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The Kalman filter (KF) is derived under the assumption of time-independent (white)

observation noise. Although this assumption can be reasonable in many ocean and

atmospheric applications, the recent increase in sensors coverage such as the launching

of new constellations of satellites with global spatio-temporal coverage will provide

high density of oceanic and atmospheric observations that are expected to have time-

dependent (colored) error statistics. In this situation, the KF update has been shown

to generally provide overconfident probability estimates, which may degrade the filter

performance. Different KF-based schemes accounting for time-correlated observation

noise were proposed for small systems by modeling the colored noise as a first-

order autoregressive model driven by white Gaussian noise. This work introduces new

ensemble Kalman filters (EnKFs) that account for colored observational noises for

efficient data assimilation into large-scale oceanic and atmospheric applications. More

specifically, we follow the standard and the one-step-ahead smoothing formulations

of the Bayesian filtering problem with colored observational noise, modeled as

an autoregressive model, to derive two (deterministic) EnKFs. We demonstrate

the relevance of the colored observational noise-aware EnKFs and analyze their

performances through extensive numerical experiments conducted with the Lorenz-96

model.

Key Words: Ensemble Kalman filter, time-correlated observational noise, one-step-ahead smoothing, Lorenz-96 model.
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1. Introduction

Sequential data assimilation (or filtering) methods follow a

probabilistic framework in which the state estimation process is

split into alternating cycles of forecast steps with the dynamical

model, and analysis steps with the data (e.g. Daley 1993;

Kalnay 2003; Hoteit et al. 2018). The Kalman filter (KF),

designed for linear systems with Gaussian noise (Kalman 1960),
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2 Raboudi et al.

is a popular Bayesian filtering approach. Its implementation for

data assimilation into realistic large-scale problems is, however,

not possible because of their nonlinear nature and prohibitive

computational cost. Ensemble Kalman Filters (EnKFs) were

therefore introduced to tackle these problems (e.g. Evensen 1994;

Tippett et al. 2003; Hoteit et al. 2002, 2018), providing Gaussian-

based Monte Carlo approximations of the state error forecast

and analysis distributions through an ensemble of ocean state

samples. At each assimilation cycle, the forecast step integrates

the members of the analysis ensemble with the dynamical model

forward in time. The analysis step then updates the resulting

forecast ensemble with the incoming observation based on the

Kalman update step.

EnKFs can be broadly classified into stochastic (Burgers et al.

1998; Hoteit et al. 2015) and deterministic filters (Anderson 2001;

Bishop et al. 2001; Whitaker and Hamill 2002; Hoteit et al. 2002).

Stochastic EnKFs perturb the observations before assimilation,

so that the filter error covariance asymptotically matches that of

the KF (Burgers et al. 1998). This however induces an additional

source of sampling error, which might become pronounced when

the filter is implemented with small ensembles (Hoteit et al. 2015).

Deterministic EnKFs avoid perturbing the observations by first

updating the ensemble mean and a specific square-root form of the

ensemble sample covariance exactly as in the KF, before sampling

a new analysis ensemble from which the next forecast step is

initiated.

Another assumption required for the derivation of the KF is

that the observation noise is time-independent. Although this

may be a reasonable assumption in many real-world ocean

and atmospheric applications, the emergence of new satellite

remote sensing sensors with high spatio-temporal coverage will

eventually provide high density of observations with time-

correlated (colored) error statistics (Torres et al. 2012; Li and

Roy 2017). Some more traditional data collection instruments

are also known to have time-correlated observation errors such as

the ground-based GNSS Zenith Total Delay observations (Bennitt

et al. 2017), and the satellite-derived Atmospheric Motion Vectors

(Bormann et al. 2014). Applying a standard KF update in such

cases might result in overconfident probability estimates (Julier

and Uhlmann 1997). Some simple remedies to this problem,

such as increasing the variance of the observation noises or

simply dropping certain observations, might help alleviating this

problem, but could also discard potentially relevant information

(Čurn et al. 2012).

KF variants that handle colored observational noise were

proposed (Bryson and Johansen 1965; Bryson and Henrikson

1968; Gelb 1974; Simon 2006). These require establishing

beforehand statistical models to describe the observational noise

time-correlations. It is often suggested that colored noise can

be efficiently described by a first-order autoregressive (AR)

model driven by white Gaussian noise (e.g. Bryson and Johansen

1965; Bryson and Henrikson 1968; Ait-El-Fquih and Desbouvries

2011; Wang et al. 2012; Chang 2014). In this context, two

main approaches have been introduced to derive KF variants

for colored observational noise. The first approach is based

on state augmentation in which the state is augmented by the

observational noise (e.g. Bryson and Johansen 1965; Bryson

and Henrikson 1968; Wang et al. 2012). On top of increasing

the dimension of the state vector, this approach results in a

state-space system with perfect observations that is prone to

singularities in the involved matrices inversions (e.g. Gelb 1974;

Chen 1992; Sun and Deng 2004; Simon 2006; Ait-El-Fquih and

Desbouvries 2011). Remedies to this problem were proposed by

Bryson and Johansen (1965) and Ait-El-Fquih and Desbouvries

(2011) through order reduction, and by Wang et al. (2012) using

regularization techniques. The second approach relies on the

measurement differencing method to derive a new observation

model, referred to hereafter as pseudo-observation model, subject

to white Gaussian noise (Bryson and Henrikson 1968; Gazit

1997), on which the KF can be directly applied.

To the best of our knowledge, three different but equivalent

KF-based schemes were proposed following the measurement

differencing approach, depending on the form of the pseudo-

observation model. The first, proposed by Bryson and Henrikson

(1968), was derived based on a pseudo-observation model that is

function of the previous state. In the filtering algorithm, this first

involves the use of the current pseudo-observation to update the

state at the previous time, a step known as one-step-ahead (OSA)

smoothing, based on which the analysis estimate is computed

from the output of a second model integration that is initiated
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Ensemble Kalman filtering with colored observation noise 3

from the OSA-smoothed estimate∗. By considering a pseudo-

observation model in which the current pseudo-observation is

function of the current state, Petovello et al. (2009) proposed

another KF scheme with the advantage of directly computing the

analysis estimate, but requiring the inversion of the dynamical

transition matrix, which is not feasible for many realistic

applications (Wang et al. 2012). More recently, and using a model

in which the current pseudo-observation is expressed in terms of

the states at both the current and the previous times, a simpler

KF scheme was introduced by Chang (2014) with the benefit

of directly providing the analysis solution without requiring the

inversion of the transition matrix, nor computing an intermediate

OSA-smoothing estimate.

Bryson and Henrikson (1968)’s KF involves the computation

of an intermediate smoothed estimate. This is inherently similar

to the OSA-smoothing-like filtering path, which reverses the

standard “time-update, observation-update” order of the Bayesian

filtering problem. This was shown to introduce a new update

with the “future” data (smoothing) between two successive

analyses (Desbouvries and Ait-El-Fquih 2008; Desbouvries et al.

