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ABSTRACT

Transport and Confinement in Bilayer Chiral Borophene

Hassan Albuhairan

We employ a four-band continuum model to study the transport and confinement in

an n-p-n junction in bilayer chiral borophene for both the identical- and opposite-

chirality configurations. The conditions for transport and confinement are elucidated

in terms of the pseudospin. We study the transmission and reflection probabilities,

conductances, and bound states. We demonstrate the existence of topological states

in a domain wall between domains of opposite-chirality bilayer chiral borophene with

reversed layer stacking. We find that changing the interlayer bias modifies the con-

ductance of the identical-chirality configuration but not that of the opposite-chirality

configuration, and that it induces a layer localization of the bound and topological

states. Our findings suggest paths towards utilization of the layer degree of freedom

in bilayer chiral borophene in future electronic devices.
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Chapter 1

Introduction

1.1 Background

The successful synthesis and discovery of graphene [2] was a turning point for the

scientific research in material science, physics, and chemistry [3, 4]. Due to its superior

properties[5, 1, 6], this pioneer two-dimensional material has shown, from the very

early beginnings, a great promise for realizing novel technological applications and

for investigating fundamental theories of science alike [3, 4].

Graphene was only the beginning. It did not take long for researchers to start seek-

ing other two-dimensional materials. Besides carbon, the family of elemental two-

dimensional materials include, among others, silicion (silicene), phosphorous (phos-

phorene), germanium (germanene), and boron (borophene), which come in distinct

properties and various phases [7, 8]. Furthermore, there is a large class of two-

dimensional materials known as transition metal dichalcogenides (TMDs), which

consists of over 40 compounds with the generalized formula of MX2, where M is

a transition metal typically from groups 4–7, and X is a chalcogen such as S, Se

or Te [9, 10]. Note also that the number of layers as well as how these layers are

stacked yield different materials, which further expand the number of possible two-

dimensional materials. Therefore, it comes up as a natural question to ask about the

string that connects this massive number of materials. The two-dimensional materials

are generally defined as crystalline materials consisting of substances with a thickness

of few nanometers or less, which are characterized by a strong intra-layer bonding
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and weak inter-layer van der Waals interactions [11].

Various structures of borophene (two-dimensional elemental boron) were the subject

of extensive theoretical studies even before their experimental realization [12, 13, 14,

15, 16, 17]. The first borophene sheet was synthesised on a silver substrate using

molecular beam epitaxy [18], as confirmed by a more elaborate follow-up work [19].

Later, borophene was synthesised in freestanding form by sonochemical liquid-phase

exfoliation and it was suggested that the formation of multilayered phases is possible

by modifying the centrifugation speed and time [20]. Continuous theoretical efforts

addressed other potentially stable structures [21, 22, 23, 24], showing great versatility

of the material properties.

Several studies considered the transport across n-p and n-p-n junctions in borophene.

For instance, the synthesised phases β12 and χ3 were investigated with a focus on the

effect of strain as a mechanism to control the transport [25]. A transport study of

mixtures of the β12 and χ3 phases found that the line-defects between the two phases

induce quasibound states that suppress the electron propagation in a wide energy

range [26]. The transport in the predicted 8-Pmmn phase was the topic of several

works highlighting the phenomenon of oblique Klein tunneling, which arises from

tilted and anisotropic Dirac cones. These studies were carried out for n-p [27] and

n-p-n [28, 29] junctions with additional consideration of hydrogenation (borophane).

Common features of interest were the anisotropy and the directional dependence of

the electronic properties.

Recently, bilayer chiral borophene was proposed to exhibit orbital pseudospin tex-

tures [24]. While the material is isotropic both when the two layers have identical

and opposite chirality, these two configurations have very distinct electronic prop-

erties. The energy spectrum of the identical-chirality configuration is gapless with

two intersecting Dirac cones and a non-dispersive nodal line located at the Fermi

level. Reversing the chirality of one layer breaks the inversion symmetry and leads to
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an energy gap. Thus, the oppositechirality configuration shows two pairs of gapped

paraboloidal bands with Dirac cones. The distinct characteristics of the identical

and opposite-chirality configurations call for further investigation of bilayer chiral

borophene.

We therefore analytically study the transport and confinement in an n-p-n junction,

in which the pseudospin plays a pivotal role [30, 31, 32, 33]. We also consider an

interlayer bias, which establishes a coupling between the pseudospins and modifies

the transmission and reflection profiles. It also affects the localization behaviour of the

states in the two layers. Such tunability of the material properties by the interlayer

bias is desirable to realize controllable nanoelectronic devices.

1.2 Thesis Outline

This thesis is organized as follows. We start with a description of the crystal structure.

Then, we discuss the electronic properties, where we consider the energy spectrum,

layer localization, and density of states. Next, we introduce the formalism for investi-

gating the transport and confinement by the transfer matrix method for propagating

and bound states, where we also elucidate the pseudospin modes. After that, we dis-

cuss the transmission and reflection profiles, probability densities of the bound states,

and conductance. Finally, we discuss the topological confinement in a domain wall

between domains of opposite-chirality bilayer chiral borophene with reversed layer

stacking. We conclude by giving a summary of the main findings and propose ideas

to extend this work.
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Chapter 2

Model and Electronic Properties

2.1 Structure and Low-energy Effective Hamiltonian

Figure 2.1: Structure of bilayer chiral borophene in the (a) identical- and (b) opposite-
chirality configurations (top layer: black; bottom layer: red). The low-energy spectra
are shown in (c) and (d), respectively, where the yellow circle in (c) represents the
nodal line.

Bilayer chiral borophene realizes a χ-h0 phase [24] with all boron atoms 5-fold coor-

dinated in a perfectly planar hexagonal structure with P6/m space group. A single

layer has two chiral variants, which are mirror images of each other. A bilayer there-

fore can consist of layers with identical chirality, which case we denote by b|b, and

opposite chirality, which case we denote by b|d (where the mirror symmetry between
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the letters b and d reflects the opposite chirality). The two configurations are shown

in Fig. 2.1(a,b).

