion model

Radouan Boukharfane · Anthony
Techer · Aimad Er-raiy

Abstract Modelling the complete flow physics and chemical kinetics of su-
personic combustion is a particularly complex and daunting task that requires
significant computational resources. To foster performance evaluation tools
for future hypersonic vehicles, developing accurate yet computationally effi-
cient solution methods is of great importance. In this work, a new subgrid
combustion model for large eddy simulations is derived and used in a three-
dimensional in-house flow solver to provide simulations of experimental Scram-
jet ground tests. In particular this paper introduces a hybrid model closure
with the reaction-rate approach to close the filtered chemical source terms in
the governing equations for species mass fractions and total energy. The model
developed here makes use of a linear bridging function, depending on the seg-
regation rate of the mixture fraction, between a resolved contribution issued
from a perfectly stirred reactor (PSR) estimation, and a subgrid-scale (SGS)
contribution where a closure that approximates the Lagrangian trajectory in
the composition space is retained. The new model considers the effect of fluctu-
ations of compositions and can be extended to take into account, for example,
the fluctuations of temperature. The new approach is tested using a Hydrogen
fueled Scramjet combustor from circular injector into a Mach 2 vitiated air-
flow for total pressure and temperature of 0.40 MPa and 1695 K, respectively.
The selected operating conditions are representative of the LAPCAT-II dual-
mode Ramjet/Scramjet combustion. Chemistry is described using a four-step
reduced mechanism. The results obtained with the present modelling proposal
are compared to those issued from numerical simulations performed with the
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quasi-laminar chemistry or PSR approach. These results do show that, even for
a highly resolved computational mesh, the effects of composition fluctuations
remain significant, especially in the vicinity of the injection where the SGS

fluctuations of the scalar field are non-negligible.

Keywords Turbulent combustion · Large-Eddy simulation · Compressible
Navier–Stokes equations · Reacting jet in crossflow

1 Introduction

Since it provides efficient mixing and combustion stabilization in high-speed
regimes, the jet in supersonic crossflow (JISCF) is considered as a geometry of
reference for Scramjet applications [1]. However, despite significant progresses
made in the experimental analysis of this configuration, the understanding
of the corresponding turbulent reactive flows still remains incomplete from
a quantitative viewpoint [2,4]. The detailed experimental characterization of
such a complex three-dimensional flow topology indeed poses severe difficulties
for diagnostics and it exhibits quite a significant sensitivity to the variations
of flow parameters, e.g., nozzle pressure ratio (NPR) and momentum flux ratio.
For instance, the latter is known to influence jet penetration and trajectory [9]
as well as the global structure of the stabilization zone [2,3]. As a consequence,
high-fidelity numerical simulations offer an interesting and complementary al-
ternative to experiments so as to improve our understanding of such compli-
cated flowfields. In particular, today’s computational resources make possible
the achievement of highly resolved large-eddy simulations (LES), which has
become a popular strategy to perform the analysis of such supersonic tur-
bulent reactive flows. In this study, highly resolved LES of sonic transverse
Hydrogen jets in a vitiated air crossflow at Mach 2 are reported. Since the
kinetic energy dissipation induced by molecular viscosity effects, in boundary
layers, shear layers or shock waves, is proportional to the squared Mach num-
ber, moderate changes in velocity result in non-negligible changes in static
temperature and pressure in such configuration. Considering the sensitivity
of chemical reactions to temperature and pressure, this induces a coupling
between the velocity field and chemical reactions. The consideration of these
effects therefore appears as one amongst the specific challenges of high-speed
turbulent combustion modelling [6–8]. In this respect, a new hybrid model
of turbulent combustion, hereafter denoted by HTC, is presented. The results
obtained with this subgrid-scale (SGS) closure are compared to those issued
from the consideration of the standard perfectly stirred reactor (PSR), which
is also often referred to as quasi laminar chemistry or quasi-laminar chem-
istry model. The latter indeed ignores the possible influence of residual SGS
fluctuations of composition, the description of which has been central to a
recent non-reactive flow study of the same JISCF geometry [10]. Compared
to the PSR model (or ’no model’ model), the present HTC modelling proposal
aims at taking into account their possible influence, while accommodating the
constraint that the SGS combustion model should recover the DNS limit as the
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filter size tends to zero. It will be shown that, whatever the closure retained
to represent the influence of SGS fluctuations on the filtered chemical rate,
the proposed framework may be thought as a general modelling procedure to
enforce this specific rule. Some preliminary results are considered to test the
relevance of this proposal. They correspond to qualitative comparisons since
no experimental measurements are available for the simplified computational
geometry that has been considered. The present objective is only to measure
the possible influence of taking (or not) into account the SGS fluctuations of
composition on the general topology of the compressible reactive flowfield.

The paper is organized as follows. In Section 2, the governing equations
and numerical schemes used to perform the LES are presented together with
the simulation setup. The derivation of new turbulent combustion model is
presented Section 3. The simulation setup and the assessment of the numerical
accuracy of the simulations are presented in Section 4. The discussion of results
are presented in Section 5. concluding remarks are drawn in Section 6.

2 Mathematical modelling

2.1 Governing equations

The equations governing chemically reactive flows in combustion problems cor-
respond to the conservation of mass, momentum and energy along with the
conservation of the chemically reactive species. In the LES approach, the large
eddies containing the major fraction of energy are resolved by the governing
equations, while the small eddies that are more isotropic are represented by
modelling approaches such as subgrid-scale models [5]. The spatial filter con-
sidered in this LES implementation is a box filter ∆ defined by the length scale
of each computational cell. The viscous stress tensor, the heat diffusion vec-
tor, and the species molecular transport use classical gradient approaches. The
fluid viscosity follows Sutherland’s law, the heat diffusion coefficient follows
Fourier’s law, and the species diffusion coefficients are obtained using a species
Schmidt number along with the Hirschfelder & Curtiss approximation [11] and
velocity corrections for mass conservation. Thus, the application of the filter-
ing operation to the instantaneous set of compressible Navier–Stokes transport
equations with chemical reactions yields the LES transport equations, where
we used the summation convention for repeated indices:

∂t%+ ∂j ( %ũj ) = 0 , (1)

∂t ( %ũj ) + ∂j ( %ũiũj ) = −∂ip + ∂jτ ij − ∂i ( %uiuj − %ũiũj ) , (2)

