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ABSTRACT 

Carbonate Acidizing: Modeling and Uncertainty Propagation Analysis  

Qasim Sahu  

 

Reservoir stimulation is a common technique used to improve the productivity of 

carbonate reservoirs. One of the effective stimulation methods is carbonate acidizing. 

This process involves injecting a reactive fluid to dissolve the rock mineral, creating a 

conductive path for hydrocarbon flow. With the development of tight and unconventional 

reservoirs, stimulation has become more critical for optimal economic production.  This 

study aims to simulate the dissolution of carbonate in matrix acidizing. A reactive 

transport model is implemented in a finite – element solver to simulate the initiation and 

propagation of the dissolution channel in the carbonate rock in a two – dimensional 

domain.  We investigate the effect of varying the injection rate on the dissolution channel 

and the efficiency of the acidizing fluid. Next, we use polynomial chaos expansion to 

conduct uncertainty propagation analysis. These uncertainties may have a major impact 

on the predictability of the simulation model. We utilize the surrogate model and Sobol 

indices to identify the most significant parameter in the model. The analysis provides an 

assessment of how the uncertainty can propagate to the model’s response. Also, we 

utilize the surrogate model to calculate the univariate effect. The results showed that the 

dissolution channel and pore volume to breakthrough depends on the injection rate. 

Furthermore, the surrogate model reproduces the simulation model results for the 
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dissolution channel, the pore volume to breakthrough, and the effective permeability.  

The global sensitivity analysis shows that the acid capacity number is the most significant 

parameter for the pore volume to breakthrough with the highest Sobol index value. For 

effective permeability, the initial mean porosity is the primary source of uncertainty. The 

marginal effect calculated for the individual parameter correlates with the results from 

Sobol indices.  
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Chapter 1: Introduction 

1.1 Brief Background 

Fossil fuels are considered one of the primary energy resources worldwide. A substantial 

proportion of these fossil fuels are found in carbonate reservoirs. Studies have estimated 

that more than 60 % of the world's oil reserves are trapped in carbonate reservoirs 

[42,47,64]. However, several reasons hinder the recovery from carbonate. In particular, 

heterogeneity at different length scales, drilling-induced damage, and tight formation are 

few examples. Damage to the reservoir causes plugging of the pores and decreases the 

effective permeability near the wellbore region. This plugging causes flow restriction and 

reduces well productivity. One of the popular methods to improve productivity from 

carbonate reservoirs is well stimulation [15]. Well stimulation is a method used to 

increase the conductivity between the reservoir and the wellbore. This increase in 

conductivity influences the well deliverability as the reservoir properties are altered by 

the stimulation treatments, and a channel is created to allow for more hydrocarbon flow. 

Stimulation involves injecting different types of fluid into the reservoir. The conductive 

channels can either be formed using a reactive fluid or initiating and propagating a 

fracture in the reservoir with a highly viscous fluid. We will present more details about 

the definition and application of different stimulation techniques in subsequent sections.  

Figure 1.1 shows the benefits of well stimulation techniques in the hydrocarbon recovery 

from tight and unconventional reservoirs in the US.  The treatment's success is measured 
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by the depth of penetration of the channel, the increase in the productivity index, and 

the skin factor (it is a dimensionless quantity that indicates whether a well is stimulated 

or damaged). 

 

Figure 1.1 Production increase in unconventional and tight reservoir due to stimulation 
[16]  

 

Since carbonate reservoirs are mainly composed of calcite and dolomite minerals, matrix 

acidizing is a widely used technique in carbonate reservoirs. These minerals are acid 

soluble in a broad range of operating conditions. In matrix acidizing treatments, an acidic 

solution is injected into the porous medium at a pressure lower than the breakdown 

pressure of the formation. The acidic solution dissolves the rock creating a conductive 

path for hydrocarbon flow.  Figure 1.2 shows an example of these channels that are 

usually referred to as wormholes. The initiation and propagation of these wormholes 

depend on many key parameters. Among these factors is the relative magnitude of the 
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rate of acid transport to rate of reaction, temperature, mineralogy, and porous medium 

properties at different length scales [22,30].    

 

Figure 1.2 Wormhole structure obtained from radial flow experiments using CT-scan [51] 

 

1.2 Objective & Motivation 

Increasing stimulation treatment efficiency is a key objective for reservoir management 

and production as better stimulation leads to improved well productivity and optimizes 

the recovery from the hydrocarbon resources.  Improving stimulation efficiency is 

achieved by understanding and controlling the factor that affects the stimulation 

treatments.  Numerical modeling is an efficient tool to develop such understanding. 

Mainly due to the complex nature of the problem and strong coupling between the 

different phenomena. Parameters used in the porous medium models are subjected to 

uncertainty in the measurements; this uncertainty is either from the physical 
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measurements or inherently in the studied physical system. For example, the reported 

range of surface reaction rate of Hydrochloric acid and calcite can vary by several orders 

of magnitudes between 0.1 cm/s to 0.00001 cm/s [6,35]. Similar variation is also observed 

in the molecular diffusion coefficient of the acidic solution. This variation is due to 

different experimental protocols and procedures. These parameters are used as inputs to 

model the dissolution process. Hence, The objective of this study can be summarized in 

the following statements: Develop a code to simulate carbonate dissolution, validate the 

simulation results against the literature, perform sensitivity analysis in the parameters 

that we can control on the field; like injection velocity, Investigate the effect of 

uncertainty on the input and how it propagates to model's output that we defined such 

pore volumes to breakthrough, rank the input parameters based on the sensitivity 

indices.   

1.3 Methodology 

This section gives an overview of the methodology used in this study. To simulate 

carbonate dissolution, we use a continuum reactive transport model in a porous medium. 

The model is solved using a finite element solver (COMSOL multiphysics). The model is 

then validated against an analytical solution. After that, we utilized the global sensitivity 

method to perform variable screening. In this step, the Placket Burman method is used 

to identify the significant variables and reduce the dimensions of the model. After 

identifying the significant variables, we used the design of experiments to build a 

metamodel using polynomial chaos expansion. Next, we performed global sensitivity 
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analyses with the surrogate model and calculated the Sobol sensitivity indices. We utilized 

Sobol indices to rank the significance of the input parameter in the reactive transport 

model.  Furthermore, we calculated the input parameter's marginal effect, which gives 

the relationship between the reactive transport model response and the corresponding 

input parameter.     

1.4 Organization  

The next chapters of this study are organized as follows: 

 Chapter 2 summarizes the methods used in well stimulation with an overview of 

each technique. We also include a literature review on the different methods of 

modeling carbonate acidizing.  

 Chapter 3 gives a detailed description of governing equation of the reactive 

transport model used to simulate carbonate acidizing. We also present an overview 

of the numerical scheme and the solver configuration used to solve governing 

equations. 

 Chapter 4 discusses the theory behind the uncertainty propagation analysis using 

polynomial chaos expansion. We introduce the screening method, construction of the 

surrogate model, calculation of the sensitivity indices. 

 Chapter 5 presents and discusses the main results and findings from the 

simulation and the uncertainty propagation analysis.    

 Chapter 6 summarizes the main conclusions of the study and potential future 

work. 
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Chapter 2: Reservoir Stimulation 

Stimulation is one of the critical technology that helps increase the ultimate economic 

recovery from hydrocarbon reservoirs. This increase is achieved by improving the 

productivity or injectivity of the wells drilled in that particular geosystem. Stimulation 

treatment is intended to remedy or sometimes enhance the connectivity of the reservoir 

with the wellbore. Several reasons can cause production decline or may minimize the 

economic recovery from a reservoir. These reasons can include but are not limited to poor 

permeability in case of tight formation and unconventional reservoirs, drilling-induced 

formation damage, scale precipitation in the reservoir and the wellbore, asphalting 

deposition, sludge deposition, and perforation debris. Stimulation has over time gained 

more attention, especially with the development of unconventional reservoirs. An 

example of these formation damage mechanisms is shown in Figure 2.1.  A typical 

stimulation treatment involves using multiple stages of different fluid systems that are 

injected into the reservoir. Thus, fluid-rock interaction plays a critical role in the success 

of the treatment. Several Stimulation techniques exist; the choice of the treatment 

depends on many factors.  The selection of the method depends on the reservoir 

characteristics, formation mineralogy, the objective of the treatment, and 

thermodynamics (i.e. pressure and temperature).  The success of the treatment is usually 

measured by the skin factor as the objective is to improve the productivity (or Injectivity 

index) index, which is given by: 
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Equation 1 represents the productivity index relationship for a well in pseudo steady 

state, where q is the production rate in STB/Day, pr is the average reservoir pressure in 

psi, pBHP is the well bottom hole pressure in psi, k is the permeability of the reservoir in 

mD, h is the reservoir thickness in ft, B is the formation volume factor in STB/ft, re is the 

reservoir drainage area in ft, rw is the wellbore radius in ft and s is skin factor. Skin factor 

is measure and calculated with pressure transient analysis. A negative skin factor 

indicates that the well is effectively stimulated, while a positive skin factor indicates that 

the well is damaged. Figure 2.2 presents a schematic showing the difference in the 

pressure profile between a well with an ideal pressure profile and a pressure profile in a 

damaged well. The altered zone of a low permeability zone causes an additional pressure 

drop near the well. This additional drop reduces the well deliverability.   

 
a) 

 
b) 

Figure 2.1: Formation damage mechanism. a) Scale deposition [79]  b) Perforation debris 
[18] 
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Figure 2.2: A schematic showing the effect of damage zone in the pressure profile  

Stimulation methods can be classified mainly into three categories:  Matrix acidizing, acid 

fracturing, and hydraulic fracturing. Other types may include acoustic stimulation, 

thermal stimulation, and biological stimulation.  The definition of the main methods is 

presented in some detail in the following sections.  Figure 2.3 shows a flowchart 

explaining the different types briefly [14].  Stimulation is an essential tool that aids in 

developing and managing geosystems such as petroleum reservoir, geothermal, and 

carbon dioxide storage.   As can be seen from Figure 2.3, designing and optimizing these 

treatments requires knowledge of the coupled system of flow, reaction, and 

geomechanics in the porous medium.   

rw rs

Ideal profile 

Damaged Profile 
Δpskin

re
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Figure 2.3: A definition of the different stimulation methods 
 

     

2.1 Matrix Acidizing 

Matrix acidizing is a treatment that typically involves injecting a reactive fluid into the 

porous medium at a pressure below the rock’s fracturing pressure. The reactive fluid 

tends to dissolve the rock minerals, creating a pathway for the flow of subsurface fluids. 