To describe the physics of any quantum mechanical system, we need to know its

Hamiltonian to solve the Schrödinger equation. The Hamiltonian is typically obtained

using a tight-binding model, which is an approach that uses an approximating set for

a superposition of the wave functions of individual atoms, where the interactions

terms are taken between each atom and its nearest neighbors only. The tight-binding

model yields a band structure that describes the Brillouin zone in reciprocal space.

Out of this complete band structure, we consider only the regime that is relevant

for the transport properties, which is the low-energy range around the Fermi energy

and near the Dirac point, also referred to as the valley. See, for example, the energy

dispersion of graphene, which also has a hexagonal lattice, in Fig. 2.2. There are two

Dirac points in the hexagonal lattice, which are K and K ′. But since these two points

are related by the inversion symmetry, it suffices to consider only one of them. The

low-energy effective description dictates that k � 1/a, where a is the lattice constant

and k is the wave vector, which is defined from the K point instead of the Γ point,

the center of the Brillouin zone.

In the continuum nearest-neighbor tight-binding formalism a low-energy effective

Hamiltonian near the K point referring to the wave function

Ψ = (ψA1, ψB1, ψA2, ψB2)T , (2.1)

where A and B denote the sublattices, 1 (2) denotes the top (bottom) layer, and T

denotes the transpose, is given by [24]
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Figure 2.2: Energy dispersion of graphene in the hexagonal lattice. Left: the full
band structure obtained from the tight-binding model. Right: zoom in close to one
of the Dirac points [1].

Hα(~k′) =



V1 −vFπ γ 0

−vFπ† V1 0 γ

γ 0 V2 −αvFπ

0 γ −αvFπ† V2


, (2.2)

where ~k′ = (k′x, k
′
y)
T , V1 (V2) is the on-site potential in the top (bottom) layer, vF

is the Fermi velocity (v 106 m/s [34]), π = ~(k′x + ik′y) is the in-plane canonical

momentum, α = 1 (−1) for identical (opposite) chirality, and γ is the interlayer

coupling. It is worth mentioning that 6B:P6mmm bilayer borophene has a similar

low-energy effective Hamiltonian but with a dispersive nodal line [35]. The energy

eigenvalues of Hα(~k′) are

Eα(k′) = U ′ ±
√

1 + k′2 + ∆′2 ± k′
√

2(1 + α) + 4∆′2, (2.3)

where k′ =
√
k′2x + k′2y , U ′ = (V1+V2)/2 is the average potential, and ∆′ = (V1−V2)/2

is the interlayer bias. To simplify the notation, we introduce the length scale l =

~vF/γ, which allows us to define the dimensionless quantities U = U ′/γ,∆ = ∆′/γ,
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and kx,y = lk′x,y.

2.2 Energy Spectrum, Layer Localization, and Density of

States

-2

-1

0

1

2

-2 -1 0 1

-2

-1

0

1

-2 -1 0 1 0 1 2 3 4

Top Bottom

(a) (b) (c)

(f)(e)(d)

Figure 2.3: Energy spectra of the b|b configuration with (a) ∆ = 0 and (b) ∆ = 0.8 as
well as the b|d configuration with (d) ∆ = 0 and (e) ∆ = 0.8. The layer localization
〈Lz〉 is projected on the bands, where black (red) color refers to localization of the
states in the top (bottom) layer. Panels (c) and (f) show the corresponding densities
of states, where the green solid (orange dashed) line refers to ∆ = 0 (∆ = 0.8).

The energy spectrum given by Eq. (2.3) is shown in Fig. 2.3 for both configurations.

The color of the bands denotes the layer localization 〈Lz〉, which describes the degree

of localization of the states in the top or bottom layer. Formally,

〈Lz〉 = 〈ψ| τz ⊗ σ0 |ψ〉 , (2.4)
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where τz is a 2× 2 Pauli matrix in the layer space, σ0 is the 2× 2 identity matrix in

the sublattice space, and |ψ〉 is an eigenstate of Hα(~k′).

The energy spectrum of the b|b configuration in Fig. 2.3(a) shows two Dirac cones

centered at ky = 0 and intersecting at E = 0. This intersection between the electron

and hole states gives rise to the nodal line (yellow circle) of Fig. 2.1(c). Applying

an interlayer bias increases the energy separation between the two Dirac points, as

shown in Fig. 2.3(b), to 2
√

1 + ∆2. Thereby, the radius of the nodal line increases

without affecting its presence. The 〈Lz〉 projection shows a change from unlocalized

(Fig. 2.3(a)) to clearly localized states after applying the interlayer bias. The states

of the upper (lower) Dirac cone are localized prominently in the bottom (top) layer.

Note that the layer localization can be switched by reversing the interlayer bias.

The energy spectrum of the b|d configuration in Fig. 2.3(d) exhibits a pair of two-fold

degenerate parabolic bands separated by a band gap of 2. The interlayer bias lifts

the degeneracy and results in Dirac cones, where the band gap remains the same, as

shown in Fig. 2.3(e). The 〈Lz〉 projection in Fig. 2.3(d) demonstrates that the states

at the band edges are unlocalized, while towards the boundary of the Brillouin zone

we observe more and more localization, either in the top or bottom layer (oppositely

for the two bands). It is important to note that Fig. 2.3(d) shows only one pair of

the degenerate bands. For the other pair the roles of the top and bottom layers are

exchanged. This feature is revealed when the interlayer bias is applied (Fig. 2.3(e)),

as both pairs are visible. As a consequence, we obtain layer-polarized Dirac cones

similar to those in Fig. 2.3(b) for the b|b configuration.

