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Abstract

In this paper, we consider decision trees that use both conventional queries based on one attribute each and queries based on hy-
potheses about values of all attributes. This approach is similar to one studied in exact learning, where membership and equivalence
queries are considered. We propose dynamic programming algorithms for the minimization of the number of nodes in such decision
trees and discuss results of computer experiments.
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1. Introduction

Decision trees are widely used in many areas of computer science as classifiers, as a means for knowledge repre-
sentation, and as algorithms to solve various problems of computational geometry, combinatorial optimization, etc.,
[6, 9, 13]. They are studied, in particular, in test theory initiated by Chegis and Yablonskii [7], rough set theory initiated
by Pawlak [10, 11, 12], and exact learning initiated by Angluin [3, 4, 5]. These theories are closely related: attributes
from rough set theory and test theory correspond to membership queries from exact learning. Exact learning studies
additionally the so-called equivalence queries. The notion of “minimally adequate teacher” that allows both member-
ship and equivalence queries was discussed by Angluin in [3]. Relations between exact learning and PAC learning
proposed by Valiant [14] were considered in [4]. In this paper, we add to the model considered in rough set theory
and test theory the notion of a hypothesis that allows us to use an analog of equivalence queries. Our aim (mainly
theoretical) is to understand is it possible to decrease the number of nodes in decision trees if we use additionally
hypotheses.
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Let T be a decision table with n conditional attributes f1, . . . , fn having values from the setω = {0, 1, 2, . . .} in which
rows are pairwise different and each row is labeled with a decision from ω. For a given row of T , we should recognize
the decision attached to this row. To this end, we can use decision trees based on two types of queries. We can ask about
the value of an attribute fi ∈ { f1, . . . , fn} on the given row. We will obtain an answer of the kind fi = δ, where δ is the
number in the intersection of the given row and the column fi. We can also ask if a hypothesis f1 = δ1, . . . , fn = δn is
true, where δ1, . . . , δn are numbers from the columns f1, . . . , fn, respectively. Either this hypothesis will be confirmed
or we will obtain (in a nondeterministic way) a counterexample in the form fi = σ, where fi ∈ { f1, . . . , fn} and σ is a
number from the column fi different from δi. The considered hypothesis is called proper if (δ1, . . . , δn) is a row of the
table T .

As the space complexity of a decision tree, we consider the number of its realizable relative to T nodes. A node is
called realizable relative to T if, for a row of T and some choice of counterexamples, the computation in the tree will
pass through this node.

Decision trees using hypotheses can be more efficient than the decision trees using only attributes. As an example,
let us consider the problem of computation of the conjunction x1 ∧ · · · ∧ xn. The minimum number of realizable nodes
in a decision tree solving this problem using the attributes x1, . . . , xn is equal to 2n+1. However, the minimum number
of realizable nodes in a decision tree solving this problem using proper hypotheses is equal to n+2: it is enough to ask
only about the hypothesis x1 = 1, . . . , xn = 1. If it is true, then the considered conjunction is equal to 1. Otherwise, it
is equal to 0. The obtained decision tree contains one nonterminal node and n + 1 terminal nodes.

We consider the following five types of decision trees:

1. Decision trees that use only attributes.
2. Decision trees that use only hypotheses.
3. Decision trees that use both attributes and hypotheses.
4. Decision trees that use only proper hypotheses.
5. Decision trees that use both attributes and proper hypotheses.

For each type of decision trees, we design a dynamic programming algorithm that, for a given decision table, finds
the minimum number of realizable relative to this table nodes in a decision tree of the considered type for this table.
Note that algorithms for the minimization of the number of nodes in decision trees of type 1 were considered in [1]
for decision tables with one-valued decisions and in [2] for decision tables with many-valued decisions.

It is interesting to consider not only specially chosen examples as the conjunction of n variables. We compute
the minimum number of realizable nodes in a decision tree for each of the considered five types for eight decision
tables from the UCI ML Repository [8]. We do the same for randomly generated Boolean functions with n variables,
n = 3, . . . , 6. From the obtained results it follows that the decision trees of the types 3 and 5 can be slightly better than
the decision trees of the type 1, and the decision trees of the types 2 and 4 are far from the optimal.

The rest of the paper is organized as follows. In Sections 2 and 3, we consider main notions. In Sections 4 and 5 –
dynamic programming algorithms for the minimization of the number of realizable nodes. Section 6 contains results
of computer experiments and Sect. 7 – short conclusions.

2. Decision Tables

A decision table is a rectangular table T with n ≥ 1 columns filled with numbers from the set ω = {0, 1, 2, . . .} of
nonnegative integers. Columns of this table are labeled with the conditional attributes f1, . . . , fn. Rows of the table are
pairwise different. Each row is labeled with a number from ω that is interpreted as a decision. Rows of the table are
interpreted as tuples of values of the conditional attributes.

A decision table can be represented by a word over the alphabet {0, 1, ; , |} in which numbers from ω are in binary
representation (are represented by words over the alphabet {0, 1}), the symbol “;” is used to separate two numbers from
ω, and the symbol “|” is used to separate two rows (we add to each row corresponding decision as the last number in
the row). The length of this word will be called the size of the decision table.

A decision table T is called empty if it has no rows. The table T is called degenerate if it is empty or all rows of T
are labeled with the same decision.

http://crossmark.crossref.org/dialog/?doi=10.1016/j.procs.2021.08.024&domain=pdf


 Mohammad Azad  et al. / Procedia Computer Science 192 (2021) 232–240 233

Available online at www.sciencedirect.com

Procedia Computer Science 00 (2021) 000–000
www.elsevier.com/locate/procedia

25th International Conference on Knowledge-Based and Intelligent Information & Engineering
Systems

Minimizing Number of Nodes in Decision Trees with Hypotheses
Mohammad Azada, Igor Chikalovb, Shahid Hussainc, Mikhail Moshkovd,∗

aJouf University, College of Computer and Information Sciences, Department of Computer Science, Sakaka 72441, Saudi Arabia
bIntel Corporation, 5000 W Chandler Blvd, Chandler, AZ 85226, USA

cHabib University, Dhanani School of Science and Engineering, Computer Science Program, Karachi 75290, Pakistan
dKing Abdullah University of Science and Technology (KAUST), Computer, Electrical and Mathematical Sciences & Engineering Division,

Thuwal 23955-6900, Saudi Arabia

Abstract

In this paper, we consider decision trees that use both conventional queries based on one attribute each and queries based on hy-
potheses about values of all attributes. This approach is similar to one studied in exact learning, where membership and equivalence
queries are considered. We propose dynamic programming algorithms for the minimization of the number of nodes in such decision
trees and discuss results of computer experiments.

c© 2021 The Authors. Published by Elsevier B.V.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/)
Peer-review under responsibility of the scientific committee of the KES International.