2011); see also (Ait-El-Fquih and Hoteit 2021) for a recent

comprehensive survey on OSA-smoothing like filtering. In a linear

Gaussian filtering problem, both KF and KF with OSA-smoothing

(KF-OSA hereafter) provide the same state estimates. In this

context, the KF of Bryson and Henrikson (1968) (KFCol-OSA

hereafter) can be seen as the OSA-smoothing variant of the KF of

Chang (2014) (KFCol hereafter), and as such, it can be derived by

extending the KF-OSA algorithm using the pseudo-observation

model of Chang (2014). The merits of the OSA-smoothing

formulation appears when it comes to nonlinear systems, and

were demonstrated in the context of ensemble-based filtering by

Raboudi et al. (2018) (see also (Desbouvries et al. 2011) in the

context of particle filtering), who showed that constraining the

sampling of the forecast ensemble with the future data provides

improved background statistics, most notably when the filter is

implemented under imperfect conditions with limited ensembles,

sparse observations, biased forecast model, etc.

∗A more general scheme was later proposed by Ait-El-Fquih and Desbouvries
(2011) for the so-called pairwise Markov systems, generalizing the standard state-
space systems in the sense that the state process is no longer Markovian and the
observation process is no longer conditionally independent

Colored observational noise aware filtering algorithms have

been already investigated in the context of small-dimensional

linear Gaussian systems (e.g. Bryson and Johansen 1965;

Bryson and Henrikson 1968; Gelb 1974; Bryson 1975; Sun and

Deng 2004; Ait-El-Fquih and Desbouvries 2011; Wang et al.

2012; Chang 2014), and, to a lesser extent, in the context of

large-dimensional nonlinear systems for which variational data

assimilation schemes that take into account colored observational

noise have been proposed (e.g. Järvinen et al. 1999; Pinnington

et al. 2016). Here, we adopt the sequential data assimilation

(filtering) approach to tackle this problem. More specifically,

we first follow the standard “analysis-forecast” filtering path

to derive a deterministic EnKF based on the KFCol. We then

resort to the reversed OSA-smoothing formulation to derive

another ensemble KFCol-OSA algorithm. We demonstrate the

benefits of accounting for the observational noise coloredness

during the assimilation process through extensive numerical

experiments with the Lorenz-96 model. In particular, the OSA-

smoothing formulation provides more robust estimates under

different experimental settings and scenarios.

The remainder of this paper is organized as follows. Section

2 states the filtering problem and formulates the transformed

(augmented) state-space system based on the Chang (2014)

formulation. Section 3 presents the KFCol and KFCol-OSA

algorithms, by respectively extending the existing KF and KF-

OSA equations. Section 4 introduces the EnKFs for large-

scale nonlinear systems with colored observational noise. Results

of numerical experiments with the Lorenz-96 model are then

presented and analyzed in Section 5. The main conclusions of this

work are outlined in Section 6.

2. Problem formulation

2.1. State-space system with colored observation noise

A standard state-space system is of the form

 xn = Mn−1(xn−1) + ηn−1,

yn = Hnxn + vn,
(1)

where xn ∈ RNx is the Nx dimensional system state at time tn

and yn ∈ RNy is the Ny dimensional corresponding observation.
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4 Raboudi et al.

Mn−1 is the (nonlinear) dynamical model that integrates

the system state from time tn−1 to tn, and Hn a (linear)

observational operator that projects xn from the state space onto

the observation space. The case of nonlinear Hn could be treated

as commonly done in EnKFs; for example, by linearizing the

nonlinear observation operator or by considering an augmented

state vector containing both the state and the forecast of the

simulated observation to formulate a new state-space system with

a linear observation model (Liu et al. 2016). The terms ηn

and vn respectively represent the model and the observation

noise assumed jointly independent. ηn is further assumed time-

independent and Gaussian with zero mean and covariance Qn.

In a state-space system with colored observational noise, vn is

commonly modeled as the outcome of an AR(1) model driven by

a time-independent noise εn,

vn = Ψn−1vn−1 + εn, (2)

where εn is Gaussian with zero mean and covariance Rn, and

Ψn−1 is called the measurement noise transfer matrix (Bryson

and Johansen 1965; Bryson and Henrikson 1968; Chang 2014).

Although different forms of Ψn can be considered depending on

the application, sparse forms provide computationally reasonable

choices, with the diagonal structure being the most commonly

used (Basu et al. 2015; Lin and Michailidis 2017; Hu et al.

2017). In particular, choosing Ψn = αnId, with αn a scalar

and Id the d× d identity matrix, corresponds to the case where

the cross-covariance between two observation points (i and j)

at times tn and tn+1 is a fraction (αn) of the covariance

between those two points at time tn (i.e., cov(vi,n+1,vj,n) =

αncov(vi,n,vj,n)). If in addition Rn is diagonal, as often

assumed, (which also implies that cov(vn) and cov(vn+1,vn) are

also diagonal when cov(v0) is diagonal), choosing Ψn diagonal

with entries βi,n suggests point-wise cross-correlations in time,

i.e., cov(vi,n+1,vj,n) = βi,nvar(vi,n)δi,j , with δi,j being the

Kronecker symbol. Therefore, setting a diagonal Ψn provides

a step towards a more accurate characterization of the involved

processes by incorporating temporal auto-correlation.

We consider the filtering problem, which involves esti-

mating the state xn, given available observations, y0:n
def
=

{y0,y1, · · · ,yn}, and derive in Section 4 two EnKFs for colored

state-space systems based on the time-differencing and state-

augmentation approaches.

2.2. Time-differencing and state-augmentation approaches

The observational noise can be whitened following the time-

differencing approach (Chang 2014).† This consists in expressing

the pseudo-observation zn = yn −Ψn−1yn−1 in terms of the

current and previous states, xn and xn−1. By doing so, system

(1) becomes

 xn = Mn−1(xn−1) + ηn−1,

zn = Hnxn −Ψn−1Hn−1xn−1 + εn.
(3)

The emergence of the additional term −Ψn−1Hn−1xn−1 in

the pseudo-observational model imposes a modification of the

filtering step with the observations. System (3) can be further

transformed into a classical state-space system by considering the

augmented state rn =
[
xTn ,x

T
n−1

]T
as,

 rn = M̃n−1(rn−1) + η̃n−1,

zn = H̃nrn + εn,
(4)

where M̃n−1(rn−1) =
[
Mn−1(xn−1)

xn−1

]
, H̃n =

[Hn, −Ψn−1Hn−1] and η̃n−1 =
[
ηTn−1, 0

]T
∼ N (0, Q̃n−1)

with Q̃n−1 =
[

Qn−1 0
0 0

]
. With η̃n and εn independent, the

standard filters can be directly applied.