We conclude the study of the electronic properties by considering the density of states,

i.e., the number of states per unit area and energy, given by

Dα(E) = (1/A)
∑
n,k

δ(E − Eα,n(k)), (2.5)
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where A is the area and the index n runs over the bands. In the limit of continuous

momenta we have

Dα(E) =
1

2π
gsgv

∑
n

∫ ∞
0

d~k δ(E − Eα,n(k)), (2.6)

where gs = 2 is the spin degeneracy and gv = 2 is the valley degeneracy. Evaluation

for the b|b configuration yields

D1(E) =
4

π

[(
E −

√
1 + ∆2

)
Θ
(
E −

√
1 + ∆2

)
+(

E +
√

1 + ∆2
)

Θ
(
E +
√

1 + ∆2
)
− E

]
, (2.7)

where Θ(x) is the Heaviside step function. D1(E) is displayed in Fig. 2.3(c), where

the green solid (orange dashed) line refers to ∆ = 0 (∆ = 0.8). Similarly, we obtain

D−1(E) =
4E

π
[Θ(1 + E)−Θ(1− E)] , (2.8)

which is displayed in Fig. 2.3(f). Notice that the interlayer bias, besides not changing

the band gap, does not change D−1(E) either. Thus, the effects of the interlayer bias

on the b|d configuration, to be discussed in this work, stem from a mere redistribution

of states in the ~k-space. For the derivation of Eqs. (2.7) and (2.8), see Appendix. A.
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Chapter 3

Formalism

3.1 Wave Function and Transfer Matrix

Source

Top gate

Bottom gate

𝑉!

𝑉"
z

x

y

w

Drain

Figure 3.1: Bilayer chiral borophene (in the b|d configuration) as an n-p-n junction.

To lay out the theoretical framework for investigating the transport and confinement

in an n-p-n junction, we start by modeling the junction as a rectangular potential

barrier of width w,

V (x) =


0 for x < 0

Diag(U + ∆, U + ∆, U −∆, U −∆) for 0 ≤ x ≤ w

0 for x > w

, (3.1)

which enters the Schrödinger equation
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Hα(~k)Ψα = EαΨα. (3.2)

Note that the y-component of the momentum is conserved due to translational in-

variance along the y-direction. Formally,

[Hα(~k), py] = 0, (3.3)

where py is the momentum operator. Thus, we can express the eigenstates of Hα(~k)

as Ψα(x, y) = ~φα(x)eikyy, where

~φα(x) = (φA1(x), φB1(x), φA2(x), φB2(x))T . (3.4)

This one-dimensional problem can be solved by replacing kx → −i∂/∂x in the

Schrödinger equation. By reducing the system of four coupled differential equations,

we reach the second-order differential equation

d2

dx2
φB1(x) + (ksx)

2φB1(x) = 0, (3.5)

where

ksx = ±(−k2
y + ∆2 + (Eα − U)2 + α+

s
√

4∆2(Eα − U)2 + α(α(∆ + Eα − U)− (∆− Eα + U))2 )1/2 (3.6)

is the wave vector in the x-direction and s = ±1 is the pseudospin.

We proceed by adopting the transfer matrix method, starting by writing

~φα(x) = PαE(x)C, (3.7)

where
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Pα =



A+
+ A+

− A−+ A−−

1 1 1 1

B+
+ B+

− B−+ B−−

D+ D+ D− D−


(3.8)

is a 4× 4 matrix of prefactors with

As± =
±ksx + iky + Bs±

∆− Eα + U
, (3.9a)

Bs± =
(α(∆− Eα + U)Ds − 1)(±ksx + iky)

∆2 + (Eα − U)2 − 1
, (3.9b)

and

Ds =
α− (ksx)

2 − k2
y + (∆− Eα + U)2

(α− 1)∆ + (α + 1)(Eα − U)
. (3.9c)

Moreover,

E(x) = Diag(eik
+
x x, e−ik

+
x x, eik

−
x x, e−ik

−
x x) (3.10)

and

C = (c+
right, c

+
left, c

−
right, c

−
left)

T , (3.11)

where the superscript denotes the pseudospin and the subscript refers to right and

left propagating states. See Appendix. B for the derivation of Eq. (3.9).

3.2 Pseudospin

The term pseudospin originated from graphene crystal structure, in which the two

equivalent carbon sublattices (A and B) requires a two-component wave function

to describe graphene’s quasiparticles (electron and hole states) [30]. Hence, it is

analogous to the spinor description that we typically encounter in quantum mechanics,

but instead of the real spin of electrons it indicates the sublattice symmetry. It

turns out that this notion of pseudospin, which plays a pivotal role in quantum
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transport and confinement processes, can be extended to bilayer systems by reducing

the four-component wave functions into a spinor-like form of two components using

unitary transformations [31, 33]. To do that, we use unitary transformations to

construct symmetric and antisymmetric combinations of wave functions. A unitary

transformation U results in a simpler version of the Schrödinger equation but does

not change its solutions. To see this, apply U from the left to both sides of the

Schrödinger equation

UHΨ = U(EΨ), (3.12)

but since U †U = 1 and E is a complex number, we can write

UHU †UΨ = EUΨ, (3.13)

which results in

H ′Ψ′ = EΨ′, (3.14)

where

H ′ = UHU †, (3.15)

and

Ψ′ = UΨ. (3.16)

To clarify the notion of pseudospin, consider the unitary transformation

Uα =
1√
2



1 0 −α 0

0 1 0 −1

1 0 α 0

0 1 0 1


. (3.17)

When applied to Hα(~k), we obtain
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H̄α(~k) =



U − α −kx − iky ∆ 0

−kx + iky U − 1 0 ∆

∆ 0 U + α −kx − iky

0 ∆ −kx + iky U + 1


(3.18)

with the modified wave function

Ψ̄α =
1√
2



ψA1 − αψA2

ψB1 − ψB2

ψA1 + αψA2

ψB1 + ψB2


. (3.19)

We can write Ψ̄α as

Ψ̄α =

 ψ+
α

ψ−α

 , (3.20)

where

ψs
α =

1√
2

 ψA1 − sαψA2

ψB1 − sψB2

 . (3.21)

Since Ψ̄α resembles a spinor, the index s is referred to as the pseudospin. We can

associate the top (bottom) 2× 2 block on the diagonal of H̄α(~k) with pseudospin +

(−) and therefore refer to the bands of the corresponding energy spectrum as the +

(−) mode. Notice that H̄α(~k) has a block-diagonal form when ∆ = 0, i.e., the two

pseudospins are decoupled.