Keywords: Decision tree; Hypothesis; Number of nodes

1. Introduction

Decision trees are widely used in many areas of computer science as classifiers, as a means for knowledge repre-
sentation, and as algorithms to solve various problems of computational geometry, combinatorial optimization, etc.,
[6, 9, 13]. They are studied, in particular, in test theory initiated by Chegis and Yablonskii [7], rough set theory initiated
by Pawlak [10, 11, 12], and exact learning initiated by Angluin [3, 4, 5]. These theories are closely related: attributes
from rough set theory and test theory correspond to membership queries from exact learning. Exact learning studies
additionally the so-called equivalence queries. The notion of “minimally adequate teacher” that allows both member-
ship and equivalence queries was discussed by Angluin in [3]. Relations between exact learning and PAC learning
proposed by Valiant [14] were considered in [4]. In this paper, we add to the model considered in rough set theory
and test theory the notion of a hypothesis that allows us to use an analog of equivalence queries. Our aim (mainly
theoretical) is to understand is it possible to decrease the number of nodes in decision trees if we use additionally
hypotheses.

∗ Corresponding author. Tel.: +966-54-4700064
E-mail address: mikhail.moshkov@kaust.edu.sa

1877-0509 c© 2021 The Authors. Published by Elsevier B.V.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/)
Peer-review under responsibility of the scientific committee of the KES International.

Available online at www.sciencedirect.com

Procedia Computer Science 00 (2021) 000–000
www.elsevier.com/locate/procedia

25th International Conference on Knowledge-Based and Intelligent Information & Engineering
Systems

Minimizing Number of Nodes in Decision Trees with Hypotheses
Mohammad Azada, Igor Chikalovb, Shahid Hussainc, Mikhail Moshkovd,∗

aJouf University, College of Computer and Information Sciences, Department of Computer Science, Sakaka 72441, Saudi Arabia
bIntel Corporation, 5000 W Chandler Blvd, Chandler, AZ 85226, USA

cHabib University, Dhanani School of Science and Engineering, Computer Science Program, Karachi 75290, Pakistan
dKing Abdullah University of Science and Technology (KAUST), Computer, Electrical and Mathematical Sciences & Engineering Division,

Thuwal 23955-6900, Saudi Arabia

Abstract

In this paper, we consider decision trees that use both conventional queries based on one attribute each and queries based on hy-
potheses about values of all attributes. This approach is similar to one studied in exact learning, where membership and equivalence
queries are considered. We propose dynamic programming algorithms for the minimization of the number of nodes in such decision
trees and discuss results of computer experiments.

c© 2021 The Authors. Published by Elsevier B.V.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/)
Peer-review under responsibility of the scientific committee of the KES International.

Keywords: Decision tree; Hypothesis; Number of nodes

1. Introduction

Decision trees are widely used in many areas of computer science as classifiers, as a means for knowledge repre-
sentation, and as algorithms to solve various problems of computational geometry, combinatorial optimization, etc.,
[6, 9, 13]. They are studied, in particular, in test theory initiated by Chegis and Yablonskii [7], rough set theory initiated
by Pawlak [10, 11, 12], and exact learning initiated by Angluin [3, 4, 5]. These theories are closely related: attributes
from rough set theory and test theory correspond to membership queries from exact learning. Exact learning studies
additionally the so-called equivalence queries. The notion of “minimally adequate teacher” that allows both member-
ship and equivalence queries was discussed by Angluin in [3]. Relations between exact learning and PAC learning
proposed by Valiant [14] were considered in [4]. In this paper, we add to the model considered in rough set theory
and test theory the notion of a hypothesis that allows us to use an analog of equivalence queries. Our aim (mainly
theoretical) is to understand is it possible to decrease the number of nodes in decision trees if we use additionally
hypotheses.

∗ Corresponding author. Tel.: +966-54-4700064
E-mail address: mikhail.moshkov@kaust.edu.sa

1877-0509 c© 2021 The Authors. Published by Elsevier B.V.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/)
Peer-review under responsibility of the scientific committee of the KES International.

Let T be a decision table with n conditional attributes f1, . . . , fn having values from the setω = {0, 1, 2, . . .} in which
rows are pairwise different and each row is labeled with a decision from ω. For a given row of T , we should recognize
the decision attached to this row. To this end, we can use decision trees based on two types of queries. We can ask about
the value of an attribute fi ∈ { f1, . . . , fn} on the given row. We will obtain an answer of the kind fi = δ, where δ is the
number in the intersection of the given row and the column fi. We can also ask if a hypothesis f1 = δ1, . . . , fn = δn is
true, where δ1, . . . , δn are numbers from the columns f1, . . . , fn, respectively. Either this hypothesis will be confirmed
or we will obtain (in a nondeterministic way) a counterexample in the form fi = σ, where fi ∈ { f1, . . . , fn} and σ is a
number from the column fi different from δi. The considered hypothesis is called proper if (δ1, . . . , δn) is a row of the
table T .

As the space complexity of a decision tree, we consider the number of its realizable relative to T nodes. A node is
called realizable relative to T if, for a row of T and some choice of counterexamples, the computation in the tree will
pass through this node.

Decision trees using hypotheses can be more efficient than the decision trees using only attributes. As an example,
let us consider the problem of computation of the conjunction x1 ∧ · · · ∧ xn. The minimum number of realizable nodes
in a decision tree solving this problem using the attributes x1, . . . , xn is equal to 2n+1. However, the minimum number
of realizable nodes in a decision tree solving this problem using proper hypotheses is equal to n+2: it is enough to ask
only about the hypothesis x1 = 1, . . . , xn = 1. If it is true, then the considered conjunction is equal to 1. Otherwise, it
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We denote F(T ) = { f1, . . . , fn} and denote by D(T ) the set of decisions attached to rows of T . For any conditional
attribute fi ∈ F(T ), we denote by E(T, fi) the set of values of the attribute fi in the table T . We denote by E(T ) the set
of conditional attributes of T for which |E(T, fi)| ≥ 2.

A system of equations over T is an arbitrary equation system of the kind { fi1 = δ1, . . . , fim = δm}, where m ∈ ω,
fi1 , . . . , fim ∈ F(T ), and δ1 ∈ E(T, fi1 ), . . . , δm ∈ E(T, fim ) (if m = 0, then the considered equation system is empty).

Let T be a nonempty table. A subtable of T is a table obtained from T by removal of some rows. We correspond to
each equation system S over T a subtable TS of the table T . If the system S is empty, then TS = T . Let S be nonempty
and S = { fi1 = δ1, . . . , fim = δm}. Then TS is the subtable of the table T containing the rows from T , which in the
intersection with the columns fi1 , . . . , fim have numbers δ1, . . . , δm, respectively. Such nonempty subtables, including
the table T , are called separable subtables of T . We denote by S EP(T ) the set of separable subtables of the table T .

3. Decision Trees

Let T be a nonempty decision table with n conditional attributes f1, . . . , fn. We consider decision trees with two
types of queries. We can choose an attribute fi ∈ F(T ) = { f1, . . . , fn} and ask about its value. This query has the
following possible answers: { fi = δ}, δ ∈ E(T, fi). We can formulate a hypothesis over T in the form H = { f1 =
δ1, . . . , fn = δn}, where δ1 ∈ E(T, f1), . . . , δn ∈ E(T, fn), and ask about this hypothesis. This query has the following
set of possible answers: A(H) = {H, { f1 = σ1}, . . . , { fn = σn} : σ1 ∈ E(T, f1) \ {δ1}, ..., σn ∈ E(T, fn) \ {δn}}. The
answer H means that the hypothesis is true. Other answers are counterexamples. The hypothesis H is called proper
for T if (δ1, . . . , δn) is a row of the table T .