These channels improve the well productivity and allow more economic recovery from 

the reservoirs. The choice of the reactive fluid strongly depends on the formation 

mineralogy. For example, in carbonate rocks, where the dominant minerals are calcite 

and dolomite, hydrochloric acid, emulsified acid, citric acid, acetic acid, and chelating acid 

are the typical solutions used in the treatment [2,21,31,55,74].  The mineralogy is much 

more complex in sandstone formation as it contains quartz, k-feldspar, illite, smectite, 

kaolinite, and bentonite. Because of the complex mineralogy, the geochemical 

interactions are more complicated, resulting in dissolution and precipitations. Thus, the 

Well Stimulation 

Hydraulic 
fracturing 

Acidizing 

Acid fracturing Matrix Acidizing A non-reactive fluid
is injected in the
porous medium at a
pressure higher
than the tensile
strength of the rock

A reactive fluid is 
injected in the 

porous medium 
at a pressure 

above the rock 
tensile strength 

A reactive fluid is 
injected in the 

porous medium 
at a pressure 

below the rock 
tensile strength 



24 

 

most common reactive fluid is the Hydrofluoric based acid system used in sandstone 

formations [15]. The objective of stimulating sandstone formation is to restore reservoir 

permeability. A typical treatment involves multiple stages of different fluid systems. Since 

the reactive fluid stage creates a conductive path between the wellbore and the reservoir, 

the remaining fluid in the treatment tends to flow in that channel, leaving the rest of the 

formation unstimulated. This phenomenon results in poor stimulation efficiency. 

Consequently, a diverter stage is added to the treatment to ensure the entire reservoir 

thickness is stimulated. A schematic view of a well and reservoir in a typical treatment is 

shown in Figure 2.4.   This work will mainly focus on matrix acidizing.    

 

Figure 2.4: A schematic that shows the developed channel and a typical stimulation 
schedule 
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Flow diverters are widely used as part of acid stimulation and multistage fracturing. It is 

critical, especially in carbonate reservoirs, with secondary porosity, such as vugs and 

neutral fractures. Flow diverters also play an important role during the development of 

unconventional reservoirs, where large numbers of stages with enhanced stimulation 

reservoir volume per fracture are required. In theory, Injected fluid tends to flow in the 

least resistance path, leaving low permeability layers untreated.  The role of flow diverters 

is to ensure the uniform distribution of fluids in the wellbore and the reservoir. Flow 

diverters such as gelled fluid (polymer-based, visco-elastic surfactants), fibers 

(biodegradable), and solid particles have been widely used as diverting agents. Figure 2.5 

highlights some of the most commonly used flow diverters in matrix acidizing and 

fracturing [39].  

 

Figure 2.5: Different types of diverters used in stimulation schedule 
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Examples of flow diverters are shown in Figure 2.6. The acidizing fluid and the flow 

diverter ensure full zonal converge and effective stimulation of the target formation. This 

is an overview of the different types of flow diverters that are used during stimulation 

treatments. Flow diverter selection also depends on reservoir properties and the type of 

treatment. A description of some of the flow diverters is presented below.  

 

Figure 2.6: Particulate diverter in the upper image [77]. Fiber - based diverter in the 
lower image [24]. 

 

Foam based diverter 

A Foam based diverter form a stable dispersion of gas into a liquid. The foam was first 

suggested as diverters for acid stimulation in the 1960s [66]. As a diverting agent, the 

foam has been used in different applications, such as Enhanced Oil Recovery (EOR), 

steam-foam of heavy oil, hydraulic fracturing, and matrix acidizing. Petroleum industry 
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foam was generated by mixing gas (N2, CO₂, etc.) with either oil or water with surfactants. 

The size of a foam bubble usually ranges from 10 um to 1000 μm. There are two main 

parameters for foam characterization; foamability (the ability for a solution to produce 

foam) and foam stability (the lifetime of produced foams).  

Polymer Gel Based Diverter  

Polymer gels are the most commonly used gel systems in oilfield applications. The 

polymer gel system usually contains a polymer and crosslinkers. One of the typical 

polymer gel-based diverters is a gelled hydroxyethyl cellulose (HEC) pill. Other common 

polymers used for gel-based diverters include various natural polymers, such as guar 

guam, xanthan, scleroglucan and succinoglycan, and synthetic polymer polyacrylamide 

and its derivatives. Crosslinkers for polymer gels are mixed and injected together with the 

polymer during the treatment, and when the temperature near the wellbore increases 

(fluid goes deeper), gelation reactions start to increase the viscosity of the solution. 

 

Viscoelastic Surfactant Based Diverter  

Rather than polymer-based gels, a viscoelastic surfactant (VES) or surfactant mixture 

could also be used to form in-situ gels as self-diverting fluids in matrix acidizing and acid 

fracturing jobs, where the gelation process is based on the pH increase as the acid reacts. 

Such VES based system was considered to be effective at 300 °F [10]. The viscosity build- 

up is contributed by micelle formulation change from spherical to a worm-like caused by 
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acid concentration reduction and divalent cations release from rock dissolution, such as 

Ca2+ and Mg+. After the operation, a breakdown of the VES gels can be achieved by 

injection of external breakers, water or mutual solvents, or a hydrocarbon phase invasion 

from reservoirs, and internal breakers [12]. Field applications of VES-based fluids have 

been reported [5], where amphoteric and cationic functional groups were reacted with 

Fe³+ in concentrated HCl acids.  

Particulates based flow diverters  

Particulates diverters are particles that are made of different sizes to ensure even 

stimulation of the target reservoir. Many chemicals have been used for the same 

purposes, such as : rock salt, benzoic acid, oil-soluble resin, and biodegradable materials 

such as polylactic acid [27,54]. All these diverters were initially designed and applied for 

matrix acidizing for carbonate and sandstone reservoirs. A new generation of self-

degradable diverter particulates was reported [20], which shows the excellent properties 

such as bio-degradation , enough degradation time, and a higher bridging pressure. It was 

approved to be effective in both hydraulic fracturing and matrix acidizing after several 

successful field applications. However, conventional particulate diverters, such as rock 

salt, suffers from the potential problems of fast degradation and might not last long 

enough for the entire operation time.  
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2.2 Acid Fracturing 

Acidizing treatment presented in the previous section aims at mainly the near–wellbore 

region. Unlike matrix acidizing,  acid fracturing involves the injection of alternating stages 

of pad fluid with high viscosity  and reactive acid at a pressure higher than the fracturing 

pressure of the rock and is designed to penetrate deeper into the reservoir[15]. This 

method is used in acid-soluble reservoirs that are mainly composed of carbonate or 

dolomite minerals. The pad fluid stage is highly viscous that helps in initiating and 

propagating the fracture inside the reservoir. The acid fluid stage etches the fracture face 

to ensure the fracture has an effective conductivity once the fracture closes. The fracture 

initially opens when the bottom hole pressure exceeds the stresses in the rocks. Once 

that pressure is released, the fracture tends to close. That is why etching the fracture face 

with acid is essential to keep the fracture conductivity.  This type of treatment is 

performed in tight reservoirs. The objective is to enhance the conductivity between the 

wellbore and the reservoir. The production from the matrix alone is uneconomical. Unlike 

matrix acidizing, acid fracturing is designed to propagate deep into the reservoir 

(hundreds of feet). Figure 2.7 presents an illustration of the acid fracturing mechanism 

and the resulting etched fracture. 

 

Figure 2.7: Etched fracture resulting from acid fracturing treatment [28] 
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As shown in Figure 2.7, the uneven etching of the fracture face helps to keep the 

conductivity of the fracture. The pad fluid that is typically used is water-based polymeric 

fluid and viscoelastic surfactants. In terms of acid system, emulsified acid, gelled acid, in 

situ gelled acid, and plain hydrochloric acid have been widely used in acid fracturing 

treatments [76].  