We consider as solutions to the Schrödinger equation propagating states, which rep-

resent free electrons and holes, and bound states, which are evanescent outside the

barrier.
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Figure 3.2: Pseudospin modes of the (a) b|b and (b) b|d configurations with ∆ 6= 0.
The + (−) mode is obtained from the top (bottom) 2 × 2 block on the diagonal
of H̄α(k). Note that the modes of the b|d configuration are degenerate outside the
barrier but are shown here slightly shifted for clarity. The dots represent incident
states that might be transmitted to the other side or reflected to the same side of the
barrier. The dashed arrows represent the eight possible transmission and reflection
channels.
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3.3 Propagating states

For propagating states ksx is real. By considering an electron impinging on the barrier

from the left with a distinct pseudospin we obtain

Cs
x<0 = (δs,+, r

+s, δs,−, r
−s)T (3.22a)

and

Cs
x>w = (t+s, 0, t−s, 0)T , (3.22b)

where δ is the Kronecker delta and rs
′s (ts

′s) is the reflection (transmission) coefficient

from ks
′
x to ksx states, see Fig. 3.2. Notice that there are non-scattering transmissions

and reflections between states of the same pseudospin mode, e.g., t++, which require

a state of this mode inside the barrier for pseudospin conservation [31, 32], and

scattering transmissions and reflections between states of different modes, e.g., t+−,

which require a coupling between the pseudospins, i.e., ∆ 6= 0, as explained earlier.

To find ts
′s and rs

′s, we impose the boundary conditions

Ψ̄s
α,x<0(0) = Ψ̄s

α,0≤x≤w(0), (3.23a)

and

Ψ̄s
α,0≤x≤w(w) = Ψ̄s

α,x>w(w), (3.23b)

which results in the system of equations

Cs
x<0 = QαCs

x>w (3.24)

with the 4× 4 transfer matrix

Qα = P−1
α,x<0Pα,0≤x≤wE0≤x≤w(w)−1P−1

α,0≤x≤wPα,x>wEx>w(w). (3.25)
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By solving Eq. (3.24), we obtain

t+s =
1

Qα,11Qα,33 −Qα,13Qα,31

(−Qα,13δs,− +Qα,33δs,+), (3.26a)

t−s =
1

Qα,11Qα,33 −Qα,13Qα,31

(Qα,11δs,− +Qα,31δs,+), (3.26b)

r+s =

1

Qα,11Qα,33 −Qα,13Qα,31

((−Qα,13Qα,21+Qα,11Qα,23)δs,−+(Qα,21Qα,33−Qα,23Qα,31)δs,+),

(3.26c)

and

r−s =

1

Qα,11Qα,33 −Qα,13Qα,31

((−Qα,13Qα,41+Qα,11Qα,43)δs,−+(Qα,33Qα,41−Qα,31Qα,43)δs,+).

(3.26d)

To find the transmission and reflection probabilities, T s
′s and Rs′s, respectively, we

exploit the conservation of the current density

Jsα = vF
〈
Ψ̄s
α

∣∣σx ⊗ σ0

∣∣Ψ̄s
α

〉
(3.27)

[32, 36], to obtain

T s
′s =

∣∣∣∣∣Jsα,transmitted

Js
′
α,incident

∣∣∣∣∣ and Rs′s =

∣∣∣∣∣Jsα,reflected

Js
′
α,incident

∣∣∣∣∣ . (3.28)

This yields

Zss = (zss)2 (3.29a)
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and

Zs′s =

∣∣∣∣δα,1(1 + s′
2

|E|+ s

)
Re

(
ksx
ks′x

)
+ δα,−1

∣∣∣∣ (zs′s)2, (3.29b)

where Z = T or R, z = t or r. These probabilities fulfill the conditions

T−s + T+s +R−s +R+s = 1. (3.30)

The conductance, which is directly accessible to experiment, can be calculated as a

function of the energy using the Landauer-Büttiker formula [37, 38]

Gs′s(E) = G0
Ly
2π

∫ +∞

−∞
dkyT

s′s(E, ky), (3.31)

where Ly is the length of the sample in the y-direction and G0 = gsgve
2/h is the

conductance quantum. The total conductance of the system is the sum over all

channels,

G =
∑
s′,s

Gs′s. (3.32)

3.4 Bound states

It is possible to trap holes inside the barrier when there are no propagating states

of the same pseudospin available outside the barrier. To find these bound states,

we consider the solutions for x < 0 and x > w to be evanescent waves with wave

vector κsx. We utilize again the transfer matrix method, as discussed in Sec. 3.3

with the elements of the transfer matrix, Q̄α, obtained from Qα by the replacement

ksx → −iκsx. In addition, for the wave function to be normalizable, the coefficients of

the e±κ
s
xx terms are set to zero for x→ ±∞.