∂t

(
%Ỹα

)
+∂i

(
%ũiỸα

)
= −∂i

(
%YαVuαi

)
−∂i

(
%Yαui − %Ỹαũi

)
+ %˜̇ωα , (3)

∂t
(
%

(

e t
)

+ ∂j
(
%ũi

(

e t
)

= −∂j ( uũi ) + ∂j
(
ũi

(τ ij
)
− ∂j (q j +R, (4)

where

R = ∂i(euj − ẽũj) + p∂juj − p∂j ũj + ∂j (Tij ũi ) + τij∂jui − τ ij∂j ũi. (5)
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In the above equations, Favre-filtered quantities are defined as f̃ = %f/%,
for an arbitrary field f , where % is the density. The overbar indicates the
filtering operation, whereas the “breve” symbol indicates that the quantity is
based on primitive filtered variables. The variables t, xj , ui, p, τ , qj , e and et
denote the time, spatial coordinate, velocity components, pressure, stress, heat
conduction, internal energy and total energy respectively. The species variables
Yα, Vαi, ω̇α denote the mass fraction, species diffusion velocity and production
rate of the chemical specie α respectively, with α ∈ {1, · · · ,Nsp}, where the
integer Nsp denotes the number of chemical species. It is noteworthy that the
conservative form of the energy equation adopted in the work is based on the
exact transport equation of the computable energy % (e = p/(γ − 1) + %ũiũi/2
introduced by Lee [12] and takes the form proposed by Vreman et al. [13].
The SGS stress tensor Tij = %uiuj − %ũiũj is modeled within the Boussinesq’s
framework. The deviatoric part of the subgrid stress tensor is thus evaluated
from Tij − Tkkδij/3 = −2µSGS(s̃ij − s̃kkδij/3), where µSGS = %νSGS is the SGS

eddy viscosity, s̃ij is the resolved velocity gradient and Tkk denotes its isotropic
contribution. In the present study, the SGS eddy viscosity µSGS is expressed by
using the WALE (Wall Adapting Local Eddy) model of Nicoud & Ducros [14]

µSGS = %(Cw∆)2
(

(sdijs
d
ij/(s̃ij s̃ij)

5/2 + (sdijs
d
ij)

1/4
)

(6)

where Cw = 0.49 is the WALE model constant, ∆ is the filter size computed with
the cubic root of the cell volume and Sdij = (s̃2ij + s̃2ji)/2+ s̃2kkδij/3 denotes the
traceless symmetric part of the square of the resolved velocity gradient tensor.
The closure of the SGS mass flux relies on a standard turbulent diffusivity
assumption, which is expressed in the following general form Tϕ,i = %ϕui −
%ϕ̃ũi = % (ϕ̃ui − ϕ̃ũi) = −%DSGS∂iϕ̃, where ϕ denotes any scalar quantity,
DSGS = νSGS/ScSGS is the turbulent diffusivity and ScSGS denotes the turbulent
Schmidt number. It is also assumed that both the filtered molecular diffusion
flux of the αth species and the filtered heat flux can be expressed in a way
similar to their instantaneous counterparts but applied to filtered quantities
as follows

q̌i = qi(%, T̃ , Ỹ ) = −λ̃ ∂ T̃
∂xi

+
∑
α=1,N

(

J αih̃α (7)

%YαVαi ≈ %ỸαṼαi = −%D̃m
αWα∂iX̃α/W̃ + %ỸαṼ

c
i , (8)

where D̃m
α is the matrix of resolved flux diffusion coefficients of the αth species

into the mixture, Xα the molar fraction of αth species, and h̃α stands for
the enthalpy of species α. It is worth noting that the last term of Eq. 8 is a
corrective term that ensures the total mass conservation. At each time step,
each component of the correction velocity Ṽ ci =

∑N
β=1 D̃

m
β (Wβ/W̃)∂X̃β/∂xi

is evaluated and added to the velocity component ũi so as to enforce the
compatibility between the discrete forms of species mass fractions and total
mass conservation equations. The mixture molecular weight W̃ and the species
molecular weight Wα can be combined with the species mass fraction to yield
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the expression for the molar fraction of species α, i.e., W̃−1 =
∑N
α=1 Ỹα/Wα.

Herein, the filtered density, pressure, and temperature are linked by mean of
the ideal gas law, p = %RT̃ /W̃. Although the performances of the closures
could be improved through the use of a dynamic formulation [15], they are
considered sufficient to address the present flow configuration.

2.2 Numerical schemes

The LES solver takes into account changes of heat capacity with temperature
and enthalpy that are function of the temperature and mixture composition
using JANAF tables [16]. The numerical simulation of the present compressible
and reactive flow does require the use of highly accurate numerical schemes ca-
pable of capturing shock waves precisely. Consequently, the spatial discretiza-
tion of the inviscid component in Eqs. 1–4 is carried out with a seventh-order
accurate hybrid up-winded-WENO scheme (cf. [17] for a detailed description of
the WENO implementation). The detection of shocks is performed using an ex-
tended Adams & Shariff [18] shock sensor that involves the local values of
the normalized spatial variations of both pressure and density. To avoid extra
dissipation, the Ducros sensor [19] is also used to enforce zero SGS viscos-
ity, µSGS, in the vicinity of discontinuities. This second sensor is set to one if
∂iui > ϕc(( ∂iui )

2
+ Ω2)1/2, where Ω2 is a low-pass-filtered vorticity magni-

tude and ϕc is a given threshold for which the eddy viscosity is set to zero.
For stability reasons, a threshold value of ϕc = 0.7 is used. The viscous and
molecular diffusion flux functions are computed using an 8th order centered
finite difference scheme, whilst time integration is performed via a third-order,
total variation diminishing, Runge–Kutta scheme as described by Gottlieb &
Shu [20].

2.3 Chemistry model

Chemistry is represented by a four-step reduced finite-rate chemical kinetic
mechanism for combustion in which each global reaction is given by a combi-
nation of individual reaction rates [21]. This mechanism is obtained by reduc-
tion of the well-established San Diego kinetic mechanism (cf. Fig. 1) assuming
steady-state approximations of some species and including a correction for
autoignition. This mechanism involves 5 species from which 6 are considered
reactive (O2, H2, H2O, H, HO2 and H2O2), 2 species (O and OH) are consid-
ered reactive but steady state is assumed for them.

