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ABSTRACT 

Theoretical and Experimental Investigations of the Dynamics of Axially Loaded 

Microstructures with Exploitation for MEMS Resonator-Based Logic Devices 

Sherif A. Tella 

 

In line with the rising demand for smarter solutions and embedded systems, 

Microelectromechanical systems (MEMS) have gained increasing importance for digital 

computing devices and Internet-of-Things (IoT) applications, most notably for mobile 

wearable devices. This achievement is driven by MEMS resonators' inherent properties 

such as simplicity, sensitivity, reliability, and low power consumption. Hence, they are 

being explored for ultra-low-power computing machines. Several fundamental digital logic 

gates, switching, and memory devices have been demonstrated based on MEMS 

microstructures' static and dynamic behavior. The interest of researchers in using MEMS 

resonators is due to seeking an alternative approach to circumvent the notable current 

leakage and power density problems of complementary metal-oxide-semiconductor 

(CMOS) technology. The continuous miniaturization of CMOS has increased the operating 

speed and reduces the size of the device. However, this has led to a relative increase in the 

leakage energy. This drawback in CMOS has renewed the interest of researchers in 

mechanical digital computations, which can be traced back to the work of Charles Babbage 

in 1822 on calculating engines.  

This dissertation presents axially-loaded and coupled-MEMS resonators investigations to 

demonstrate memory elements and different logic functions. The studies in this dissertation 

can be categorized majorly into three parts based on the implementation of logic functions 

using three techniques: electrothermal frequency tunability, electrostatic frequency 
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modulations, and activation/deactivation of the resonant frequency. Firstly, the influence 

of the competing effects of initial curvature and axial loads on the mechanical behavior of 

MEMS resonator arches are investigated theoretically to predict the tunability of arches 

under axial loads. Then, the concept of electrothermal frequency tunability is used to 

demonstrate fundamental 2-bit logic gates. However, this concept consumes a considerable 

amount of energy due to the electrothermal technique. Next, the dynamic memory element 

and combinational logic functions are demonstrated using the concept of electrostatic 

frequency modulation. Though this approach is energy efficient compared to the 

electrothermal technique, it does not support the cascadability of MEMS resonator-based 

logic devices. Lastly, complex multifunctional logic gates are implemented based on 

selective modes activation and deactivation, resulting in significant improvement in energy 

efficiency and enabling cascadability of MEMS resonator-based logic devices. 
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Chapter 1 
 

 

Introduction 
 

Micro-Electro-Mechanical Systems (MEMS) are miniaturized devices that consist of 

mechanical and electrical components at the microscale and are built using 

microfabrication technology. When these devices are fabricated at the nanoscale, they are 

referred to as Nano-Electro-Mechanical Systems (NEMS). In recent years, the 

technological advancement in MEMS devices for various applications has witnessed 

remarkable progress driven by their simplicity, sensitivity, reliability, low power 

consumption, and compatibility with other integrated electronics. Thus, it is essential to 

understand the design parameters that can affect the microstructures' statics and dynamics 

theoretically and experimentally to enhance their applicability. The static and dynamic 

behaviors of MEMS microstructures can be affected by several design parameters that 

require thorough investigation during modeling before exploring them for applications. 

Examples of these parameters are bias voltage, axial load, anchor conditions, and excitation 

frequency, which influence the response of MEMS microstructures and determine their 

usability and range of operation[1–8]. 

Axial load is one of the design parameters that can affect the static and dynamics of MEMS 

microstructures. It is commonly induced by residual stress during fabrication, even without 

external load. In microstructures, residual stress can cause geometrical deformation that 

can affect their functionalities and eventually lead to failure. During the fabrication 

process, microbeams of immovable ends are subjected to residual stress, which can induce 

deformation and introduces axial force in the system in the case of clamped-clamped 
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beams[9–11]. Besides the induced axial force during fabrication, an additional transversal 

force can also be applied to microstructures through other means, such as electrothermal 

and electrostatic actuations[12,13]. The axial force can alter the stiffness of the microbeams 

by either increasing or decreasing it in the case of either tensile or compressive axial loads 

and accordingly affect the natural frequencies. The effects of axial loads on the static and 

dynamic behavior of microbeams have been investigated extensively in the literature 

[14,15]. There are many actuation techniques such as piezoelectric[16], electrostatic [17], 

and electrothermal [18,19] actuations that can be used to tune or modulate the resonant 

frequency through the axial load of microbeams for many applications, such as energy 

harvesting [20], filters [21,22], memory elements [23,24], and logic gates [25]. The usage 

and effect of axial loads on microbeams with different actuation techniques for memory 

and logic applications are some of the motivations of this dissertation.  

 

Figure. 1.1: Microstructure subjected to axial loads 

In line with the rising demand for smarter solutions and embedded systems, MEMS have 

gained increasing importance for the Internet-of-Things (IoT) applications, most notably 

for mobile wearable devices. These are achievable through a single conceptual framework 

that comprises different functional components, such as memory elements and complex 

logic circuits. However, this conceptual design requires that the device should be reliable 
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and consume low power. Traditionally, complementary-metal-oxide-semiconductor 

(CMOS) technology has been used to implement the integrated circuits. But due to their 

limitations such as reconfigurability, inability to operate at high temperatures, and most 

notably, the off-state power consumption, researchers are seeking alternative approaches 

to the transistor-based computations. Hence, there are demands for other techniques that 

will provide run time re-programmability to improve these devices' functionality and 

energy efficiency. These requests have revitalized the objective of seeking a scalable 

mechanical computation. Subsequent improvements in micro-/nano- fabrication and 

measurement techniques have revived research interest in mechanical computation and 

stimulate the use of MEMS/NEMS resonators for different logic and memory applications. 

The mechanical components of MEMS/NEMS resonators are made from compliant 

structures such as cantilever, clamped-clamped beams, plates, U-shape beams, F-shape, or 

coupled structures.  

The first MEMS resonator can be traced back to the early work of Harvey Nathanson [26] 

in 1967 on an electrostatically excited tuning fork. These MEMS/NEMS resonators can be 

operated either in the linear or nonlinear regime. They are mostly tracked by their 

frequency or amplitude modulations, resulting from controlling one or more design 

parameters such as axial loads applied forces, DC bias voltage, etc. The natural frequency 

of the MEMS/NEMS resonator is sensitive to axial loads. This effect can be explored to 

implement a wide range of applications such as memory elements and logic gates. 
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1.2 Literature Review 

This section presents the literature review for all the research facets discussed in this thesis. 

Firstly, the literature survey on the effects of initial curvature and axial loads on MEMS is 

discussed. This is followed by reviewing the electrothermal tuning and controlling axial 

loads in MEMS resonators to demonstrate fundamental logic gates. Then, the review on 

the demonstration of reconfigurable multifunctional logic gates based on electrostatic axial 

modulations is presented. Finally, the literature reports on selective mode activation and 

deactivation for demonstrating complex combinational logic functions.  

1.2.1 The effects of axial loads on MEMS 

Axial load is one of the several parameters that can affect the static and dynamic behaviors 

of MEMS resonators and can lead to different nonlinear phenomena that require thorough 

investigations theoretically and experimentally. This section discusses a review of the 

effects of initial curvature and axial loads on MEMS arches.  

Arch microbeams have been utilized and proposed for many uses over the past few years 

due to their large tunability and bistability behaviors. However, recent experimental data 
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have shown different mechanical behaviors of arches when subjected to axial loads, i.e., 

their stiffness may increase or decrease with applied axial loads. The bistability of an arch 

beam [27–30], for instance, is one of those nonlinear phenomena that requires tuning of 

design parameters such as axial load to predict its occurrence. One of the advantages of 

MEMS bistable structures, such as buckled beams and arches, is their large strokes 

compared to monostable and straight structures [31]. However, arches have more 

advantages over buckled beams because their responses are more controllable and 

predictable since their initial curvature is predetermined during the fabrication process. The 

existence of two different stable states at the same force, commonly referred to as 

bistability, is an intrinsic property of curved beams that provides the basis of operation for 

several micro/nano devices, primarily in electrostatic switches and recently in logic and 

memory devices [32–34]. Loading a bistable structure beyond a critical value leads to the 

structure's snap-through motion (i.e., the structure jumps from one stable state to another 

stable state). It is essential to be able to predict the minimum critical value required for the 

existence of snap-through. 

The axial force can alter the stiffness of the microbeams and accordingly affect the natural 

frequencies. The effects of axial loads on the static and dynamic behavior of microbeams 

have been investigated extensively in the literature. Elata et al. [35] proposed a novel 

method for measuring the residual stress based on the bifurcation response of a clamped-

clamped straight beam under electrostatic forces. They showed the critical voltage required 

for the bifurcation response as a function of the residual stress. Alkharabsheh et al. [36] 

investigated the statics and dynamics of MEMS arches under axial forces and electrostatic 

forces. They indicated that axial force on MEMS arches could increase or decrease their 
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stiffness, increasing or decreasing the natural frequency depending on the applied 

electrostatic and axial forces. Nayfeh et al. [37] investigated analytically and 

experimentally the natural frequencies and modeshapes of buckled beams. They obtained 

the exact solutions for the linear modes and associated frequencies of an initially buckled 

beam for different boundary conditions. 

 Several studies have also investigated the nonlinear vibrations of arch beams [38–47]. 

Most of these studies are based on the Galerkin discretization [48,49]. Krakover et al. [50] 

demonstrated a displacement sensing technique by monitoring the resonant frequency of a 

curved beam. They showed experimentally a pre-buckling decrease and post-buckling 

increase of natural frequency of an arch beam subjected to electrostatic actuation. They 

demonstrated an increase in sensitivity by dynamically operating the beam near the 

beginning of snap-through. Curved beams under electrostatic actuation and compressive 

axial load were also investigated in [51,52]. They observed the coexistence of many 

competing in-well and cross-well attractors, which decrease in behavior by increasing the 

voltage. It is well known that the stiffness of arches increases with their initial rise and 

curvature. On the other hand, applying tensile axial loads on arches reduces their curvature 

and reduces their stiffness for some regimes before the tension effect dominates. 

Despite several works on MEMS arches, the competing effects between the initial 

curvature of an arch beam and the applied axial loads on the stiffness and natural 

frequencies of the arch beam still lack thorough investigations in the literature. Also, 

practical design guidelines and curves that can guide the designers to regimes where the 

natural frequencies of the arch beam can increase monotonically are not available, and this 

guide is an essential requirement for tunable resonators for many applications. 
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1.2.2 Electrothermally Tuned MEMS Resonators for Reconfigurable 

 Multifunctional Logic Gates 

There are many actuation techniques to tune the axial load of microbeams. Electrothermal 

actuation is an actuation technique for modulating the axial load and thereby tuning the 

resonant frequency of microbeams. It is commonly used for its simplicity and the fact that 

it can generate larger deflection and forces at lower actuation voltages [53]. This actuation 

method is based on resistive heating of a microstructure that relies on passing an electric 

current through the microbeam itself or any resistive element deposited on the 

microstructure. This results in Joule’s heating effect, which can induce thermal strain from 

the thermal expansion of the microstructures [54]. The most widely used electrothermal 

micro-actuators are the U-shaped structures, which are commonly referred to as hot-and-

cold arm actuators [55,56], V-shaped or Chevron shaped beams [57], Z-shaped structures 

[58], and clamped–clamped straight or arch beams structures [59]. V-shaped and Z-shaped 

micro-actuators have been extensively used due to their high output force in the range of 

mN and their ability to provide moderate displacement in the order of µm. However, these 

V- and Z-shaped thermal actuators have high mechanical stiffness, limiting their 

bidirectional actuation and may result in higher thermal voltages for their operations. A Z-

shaped thermal micro-actuator was modeled analytically in [60]. They identified that the 

central beam's length and the beam's width are the primary design parameters for tuning 

the displacement, stiffness, output force, and Z-shaped thermal actuator stability. 

Additionally, a clamped-clamped straight or arch microbeam can also be used as thermal 

actuator and it was reported in [61] that the first natural frequency of an arch beam can be 

tuned to twice of its initial value. They showed that a large mid-point deflection can be 
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obtained with a low applied thermal voltages. However, using such designs as 

electrothermal actuation suffer excessive heating and structural damage at the anchors of 

the microbeams and these effects make such designs unreliable as electrothermal actuators. 

On the other hand, the hot-and-cold arm thermal actuator is another commonly used 

electrothermal actuator that uses the asymmetric thermal expansion of the hot, and cold 

arm with different thickness to generate the output force and displacement. In this section 

of the studies, an in-plane clamped-guided arch microbeam is connected with four hot-and-

cold arm thermal actuators which is used to tune and control the static displacement and 

resonance frequency of the arch beam. These novel multiway thermal actuators are situated 

at the guided end of the arch microbeam, and they have the capability of providing variable 

stiffness through the applied axial loads which can either be compressive or tensile axial 

loads. This device can be implemented in applications that require active tuning or shifting 

of the resonance frequency. In view of the inherent capability, the device is experimentally 

utilized to demonstrate fundamental 2-bit logic functions (AND, XOR and NOR gates). 

 As a result of the ability to provide large forces and displacements with very low thermal 

voltages, electrothermal actuators have been used in many MEMS/NEMS applications 

such as filters [62–66], switches [67–70], memory devices [71–73], and logic gates [74–

79]. The past two decades have seen increasing interest in exploring MEMS/NEMS for 

various applications using different actuation techniques. These applications can be based 

on using the static behavior of MEMS/NEMS, such as in switches, or dynamic behavior in 

the cases of resonators and resonant sensors [80]. Due to the simplicity and high efficiency 

of MEMS devices, MEMS switches have been excellent candidates to perform 

multifunctional switching operations, and more recently, were proposed for logic and 
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memory applications [81]. However, they suffer significant drawbacks due to contact and 

stiction problems. Thus, non-contact dynamic based logic devices have received increasing 

attention in the past few years [82,83]. 