A decision tree over T is a marked finite directed tree with the root in which

• Each terminal node is labeled with a number from the set D(T ) ∪ {0}.
• Each node, which is not terminal (such nodes are called working), is labeled with an attribute from the set F(T )

or with a hypothesis over T .
• If a working node is labeled with an attribute fi from F(T ), then, for each possible answer { fi(x) = δ}, δ ∈

E(T, fi), there is exactly one edge labeled with this answer, which leave this node and there are no any other
edges leaving this node.
• If a working node is labeled with a hypothesis H = { f1 = δ1, . . . , fn = δn} over T , then, for each possible answer

from the set A(H), there is exactly one edge labeled with this answer, which leave this node and there are no
any other edges leaving this node.

Let Γ be a decision tree over T and v be a node of Γ. We now define an equation system S (Γ, v) over T associated
with the node v. We denote by ξ the directed path from the root of Γ to the node v. If there are no working nodes in ξ,
then S (Γ, v) is the empty system. Otherwise, S (Γ, v) is the union of equation systems attached to the edges of the path
ξ.

A decision tree Γ over T is called a decision tree for T if, for any node v of Γ,

• The node v is terminal if and only if the subtable TS (Γ, v) is degenerate.
• If v is a terminal node and the subtable TS (Γ, v) is empty, then the node v is labeled with the decision 0.
• If v is a terminal node and the subtable TS (Γ, v) is nonempty, then the node v is labeled with the decision

attached to all rows of TS (Γ, v).

Let Γ be a decision tree for T . As the space complexity of the decision tree Γ, we consider the number of its
realizable relative to T nodes. A node v of Γ is called realizable relative to T if and only if the subtable TS (Γ, v) is
nonempty. We denote by L(T, Γ) the number of nodes in Γ that are realizable relative to T . Note that all working nodes
of Γ are realizable relative to T .

We will use the following notation:

• L(1)(T ) is the minimum number of nodes realizable relative to T in a decision tree for T , which uses only
attributes from F(T ).

• L(2)(T ) is the minimum number of nodes realizable relative to T in a decision tree for T , which uses only
hypotheses over T .
• L(3)(T ) is the minimum number of nodes realizable relative to T in a decision tree for T , which uses both

attributes from F(T ) and hypotheses over T .
• L(4)(T ) is the minimum number of nodes realizable relative to T in a decision tree for T , which uses only proper

hypotheses over T .
• L(5)(T ) is the minimum number of nodes realizable relative to T in a decision tree for T , which uses both

attributes from F(T ) and proper hypotheses over T .

4. Construction of Directed Acyclic Graph ∆(T)

Let T be a nonempty decision table with n conditional attributes f1, . . . , fn. We now consider an algorithm B0 for
the construction of a directed acyclic graph (DAG) ∆(T ), which will be used for the study of decision trees. Nodes of
this graph are some separable subtables of the table T . During each iteration we process one node. We start with the
graph that consists of one node T , which is not processed and finish when all nodes of the graph are processed.

Algorithm B0 (construction of DAG ∆(T )).

Input: A nonempty decision table T with n conditional attributes f1, . . . , fn.

Output: Directed acyclic graph ∆(T ).

1. Construct the graph that consists of one node T , which is not marked as processed.
2. If all nodes of the graph are processed, then the algorithm halts and returns the resulting graph as ∆(T ). Otherwise,

choose a node (table) Θ that has not been processed yet.
3. If Θ is degenerate, then mark the node Θ as processed and proceed to step 2.
4. If Θ is not degenerate, then, for each fi ∈ E(Θ), draw a bundle of edges from the node Θ. Let E(Θ, fi) =
{a1, . . . , ak}. Then draw k edges from Θ and label these edges with systems of equations { fi = a1}, . . . , { fi = ak}.
These edges enter nodes Θ{ fi = a1}, . . . , Θ{ fi = ak}, respectively. If some of the nodes Θ{ fi = a1}, . . . ,Θ{ fi = ak}
are not present in the graph, then add these nodes to it. Mark the node Θ as processed and return to step 2.

The following statement about time complexity of the algorithm B0 follows immediately from Proposition 3.3 [1].

Proposition 1. The time complexity of the algorithm B0 is bounded from above by a polynomial on the size of the
input table T and the number |S EP(T )| of different separable subtables of T .

Note that, in Sect. 3.4 of the book [1], classes of decision tables are described for each of which the number of
separable subtables of decision tables from the class is bounded from above by a polynomial on the number of columns
in the tables.

5. Minimizing the Number of Realizable Nodes in Decision Trees

Let T be a nonempty decision table with n conditional attributes f1, . . . , fn. We can use the DAG ∆(T ) to compute
values L(1)(T ) , . . . , L(5)(T ). Let t ∈ {1, . . . , 5}. To find the value L(t)(T ), we compute the value L(t)(Θ) for each node
Θ of the DAG ∆(T ). It will be convenient for us to consider not only subtables that are nodes of ∆(T ) but also empty
subtable Λ of T and subtables Tr that contain only one row r of T and are not nodes of ∆(T ). We begin with these
special subtables and terminal nodes of ∆(T ) (nodes without leaving edges) that are degenerate separable subtables of
T and step-by-step move to the table T .

Let Θ be a terminal node of ∆(T ) or Θ = Tr for some row r of T . Then L(t)(Θ) = 1: the decision tree that contains
only one node labeled with the decision attached to all rows of Θ is a decision tree for Θ. The only node of this tree is
realizable relative to Θ. If Θ = Λ, then L(t)(Θ) = 0: the decision tree that contains only one node labeled with 0 will
be considered as a decision tree for Λ. The only node of this tree is not realizable relative to Λ.
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We denote F(T ) = { f1, . . . , fn} and denote by D(T ) the set of decisions attached to rows of T . For any conditional
attribute fi ∈ F(T ), we denote by E(T, fi) the set of values of the attribute fi in the table T . We denote by E(T ) the set
of conditional attributes of T for which |E(T, fi)| ≥ 2.

A system of equations over T is an arbitrary equation system of the kind { fi1 = δ1, . . . , fim = δm}, where m ∈ ω,
fi1 , . . . , fim ∈ F(T ), and δ1 ∈ E(T, fi1 ), . . . , δm ∈ E(T, fim ) (if m = 0, then the considered equation system is empty).

Let T be a nonempty table. A subtable of T is a table obtained from T by removal of some rows. We correspond to
each equation system S over T a subtable TS of the table T . If the system S is empty, then TS = T . Let S be nonempty
and S = { fi1 = δ1, . . . , fim = δm}. Then TS is the subtable of the table T containing the rows from T , which in the
intersection with the columns fi1 , . . . , fim have numbers δ1, . . . , δm, respectively. Such nonempty subtables, including
the table T , are called separable subtables of T . We denote by S EP(T ) the set of separable subtables of the table T .