3. Kalman filtering with colored observational noise

The KFCol and KFCol-OSA algorithms are first presented for a

linear dynamical model, denoted hereafter as xn = Mn−1xn−1 +

ηn−1 with Mn−1 an Nx ×Nx matrix. In Chang (2014),

KFCol was derived by directly extending the KF algorithm to

system (3). Here, we apply the state-augmentation approach

on system (4) for a more straightforward derivation. Bryson

and Henrikson (1968) derived KFCol-OSA by expressing the

pseudo-observation in terms of the previous state only, i.e.,

zn = (HnMn−1 −Ψn−1Hn−1)xn−1 + (Hnηn−1 + εn), which

†A similar spatial differencing approach has been recently proposed by Bédard and
Buehner (2020) to deal with spatial observation error correlations.
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Ensemble Kalman filtering with colored observation noise 5

introduces an extra smoothing update to obtain the analysis

estimate. We present a simpler approach by considering the

expression of the pseudo-observation of Chang (2014) in system

(4) and derive KFCol-OSA as the OSA-smoothing variant of

KFCol.

For a variable µ, let µa, µs, µf and µ̃f denote respectively its

analysis, smoothing, forecast and pseudo-forecast estimates, and

Pµ the corresponding error covariance matrix. Let also for any

pair of variables µ and β, Pµ,β denote the corresponding cross-

covariance matrix.

3.1. KFCol algorithm

The KFCol algorithm follows the standard “forecast then

analysis” cycles in data assimilation. Given the analysis mean

and covariance of rn−1, ran−1 and Pran−1
, the forecast mean and

covariance of rn are

rfn = M̃n−1ran−1, (5)

Prfn
= M̃n−1Pran−1

M̃T
n−1 + Q̃n−1. (6)

The forecast step of the actual state xn can then be obtained

by extracting the first Nx components in (5) and the top-left

(Nx ×Nx) block in (6),

xfn = Mn−1xan−1, (7)

Pxfn
= Mn−1Pxan−1

MT
n−1 + Qn−1. (8)

Once the observation yn (then zn) becomes available, the analysis

step in System (4) reads

ran = rfn + Krfn,z
f
n

(zn − zfn), (9)

Pran = Prfn
−Krfn,z

f
n
H̃nPrfn

(10)

with,

zfn = H̃nrfn, (11)

Krfn,z
f
n

= Prfn
H̃T
n (H̃nPrfn

H̃T
n + Rn)−1. (12)

Noticing that rfn =
[

xfn
xan−1

]
and Prfn

=

[ P
xfn

P
xfn,xa

n−1

P
xa
n−1

,xfn
Pxa

n−1

]
,

where Pxfn,xan−1
= Mn−1Pxan−1

, the first two analysis moments

of xn can be simply extracted as

xan = xfn + Kxfn,z
f
n

(yn −Hnxfn −Ψn−1[yn−1 −Hn−1xan−1]︸ ︷︷ ︸
ξn

),(13)

Pxan = Pxfn
−Kxfn,z

f
n

HnPxfn
+ Kxfn,z

f
n

Ψn−1Hn−1Pxan−1,x
f
n︸ ︷︷ ︸

Λn

,(14)

with the Kalman gain

Kxfn,z
f
n

= Pxfn,z
f
n
P−1

zfn
; (15)

Pxfn,z
f
n

= Pxfn
HT
n −Pxfn,xan−1

HT
n−1ΨTn−1, (16)

Pzfn
= HnPxfn

HT
n + Rn + Ψn−1Hn−1Pxan−1

HT
n−1ΨTn−1

− HnPxfn,xan−1
HT
n−1ΨTn−1 −Ψn−1Hn−1Pxan−1,x

f
n

HT
n ,(17)

and Pxfn,xan−1
= Mn−1Pxan−1

. The KFCol forecast step is the

same as that of KF.

The statistics of the colored observational model appear

in the mean and covariance increments. Indeed, compared

to the standard KF Kalman gain, the one in (15) includes

the extra terms, −Pxfn,xan−1
HT
n−1ΨTn−1 (see (16)), and

Ψn−1Hn−1Pxan−1
HT
n−1ΨTn−1 −HnPxfn,xan−1

HT
n−1ΨTn−1 −

Ψn−1Hn−1Pxan−1,x
f
n

HT
n (see (17)). Moreover, the mean state and

covariance updates in (13) and (14) involve respectively the extra

terms ξn and Λn. These depend (linearly and quadratically) on

Ψn−1, therefore decreasing with Ψn−1, as will also be examined

through numerical experiments (Section 5.2.2).

3.2. KFCol-OSA algorithm

The KFCol-OSA algorithm is derived as the OSA-smoothing

variant of KFCol. It therefore has the same forecast step as KFCol,

in particular Eqs. (5), (6), (7) and (8) remain unchanged. KFCol-

OSA involves however two update steps (smoothing then analysis)

to obtain the same KFCol analysis estimate (Raboudi et al. 2018).

It first computes an intermediate OSA-smoothed estimate, from

which the analysis estimate is obtained through an additional

model integration (pseudo-forecast).
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6 Raboudi et al.

3.2.1. Smoothing step

The pseudo-observation zn is first used to smooth the previous

analysis parameters as,

rsn−1 = ran−1 + Kran−1,z
f
n

(zn − zfn), (18)

Prsn−1
= Pran−1

−Kran−1,z
f
n
H̃nM̃n−1Pran−1

, (19)

with,

Kran−1,z
f
n

= Pran−1
M̃T H̃T

n (H̃nPrfn
H̃T
n + Rn)−1. (20)

By extracting the first component, xn, in a similar way as above,

we obtain the smoothing parameters of xn−1 as

xsn−1 = xan−1 + Kxan−1,z
f
n

(yn −Hnxfn − ξn), (21)

Pxsn−1
= Pxan−1

−Kxan−1,z
f
n

(HnMn−1 −Ψn−1Hn−1)Pxan−1
,(22)

with,

Kxan−1,z
f
n

= Pxan−1,z
f
n
P−1

zfn
; (23)

Pxan−1,z
f
n

= Pxan−1,x
f
n
HT
n −Pxan−1

HT
n−1ΨTn−1, (24)

and ξn and Pzfn
are defined as in (13) and (17).

3.2.2. Analysis step

Starting from rsn−1, the augmented pseudo-forecast estimate is

computed as

r̃fn = M̃n−1rsn−1, (25)

from which the pseudo-forecast estimate x̃fn is extracted as

x̃fn = Mn−1xsn−1, (26)

given that r̃fn =
[

x̃f
n

xsn−1

]
. Defining the pseudo-forecast mean of

the pseudo-observation as,

z̃fn = H̃nr̃fn = Hnx̃fn −Ψn−1Hn−1xsn−1, (27)

the augmented analysis estimate ran is then obtained by updating

r̃fn following

ran = r̃fn + K
r̃fn,z̃

f
n

(zn − z̃fn); (28)

K
r̃fn,z̃

f
n

= P
r̃fn,z̃

f
n
P−1

z̃f
n

(29)

= Q̃n−1H̃T
n (H̃nQ̃n−1H̃T

n + Rn)−1, (30)

from which xan can be extracted as

xan = x̃fn + K
x̃f
n,z̃

f
n

(yn −Hnx̃fn −Ψn−1[yn−1 −Hn−1xsn−1]);(31)

K
x̃f
n,z̃

f
n

= P
x̃f
n,z̃

f
n
P−1

z̃f
n

(32)

= Qn−1HT
n (HnQn−1HT

n + Rn)−1. (33)

The augmented analysis error covariance is also expressed as

Pran = ΓnM̃n−1Prsn−1
M̃T
n−1ΓTn + ΓnQ̃n−1, (34)

with Γn = (Id −K
r̃fn,z̃

f
n
H̃n), from which Pxan can be extracted

following

Pxan = ΓxnPxs
n−1

Γxn
T

+ (Id −K
x̃f
n,z̃

f
n

Hn)Qn−1, (35)

where Γxn = (Id −K
x̃f
n,z̃

f
n

Hn)Mn−1 + K
x̃f
n,z̃

f
n

Ψn−1Hn−1.