2.3 Hydraulic Fracturing 

Fracturing has unlocked the production potential from tight and unconventional 

reservoirs. Hydraulic fracturing is a process that involves the injection of water-based fluid 

into the subsurface reservoirs at a pressure higher than the fracturing pressure of the 

formation. The fluid injected contains particles that are called proppant. The objective of 

using proppant is to keep the fracture open after the fluid pressure is released. Thus, a 

highly conductive channel filled with proppant provides a conductive path for fluid 

production/Injection. The traditional fracturing fluids are water-based guar polymers and 

energized fluid where nitrogen/carbon dioxide is used [3].  These highly viscous fluids help 

initiate and propagate the hydraulic fracture and provide transport for the proppant. The 

fundamental difference between acid fracturing and hydraulic fracturing is what is used 

to keep the fracture open. While proppant is used to keep the fracture open in hydraulic 

fracturing, in acid fracturing, acid is utilized to etch the fracture face and create an uneven 

surface that provides conductivity when the fracture closes. Figure 2.8 shows the steps of 

hydraulic fracturing.  
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Figure 2.8: An illustration of hydraulic fracturing process [65] 

 

2.4 Modeling Approaches 

Since the focus of this study is matrix acidizing in carbonate formation, we  devote this 

section to present a literature review of the approaches utilized to model wormholes in 

carbonate acidizing. As explained earlier, reactive fluid injection tends to dissolve the 

rock, creating a conductive channel that bypasses the damaged or low permeability 

region, as shown in Figure 2.4. Extensive work has been done to understand wormhole 

initiation and propagation in carbonate rocks. Experimental work in core flooding setup 

was first conducted to understand the parameters that control the acidizing in carbonate 

rock. These Experimental studies analyzed the impact of rock properties, injection 

conditions, pressure, mineralogy, temperature, and reaction kinetic on the created 

channels [8,22,23,34,59,74,78]. In those linear core flooding experimental studies, the 

acidic solution was injected at a different rate in a cylindrical core sample, and the pore 

volume to the breakthrough was measured along with the other pressure measurements. 
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Additional work focused on the impact of radial flow geometry of the experiments, which 

better mimics the field condition on the dissolution process [59]. For a given rock/fluid 

system, a common observation from these studies is the development of different 

dissolution patterns at various injection conditions [22].  Based on the results from 

laboratory-scale experiments, the morphology of dissolutions was classified into mainly 

three types. At low, medium, and high injection rates; face dissolution, wormholes, and 

uniform dissolution were observed, respectively. Figure 2.9 shows the different 

dissolution patterns resulting from these experiments.  

 

Figure 2.9: Neutron radiography Images of different dissolution patterns. Injection 
velocity is increasing from left to right [22].  

 

Therefore, for a successful stimulation treatment, the design needs to be within the 

optimum regime, which will minimize the required volumes and ensure the wormhole 

will penetrate deep inside the reservoir [14,75]. This optimum regime represents the 
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dominant wormhole shown in Figure 2.9. The acid efficiency curve [22]  constructed from 

core flooding experiments is presented in Figure 2.10. The plot represents the 

relationship between the injection velocity and the pore volume to breakthrough. The 

inverse of the Damköhler number represents the injection velocity.  As can be seen from 

the graph in Figure 2.10, there is an optimum point that corresponds to the dominant 

wormhole regime, where the pore volume to breakthrough is minimum.   Also, high 

values of the inverse of the Damköhler number represent the uniform dissolution regime, 

while low values of the inverse of the Damköhler number represent the face dissolution 

regime.   

 

Figure 2.10: Breakthrough curve obtained from core flooding experiments 

Different mathematical models were developed to study wormhole propagation in 

carbonates to simulate the results of physical experiments. These models can be 

summarized into three approaches [1]. The first approach is the capillary tube approach 
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[32,60,63], which uses a cylindrical shape to represent an existing wormhole. These 

approaches assume an existing and a predetermined shape of the wormhole.  The model 

enables studying the effect of reaction kinetic and fluid transport on the wormhole 

penetration rate and cannot predict wormhole initiation, as it assumes a pre-existing 

channel. The second approach is based on a network model to understand reactive 

dissolution. In this model, the porous medium is represented by interconnected tubes, 

and the Hagen-Poiseuille relationship governs the flow of the acidic solution [4,19,62,71]. 

Currently, these network models are built from scanning techniques and referred to as 

the pore-scale model [44,45] and solve at a pore-scale without any simplification. This 

approach's limitation is the required computational power and the model's 

implementation at the field scale. The third approach in studying carbonate dissolution 

involves the use of the continuum or averaged-based model. This model uses a fully 

coupled approach based on fluid flow, species transport, and fluid/rock reaction to study 

the dissolution mechanism in a two-dimensional Cartesian domain. The flow is assumed 

to be governed by Darcy's law, and a pore-scale model is utilized to correlate the 

parameters at pore scale such as pore radius, surface area, and local mass transfer to 

Darcy scale parameters [26,35,57]. The model was extended later to consider radial and 

three-dimensional systems [40,41,48]. This two-scale continuum model shows a good 

agreement with the experimental observation regarding dissolution pattern and the 

prediction of pore volume to breakthrough [25]. Other works expanded the model to 

consider the influence of temperature [46], discrete fractures [58,73], and the presence 

of a second phase [49]. In this study, we will utilize the continuum model to model 
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carbonate dissolution.  All the extensive work performed earlier in modeling carbonate 

dissolution examined the sensitivity of the parameters such as rock properties, reaction 

rate, diffusion coefficient, and pore-scale parameters using one variable at a time 

approach [38,48,57] at a core scale. However, a more general and robust framework of 

sensitivity is the global sensitivity analysis. It can provide more physical insights into this 

problem, primarily due to the strong coupling between transport and reaction. Also, the 

physical parameters (i.e., pore radius, surface area, and properties of fluid/rock 

interaction) that are used in the simulation are subjected to uncertainty. This uncertainty 

in the inputs can lead to variability in the model output. Thus, it is vital to investigate how 

these uncertainties in the model inputs can propagate to the model's output. In this 

context, global sensitivity and uncertainty propagation analysis became an important 

tool, especially when dealing with subsurface application problems, where uncertainty is 

significant.  Many studies utilized this approach to examine a complex physical problem 

in the subsurface, such as studies on coal gas production [50], carbon dioxide storage [56], 

and reservoir simulation [9]. 

This study advances the understanding of the carbonate dissolution process by 

investigating the impact of uncertainty in the carbonate acidizing model. We use global 

sensitivity analysis and a general uncertainty workflow to quantify the variability in the 

model's output due to the uncertain parameters. To the best of our knowledge, this 

approach has not been applied to carbonate dissolution modeling.  We consider the 

impact of uncertainties on the model using dimensionless variables such as convection 
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Damkohler number, diffusion Damkohler number, Peclet number, acid capacity number 

on the pore volume to breakthrough, and the effective permeability in the system. Several 

methods are used to perform global sensitivity and uncertainty propagation analysis. This 

paper uses variance decomposition techniques and a screening method to perform global 

sensitivity analysis. We used the screening method to identify significant variables to help 

reduce the model's dimensions. Next, Sobol sensitivity indices are used to obtain the 

contribution of every single parameter to the selected model's output [67]. The 

traditional method of calculating these sensitivity indices uses Monte Carlo simulation, 

which is impractical to use with expensive computational models. To overcome this 

challenge, we utilize polynomial chaos expansion (PCE) to perform the analysis [70]. The 

computational model is approximated by a functional representation that serves as a 

surrogate model. Each model output is expressed as a combination of multivariate 

polynomial basis functions. The polynomial chaos expansion (PCE) is constructed for each 

quantity of interest. Once the PCE is built, further processing of the coefficients in the PCE 

allows the calculation of the sensitivity indices.   
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Chapter 3: Reactive Transport Model  

Wormhole formation and dissolution is a process that occurs at different length scales of 

the porous medium. The reactive fluid enters the rock that has pores with a wide range 

of distribution in terms of shape and size. Therefore, the amount of acid flowing at the 

pore scale and macroscopic scale is different. The pores are enlarged as a result of the 

reaction in the walls of the pores. As the acid enlarges these pores, more fluid is received, 

contributing to the initiation and propagation of the dissolution channel. Hence, we 

consider a continuum reactive transport model to simulate carbonate acidizing in a linear 

rectangular domain. This mathematical model [57] considers the dissolution of porous 

carbonate rocks by the acidic solution at Darcy's scale. The model captures wormhole 

formation and propagation by correlating the properties at pore scale such as pore radius 

and solid-fluid interfacial area to Darcy scale properties. This coupling is achieved through 

structure – properties relationships.  

3.1 Chemical Reaction  

The most common reactive fluid used in matrix acidizing of carbonate reservoirs is 

hydrochloric acid (HCL).  The acid reaction with the rock mineral occurs at the pore scale, 

as illustrated in Figure 3.1.  



38 

 

 

Figure 3.1: The reaction occurring in the system 

The reaction of the acid with the rock mineral is usually referred to as a heterogonous 

reaction. That is because the reaction takes place at a boundary between the solid phase 

and liquid phase. The transport of acid to the rock surface inside the pore is governed by 

convection and diffusion. The overall reaction rate, defined as the rate at which the 

component's concentration varies in the liquid phase, depends on the mass transfer to 

the fluid-solid interface and surface reaction rate.  If the magnitude of surface reaction 

rate is relatively slow compared to the mass transfer rate, this reaction can be assumed 

to be in the kinetically controlled regime. In this scenario, the concentration in the pore 

is almost constant. The other case where the relative magnitude of mass transfer rate to 

surface reaction rate is very high is the mass transfer controlled regime.  In this case, a 

concentration gradient might develop in the pore.  The reaction of hydrochloric acid (HCL) 

with calcite and dolomite is given by   

 
3 2 2 2

3 2 2 2 2 2
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CaMg CO HCL CaCl MgCl H O CO
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The reaction in Equation 2 is governed by a series of reactions that can be listed below 

with equilibrium constant Keq [15]:  
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Where species between space brackets corresponds to the concentration of the species 

in moles/Liter and pCO2 is the carbon dioxide pressure. Here, carbonic acid (H2CO3) is a 

weak acid compared to HCL, and the concentration of other species is negligible in the 

presence of HCL. Therefore, in the presence of fresh acid and spent acid and according to 

the equilibrium constants, the reaction byproducts present no risk of precipitation. Thus, 

the reaction of hydrochloric acid and carbonate can be approximated as complete and 

irreversible and can be written as follows: 
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The thermodynamics of the system greatly influences the reaction. Many studies show 

that temperature, pressure, and acid concentration affect the kinetics of the reaction 

[53].   For example, hydrochloric acid's reaction rate with carbonate increases with the 

increase in temperature until a specific temperature threshold where it remains constant. 