3. Decision Trees

Let T be a nonempty decision table with n conditional attributes f1, . . . , fn. We consider decision trees with two
types of queries. We can choose an attribute fi ∈ F(T ) = { f1, . . . , fn} and ask about its value. This query has the
following possible answers: { fi = δ}, δ ∈ E(T, fi). We can formulate a hypothesis over T in the form H = { f1 =
δ1, . . . , fn = δn}, where δ1 ∈ E(T, f1), . . . , δn ∈ E(T, fn), and ask about this hypothesis. This query has the following
set of possible answers: A(H) = {H, { f1 = σ1}, . . . , { fn = σn} : σ1 ∈ E(T, f1) \ {δ1}, ..., σn ∈ E(T, fn) \ {δn}}. The
answer H means that the hypothesis is true. Other answers are counterexamples. The hypothesis H is called proper
for T if (δ1, . . . , δn) is a row of the table T .

A decision tree over T is a marked finite directed tree with the root in which

• Each terminal node is labeled with a number from the set D(T ) ∪ {0}.
• Each node, which is not terminal (such nodes are called working), is labeled with an attribute from the set F(T )

or with a hypothesis over T .
• If a working node is labeled with an attribute fi from F(T ), then, for each possible answer { fi(x) = δ}, δ ∈

E(T, fi), there is exactly one edge labeled with this answer, which leave this node and there are no any other
edges leaving this node.
• If a working node is labeled with a hypothesis H = { f1 = δ1, . . . , fn = δn} over T , then, for each possible answer

from the set A(H), there is exactly one edge labeled with this answer, which leave this node and there are no
any other edges leaving this node.

Let Γ be a decision tree over T and v be a node of Γ. We now define an equation system S (Γ, v) over T associated
with the node v. We denote by ξ the directed path from the root of Γ to the node v. If there are no working nodes in ξ,
then S (Γ, v) is the empty system. Otherwise, S (Γ, v) is the union of equation systems attached to the edges of the path
ξ.

A decision tree Γ over T is called a decision tree for T if, for any node v of Γ,

• The node v is terminal if and only if the subtable TS (Γ, v) is degenerate.
• If v is a terminal node and the subtable TS (Γ, v) is empty, then the node v is labeled with the decision 0.
• If v is a terminal node and the subtable TS (Γ, v) is nonempty, then the node v is labeled with the decision

attached to all rows of TS (Γ, v).

Let Γ be a decision tree for T . As the space complexity of the decision tree Γ, we consider the number of its
realizable relative to T nodes. A node v of Γ is called realizable relative to T if and only if the subtable TS (Γ, v) is
nonempty. We denote by L(T, Γ) the number of nodes in Γ that are realizable relative to T . Note that all working nodes
of Γ are realizable relative to T .

We will use the following notation:

• L(1)(T ) is the minimum number of nodes realizable relative to T in a decision tree for T , which uses only
attributes from F(T ).

• L(2)(T ) is the minimum number of nodes realizable relative to T in a decision tree for T , which uses only
hypotheses over T .
• L(3)(T ) is the minimum number of nodes realizable relative to T in a decision tree for T , which uses both

attributes from F(T ) and hypotheses over T .
• L(4)(T ) is the minimum number of nodes realizable relative to T in a decision tree for T , which uses only proper

hypotheses over T .
• L(5)(T ) is the minimum number of nodes realizable relative to T in a decision tree for T , which uses both

attributes from F(T ) and proper hypotheses over T .

4. Construction of Directed Acyclic Graph ∆(T)

Let T be a nonempty decision table with n conditional attributes f1, . . . , fn. We now consider an algorithm B0 for
the construction of a directed acyclic graph (DAG) ∆(T ), which will be used for the study of decision trees. Nodes of
this graph are some separable subtables of the table T . During each iteration we process one node. We start with the
graph that consists of one node T , which is not processed and finish when all nodes of the graph are processed.

Algorithm B0 (construction of DAG ∆(T )).

Input: A nonempty decision table T with n conditional attributes f1, . . . , fn.

Output: Directed acyclic graph ∆(T ).

1. Construct the graph that consists of one node T , which is not marked as processed.
2. If all nodes of the graph are processed, then the algorithm halts and returns the resulting graph as ∆(T ). Otherwise,

choose a node (table) Θ that has not been processed yet.
3. If Θ is degenerate, then mark the node Θ as processed and proceed to step 2.
4. If Θ is not degenerate, then, for each fi ∈ E(Θ), draw a bundle of edges from the node Θ. Let E(Θ, fi) =
{a1, . . . , ak}. Then draw k edges from Θ and label these edges with systems of equations { fi = a1}, . . . , { fi = ak}.
These edges enter nodes Θ{ fi = a1}, . . . , Θ{ fi = ak}, respectively. If some of the nodes Θ{ fi = a1}, . . . ,Θ{ fi = ak}
are not present in the graph, then add these nodes to it. Mark the node Θ as processed and return to step 2.

The following statement about time complexity of the algorithm B0 follows immediately from Proposition 3.3 [1].

Proposition 1. The time complexity of the algorithm B0 is bounded from above by a polynomial on the size of the
input table T and the number |S EP(T )| of different separable subtables of T .

Note that, in Sect. 3.4 of the book [1], classes of decision tables are described for each of which the number of
separable subtables of decision tables from the class is bounded from above by a polynomial on the number of columns
in the tables.

5. Minimizing the Number of Realizable Nodes in Decision Trees

Let T be a nonempty decision table with n conditional attributes f1, . . . , fn. We can use the DAG ∆(T ) to compute
values L(1)(T ) , . . . , L(5)(T ). Let t ∈ {1, . . . , 5}. To find the value L(t)(T ), we compute the value L(t)(Θ) for each node
Θ of the DAG ∆(T ). It will be convenient for us to consider not only subtables that are nodes of ∆(T ) but also empty
subtable Λ of T and subtables Tr that contain only one row r of T and are not nodes of ∆(T ). We begin with these
special subtables and terminal nodes of ∆(T ) (nodes without leaving edges) that are degenerate separable subtables of
T and step-by-step move to the table T .

Let Θ be a terminal node of ∆(T ) or Θ = Tr for some row r of T . Then L(t)(Θ) = 1: the decision tree that contains
only one node labeled with the decision attached to all rows of Θ is a decision tree for Θ. The only node of this tree is
realizable relative to Θ. If Θ = Λ, then L(t)(Θ) = 0: the decision tree that contains only one node labeled with 0 will
be considered as a decision tree for Λ. The only node of this tree is not realizable relative to Λ.
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Let Θ be a nonterminal node of ∆(T ) such that, for each child Θ′ of Θ, we already know the value L(t)(Θ′). Based
on this information, we can find the minimum number of realizable relative to Θ nodes in a decision tree for Θ, which
uses for the subtables corresponding to children of the root decision trees of the type t and in which the root is labeled

• With an attribute from F(T ) (we denote by L(t)
a (Θ) the minimum number of realizable relative to Θ nodes in

such a decision tree).
• With a hypothesis over T (we denote by L(t)

h (Θ) the minimum number of realizable relative to Θ nodes in such
a decision tree).
• With a proper hypothesis over T (we denote by L(t)

p (Θ) the minimum number of realizable relative to Θ nodes
in such a decision tree).