(I) 3 H2 + O2 −−⇀↽−− 2 H2O + 2 H

(II) 2 H + M −−⇀↽−− H2 + M

(III) H2 + O2 −−⇀↽−− HO2 + H

(IV) H2 + O2 −−⇀↽−− H2O2

(9)
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Reaction Aa n Ea (kJ/mol) Aa n Ea (kJ/mol)

1 H + O2 −−⇀↽−− OH + O kf 3.52× 1016 −0.7 71.42 kb 7.04× 1013 −0.26 0.60
2 H2 + O −−⇀↽−− OH + H kf 5.06× 104 2.67 26.32 kb 3.03× 104 2.63 20.23
3 H2 + OH −−⇀↽−− H2O + H kf 1.17× 109 1.3 15.21 kb 1.28× 1010 1.19 78.25
4 H + O2 (+ M) −−→ HO2 (+ M) k0 5.75× 1019 −1.4 0.0 k∞ 4.65× 1012 0.44 0.0
5 HO2 + H −−→ 2 OH 7.08× 1013 0.0 1.23
6 HO2 + H −−⇀↽−− H2 + O2 kf 1.66× 1013 0.0 3.44 kb 2.69× 1012 0.36 231.86
7 HO2 + OH −−→ H2O + O2 2.89× 1013 0.0 −2.08
8 H + OH + M −−⇀↽−− H2O + M kf 4.00× 1022 −2.0 0.0 kb 1.03× 1023 −1.75 496.14
9 2 H + M −−⇀↽−− H2 + M kf 1.30× 1018 −1.0 0.0 kb 3.04× 1017 −0.65 433.09

10 2 HO2 −−→ H2O2 + O2 3.02× 1012 0.0 5.8
11 HO2 + H2 −−→ H2O2 + H 1.62× 1011 0.61 100.14
12 H2O2 (+ M) −−→ 2 OH (+ M) k0 8.15× 1023 −1.9 207.62 k∞ 2.62× 1019 −1.39 214.74

a Unity in mol, s, cm3, kJ and K.

Table 1: 8 species 12 step chemical mechanism of San Diego

The importance of reaction (III) at high temperature has been described by
Boivin et al. [23], while the reactions (I, III and IV) are essential to describe the
production of the radical H2O2 at low temperature. The rates of advancement,
$i | i ∈ {I, II, III, IV} , of this reduced mechanism are obtained by linear
combinations of the rates of progress of the San Diego mechanism.

$I = $1 +$5f +$12f ,

$II = $4f +$8 +$9 −$10f −$11f ,

$III = $4f −$5f −$6 −$7f − 2$10f −$11f ,

$IV = $10f +$11f −$12f .

(10)

The chain-branching time can be therefore analytically obtained as

λ =

√
l21 + 4l0l2 − l1

2l2
, (11)

with 
l0 = (2k1CO2 − k4CO2CM4) k2k3C

2
H2
,

l1 = k2k3C
2
H2

+ (k2 + k3)k4CH2CO2CM4 ,

l2 = k1CO2
+ k2CH2

+ k3CH2
+ k4CO2

CM4
.

(12)

Figure 1a shows that the above four-step reduced mechanism provides an ex-
cellent approximation of the self-ignition delay values that can be obtained
from the detailed kinetic scheme of Ó Conaire et al. [22]. Indeed, the depar-
tures from the corresponding values remain quite negligible for both (i) high
initial temperature levels (i.e., above the crossover temperature Tc) and (ii)
smaller initial temperature levels (i.e., below Tc). They remain also rather
moderate in the vicinity of Tc. The relevance of the four-step reduced scheme
for these intermediate values of the initial temperature is further confirmed in
Fig. 1b, which displays the temporal evolution of chemical species mass frac-
tions for a stoichiometric reactive mixture at p = 1 atm and T 0 = 920 K. It is
noteworthy to mention that combustion at high Reynolds numbers, as it is the
case of the present study, or in complex configurations excessively taxes com-
putational capabilities even for Hydrogen when using detailed chemical-kinetic
mechanism. Moreover, the choice of mechanism for a LES simulation is limited
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(a) (b)

Fig. 1: (a) Autoignition delay plotted versus the initial temperature of a stoi-
chiometric reactive mixture. (b) Temporal evolution of chemical species mass
fractions for a stoichiometric reactive mixture as evaluated from the detailed
21-step chemistry of Ó Conaire et al. [22] (lines) and four-step reduced mech-
anism of Boivin et al. [21] (symbols).

by the need for short computational time and varying demands with respect
to output parameters. Note also that the time cost is at least a cubic function
of the number of species, even a minor reduction in the number of species
can result in substantial reduction in the computation time [33]. The reduced
chemistry achieves good agreement with the Arrhenius-based detailed, while
being in terms of CPU cost 8 times faster than the detailed mechanism when
coupled with the present LES implementation.

3 Presentation of the hybrid turbulent combustion (HTC) model

Some details about the derivation of the HTC model are now presented. The
segregation rate Sξ of a passive scalar (i.e., the mixture fraction ξ) is first
introduced to estimate the departures from PSR limit. It can be determined

from the filtered mixture fraction ξ̃ and SGS variance Ṽξ = ξ̃2 −
(
ξ̃
)2

, which

is evaluated from Sξ = Ṽξ/ξ̃(1 − ξ̃). The latter quantity remains bounded
between zero and unity and requires the resolution of two additional transport
equations written for the filtered mixture fraction and subgrid-scale variance.