To find the spectrum for ∆ = 0, we realize

Cs
x<0 = Q̄αCs

x>w, (3.33)
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and the normalization conditions imply

Q̄α,22c
+
left,x>w + Q̄α,24c

−
left,x>w = 0, (3.34a)

and

Q̄α,42c
+
left,x>w + Q̄α,44c

−
left,x>w = 0. (3.34b)

Note that the elements Q̄α,24 and Q̄α,42 represent the coupling between the two pseu-

dospins and thus are both zero for ∆ = 0. Therefore, the spectra of the + and −

modes are given, respectively, by the conditions

Q̄α,22 = 0 and Q̄α,44 = 0. (3.35)

To find the spectrum for ∆ 6= 0, we rewrite Eq. (3.33) in the form Q̄′αCs4 = 0, where

Q̄′α =



−1 Q̄α,12 0 Q̄α,14

0 Q̄α,22 0 Q̄α,24

0 Q̄α,32 −1 Q̄α,34

0 Q̄α,42 0 Q̄α,44


(3.36a)

and

Cs4 = (c+
right,x<0, c

+
left,x>w, c

−
right,x<0, c

−
left,x>w)T . (3.36b)

The spectrum then is obtained by solving the transcendental equation

Det[Q̄′α] = 0. (3.37)

To confirm the confinement of the bound states inside the barrier and to evaluate the

effects of the interlayer bias on the localization, we study the layer-resolved probability

density
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Pα,i(x) = |ψAi|2 + |ψBi|2 , (3.38)

with i = denoting the layer, which satisfies

∫ ∞
−∞

dx (Pα,1(x) + Pα,2(x)) = 1 (3.39)

and can be calculated by imposing the boundary conditions in Eq. (3.23) together

with the physical requirement that the wave function is finite for x → ±∞. This

yields eight equations that can be written in matrix form as

MαCs8 = 0, (3.40)

where

Mα =

Ā+
+ Ā−+ −A+

+ −A+
− −A−+ −A−− 0 0

1 1 −1 −1 −1 −1 0 0

B̄+
+ B̄−+ −B+

+ −B+
− −B−+ −B−− 0 0

D̄+ D̄− −D+ −D+ −D− −D− 0 0

0 0 A+
+e

ik+x w A+
−e
−ik+x w A−+eik

−
x w A−−e−ik

−
x w −Ā+

−e
−κ+x w −Ā−−e−κ

−
x w

0 0 eik
+
x w e−ik

+
x w eik

−
x w e−ik

−
x w e−κ

+
x w e−κ

−
x w

0 0 B+
+e

ik+x w B+
−e
−ik+x w B−+eik

−
x w B−−e−ik

−
x w −B̄+

−e
−κ+x w −B̄−−e−κ

−
x w

0 0 D+eik
+
x w D+e−ik

+
x w D−eik−x w D−e−ik−x w −D̄+e−κ

+
x w −D̄−e−κ−x w


(3.41)

with Ās±, B̄s±, and D̄s being As±,Bs±, and Ds after the replacement ksx → −iκsx, respec-

tively, and
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Cs8 =

(c+
right,x<0, c

−
right,x<0, c

+
right,0≤x≤w, c

+
left,0≤x≤w, c

−
right,0≤x≤w, c

−
left,0≤x≤w, c

+
left,x>w, c

−
left,x>w)T .

(3.42)

We calculate E and ky for a bound state either from Eq. (3.35) or from Eq. (3.37),

and evaluate Mα. Then, we calculate Cs8 as the null space of Mα and utilize it to

find Pα,i(x).
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Chapter 4

Results and Discussion

4.1 Transmission and Reflection Profiles, and Bound States

Bands

4.1.1 Identical Chirality

We show in Fig. 4.1 the transmission and reflection profiles of the b|b configuration

for a barrier height of U = 3 and a barrier width of w = 6. Results are shown only

for ky ≥ 0 due to the mirror symmetry with respect to ky = 0. Superimposed are

the bands of the + and − modes from Fig. 3.2(a), which divide the profiles into

a transmission area, a bound state area, and a forbidden area. To understand the

essence of these areas, we focus our attention on T−− for ∆ = 0. As discussed earlier,

there are two conditions for transmission of propagating states. First, for a state to

be propagating, ksx must be real for x < 0 and x > w, which requires the state to lie to

the left of the solid magenta bands in Fig. 4.1. Second, for a transmission to happen,

a state with the same energy and pseudospin must be available inside the barrier,

which requires the state to lie to the left of the dashed magenta bands in Fig. 4.1.

Therefore, the transmission area for the T−− profile lies to the left of both the solid

and dashed magenta bands. The bound states, on the other hand, are characterized

by evanescent waves outside the barrier and propagating waves inside. Thus, they lie

in the area to the right of the solid and to the left of the dashed magenta bands in

Fig. 4.1. Finally, the area to the right of the dashed magenta bands is forbidden.

We observe in Fig. 4.1 for ∆ = 0 that the transmission areas in the T++ and T−−
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Figure 4.1: Transmission and reflection probabilities of the b|b configuration for U =
3 and w = 6 (first two columns: ∆ = 0; last three columns: ∆ = 0.8). The
superimposed solid (dashed) lines represent the bands outside (inside) the barrier.
The magenta (cyan) bands represent the − (+) mode and the black bands represent
the bound states. Note that for ∆ = 0 the scattering transmission and reflection
probabilities (T+−, T−+, R+−, and R−+) are zero and thus are not shown.

profiles are characterized by high transmission probabilities. In particular, Klein

tunneling (unimpeded penetration through a potential barrier regardless of its width

and height) is observed for normally incident states, i.e., states with ky = 0. As we

have T+− = T−+ = 0 for decoupled pseudospins, no results are shown in Fig. 4.1.

The Rss profiles are given by Rss = 1− T ss.