We now describe three procedures for computing the values L(t)
a (Θ), L(t)

h (Θ), and L(t)
p (Θ), respectively. Since Θ is

nondegenerate, the set E(Θ) is nonempty.
Let us consider a decision tree Γ( fi) for Θ in which the root is labeled with an attribute fi ∈ E(Θ). For each

δ ∈ E(T, fi), there is an edge that leaves the root and enters a node v(δ). This edge is labeled with the equation system
{ fi = δ}. The node v(δ) is the root of a decision tree of the type t for Θ{ fi = δ} for which the number of realizable
relative to Θ{ fi = δ} nodes is equal to L(t)(Θ{ fi = δ}). It is clear that L(Θ, Γ( fi)) = 1 +

∑
δ∈E(T, fi) L(t)(Θ{ fi = δ}). Since

L(t)(Θ{ fi = δ}) = L(t)(Λ) = 0 for any δ ∈ E(T, fi) \ E(Θ, fi),

L(Θ, Γ( fi)) = 1 +
∑

δ∈E(Θ, fi)

L(t)(Θ{ fi = δ}). (1)

It is clear that, for any δ ∈ E(Θ, fi), the subtable Θ{ fi = δ} is a child of Θ in the DAG ∆(T ), i.e., we know the value
L(t)(Θ{ fi = δ}). One can show that L(Θ, Γ( fi)) is the minimum number of realizable relative to Θ nodes in a decision
tree for Θ, which uses for the subtables corresponding to children of the root decision trees of the type t and in which
the root is labeled with the attribute fi.

We should not consider attributes fi ∈ F(T ) \ E(Θ) since, for each such attribute, there is δ ∈ E(T, fi) with
Θ{ fi = δ} = Θ, i.e., based on this attribute we cannot construct an optimal decision tree for Θ. As a result, we have

L(t)
a (Θ) = min{L(Θ, Γ( fi)) : fi ∈ E(Θ)}. (2)

Computation of L(t)
a (Θ). Construct the set of attributes E(Θ). For each attribute fi ∈ E(Θ), compute the value

L(Θ, Γ( fi)) using (1). Compute the value L(t)
a (Θ) using (2).

Remark 1. Let Θ be a nonterminal node of the DAG ∆(T ) such that, for each child Θ′ of Θ, we already know the
value L(t)(Θ′). Then the procedure of computation of the value L(t)

a (Θ) has polynomial time complexity depending on
the size of decision table T .

A hypothesis H = { f1 = δ1, . . . , fn = δn} over T is called admissible for Θ and an attribute fi ∈ F(T ) = { f1, . . . , fn}
if, for any σ ∈ E(T, fi) \ {δi}, Θ{ fi = σ} � Θ. The hypothesis H is not admissible for Θ and an attribute fi ∈ F(T ) if
and only if |E(Θ, fi)| = 1 and δi � E(Θ, fi). The hypothesis H is called admissible for Θ if it is admissible for Θ and
any attribute fi ∈ F(T ).

Let us consider a decision tree Γ(H) for Θ in which the root is labeled with an admissible for Θ hypothesis H =
{ f1 = δ1, . . . , fn = δn}. The set of answers for the query corresponding to the hypothesis H is equal to A(H) = {H, { f1 =
σ1}, . . . , { fn = σn} : σ1 ∈ E(T, f1) \ {δ1}, ..., σn ∈ E(T, fn) \ {δn}}. For each S ∈ A(H), there is an edge that leaves the
root of Γ(H) and enters a node v(S ). This edge is labeled with the equation system S . The node v(S ) is the root of a
decision tree of the type t for ΘS , for which the number of realizable relative to ΘS nodes is equal to L(t)(ΘS ). It is
clear that L(Θ, Γ(H)) = 1 +

∑
S∈A(H) L(t)(ΘS ).

Denote r = (δ1, . . . , δn). It is easy to show that ΘH = Λ if r is not a row of Θ and ΘH = Tr if r is a row of Θ.
Therefore

L(t)(ΘH) =
{

0, if r is not a row of Θ,
1, if r is a row of Θ. (3)

Since H is admissible for Θ, E(Θ, fi) \ {δi} = ∅ for any attribute fi ∈ F(T ) \ E(Θ). It is clear that Θ{ fi = σ} = Λ and
L(t)(Θ{ fi = σ}) = 0 for any attribute fi ∈ E(Θ) and any σ ∈ E(T, fi) \ {δi} such that σ � E(Θ, fi). Therefore

L(Θ, Γ(H)) = L(t)(ΘH) + K(Θ,H), (4)

where

K(Θ,H) = 1 +
∑

fi∈E(Θ),σ∈E(Θ, fi)\{δi}
L(t)(Θ{ fi = σ}). (5)

It is clear that, for any fi ∈ E(Θ) and any σ ∈ E(Θ, fi) \ {δi}, the subtable Θ{ fi = σ} is a child of Θ in the DAG
∆(T ), i.e., we know the value L(t)(Θ{ fi = σ}). It is easy to show that L(Θ, Γ(H)) is the minimum number of realizable
relative to Θ nodes in a decision tree for Θ, which uses for the subtables corresponding to children of the root decision
trees of the type t and in which the root is labeled with the admissible for Θ hypothesis H.

We should not consider hypotheses that are not admissible for Θ since, for each such hypothesis H for correspond-
ing query, there is an answer S ∈ A(H) with ΘS = Θ, i.e., based on this hypothesis we cannot construct an optimal
decision tree for Θ. As a result, we have

L(t)
h (Θ) = min{L(Θ, Γ(H)) : H ∈ Adm(Θ)}, (6)

where Adm(Θ) is the set of admissible hypotheses for Θ.
For each fi ∈ { f1, . . . , fn}, denote ai(Θ) = max{L(t)(Θ{ fi = σ}) : σ ∈ E(Θ, fi)} and C(Θ, fi) = {σ ∈ E(Θ, fi) :

L(t)(Θ{ fi = σ}) = ai(Θ)}. Set C(Θ) = C(Θ, f1) × · · · × C(Θ, fn). It is clear that, for each δ̄ = (δ1, . . . , δn) ∈ C(Θ), the
hypothesis Hδ̄ = { f1 = δ1, . . . , fn = δn} is admissible for Θ. Simple analysis of (5) shows that the set {Hδ̄ : δ̄ ∈ C(Θ)}
coincides with the set of admissible for Θ hypotheses H that minimize the value K(Θ,H). Denote Kmin = K(Θ,Hδ̄),
where δ̄ ∈ C(Θ).