∂t

(
%ξ̃
)

+ ∂i

(
%ũiξ̃

)
− ∂i

(
%D̃∂iξ̃

)
+ ∂jTξ,i = 0, (13)

and

∂t

(
%Ṽξ

)
+ ∂i

(
%ũiṼξ

)
− ∂i

(
%D̃∂iṼξ

)
+

∂iTṼξ,i + 2Tξ,i∂iξ̃ − 2%D̃∂iξ̃∂iξ̃ + 2%Ñξ = 0.
(14)
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The modelling of the scalar flux terms that are involved in these two equa-
tions has been already discussed in the previous section. However, the above
subgrid-scale variance transport equation does involve an additional unclosed
contribution associated to the small scale molecular mixing phenomena. It cor-
responds to the unresolved (or SGS) contribution to the filtered SDR, i.e., Ñξ. It
will be closed under the assumption of linear relaxation of scalar fluctuations.
The subgrid-scale SDR χ̃ξ is thus represented as:

%χ̃ξ = %Ñξ − %D̃∂iξ̃∂iξ̃ = %D∂iξ∂iξ − %D̃∂k ξ̃∂iξ̃ = cξ%Ṽξ/τSGS, (15)

where cξ = 1.0 is a model constant. The subgrid-scale mixing time scale τSGS
is evaluated from τSGS = ∆2/DSGS with ∆ the characteristic mesh cell size.
Thus, the segregation-rate Sξ can be evaluated from Eqs. 13 and 14, and it is
retained as a weighting coefficient between two contributions so as to express
the filtered chemical production rate of any chemical species α:

˜̇ωα(p, T ,Y ) = (1− Sξ) · ω̇α(p, T̃ , Ỹ ) + Sξ · ˜̇ωSGS

α (16)

where the first term of the right hand side (RHS) corresponds to the resolved
contribution, while the second one represents the SGS contribution. Except for
the weighting coefficient, such a representation displays some similarities with
an asymptotic development in function of the Damköhler number Da, such as
the one early proposed by Borghi [24], the first contribution can be associated
to the lowest-order term in Da, while the second gathers the effects of all
the other higher-order terms. It must emphasized that such a decomposition
implicitly assumes that the influence of SGS composition fluctuations can be
followed through the use of the mixture fraction only. Finally, it must be
emphasized that, as the filter size ∆ tends to ε (with ε any arbitrary small
number), the SGS fluctuations of composition tends to zero. Accordingly, in
these conditions, we have Sξ = 0 in Eq. 16 in such manner that the filtered
chemical production rate of any chemical species α becomes strictly equal to
its resolved counterpart, i.e., the DNS limit is recovered.

3.1 Contribution of the resolved part

It is the first term present in the RHS of Eq. 16. It is estimated directly from
the filtered values of pressure, density, temperature, and species mass fractions
by using a chemical scheme, which includes a satisfactory description of the
self-ignition chemistry [23]. It should be emphasized that this contribution
assumes that the reactive medium is fully premixed and corresponds to a PSR

estimation.

3.2 Contribution of the subgrid-scale part

In contrast with the resolved contribution, the second term of the RHS of Eq.
16 requires an explicit closure. The corresponding closure should accommo-
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date with various regimes of turbulence-chemistry interactions and combus-
tion modes including premixed, partially premixed, and possible non-premixed
combustion conditions in the direct vicinity of the fuel nozzle jet exit. It is clear
that the elaboration of such a general closure still remains an open issue. Fol-
lowing the introduction of the Takeno’s index [25], some attempts were made
in this direction using a premixedness index:

(

ζ P =
1

2

1 +
∂iỸF∂iỸO√(

∂iỸF

)2√(
∂iỸO

)
 , (17)

with the SGS chemical production rate decomposed into two distinct contribu-
tions: ˜̇ωSGS

α = (1−

(

ζ P) ˜̇ωSGS,NP

α +
(

ζ P
˜̇ωSGS,P

α . (18)

However, it must be acknowledged that a general definition of

(

ζ P is still miss-
ing. For the sake of simplicity, it is therefore chosen to consider only the
non-premixed combustion contribution at the subgrid-scale level and it is thus
assumed: ˜̇ωSGS

α = ˜̇ωSGS,NP

α . (19)

This is supported by the fact that, in the present JISCF geometry, according to
Eq. 16, the SGS contribution is expected to be the largest in the vicinity of the
separate (i.e., non-premixed) injection of fuel in the vitiated air-stream, where
the segregation-rate Sξ is large. Among the large variety of existing turbulent
non-premixed combustion models, we retain a closure that approximates the
Lagrangian trajectory in the composition space. The Modèle Intermittent La-
grangien (MIL) was early proposed to address finite-rate chemistry effects [26]
(cf. Appendix A). Thus, the corresponding model provides a closure for the

SGS contribution ˜̇ωSGS,NP

α = ˜̇ωMIL

α :

˜̇ωSGS,NP

α = ˜̇ωMIL

α . (20)

In the next sections, we will report the results of computations performed
using either the PSR approximation (i.e., ˜̇ωα(p, T ,Y ) = ω̇α(p, T̃ , Ỹ )) or the
model deduced from Eq. 16, that is:

˜̇ωα = (1− Sξ)ω̇α(p, T̃ , Ỹ ) + Sξ ˜̇ωMIL

α (21)

4 Flow parameters

The dimensions of the computational domain are 190D× 8.85D× 20D, where
D denotes the diameter of the jet exit, which is located on the bottom wall and
centered along the spanwise x3-direction. A schematic of the geometry is shown
in Fig. 2. It is discretized with a Cartesian grid featuring Nx1

×Nx2
×Nx3

=
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Fig. 2: Schematic diagram of the computational domain selected for the JISCF
simulations indicating various boundary conditions employed to the domain.

2253×196×193; that is, approximately 85.2M computational points. The corre-
sponding grid is refined in the boundary layer and gradually stretched from the
bottom wall to the upper boundary. The near-wall computational resolution
has been examined in further detail by scrutinizing the values of ∆x+1 , ∆x+2 ,
and ∆x+3 , which denote the dimensions of the computational cells present
at the wall location expressed in wall units, i.e., ∆x+1 = ∆x1/`wall, ∆x

+
2 =

∆x2/`wall, and ∆x+3 = ∆x3/`wall. We recall that the wall characteristic length
scale `wall is given by `wall = µwall/