Turning on the interlayer bias enables scattering transmissions and reflections, where

T+− = T−+ and R+− = R−+ due to the time-reversal symmetry. The T+− and T−+

profiles show that the transmission is more pronounced in the areas where both k+
x

and k−x are real inside the barrier. The additional channels reduce the transmission in
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Figure 4.2: Layer-resolved probability densities of the bound states marked in Fig.
4.1 (ky = 2.8). The black solid (red dashed) lines represent the states localized in
the top (bottom) layer. The left and right hand sides refer to ∆ = 0 and ∆ = 0.8,
respectively.

the non-scattering channels. In addition, a new rectangular transmission area shows

up in the T++ profile for 0.4 < ky < 2.6 and 0.4 < E < 2.6. In this area k+
x is

imaginary inside the barrier but k−x is real. Hence, due to the pseudospin coupling,

the propagating states of k+
x outside the barrier transmit through the propagating

states of k−x inside the barrier. Note that k−x is also real in the empty rectangular area

for 0 < ky < 1.6 and 1.4 < E < 3.0. However, this area does not show transmission

fringes, since k−x is now real outside the barrier. Consequently, the non-scattering

transmissions dominate, see the corresponding area in the T−− profile for ∆ = 0.8 in

Fig. 4.1.

In general, the transmission fringes, which are more eminent for ∆ = 0, are a man-
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ifestation of Fabry-Pérot resonances and arise from the finite width of the barrier.

Remarkably, they perfectly connect to the bound states (black bands in Fig. 4.1),

which are the solutions of Eq. (3.35) for ∆ = 0 and Eq. (3.37) for ∆ 6= 0. The reason

for the connection is that the Fabry-Pérot resonances and bound states arise from

the same standing wave condition. To confirm this picture, we show in Fig. 4.2 the

layer-resolved probability densities of the states marked in Fig. 4.1. For ∆ = 0, the

bound states are unlocalized and the curves are the same for the top and bottom

layers. Notice that the increasing number of peaks for decreasing energy identifies

the resonance mode. For ∆ 6= 0, the distinct pattern of peaks is preserved as shown

on the right-hand side of Fig. 4.2. However, the states are now localized in the top

layer, in agreement with Fig. 2.3.

4.1.2 Opposite Chirality

The transmission and reflection profiles of the b|d configuration for U = 3 and w = 6

are shown in Fig. 4.3, again only for ky ≥ 0 due to the mirror symmetry with respect

to ky = 0. Superimposed are the + and − modes from Fig. 3.2(b), which again

divide the profiles into a transmission area, a bound state area, and a forbidden area.

Since the modes are degenerate outside the barrier for ∆ = 0, we effectively have one

mode only and T++ = T−−. Transmission areas show up for 1 < E < 2 and E > 4

delimited by bands of the same mode inside (dashed bands) and outside (solid bands)

the barrier. The transmission is prominent for E > 4, while only transmission fringes

can be seen for 1 < E < 2.

Turning on the interlayer bias lifts the degeneracy of the modes outside the barrier,

see Fig. 3.2(b). The transmission area of the T++ (T−−) profile is delimited by the

bands of the + (−) mode. Note that the cusps of transmission near normal incidence

(ky ' 0) in the energy ranges 1.7 < E < 2 and 4 < E < 4.2 are due to the fact

that here both k+
x and k−x are real inside the barrier. The interlayer bias also enables
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(1) (2)
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Figure 4.3: Transmission and reflection probabilities of the b|d configuration for U =
3 and w = 6 (first two columns: ∆ = 0; last three columns: ∆ = 0.8). The
superimposed solid (dashed) lines represent the bands outside (inside) the barrier.
The magenta (cyan) bands represent the − (+) mode and the black bands represent
the bound states. Note that for ∆ = 0 the scattering transmission and reflection
probabilities (T+−, T−+, R+−, and R−+) are zero and thus are not shown.

scattering transmissions and reflections, where the time-reversal symmetry again re-

sults in T+− = T−+ and R+− = R−+. Although the scattering transmissions are

faint, they reduce the probabilities of the non-scattering transmissions. The scatter-

ing reflections, however, are strong and comparable to the non-scattering reflections.

In fact, within the gap (2 < E < 4), we have R+− = R−+ ' 1 for near-normal

incidence.
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Figure 4.4: Layer-resolved probability densities of the bound states marked in Fig.
4.3 (ky = 0.6). The black solid (red dashed) lines represent the states localized in
the top (bottom) layer. The left and right hand sides refer to ∆ = 0 and ∆ = 0.8,
respectively.

The transmission fringes seen for 1 < E < 2 are again a manifestation of Fabry-Pérot

resonances and perfectly connect to the bound states. While the bound states are

degenerate for ∆ = 0, the degeneracy is lifted for ∆ 6= 0 by shifting them along ky,

which results in a crossing of bound state bands with different pseudospins below the

lower cyan dashed band in Fig. 4.3. The layer-resolved probability densities of the

states marked in Fig. 4.3 are shown in Fig. 4.4. We again obtain for ∆ = 0 the same

curves for the top and bottom layers. There are three peaks, as we address a state

in the band with the third highest energy. State (2) is localized in the bottom layer

and state (3) is localized in the top layer for ∆ 6= 0.

4.2 Conductance

The conductance is shown in Fig. 4.5 as a function of the interlayer bias and energy

for both the b|b and b|d configurations. Due to Eq. (3.31), the conductance mirrors
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Figure 4.5: Conductance of the (a) b|b and (b) b|d configurations as a function of
the interlayer bias and energy for U = 3 and w = 6.

the features of the transmission profiles in Figs. 4.1 and 4.3. In particular, the Fabry-

Pérot resonances affect the energy range 0.5 < E < 2.5 for the b|b configuration and

the energy range 1 < E < 2 for the b|d configuration, where the band gap of the latter

is seen in the energy range 2 < E < 4. The conductance of the b|d configuration does

not depend on the interlayer bias, which agrees with the fact that the interlayer bias

does not change the density of states, as depicted in Fig. 2.3(f), while the conductance

of the b|b configuration shows symmetry with respect to ∆ = 0.