Let there be a tuple δ̄ ∈ C(Θ), which is not a row of Θ. Then L(t)(ΘHδ̄) = 0 and L(t)
h (Θ) = Kmin. Let all tuples from

C(Θ) be rows ofΘ. We now show that L(t)
h (Θ) = 1+Kmin. For any δ̄ ∈ C(Θ), we have L(Θ, Γ(Hδ̄)) = 1+Kmin. Therefore

L(t)
h (Θ) ≤ 1 + Kmin. Let us assume that L(t)

h (Θ) < 1 + Kmin. Then, by (6), there exists an admissible for Θ hypothesis
H = { f1 = σ1, . . . , fn = σn} for which (σ1, . . . , σn) � C(Θ) and L(Θ, Γ(H)) < 1 + Kmin, but this is impossible since,
according to (4), L(Θ, Γ(H)) ≥ K(Θ,H) ≥ Kmin + 1.

As a result, we have L(t)
h (Θ) = Kmin if not all tuples from C(Θ) are rows of Θ, and L(t)

h (Θ) = 1 + Kmin if all tuples
from C(Θ) are rows of Θ.
Computation of L(t)

h (Θ). For each fi ∈ { f1, . . . , fn}, we compute the value ai(Θ) = max{L(t)(Θ{ fi = σ}) : σ ∈ E(Θ, fi)}
and construct the set C(Θ, fi) = {σ ∈ E(Θ, fi) : L(t)(Θ{ fi = σ}) = ai(Θ)}. For a tuple δ̄ ∈ C(Θ) = C(Θ, f1) × · · · ×
C(Θ, fn), using (5) we compute the value Kmin = K(Θ,Hδ̄). Then we count the number N of rows from Θ that belong
to the set C(Θ) and compute the cardinality |C(Θ)| of the set C(Θ) that is equal to |C(Θ, f1)| · . . . · |C(Θ, fn)|. As a result,
we have L(t)

h (Θ) = Kmin if N < |C(Θ)| and L(t)
h (Θ) = 1 + Kmin if N = |C(Θ)|.
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Let Θ be a nonterminal node of ∆(T ) such that, for each child Θ′ of Θ, we already know the value L(t)(Θ′). Based
on this information, we can find the minimum number of realizable relative to Θ nodes in a decision tree for Θ, which
uses for the subtables corresponding to children of the root decision trees of the type t and in which the root is labeled

• With an attribute from F(T ) (we denote by L(t)
a (Θ) the minimum number of realizable relative to Θ nodes in

such a decision tree).
• With a hypothesis over T (we denote by L(t)

h (Θ) the minimum number of realizable relative to Θ nodes in such
a decision tree).
• With a proper hypothesis over T (we denote by L(t)

p (Θ) the minimum number of realizable relative to Θ nodes
in such a decision tree).

We now describe three procedures for computing the values L(t)
a (Θ), L(t)

h (Θ), and L(t)
p (Θ), respectively. Since Θ is

nondegenerate, the set E(Θ) is nonempty.
Let us consider a decision tree Γ( fi) for Θ in which the root is labeled with an attribute fi ∈ E(Θ). For each

δ ∈ E(T, fi), there is an edge that leaves the root and enters a node v(δ). This edge is labeled with the equation system
{ fi = δ}. The node v(δ) is the root of a decision tree of the type t for Θ{ fi = δ} for which the number of realizable
relative to Θ{ fi = δ} nodes is equal to L(t)(Θ{ fi = δ}). It is clear that L(Θ, Γ( fi)) = 1 +

∑
δ∈E(T, fi) L(t)(Θ{ fi = δ}). Since

L(t)(Θ{ fi = δ}) = L(t)(Λ) = 0 for any δ ∈ E(T, fi) \ E(Θ, fi),

L(Θ, Γ( fi)) = 1 +
∑

δ∈E(Θ, fi)

L(t)(Θ{ fi = δ}). (1)

It is clear that, for any δ ∈ E(Θ, fi), the subtable Θ{ fi = δ} is a child of Θ in the DAG ∆(T ), i.e., we know the value
L(t)(Θ{ fi = δ}). One can show that L(Θ, Γ( fi)) is the minimum number of realizable relative to Θ nodes in a decision
tree for Θ, which uses for the subtables corresponding to children of the root decision trees of the type t and in which
the root is labeled with the attribute fi.

We should not consider attributes fi ∈ F(T ) \ E(Θ) since, for each such attribute, there is δ ∈ E(T, fi) with
Θ{ fi = δ} = Θ, i.e., based on this attribute we cannot construct an optimal decision tree for Θ. As a result, we have

L(t)
a (Θ) = min{L(Θ, Γ( fi)) : fi ∈ E(Θ)}. (2)

Computation of L(t)
a (Θ). Construct the set of attributes E(Θ). For each attribute fi ∈ E(Θ), compute the value

L(Θ, Γ( fi)) using (1). Compute the value L(t)
a (Θ) using (2).

Remark 1. Let Θ be a nonterminal node of the DAG ∆(T ) such that, for each child Θ′ of Θ, we already know the
value L(t)(Θ′). Then the procedure of computation of the value L(t)

a (Θ) has polynomial time complexity depending on
the size of decision table T .

A hypothesis H = { f1 = δ1, . . . , fn = δn} over T is called admissible for Θ and an attribute fi ∈ F(T ) = { f1, . . . , fn}
if, for any σ ∈ E(T, fi) \ {δi}, Θ{ fi = σ} � Θ. The hypothesis H is not admissible for Θ and an attribute fi ∈ F(T ) if
and only if |E(Θ, fi)| = 1 and δi � E(Θ, fi). The hypothesis H is called admissible for Θ if it is admissible for Θ and
any attribute fi ∈ F(T ).

Let us consider a decision tree Γ(H) for Θ in which the root is labeled with an admissible for Θ hypothesis H =
{ f1 = δ1, . . . , fn = δn}. The set of answers for the query corresponding to the hypothesis H is equal to A(H) = {H, { f1 =
σ1}, . . . , { fn = σn} : σ1 ∈ E(T, f1) \ {δ1}, ..., σn ∈ E(T, fn) \ {δn}}. For each S ∈ A(H), there is an edge that leaves the
root of Γ(H) and enters a node v(S ). This edge is labeled with the equation system S . The node v(S ) is the root of a
decision tree of the type t for ΘS , for which the number of realizable relative to ΘS nodes is equal to L(t)(ΘS ). It is
clear that L(Θ, Γ(H)) = 1 +

∑
S∈A(H) L(t)(ΘS ).

Denote r = (δ1, . . . , δn). It is easy to show that ΘH = Λ if r is not a row of Θ and ΘH = Tr if r is a row of Θ.
Therefore

L(t)(ΘH) =
{

0, if r is not a row of Θ,
1, if r is a row of Θ. (3)

Since H is admissible for Θ, E(Θ, fi) \ {δi} = ∅ for any attribute fi ∈ F(T ) \ E(Θ). It is clear that Θ{ fi = σ} = Λ and
L(t)(Θ{ fi = σ}) = 0 for any attribute fi ∈ E(Θ) and any σ ∈ E(T, fi) \ {δi} such that σ � E(Θ, fi). Therefore

L(Θ, Γ(H)) = L(t)(ΘH) + K(Θ,H), (4)

where

K(Θ,H) = 1 +
∑

fi∈E(Θ),σ∈E(Θ, fi)\{δi}
L(t)(Θ{ fi = σ}). (5)

It is clear that, for any fi ∈ E(Θ) and any σ ∈ E(Θ, fi) \ {δi}, the subtable Θ{ fi = σ} is a child of Θ in the DAG
∆(T ), i.e., we know the value L(t)(Θ{ fi = σ}). It is easy to show that L(Θ, Γ(H)) is the minimum number of realizable
relative to Θ nodes in a decision tree for Θ, which uses for the subtables corresponding to children of the root decision
trees of the type t and in which the root is labeled with the admissible for Θ hypothesis H.