Here, we introduce the dissolving power of the acid α (g/mol). It is defined as the mass of 

mineral consumed by a given mass of acid, and it is a quantity that represents the reaction 

stoichiometry. The dissolving power is given by:   

 r r

a

MW v

v
   (9) 

Where MWr is the molecular weight of the rock, vr is the stoichiometric number of the 

rock mineral and va is the stoichiometric number of the acid.  For the reaction of HCL with 

carbonates, the dissolving power is 50 g/mol.     

3.2  Governing Equations  

The model consists of the continuity equation, which is used to obtain the pressure field 

where the flow is governed by Darcy's Law as follows: 

 
1

P


  U K   (10) 

 0
t


 


U  (11) 

Where U is the velocity vector, K is the permeability tensor, P is the pressure and μ is the 

viscosity of the solution.  The other equation in the model is the species balance equation 



41 

 

which is given by a convection – diffusion – reaction equation, and it can be written as 

follows: 
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Where Cf is the acid concentration , De is the effective dispersion – diffusion tensor, kc is 

the local mass transfer coefficient, av is the solid-fluid interfacial area, Cs is the 

concentration of the acid at the fluid – solid interface, and ks is the surface reaction rate. 

Acidizing carbonate causes the dissolution of the rock mineral. This dissolution is captured 

at Darcy's scale by a change in porosity as follows:  
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 (14) 

Where α is the acid dissolving power which is defined as the mass of mineral consumed 

by a given mass of acid, and ρs is the density of the carbonate rocks. Equation 12 above 

describes the acid species transport at a Darcy scale. The first term in the equation 

represents the accumulation term, the second term represents the convection term, the 

fourth term represents the dispersion term, and the last term is the reaction term. It is 

important to highlight that the last term represents the transport of the acid from the 

bulk fluid phase to the solid-fluid interface. One important assumption is that the 



42 

 

dissolution does not affect the density and viscosity of the fluid. The model above is 

completed by relating pore radius and solid-fluid interfacial area to the change in local 

porosity, permeability, and mass transfer coefficient, as described below. As the acid 

dissolves the rock, the porous medium structure changes. This change occurs at different 

length scales. At Darcy's scale, the rock permeability and porosity are changing, while at 

the pore scale, the pore radius, interfacial area, and pores connectivity are continuously 

varying. Many relationships [11,61] have been empirically formulated to relate these 

properties. In this study, we consider a modified Carman–Kozeny correlation to relate the 

increase in porosity to the permeability as a result of dissolution, and it is given by:  
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Where k is the magnitude of the permeability, k0 is the initial average value of the 

permeability, φ0 is the initial mean porosity, β and γ are constant. The following 

relationships capture the variation in the pore radius and surface area available for the 

reaction: 

 0 0

0 0 0 0
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p

p v p

r k ra

r k a r

 

 
   (16) 

Here rp represents the relative change of the pore radius, and av is the interfacial surface 

area. We consider the following relationship [7,29] for the mass transfer and effective 

dispersion coefficients:   
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DeT and DeX are the transverse and longitudinal dispersion coefficients, respectively, Sh is 

the dimensionless Sherwood number, Dm is the acid diffusivity coefficient, Sh∞ is the 

asymptotic Sherwood Number, Rep is the Reynold number at the pore scale given by 

2|U|rp/v, v is the kinematic viscosity, Sc is the Schmidt number given by v/Dm, λx and λy are 

constants depend on the pore structure and α0s is pore connectivity constant. We use the 

initial and boundary condition to solve this system of equations, which mimics the 

conditions in the popular linear core flooding experiments. We consider Danckwert's 

inflow condition at the inlet and no flux condition at the transverse boundary. The initial 

and boundary conditions are  
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Where u0 is the inlet velocity of the acidic solution, C0 is the inlet concentration of the 

acidic solution, pe is the pressure at the outlet,n is a normal vector on the transverse 

boundary, L is the domain length in the flow direction, f̂  is a perturbation that is 

introduced to the initial mean porosity, and it is disturbed in the interval of  0 0,   . 

This heterogeneity is introduced in the system to model the wormhole (numerical 

instability).  The boundary condition, along with the geometry, is illustrated in Figure 3.2. 

The boundary conditions illustrated in Figure 3.2 simulate the acidizing in core-flood 

experiments. We inject the acidic solution at the inlet at a constant injection velocity. A 

zero influx is imposed on the boundary to contain the fluid in the porous medium domain. 

A constant pressure is imposed on the outlet of the domain.    

 

Figure 3.2: Geometry, initial and boundary conditions 
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3.3 Dimensionless Model 

The previous model can be expressed in dimensionless form by introducing the following 

parameters and dimensionless groups:  
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Also, from the model, a list of dimensionless numbers are identified as follows:  
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 Da is convection Damköhler number which represents the ratio of reaction rate to 

convection rate, ϕ2 is the diffusion Damköhler number which represents the ratio of 

reaction rate to diffusion rate, Nac is the acid capacity number that represents the volume 

of carbonate dissolved in a unit volume of the acid, η is the ratio of the pore-scale to Darcy 

scale, Pe is the Peclet number which represents the convection rate to diffusion rate. The 

model can then be written in dimensionless form as follows:  
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Then, the initial and boundary conditions then can be written as follows:  
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The previous set of equations are solved numerically to simulate carbonate acidizing in a 

two-dimensional domain that we show in Figure 3.2.  More details regarding the 

implementation of the model and numerical scheme is presented in the following section.  
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3.4 Numerical Implementation  

In this section, we discuss the implementation of the numerical model in the finite – 

element solver (COMSOL). The momentum equation is defined in the porous medium 

flow module, where the pressure and velocity flow field are calculated. The convection – 

diffusion – reaction equation is defined by the transport of diluted species in a porous 

medium under the chemical species transport module. This part allows the calculation of 

the concentrations of the solutions. Furthermore, we use the domain ordinary – 

differential equation to define the mass conservation equation where the porosity change 

with time is calculated. We utilized the definition of local variables to define the structure-

properties relationships. This step takes care of the update of permeability, pore radius, 

interfacial surface area, and the local mass transfer coefficient. For the shape functions, 

we use the default setting, which is the Lagrange elements. We select second order 

discretization for the shape function in the species transport equation, the mass 

conservation equation, and a linear elements discretization for the momentum equation. 

For solver configuration, we use a segregated solver approach where the set of equations 

are solved sequentially. Multifrontal massively parallel sparse direct solver (MUMPS) is 

used to solve the resulted system of equations. 

 

 

 



48 

 

Chapter 4: Global Sensitivity Analysis 

The objective of global sensitivity and uncertainty propagation analysis is to investigate 

how the variability in the reactive transport model used in this study is impacted by the 

variability in the inputs.  These analyses are essential, specifically in subsurface 

applications where high uncertainty is observed in the rock and fluid – rock properties. 

This uncertainty is a result of measurements and also it is inherent in the physical system 

under this study. For example, important properties used in modeling carbonate 

dissolution are the distribution of the pore radius and interfacial surface area.  These 

properties can vary in several orders of magnitudes.  There are several approaches to 

conduct uncertainty propagation and global sensitivity analysis. The analysis in these 

approaches is undertaken with a black-box approach, which means it is only based on the 

model's response for a given distribution of the model’s inputs. Most of these methods 

are variance decomposition techniques. We describe in this chapter the method and 

workflow we used to perform this kind of analysis. Figure 4.1 summarizes the workflow 

we used to perform the uncertainty propagation analysis. 

 
Figure 4.1: Uncertainty propagation analysis workflow  
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4.1 Screening Method 

One of the classes of global sensitivity analysis is the screening methods. These methods 

help to identify the unimportant input variables in the computational model.  It provides 

a qualitative ranking of the significant inputs with respect to the model response.  This 

step helps to reduce the dimensions of the model and reduces the number of model 

evaluations for building the surrogate model later on. This is a statistical tool that we use 

to identify significant variables in the model.  It uses design of experiments (DOE) to 

maximize the information about the model response and structure.  In our study, the aim 

is to spot the significant variables in the model. Hence, we used folded Plackett – Burman 

design as a screening method. This design of experiments uses runs that are a multiple of 

4 rather than a power of 2. Therefore, it helps to screen the main effect in our reactive 

transport model with fewer simulation runs. Table 4.1 shows an example of a Plackett – 

Burman design for 11 variables.  

Table 4.1: An example of Placket – Burman design [72] 
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The letters in Table 4.1 indicate the factor. The plus sign shows the maximum level in that 

specific factor. The minus sign shows the minimum level in that corresponding factor, and 

the run indicates the experiment number or the simulation run required in the design. 