4.3 Topological Confinement

In general, one-dimensional chiral states are topologically protected when there is

no intervalley scattering and they propagate only along the domain wall that sepa-

rates regions with Berry curvatures of opposite sign, where the valley Chern number

changes across the domain wall [39, 40, 41]. Topologically confined states occur in bi-

layer graphene at domain walls between domains with reversed interlayer bias [42, 43]
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Figure 4.6: Energy spectra of the b|d configuration (blue bands) along with the
topological states confined at the b|d-d|b domain wall (orange bands) for (a) ∆ = 0
and (b) ∆ = 0.8. The layer-resolved probability densities of the topological states with
ky = 0.6, marked by a circle in (a) and (b), are shown in (c) and (d), respectively,
where the black solid (red dashed) lines represent the states localized in the top
(bottom) layer.
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and between domains with reversed layer stacking [44, 45]. These counterpropagating

states can induce net valley currents [46, 45, 47]. Here, we consider a domain wall

between domains of opposite-chirality bilayer chiral borophene with reversed layer

stacking, which we denote as b|d-d|b configuration. Note that the Hamiltonian of the

d|b configuration is obtained by exchanging the top left and bottom right 2×2 blocks

in Eq. (2.2). The energy spectrum of the b|d-d|b configuration is displayed in Fig. 4.6

for ∆ = 0 and ∆ = 0.8. Following the procedure of Sec. 3.4, we find E = ±ky for the

conterpropagating states for ∆ = 0. The interlayer bias results in a slight deformation

of the bands, see Fig. 4.6(b). We show in Figs. 4.6(c) and 4.6(d) the layer-resolved

probability densities of the topological state marked by a circle in Figs. 4.6(a) and

4.6(b), respectively. The peaks at x = 0 demonstrate localization at the domain wall,

while layer localization is observed only for ∆ 6= 0. These results indicate potential

of the b|d-d|b configuration as a topological two-dimensional material.
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Chapter 5

Concluding Remarks

5.1 Summary

The properties of an n-p-n junction in bilayer chiral borophene were studied for

the identical-chirality (b|b) and opposite-chirality (b|d) configurations using a low-

energy effective model. We elucidated the role of the pseudospin in the transport and

confinement, which both depend on the availability of propagating states with the

same pseudospin inside and outside the barrier. The pseudospins couple for ∆ 6= 0

and enable scattering transmissions and reflections. The conductance of the b|b

configuration displayed dependence on ∆, in contrast to the b|d configuration. The

layer-resolved probability densities of the bound states reflected the resonance mode

by the number of appearing peaks and evidenced layer localization for ∆ 6= 0. We

demonstrated the existence of localized topological states in a domain wall between

domains of opposite-chirality bilayer chiral borophene with reversed layer stacking.

Under an interlayer bias both the bound and topological states are subject to a distinct

layer localization, which can be switched by reversing the interlayer bias. Controlling

the layer localization by an interlayer bias aligns with the prospects of harnessing the

layer degree of freedom in future electronic devices [48, 49, 50]. Finally, we would like

to stress that the findings of our work, due to our general approach, are not limited

to borophene but apply to any chiral bilayer material.
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5.2 Future Research Work

The work presented in this thesis can be extended in the following ways. The

transport and confinement can be studied for a periodic array of potential barri-

ers, i.e., a superlattice, using the Kronig-Penny model, which considers a succession

of δ−function barriers. This was shown to lead to interesting results in graphene, for

example, that the transmission and conductance are periodic functions of the strength

of the barrier [51]. The same periodicity was found for bilayer graphene, where it was

also shown that the Kronig-Penny model could result either in a band gap or in

two touching points, instead of one, in the energy spectrum [52]. It is also possible

to consider the transport and confinement through magnetic barriers [53] and their

superlattices [54]. The topological confinement was investigated in this work for a do-

main wall between domains of opposite-chirality with reversed layer stacking. It can

also be investigated for other types of domain walls, namely, a domain wall between

domains of reversed interlayer bias [42] and a domain wall between domains that

reverses both the layer stacking and interlayer bias [41]. Another possible route is to

consider twisting the layers of bilayer chiral borophene by small angles [55], which was

shown to give rise to exotic phenomena in few-layer graphene such as unconventional

superconductivity [56, 57].
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APPENDICES

A Density of States

In this appendix, we give the details for calculating the density of states of the b|b

configuration (Eq. (2.7)) and the b|d configuration (Eq. (2.8)). For the b|b configu-

ration, it follows from Eq. (2.3)

E1,n(k) = ±k ±
√

1 + ∆2, (A.1)

where n = {++,−+,+−,−−} and we set U = 0 since it does not affect the calcula-

tions. We consider each band separately to evaluate

D1,n(E) =
2

π

∫ ∞
0

kdk δ(E − E1,n(k)). (A.2)

Starting by E1,++(k) with the change of variables in the integral k → E1,n,

D1,++(E) =
2

π

∫ ∞
√

1+∆2

δ(E − E1,++(k))(E1,++ −
√

1 + ∆2) dE1,++ (A.3)

=
2

π
(E −

√
1 + ∆2)Θ(E −

√
1 + ∆2). (A.4)
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For E1,−+(k),

D1,−+(E) =
2

π

∫ −∞
√

1+∆2

δ(E − E1,−+(k))(−(E1,−+ −
√

1 + ∆2)) (−dE1,−+) (A.5)

= − 2

π
(E −

√
1 + ∆2)Θ(−(E −

√
1 + ∆2)). (A.6)

Similarly,

D1,+−(E) =
2

π
(E +

√
1 + ∆2)Θ(E +

√
1 + ∆2), (A.7)

and

D1,−−(E) = − 2

π
(E +

√
1 + ∆2)Θ(−(E +

√
1 + ∆2)). (A.8)

Noting that Θ(−x) = 1−Θ(x), we find

∑
n

D1,n(E) = D1(E) =
4

π

[(
E −

√
1 + ∆2

)
Θ
(
E −

√
1 + ∆2

)
+

(
E +
√

1 + ∆2
)

Θ
(
E +
√

1 + ∆2
)
− E

]
, (A.9)

as in Eq. (2.7).