There is an increasing interest in alternative computing architectures that can overcome the 

limitations of complementary-metal-oxide-semiconductor (CMOS) transistors-based 

computation, such as their inability to operate at high temperatures and high off-state power 

consumption. Hence, there are demands for an alternative approach that will provide run-

time reconfigurability to improve their functionality and energy efficiency. These 

requirements have revived the objective of seeking a scalable mechanical computation that 

can be traced back to the work of Charles Babbage in 1822 on calculating engines [84]. 

Also, subsequent improvements in micro-/nano- fabrication and measurement techniques 

have revitalized research interest in mechanical computation and stimulate the use of 

MEMS/NEMS resonators for different logic and memory applications. Dynamic-based 

resonant structures have been particularly under increasing interest for logic applications. 

Their on-resonance large response is considered a ‘High’ state, and their off-resonance 

response is taken as a ‘Low’ state. The fact these are non-contact devices makes them 

especially attractive compared to MEMS/NEMS switch-based logic devices. The first 

attempt in this domain was presented by Masmanidis et al. [85], who demonstrated a 

scalable, dynamic mechanical logic gate (XOR) using an L-shaped nano-cantilever. 

AND/NAND and OR/NOR logic gates were demonstrated using doubly clamped 

nanobeams operating in the nonlinear regime. A universal logic gate was demonstrated 

with multi-bit logic functions using a single parametrically excited resonator in [86]. Mita 

et al. [87] demonstrated XNOR and XOR logic gates based on a single cantilever beam. 
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Mahboob et al. [88] reported 2-bit and multi-bit logic operations using a single 

electromechanical parametric resonator by encoding binary information as different 

oscillation frequencies. In [78], several basic 2-bit and 3-bit logic operations have been 

demonstrated using an electrothermally actuated arch resonator. Thus far, the realization 

of complex combinational logic gates has posed a significant challenge. Toward this, Hafiz 

et al. [89] reported an alternative approach to realize complex logic gates by cascading 

multiple electrothermally actuated resonators demonstrating a single bit binary comparator, 

a single bit 4-to-2 encoder, parallel XOR/XNOR and AND/NOT gates, and a 2:1 MUX 

[90]. However, cascading multiple MEMS resonators to perform complex logic operations 

introduces significant challenges, such as the required interconnections between the 

resonators, the increase in the device complexity, and more fabrication restrictions. The 

development of fundamental and complex logic circuits with a single conceptual 

framework is vital to realize a complete mechanical computing machine with run-time 

programmability. Motivated by the challenges of cascading resonators to develop complex 

logic circuits, I demonstrated an alternative approach to realizing both fundamental and 

complex logic circuits from a single MEMS microstructure. The microstructure is a 

compliant shallow arch, which can be actuated electrostatically across its length and 

through its side near the anchor [91]. In addition, the resonant frequency of the arch beam 

can be tuned and controlled electrothermally. On the arch-guided side is another resonant 

beam that can be actuated electrostatically and can modulate the stiffness of the arch. 

Therefore, this structure offers various possibilities to control stiffness, leading to various 

possible logic outputs. This effect enables the programmability of the device to give 

different multifunctional logic operations depending on the combination of the inputs and 
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outputs. With this concept, two different logic operations can be obtained simultaneously 

from the two outputs. Hence, basic 2-bit logic operations, mainly OR/NOR, 

AND/XOR/NOR, and complex combinational logic half adder operation are demonstrated 

from the single MEMS structure using the concept of electrothermal tuning. The proposed 

device will be shown as a promising platform for performing other complex logic circuits. 

1.2.3 Electrostatic Axial Modulation of MEMS Resonators for 

 Reprogrammable Logic Gates Using Multimode Excitation 

Another technique for axial load modulation is electrostatic actuation, which can be 

positioned specially on one or both ends of the microbeams or implemented through comb-

drive actuators. Electrostatic actuation is based on the force of attraction between two 

parallel conducting electrodes when voltage is applied between the parallel plates. It can 

be used to tune the resonant frequency of MEMS and NEMS resonators. However, one of 

the significant drawbacks of electrostatic actuation that limits its potential tunability is the 

pull-in instability, resulting from high DC voltages and leads to the collapse of the vibrating 

microstructure. The electrostatic force can also induce nonlinearity due to the softening 

effect, resulting in a decrease of the microstructures' resonant frequency. Nonetheless, it 

has been the most commonly used technique since the early work of Nathanson [26] due 

to its simplicity, high energy efficiency, no heating of the microbeam, high mechanical 

flexibility, fast actuation method, and ability to provide a well-controlled force in 

comparison to electrothermal actuation. A highly tunable MEMS mechanical resonator 

was demonstrated in [10]. They reported that DC voltage could be used to increase or 

decrease the resonant frequency of the microbeam in the range of 50 – 80%, depending on 

the ratio of the airgap to the thickness of the microstructure. An electrostatically tunable 
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analog RF MEMS varactor was reported in [92] to have a tuning range of 300% with DC 

voltages of 20 – 34V. In this study, reprogrammable logic gates and random access 

memory elements are experimentally demonstrated based on electrostatically modulating 

the resonant frequency of MEMS resonators. 

In recent years, researchers have explored MEMS resonators for different applications such 

as sensors [93–96], actuators [97–99], filters [100–102], switches [103–105], memory 

[106,107], and logic gates [108–113]. There has been significant interest in using MEMS 

resonators, particularly as digital computing devices, due to their run time reprogramability 

and low energy consumption, especially in the off state. In [114], the bending and buckling 

effects induced by controlled residual stress are explored to demonstrate a low actuation 

and high isolation RF MEMS switch to improve the switching performance. MEMS 

resonators are commonly operated in the linear regime. However, due to the geometric and 

electrostatic force nonlinearities, they can exhibit nonlinear behavior [115–119], which has 

been exploited recently for memory devices [120–123]. Halg [106] demonstrated an 

integrated nonvolatile memory based on the bi-stable states of a micromechanical bridge. 

Yao et al [25] demonstrated both logic and memory unit from a single MEMS resonator 

integrated with a closed loop control to fix the output signal at a single frequency. A 

multifunctional logic-memory device based on the nonlinear dynamics of a MEMS 

resonator incorporated with a closed-loop control was reported in [124]. A logic-memory 

device was also demonstrated in [125] from a single MEMS clamped-guided arch 

resonator. The demonstrated dynamic memory and the fundamental logic gates (NOR, 

XOR and AND gates) were based on the nonlinear frequency response and linear frequency 

modulation of the arch resonator. Coupling configurations of micro-ring resonators was 
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also reported in [126] to demonstrate universal logic gates (NAND and NOR). Despite the 

successful demonstration of fundamental and universal logic gates, there are challenges in 

realizing complex combinational logic gates because multi-input and multi-output lines are 

required to demonstrate complex combinational logic gates. In view of these challenges, 

an alternative approach was reported in [90] based on cascading multiple electrothermally  

switched arch resonators in series to demonstrate 2:1 MUX, single bit binary comparator 

and 4-to-2 encoder. Similarly, Mahboob et al. [88] reported another approach by encoding 

the mechanical oscillations of a single parametrically actuated MEMS resonator at different 

frequencies into multiple channels of binary information to demonstrate universal logic 

gates with multi-bit logic functions. However, these alternative approaches are also faced 

with some obstacles, such as the device complexity and interconnections between the 

required multiple resonators in the case of cascading resonators in series. In addition, for 

the case of a single parametrically actuated MEMS resonator, the limit in controllability 

over the frequency of operations also demands further considerations. Toward these 

challenges, a novel approach was reported in [127] based on electrothermal actuation of T-

shaped resonator, in which multi-input and multi-output complex combinational logic 

gates were demonstrated. However, electrothermal actuation suffers from poor power 

efficiency and also can lead to frequency drift due to temperature fluctuations. 

In building a complete digital computing device with runtime reconfigurability, it is 

essential to develop a single conceptual framework that is energy efficient. A 1:2 Demux 

logic device with improved energy efficiency is reported in this dissertation. The concept 

is based on the multi vibration modes of a single electrostatically actuated MEMS 

microstructure. The frequencies of operation for the outputs are based on the first and 
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second vibrational modes of the MEMS resonator. The device consists of three 

mechanically coupled in-plane microbeams in the form of a U-shape. The proposed device 

can be actuated and switched electrostatically. Thus, the proposed device provides a 

promising platform to demonstrate complex logic functions that require multi-inputs and 

multi-outputs (MIMO) to improve energy efficiency. 

1.2.4 Logic Functions Based on Selective Activation towards 

Cascadable MEMS Resonator-Based Logic Devices 

In line with the rising demand for smarter solutions and embedded systems, 

Microelectromechanical systems (MEMS) have gained increasing importance for the 

Internet of Things (IoT) applications, most notably for mobile wearable devices. This 

accomplishment is driven by their simplicity, sensitivity, reliability, and low power 

consumption. Hence, they are being explored for ultra-low-power computing machines. A 

practical MEMS logic device can be achieved through a single conceptual framework that 

comprises different functional elements, such as memory elements and complex logic 

circuits [128]. This conceptual design demands that the outputs of a functional element are 

applied as inputs into another, which leads to cascadable MEMS resonator-based devices. 

However, the realization of energy-efficient complex logic functions and the cascadability 

of MEMS resonator-based computing devices have introduced new challenges, such as 

using the outputs of logic units as inputs into others, which is necessary for realistic 

implementations. The use of MEMS resonators as computing devices has attracted 

significant research in recent times. The reason is due to the pressing need to seek 

alternative approaches to circumvent the current leakage and power density problems of 

the complementary metal-oxide-semiconductor (CMOS) technology. Although limited by 
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low operating speed and modest computing performance, MEMS/NEMS resonators can 

offer energy-efficient computation, especially in the off state [129]. This important feature 

is promising for usage in the Internet-of-Things IoT devices, gadgets, sensors, and 

embedded systems, which require moderate data transmission and operating speeds. 

In the past few years, considerable literature has investigated the exploitation of MEMS 

resonators as digital computing devices. Several fundamental logic gates and memory 

elements have been reported using different behavioral phenomena, such as parametric 

excitation [130], multimode excitation [131,132], and linear and nonlinear frequency 

modulations [133]. A low actuation voltage and high isolation RF MEMS switches were 

investigated in [134] by controlling the axial stresses in microbeams to induce desirable 

buckling and bending effects. A reconfigurable fundamental logic and a random access 

memory were demonstrated in [135] based on the induced axial stress from a clamped-

guided arch resonator. The modulations of the linear frequency responses were used to 

illustrate the basic logic gates, while the nonlinear frequency responses were used to 

demonstrate random access memory. Despite successful demonstrations of basic and 

complex logic gates, the operating principles of most of these techniques are based on 

actuating a MEMS resonator near its fundamental natural frequency and then modulate this 

resonant frequency to the required operating frequency of the device. The frequency 

modulations are based on applying additional electrostatic or electrothermal DC voltages. 

However, these modes of operation drain a substantial amount of power because of the 

continuous excitation of the resonator at resonance and also due to the additional required 

DC voltages for the frequency modulations. Furthermore, the cascadability of MEMS 

resonator-based logic devices is limited by these modes of operation because the logic 



39 

 

inputs are on the basis of electrostatic or electrothermal DC voltages. In contrast, the logic 

outputs are AC motional currents. On the other hand, the cascadability of MEMS 

resonators requires that the mode of signals for both logic inputs and outputs to be the 

same, and at the same frequency [136]. This reason requires signal conditioning circuits, 

which consist of buffers to prevent distortion of the source signals, parasitic signal 

removing elements to get rid of the parasitic signals, and amplifier for amplifying the 

output signals of one resonator as input into the next resonator. Note that the approach in 

this study is compatible with the adiabatic CMOS approach, as reported in [137–140], and 

both CMOS and NEMS can be integrated to harness the advantages of both concepts. 

Ankur et al. [141,142] also reported quantum computations using a microring resonator in 

manipulating polarization encoded Qubit to perform reversible logic operations. Unlike the 

micro-ring resonator, the concept in this dissertation which is based on F-shaped coupled 

structure does not require one to one mapping between the inputs and the outputs. 

Developing complex combinational logic circuits are necessary for complete digital 

computation. This study reports two different case studies. The first case study 

demonstrates a complex logic function (2:1 MUX) and a fundamental logic gate (OR gate) 

on the same device.  The concept is based on the activation and deactivation of the third 

vibrational mode of an arch MEMS resonator with a pair of triple partial electrodes to 

moderately improve the speed of operation and power consumption. Though a similar 

concept was proposed in [143] using the activation and deactivation of the second mode of 

vibration of a clamped-clamped straight microbeam, the proposed device was only used to 

perform basic logic operations. While the second case study reports the demonstration of 

a half-adder logic function and fundamental logic gates (XOR and AND) using multi-
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vibrational modes of an F-shaped coupled MEMS resonators. There have been successful 

demonstrations of fundamental logic gates using different MEMS behavioral phenomena. 

However, these concepts only give an inherent capability of one output at a time, which 

does not allow the implementation of multi-inputs and multi-outputs (MIMO) complex 

logic functions. The realization of a cascadable and energy-efficient complex 

combinational logic function has posed a challenge for designs with multi-input and multi-

output lines. This study will report the demonstration of MIMO complex logic functions 

using selective mode activation and deactivation of the F-shaped coupled resonators. In 

structural dynamics, the presence of disturbances or irregularities in coupled structures may 

induce the propagation of vibrations in the design [144]. Depending on the order of 

magnitude of the perturbations and the strength of the internal coupling of the system, the 

irregularities can localize or delocalize the mode of vibration and hence, confine the 

vibrational energy to a specific vibration mode such that the amplitude of that mode is 

higher than the others [145]. The localization of modes phenomenon in coupled structures 

has emerged as a promising concept in developing sensitive sensors and demonstrating 

logic functions that require multiple outputs. The changes in the sensitivity of the output 

signal can be improved by several orders of magnitude using this concept compare to 

frequency shift. However, it is essential to know the region of optimal sensitivity of the 

output signals from the coupled resonators. This concept is used to demonstrate the MIMO 

combinational logic functions. The proposed approach requires power for actuation only, 

and this results in significant improvement in energy efficiency because it does not require 

DC-based frequency modulations. Additionally, the proposed scheme provides prospects 
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for a cascadable MEMS resonator logic device since it enables both the logic inputs and 

outputs to be of the same AC signal mode at the same frequency. 