The forecast and pseudo-forecast (26) steps of KFCol-OSA are

thus the same as those of KF-OSA while the update (smoothing

and analysis) steps are modified to account for the coloredness of

the observational model.

4. Ensemble filtering for systems with colored observational

noise

We derive (deterministic) ensemble variants of KFCol and

KFCol-OSA, namely SEIKCol and SEIKCol-OSA, for space-

time systems with colored observational noise following the

derivation of the singular evolutive interpolated Kalman (SEIK)

filter (Pham et al. 1997; Hoteit et al. 2002). Let for any

Ne-size ensemble {vp,in }
Ne

i=1 (with v ∈ {x, x̃, r, r̃} and p ∈

{a, s, f}), vpn and Pvp
n

be respectively the sample ensemble

mean and covariance expressed as Pvpn = LvpnGLTvpn , with Lvpn =[
vp,1n − vpn , vp,2n − vpn , ... , vp,Ne−1

n − vpn

]
= Vp

nT, Vp
n
def
=[

vp,1n ,vp,2n , ...,vp,Ne
n

]
, T an Ne × (Ne − 1) full column-rank
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Ensemble Kalman filtering with colored observation noise 7

matrix such that each of its columns sums to 0, and G =

(Ne − 1)−1(TTT)−1. Let also for any ensembles {vp,in }
Ne

i=1 and

{wq,i
m }

Ne

i=1, Pvpn,w
q
m

define their sample cross-covariance matrix

expressed as Pvpn,w
q
m

= LvpnGLTwq
m

.

The SEIK filter is an ensemble variant of the KF. Its forecast

step is thus performed by integrating the members of an available

analysis ensemble at time tn−1, {xa,in−1}
Ne

i=1
, forward with the

dynamical model as

xf,in = Mn−1(xa,in−1). (36)

The sample mean and covariance of the resulting forecast

ensemble {xf,in }
Ne

i=1 are then taken as the state estimate xfn and

its error covariance Pxfn
= Lxfn

GLT
xfn

. The SEIK analysis step is

identical to that of the KF and can be expressed as

xan = xfn + Kxfn,y
f
n

(yn −Hnxfn), (37)

with,

Kxfn,y
f
n

= Lxfn
Un(HnLxfn

)TR−1
n ; (38)

Un =
[
G−1 + (HnLxfn

)TR−1
n (HnLxfn

)
]−1

. (39)

After decomposing the analysis error covariance as Pxan =

Lxfn
UnLT

xfn
, an analysis ensemble is generated from which to start

the next forecast step as

xa,in = xan +
√
Ne − 1Lxfn

(
Ωn,iC

−1
n

)T
, (40)

where Cn is a square-root of the matrix U−1
n , i.e., U−1

n = CnCT
n ,

and Ωn,i are the rows of the SEIK adjustment matrix Ωn of

size Ne × (Ne − 1). The matrix Ωn is random and has Ne − 1

columns orthonormal in RNe and orthogonal to [1, ..., 1]T (Hoteit

et al. 2002). An efficient algorithm to generate Ωn was introduced

by Pham (2001) and is based on the Householder matrices (Hoteit

et al. 2002).

Accounting for model errors continuously increases the

rank of the SEIK forecast error covariances, thereby requiring

increasingly larger ensembles to describe them (Hoteit et al.

2007). Different approaches have been proposed to efficiently

account for model errors in ensemble-based techniques while

maintaining the low-rank approximation. These include inflating

the background error covariance (Pham et al. 1998), projecting the

model error onto the ensemble subspace or judiciously perturbing

the forecast ensemble runs (Hoteit et al. 2007). Here we only

consider the simplest approach, covariance inflation, but keep in

mind the other approaches.

4.1. SEIKCol algorithm

The forecast ensemble is obtained as in SEIK by integrating the

analysis ensemble with the dynamical model. The ensemble-based

approximation of the Kalman gain Kxfn,z
f
n

in (16)-(17) can be

decomposed as

Kxfn,z
f
n

= Lxfn
ÛnZTnR−1

n , (41)

with,

Ûn =
[
G−1 + ZTnR−1

n Zn

]−1
, (42)

Zn = HnLxfn
−Ψn−1Hn−1Lxan−1

. (43)

The forecast mean is thus updated based on the pseudo-

observation to compute the analysis state

xan = xfn + Kxfn,z
f
n

(yn −Hnxfn −Ψn−1[yn−1 −Hn−1xan−1]︸ ︷︷ ︸
χn

),(44)

with the analysis error covariance matrix in (14) decomposed as

Pxan = Lxfn
ÛnLTxfn

. (45)

A new analysis ensemble is then sampled from (44) and (45) as

xa,in = xan +
√
Ne − 1Lxfn

(
Ωn,iĈ

−1
n

)T
, (46)

where Ĉn is a square root of the matrix Û−1
n , before starting a

new forecast step.
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8 Raboudi et al.

4.2. SEIKCol-OSA algorithm

4.2.1. Smoothing step

The smoothing Kalman gain Kxan−1,z
f
n

in (23) can be decomposed

as,

Kxan−1,z
f
n

= Lxan−1
ÛnZTnR−1

n , (47)

and Ûn and Zn respectively defined in (42) and (43). The previous

analysis estimate is then smoothed as

xsn−1 = xan−1 + Kxan−1,z
f
n

(yn −Hnxfn − χn). (48)

The smoothing error covariance matrix defined in (22) can also be

decomposed as

Pxsn−1
= Lxan−1

ÛnLTxan−1
. (49)

Based on (48) and (49), a smoothing ensemble is finally sampled

using

xs,in−1 = xsn−1 +
√
Ne − 1Lxan−1

(
Ωn,iĈ

−1
n

)T
. (50)

4.2.2. Analysis step

The pseudo-forecast ensemble {x̃f,in }
Ne

i=1 is obtained by integrat-

ing the smoothing ensemble with the dynamical model, i.e.,

x̃f,in = Mn−1(xs,in−1). (51)

As shown in Raboudi et al. (2018), the analysis (second

update) equations of an OSA-smoothing-based scheme involve

cross-correlation terms between the pseudo-forecast and the

observational error (here (29) and (34)). By neglecting these

cross-correlations (i.e., Pr̃n,εn
≈ 0), which were also confirmed

negligible in the numerical experiments, Raboudi et al. (2018)

proposed a classical square-root decomposition of the analysis

equations so that (29) and (34) simplify to (Raboudi et al. 2018)