We will share more details about the input factors and the levels for these factors.  In our 

study, we choose the pore volume to breakthrough and effective permeability as the 

outcome from our simulation runs. More details will be presented later in subsequent 

sections. The workflow in Figure 4.2 illustrates the variables screening steps used in this 

study.   

 

Figure 4.2: Workflow indicating the steps required in model reduction 

  

4.2 Data Analysis  

Once the simulations are conducted, the results of the simulation need to be analyzed. 

Statistical methods are used for data analysis. Typically regression analysis and analysis 

of variances (ANOVA)  are used to analyze the results from the simulations. The science 

of the physical problem is also considered and integrated with statistical analysis. A 

general regression model can be written as follows: 
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 0 1 1 ... p pY X X         (35) 

Here, Y is the computational model response, X is the independent variable that is used 

in the model. ε is a random error. From the regression model, we can see that the 

variation in the input values causes the variations in model response. One popular way to 

test whether an input variable is significant or not is by testing its coefficient in the general 

regression model described in Equation 35.  For example, to test whether the first input 

variable is significant or not, the following hypothesis is used   

 10 : 0H    (36) 

The statistic t value under the previous hypothesis can be calculated as  

 1
0

1( )
T

se




  (37) 

Where se (𝛽1) is the standard error of the coefficient that is evaluated from the data. T0 is 

the t-value that measures the difference between the population mean and the 

hypothesized value. The greater the magnitude of the T value, the greater the evidence 

that the corresponding input variable is significant against the null hypothesis. The T value 

is compared against a significant level (0.05 or 0.1) to determine whether an input 

variable is significant or not. If the t-value is greater than the significant level, then the 

corresponding input variable is significant. In a scenario where the t – value for the 

corresponding input variables is less than the significant level, the variable can be 

screened from the list of input variables used in the computational model. 
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4.3 Meta Model (PCE) 

One of the most effective methods to perform global sensitivity analysis and uncertainty 

propagation analysis is to use polynomial chaos expansion (PCE). This analysis aims to 

investigate how the uncertainty propagates in the computational model with less 

computational cost. The traditional way of conducting these analyses is through Monto 

Carol simulations. However, this is expensive as it requires many simulation runs.  Thus, 

we study the model's response variability by the variability in each input using polynomial 

chaos expansion. This is done through variance-based techniques where Sobol Indices 

(Sis) are used as sensitivity metrics [17,70]. These metrics do not assume any linearity in 

the physical model and hence can be used to study complex models. The difference 

between this step and the screening step is the design of experiments and the analysis 

method.  In this step, we used a large set of experimental designs compared to the placket 

– Burman. This more extensive set allows building the polynomial chaos expansion.  Then, 

the metamodel (PCE) is used to calculate the Sobol sensitivity indices and the marginal 

effect.  This analysis helps us to understand how the uncertainty propagates in the 

reactive transport model used.  Let us consider the response of the mathematical model 

to be Y = M (X), where this model depends on the several uncertain input parameters X 

= {X1, X2,…, XM}. The response of a system can be decomposed as follows:  
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Here, M0 is a constant that is equal the expected value of M (X), a condition must hold for 

the decomposition that its integral over its independent input variables is zero such that: 
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s ik
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    (39) 

Where ΓXik and fXik (Xik) represent the support of Xik and the marginal probability density 

function, respectively. The orthogonality and uniqueness of Mi lead to the following 

variance compositions: 
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Where u = {i1,i2,…,im} ⊆ {1,2,…,M} represents the index sets and Xu are the sub vectors 

that belong to u. Here, Du represents the partial variance which is defined as follows:  

 2[ ( )] [ ( )]u u u u uD Var M X E M X   (41) 

Thus, the Sobol sensitivity indices are expressed as  
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The total Sobol sensitivity indices that include the contribution of an input parameter with 

the effect of the rest of the parameters are defined as follows:  
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 The sensitivity indices that we explained earlier can be calculated in many ways. The 

traditional method is through the Monto Carlo simulation. However, this method requires 

many simulation runs, and it is expensive computationally. Hence, we utilized polynomial 

chaos expansion [70] for the calculation of these indices. Each output that is used to 

assess the efficiency of a system is written into a set of multivariate polynomial as follows:  

 ( ) ( )
A

Y M X y X 


    (44) 

Where A is a set of chosen multi_index α= { α1, α2,…, α2} which identifies the multivariate 

polynomial components (Φα(X) ) and yα is the corresponding polynomial coefficient.  

Table 4.2 [69] presents a list of the common univariate polynomial that are commonly 

used in building the polynomial chaos expansion.  

Table 4.2: Classical univariate polynomial used in constructing polynomial chaos 
expansion 

 

There are many methods to evaluate the corresponding polynomial coefficients for given 

basis functions. The main strategies used to compute the coefficients are the projection 

and the regression method. We used the regression method here based on minimizing an 

objective function that represents the difference between the results from the simulation 
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and the surrogate model (PCE). Once the PCE is built, the total variance (D) and mean 

value ( ̂ ) of model response can be evaluated as follows: 
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Using the PCE coefficients, the total Sobol Indices can be expressed as follows:   
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The Marginal effects [13] can also be calculated from the surrogate model (PCE). It helps 

us to understand the relation between the model’s response and the sensitive input 

parameters. The marginal effect can be evaluated as follows:  
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Chapter 5: Results & Discussion 

We show and discuss in this section the results from the simulation and the uncertainty 

propagation analysis. Besides the model validation, all simulation runs are performed in 

the domain shown in Figure 3.2.  The input parameters will be specified in subsequent 

sections.    

5.1 Model Validation 

The first step in our study is the validation of the simulation code developed in the finite 

element solver. This step necessary is to ensure that the simulation code captures the 

physicals of the reactive transport problem. We consider an analytical solution [48] 

developed for the sets of equations from Equation 10 to Equation 18.  The analytical 

solution is developed with simplified assumptions. It was developed for a one – 

dimensional case where the mass transfer coefficient kc (Equation 17) and dispersion 

coefficient De (Equation 18) is assumed to be independent of injection velocity. The other 

assumption is that no heterogeneity is present in the domain. Figure 5.1 shows the initial 

and boundary conditions for matching the simulation model with the analytical solution.   

 

Figure 5.1: Initial and boundary conditions for the model validation case   

We used the one – dimensional geometry in COMSOL to match the analytical model with 

the simulation. Table 5.1 shows the inputs used in the simulation to match the analytical 

solution with the numerical model.  
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Table 5.1: Inputs used in matching the simulation with the analytical solution 

Input Value Description 

L 15 [cm] Length of the domain 

k
0
 10 [mD] Initial Permeability 

v 0.01[m
2
/s] Kinematic Viscosity 

ρ 1000 [kg/m
3
] Density of water 

α 50 [g/mol] Dissolving Power of the acid 

µ 1 [cP] Acid Viscosity 

a0 5000 [1/m] Interfacial area 

r0 1 [µm] initial pore radius 

α
0s

 0.5 Tortuosity Correction constant 

Sh
∞
 3 Asymptotic Sherwood number 

C0 2.71[mol/L] Inlet concentration of the acid  

ks 1.4×10-04 [cm/m] surface reaction rate constant 

 

Figure 5.2 shows a comparison between the simulation results and the analytical solution. 

A good match is obtained between the two solutions. The red curve represents the 

dissolution front from the simulator, while the blue curve represents the analytical 

solution. The first plot shows the normalized concentration against the normalized 

distance. The concentration is normalized by the inlet concentration (i.e. C/C0), and the 

distance is normalized by the length of the domain (i.e. x/L). We show the normalized 

concentration after injecting 42 pore volumes at a Damkohler number (Da) of 50. We can 

see in the concentration plot that the concentration before the dissolution front is 

approaching unity while after the dissolution front is zero. We can also make the same 

observation in the porosity plot. These results agree with the analytical solution's 
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assumptions that the porosity and concentration approach unity far from the dissolution 

front. Figure 5.2 also shows the results for different values of the Damkohler number. The 

dissolution front is thinner for higher values of the Damkohler number. 

 

Figure 5.2: A comparison between the analytical solution and numerical solution   
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5.2 Numerical Experiments 

In this section, we present the results of the numerical experiments. We conducted the 

simulation in the domain shown in Figure 3.2.  The simulation illustrates the impact of 

different transport and reaction phenomena on carbonate dissolution. We inject the acid 

from the inlet boundary at a constant velocity. The fluid is contained in the domain by 

applying a no flux boundary condition in transverse boundaries. A porosity field that is 

randomly disturbed in the domain is introduced to create numerical instability.  The 

numerical implantation of the model is discussed in section 3.4. The input data that we 

used are listed in Table 5.1. Other pertinent input data [35,57] are also listed in Table 5.2.  

Table 5.2: Inputs parameters used in the simulation 

Input Value Description 

L 5 [cm] Length of the domain 

H 2 [cm] Height of the domain 

k
0
 5 [mD] Initial Permeability 

ρs 2.71 [g/cm3] Density of Carbonate  

λ
x
 0.5 Longitudinal dispersion constant 

λ
y
 0.1 Transverse dispersion constant 

u0 0.0016  [cm/s] Injection velocity at the inlet 

Dm 4×10-10 [m2/s] Molecular Diffusion  

b 0.7 Constant in Local mass Transfer 

β 1 Pore – broadening parameter  

𝜸 1 Pore – connectivity parameter 

 

Figure 5.3 presents the simulation results for one case at a different time for 15% 

Hydrochloric acid injection. The figure represents the porosity at a different time step. 