1.3 Motivation and Research Objectives 

MEMS resonator-based logic devices have emerged in recent time as a potential alternative 

to complementary metal-oxide-semiconductor (CMOS) technology for digital 

computations. This development results from an increase in demand for smarter solutions 

and energy-efficient embedded systems, most notably for mobile wearable devices. The 

rise in exploring MEMS resonators as digital computing machines is driven by their 

inherent features such as simplicity, sensitivity, reliability, and low power consumption. 

The use of MEMS resonators as computing devices has attracted significant research. This 

effect results from seeking an alternative computing architecture to circumvent the notable 

current leakage and power density problems of CMOS technology. The continuous 

miniaturization of CMOS has increased the operating speed and reduces the size of the 

device. However, this has led to a relative increase in the leakage energy. This drawback 

in CMOS has renewed the interest of researchers in mechanical digital computations, 

which can be traced back to the work of Charles Babbage in 1822 on calculating engines. 

Though MEMS/NEMS resonator-based computations are limited by operating speed and 

high performance, they offer relatively high energy-efficient computation, especially in the 

off state. This important feature has facilitated their usage in IoT devices and gadgets, 

which require moderate data transmission and operating speeds.  

Several fundamental digital logic gates, switching, and memory devices have been 

demonstrated based on the static and dynamic behavior of MEMS microstructures. 

However, it is essential to understand and investigate the effects of some parameters, such 
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as the axial loads that can affect the static and dynamic behavior of the systems. The 

importance of analyzing the effects of axial force on MEMS resonators' behaviors cannot 

be trivialized and hence require thorough investigations theoretically and experimentally. 

Extensive research has been done on modeling microbeams with axial loads. Most of these 

researches only considered axial loads from residual stress during fabrication. However, 

besides the induced axial force during fabrication, an additional transversal force can also 

be applied to microstructures through different actuation techniques, thereby giving the 

different possibility of applying both tensile and compressive axial forces on the 

microbeams. This impact gives a significant potential in tuning and controlling the resonant 

frequency of the resonator and using them for many applications. 

Towards investigating the exploitation of MEMS resonators for logic functions, this 

research considers, at first, the effects of the initial rise and axial loads on MEMS arches. 

Static deflection analysis and the exact solutions to the eigenvalue problem of arch 

microbeam are obtained. Then, universal curves are generated for the first three symmetric 

resonance modes under both tensile and compressive axial loads for different initial 

curvature values. Analytical equations that can predict the minimum point where the 

behavior of the natural frequency of the arch changes qualitatively with the axial loads are 

derived and compared with an experimental case study. Secondly, electrothermally 

actuated microbeams with varying stiffness are considered for tuning the resonant 

frequency. Four U-shaped actuators are chosen as variable stiffness elements to provide an 

axial force that can be combined through various actuation schemes. Finite element 

simulation and experimental results for the resonant frequency of the first and third modes 

are obtained as the electrothermal voltages are varied, and it is used to demonstrate 
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fundamental 2-bit logic operations. However, electrothermal actuation suffers from low 

power efficiency and can lead to frequency drift due to temperature fluctuations. Thirdly, 

there are challenges in realizing a complete digital computing device using MEMS 

resonators because multi-input and multi-output (MIMO) lines are required to demonstrate 

complex combinational logic gates. It is essential to develop a single conceptual framework 

that is energy efficient. Hence, an electrostatically actuated MEMS coupled microstructure 

is used to demonstrate a 1:2 Demux logic function with improved energy efficiency. The 

concept is based on the multi vibrational modes of the coupled MEMS microstructure using 

DC-based frequency modulations. However, these approaches do not support the 

cascadability of MEMS resonators. Lastly, this research reports the demonstration of a 

half-adder logic function and fundamental logic gates (XOR and AND) using multi-

vibrational modes of an F-shaped coupled MEMS resonators. The demonstration is based 

on selective mode activation/deactivation of the resonant frequency. This proposed 

approach requires power for actuation only and supports the cascadability of MEMS 

resonator-based logic devices. In addition, it results in significant improvement in energy 

efficiency because it does not require DC-based frequency modulations. 
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Chapter 2 

The Effects of Initial Curvature and Axial Loads on MEMS Arches 
 

It is well established that the stiffness of an arch beam increases with their initial curvature. 

On the other hand, the application of tensile axial loads on an arch beam lowers their 

curvature. Hence, it reduces their stiffness for some regimes before the tension effect 

dominates. Despite several works on MEMS arches, the literature lacks a thorough 

investigation of the competing effects of the initial curvature of the arch beam and the axial 

loads on its stiffness and natural frequencies. Practical design guidelines and curves that 

can guide the designers to regimes where the natural frequencies can increase 

monotonically, which is an essential requirement for tunable resonators that can be 

implemented in many applications such as logic gates and memory elements, are not 

available.  Hence, this chapter aims to analyze the competing effects of the initial rise of 

the arch and the axial loads on its stiffness and natural frequencies and also to generate 

universal curves for the first three symmetric resonance modes of an arch beam under both 

tensile and compressive axial loads for different values of initial curvature by following 

[37,49]. This chapter also aims to derive analytical equations that can predict the inflection 

point where the behavior of the natural frequency of the arch changes qualitatively with 

the axial load.  

 

2.1 Problem Formulation 
 

The system under consideration, as shown in Fig. 2.1, consists of a clamped-clamped arch 

beam under compressive axial load P̂ . Since this study focuses on the effects of initial 
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curvature and axial loads on statics and dynamics of arch beams, the exact solution of an 

arch beam is developed by following the procedures in [49]. Design parameters for the arch 

beam can be defined as follow; length L, width b, thickness h, cross-sectional area A, 

moment of inertia I, young modulus E, density ρ, coefficient of damping force c, and initial 

midpoint elevation of the beam a. The governing equation of motion, using the Euler-

Bernoulli model, describing the transverse deflection of the arch beam under consideration 

can be expressed as: 

 

Figure 2.1: Schematic diagram for the axially loaded arch beam 
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where x̂  is the position along the length of the beam, t̂  is time, P̂  is the compressive axial 

load, and ˆ ˆ( )ow x  is the initial deflection of the arch beam, assumed to be a downward 

configuration in which the positive deflection is along the ẑ  axis; expressed as  

   
ˆ ˆ

ˆ ˆ( ) 1 cos 2
2

o

a x
w x

L


  
     

  
    (2.2) 

The arch beam is subjected to the following boundary conditions: 
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For convenience, we introduce the following non-dimensional variables:  

4ˆ ˆˆ ˆˆ ˆ ˆ( )( , t)
( , ) , ( ) , , t ,o

o

w xw x x t I AL
w x t w x x where r T

r r L T A EI


       (2.4) 

where r represents the radius of gyration and T is the time constant. By simplifying and 

substituting Eq. (2.4) in Eq. (2.1) and Eq. (2.3), we obtain the non-dimensional equation of 

motion and the associated boundary conditions 
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where the non-dimensional parameters in Eq. (2.5a) and Eq. (2.5b) are defined as;  

    

4 2ˆˆ ˆ
, and

cL a PL
c a P

EIT r EI
    

2.2  Static Deflection 

2.2.1 Static Analysis of Exact Solution 

The equation governing the static deflection of the arch beam is obtained by dropping the 

time-dependent terms in Eq. (2.5) and thus, Eq. (2.5) and Eq. (2.6) become 
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dw dw
w w
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 (2.7b) 

Next, the exact solution of Eq.(2.7a) and Eq. (2.7b) are derived by following the procedures 

in [37,49]. Accordingly, another variable ( )x  representing the static deformation of an 

arch beam with respect to the straight beam (horizontal) position can be regarded as the 

sum of the initial deformed shape of the arch ( )ow x  and the transverse static deflection 

with respect to the initial deformation ( )ew x , that is:  

( ) ( ) ( )e ox w x w x       (2.8a) 

(0) (1)
(0) (1) 0 and 0

d d

dx dx

 
       (2.8b) 
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Then, Eq. (2.7a) is reduced to 
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  in Eq. (2.9), and then it can be 

expressed as; 
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     (2.10) 

The general solution to the expression in Eq. (2.10) consists of both homogeneous and 

particular solutions. By using the boundary conditions in Eq. (2.7b) and simplifying the 

expression, the solution to the total static deflection can be expressed as; 
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Hence, to find a closed-form expression for , Eq. (2.5b) and Eq. (2.11) can be substituted 

in the definition of  , which yields 
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   (2.12) 

A close observation of Eq. (2.12) indicates that   having six solutions and substituting 

them in Eq. (2.11) to obtain the total static deflection may be confusing. Thus, in avoiding 

this ambiguity, a closed-form expression is assumed for the total static deflection in the 

form of  
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  1 cos 2π
2

b
x       (2.13) 

where b is the amplitude of the total static deflection. Substituting Eq. (2.5b) and Eq. (2.13) 

into Eq. (2.9), a more straightforward characteristic equation is obtained in the form of  

3 2

2

4
16 16 0b P a b a



 
     

 
   (2.14) 

Eq. (2.14) can be used to have an expression for the value of an axial load at which two 

equilibrium states of the solutions can exist for different values of initial curvature. The 

critical axial load, Pc at which two equilibrium solutions of Eq. (2.14) coexist, can be 

obtained by solving for P in Eq. (2.14) when the discriminant is zero. The critical axial 

load Pc can be expressed as; 

2 2
2 2 34π π 3

4
c

a
P a

 
     

 
    (2.15) 

 

2.2.2 Results of Static Analysis 

The relationship between Pc  and the initial curvature a is shown in Fig. 2.2. When a = 0 

(i.e., a straight beam), the compressive axial load requires to buckle the beam is 4π2 as 

classically well-known in dynamics. As the initial curvature is increased, a more 

compressive axial load is required until 2 2a   where the compressive axial load reaches 

its maximum value. This plot can also be used to predict the minimum axial load required 

for having only one stable state in the system when the axial load is increased beyond the 

minimum value. A detailed explanation of this plot will be made with subsequent plots.  
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Fig. 2.3 and Fig. 2.4 show the static deflection variation around equilibrium points versus 

the axial load for different initial curvature values. Perturbed pitchfork bifurcation is 

observed for 0a   as classically established. It can also be observed that the critical 

buckling loads in Fig.2.2 correspond to the saddle-node points in Fig. 2.3 and Fig. 2.4. For 

instance, the critical buckling load for a = 8 in Fig. 2.2 is P = 0, and the corresponding 

axial loads for a = 8 at the saddle-node point in Fig. 2.4 is also zero. In addition, after the 

saddle-node points, only one stable state of the system remains, which means that the 

critical buckling loads can be used to predict the existence of only one stable state of the 

system response. Fig. 2.5 shows a 3D plot for the equilibrium static deflection variation 

against the initial rise and the axial load. 

 

Figure 2.2: Variation of the critical buckling load with initial rise. 
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      (a) 

 

 

(b) 

Figure 2.3: (a) Variation of the static deflection around equilibrium point against axial 

load for initial rises from 0.1 to 1. (b) Enlarged view of (a) around the origin. 
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      (a) 

 

      (b) 

Figure 2.4: (a) Variation of the static deflection around the equilibrium point against axial 

load for the initial rise from 3 to 10. (b) Enlarged view of (a) around the origin. 
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Figure 2.5. A 3D plot for the equilibrium static deflection variation against the initial rise 

and the axial load 

 

2.3  Eigenvalue Problem 

2.3.1 Eigenvalue Analysis 

In distributed parameter systems, the eigenvalue problem can be developed by linearizing 

the dynamic deflection of the beam around its static equilibrium deflection. Given this fact, 

the arch beam's deflection under axial load ( , )w x t is assumed to be the sum of the static 

equilibrium deflection ( )ew x and the dynamic deflection v(x,t) . 

( , ) ( ) ( , )ew x t w x v x t     (2.16) 

Next, Eq. (2.8a), Eq. (2.7a), and Eq. (2.16) are substituted in Eq. (2.5a), which yields  
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By dropping the nonlinear, nonhomogeneous, and damping terms in Eq. (2.17), we obtain 

the linearized equation 
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 (2.18) 

To determine the natural frequencies (ω) and their corresponding modeshapes (φ), the 

dynamic deflection is assumed to be of the  

( ) i tv x e      (2.19) 

Eq. (2.19) is then substituted in Eq. (2.18) to obtain the expression for the mode equation 

and the associated boundary conditions  
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        (2.20b) 

The integral terms in Eq. (2.20a) can be considered as constant terms by following the 

procedures in [37]. Thus, we let 
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Substituting Eq. (2.21) into Eq. (2.20a), we obtain  

4 2 2
2

54 2 2
0

d d d
A

dx dx dx

  
         (2.22) 

Using the boundary conditions in Eq. (2.20b), the homogeneous and the particular 

solutions of the mode equation is expressed in the form; 
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The relationship between the axial load and the natural frequencies can be obtained by 

solving for the amplitude of the total static deflection in Eq. (2.14) in terms of the axial 

load and the initial rise and substituting it in Eq. (2.21) to have   which can then be 

replaced in mode equation.  
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2.3.2 Results of the Eigenvalue Analysis 

In the following, eigenvalue problem of the arch was solved around the lower equilibrium 

position branch in Fig. 2.3 and Fig. 2.4, since this is the more practical case where the 

natural frequency of the arch is desired to be tuned continuously for an extended range.  