K
r̃fn,z̃

f
n
≈ P

r̃fn
H̃T
n (H̃nP

r̃fn
H̃T
n + Rn)−1, (52)

Pr̃an
≈ P

r̃fn
−K

r̃fn,z̃
f
n
H̃nP

r̃fn
. (53)

Noticing that P
r̃fn

=

[ P
x̃
f
n

P
x̃
f
n,xs

n−1

P
xs
n−1

,x̃
f
n

Pxs
n−1

]
, the extracted

K
x̃f
n,z̃

f
n

and Px̃a
n

can also be approximated as

K
x̃f
n,z̃

f
n
≈ (P

x̃f
n
H̃T
n −P

x̃f
n,xs

n−1
HT
n−1ΨTn−1)(H̃nP

r̃fn
H̃T
n + Rn)−1,(54)

Px̃a
n
≈ Px̃n

−K
x̃f
n,z̃

f
n
HnPx̃n

+ K
x̃f
n,z̃

f
n

Ψn−1Hn−1P
xs
n−1,x̃

f
n
,(55)

which can be further decomposed as

K
x̃f
n,z̃

f
n
≈ L

x̃f
n

ˆ̃
UnZ̃TnR−1

n , (56)

Pxan ≈ L
x̃f
n

ˆ̃
UnLT

x̃f
n
, (57)

with,

ˆ̃
Un =

[
G−1 + Z̃TnR−1

n Z̃n

]−1
, (58)

Z̃n = HnL
x̃f
n
−Ψn−1Hn−1Lxsn−1

. (59)

Based on (56) and (57), the analysis state is computed with

xan = x̃
f
n + K

x̃f
n,z̃

f
n

(yn −Hnx̃
f
n −Ψn−1[yn−1 −Hn−1xsn−1]),(60)

and the analysis ensemble is sampled as

xa,in = x̃
f
n +
√
Ne − 1L

x̃f
n

(
Ωn,i

ˆ̃
C
−1

n

)T
, (61)

where ˆ̃
U
−1

n =
ˆ̃
Cn

ˆ̃
C
T

n .

The SEIKCol and SEIKCol-OSA algorithms are outlined

in Table.1. SEIKCol-OSA involves two “forecast” steps with

the model and two updates steps (smoothing and correction)

and is thus roughly twice more computationally demanding

than SEIKCol (Raboudi et al. 2018). The two filters have the

advantage of being straightforward to implement, requiring only

slight modifications to an existing SEIK code. More specifically,

compared to SEIK, SEIKCol involves two extra terms in its update

step, namely (i) −Ψn−1Hn−1Lxan−1
(added to the standard term

HnLxfn
in SEIK) to compute Zn in (43), which is involved

in the computation of the analysis equations, and (ii) −χn

to compute the analysis state in (44). The same extra terms

appear in the smoothing step of SEIKCol-OSA in (43) and

(48) compared to SEIK-OSA. As for the SEIKCol-OSA analysis
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Ensemble Kalman filtering with colored observation noise 9

(second update) step, it similarly involves the additional terms

−Ψn−1Hn−1Lxsn−1
in (59) and −Ψn−1[yn−1 −Hn−1xsn−1] in

(60). The computational costs of these extra terms are practically

negligible, suggesting only a marginal cost increase on SEIK and

SEIK-OSA. It is worth mentioning that the present approach

is different from that proposed by Pinnington et al. (2016)

although they both consider the data assimilation problem in

presence of observation noise time-correlations. Pinnington et al.

(2016) addresses the problem directly following a standard

4D-Var approach by parametrizing the time-correlations of the

observations errors through the non-zero off-diagonal blocks

of the time-augmented observation error covariance matrix.

SEIKCol and SEIKCol-OSA are however filtering (sequential)

schemes that are derived by modeling the observation noise as

an AR(1) model, based on which a typical uncorrelated noise

estimation problem is formulated using the measurement time-

differencing and the state augmentation approaches. However, one

can show that for a linear, Gaussian, and perfect system, KFCol

and KFCol-OSA provide the same estimate as that resulting from

Pinnington et al. (2016)’s approach at the end of the assimilation

window, when the time-augmented observation error covariance

matrix is set as the covariance of vn, parametrized through the

AR(1) model. Furthermore, as in Pinnington et al. (2016), one can

also allow for different time-gaps between observation noises, and

control over the strength of the correlations. Indeed, following the

AR(1) model entails cov(vn,vm) =
[∏n−1

i=m Ψi

]
cov(vm), which

suggests that the strength of the correlations can be adjusted

through the matrices Ψi.

5. Numerical experiments

5.1. Experimental setting

We use the strongly nonlinear Lorenz-96 (L96) model (Lorenz and

Emanuel 1998) in the numerical experiments. L96 describes the

time-evolution of an atmospheric quantity based on the following

set of differential equations for i = 1, · · · , Nx

dx(i,t)

dt
=
(
x(i+1,t) − x(i−2,t)

)
x(i−1,t) − x(i,t) + F, (62)

where x(i,t) is the ith state component at time t. L96 obeys the

principle of energy conservation and is known to be sensitive

to the external forcing and initial conditions (Karimi and Paul

2010). The nonlinear terms and the constant F in (62) respectively

represent the advection and dissipation. Here, we set F = 8,

imposing a chaotic behavior (Karimi and Paul 2010). The system

dimension is also set to Nx = 40 and the boundary conditions

are cyclic (i.e x(0,t) = x(40,t), x(41,t) = x(1,t), and x(−1,t) =

x(39,t)).

The Runge-Kutta fourth-order method is used to numerically

integrate the system state using a time step ∆t = 0.05, which is

equivalent to six hours in real-world time (Lorenz and Emanuel

1998). The observations are generated with correlated noise from

a “reference” trajectory simulated by a long model run. The

transfer matrix Ψn in (2) is assumed to be known and the driven

noise εn is Gaussian with zero mean and identity covariance

matrix. We consider Ψn constant in time and diagonal (i.e., Ψn =

ψId), unless otherwise specified.

The initial ensemble is generated from a Gaussian distribution

with mean the average of a long (5000 model time steps) model

trajectory and identity covariance matrix. After a spin-up period

of 20 days, the simulations are run for five years (i.e, 7300

model steps). Covariance inflation (Anderson and Anderson 1999)

and localization techniques (Houtekamer and Mitchell 1998) are

implemented with all filters. Localization is performed such that

each grid point is updated using only the set of observations that

are within a predefined radius from that point, which is known

as local analysis. In our simulations, this radius ranges from 2

to 40 (in terms of grid points), corresponding respectively to a

strong and a weak localization. Similarly, the inflation coefficient

(λ) varies between 1 and 2, and is implemented here so that

the forecast (and pseudo-forecast in OSA smoothing versions)

ensemble covariance is inflated by a factor λ2. Four different

observational scenarios are considered: (i) full-observations where

all model variables are observed, (ii) half-observations where

every second model variable is observed, (iii) quarter-observations

where every fourth variable is observed, in addition to a scenario

where half of the model variables are randomly observed at each

assimilation step. The root-mean-square error (RMSE) between

the reference states and the filters’ estimates, averaged over all

model variables and assimilation cycles, is used to evaluate the

filters’ performances. To reduce statistical fluctuations, we repeat
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10 Raboudi et al.

each experiment independently 10 times, with different samples

of observational noise and initial ensemble.