Also, the image shows the velocity vectors presented by white arrows. The simulation 
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helps us to understand how the wormhole is initiating and propagating in the porous 

medium. Initially, the acid dissolves the face of the rock, and small channels form. The 

formed channels enlarge with time by the reaction of the acid with the rock. Among these 

small channels, one channel becomes more dominant. Thus, all of the acids are directed 

to that dominant channel due to higher conductivity. Later, we can notice the formation 

and propagation of the channel in the porous medium. This is also obvious in the velocity 

vectors. The velocity vectors show that all the acid injected flows into the channel. 

Furthermore, the acid leaks through the wormhole wall causing small branching channels 

out of the wormhole. The leaking is mainly caused by diffusion and dispersion. As time 

progresses, the acid enlarges the width of the channel. We can notice here how the 

dissolution of the carbonate changes the flow behavior. We terminate the simulation 

when the acid breakthrough from the outlet. 

 
Figure 5.3: Porosity map with the velocity vectors (white arrows) showing the solutions 
at a different time until the breakthrough.  
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In this section, The time of acid breakthrough (tBT) is defined as the time at which the 

pressure drop across the domain decreases by a factor of 100 [25,48]. Once the time to 

breakthrough is known, we can calculate the pore volume to breakthrough (PVTB) as 

follows:  

 BTQt
PVTB

PV
  (48) 

Where Q is the acid flow rate, tBT is breakthrough time, PV is the pore volume of the 

medium. The pore volume to breakthrough is a quantity that is used to assess the 

performance of the acid. A minimum volume of acid is desired for the same length of the 

wormhole.  We also monitor the effective permeability across the porous medium over 

time. The pressure at the inlet and the velocity at the outlet obtained from the simulation 

were used to calculate the effective permeability. Darcy's law was used for the 

calculation.  Figure 5.4 shows the effective permeability (keff) versus time. The plot can be 

divided into two parts. Initially, the effective permeability increases at a slow rate, 

reflecting how the dissolution process connects the pores. Later, there is an exponential 

increase in the effective permeability. This part indicates the breakthrough time, and the 

wormhole connects the inlet and the outlet of the core. The time at which the wormhole 

connects the inlet and outlet corresponds to a negligible pressure drop across the domain. 

This explains the instantaneous jump in the effective permeability plot.   



62 

 

 

Figure 5.4: Effective permeability across core as a function of time  

 

Figure 5.5 illustrates the effect of varying the acid injection rate. The injection rate 

changes the value of Peclet number (PE) and Damkohler number (Da). These 

dimensionless numbers were defined in section 3.3. Low values of the Damköhler number 

indicate a high injection rate, while high values of the Damköhler number indicate a low 

injection rate. At a very high injection rate (Da=1), no formation of a channel is observed. 

However, the porosity in the domain is increasing. These results highlight the influence of 

transport and reaction. In this case, the acid residence time is insufficient compared to 

reaction time, which means the acid will only partially react with the carbonate. This 

dissolution pattern is usually referred to as uniform dissolution. In this scenario, the 

convection of the acid is more dominant than dispersion. At a very low injection rate (Da 

= 30000), the soaking time of the acid is significant, which results in complete dissolution. 
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The acid in this regime produces face dissolution, and dispersion tends to be more 

dominant than convection of the acid. At an intermediate injection rate, the acid 

produces a wormhole due to the balance between convection, dispersion, and reaction. 

In this regime, the acid only dissolves part of the medium, resulting in fewer volumes 

required to break through.   This can be observed in Figure 5.5 (b – e). However, even in 

these cases, the morphology of the wormholes are different. The acid created a single 

wormhole with fewer branches at a Damköhler number (Da) of 500.  

 
Figure 5.5: Different dissolution patterns observed from the numerical experiments 
Higher Damkohler number indicates lower injection velocity. 

  

 



64 

 

On the other hand, the acid creates more and longer branches from the mother channel 

at a Damköhler number (Da) of 300. This dissolution pattern is referred to as ramified 

dissolution. At higher values of Damköhler number (Figure 5.5 (e)), the dissolution 

channel becomes wider, creating what is called a conical wormhole. The previous results 

illustrate the impact of different phenomena occurring in the porous medium, mainly the 

interaction of transport and reaction.  

 

Figure 5.6: Breakthrough curve showing the optimum injection rate obtained from the 
simulation tests.  
 

 Figure 5.6 above illustrates the variation of pore volume to breakthrough with the 

dimensionless injection rate (inverse of Damköhler number) that is obtained from the 

simulation. The same input data presented in Table 5.2: Inputs parameters used in the 

simulation are fixed for these simulations except for varying the injection rate.  The plot 
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shows an optimum injection rate where the same length of dissolution channel exists for 

a minimum amount of acid injected.  The breakthrough curve predicts the general 

behavior of the experimental observations. The optimum rate corresponds to the 

minimum point in Figure 5.6 at Da-1 ≈ 0.002. The acid requires more volume to achieve 

a breakthrough at a very low injection rate (Da-1=10-4). This corresponds to the face 

dissolution regime explained earlier. The acid soaking time is long enough to achieve a 

complete reaction, resulting in using more volumes of acid to attain a breakthrough.  As 

the acid injection rate increases away from the optimum injection rate, the acid escapes 

the porous medium with only partial reaction. Thus, more acid is needed to enhance the 

effective permeability of the porous medium.       

 

Figure 5.7: Influence of varying the injection rate (dimensionless Damköhler number) on 
effective permeability of the porous medium 
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Figure 5.7 shows the impact of changing the injection rate on the increase of effective 

permeability. Generally speaking, the behavior of the curves is the same for all cases. The 

curves illustrate how the time to breakthrough changes at different injection rates. For 

example, a lower injection rate requires more time to reach a breakthrough, which can 

be seen at Da = 1000 compared to other curves. However, as the injection rate increases, 

the time required for the permeability to increase from the initial mean permeability 

decreases.  

5.3 Variable Screening 

This section and subsequent sections studied the impact of the variability of input 

parameters in the simulation response, mainly considering the pore volume to 

breakthrough and the effective permeability in the porous medium. In this section, we 

use design of experiment (DoE) to study and understand the significant factors affecting 

the aforementioned model's response. We implement Placket Burman's design of 

experiment to determine the significant variables in the simulation model. The pressure 

drop stopping criteria does not work well if we want to consider the effect on the effective 

permeability. As shown in Figure 5.7, the final effective permeability is almost the same 

for all cases. Hence, concentration criterion is used instead of the pressure drop. The time 

to breakthrough is defined as the time at which ten percent of the inlet acid concentration 

reaches the outlet of the core. As illustrated in Figure 5.8, the difference in the time to 

breakthrough between the two criteria is not significant.       
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Figure 5.8: Difference in breakthrough time. a) Pressure drop criteria. b)  Concentration 
criteria 

 

Table 5.3 summarizes the range of the uncertain parameters used in the experimental 

design. This uncertainty reflects the uncertainty in the surface reaction rate, diffusion 

coefficient, initial pore radius, and interfacial surface reported in the literature [6,43,52]. 

We conduct the analysis with the dimensionless numbers instead of the physical 

parameters.  

Table 5.3: range of variability for the parameters used in simulations 

Inputs  Range  Description  

Da [50 – 1000] Convection Damköhler number 

ϕ
2 [0.07 – 20] Diffusion Damköhler number 

Nac [0.01 – 0.2] Acid Capacity Number  

η [4.00E
-05

- 8.00E
-04

] Pore scale to Darcy scale Ratio  

Pe [200 – 20,000] Peclet Number  

Sc [250 – 2500] Schmidt Number  
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β [1 – 2] Exponent in Structure – Properties correlation  

ϕ
0
 [0.05 – 0.2] Initial mean Porosity  

λ
x
 [0.1 – 0.5] Dispersion Longitudinal coefficient   

λ
T
 [0.1 – 0.5] Dispersion Transverse coefficient  

α
0s 
 [0.1 – 0.5] Tortuosity Correction constant   

b [0.1 – 0.7] Local mass Transfer constant  

Sh
∞
 [2 – 4.36] asymptotic Sherwood number 

 

We conducted 33 simulations to identify the significant variables using Plackett Burman's 

design of experiments. The results obtained from the simulation are used to build a non-

linear regression model. Figure 5.9 presents a comparison between the results from the 

simulation and the predicted values. It should be noted here that the regression model's 

accuracy is sufficient to determine the significant variables and screen the unimportant 

inputs. However, it cannot be used for future prediction.   

 

Figure 5.9: Comparison between the simulation results and the predicted results for pore 
volume to breakthrough (PVTB) and the effective permeability (keff) 
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We then utilize the regression model to calculate the effect of each variable on the pore 

volume to breakthrough and the effective permeability. The effect represents the t value 

that we explained in section 4.2. Figure 5.10 shows the Pareto chart for the standardized 

effect on pore volume to breakthrough (PVTB).  The acid capacity number leads the list 

as the most important parameter for pore volume to break through. This dimensionless 

number represents the stoichiometry of the reaction. It is defined as the volume of 

carbonate that can be dissolved in a unit volume of the acid.  This explains the reason why 

this factor is the most significant. The second parameter in the list is the initial mean 

porosity. The porosity in this model is essential as it is used to calculate pore-scale 

parameters such as initial pore radius and interfacial surface area. This explains why the 

initial porosity appears significant. A simplified analytical solution was proposed in the 

literature [57] as follows:  

 0

0

(1 )

ac

PVTB
N






  (49) 

The above equation is a simple equation to calculate the pore volume to breakthrough at 

the extreme case, which is the face dissolution. However, it gives insight into the critical 

parameters for the pore volume to break through. The parameters in equation 49 agree 

well with what appears to be significant in our screening step. The last parameter that 

appears to be significant is the pore connectivity parameter (β). The aforementioned 

parameters are statistically significant at the significant limit of 0.1. The remaining 

parameters are statistically insignificant at a significant limit of 0.1.    
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Figure 5.10: Pareto plot for the standardized effect on pore volume to break through 
(PVTB) 

 

Figure 5.10 shows the Pareto chart for the standardized effect on effective permeability. 