The variation of the first natural frequency and the axial load against both tensile and 

compressive forces for different initial rise values are shown in Fig. 2.6. We recall the sign 

convention adopted in this study that the axial force is assumed to be positive in tension 

and negative in compression. It can be observed from Fig. 2.6 that the minimum points of 

the frequency response for smaller values of initial rise (i.e., a < 1) are on the compressive 

axial load region. In these cases, the first resonant frequency increases monotonically with 

the increase in the tensile axial load. Under a compressive axial load, the frequency 

experiences an initial decrease for lower compressive load values. It then increases as the 

compressive load increases until it saturates at frequency values, which approximately 

triples the first natural frequency. This result shows a wide tunability of an arch beam under 

compressive axial load for a smaller initial rise. 

However, the minimum point of the frequency response for higher initial rise values (a > 

3) of the arch beam occurred in the tensile axial load regime. For these cases, the frequency 

decreases for lower values of the tensile axial load until it reaches a critical load, at which 

there is a minimum point where the previous behavior due to the initial curvature of the 

beam is overcome by the increase in stiffness of the beam due to increase in the axial load. 

Thereby increases the frequency monotonically as the tensile load increases afterward. On 

the other hand, the frequency behavior increases under compressive axial load until it also 

saturates at larger compressive load values like smaller initial rise.   
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One can note that there are critical values of loads for the minimum points, where the 

qualitative change of behavior of the resonance frequency versus axial load occurs. These 

reflect the competition between the increase and decrease in stiffness due to the axial load 

change and how this affects the arch curvature. For example, for a = 3, the arch is already 

curved up that for some range of axial load, applying tension leads to a decrease in its 

curvature, and hence, reduces its natural frequency. Then, at some load, the curvature 

becomes too small that it is no longer influential. After the minimum point, increasing the 

tensile load increases the arch's stiffness, which eventually becomes a flat beam. Hence, it 

continues to experience an increase in its stiffness with the increase of the tensile load.  

A 3D plot that shows the variation of the frequency as the axial load is varied for different 

initial rises is also shown in Fig. 2.7. Similar analyses are made for the third and fifth 

resonant frequencies, as shown in Fig. 2.8 and Fig. 2.9.   
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(b) 

Figure 2.6: (a) Variation of the first resonance frequency against axial load for the initial 

rise from 0.1 to 10. (b) The zoom view of (a) around the inflection point. 

 

Figure 2.7: A 3D plot of the first resonance frequency against the axial load and initial 

rise. 
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(a) 

 

 
(b) 

 

Figure 2.8: (a) Variation of the third resonance frequency against axial load for the initial 

rise from 0.1 to 10. (b) The zoom view of (a) around the inflection point. 
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(a) 

 

(b) 

Figure 2.9: (a) Variation of the fifth resonance frequency against axial load for the initial 

rise from 0.1 to 10. (b) The zoom view of (a) around the inflection point. 
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2.4 Critical Loads at the minimum points 

2.4.1 Critical Load Analysis 

It is essential to understand the effects of varying the axial load on the behavior of the 

beam. As mentioned in Section 2.3, there is a critical point for each initial rise at which the 

frequency behavior with the axial load changes qualitatively. For practical applications 

where a continuous trend in the resonance frequency with the axial load is desirable, it is 

essential to be able to predict the location of this minimum point. Here, we attempt to derive 

the criteria for such.  

In deriving an expression for the critical value, a Galerkin discretization method is applied 

to have approximate solutions by assuming  

 ( , ) ( ) ( )i iv x t u t x     

 (2.25) 

where ( )iu t  is the modal coordinate and ( )i x  is the exact modeshapes of an arch beam 

obtained in Eq. (2.23). By substituting Eq. (2.25) in the dynamic deflection equation and 

applying orthogonality conditions, integrating over the beam domain from 0 to 1, the 

following linearly coupled ordinary differential equations are obtained in terms of the 

modal coordinates 
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Using a single-mode approximation for the first mode, we obtain 
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 (2.27) 

Assuming harmonic motion of the form 1

j tu Ce  , where C is a constant, and then Eq. 

(2.27) becomes 
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  (2.28) 

By noting that the minimum points are points at which the derivative of the differential function 

is equal to zero in its domain, Eq. (2.28) is differentiated with respect to P and equated to zero, 
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recall that ew  is a function of b in Eq. (2.8a), and b is a function of P in Eq. (2.14), which 

gives  
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(2.29) 

Since b is a function of P in Eq. (2.14), Eq. (2.14) can be differentiated with respect to P 

to have; 

2 2 2 2 2

4

3 4 16

b b

P b P a  




   
   (2.30) 

Substituting the known values of 
1, ando ew w  in Eq. (2.29) and solving for b

P




 , a 

simple algebraic expression can be obtained for the first mode. 
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(2.31) 

Solving Eq. (2.30) and Eq. (2.31) simultaneously and simplifying the expression, a closed-

form expression can be obtained to generate the loci for the minimum points of the first 

natural frequency in Fig. 2.10. 



64 

 

 

 

  

 

 

2 2 2 2 23π π 16π

1

4 4

n n

e e
n n e o

e
n e o n

n n

e
n n e

e
n n o

dx b a

w w
dx w w

b b

w
w w dx dx

bP
dx b

w
dx w dx

b

w
dx w

b

 

 

 

 

 

 

  

        
    

 
        

       
      
   

 
        
  



 

 



 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

  (2.32) 

Similar expressions can be developed for other modes by replacing the modeshapes in Eq. 

(2.32). 

 

2.4.2 Results For The Critical Load Analysis 

The variation of the critical axial load at the minimum points against the initial midpoint 

elevation is shown in Fig. 2.10. The proposed analytical expression results for the critical 

axial load are in good agreement with the loci for each critical axial load in the first resonant 

frequency (i.e., Fig. 2.10). The proposed analytical expression can be used to evaluate the 

critical axial load for any resonant frequency. 
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Figure 2.10:   Variation of the critical axial load with initial rise. 

 

2.5 Demonstration with the experimental case study 

The universal curves are demonstrated with experimental data obtained from the 

electrothermal arch resonator [61]. The dimensions for the arch resonator are shown in 

Table. 2.1. In the case study, the electrothermal voltage is converted to compressive axial 

load using the following expressions [61]. 
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where  ThS  is the compressive load, α is the coefficient of thermal expansion, [ ]T x  is the 

temperature distribution, aT  is the ambient temperature, e is the electrical conductivity of 

the material, and k is the thermal conductivity of the microbeam material. For the 

electrothermally actuated arch resonator, good agreement is achieved for the non-

dimensional initial rise of 2.728 for the first resonant frequency, as shown in Fig. 2.11.  

Table 2.1: Geometric dimensions of the arch resonator 

Parameters Case study One 

Length L (µm) 500 

Thickness h (µm) 2.8 

Width b (µm) 25 

Initial Rise a (µm) 2.2 

 

 

Figure 2.11: Comparing the first natural frequency obtained from the universal curves and 

experimental data obtained from the electrothermally actuated arch resonator. 
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Chapter 3 

Electrothermally Tuned MEMS Resonators for Reconfigurable 

Multifunctional Logic Gates  

In this chapter, the FEM simulation and experimental techniques of using electrothermal 

actuation for modulating the axial load and thereby tuning the resonance frequency of 

microbeams are discussed with two different case studies. In addition, this concept of 

electrothermal tuning is used to demonstrate reconfigurable multifunctional logic gates. 

Axially loaded clamped-guided microbeams that can be used as resonators and actuators 

of variable stiffness are presented. In the first case study, the applied axial load is 

implemented by U-shaped electrothermal actuators stacked at one of the beam's edges. 

These can be configured and wired in various ways, which serve as mechanical stiffness 

elements that control the structures' operating resonance frequency and static displacement. 

While the second case study is based on a device which consists of a clamped-guided arch 

microbeam, two flexure beams, and a movable beam.The two flexure beams are actuated 

electrothermally by passing a current through them and they served as the logic inputs to 

control the curvature and stiffness of the arch beam. 

 

3.1 Electrothermally Actuated Microbeams with Varying Stiffness 

 using U-shaped Actuator 

3.2 Design and Device Principle 

A schematic of the designed structure is shown in Fig. 3.1. The variable elastic elements 

on the guided side of the in-plane arch microbeams are realized through four hot-and-cold 
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arm thermal actuators. When any of these actuators is powered, its elastic stiffness changes 

depending on the applied voltages. Hence each actuator represents a variable spring 

element that can be configured with other actuator elements to achieve various stiffness 

values at the edge of the arch beam.  A schematic illustrating the mechanical effect of the 

hot-and-cold arm structures is shown in Fig. 3.2, where these structures consist of stiffness 

elements denoted by KA, KB, KC, and KD. The U-shaped structures are electrically connected 

in series to achieve compressive axial loads. In this case, the thin (hot) arm will be heated 

more than the thick (cold) arm, and hence the deflection is in the positive ‘x’ direction (Fig. 

3.1). The structure can also be connected in parallel to achieve bi-directional motion 

(tensile and compressive). However, in this work, one-directional motion only will be 

demonstrated for the compressive axial loads.  

As shown in Fig. 3.1, there are eight actuation pads labeled A1, A2, B1, B2, C1, C2, D1, 

and D2, which offer 24 different ways of electrical connections, and hence electrothermal 

actuation. Each way will also result in a different effective stiffness of the actuators. Six 

cases are investigated in this experiment:  Case 0 (A – B – C – D), Case 1 (B – C), Case 2 

(A – D), Case 3 (A – B), Case 4 (C – D), and Case 5 (B – C – D), as depicted in Fig. 3.2. 

The guided structure is suspended with two flexural beams to avoid rotation of the 

microbeams in the y – z plane. It is excited electrostatically by a DC polarization voltage 

(V = 40 V) to induce the vibration.  
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Figure 3.1: Schematic of the structure. A fixed-guided microbeam suspended by four U-

shaped structures with electrothermal actuation. 

 

 

 

(a) 



70 

 

(b)  (c)    (d)  

(e)  (f)   (g)   

 

Figure 3.2: (a) Schematic illustrating the mechanical effect of the guided parts as elastic 

stiffness elements. (b) Case 0 (c) Case 1 (d) Case 2 (e) Case 3 (f) Case 4 and (g) Case 5. 

The structure is fabricated from a highly conductive silicon device layer of silicon-on-

insulator (SOI) wafer from MEMSCAP [146]. Fig. 3.3 shows a picture of the fabricated 

structure with 800μm arch-clamped-guided beams. The beam is 2μm in width and 25μm 

in depth. The gap between the actuating electrode and the beams is 10μm at the clamped 

ends. For the arch beams, the mid-point gap is 12.5μm due to the initial curvatures of 

2.5μm. 
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Figure 3.3: A top view picture of one of the fabricated devices. 

 

For small values of the initial rise of a clamped-guided arch microbeam, Fig. 3.4(b), 

increasing the compressive axial loads leads to an initial decrease in its resonance 

frequencies. This outcome continues until it reaches a critical point, after which the 

resonance frequency increases due to the increase in curvature level that dominates the 

compressive force effect.  By changing the stiffness on the beam's anchor, for example, 

introducing additional spring elements Ki (i=1…n), new static and dynamic behavior can 

be achieved, resulting in different resonance frequency and static displacement curves. The 

concept is illustrated in Fig. 3.4(b). In this work, we aim to achieve such behaviors by 

utilizing the U-shaped thermal actuators at the edges of the beams and by actively changing 
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the stiffness of these actuators through the electrothermal voltage to implement MEMS 

resonator-based logic computations.  

(a)  

(b)  

Figure 3.4: Schematic diagram (a) illustrating the multiway axial load on the guided beam 

as elastic stiffness elements (b) showing the nonlinear responses of the first resonance 

mode with changing stiffness from 1 to n.  
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3.3 Finite Element Simulation 

A multi-physics finite element (FE) model is built in COMSOL [147] to design the devices 

and simulate their frequency and static responses before fabrication. To account for the 

various physical domains of the problem, joules heating and thermal expansion solvers 

have been utilized, including the Solid Mechanics, Electric Currents, and Heat Transfer 

interfaces domains. Specific conditions were selected and assigned to each domain. For the 

Solid Mechanics interface, the anchors of the U-shaped structures and one side of the 

microbeams were set with a fixed constraint. For the Electric Currents, an electric potential 

is applied to one of the anchors (A1, B1, C1, and D1). While others are connected to the 

ground (A2, B2, C2, and D2). For the Heat Transfer, the thermal boundaries were set at 

ambient temperature at the bottom of the anchors. The rest of the structure is set to a 

convective cooling boundary condition, where the heat flux option is used for external 

natural convection with air as an external fluid and a vertical wall of height 1mm. The 

principal parameter that limits the performance of the electrothermal actuator is the 

temperature. To avoid thermal silicon structure damage, the temperature should be lower 

than 1273K [148]. The electrothermal simulation results of Case 0 shows a maximum 

temperature of 973.55K at the anchors and a maximum displacement of 7.56μm at VTh = 

7.25V (see Fig. 3.5).    
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(a) 

 

 

(b) 

Figure 3.5: For Case 0: (a) Temperature distribution in Kelvin and (b) total displacement 

in micrometer at VTh = 7.25 V. 
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The simulation results of the structure deformation and the resonant frequencies in the 

device are shown in Fig. 3.6 and Fig. 3.7 for four different cases due to the 

thermomechanical effect. Each stiffness element of the cases has a different value, which 

allows the possibility of achieving different mid-point deflection with the voltage. Fig. 3.6 

indicates that the maximum displacement at the mid-point of the arch microbeam is for 

case 0. In this case, the maximum displacement is 7.56μm at VTh = 7.25 V. We can obtain 

the corresponding total displacement of 5.4 μm, 3.5 μm, and 1.5 μm for cases: 5, 1, and 7, 

respectively. Case 7 corresponds to deformation from the electrical connection from A only. 

Many applications require a stable deformation of micro-actuators with variable input 

voltages.  