5.2. Results and discussions

We implement and test SEIKCol and SEIKCol-OSA and compare

their results with those of SEIK and SEIK-OSA. Comparisons

between the filters’ performances are conducted considering their

best performances from the best combination of inflation and

localization values in terms of smallest RMSE.

5.2.1. Effect of accounting for observational noise time

correlations

We start by assessing the relevance of accounting for colored

measurement noise in the filters by comparing SEIKCol and

SEIKCol-OSA with SEIK and SEIK-OSA, which assimilate

the observations with time-correlated noise, but neglect these

time-correlations during the assimilation process (and can be

derived from SEIKCol and SEIKCol-OSA by setting Ψ = 0).

We assimilate observations of half of the model variables

every four model steps (i.e., every one day) and consider a

correlation coefficient ψ = 0.8. Fig.1 represents two-dimensional

plots of the RMSEs as a function of the inflation factor and the

localization radius, as resulting from the four filtering schemes

using 20 ensemble members. As expected, accounting for the

colored measurement noise during the assimilation process is

needed to obtain best possible state estimates. For instance, the

minimum RMSE decreases from 2.07 with SEIK to 1.26 with

SEIKCol, and from 1.89 with SEIK-OSA to 1.02 with SEIKCol-

OSA, corresponding to relative improvements of about 40% and

46%, respectively. Whether time-correlations are accounted for

or not, OSA-smoothing enhances the performances of SEIKCol

and SEIK in agreement with the results of Raboudi et al.

(2018). This is because the extra smoothing step enhances the

performances of EnKFs by constraining the forecast ensemble

sampling with the “future” data. This provides improved forecast

(background) statistics for a better exploitation of the observation

in the analysis (second update) step. This is further shown to

be more pronounced for SEIKCol-OSA, probably due to its two-

stage update steps, benefiting more from the proper treatment of

the colored observational noise. The robustness of SEIKCol to

the choice of inflation and localization is further clearly enhanced

compared to that of SEIK. This is not as pronounced for SEIK-

OSA, as the OSA-smoothing step seems to enhance the filter

robustness even when the observational noise time-correlations

are not accounted for.

To further investigate the effect of time-correlations on the

filters behavior, we plot in Fig.2 the time evolution of (first row)

the reference state and its forecast and analysis estimates, (second

row) the observations and their model predictions (computed

as Hnxfn + Ψn−1[yn−1 −Hn−1xan−1] with Ψ = 0 for SEIK

and SEIK-OSA), and (third row) the state forecast RMSE and

ensemble standard deviation, as resulting from SEIKCol and SEIK

(first column), and from SEIKCol-OSA and SEIK-OSA (second

column). For illustration, the results are presented for the observed

model variable 19 (x19), over a 50-day period (between filter

steps 100 and 150), and using the best configuration (among the

different inflation factors and localization radii) of each filter.

As expected, the first row of Fig.2 shows that the SEIKCol

forecast and analysis estimates, and to a larger extent those of

SEIKCol-OSA, are closer to the reference states. The second

row also clearly suggests that the observation predictions by

SEIKCol and SEIKCol-OSA are closer to the observations than

those of SEIK and SEIK-OSA, respectively. As for the estimation

errors (third row), one can see that not only the RMSEs are

significantly reduced by SEIKCol, and to a larger extent by

SEIKCol-OSA, but these are further more consistent with the

forecast ensemble standard deviations, compared to SEIK and

SEIK-OSA, respectively.

Fig.3 further plots the time evolution of the reference and

analysis states as estimated by all filters, along with the

corresponding 95% confidence interval, using 20 members. For

clarity, we only report the results between filter steps 130 and

150. Overall, one can see that not only the analysis estimates

are improved by the colored observational noise-aware ensemble

filters, particularly SEIKCol-OSA, but also their uncertainties.

Indeed, compared to SEIK and SEIK-OSA, these filters provide

more reasonable uncertainties, with the reference state generally

falling within the estimated 95% confidence intervals.

We also examined the forecast ensemble reliability through

the expectation and standard deviation of the reduced centered
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Ensemble Kalman filtering with colored observation noise 11

random variable (RCV) (Jardak and Talagrand 2018). Given a

predicted probability distribution for a scalar variable x and a

reference state xt, the corresponding value of the RCV is defined

as s = (xt − µ)/σ, where µ and σ are respectively the mean and

the standard deviation of the predicted distribution of x. For a

reliable ensemble, the quantity s should have expectation 0 and

standard deviation 1, over all realizations of the system (Jardak

and Talagrand 2018). Fig. 4 plots the mean and standard deviation

of the RCV, computed for all 40 grid points and averaged over all

assimilations steps, based on the forecast ensembles as resulting

from all schemes using 20 members. The spatially averaged values

of their means and standard deviations are also reported in the

legend of Fig. 4. The results suggest that the mean of RCV as

resulting from the colored-noise aware filters is closer to zero

compared to that resulting from SEIK and SEIK-OSA, suggesting

less bias when properly accounting for observation noise time-

correlations. Moreover, the standard deviations of the RCV as

resulting from SEIKCol and SEIKCol-OSA are clearly closer to

1 compared to those of SEIK and SEIK-OSA, which exhibit

standard deviations larger than 1 for all grid points, suggesting

an under-dispersion of their forecast ensembles.

We further tested the SEIK and SEIK-OSA with inflation of

the observation error variance, a classical remedy to compensate

for the neglected time-correlated observation errors. In Fig.5,

we consider the same experimental setting as that of Fig.1 and

plot the analysis RMSEs as resulting from SEIK and SEIK-

OSA when the observational error covariance is inflated with

a factor ν ranging from 1 to 20. One can see that inflating

the observation error covariance clearly improves the SEIK and

SEIK-OSA performances, for a suitable choice of ν. For instance,

with observational error covariance inflation the lowest RMSEs

obtained by SEIK and SEIK-OSA reduce respectively from 2.02

and 1.89 (with no inflation) to 1.65 (with SEIK using ν = 4)

and 1.48 (with SEIK-OSA using ν = 7). However, SEIKCol

and SEIKCol-OSA still perform better. Hereafter, we will be

comparing the colored noise-aware schemes to SEIK and SEIK-

OSA without inflation of Rn, but keeping in mind the benefit of

this approach.

We now repeat the same experiment considering the

observational scenario in which half of the model variables are

randomly observed. For each of these observation points, the

observation noise at a given time tn is white, unless this grid

point is also observed at the previous time step tn−1. In this

case, the observation noise at this location is correlated to the

noise at the same grid point, but at the previous time step.