√
%wallτwall, where τwall = µwall (∂2〈u1〉)wall

denotes the stress at the wall with 〈u1〉 the statistically-averaged value of the
longitudinal velocity component. In the near-wall region and in the vicinity of
the jet exit, the average values of ∆x+2 lie within [0.4, 1.2], while the average
values of ∆x+1 and ∆x+2 remain bounded within the ranges [13, 30] and [10, 40],
respectively. The boundary conditions are imposed as follows: the fuel mass
flow rate is set to 1.85 g · s−1, the total temperature Tt,jet is approximately
equal to 300 K. This corresponds to a static temperature Tjet = 248.4 K, a
bulk velocity ujet = 1204 m · s−1, and a static pressure pjet = 504 kPa. The
fuel density is %jet = 0.491 kg · m−3. The velocity profile is imposed with an
error function and accounts for the presence of boundary layers at the injection
condition. The supersonic flow of vitiated air consists of three chemical species
(O2, N2, H2O) with mass fractions (0.2527, 0.1631, 0.5842). It is characterized
by a Mach number value Ma∞ = 2, a total pressure pt,∞ = 409 kPa and a
total temperature Tt,∞ = 1695 K, which correspond to a velocity of approxi-
mately 1313 m · s−1 while the density is about 0.161 kg ·m−3. For the present
flow conditions, the momentum flux ratio between the Hydrogen jet and the
transverse flow of vitiated air is approximately J = 2.56 and the global equiv-
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alence ratio is Φ = 0.4. These conditions are representative of those considered
in the dual mode ramjet investigations conducted on the LAPCAT-II setup
[27]. The computational domain is reduced to a restricted part of the ex-
perimental setup: it corresponds to the full width and half-height of the real
combustion chamber and the computation meets the inlets flow conditions
(i.e., those associated to H2 and vitiated air streams) in terms of velocity,
pressure, composition, and temperature. Since the computed geometry is only
half of the height of the real geometry and since an extrapolation boundary
condition is specified at the top of the computational domain (cf. Fig. 2), there
is no possible shock wave reflection, which is a significant difference between
the retained computational geometry and the real LAPCAT-II combustor. In
addition to this, it is noteworthy that some computations of the LAPCAT-II
combustor model have been shown to exhibit some sensitivity to wall rough-
ness and heat transfer modelling. One may expect that the consideration of
these two effects, which is outside the scope of the present study, may influ-
ence the computational results. In this regard, it may affect the location of
the combustion stabilization region.

(a) Pope index

(b) Celik index

(c) {µSGS}/{µ̃}

Fig. 3: (a) Pope index, (b) Celik index, and (c) ratio of the turbulent viscosity
to the molecular viscosity {µSGS}/{µ̃} in the x1 − x2 plane as a measure for
the grid quality for the present simulation setup.
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The numerical accuracy and stability of the present simulation is strongly
dependent on the quality of the grid used (cf. Fig. 3). In the literature one
can find several methods to determine a priori and a posteriori the quality
of an LES. Recently, Nastac et al. [28] proposed the Lyapunov exponent as
an on-the-fly method to characterize the ability of a numerical simulation
for capturing dynamic process. To judge the quality of the the present LES,
three a posteriori criterion have been used. The first method is to estimate
the amount of the resolved turbulent kinetic energy according to the so-called
Pope index of quality for LES. According to Pope [29], a LES is assumed to be of

”good” quality if more than 80% of the total kinetic energy k̃+kSGS is resolved
in the entire flow field. The non-resolved subgrid energy kSGS was computed
with ν2SGS/ (Cv∆)

2
using a constant Cv of 0.069 as proposed by Yoshizawa [30].

Inspecting the results presented in Fig. 3a shows that the contribution of the
resolved part of the total kinetic energy is more that 92% in almost all the
computational domain except at the injection port, where it reaches its lowest
contribution of the order of 88%. Celik et al. [31] proposed to express the
quality of the LES computation as a non-linear function of the viscosity and
the modeled turbulent viscosity. A viscosity ratio smaller than approximately
5 (µSGS/µ ≤ 5) indicates that the contribution of the subgrid-scale viscosity is
within the acceptable range for well resolved LES and to a sufficient resolution
of more than %80 of kinetic energy [32], which is achieved for the entire flow
field as shown in Figs. 3b and 3c.

Following a study of a piloted lean premix jet flame, Duwig et al. [34]
introduced a criterion to quantify the competition between subgrid mixing
and chemical reaction process using the local Damköhler number DaSGS. It is
based on comparing chemical τc ∼ δ0L/S

0
L and large subgrid structure τSGS =

%C2
s∆

2/µSGS characteristic times as follows

DaSGS =
τSGS
τc

, (22)

where Cs is the Smagorinsky constant, S0
L is the laminar flame propagation

velocity, and δ0L is the laminar flame thickness. If the turbulence field is fast
enough not to be influenced by the chemistry, then DaSGS � 1, and condi-
tions approach that of a perfectly stirred reactor. In this work, this criterion is
extended to account to non-premixed combustion related structures by consid-
ering τc = |{˜̇ωα}|−1 and τSGS = ∆2/DSGS. Figure 4 shows the very good level of
resolution of the simulation carried out to capture the production/destruction
rates of the species H2, H, HO2 and H2O2. The species O2 and H2O appear to
be the resolved species which have the greatest reaction rates but the subgrid
mixing time appears to be much shorter than their characteristic production/
destruction times.

5 Results and discussion

The behavior of the HTC model is now analyzed through a detailed comparison
with the more standard PSR or quasi-laminar chemistry representation. This
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Fig. 4: Spatial PDF of local Damköhler number DaSGS based on different rates
reaction of the transported species.

analysis is based on the consideration of both instantaneous snapshots and a
series of statistical analyses.

5.1 Turbulent combustion characteristics

Coherent flow structures generated by the interactions of Hydrogen jet and
high-enthalpy crossflow are presented in this section. Figure 5 reports a typical
snapshot of the flowfield structure obtained at t∗ = t·u∞/D = 170 using either
the PSR model or the HTC model. The topologies of both flowfields clearly dis-
play visible differences. In the direct vicinity of the injection (i.e., downstream
of the barrel shock), the chemical reaction takes place close to the wall but
the extension of the region where it proceeds remains limited in both height
and width. This is in contrast with the results obtained using the PSR model
since, in this case, no chemical reaction occurs and no radicals or combustion
products are formed at this location. In this region, the filtered composition
indeed remains outside the ignition limits while, within the HTC framework,
the probability to lie within these limits is not zero. It is also noteworthy that,
with the HTC model, the obtained results depict a weakly reactive zone in the
wake of the injection: the production of the OH radicals is limited but non-
zero, whereas the PSR model does not exhibit any production of OH radicals
at the same location. In the far field, at first glance, the flame structure seems
to be similar for both simulations. Finally, compared to the PSR model, the
HTC model displays a smaller amount of production of OH radicals at the foot
of the bow shock that establishes upstream of the injector.