 

Figure 3.6: FEM simulation showing the mid-point microbeam deformation as a function 

of Vth for four different cases. 
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In Fig. 3.7, it is observed that the electrothermal voltage leads to an initial decrease in 

resonant frequencies for the first mode for all the cases. This observation continues until it 

reaches a critical point where the initial curvature increase dominates the compressive load 

effect. In this case, the resonant frequency increases, as shown in this figure. Each stiffness 

element of the cases has a different value, enabling the possibility of shifting the critical 

points. 

 

Figure 3.7: FEM simulation of the resonance frequencies of the first mode with Vth for the 

four cases.  

 

3.4 Experimental Results and Discussions 

To experimentally characterize the microbeam's deflections and the resonant frequencies, 
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system using stroboscopic video microscopy from Polytec [149], Fig. 3.8. The ring-down 

measurement and the Fast Fourier Transform (FFT) method were used to measure the 

beams' resonant frequencies for each value of VTh, applied on the U–shaped structures. A 

topographical characterization is used to determine the static mid-point deflection of the 

microbeam.  

  

(a) 

 

  

(b) 

Figure 3.8: (a) Schematic and (b) Experimental setup. 
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Fig. 3.9 shows the measured mid-point deflections of the microbeam for Case 0, Case 2, 

Case 3, and Case 6. Case 6 corresponds to the electrical connection of A, B, and D. The 

figure shows four different beam responses for the four ways of electrothermal actuation. 

In agreement with the finite element simulations, the experimental results show Case 0 

having a high displacement and low actuation voltage compared to the other cases.  The 

experimental results illustrate that the mid-point of the microactuator can be displaced up 

to 8.3μm when applying an actuation voltage of 8.5 V (Case 2). The ability of this device 

to achieve displacements using various configurations at low voltage may lead to an 

exciting design in the microsystem. 

 

 

Figure 3.9: The measured mid-point deflection of the microbeam. 

 

Fig. 3.10 shows the tunability for the first mode resonant frequency of the microbeam. The 

results show seven values of the critical points for all cases. These critical points have been 
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predicted analytically, as shown in Fig 2.10. The choice of the connection between these 

cases gives the possibility of shifting the critical points and controlling the resonant 

frequencies. For resonators, it is necessary to have high tunability. As shown in Fig. 3.10, 

the device indicates a high tunability estimated to be 73 % in Case 0. 

 

Figure 3.10: Measurements of the resonant frequency for the first mode as varying VTh. 

 

The dynamic and static results of such a structure can be promising for many applications, 

such as filters, memory devices, switches, and logic gates, where large deflections and high 

tuning ranges are in need. The measured resonance frequencies and the mid-point 

deflections of the microbeam are compared with the finite element results in Fig. 3.11. A 

good qualitative agreement is shown among all results. 
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(a) 

 

(b) 

Figure 3.11: Measurements and FE simulations of (a) the mid-point deflections and (b) 

the resonant frequency of the first mode of the microbeam as varying Vth.  
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3.5 Digital Logic Gates 

A digital logic gate is an electronic device and the basic building block that can be used to 

construct all digital electronic circuits and microprocessors. It may have one or more inputs 

or outputs depending on the required applications. Different logic gates can be connected 

to form combinational or sequential circuits or more complex logic functions. In binary 

digital logic design, two states or voltage levels are allowed, and they are commonly 

referred to as high and low states, logic “1” and logic “0” or True and False. The two states 

can be represented in the standard truth table and Boolean algebra using the binary digits 

“1” and “0”. For instance, logic AND gate is one of the fundamental digital logic gates 

with two logic inputs and one output, and it is one of the logic gates demonstrated in this 

study. The output will be in a low state when one or both inputs are at a logic level “0” and 

will be in a high state when both inputs are only in logic level “1”. The truth table is shown 

in Table 3.1. 

 

3.5.1 Logic Applications: Case Study One 

For logic application, the electrothermally actuated U-Shaped microbeam is used to 

demonstrate 2 bits logic functions. A network analyzer (E5071C), as shown in Fig 3.12(a), 

is used to characterize the device experimentally. The arch microbeam is excited by the 

AC actuation signal from the output of the network analyzer and then superimposed with 

DC voltage sources to its lower electrode, which serves as the driving electrode. The output 

current induced at the sense electrode (upper electrode) is connected to a low-noise 

amplifier (LNA) with its output coupled to the network analyzer input port. Two U-shape 

are used as the inputs (VA and VB), and they are electrothermally actuated to control the 
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resonant frequencies of the arch beam. The two inputs VA and VB, are provided with two 

DC sources, which are used to switch between low and high states of the S21 transmission.  

Fig 3.12(b) shows the measured S21 transmission indicating resonances at  f0 = 14.876 kHz for 

VA = VB = 0V,  f1 = 14.624 kHz for ( VA = 3V,  VB = 0 ) or (VA = 0,VB = 3 V), and f2 = 14.421 

kHz for  VA = 3V,  VB = 3V ). 

 

Table 3.1: The truth table for NOR, XOR, and AND gates 

 

 

 

(a) 
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(b) 

Figure 3.12: (a) A schematic of the device set up. (b) Frequency responses of the arch 

beam for the logic input conditions of (0, 0), (0, 1), (1, 0), and (1, 1), shown in black, 

blue, red, and magenta, respectively. 

 

As shown in Fig. 3.12(b), the NOR logic operation is demonstrated when VA = VB = 0 V, 

which corresponds to the resonance frequency   f0 = 14.876kHz, where the S21 signal shows 

HIGH (black curve), denoted as logic output 1. For all other logic inputs, the S21 signal 

shows the LOW level, representing logic output 0. The same principle was applied to 

demonstrate the XOR logic operation, but in this case, one of the inputs is actuated at 3 V, 

which corresponds to the resonance frequency (f1 =14.624kHz), where the S21 signal shows 

HIGH (blue or red curves), denoted as logic output 1. For all other logic inputs, the S21 

signal shows the level to be LOW, representing logic output 0. In the same way, the AND 
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logic operation can be performed by applying only VA = VB = 3 V, which corresponds to the 

resonance frequency (f2 = 14.876kHz), where the S21 shows the HIGH level. The time 

response of the resonator showing the binary inputs A and B and the corresponding logic 

output is presented in Fig. 3.13. 

 

 

   (a)      (b) 
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(c) 

Figure 3.13: Time responses for demonstration of (a) NOR logic operation, (b) XOR logic 

operation, (c) AND logic operation. 

3.5.2 Logic Applications: Case Study Two 

The device used in this case study consists of a clamped-guided arch microbeam (beam 1), 

two flexure beams, and a movable beam (beam 2). The SEM image and the schematic of 

the fabricated device are shown in Fig. 3.14. Beam 1 is sandwiched between two electrodes 

and is anchored at one side while the other side is guided by beam 2. Beam 2 is also 

sandwiched between two electrodes. These electrodes can be used for electrostatic 

actuation (input) and also for sensing (output). The actuation of beam 2 applies 

compressive or tensile axial forces on beam 1, the arch, thereby controlling the arch 

curvature and stiffness. Also, near the guided end of beam 1, two flexure beams are added, 
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which prevent rotation of beam 1. Additionally, the two flexure beams can be actuated 

electrothermally by passing a current through them, which adds another input to control 

the curvature and stiffness of beams 1 and 2. The flexure beams have 460 µm length, 10 

µm width, and 25 µm depth. The dimensions of the other two beams composing the device 

are listed in Table 3.2. The device is designed with electrostatic and electrothermal 

actuators for the application of tensile and compressive axial loads. As discussed in chapter 

two, the resonant frequency of several beams with different dimensions and under 

electrostatic voltage showed that the axial stress effect dominates the reduction in stiffness 

due to the decrease in curvature, and thus results in increasing the resonant frequency. This 

dominant effect can be attributed to the low initial curvature of the arches compared to 

their length. The competing effects among the design parameters on the resonant 

frequencies and the mid-point deflections of an arch beam were also discussed in [150]. 

Based on the results and analyses, a shallow arch beam was selected to give the required 

frequency shifts necessary to perform the logic operations. 

Table 3.2: Dimensions of the beams composing the device. 

Description Beam 1 (Arch beam) Beam 2 

(Straight beam) 

Length (µm) L1 600 L2 1000 

Width (µm) h1 2 h2 50 

Depth  (µm) b1 25 b2 25 

Initial curvature (µm) bo1 1.7   

The gap between the 

microbeams and the 

electrodes (µm) 

d 10.6 g 2 
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(a)  

(b)  

Figure 3.14: (a) A scanning electron microscope SEM image. (b) Un-scaled schematic of 

the device. 
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The setup, as shown in Fig. 3.15, was used to characterize the device experimentally. The 

two flexure beams are used as logic inputs and are electrothermally actuated to control the 

resonant frequencies of both beams 1 and 2. For the outputs, the sense electrodes of beams 

1 and 2 are used as outputs 1 and 2, respectively. The lower electrode of beam 1 and the 

compressive electrode (to the left side) of beam 2 are used as the driving electrodes to 

excite the structure into the required vibration mode. When the structure is driven into 

vibration using the driving electrodes, its motion induces AC currents in the sense 

electrodes, which form the outputs (output 1 and output 2). The output currents are then 

amplified using low noise amplifiers (LNA). The LNA outputs are connected to the input 

port of the network analyzer for S21 transmission measurement. 

 

Figure 3.15: Schematic of the experimental setup. The beams are biased with a DC load of 

40V superimposed with an AC signal of 20mV (RMS), operating at room temperature and 

a pressure of 2 Torr. 
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3.5.2.1 Modeling the Resonator Vibration Modes 

A finite element (FE) model of the device was developed with the software COMSOL to 

design and simulate the device's natural frequencies and mode shapes. The solid mechanics 

physics under the structural mechanics module was used to carry out the eigenfrequency 

study to compute the natural frequencies. Polysilicon was used as the material for the 

device, and free tetrahedral mesh with custom element size was used to mesh the device 

for accurate results.  

While the device with its two straight and arch beams can be considered a single integrated 

structure, the FE simulation indicates two distinct localized modes, where the individual 

beams 1 and 2 can locally vibrate with minimum effect on each other. Fig. 3.16(a) shows 

a mode in which the local motion of beam 1 dominates, and Fig. 3.16(b) shows a mode in 

which the local motion of beam 2 dominates. These two dominating modes will be utilized 

and excited to realize the logic functions demonstrated in this study. For simplicity, we will 

call the mode of Fig 3.16(a) as beam 1 mode and that of Fig. 3.16(b) as beam 2 mode. 

 

(a) 
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(b) 

Figure 3.16: (a) The mode shape with the dominant motion of beam 1 with a natural 

frequency near 41.978kHz. (b) the mode shape with the dominant motion of beam 2 with 

a natural frequency near 22.113kHz. 

 

3.5.2.2 The Tunability of Modes 

Before implementing the device for logic operations, the tunability of both modes of beam 

1 and 2 are experimentally obtained, Fig. 3.17, while varying the electrothermal voltage on 

the flexure beams. When the flexure beams are powered, the elastic stiffness of the beams 

changes depending on the applied voltage and the amount of the current passing through 

the microbeam.  As shown in Fig. 3.17(a), the resonant frequency of beam 1 with one 

electrothermal input (switch A is on) decreases until it reaches a critical point (Vth = 4V), 

after which it increases as Vth increases. However, the resonant frequency keeps 

decreasing when both electrothermal inputs (switch A and B are on) are applied on the 

flexure beam. The decrease/increase in the resonant frequency of beam 1 is due to the 
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competing effects between its initial curvature and the induced axial stress due to the 

electrothermal voltage from the inputs and the axial displacement. The tunability results of 

beam 1 show a significant effect of axial stress in the case with one electrothermal input. 

In this case, the current amount is divided between the arch beam and the second flexure 

beams. Hence, it can be concluded that the axial displacement in the case when both 

electrothermal inputs (switch A and B are on) are applied is higher than the case when one 

input is applied (switch A is on). This result clarifies that switch A's critical point is too 

much lower than the case (switch A and B are on). We should note that the frequency 

response of beam 1 with two electrothermal inputs must have a critical point after which 

the frequency should increases. As shown in Fig. 3.17(a), this value is higher than 6 V. 

Also,  it can be observed from the tunability that the resonant frequency of beam 1 for 

either one or both electrothermal inputs follows the same trend for low electrothermal 

voltages until it reaches Vth = 3 V. This response of beam 1 at low Vth will be utilized to 

implement the multifunctional logic gates.   
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(b) 

Figure 3.17: Variation of resonant frequency (a) for beam 1 when one or both 

electrothermal inputs are applied and (b) beam 2 when one and both inputs are applied. 

 

3.5.2.3 Fundamental 2-bits logic operations 
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NOR logic operations. Their resonant frequencies are controlled by the electrothermal 
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are provided with two DC sources VA and VB, and they are used to switch between low and 

high states of the S21 transmission signal corresponding to the logic outputs “0” and “1”, 

respectively. The logic input 0(1) represents the disconnection (connection) of the DC 

sources. For logic inputs condition VA = VB = 0 V, the natural frequencies of the beams 
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induces compressive stress, which increases or decreases the resonant frequencies of beam 

1 depending on the initial curvature and the boundary conditions, as shown in Fig. 3.17. 

By a proper selection of the input voltage, different logic operations can be demonstrated 

and obtained from the two outputs (Fig. 3.18 (b) and (c)). 

 

Table 3.3: NOR and OR gates Truth Table 

 

 

Table 3.4: NOR, XOR, and AND gates Truth Table 

 

 

 

(a) 
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(b) 

 

(c) 
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Figure 3.18: (a) Schematic for 2-bits logic operations in which OR/NOR can be obtained 

from output 1 and XOR/AND/NOR from output 2. (b) Frequency responses of output 1 

showing the operating frequencies (dashed vertical lines) for OR and NOR gates. (c) 

Frequency responses of output 2 showing the operating frequencies (dashed vertical lines) 

for AND, XOR, and NOR gates. 