The effective permeability is related to the pressure drop across the rock. During 

dissolution, the pressure drop decreases because the acid reacts with the rock mineral, 

creating a conductive path for fluid flow. This explains why the diffusion Damköhler 

number (ϕ2) and the convection Damköhler number top the list as the most significant 

factors affecting the effective permeability.  Also, the pore scale to Darcy scale ratio and 

the initial mean porosity appears to be significant. The initial mean porosity is used to 

update the rock's permeability, which might explain the strong dependency of 

permeability on the initial mean porosity.  The aforementioned parameters are 

statistically significant on the effective permeability at the significant limit of 0.1. The 

remaining parameters are statistically insignificant at a significant limit of 0.1.  



71 

 

 
Figure 5.11: Pareto plot for the standardized effect on effective permeability (keff) 

 

Based on the screening step, we select six parameters to conduct further analysis. We 

choose the diffusion Damköhler number (ϕ2), the convection Damköhler number, the 

initial mean porosity (φ0), the pore scale to Darcy scale ratio (η), the acid capacity number 

(Nac) and the pore connectivity parameter (β).  

5.4 Global Sensitivity Analysis 

The methodology used to conduct global sensitivity analysis and uncertainty propagation 

is described in Figure 4.1. This section presents more details regarding the construction 

of polynomial chaos expansion (PCE). We show its accuracy in comparing the results 

against the result from the computational model. Furthermore, we present the global 

sensitivity analysis (GSA) result based on global and local Sobol sensitivity indices (SIs).  

This part of the study investigates how the uncertainty in input parameters affects the 
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output of the reactive transport model. We consider the properties presented in Table 

5.3 after screening the unimportant parameters. In the simulation, the non- sensitive 

parameters are kept constant at their most likely values, listed in Table 5.2. The six input 

parameters that we selected from the previous step are assumed to be uniformly 

distributed over the ranges of variability that we specified earlier. The surrogate model 

(PCEs) is constructed using an experimental design that consists of 300 samples.  We 

utilize a Quasi- random sampling technique to cover the parameters' space. We build the 

Surrogate model (PCE) using the method and techniques described in section 4.3. We also 

build the met model (PCE) for the acid concentration in the rock in the 2D domain. In this 

case, we construct component – wise PCE on each node on the simulation domain. The 

surrogate model (PCE) is built using UQLAB software [68]. We use the basis –adaptive PCE 

as a strategy to construct an accurate representation of the computational reactive 

transport model.  Out of the 300 simulations, 250 experiments were used to construct 

the meta model (PCE) , and 50 are used to validate the model. We select the first degree 

to sixth degree as a range for the PCE basis. The degree of the basis is selected to minimize 

the leave – one – out (εLOO) cross validation error and the validation error, which checks 

the predictivity of the polynomial chaos expansion (PCE) on a set of data that were not 

used on building the surrogate model (PCE). The validity of the surrogate model (PCE) is 

checked by comparing the results from the polynomial chaos expansion (PCE) against the 

results from the simulation for pore volume to breakthrough (PVTB) and effective 

permeability (keff). Figure 5.12 compares the results from the surrogate model (PCE) and 

the values from the simulation model for input parameters corresponding to the 
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experimental design used to build the polynomial chaos expansion (PCE) and validation 

sets that are not utilized to construct the PCE. We can notice a good match in Figure 5.12 

between the values of the surrogate model (PCE) and the simulation values. This match 

confirms that the polynomial chaos expansion (PCE) reproduces the outputs from the 

computational model.   The leave – one – out (εLOO) cross validation error does not exceed 

1.68 %.   

 

 

Figure 5.12: A comparison between the simulation model results and the Metamodel 
(PCE) for the pore volume to breakthrough and the effective permeability. On the left 
side, 250 samples were used in the experimental design, and on the right side, 50 samples 
were used as a validation set, which is not used to construct the PCE.  
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Figure 5.13 shows a comparison between the results from the simulation model and 

values obtained from the component – wise PCE built on the simulation nodes for the 

acid concentration distribution.  As can be seen, the concentration from the simulation 

agrees well with the results obtained from the surrogate model (PCEs). The component- 

wise PCE allows us to calculate the Sobol sensitivity indices map in the rock.  Please note 

that the polynomial chaos expansion (PCE) is built at the final simulation time when the 

acid breakthrough to the outlet.  

  
Figure 5.13: Comparison between the values of a) the simulation results of acid 
concentration map. b) The concentration distribution obtained from the multivariate PCE 
built on simulation nodes.                     
 

 

b) Acid Concentration (PCE) [mol/m3] 

a) Acid Concentration (simulation) [mol/m3] 
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5.5 Uncertainty Propagation Analysis 

In the previous section, we evaluated the polynomial chaos expansion (PCE) for the pore 

volume to breakthrough, effective permeability, and the acid concentration. Post-

processing of the PCE coefficients allows us to calculate the total Sobol Indices (SIs) that 

are utilized to perform uncertainty propagation analysis. Furthermore, we can 

understand the impact of the input factors on model response by calculating the marginal 

effect. It is simple and computationally easy to evaluate the surrogate model on new 

samples. Hence, we can calculate the univariate effect by evaluating the variability of the 

model’s response (i.e., pore volume to breakthrough and effective permeability) to a 

specific parameter using the surrogate model. This is achieved by varying the factor of 

interest and keeping other parameters constant at their average values. Figure 5.14 

shows the results of Global sensitivity analysis (GSA) for the spatial distribution of the acid 

concentration.  Figure 5.14a represents the mean distribution of the acid concentration 

calculated from the PCE moments. The mean value of the acid concentration is calculated 

at each node of the simulation domain. It uses the coefficient (y0) with the constant basis 

(Φ0 = 1). Due to the complexity of the problem, the mean acid concentration does not 

fully capture the model's response. In each experiment, the wormhole initiates and 

propagates from a different point on the core. This is because of the interplay between 

the reaction and transport.  
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Figure 5.14: Global sensitivity analysis (GSA) results for the spatial distribution of the acid 
concentration: (a) mean of the acid concentration [mol/m3]  (b) standard deviation of the 
acid concentration [mol/m3]  (c) total Sobol indices (SI) map for initial mean porosity (𝜑0).  
(d) total Sobol indices (SI) map for acid capacity number (Nac).    

 

Also, varying the input parameters such as initial mean porosity, initial pore radius, and 

the interfacial surface area available for reaction causes the wormhole to initiate from 

different points and propagate into different directions.  Eventually, the acid flows into 

the created channel. Figure 5.15 shows some examples of the 300 experiments on how 

the wormhole initiates and propagates differently in each simulation. Also, the diameter 

of the wormhole is different.     

(a) (b) 

(c) (d) 
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Figure 5.15: Spatial distribution of acid concentration [mol/m3] from the simulation results 
illustrating how the wormhole initiates and propagates differently in different numerical 
tests.   
      

In general, the mean value of the acid concentration obtained from the surrogate model 

(PCE) captures the general behavior of the dissolution. Dissolution of the rock face occurs 

at the inlet of the core, and later a channel develops. Figure 5.14b shows the standard 

deviation of the acid concentration. The standard deviation illustrates the deviation of 

the acid concentration from their average values. The variance of the acid concentration 

is significant where dissolution is occurring. It can be interpreted by the acid leaking into 

the wormhole wall because of diffusion and dispersion, which creates this high variability 

around the region where dissolution occurs. We assess the sensitivity of spatial acid 

concentration to the uncertain input parameters with the total Sobol indices (SIs) map 

(Figure 5.14c-d). Figure 5.14c shows the total SIs of the initial mean porosity. We can see 

that the uncertainty of this parameter has an insignificant impact on acid concentration 

where dissolution occurs. Figure 5.14d shows the total SIs for the acid capacity number. 

The acid concentration is highly sensitive to this parameter's uncertainty where the SIs 
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are high in the region where dissolution occurs. Surrounding the dissolution channels, the 

SIs are lower due to the leak-off happening at the wall of the channel where the acid 

species is transported by diffusion and dispersion. At the center of the channel, the SI has 

high values, which might be explained by the fact that the convection dominates this 

region, making the acid concentration sensitive to acid capacity number. The velocity 

vectors in Figure 5.3 support the previous analysis where the maximum velocity occurs at 

the center of the channel. It is important to emphasize that the total Sobol index (SI) 

considers the overall contribution of a particular parameter to the model's response, 

including interactions and nonlinear effects. Hence, it allows for ranking of the input 

parameters according to their significance to the output of interest. It appears that the 

acid capacity number (Nac) (Figure 5.14d) is the most significant parameter compared to 

other input parameters. This is because the total SI is more prominent in the dissolution 

region, where the variance of the acid concentration is maximum. The acid concertation 

is not sensitive to initial mean porosity (Figure 5.14c) as the region where the SI is high 

corresponds to negligible variance.    
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Figure 5.16: Total Sobol Indices (SIs) for (a) Pore volume to breakthrough (PVTB), (b) 
Effective Permeability (keff). 