Figure 6 compares the instantaneous fields of normalized filtered tempera-
ture T̃ /T∞, filtered heat-release rate ˜̇ωT , reactivity λ [23], and mass fractions
of HO2 and H2O2 in the (x1 − x2) mid-plane (x3 = 0). This figure confirms
that, with the HTC model, the stabilization of the reactive zone takes place
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x1

x2
x3

0.00 0.06

0.00 0.06XOH

XOH

Fig. 5: Comparison at t∗ = 170 of the instantaneous flame structure obtained
with (a) the PSR model and (b) the HTC model. Isosurface of the stoichiometric

mixture fraction ξ̃st colored by the molar fraction XOH and parietal field of
the same quantity. The grey isosurface corresponds to ξ̃ = 0.5.

rather closer to the injection port, downstream of it, and in the near wall.
The HTC model also predicts that the width of the development of the re-
active zone is larger. Thus, although the filtered heat release evaluated with
one or another of the two methods are of the same order of magnitude, the
consideration of the SGS contribution is sufficient (i) to favor an early stabi-
lization of the reactive zone and (ii) to induce a larger expansion of the burned
gases further downstream of the Hydrogen injection. With the HTC model, the
high reactivity λ region seems to be less extended (along the x2-direction)
in the far field but it is also noteworthy that it is more important at loca-
tions just upstream of the injection. Therefore, self-ignition may occur in this
region. However, the corresponding region is also associated to rather large
values of the segregation-rate Sξ (cf. Fig. 7), which may restrict its occurrence
since the values of (1− Sξ) ω̇PSR

α remains limited. It is also noteworthy that
the SGS contribution, as evaluated from the MIL model, remains negligible at
this location. In this respect, it should be emphasized that models based on
the mixture fraction PDF, such as the MIL model or any steady laminar non-
premixed flamelet (SLF) model, since they do not consider chemical reactions
in either the oxidizer or the fuel inlet streams, are unable to recover certain
finite rate chemistry effects, such as those associated to dissociation taking
place downstream of a shock-wave in the oxidizer stream. This also explains
the decrease in the OH radical concentration in the bow shock foot. More-
over, the decrease in the release of heat upstream of the injection shows that
the reaction is less important and therefore that the oxygen concentration is
greater, which probably explains the increase in reactivity λ.
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a)

b)

c)

d)

e)

Fig. 6: Comparison at t∗ = 170 of the fields of the normalized (a) heat release

rate ˜̇ωT /1010, (b) filtered temperature T̃ /T∞, (c) reactivity λ/106, (d) filtered

103 × ỸHO2
and (e) 104 × ỸH2O2

obtained with the HTC model (top) or PSR

model (bottom) at the plane x1 − x2 (x3 = 0). The black isoline corresponds
to ξst = 0.03.

The most striking differences appear on the field of the mass fraction of the
radical HO2. Using HTC model, a relatively small amount is produced directly
downstream of the injection, just after the rollover, this production area seems
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(a) x1-x2 plane

(b) x1-x3 plane

Fig. 7: Distribution of segregation at t∗ = 170 (a) in the mid-plane passing
through the jet orifice and (b) in the median plane x2/D = 0.25. The black
isoline corresponds to ξst = 0.03.

to be restricted in width, in the wake of the rollover. Then, a very large quantity
begins to be produced between in the near wall x1/D = 10-15 but also in the
very wake of the jet, in the area bounded by the isocontour in ξst. This is
the cause of the premature stabilization of the reactive zone downstream of
the injection, at about x1/D = 15 compared to x1/D = 25 for the simulation
with PSR model. The same radical is produced in relatively small amounts,
but not zero, in the wake of the bow shock and near wall. Thus, on either side
of the wake of the jet, this precursor of the auto-ignition is present and could
potentially cause the self-ignition of the mixture. However, the conditions do
not seem to be favorable for this to take place. In particular, the reaction rate
λ is zero in this zone and therefore the self-ignition in the wake of the curved
shock is unlikely.

Figure 8 provides the probability density function (PDF) of the local filtered

Mach number (M̃a) in the reacting regions, where the local heat release rate
is greater than a threshold value 0.01% of the maximum heat release rate for
both models. The chemical reactions concentrate in the range of Mach 0.6–
1.4, and the maximum PDF occurs at Mach 1.1. This implies that supersonic
combustion dominates the reacting process with a slightly higher value for the
PDF when considering HTC model. There is still a small portion of subsonic
mode caused by the presence of flux near the wall. Once can notice that this
part of low-speed combustion has also a higher PDF value in the case of HTC

model which is expected to play an important role in supporting the persistent
reactions.

Figure 9 shows the distribution of the flow regime (subsonic/supersonic)
in the reactive zone. It is noted that the heat release, on average, are the most
important around a local equivalence ratio equal to stoichiometry for both
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Fig. 8: PDF of the filtered Mach number M̃a in the reacting regions.

model and superior to it in two equivalence ratios for HTC model (Φ ≈ 1.5 and
1.9) and only in one location (Φ ≈ 1.5) for PSR model. One can also notice
that the supersonic combustion regime is fully achieved for high equivalence
ratio (Φ > 2) and that extension of this region is higher when considering the
HTC model. These supersonic regions are localized in the wake zone of the jet
fuel where the mode of diffusion is greater and where the release of heat is not
significant as well the reactivity, as shown in Fig. 9.