The frequency responses for beams 1 and 2 are shown in Fig. 3.18 (b) and (c). To 

demonstrate NOR gates, the natural frequencies of the resonators at VA = VB = 0 V are 

selected as the operating frequency of both beams (41.968kHz for beam 1 and 22.113kHz 

for beam 2). An OR logic operation can be realized by tuning beam 1 as follows. As shown 

in Fig. 3.17(a), the frequency tunability of beam 1 indicates that for low electrothermal 

voltages (below 3 V), the natural frequency of the beam remains the same when activating 

one or two inputs. Accordingly, 41.672kHz is selected as the operating frequency for an 

electrothermal input voltage of 2 V. When one or both inputs are activated, the resonant 

frequency of the resonator is shifted to the same lower value and hence shows a high state 

“1” for logic input conditions (0, 1), (1, 0) and (1, 1) and a low state “0” only at its natural 

frequency (0, 0). The time responses showing the binary inputs and the logic output are 

depicted in Fig. 3.19. For NOR logic operation of beam 1, the frequency of operation 

41.968kHz is selected for the AC input signal. While the two inputs A and B were triggered 

ON and OFF intermittently as shown in blue and black respectively as logic inputs in Fig. 

3.19. The switching between 0V and 2V corresponds to the 0/1 logic input conditions, 

respectively, and the S21 (dB) transmission signal is the logic output, and it fulfills the NOR 

truth table. The same principle is used to demonstrate the time response for all other logic 

operations. With the same inputs from A and B, an XOR and AND gates can be realized 
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from beam 2 by selecting its operating frequencies, respectively, as 20.433kHz and 

21.37kHz.   

(a)      (b)

   

   (c)          (d) 
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(e) 

Figure 3.19: (a) OR gate time response from output 1. (b) NOR gate time response from 

output 1. (c) AND gate time response from output 2. (d) XOR gate time response from 

output 2. (e) NOR gate time response from output 2. 

 

3.5.2.4 Half Adder 

A half adder is built from two basic logic gates: XOR and AND gates, see Table 3.5. It 

takes two binary digit inputs to give two binary digit outputs (Sum and Carry bit). The two 

inputs have to be the same for both logic gates. The Sum bit is the XOR gate of the two 

inputs, while the Carry bit is the AND gate, as shown in Fig. 3.20(a). 
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Table 3.5: Half adder truth table. 

 
 

The AND logic operation is obtained from output 1, while the XOR logic operation is 

obtained from output 2. An electrothermal voltage of 3.7V is selected to realize an AND 

gate from beam 1. At this voltage, Fig. 3.17(a), the resonant frequency from a single input 

(0, 1) differs from the two inputs (1, 1); a must requirement for the realization of logic gate 

AND. Hence, selecting the operating frequency to be 41.081kHz for beam 1, the resonator 

shows a high state “1” for only logic input conditions (1, 1), while it shows a low state for 

all other logic input conditions, Fig. 3.20(b). Hence, this is used as the Carry bit. In 

implementing an XOR gate for the Sum bit from output 2, the selected frequency is 

14.505kHz. As shown in Fig. 3.20(c), the resonator shows a high state “1” for logic input 

conditions (0, 1) and (1, 0), while it shows a low state for logic input conditions (0, 0) and 

(1, 1). 

 

(a) 
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 (b) 

 

 
 (c) 

 

Figure 3.20: (a) Half adder logic and schematic diagram. (b) frequency response from 

output 1 showing AND gates for a Carry bit. (c) frequency response from output 2 showing 

an XOR gate for a Sum bit. 
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3.5.2.5 Performance Evaluation per Logic Operation 

The performance of the electromechanical resonator as a potential computing device needs 

to be evaluated in terms of operating speed and switching energy. The operating speed of 

MEMS resonators can be estimated as f/Q [109], where f is the resonant frequency, and Q 

is the quality factor. The Q factor is a dimensionless parameter that is used to relate the 

maximum energy stored in a circuit to the dissipated energy for each cycle of oscillation. 

Estimating the speed from f/Q is equivalent to evaluating the bandwith of the resonant 

frequency and this method is unreliable because the bandwith is used to predict the 

selectivity of the circuit at the half power points but not the speed of the circuit. However, 

some researchers previously use this method for rough estimation of the operating speed. 

The Q factors of beam 1 and beam 2 are estimated to be 518 and 139, respectively. Thus, 

the switching speed for beam 1 is 81Hz, and beam 2 is 159Hz, and these correspond to the 

switching time of 12.345ms and 6.27ms, respectively. The switching time of the proposed 

device can be significantly decreased by scaling the device to the nanoscale. Such 

switching speeds indicate that such a device can be potentially used for applications that 

do not require high computational speed, such as processors in sensor applications.  

Another important measure is the switching energy per logic operation. Since the switching 

operation in this proposed device is based on electrothermal actuation, the switching energy 

is estimated based on resistive heating of the microbeam [109]    where 

VA and VB are the voltage inputs. RMB is the resistance of the microbeam, which is 

estimated to be 1.84kΩ. It is worth noting the high resistance value of the microbeam due 

to the dimensions of the flexures. Thus, the maximum switching energy per logic operation 

2 2

A B
s

MB MB

V V
t

R R
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is estimated to be 53.67µJ and 27.27µJ for beams 1 and 2, respectively. It is observed that 

the switching energy is high compared relatively to the case in which electrostatic actuation 

is used for the switching operation. It is well established that electrothermal actuation is 

not energy-friendly than other forms of actuation as most of the energy is lost in the form 

of heat during operation. However, since the logic inputs are integral parts of the proposed 

architecture, the proposed scheme saves some energy compared to other electrothermally 

actuated microstructures. 
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Chapter 4 

Electrostatic Axial Modulation of MEMS Resonators for 

Reprogrammable Logic Gates using Multimode Excitation 

 

The simplicity and prospect of energy efficiency of MEMS resonator-based computing 

devices have captivated considerable research interest in recent years. Hence, they are 

being explored for ultra-low-power computing machines currently needed for internet-of-

things (IoT) applications.  Recently, there have been successful demonstrations of 

fundamental logic gates. However, the realization of complex multifunctional logic devices 

that involve multi-input and multi-output lines are facing challenges. These challenges 

range from the interconnections between multiple resonators, the limited controllability of 

the operating frequency, and most significantly, the energy consumption. This chapter 

deals with the use of electrostatic force to modulate the resonant frequency of MEMS 

resonators for demonstrating memory elements and logic gates using two case studies. In 

the first case study, a clamped-guided arch resonator was used to demonstrate 

reconfigurable fundamental logic gates and random access memory by modulating the 

resonant frequency through an axial electrostatic force from the guided side of the clamped-

guided arch microbeam. This device shows energy cost per set/reset operation for the 

memory and logic operation in pJ. While in the second case study, a 1:2 Demux 

combinational logic device with improved energy efficiency was demonstrated using a 

single MEMS resonator's multi vibration modes. The MEMS device consists of three 

connected in-plane microbeams in the form of a U-shape structure. The actuation and 

modulation are based on electrostatic forces. The device shows actuation energy of 0.082fJ 
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and 0.91fJ for output 1 and 2, respectively, and switching energy per logic operation of 

11.01pJ for output 1 and 5.31pJ for output 2. This improvement indicates a 75% decrease 

in switching energy per logic operation than the reported values in the first case study for 

electrostatically actuated MEMS resonator-based computing devices.    

4.1 Case Study One: Clamped-Guided Arch Resonator 

The device used in this case study consists of a clamped-guided arch microbeam (beam 1), 

flexure beams, and a movable mass (beam 2), as described in Section 3.4.2. The SEM 

image of the fabricated device and the schematic of the experimental setup are shown in 

Fig. 4.1(a) and (b). The proposed design allows bi-directional movement of the arch beam 

in the x-direction. When an actuation voltage is applied between the tensile (compressive) 

electrode and the movable mass, an axial tensile (compressive) stress is generated within 

the beam, which modulates the resonance frequency of the microbeam resonator. The 

guided structure is suspended with two flexure beams to avoid the high rotation stiffness 

of the structure in the y–z plane. The length of the flexure beams is 460μm, and their width 

is 5μm. All the other dimensions for the device are listed in Table 4.1. 

Table 4.1: The geometric dimensions of the microbeam 

Description Case study 1 

Length, L (μm) 600 

Thickness, h (μm) 2 

Height, d (μm) 25 

Initial curvature, b0 (μm) 2.5 

The gap between the clamped end and the 

drive electrode, b (μm) 
8 
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Movable mass width, q (μm) 30 

Movable mass length, p (μm) 1000 

The gap between the movable mass and the 

compressive and tensile electrodes, g (μm) 
3.5 

 

 

 
 

(a) 
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(b) 

 

Figure 4.1: (a) Schematic of the clamped-guided arch resonators and experimental setup, 

(b) image of the fabricated device. 

4.1.1 Clamped-Guided Arch Resonator: Memory Application 

The variation of the resonant frequency of the arch microbeam is shown in Fig. 4.2(a) by 

applying different tensile and compressive axial loads. In these experiments, the arch 

microbeam is biased with VDC = 20V and driven by an AC signal of 4mV (RMS) to obtain 

the linear responses of the arch resonator at 10mTorr pressure and room temperature. The 

resonant frequency decreases (increases) with the applied compressive (tensile) axial loads, 

as expected for a clamped-guided structure. Fig. 4.2(b) shows the nonlinear frequency 

responses of the microbeam resonator when driven by an AC signal of 40mV (RMS). The 

responses demonstrate a noticeable hysteresis in the frequency domain with softening 

behavior. This behavior is expected for an arch-shaped microbeam due to geometric 

nonlinearities. Note that the responses are carried out for both forward sweep (FS) and 
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reverse sweep (RS). By applying the tensile (compressive) axial load, the hysteresis 

window formed from the forward and reverse sweep can be shifted towards higher (lower) 

frequency values. This shift creates a range of frequencies in which the beam is bi-stable 

and can be used to implement the proposed mechanical memory device. 

 

(a) 

 

(b) 
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Figure 4.2: (a) Variation of resonant frequency with applied tensile and compressive 

loads, (b) hysteretic frequency response of the arch microbeam under different axial 

loads. 

4.1.1.1 Principle of Operations 

The mechanical memory operation of the clamped-guided arch beam was demonstrated by 

choosing 41.6kHz (shown as a dashed line in Fig. 4.2(b)) as the AC driving frequency. At 

this frequency, the resonator has two different stable states formed from a response under 

axial load and other response under no axial load, VC = VT = 0V, as shown in Fig. 4.2(b). 

Hereafter, we define the high (low) vibrational state as the memory state “1” (“0”). At the 

beginning of the memory operation, the device state is set at “0”, which corresponds to -

90 dB of the S21 transmission signal, measured simultaneously by the network analyzer. 

To set the memory state to “1”, the compressive load is applied by VC = 30V. This load 

generates axial stress on the microbeam and shifts the resonant frequency to lower values. 

However, at 41.6kHz, the chosen driving frequency for the electrostatic actuation, the 

resonator vibrates with high amplitude. Hence, upon removing the axial load, VC = 0V, the 

resonator jumps to the high amplitude state. The resonator will be locked to this state 

indefinitely until some changes are introduced in the operating conditions. This state 

completes the set operation of the memory device to a high state “1”. Next, to access the 

“0” memory state again, the tensile axial stress is introduced by applying actuation voltage 

to the tensile electrode, VT = 30V. This load increases the resonant frequency of the 

structure, hence, modulates the hysteretic frequency band. This will reset the arch beam to 

the only accessible vibrational state (low) at this operating condition and will retain this 
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state when the tensile load is removed. This condition completes the reset operation of the 

memory device to low state “0”.  

The sequential operation of the memory device was performed to verify the repeatability 

of the read-write operations, as depicted in Fig 4.3. The purple curve shows the memory 

states (“1” or “0”), whereas the red and blue curves show the writing operations. From the 

initial state of “0”, the resonator is set to a memory state “1” by a write signal (momentarily 

applying compressive axial load by VC = 30V). Again, by a subsequent write signal 

(momentarily applying tensile axial load by VT = 30V), the memory state is reset to “0”. 

We observed controlled switching between the memory states during the set and reset 

operations by the axial loads. 

 

Figure 4.3: The sequential set and reset operation of the memory device. 
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4.1.1.2 Performance Evaluation 

The maximum operating speed for this memory device will be determined by the resonator 

switching speed between the states, and it is estimated to be  190 Hz
f

Q

 
 

 
 where f is the 

operating frequency, 41.6kHz. For these operating conditions, the measured quality factor 

was around 218. In improving the operating speed of the proposed memory device, the 

movable mass needs careful device design due to its response time to the applied axial 

loads, which is most likely to be the dominant factor for the current device. Another 

essential aspect of consideration is the energy cost of the memory operation. Neglecting 

the resonator driving energy, the energy cost per set/reset operation can be estimated as 

2

,

1
 20
2

set T C

reset

E CV pJ  , where C ≈ 44fF is the overlap capacitance between the movable 

mass and the tensile/compressive electrode and ,T CV  is the actuation voltage.  Hence, this 

energy cost can be significantly reduced by optimizing the device dimensions and lowering 

the required switching and actuation voltages for the axial loads. Also, overall structure 

dimensions need optimization for increasing the switching speed of the memory operation.  

4.1.2 Clamped-Guided Arch Resonator: Logic Application 

Next, reprogrammable two-input logic gates are demonstrated based on the same 

microstructure described in section 4.1. In this case, the resonator is only operated in the 

linear regime, and it makes use of only compressive electrodes to modulate its stiffness. 