 

Figure 5.16 presents the sensitivity of the model’s responses (i.e., PVTB and keff) to the 

uncertain parameters that we considered in this study.  The figure shows the bar-plot of 

the total sensitivity indices corresponding to the uncertain input parameters. These 

sensitivity indices, along with the univariate effect, are used to understand the 

uncertainty on the output of the reactive transport model related to incomplete 

knowledge of the input parameters. The parameters such as molecular diffusion 

coefficient of the acid, surface reaction rate, interfacial surface area, and pore radius are 

subjected to uncertainty. We investigate the uncertainty of the aforementioned 

properties by varying the dimensionless numbers.   This uncertainty is either due to 

imperfect knowledge of the inputs or due to different experimental protocols [6,33]. The 

univariate effect is computed for the most relevant parameters.  Figure 5.17 shows the 

marginal effect for the uncertain parameters. The variability of the parameters from the 

marginal effect (Figure 5.17a-c) agrees well with the Sobol sensitivity indices.  

(a) (b) 



80 

 

 

 

Figure 5.17: The univariate effect of the input parameters on the pore volume to 
breakthrough (PVTB).  

 

Figure 5.16a indicates that most of the contribution to the pore volume to breakthrough 

(PVTB) is due to the acid capacity number, initial mean porosity, and the broadening 

exponent.  The acid capacity number (Nac) is the most significant parameter with a total 

SI of 0.59. The univariate effect of   Nac and 𝜑0 on PVTB are presented in Figure 5.17a and 

Figure 5.17b, respectively. The acid capacity number is mainly a function of the acid’s inlet 

concentration.   Figure 5.17a shows that the pore volume to breakthrough (PVTB) is 

decreasing with the increase in the acid capacity number (Nac), which is in agreement with 
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the previous studies [37,57]. As the acid concentration increases, the volumes of acid 

required decrease.  We also notice that when the acid capacity number is greater than 

the 0.1 (15% HCL), its effect on pore volume to breakthrough is less significant.  Figure 

5.17b shows that PVTB decreases with an increase in the mean porosity, which is 

coherent with previous results [36,41]. The presence of more minerals can explain this in 

the low porosity rocks compared to the high porosity rocks. Hence, more acid is required 

to dissolve the rock mineral in rock with low mean porosity. Figure 5.17c shows that PVTB 

decreases with an increase in the pore – broadening parameter. The increase in this 

exponent causes the wormhole diameter to be smaller, which explains why less volume 

of acid is required.  Figure 5.17d shows the univariate effect of the diffusion Damköhler 

number (ϕ2). PVTB decreases with an increase in the diffusion Damköhler number until 

the value of ϕ2 = 10. At this point, the effect is not pronounced.  In fact, this is a transition 

between reaction regimes from the kinetically controlled regime to the mass transfer 

regime [57].   Figure 5.16b shows that most of the contribution to the effective 

permeability (keff) is due to initial mean porosity and the diffusion Damköhler number.  

The initial mean porosity (𝜑0) is the most influential parameter with a total SI of 0.84. This 

is evidence from the univariate effect in Figure 5.18c.  We notice that the effective 

permeability decreases with the increase in the porosity. We need to highlight here that 

this effective permeability corresponds to the permeability at breakthrough. Rocks have 

complicated structures, especially at the pore scale. For small porosity, the increase in the 

permeability is higher to achieve acid breakthrough, which might explain the behavior of 

the plot.  
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Figure 5.18: The univariate effect of the input parameters on the effective permeability 
(keff). 

 

Figure 5.16b shows the variability of the effective permeability with respect to ϕ2. The 

effective permeability decreases with the increase in ϕ2. Also, similar behavior is observed 

in the transition between the kinetically controlled regimes to the mass transfer regime. 

Figure 5.16a shows that as Da increases, the effective permeability increases. This can be 

attributed to the influence of convective transport and reaction. A wider channel is 

observed at high Da, causing less pressure drop and eventually higher permeability.  
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Chapter 6: Conclusion & Future Work 

This section discusses and summarizes the main results of this study. This study is a multi-

step study to model and understand carbonate acidizing. First, we performed a literature 

review of the different simulation techniques used in the petroleum industry. With more 

focus was given to carbonate acidizing, including different acidic solutions used, type of 

flow diverters, and modeling approaches. Second, we implemented a continuum-based 

approach to simulate the dissolution of carbonate by a reactive fluid using a finite - 

element solver (COMSOL). Third, we conducted a rigorous uncertainty propagation 

analysis in the reactive transport model to investigate the variability of the model’s 

response to the input parameters and identify the most sensitive factor using Sobol 

sensitivity indices.   This was achieved by building a surrogate model using polynomial 

chaos expansion and following a multistep workflow. The following points summarize the 

main conclusions obtained from this study:  

 We used a reactive transport model to study the acidizing process in a carbonate rock 

at a core scale with synthetic rock properties. We validate the simulation model using 

an analytical solution describing the movement of a dissolution front in a homogenous 

porous medium. The simulation solution matches well with the analytical solution.  

 The effect of acid injection rate on acidizing was presented. Pore volume to 

breakthrough and the effective permeability are the objective functions and metrics 

we used to evaluate the efficiency of the acidizing treatment at a core scale. The 

model captures the experimental observation in a qualitative sense regarding the 
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development of different dissolution patterns at different injection rates. Face 

dissolution, wormhole, and uniform dissolution exist at low, intermediate, and high 

injection rates. There is an optimum injection rate where the pore volume to 

breakthrough is minimized and achieves the same increase in effective permeability.  

At the field scale, acid injection needs to be within that optimum regime to maximize 

the stimulation efficiency. The optimum regime ensures further penetration of the 

channel in the reservoir and fewer volumes to breakthrough.  Many challenges exist 

to match the experimental observations. Among these challenges is the uncertainty 

in the rock properties, primarily at the pore scale, such as interfacial surface area and 

initial pore radius. Also, uncertainty in the rock – fluid properties such as surface 

reaction rate and molecular diffusion coefficient is another uncertainty source.   

 We implemented a rigorous workflow to perform global sensitivity and uncertainty 

propagation analysis. We used Placket – Burman design of experiment to reduce the 

dimension of the model and screen the unimportant input parameters.  Thirty-three 

simulations were used in the experimental design. Using a significant statistical limit 

of 0.1, we reduced the model's dimensions from 13 input parameters to 6 input 

parameters for the range of variability in our experimental design. We performed the 

analysis on the dimensionless variables instead of the dimensional physical 

parameters. The physical parameters are embedded in dimensionless variables. The 

diffusion Damköhler number, the convection Damköhler number, the initial mean 

porosity, the pore scale to Darcy scale ratio, the acid capacity number, and the pore 

connectivity parameter are the significant factors in the reactive transport model. We 
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consider dispersion to be insignificant in the reactive transport model, and it was 

screened from further analysis.  

 

 The surrogate model is able to capture the behavior of the computational reactive 

transport model. The output from the polynomial chaos expansion matches the 

results from the simulation for outcomes we considered (i.e. pore volume to 

breakthrough and effective permeability). Also, the multivariate polynomial chaos 

expansion mimics the spatial distribution of the acid concentration, which gives more 

credibility to the surrogate model. We used the surrogate model to compute Sobol 

sensitivity indices. The Sobol sensitivity map shows that the distribution of the acid 

concentration is more sensitive to the acid capacity number, especially in the region 

where dissolution occurs. The standard deviation map is consistent with the Sobol 

index map as the region with high variability shows higher values of the Sobol index.  

 

 The variability of the pore volume to breakthrough is mainly impacted by the acid 

capacity number, which it has a total Sobol index of 0.58. The second main significant 

factor is the initial mean porosity with a total Sobol index of 0.39. The third significant 

variable is the pore – broadening parameter with a total Sobol index of 0.1 even 

though we chose a narrow range for this variable. The marginal effect confirms the 

variability of these parameters with respect to the pore volume to breakthrough.   
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 The main influencer on the effective permeability is the initial mean porosity with a 

Sobol index of 0.84. The second significant factor is the diffusion Damköhler number 

with a total Sobol index of 0.24; the diffusion Damköhler number describes the 

relative magnitude of diffusion rate to reaction rate normalized with the initial pore 

radius. This indicates that both the diffusion coefficient and surface reaction rate play 

a critical role in this reactive transport model, and more care should be given to these 

values. The univariate effect confirms the variability of the effective permeability with 

these factors.  

 

 We present in this study an efficient methodology to understand how the uncertainty 

can propagate into the model’s response. Compared to the traditional way of 

performing such analysis (i.e., Monto - Carlo simulation), this method is 

computationally effective and can be applied in many other applications. 

Understanding the uncertainty in this reactive transport model has both theoretical 

and practical implications. From a theoretical perspective, identifying the most 

sensitive parameters will help future studies to know which factor is more significant. 

Consequently, the investigator should be more cautious with the selection of the 

significant factor.  From a practical aspect, we know that sensitive parameters are 

critical in the acidizing process. Therefore, more attention should be made when 

measuring these properties and using them in future modeling.   
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 Potential future work includes understanding the acidizing process in a layered system 

with sorted distribution of reservoir properties. The modeling should be performed in 

a wellbore – reservoir scale. All simulation work in the literature was conducted at a 

core scale to simulate the experimental observation. The reservoir has a more 

complex geology with layers having different properties, and the presence of fractures 

and vugs will add more challenges to the design of acidizing treatment.      
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