We should not consider hypotheses that are not admissible for Θ since, for each such hypothesis H for correspond-
ing query, there is an answer S ∈ A(H) with ΘS = Θ, i.e., based on this hypothesis we cannot construct an optimal
decision tree for Θ. As a result, we have

L(t)
h (Θ) = min{L(Θ, Γ(H)) : H ∈ Adm(Θ)}, (6)

where Adm(Θ) is the set of admissible hypotheses for Θ.
For each fi ∈ { f1, . . . , fn}, denote ai(Θ) = max{L(t)(Θ{ fi = σ}) : σ ∈ E(Θ, fi)} and C(Θ, fi) = {σ ∈ E(Θ, fi) :

L(t)(Θ{ fi = σ}) = ai(Θ)}. Set C(Θ) = C(Θ, f1) × · · · × C(Θ, fn). It is clear that, for each δ̄ = (δ1, . . . , δn) ∈ C(Θ), the
hypothesis Hδ̄ = { f1 = δ1, . . . , fn = δn} is admissible for Θ. Simple analysis of (5) shows that the set {Hδ̄ : δ̄ ∈ C(Θ)}
coincides with the set of admissible for Θ hypotheses H that minimize the value K(Θ,H). Denote Kmin = K(Θ,Hδ̄),
where δ̄ ∈ C(Θ).

Let there be a tuple δ̄ ∈ C(Θ), which is not a row of Θ. Then L(t)(ΘHδ̄) = 0 and L(t)
h (Θ) = Kmin. Let all tuples from

C(Θ) be rows ofΘ. We now show that L(t)
h (Θ) = 1+Kmin. For any δ̄ ∈ C(Θ), we have L(Θ, Γ(Hδ̄)) = 1+Kmin. Therefore

L(t)
h (Θ) ≤ 1 + Kmin. Let us assume that L(t)

h (Θ) < 1 + Kmin. Then, by (6), there exists an admissible for Θ hypothesis
H = { f1 = σ1, . . . , fn = σn} for which (σ1, . . . , σn) � C(Θ) and L(Θ, Γ(H)) < 1 + Kmin, but this is impossible since,
according to (4), L(Θ, Γ(H)) ≥ K(Θ,H) ≥ Kmin + 1.

As a result, we have L(t)
h (Θ) = Kmin if not all tuples from C(Θ) are rows of Θ, and L(t)

h (Θ) = 1 + Kmin if all tuples
from C(Θ) are rows of Θ.
Computation of L(t)

h (Θ). For each fi ∈ { f1, . . . , fn}, we compute the value ai(Θ) = max{L(t)(Θ{ fi = σ}) : σ ∈ E(Θ, fi)}
and construct the set C(Θ, fi) = {σ ∈ E(Θ, fi) : L(t)(Θ{ fi = σ}) = ai(Θ)}. For a tuple δ̄ ∈ C(Θ) = C(Θ, f1) × · · · ×
C(Θ, fn), using (5) we compute the value Kmin = K(Θ,Hδ̄). Then we count the number N of rows from Θ that belong
to the set C(Θ) and compute the cardinality |C(Θ)| of the set C(Θ) that is equal to |C(Θ, f1)| · . . . · |C(Θ, fn)|. As a result,
we have L(t)

h (Θ) = Kmin if N < |C(Θ)| and L(t)
h (Θ) = 1 + Kmin if N = |C(Θ)|.
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Remark 2. Let Θ be a nonterminal node of the DAG ∆(T ) such that, for each child Θ′ of Θ, we already know the
value L(t)(Θ′). Then the procedure of computation of the value L(t)

h (Θ) has polynomial time complexity depending on
the size of decision table T .

Computation of L(t)
p (Θ). For each row r = (δ1, . . . , δn) of the decision table T , we check if the corresponding proper

hypothesis Hr = { f1 = δ1, . . . , fn = δn} is admissible for Θ. For each admissible for Θ proper hypothesis Hr, we
compute the value L(Θ, Γ(Hr)) using (3), (4), and (5). One can show that the minimum among the obtained numbers
is equal to L(t)

p (Θ).

Remark 3. Let Θ be a nonterminal node of the DAG ∆(T ) such that, for each child Θ′ of Θ, we already know the
value L(t)(Θ′). Then the procedure of computation of the value L(t)

p (Θ) has polynomial time complexity depending on
the size of decision table T .

For t = 1, . . . , 5, we describe an algorithm Bt that, for a given decision table T , calculates the value L(t)(T ), which
is the minimum number of nodes realizable relative to T in a decision tree of the type t for the table T . During the
work of this algorithm, we find for each node Θ of the DAG ∆(T ) the value L(t)(Θ).

Algorithm Bt (computation of L(t)(T )).

Input: A nonempty decision table T and the directed acyclic graph ∆(T ).

Output: The value L(t)(T ).

1. If a number is attached to each node of the DAG, then return the number attached to the node T as L(t)(T ) and
halt the algorithm. Otherwise, choose a node Θ of the graph ∆(T ) without attached number, which is either a
terminal node of ∆(T ) or a nonterminal node of ∆(T ) for which all children have attached numbers.

2. If Θ is a terminal node, then attach to it the number h(t)(Θ) = 1 and proceed to step 1.
3. If Θ is not a terminal node, then depending on the value t do the following:

• In the case t = 1, compute the value L(1)
a (Θ) and attach to Θ the value L(1)(Θ) = L(1)

a (Θ).
• In the case t = 2, compute the value L(2)

h (Θ) and attach to Θ the value L(2)(Θ) = L(2)
h (Θ).

• In the case t = 3, compute the values L(3)
a (Θ) and L(3)

h (Θ), and attach to Θ the value L(3)(Θ) =
min{L(3)

a (Θ), L(3)
h (Θ)}.

• In the case t = 4, compute the value L(4)
p (Θ) and attach to Θ the value L(4)(Θ) = L(4)

p (Θ).
• In the case t = 5, compute the values L(5)

a (Θ) and L(5)
p (Θ), and attach to Θ the value L(5)(Θ) =

min{L(5)
a (Θ), L(5)

p (Θ)}.

Proceed to step 1.

Using Remarks 1–3 one can prove the following statement.

Proposition 2. For t = 1, . . . , 5, the time complexity of the algorithm Bt is bounded from above by a polynomial on
the size of the input table T and the number |S EP(T )| of different separable subtables of T .

6. Results of Experiments

We make experiments with eight decision tables from the UCI ML Repository [8]. Results are represented in Table
1. The first three columns contain the information about the considered decision table T : its name, the number of rows,
and the number of conditional attributes. The last five columns contain values L(1)(T ), . . . , L(5)(T ) (minimum values
for each decision table are in bold).