Fig. 4.1 shows a schematic of the clamped–guided arch microbeam resonator with all the 

required electrodes and the experimental setup for the logic gate demonstration. Note that 

two compressive electrodes were actuated separately by VA and VB, which form the two 
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logic inputs, A and B, respectively. The truth table for the fundamental logic gates is shown 

in Table 4.2. The low logic input conditions (A = B = 0) are defined by VA = VB = 0V while 

the high logic input conditions (A = B = 1) are defined by VA = 20V, and VB = 25V. This 

discrepancy in the actuation voltage is due to the asymmetric nature of the coupled 

structure (arch microbeam) and the effect of axial loads applied through two compressive 

electrodes. However, for a straight clamped-guided microbeam, these two voltages should 

be equal. Note that a high (low) S21 transmission signal corresponds to the logic output 1(0) 

respectively. 

Table 4.2: The truth table for NOR, XOR, and AND gates 

 

4.1.2.1 Principle of Operations 

Figure 4.4 shows the frequency responses of the arch microbeam under different logic input 

conditions. In these experiments, the arch microbeam is biased with VDC = 20V and driven 

by an AC signal of 20mV at 2Torr pressure and room temperature. Note here that the 

pressure was intentionally increased to operate the resonator in the linear regime. One can 

observe the decrease in resonance frequency upon applying compressive axial load on the 

arch microbeam through the electrostatic actuation of the movable mass, as shown in Fig 
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4.2(a). Similar effects have been observed in the previous section as well.   As shown in 

Fig. 4.4, the resonant frequency of the resonator without any applied axial loads, logic 

inputs A = B = 0, is around 40.949kHz. For logic inputs A = 0 and B = 1, the resonant 

frequency shifts towards a lower value, around 40.555kHz, due to the compressive stress 

generated on the microbeam. Finally, for logic inputs A = 1 and B = 1, the resonant 

frequency further reduces to 40.172kHz. Hence, one can build three different logic gates, 

NOR, XOR, and AND gates, based on the proper choice of the AC driving frequency. For 

example, if we drive the resonator at 40.949kHz, the device will only show a high S21 signal 

when logic input conditions for both A and B are in the OFF state. For other input 

conditions, the device will produce a low S21 signal. This condition fulfills the truth table 

for a two-input NOR logic gate. The time response of the proposed microresonator-based 

logic gate showing the output signal for different logic inputs is presented in Fig. 4.5(a), 

proving that the device indeed operates as a NOR logic gate. Fig. 4.5(b) and (c) show the 

time responses and corresponding logic inputs for XOR and AND operations, respectively. 

For the XOR operation, the device was actuated with an AC driving frequency of 

40.555kHz, whereas, for the AND operation, the AC driving frequency was fixed at 

40.172kHz. Both figures show proper XOR and AND operations. Note that one can also 

build a NOT gate on logic input A by choosing 40.949kHz as the driving frequency and 

setting logic input B = 0. This gate can also be achieved by choosing 40.555kHz as the 

driving frequency and setting logic input B = 1. 
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Figure 4.4. Frequency responses under different logic input conditions 
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(b) 

 

(c) 

Figure 4.5. Demonstration of the time responses for (a) NOR gate (b) XOR gate (c) AND 

gate 
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4.1.2.2 Performance Evaluation 

The maximum operating speed for this logic device will also be determined by employing 

the same concept discussed in the previous section using f/Q. For these operating 

conditions, the measured quality factor was around 113, Fig. 4.6. Hence, the operating 

speed is estimated to be 0.363kHz. For the logic device, the energy cost per logic operation 

can be estimated to be the average consumed energy for a different combination of inputs. 

The energy cost is estimated as Eop = 1/4Cg(VA
2

 +VB
2) ≈ 14pJ [135], where Cg ≈ 55 fF is 

the overlap capacitance between the movable mass and one of the compressive electrodes, 

and VA and VB are the actuation voltages.  As discussed earlier, this energy cost can be 

significantly reduced by optimizing the device dimensions and lowering the required 

actuation voltages for axial loads. 

 

Figure 4.6. Frequency and phase responses showing quality factor around 113. 
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4.2 Case Study Two: U-Shaped Coupled MEMS Resonators 

A scanning electron microscope SEM image and a schematic of the fabricated device are 

shown respectively in Fig. 4.7(a) and (b). The device was fabricated by MEMSCAP [151] 

based on a two-mask lithography process with a phosphorus dopant into the top surface of 

the silicon layer of the Silicon-on-Insulator (SOI) wafer. The designed microstructure 

consists of three in-plane microbeams that form a single MEMS resonator. There are two 

side beams that are connected to an arch beam, and the tips of the side beams are used to 

guide and control the ends of the arch beam. The arch beam is sandwiched between two 

electrodes, in which one electrode is used for sensing and the other for actuation. Each side 

beam is also sandwiched between two electrodes that can induce either tensile or 

compressive electrostatic axial loads on the arch beam. They can also be used as sensing 

and actuating electrodes for the side beams themselves, as will be demonstrated in the 

subsequent section. As was experimentally demonstrated in [150], the stiffness and 

resonant frequencies of an arch microbeam can be controlled and tuned by applying either 

tensile or compressive axial loads, affecting its static and dynamic behavior. The applied 

axial loads on the arch beam can lead to competing effects between the arch beam's initial 

curvature and the applied axial load. Depending on the dominant effect, the resonant 

frequency of the arch beam can either increase or decrease. Based on this concept, the 

shallow arch and side beams were selected to give the required frequency shifts necessary 

to perform logic operations. In this study, the controllability and tunability of the frequency 

responses for the first and second modes of the MEMS resonator are used to select the 

operating frequencies to implement the logic operation. The dimensions of the three in-

plane microbeams composing the resonator are listed in table 1. For the experimental 
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characterization of the device, a Network Analyzer (E5071C) is used, Fig. 4.8. In 

demonstrating the complex logic function, two outputs are required. The sensing electrodes 

of one of the side beams and the arch beam are used as the outputs, while the corresponding 

driving electrodes, shown in Fig. 4.8, are used to excite the structure into the required 

modes of vibrations. The tensile and the compressive electrodes of the other side beam are 

used as input and selector, respectively. The electrostatic actuation for the driving 

electrodes consists of an in-built AC signal from the Network Analyzer superimposed with 

a DC voltage from the DC supply. The generated vibrations due to the electrostatic 

actuation induce motional currents in the sense electrodes. These form the output currents 

that are amplified by the low noise amplifier (LNA). The outputs from LNA are connected 

to the input ports of the network analyzer for S21 transmission measurements. For the 

demonstrated logic function, the arch beam and the side beam are biased with 15V DC 

voltage and AC signal of −20dBm (22.361 mVrms) at a pressure of 500mTorr and room 

temperature. 

 

(a) 



117 

 

 

 

(b) 

Figure 4.7. (a) An SEM image of the device, (b) Schematic of the device (not to scale). 

 

 

Figure 4.8. Schematic of the experimental setup. 
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Table 4.3: Dimensions of the microbeams composing the U-shaped resonator. 

 

 

 

 

 

 

4.2.1 The Vibrational Modes 

The logic function demonstrated in this study requires two outputs; these are realized from 

the device's vibrational modes. To study the vibrational modes of the device, the finite 

element commercial software COMSOL is used. The Solid Mechanics Physics under 

Structural Mechanics module is used to implement the eigenfrequency study. The device's 

3D microstructure is modeled with Polysilicon material using a free tetrahedral mesh with 

a custom element size with 570 112 degrees of freedom. Although the device can be 

considered a single integrated microstructure, the finite element simulation indicates 

interactions between the individual beams' distinct localized modes. Figure 3 shows the 

first and second modes of vibration of the device. It can be observed that the mode of 

vibration for the first mode is localized and dominant around the side beam (sway mode), 

and that of the second mode is localized and dominant around the arch beam. These modes 

can be locally vibrated around their dominant domains with minimum effect on each other. 

 

Description Side Straight 

Beams (A and B) 

 

Arch Beam 

Length (m) L1 100 L2 300 

Width (m) h1 2 h2 2 

Depth (m) b1 25 b2 25 

Initial Curvature (m) 
 

 
 a 2 

The gap between the 

beams and electrodes 

(m) 

 

d 

 

2 

 

g 

 

3 
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These dominant modes will be excited and used to demonstrate the complex 

multifunctional logic gate in this study. 

 

(a) 

 

(b) 

Figure 4.9. (a) The first mode, (b) second mode of vibration with resonant frequencies of 

95.49kHz and 105.6kHz, respectively. 

4.2.2 The Tunability of Modes 

In performing the logic functions, it is necessary to study the tunability of both modes, 

which will serve as the basis of operation for the 1:2 Demux logic function. Fig. 4.10(a)–

(c) show, respectively, a schematic diagram, a circuit diagram, and a truth table for the 1:2 

Demux logic function. Note that the tunability of the modes is only carried out for the input 
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and selector electrodes that are necessary to perform the logic function, as shown in the 

truth table of Fig. 4.10(c). The tunability of both modes is obtained experimentally by 

varying the electrostatic DC voltage applied on the second side beam with the input and 

selector electrodes. The resonant frequencies for the first and second modes are measured 

around 95.49kHz and 105.6kHz, respectively. When the DC voltage is applied between the 

input/selector electrode and the second side beam, an axial tensile/compressive stress is 

induced in the device. This stress load modulates the resonant frequencies of both modes 

and thereby changing the dynamic behavior of the device qualitatively and quantitatively. 

As shown in Fig. 4.11(a), there is a steady decrease in the resonant frequency of the first 

mode as the DC voltage increases for both cases when the selector only is in the ON state 

and when both input and selector are in ON states. Similar results are obtained for the 

resonant frequency of the second mode when only the input is in ON state (see 

Fig. 4.11(b)). However, the resonant frequency of the second mode when only the selector 

is in the ON state shows a different qualitative result. The resonant frequency decreases 

until it gets to a critical point, after which it increases as the voltage increases. It was 

reported in [150] that this observed phenomenon is due to the competing effect between 

the initial curvature of the arch beam and the applied tensile axial load from the selector. It 

can be observed that the tunability of the first mode to both the input and the selector shows 

a broader range compared to the second mode. This wide range is due to the first mode 

being dominant around the tensile and compressive axial electrodes used as the input and 

selector. This arrangement induces a significant effect on the first mode. However, the 

response of the second mode is only localized and dominant around the upper and lower 
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electrodes of the arch beam (as shown in Fig. 4.9(b)) that are only used in this case as the 

sensing and actuating electrodes, respectively. 

 

 

(a)         (b) 
 

 

(c) 

Figure 4.10. (a) Schematic diagram, (b) circuit diagram, (c) truth table for the 1:2 Demux 

logic function. 
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(a) 

 

(b) 

Figure 4.11. Tunability of resonant frequency for (a) mode 1 (output 1) when only the 

selector is in the ON state and when both input and selector are in the ON state, (b) mode 

2 (output 2) when only the input and only the selector are in the ON state. 
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4.2.3 1:2 Demux Logic Function 

A demultiplexer is an electronic device that takes a single input signal that can be routed 

to one of several digital output lines. It is often referred to as a single input, multi-output 

switch. A Demux of 2n output lines has n selectors that select which output lines to route 

the input signal. The 1:2 Demux demonstrated in this work has two output lines and hence 

requires only one selector. The selector electrode (Fig. 4.8) is used to route the single input 

signal from the input electrode to one of the two output lines (the sense electrodes of the 

arch and side beams). The schematic diagram, logic diagram, and the truth table of the 1:2 

Demux are shown in Fig. 4.10. As indicated in the truth table, the input signal is routed to 

output 2 only when the selector is in the OFF state, and the input line is in the ON state 

(i.e., S = 0 and IN = 1). However, when the selector is in the ON state, and the input line is 

also in the ON state (i.e., S = 1 and IN = 1), the input line is routed to output 1. The 

corresponding voltages for the OFF and the ON states for both the selector 0(1) and the 

input 0(1) are 0V and 30V, respectively. Fig. 4.12(a) and (b) show the S21 transmission 

measurements for both output lines. The natural frequencies for the first and second modes 

are 95.49kHz and 105.6kHz, respectively. The operating frequencies for outputs 1 and 

2 are selected to be 92.8kHz and 105.48kHz, respectively, based on the measured values 

obtained from the tunability of both modes. By activating a DC voltage of 30V on the input 

while the selector is in the OFF state (i.e., S = 0 and IN = 1), the resonant frequency of the 

second mode is tuned to 105.48kHz, which is the operating frequency for output 2. 

However, when a DC voltage of 30V is applied on both the input and the selector (i.e., S = 

1 and IN = 1), the resonant frequency of the first mode is tuned to 92.80kHz as shown in 

Fig. 4.12(b). The time responses showing the selector line and the logic outputs are 
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depicted in Fig. 4.12(c) and (d). For output 1, the logic output will be in state ‘1’ (i.e., high 

state) when the selector is switched on; however, for output 2, the logic output will be in a 

high state only when the input is ON, but the selector is not triggered. 

 
(a) 

 

 
(b) 
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   (c)      (d) 

 

Figure 4.12. (a) The frequency response of Mode 1 for output 1. (b) frequency response of 

Mode 2 for Output 2. The time responses for input at the ON state and (c) selector at the 

ON state for output 1. (d) selector at the OFF state for output 2. 

4.2.4 Performance Evaluation of the Device 

In building realistic MEMS computing devices, it is essential to evaluate the operating 

speed, the switching energy, and the actuation energy of the MEMS resonators to assess 

their performance as potential computing devices. The operating speed of the single MEMS 

device can be estimated based on f/Q, where f is the operating resonant frequency, and Q 

is the quality factor. As mentioned in the previous section, the operating resonant 

frequencies for modes 1 and 2 are 92.80kHz and 105.48 kHz, respectively, and their 

corresponding Q are 2058.14 and 2457.50, respectively. Thus, the switching speed for the 

first mode is 45Hz, and the second mode is 43Hz, and their corresponding switching times 

are 22ms and 23ms, respectively. These switching times are considered to be high in 

comparison with CMOS. However, such slow computing devices can be suitable for many 
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domestics and industrial applications such as IoT devices where high-speed computations 

are not required for data processing. Since switching is triggered through electrostatic 

force, the switching energy per logic operation can be estimated based on the principle of 

energy stored in a capacitor. COMSOL software, as described in Section  4.2.1, is used to 

simulate the changes in capacitance and the switching energy as the applied voltage 

changes for the high state (i.e., state ‘1’) of each output. Alternatively, the switching energy 

can be evaluated using 1/2C  ∆V2 - based on the average of the consumed energy for 

different input combinations. For the switching voltage of 30 V as shown in Fig. 4.13(a) 

and (b), the corresponding capacitance and the switching energy for output 1 are 12.854fF 

and 11.01pJ, and for output 2 are 11.72fF and 5.31pJ, respectively. When only the selector 

is in ON state, the change in capacitance and the switching energy increase as the DC 

voltage increases for output 1. However, there is a continuous decrease in capacitance and 

a steady increase in switching energy when both the input and the selector are in ON state. 