5.2 Combustion mode

Since chemical reactions take place far downstream of the fuel injection, it
seems worthwhile to attempt to discriminate between premixed and non-
premixed (i.e. diffusive) combustion contributions. The premixedness index
ζ̌p defined in Eq. 17 can be rewritten as:

ζ̌p =
1

2
(1 + nF · nO) (23)

with nF and nO being normal unit vectors associated to the direction of the
molecular diffusion fluxes of the fuel and oxidizer, respectively, which are evalu-
ated from nF = ṼF /‖ṼF ‖ and nO = ṼO/‖ṼO‖ where ṼF and ṼO denote the
filtered diffusion velocity of the fuel and oxidizer, respectively. As it is defined,
this index is expected to approach zero for diffusive combustion and unity for
premixed combustion. Figure 10 displays the PDF of this premixedness index
obtained in the reacting region for both models. The obtained results confirm
that, according to this index, the supersonic diffusion combustion governs the
jet/crossflow flowfields. As regards the difference noticed between both mod-
els, it can be readily observed that HTC model present a higher probability in
premixed combustion than the PSR model which is consistent with the fact the
HTC model takes into account the effect of compositions fluctuations.
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(a) HTC model (b) PSR model

(c) HTC model (d) PSR model

Fig. 9: Distribution of the flow regime (subsonic/supersonic) in the reactive
zone by a scatter-plot of the local equivalence ratio Φ as a function of the
Mach number and colored by the average heat release rate (top row) and the
reactivity (bottom row) using HTC model (a)-(b) and PSR model (c)-(d)

In non-premixed combustion conditions, the mixing between the fuel and
the oxidizer by molecular diffusion is a prerequisite before any chemical re-
action can take place. The composition of the resulting mixture is character-
ized by the mixture fraction ξ and there exist some correlation between the
mixture fraction field ξ and the reactive flow characteristics. To bring these
relations into light, scatter-plots of the temperature and certain mass fractions
of chemical species are plotted versus mixture fraction in three representative
cross-stream planes, see Figs.11 and 12. The corresponding results confirm
that chemical reactions proceed for rather small values of the mixture fraction
({ξ̃} < 0.15). As previously emphasized by Techer [10], combustion takes place
in the direct vicinity of the hydrogen injection, in the jet shear-layer, and also
in the far field, further downstream, near the bottom wall. In the mixture
fraction space, the width of the region associated to temperature increase and
H2O mass fraction decrease is wider when the fluctuations of composition are
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Fig. 10: Histogram of the flame premixedness index in the reacting regions

considered (i.e., HTC model) in comparison with the results obtained with the
implicit framework (i.e., PSR model).

(a) HTC at x1/D = 2 (b) HTC at x1/D = 6 (c) HTC at x1/D = 30

(d) PSR at x1/D = 2 (e) PSR at x1/D = 6 (f) PSR at x1/D = 30

Fig. 11: Scatter plot of normalized mixing filtered temperature T̃ versus time-
averaged mixture fraction ξ̃ colored by the filtered heat-release at different
transversal planes.

Turbulent fluctuations facilitate a more rapid mixing of the fuel with the
ambient crossflow. However, the chemical reactions may also be suppressed
if the turbulence intensity is exceedingly high. Therefore, the filtered scalar
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(a) HTC at x1/D = 2 (b) HTC at x1/D = 6 (c) HTC at x1/D = 30

(d) PSR at x1/D = 2 (e) PSR at x1/D = 6 (f) PSR at x1/D = 30

Fig. 12: Scatter-plot of filtered mass fraction of H2O versus time-averaged
mixture fraction ξ̃ colored by the filtered heat-release at different transversal
planes.

dissipation rate χ, defined as χ̃ = (χ ξ +χSGSξ , is an important quantity in diffu-
sion flames to establish a connection between the fuel mixing and subsequent
combustion. In the above expression, the subgrid contribution is closed using
the Linear Relaxation Model (LRM) that reads:

χSGSξ =
˜

D
∂ξ

∂xi

∂ξ

∂xi
− D̃ ∂ ξ̃

∂xi

∂ξ̃

∂xi
= cξ

Ṽξ
τSGS

. (24)

In Eq. 24, cξ corresponds to the constant of the linear relaxation model and
τSGS is a typical mixing time scale of subgrid-scale. In order to investigate
the effect of turbulence on the combustion process, the scatter-plots of the
temperature versus scalar dissipation rate in the reacting regions colored by
YH2O are plotted in Fig. 13. It is noteworthy to mention that a large scalar
dissipation rate χ corresponds to a low temperature with a small amount
of final product for both models. The scalar dissipation by turbulence avails
the rapid mixing of fuel and air. Moreover, the local mixing enhancement is
propitious to the occurrence of autoignition. With the increase in the scalar
dissipation rate, the mixture fraction gradient becomes steeper in physical
space, resulting in an enhanced heat conduction and diffusive transport. Thus,
higher scalar dissipation rate is usually associated with a low temperature.
The difference between the two investigated models appears in the range of
the extension of the large value of dissipation rate. Indeed, the influence of
the fluctuations of compositions seems to increase the production of the SDR

associated with an increase of temperature.
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(a) Hybrid model (b) PSR model

Fig. 13: Scatter plot of the time-averaged normalized mixing filtered tem-
perature T̃ versus time-averaged scalar dissipation rate colored by the time-
averaged filtered mass fraction of H2O at the mid-plane passing through jet-
orifice.

To further identify the characteristics of the stabilization mechanism in the
present high-enthalpy environment where autoignition should be responsible
for the stabilization of turbulent diffusion combustion, the conditional mean
of log10(Da) on the mixture fraction in reacting regions is drawn in Fig. 14.
The subgrid Damköhler number is calculated based on (i) a characteristic

Fig. 14: Conditional mean of log10(Da) on the mixture fraction in the reacting
region for the HTC (solid lines) and PSR model (dashed lines). The colored
region correspond to the auto-ignition region.

subgrid-scale

τSGS = %C2
s∆

2/µSGS (25)
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and (ii) a characteristic chemical time

τc = δ0L/S
0
L (26)

where δ0L is laminar flame thickness and δ0L is the laminar flame speed. In
this study, H2O is adopted for the Damköhler number analysis. It is readily
observed that log10(Da)|ξ promptly increases and then slowly drops down
whereby the maximum of which appears at about ξ = 0.03, and its value
becomes smaller than zero, when the mixture fraction is larger than 0.20.
This illustrates that autoignition process favors a fuel-lean or slightly fuel-rich
environment. The reaction time scale in a very fuel-rich combustion is larger
than that of molecular diffusion. Therefore, this type of fuel-rich combustion
is difficult to be stabilized in a supersonic flow without any flame-holding
approaches. As regards the difference between the two models, one can notice
that, at high scalar mixing values, the PSR under-estimate the values of the
HTC model. It is also noteworthy to mention that the region of auto-ignition
is more extended with the HTC model.