Specifically, if the grid point xj is observed at times tn and tn−1

with pj,n and pj,n−1 being its locations at times tn and tn−1

respectively, then vpj,n = ψvpj,n−1 + εpj,n . If xj is observed

at time tn, but not tn−1, then vpj,n = εpj,n . Therefore, Ψn is

time-varying and non-diagonal. A comparison of the reported

results in Fig.6 with those of Fig.1 shows that all filters achieve

lower minimum RMSEs, and the effect of accounting for time-

correlations by both SEIKCol and SEIKCol-OSA becomes less

pronounced. Indeed, the percentages of relative improvements

introduced by SEIKCol compared to SEIK and SEIKCol-OSA

compared to SEIK-OSA reduce from 40% and 46% to 18%

and 24%, respectively. In the present setting, less observations

are correlated in time and thus the standard filters are less

affected by the noise coloredness. Moreover, the improvements

achieved by SEIKCol-OSA compared to SEIKCol remain around

19% for both observational networks, whereas here, SEIK-OSA

is 14% more accurate than SEIK compared to only 8% with

a uniform network. This suggests that, when neglecting the

time-correlations, the benefits from SEIK-OSA compared to

SEIK become more pronounced as less time-correlated data are

assimilated. Plots of the time evolution of the analysis RMSEs as

resulting from the different filters and the number of observations

with time-correlated noise at each filter step between 365 and

465 in Fig.7 further emphasize the outperformance of the noise

correlations-aware ensemble filters, and of the OSA-smoothing

filtering schemes whether the time-correlations are accounted for

or not.

One can also see from Fig. 7 that there are periods where SEIK,

and to a lesser extent SEIK-OSA, exhibits large RMSE values.

This could be due to the presence of clusters of serially correlated

errors (in space and/or time), where the filters are intuitively

expected to overfit the (serially correlated) observations, thereby

degrading the estimations quality. This has been confirmed

through more experiments, not shown here, conducted using

well-structured (not random) observation networks, with broader
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12 Raboudi et al.

clusters and longer sequences (compared to this random network).

5.2.2. Sensitivity to the strength of time-correlation

To assess the filters sensitivity to the time-correlations strength,

we vary the value of ψ between 0 (white noise) and 0.9 (strong

correlations) and plot in Fig.8 the analysis RMSEs as resulting

from all schemes using 20 members. The results are presented

for the three observational scenarios assimilating observations of

all, half and one-quarter of the model variables every four model

steps. As expected, with weaker correlations, the performances

of SEIKCol and SEIKCol-OSA are closer to those of SEIK

and SEIK-OSA. This is because the observational error white

noise assumption is quite reasonable, and as such, there is

less impact from neglecting these “small” time-correlations. As

the correlation coefficient increases, the behaviors of all filters

degrade as expected, particularly those of SEIK and SEIK-OSA

which exhibit more sensitivity to ψ. SEIKCol and SEIKCol-OSA

are clearly less sensitive to ψ, mainly when data are assimilated

at all grid points, emphasizing the benefit from assimilating more

data with proper treatment of the observational noise statistics.

The results also suggest that SEIKCol-OSA outperforms SEIKCol

for all tested scenarios, particularly when data are assimilated at

all grid points.

To further investigate the effect of time correlations on the

ensembles as resulting from the different filters, we present in

Fig.9 the averaged (over the 40 grid points) rank histograms of

the forecast ensembles of the different filtering schemes, using 20

members and three different values of ψ = 0.2, 0.5 and 0.8. Rank

histograms are commonly used as indicators of the reliability

of the filter ensemble (Talagrand 1999). A properly sampled

ensemble should exhibit a uniformly distributed rank histogram

(Hamill and Colucci 1997). Ideally, the value of the reference

state should have the same likelihood to occur for any of the

Ne − 1 possible ranks relative to the values of a sorted ensemble

(from lowest to highest). Therefore, for a large number of samples,

this is reflected by a rank histogram that is approximately uniform

(Hamill 2001). The results suggest that all schemes exhibit overall

similar rank histograms with a small correlation coefficient (ψ =

0.2). As ψ increases, SEIK and SEIK-OSA histograms become

more non-uniform (U-shaped). This is clearly less pronounced

for SEIKCol and SEIKCol-OSA, which show relatively uniform

histograms for all values of ψ. We also report in the same figure

the averaged continuous ranked probability score (CRPS) for each

filter in order to assess the ensemble resolution (Hersbach 2000).

The CRPSs values are in agreement with the results of the RMSEs

and the rank histograms, showing a better resolution for SEIKCol,

and to a larger extent, by SEIKCol-OSA, compared to SEIK and

SEIK-OSA, respectively.

5.2.3. Sensitivity to the ensemble size

We study here the sensitivity of the proposed schemes to the

ensemble size considering five different ensemble sizes Ne =

10, 20, 40, 80 and 160. We assimilate the data every four model

steps and fix the value of the correlation coefficient to ψ = 0.8.

Figure 10 displays barplots of the analysis RMSEs as resulting

from all schemes for the different ensemble sizes, and for the three

different observational scenarios assimilating observations of all,

half and one-quarter of the model variables. The results confirm

that for all tested scenarios, accounting for time-correlations

improves SEIK and SEIK-OSA performances, with this being

more pronounced as larger ensembles and more data are used.

Moreover, increasing the ensemble size seems to benefit more

the noise correlations-aware filtering schemes, while only having

a marginal effect on their standard counterparts. Not accounting

for the colored observational noise seems to limit the benefit of

using larger ensembles in SEIK and SEIK-OSA. One can also see

that, whether time correlations are accounted for or not, OSA-

smoothing based schemes generally outperform their standard

counterparts, and can even provide more accurate estimates at

similar or even lower computational cost. For instance, when

observations of all variables are assimilated, the minimum RMSEs

achieved by SEIKCol using 80 members and SEIKCol-OSA using

only 20 members are respectively 0.48 and 0.45, suggesting a

better performance from SEIKCol-OSA with roughly half the

computational cost.
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Ensemble Kalman filtering with colored observation noise 13

5.2.4. Effect of the parametrization of the observational noise

time-correlations

We finally investigate the sensitivity of the filtering schemes to

the parametrization of the time-correlation coefficient (ψ). In

this context, we conduct a series of experiments in which the

observations are generated based on a given (reference) value of

ψ whereas the filters, SEIKCol and SEIKCol-OSA, use different

values of ψ ranging between 0 and 0.9. We fix the ensemble size

to 20 and assimilate observations of half of the model variables

every 4 model steps. We consider three different scenarios where

the reference values of ψ = 0.2, 0.5 and 0.8 and, for each of

these values, report in Fig.11 the analysis RMSEs as obtained by

SEIKCol and SEIKCol-OSA for the different considered values of

ψ. With ψ = 0, SEIKCol and SEIKCol-OSA reduce to SEIK and

SEIK-OSA, respectively.

As expected, for all tested scenarios, the schemes reach a

minimum RMSE with the reference ψ (marked with the green

circles in the plots). Inaccurate values of ψ result in larger

RMSEs, and this is more pronounced as the difference between

the reference ψ and the considered value is larger. In particular,

when ψ is small (0.2), neglecting the time-correlations is more

beneficial than using a large value, whereas, when ψ is large (0.8),

any considered value of ψ results in better filters’ performances

compared to the case where the time-correlations are simply

neglected.