We follow the same procedure to find D−1(E) of the b|d configuration, where

E−1,n(k) = ±
√

1 + (k ±∆)2. (A.10)

For E−1,++(k),

D−1,++(E) =
2

π

∫ ∞
1

δ(E − E−1,++(k))

1− E−1,++∆√
E2
−1,++ − 1

 dE−1,++ (A.11)

=
2

π

(
1− ∆√

E2 − 1

)
EΘ(E − 1). (A.12)

For E−1,−+(k),
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D−1,−+(E) =
2

π

∫ −∞
−1

δ(E − E−1,++(k))

1− E−1,++∆√
E2
−1,++ − 1

 dE−1,++ (A.13)

= − 2

π

(
1− ∆√

E2 − 1

)
EΘ(−(E + 1)). (A.14)

Similarly,

D−1,+− =
2

π

(
1 +

∆√
E2 − 1

)
EΘ(E − 1), (A.15)

and

D−1,−− = − 2

π

(
1 +

∆√
E2 − 1

)
EΘ(−(E + 1)). (A.16)

After simplification, we find

∑
n

D−1,n(E) = D−1(E) =
4E

π
[Θ(1 + E)−Θ(1− E)] , (A.17)

as in Eq. (2.8).

B Wave Function Matrix

In this appendix, we show how to obtain the wave function matrix given in Eq. (3.7).

The replacement kx → −i∂/∂x in the Schrödinger equation yields the following cou-

pled differential equations

∆ φA1 + i(
d

dx
− ky)φB1 + φA2 = εφA1, (B.1a)

i(
d

dx
+ ky)φA1 + ∆ φB1 + φB2 = εφB1, (B.1b)

φA1 −∆ φA2 + iα(
d

dx
− ky)φB2 = εφA2, (B.1c)



50

and

φB1 + iα(
d

dx
+ ky)φA2 −∆ φB2 = εφB2, (B.1d)

where ε = Eα−U . We begin decoupling by applying the operator −i( d
dx

+ ky) to Eq.

(B.1a) and Eq. (B.1c) from the left, which results, after a slight rearrangement, in

− i( d
dx

+ ky)(∆− ε)φA1 + (
d2

dx2
− k2

y)φB1 − i(
d

dx
+ ky)φA2 = 0 (B.2a)

and

− i( d
dx

+ ky)φA1 + i(
d

dx
+ ky)(∆ + ε)φA2 + α(

d2

dx2
− k2

y)φB2 = 0. (B.2b)

We eliminate φA1 and φA2 from these two equations by using Eq. (B.1b) and Eq.

(B.1d), which gives

(∆− ε)2φB1 + (∆− ε)φB2 + (
d2

dx2
− k2

y)φB1 +
1

α
φB1 −

1

α
(∆ + ε)φB2 = 0 (B.3a)

and

(∆− ε)φB1 + φB2 −
∆ + ε

α
φB1 +

(∆ + ε)2

α
φB2 + α(

d2

dx2
− k2

y)φB2 = 0. (B.3b)

After rearranging these two equations, we get (note that 1
α

= α, since α = ±1)

(
d2

dx2
− k2

y + (∆− ε)2 + α)φB1 = (α(∆ + ε)− (∆− ε))φB2 (B.4a)

and

(
d2

dx2
− k2

y + (∆ + ε)2 + α)φB2 = α(α(∆ + ε)− (∆− ε))φB1. (B.4b)
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We eliminate φB2 from Eqs. (B.4a) and (B.4b), which gives

(
d2

dx2
−k2

y+∆2+ε2+α+2∆ε)(
d2

dx2
−k2

y+∆2+ε2+α−2∆ε)φB1 = α(α(∆+ε)−(∆−ε))2φB1.

(B.5)

This simplifies to

((
d2

dx2
− k2

y + ∆2 + ε2 + α)2 − 4∆2ε2))φB1 = α(α(∆ + ε)− (∆− ε))2φB1, (B.6)

which finally reads

d2

dx2
φB1(x) + (ksx)

2φB1(x) = 0. (B.7)

We write the solution of Eq. (B.7) as a linear combination of plane waves

φB1(x) = c+
righte

ik+x + c+
lefte

−ik+x + c−righte
ik−x + c−lefte

−ik−x . (B.8)

By substituting φB1(x) into Eq. (B.4a) we get

φB2(x) = c+
rightD

+eik
+
x + c+

leftD
+e−ik

+
x + c−rightD

−eik
−
x + c−leftD

−e−ik
−
x , (B.9)

where

Ds =
−(ksx)

2 − k2
y + (∆− ε)2 + α

α(∆ + ε)− (∆− ε)
, (B.10)

which is equivalent to Eq. (3.9c). We multiply Eq. (B.1c) by ε−∆ and subtract Eq.

(B.1c) from Eq. (B.1a), thus eliminate φA1, and get

i(
d

dx
− ky)φB1 + iα(ε−∆)(

d

dx
− ky)φB2 = (∆2 + ε2 − 1)φA2. (B.11)

We substitute in this equation for φB1 from Eq. (B.8) and φB2 from Eq. (B.9) to
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obtain

φA2 = c+
rightB

+
+e

ik+x + c+
leftB

+
−e
−ik+x + c−rightB

−
+e

ik−x + c−leftB
−
−e
−ik−x , (B.12)

where

Bs± =
(±ksx + iky)(1 + α(ε−∆)Ds)

∆2 + ε2 − 1
, (B.13)

which is equivalent to Eq. (3.9b). Finally, we substitute for φA2 and φB2 in Eq. (B.1a)

to get

φA1 = c+
rightA

+
+e

ik+x + c+
leftA

+
−e
−ik+x + c−rightA

−
+e

ik−x + c−leftA
−
−e
−ik−x , (B.14)

where

As± =
±ksx + iky + Bs±

ε−∆
, (B.15)

which is equivalent to Eq. (3.9a).
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