Finally, further attention is now paid to the representation of the SGS

contribution. In the present jet in supersonic crossflow geometry, the mixing
frequency is maximum in the vicinity of the injector exit and progressively
decreases further downstream. This evolution delineates the relevance of the
SGS contribution in the physical space. Close to the injector exit, chemistry
is unable to compete with the local turbulent mixing rates but the width of
the so-called ignition domain [ζJ− , ζJ+ ] in the composition space increases
further downstream. Then, the shape of the mixture fraction PDF that states
the probability to lie in this inflammation domain becomes relevant. At the
injector exit, the segregation level between fuel and oxidizer is maximum and
the occurrence (or probability) of fluid particles to lie within the ignition range
is not significant but this quantity, i.e.,

PDFMIL =

∫ ζJ+

ζJ−

P̃DF(ξ)dξ (27)

increases also further downstream. As shown in Fig. 15, once more favorable
conditions are reached, the SGS contribution becomes an essential ingredient
to describe the flame stabilization process.

Fig. 15: Instantaneous field at t∗ = 170 of the SGS probability PDFMIL to lie in
the inflammation domain [ζJ− , ζJ+ ]
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6 Conclusions

The present work introduces a new closure to represent the filtered chemical
production rates of chemical species in large-eddy simulation of turbulent reac-
tive flows. This model, which is referred to as the HTC model, gives the opportu-
nity to take into account the possible effects of SGS fluctuations of composition
within a general modelling framework. In the present study, the correspond-
ing SGS contribution to the chemical rates are represented using a Lagrangian
closure in the mixture fraction space but any other SGS closure could have
been used instead. The resulting closure is applied to supersonic non-premixed
combustion conditions. The retained geometry corresponds to the JISCF. The
simulation makes use of an analytically reduced chemical scheme that allows
to capture the non-trivial autoignition chemistry of Hydrogen-air mixtures.
The possible influence of composition fluctuations and associated departures
from the PSR limit are assessed by performing a baseline numerical simulation
with the laminar chemistry model. The main features of the computational
flowfield obtained with the new model are analyzed and compared to those
issued from the baseline laminar (or PSR) computation. The most striking dif-
ferences are obtained in the near-field of the Hydrogen jet injection, where
the impact of residual SGS fluctuations of composition is non-negligible. Fur-
thermore, in comparison with the PSR model results, the stabilization of the
reactive zone takes place closer to the Hydrogen injection port with the HTC

model. As regards the reactive process of Hydrogen injection mode, the HTC

model present higher probability density function in a small portion of subsonic
mode compared to the PSR model. Autoignition region that are encompassed
by a Damköhler number higher than the unity are found to be more extended
with the HTC model. Thus, the latter indicate that the fuel burns as soon as it
meets the heated air more favorably compared to simulation results of the PSR

model. Finally, an interesting direction for future work would consist in carry-
ing complementary simulations with other turbulent combustion models such
as the PaSR and UPaSR models which have been previously used to perform
LES of supersonic non-premixed combustion.
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A Appendix: MIL model

For the sake of completeness, a brief description of the MIL turbulent combus-
tion modelling framework is now provided. From a general point of view, it has
been previously established to be robust, easy to implement, and it features
small computational costs [35]. The MIL model is a Lagrangian model in the
composition space which is based on the knowledge of two scalar variables,
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namely the mixture fraction ξ and a progress variable Yc which follows the
departures from chemical equilibrium, i.e., the progress of the chemical reac-
tion. Based on the simplest micromixing closure, i.e., the one given by the IEM
(Interaction par Echange avec la Moyenne) model of Villermaux & Devillon
[36], the Lagrangian evolution of fluid particles issuing from either oxidizer or
fuel stream is given by the following set of equations{

dξ
dt = (ξ̃−ξ)

τSGS
dYc
dt = (Ỹc−Yc)

τSGS
+ ωMIL

Yc

(28)

The MIL model relies on the sudden chemistry assumption: it is assumed that
Lagrangian particles first need a finite time to ignite and, after ignition oc-
curred, they instantaneously reach chemical equilibrium conditions. This per-
mits a strong but clearly stated functional dependence between the two scalars
to be introduced: Yc = Y MIL

c (ξ). As a result, the SGS joint scalar probability
density function P̃DF(Yc, ξ;x, t) can be simply expressed from the single knowl-
edge of the SGS marginal mixture fraction PDF since we have P̃DF(Yc, ξ;x, t) =
P̃DF(ξ;x, t)PDF(Yc|ξ;x, t) where the conditional PDF(Yc|ξ;x, t) is obtained by
considering the MIL trajectory in the composition space: PDF(Yc|ξ;x, t) =
δ(Yc − Y MIL

c (ξ)). A classical β-function is retained to estimate the marginal
mixture fraction P̃DF(ξ;x, t) while the conditional PDF(Yc|ξ;x, t), i.e., the La-
grangian trajectory as given by δ(Yc − Y MIL

c (ξ)), is fully determined from the
single knowledge of the two jump (or ignition) positions ξJ− and ξJ+ (cf.
Fig. 16). The corresponding values are obtained from a direct comparison be-

Fig. 16: Conventional representation of the MIL model in the phase plane
(ξ, Y ): Comparison between chemical and mixing time scales: delineation of
an ignition domain [ξJ− , ξJ+ ] in the mixture fraction space.

tween the mixing time scale τSGS and chemical time scales, which have been
tabulated as a function of the mixture fraction, i.e., τchem(ξ), thus reflecting
the competition that may exist between chemical reaction and scalar mixing.
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Once the joint P̃DF(Yc, ξ;x, t) is estimated, the mean chemical production rate
reads

ω̃Yc =

∫ ξ=1

ξ=0

∫ Yc=Y
b
c

Yc=Y uc

ωMIL

Yc (Yc, ξ)P̃DF(Yc, ξ;x, t) dYc dξ. (29)

with the instantaneous chemical production rate ωMIL
Yc

deduced from the La-
grangian trajectory

ωMIL

Yc (Yc, ξ) =

(
ξ̃ − ξ

)
dYc
dξ − (Ỹc − Yc)

τSGS
. (30)

The pre-tabulation of the chemical characteristic time scale is presently re-
placed by an analytical estimate based on the expression of the reactivity λ
as given by Eq. (11), which is evaluated using the local composition and tem-
perature. According to Bridel-Bertomeu & Boivin [37], this should allow for a
significant reduction of the computational costs.
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