6. Summary

This work considered the problem of ensemble filtering in large-

dimensional state-space systems with colored observational noise.

Inspired by the Kalman filtering (KF) literature which investigated

this problem through an autoregressive-model parametrization

of the colored noise, we derived two (deterministic) singular

evolutive interpolated Kalman (SEIK) filter algorithms. We

followed the standard (time-update, observation-update) and the

one-step-ahead (OSA) smoothing-like (observation-update, time-

update) formulations of the Bayesian filtering problem to first

(re-)derive two existing colored observational noise aware KF

schemes, based on which we derived SEIKCol and SEIKCol-OSA

schemes as the corresponding ensemble variants.

The performances of the proposed colored observational

noise aware schemes were tested and compared with their

standard SEIK counterparts by conducting extensive numerical

experiments with the Lorenz 96 model. The experimental

results demonstrated that accounting for the observational noise

coloredness during the assimilation process is needed to obtain

reliable state estimates. SEIKCol-OSA was also found to be

more efficient and robust than the SEIKCol, under different

experimental settings and scenarios, as it benefits from the two-

stage update (smoothing and analysis) of the OSA-smoothing

formulation.

The proposed schemes have the advantage of being straight-

forward to implement, requiring only simple modifications to an

existing standard or OSA-smoothing ensemble filter. To tackle

more realistic real-world scenario in which the time-correlations

coefficients are not a priori known, future work will focus on

developing efficient schemes to estimate the (hyper-)parameters

of these correlations, along with the system state. Another future

direction will be to implement and evaluate the performances of

these schemes with state-of-the art general circulation oceanic and

atmospheric models.
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Summary of the proposed SEIKCol and SEIKCol-OSA
algorithms

Forecast step
- Starting from an analysis ensemble {xa,in−1}

Ne

i=1
, the forecast

ensemble {xf,in }
Ne

i=1 is computed by integrating each xa,in−1
from tn−1 to tn with the model, following (36).

SEIKCol update step
- Once the observation yn is available, it is used along with

yn−1, {xf,in }
Ne

i=1 and {xa,in−1}
Ne

i=1
to update the forecast mean

based on (44).

- The analysis ensemble is then generated following (46).

SEIKCol-OSA update step

– Smoothing step
- Once available, the observation yn is used along with yn−1,

{xf,in }
Ne

i=1 and {xa,in−1}
Ne

i=1
to first smooth the previous analysis

mean following (48).

- The new smoothed members {xs,in−1}
Ne

i=1
are then generated

using (50).

– Analysis step
- The pseudo-forecast ensemble {x̃f,in }

Ne

i=1 is computed by

integrating the smoothed ensemble {xs,in−1}
Ne

i=1
with the model

following (51).

- {x̃f,in }
Ne

i=1 are then updated again, based on yn, yn−1,

{x̃f,in }
Ne

i=1 and {xs,in−1}
Ne

i=1
to compute the analysis mean, as in

(60)
- The new analysis members {xa,in }

Ne

i=1 are then sampled using
(61).

Table 1. SEIKCol and SEIKCol-OSA algorithms
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Figure 1. Time-averaged RMSE as a function of the localization radius (horizontal
axis) and inflation factor (vertical axis). All filters were implemented with 20
members and observations were assimilated from half of the model variables at
every fourth model time step (or 24 h in real time). The minimum-averaged RMSEs
are indicated by asterisks and their associated values are given in the title. White
boxes indicate divergence of the filter.
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Figure 2. Time evolution of the true, forecast and analysis states (first row),
the observations and their forecasts (second row), and the forecast RMSE and
ensemble standard deviation (third row), as estimated by SEIKCol and SEIK (first
column) and by SEIKCol-OSA and SEIK-OSA (second column). The filters were
implemented using 20 members and observations of half of the model variables
are assimilated every 4 model steps with ψ = 0.8. The results are presented for
the observed model variable 19, over a 50-day period (between filter steps 100 and
150), and using the best configuration of each filter.

Figure 3. Time evolution of the true state and the analysis estimates as computed by
SEIKCol and SEIK (left subfigure), and by SEIKCol-OSA and SEIK-OSA (right
subfigure), with their 95% confidence intervals. The filters were implemented using
20 members and observations from half of the model variables are assimilated every
4 model steps with ψ = 0.8. The results are presented for the observed model
variable 19, over a 20-day period (between filter steps 130 and 150), and using
the best configuration of each filter.
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Figure 4. Expectation and standard deviation of the RCV computed for all 40 grid
points by averaging over all assimilations steps, based on the forecast ensembles
as resulting from SEIKCol, SEIK, SEIKCol-OSA and SEIK-OSA. The spatially
averaged values of these means and standard deviations are also reported in the
legend. The filters were implemented using 20 members and observations from half
of the model variables are assimilated every 4 model steps with ψ = 0.8.
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Figure 5. Analysis RMSEs as resulting from SEIK and SEIK-OSA for different
values of observational error covariance (Rn) inflation factors (ν) ranging from 1 to
20. The filters were implemented using 20 members and ψ = 0.8, and observations
of half of the model variables are assimilated every 4 model steps.
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Figure 6. As in Fig.1, but using the observational scenario where half of the grid
points are randomly observed.
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Figure 7. Time series of the analysis RMSEs as estimated by SEIKCol, SEIK,
SEIKCol-OSA and SEIK-OSACol-OSA for the 100 filter steps that follow the first
year simulation period (i.e., between filter steps 365 and 465), as well as the number
of assimilated and time correlated observations at each filter step. using ψ = 0.8.
All filters were implemented using 20 members and ψ = 0.8 and considering the
observational scenario where half of the grid points are randomly observed every 4
model steps.
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Figure 8. Analysis RMSE for all tested filters as a function of the correlation
coefficient ψ when all (left), half (middle) and one-quarter (right) of the model
variables are assimilated every 4 model steps. The filters were implemented using
20 members.
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Figure 9. Averaged rank histograms as estimated by SEIKCol, SEIK, SEIKCol-
OSA and SEIK-OSA for three different correlation coefficients ψ = 0.2 (first
row), ψ = 0.5 (second row) and ψ = 0.8 (third row). We also report the averaged
continuous ranked probability score (CRPS) for each scenario. The filters are
implemented using 20 members and observations of half of the model variables
are assimilated every 4 model steps.

Figure 10. Bar plots of the analysis RMSEs as resulting from SEIKCol,
SEIK, SEIKCol-OSA and SEIK-OSA for different ensemble sizes and for three
observational scenarios when observations of all (top), half (middle) and one-
quarter (bottom) of the model variables are assimilated every 4 model steps. The
filters are implemented using ψ = 0.8.
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Figure 11. Analysis RMSE resulting from SEIKCol and SEIKCol-OSA as a
function of the considered value of ψ used during the filtering process, for three
scenarios when the observations are generated using ψ = 0.2 (left), ψ = 0.5
(middle) and ψ = 0.8 (right). The filters were implemented using 20 members and
observations of half of the model variables are assimilated every 4 model steps.
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