Decision trees with the minimum number of realizable nodes using attributes (type 1) are optimal for 4 decision
tables, using hypotheses (type 2) are optimal for 0 tables, using attributes and hypotheses (type 3) are optimal for 8

Table 1. Experimental results for decision tables from [8]

Decision Number of Number of L(1)(T ) L(2)(T ) L(3)(T ) L(4)(T ) L(5)(T )
table T rows attributes

balance-scale 625 5 501 5234 499 5234 499
breast-cancer 266 10 161 18061 159 24226 159
cars 1728 7 396 65250 391 65250 391
hayes-roth-data 69 5 52 317 52 338 52
nursery 12960 9 1066 12625955 1061 12625955 1061
soybean-small 47 36 6 4839 6 21251 6
tic-tac-toe 958 10 244 154311 244 468447 244
zoo-data 59 17 17 1370 17 2847 17

Average 305.38 1609417.13 303.63 1651693.50 303.63

tables, using proper hypotheses (type 4) are optimal for 0 tables, using attributes and proper hypotheses (type 5) are
optimal for 8 tables.

Decision trees of the types 3 and 5 can be a bit better than the decision trees of the type 1. Decision trees of the
types 2 and 4 are far from the optimal.

For the decision tables hayes-roth-data, soybean-small, tic-tac-toe, and zoo-data, we must use attributes to con-
struct optimal decision trees. For these table, it is enough to use only attributes. For the rest of the considered decision
tables, we must use both attributes and hypotheses to construct optimal decision trees. For these tables, it is enough to
use attributes and proper hypotheses.

For n = 3, . . . , 6, we generate randomly 100 Boolean functions with n variables. We represent each Boolean
function with n variables as a decision table with n columns labeled with these variables and with 2n rows that are
all possible n-tuples of values of the variables. Each row is labeled with the decision that is the value of the function
on the corresponding n-tuple. For each function, using its decision table representation, we find the minimum number
of realizable nodes in a decision tree of the type t computing this function, t = 1, . . . , 5. For each Boolean function,
each hypothesis over the decision table representing it is proper. Therefore, for each Boolean function, L(2) = L(4) and
L(3) = L(5).

Results of experiments are represented in Table 2. The first column contains the number of variables in the consid-
ered Boolean functions. The last five columns contain information about values L(1), . . . , L(5) in the format minAvgmax.

Table 2. Experimental results for Boolean functions

Number of L(1) L(2) L(3) L(4) L(5)

variables n

3 58.408213 512.377622 57.398012 512.377622 57.398012
4 916.260025 1443.890066 814.590025 1443.890066 814.590025
5 1730.420041 113201.9500283 1727.830039 113201.9500283 1727.830039
6 4958.940077 6381057.16001406 4654.130071 6381057.16001406 4654.130071

From the obtained results it follows that, in general case, the decision trees of the types 3 and 5 are slightly better
than the decision trees of the type 1, and the decision trees of the types 2 and 4 are far from the optimal.

7. Conclusions

In this paper, we studied modified decision trees that use queries based on one attribute each and queries based on
hypotheses about values of all attributes. We proposed dynamic programming algorithms for the minimization of the
number of realizable nodes in such decision trees and considered results of computer experiments. In the future, we
are planning to study both the depth and the number of realizable nodes in the modified decision trees.
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Algorithm Bt (computation of L(t)(T )).

Input: A nonempty decision table T and the directed acyclic graph ∆(T ).

Output: The value L(t)(T ).

1. If a number is attached to each node of the DAG, then return the number attached to the node T as L(t)(T ) and
halt the algorithm. Otherwise, choose a node Θ of the graph ∆(T ) without attached number, which is either a
terminal node of ∆(T ) or a nonterminal node of ∆(T ) for which all children have attached numbers.

2. If Θ is a terminal node, then attach to it the number h(t)(Θ) = 1 and proceed to step 1.
3. If Θ is not a terminal node, then depending on the value t do the following:

• In the case t = 1, compute the value L(1)
a (Θ) and attach to Θ the value L(1)(Θ) = L(1)

a (Θ).
• In the case t = 2, compute the value L(2)

h (Θ) and attach to Θ the value L(2)(Θ) = L(2)
h (Θ).

• In the case t = 3, compute the values L(3)
a (Θ) and L(3)

h (Θ), and attach to Θ the value L(3)(Θ) =
min{L(3)
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h (Θ)}.

• In the case t = 4, compute the value L(4)
p (Θ) and attach to Θ the value L(4)(Θ) = L(4)
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a (Θ) and L(5)
p (Θ), and attach to Θ the value L(5)(Θ) =

min{L(5)
a (Θ), L(5)

p (Θ)}.

Proceed to step 1.

Using Remarks 1–3 one can prove the following statement.

Proposition 2. For t = 1, . . . , 5, the time complexity of the algorithm Bt is bounded from above by a polynomial on
the size of the input table T and the number |S EP(T )| of different separable subtables of T .

6. Results of Experiments

We make experiments with eight decision tables from the UCI ML Repository [8]. Results are represented in Table
1. The first three columns contain the information about the considered decision table T : its name, the number of rows,
and the number of conditional attributes. The last five columns contain values L(1)(T ), . . . , L(5)(T ) (minimum values
for each decision table are in bold).

Decision trees with the minimum number of realizable nodes using attributes (type 1) are optimal for 4 decision
tables, using hypotheses (type 2) are optimal for 0 tables, using attributes and hypotheses (type 3) are optimal for 8

Table 1. Experimental results for decision tables from [8]

Decision Number of Number of L(1)(T ) L(2)(T ) L(3)(T ) L(4)(T ) L(5)(T )
table T rows attributes
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tables, using proper hypotheses (type 4) are optimal for 0 tables, using attributes and proper hypotheses (type 5) are
optimal for 8 tables.

Decision trees of the types 3 and 5 can be a bit better than the decision trees of the type 1. Decision trees of the
types 2 and 4 are far from the optimal.

For the decision tables hayes-roth-data, soybean-small, tic-tac-toe, and zoo-data, we must use attributes to con-
struct optimal decision trees. For these table, it is enough to use only attributes. For the rest of the considered decision
tables, we must use both attributes and hypotheses to construct optimal decision trees. For these tables, it is enough to
use attributes and proper hypotheses.

For n = 3, . . . , 6, we generate randomly 100 Boolean functions with n variables. We represent each Boolean
function with n variables as a decision table with n columns labeled with these variables and with 2n rows that are
all possible n-tuples of values of the variables. Each row is labeled with the decision that is the value of the function
on the corresponding n-tuple. For each function, using its decision table representation, we find the minimum number
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From the obtained results it follows that, in general case, the decision trees of the types 3 and 5 are slightly better
than the decision trees of the type 1, and the decision trees of the types 2 and 4 are far from the optimal.

7. Conclusions

In this paper, we studied modified decision trees that use queries based on one attribute each and queries based on
hypotheses about values of all attributes. We proposed dynamic programming algorithms for the minimization of the
number of realizable nodes in such decision trees and considered results of computer experiments. In the future, we
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