This outcome indicates a 75% decrease in switching energy per logic operation compared 

to the previously reported values [108,135] for electrostatically actuated MEMS resonator-

based computing devices. However, it should be noted that the MEMS resonator device 

requires a continuous source of energy to sustain its oscillation, and this will lead to a 

constant leakage of energy through the small motional current. Such a drawback can be 

alleviated by designing AC-based electromechanical logic devices [136].  
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(a) 

 

(b) 

Figure 4.13. As obtained from COMSOL (a) variation of capacitance with DC voltage 

when the input and the selector are in ON state, and the selector only is in ON state (b) 

switching energy when the input and the selector are in ON state, and the selector only is 

in ON state  
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Another important parameter for the resonator-based computing device is the actuation 

energy. It is the energy required to excite the system into its resonant frequencies. It 

consists of a DC voltage superimposed with an AC source. The actuation energy for modes 

1 and 2 are obtained to be 0.082fJ and 0.91fJ, respectively, using the MEMS module in the 

COMSOL software as shown in Fig. 4.14(a) and (b). Note that the residual stress is not 

considered in the numerical simulation in COMSOL, so the resonant frequencies for both 

modes are different from the experimentally obtained resonant frequencies. The obtained 

actuation energy can be deduced that resonator-based computing devices are energy-

efficient, most especially when it is based on AC actuation only. It will give a prospect for 

a new generation of AC based resonator computing devices. It should be noted that the 

dimensions of the studied device are not optimized, and they are much bigger than what 

can be implemented in integrated CMOS technology. Since the interest is to demonstrate 

the principle as a proof of concept, further miniaturization to the nanoscale, for instance, 

in [152] and other nano logic devices, may improve these devices' integration density to 

the level close to that of CMOS technology. Table 4.4 shows the geometrical area and 

power consumption of the current device as compared with other existing technology used 

for implementing demux operation. In addition, the current device is also compared with 

other previously published MEMS devices as shown in Table 4.5. 

MEMS resonators can be subjected to severe mechanical shocks because they are widely 

used in various devices. The shock survivability of the studied device is estimated to be in 

the range of 40,000g – 70,000g, as demonstrated in [48]. However, by miniaturizing the 

device, its stiffness and resistance to shock will significantly improve. Although this may 
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lead to more actuation power to operate the stiffer devices, this can be reduced by reducing 

the dimension of the capacitive gap. 

Table 4.4. Dimensional area and power comparison for MEMS and other techniques for 

implementing demux operation. 

  

Current 

MEMS 

Device 

Other Techniques 

Transformer 

Coupled 

Technique 

(65nm 

Standard) 

[153] 

CMOS-based   

Technique 

(120nm 

Standard)[154]  

CMOS-based   

Technique CML 

(0.18µm Standard) 

[155] 

WDM-

based 

technique 

[156,157] 

Area 0.03mm2 1.26mm2 0.2835mm2 0.7544mm2 0.004mm2 

Power 

Consumption 
 1.02W 70mW 108mW 150mW > 1mW 

[158] 

 

Table 4.5. Performance comparison of the current device with other MEMS resonator-

based logic devices. 

 U-Shaped Coupled 

MEMS Resonator 

Combined MEMS 

Resonator [159] 

Noise Assisted NEMS 

Resonator [77] 

Logic operations 1:2 Demux Parity Checker AND/NAND/OR/NOR 

Operating Frequency 105.48kHz and 92.8kHz 125.4kHz 3.158MHz 

Area 0.03mm2 0.03mm2 10µm2 

Speed 45Hz and 43Hz 1.4kHz 5kHz 

Energy Consumption 11.01pJ and 5.31pJ 1.25µJ 0.01fJ 
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(a) 

 

(b) 

Figure 4.14. As obtained from COMSOL (a) the actuation energy for the first mode, (b) 

the actuation energy for the second mode. 
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Chapter 5 

Logic Functions Based on AC Actuation only towards Cascadable 

MEMS Resonator-Based Logic Devices 

 

In the era of IoT and smarter sensors and actuators, MEMS resonator-based computational 

devices are actively being explored for ultra-low-power digital computation. This 

attraction is driven by the quest for alternative approaches to CMOS technology due to 

current leakage and power density issues. However, the realization of complex logic 

functions and the cascadability of MEMS resonator-based logic devices have introduced 

new challenges, such as using the outputs of logic units as inputs into others, which is 

necessary for practical applications. This study reports two different case studies. The first 

case study demonstrates a combinational logic function (2:1 MUX) and a fundamental OR 

logic gate. The concept is based on the activation and deactivation of the third vibration 

mode of an arch microbeam resonator such that the logic inputs and output are in the same 

form of AC signals, which provides a prospect for cascadability. The arch microbeam is 

sandwiched between a pair of triple partial electrodes that are specifically arranged to 

excite the third vibration mode and demonstrate the logic functions. While the second case 

study reports the demonstration of a half-adder logic function and fundamental logic gates 

(XOR and AND) using multi-vibrational modes of an F-shaped coupled MEMS resonators. 

The proposed approach requires power for actuation only, and this results in significant 

improvement in energy efficiency because it does not need DC-based frequency 

modulations. It shows promising low consumed energy in femtojoules per logic operations. 

The proposed scheme provides prospects for cascadable MEMS resonator logic devices 
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since it enables both the logic inputs and outputs to be in the same AC signal mode at the 

same frequency. 

5.1 Case Study One: Arch Resonator with Triple Partial Electrodes 

The device consists of an in-plane fixed-fixed arch microbeam with triple partial 

electrodes. The SEM (scanning electron microscope) image and a schematic of the 

fabricated device are shown in Fig. 5.1 and 5.2, respectively. The device is fabricated using 

a highly conductive Silicon-On-Insulator wafer with phosphorus dopant on the top surface 

of the Silicon layer based on a two-mask lithography process. The arch microbeam is 

sandwiched between a pair of triple partial electrodes that are specifically arranged to 

effectively excite the third vibrational mode of the arch beam. MEMS resonators can be 

excited in different modes depending on the electrodes' configuration and excitation 

frequency. In this study, the activation and deactivation of the third (symmetric) mode are 

used to implement the computational logic functions such that both the logic inputs and 

logic output are AC signals at the same frequency. The state ON (OFF) of the logic outputs 

are defined as a high (low) AC motional signal at on-resonance (off-resonance) of 

vibration. The choice of the driving and sensing electrodes depends on the third mode 

configurations. One of the upper partial electrodes is used as the sensing electrode, and the 

other partial electrodes can be used to activate and deactivate the third mode.  

Fig. 5.2(a) and (b) show the setup for the experimental characterization of the device to 

demonstrate MUX function and OR gate, respectively. Fig. 5.2(c) shows the simulated 

third vibrational mode of the arch microbeam using the structural mechanics module in 

COMSOL. The dimensions of the arch microbeam are listed in Table 5.1. For a MUX 

function, three driving electrodes are required (two inputs and one selector), while for an 
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OR gate, two driving electrodes are required as inputs. Both MUX and OR require only 

one output, and the central upper partial electrode is used as the sensing electrode. The 

driving electrodes are based on electrostatic actuation that constitutes the superposition of 

an in-built AC signal from a network analyzer with a DC voltage from a DC supply. The 

excited vibration induces a motional current in the sense electrode and forms the output 

AC motional current that is amplified by a low noise amplifier (LNA). The LNA output is 

connected to the input port of the network analyzer for S21 transmission measurements. For 

experimental demonstration, the arch beam is biased with 50V DC voltage and AC signal 

of -10dBm (70.711 mVrms) at a pressure of 50mTorr and room temperature. 

 
(a) 

 

 
(b) 

 

Figure 5.1. SEM images of the fabricated device showing electrodes’ arrangement for (a) 

2:1 MUX demonstration, (b) OR logic gate demonstration. 
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Table 5.1. Dimensions of the arch microbeam. 

Description Arch Beam 

Length (µm) L 800 

Thickness (µm) t 2 

Depth (µm) h 25 

Initial curvature (µm) bo 3 

The gap between the 

beam and electrodes 

(µm) 

 

g 

 

10 

 

 

(a) 

 

 

(b) 
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(c) 

 

Figure 5.2. Schematic of the experimental setup for (a) 2:1 MUX function, (b) OR logic 

gate. (c) the third vibrational mode shape of the arch microbeam using a finite-element 

model in COMSOL.  

5.1.1 Reprogrammable Logic Functions 

The proposed scheme is reprogrammable such that different logic functions can be 

demonstrated using the third mode frequency by selecting different driving electrodes. This 

study demonstrates both the 2:1 MUX function and OR logic gate by using the same logic 

device.  

Multiplexer (MUX) is a combinational logic circuit that is used to route multiple sources 

of input signals to share a single output as a common data line. The selection of each input 

data line is controlled by another input line called a selector. Typically, MUX has an even 

number of 2n input lines with n selector. Hence, the 2:1 MUX function has two input lines 

with one selector and one output line. To demonstrate 2:1 MUX in this study, five 
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electrodes are required (i.e., three driving electrodes, one sensing electrode, and one biased 

electrode) such that two driving electrodes are used as the input lines and one as the selector 

(Fig. 5.2(a)). The two driving electrodes are used to activate and deactivate the third mode 

of vibration. The schematic diagram, logic circuit diagram, and the truth table of the 2:1 

MUX function and OR gate are shown in Fig. 5.3(a)-(e).  

 

 
(c) 

 

 

   

   (d)       (e) 
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Figure 5.3: (a) 2:1 MUX schematic diagram. (b) OR gate schematic diagram. (c) 2:1 MUX 

circuit diagram. (d) 2:1 MUX truth table. (e) OR truth table. 

From the MUX truth table, the input signal from B is transmitted to the output line only 

when the selector is in the OFF state and input B is in the ON state, i.e., when the input 

signal from B is activated, but the selector is not activated, the input signal is routed to the 

output line. On the other hand, when the selector is in the ON state and input A is also in 

the ON state, then input A is routed to the output line. It can be observed from the MUX 

truth table (Fig. 5.3(d)) that there are three cases where the output should be in a low state 

even when either the inputs or selector is in ON state. To compensate for these three cases, 

electrode C (see Fig 5.2(a)) is biased with DC voltage to shift the response from the 

operating frequency so that the output would be in a low state when either inputs or selector 

is ON for these three cases. Note that the resonance signal is activated (On-Resonance) 

when the electrodes are actuated (i.e., ON state) but deactivated (Off-Resonance) when the 

electrodes are not actuated (i.e., OFF state). Fig. 5.4(a) shows the S21 transmission 

measurements for the output line. The third natural frequency of the device is 129.56kHz, 

and this is selected as the operating frequency to demonstrate the MUX function. Note that 

the logic functions demonstrated in this study are based on AC signal inputs, unlike the 

previous studies based on DC inputs for frequency modulations. The AC signal inputs are 

used for activation and deactivation of the third mode resonance frequency, and the output 

from the device is also an AC motional signal with the same frequency. Thus, this proposed 

scheme is promising toward the cascadability of MEMS resonator-based logic devices to 

demonstrate complex logic circuits. 
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Similarly, the same device is used to demonstrate the fundamental OR logic gate as one of 

the advantages of MEMS resonator-based computing devices is their run-time re-

programmability. The selector is not needed for the OR gate, so it requires only three 

electrodes (two input electrodes and one output electrode), as shown in Fig. 5.2(b). The 

OR gate is a basic logic gate in which its output is only in the ON state when one or more 

of its inputs are ON. The third mode resonance frequency is also selected as the operating 

frequency to demonstrate the OR gate. The resonance frequency is activated when the input 

conditions are (0, 1), (1, 0), and (1, 1) and is deactivated only with the input condition (0, 

0), as shown in Fig. 5.4(b). 

It can be observed that the amplitude of the output signals is slightly different, especially 

for the cases that require both inputs in the ON state. This effect results from the non-

symmetric configuration of the driving and sensing electrodes with the arch microbeam 

resonator. This configuration makes the driving electrodes at the ends of the arch beam 

give stronger excitations when activated than the driving electrode at the center of the 

beam, where the arch beam's initial curvature reduces the gap between the beam and the 

electrode.   
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(c) 

Figure 5.4. Frequency responses from S21 measurements for (a) 2:1 MUX output line, (b) 

each ON state from the 2:1 MUX output line, and (c) OR gate output line. 

5.1.2  Theoretical Formulation  

This section discusses the formulation of the governing equation for the fixed-fixed arch 

microbeam used for the logic demonstration. The governing equation and boundary 

conditions are written as:  
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     (5.2) 

where E is Young’s modulus, I is the moment of inertia, w is beam deflection, ρ is the 

density, A is the cross-sectional area, c is damping coefficient, P is axial load, L is the 

length of the beam, ε is the air permittivity, b is depth, d is the gap between the microbeam 

and the electrode, wo is the initial deflection of the arch microbeam, x is the position along 

the beam and t is time. U(x1) and U(x2) are the unit step functions that define the lengths 

and positions of the inputs and selector electrodes. Here, wo is assumed to take the 

downward configuration as: 

( ) 1 cos 2π
2

o

a x
w x

L

  
     

       (5.3) 

where a is the initial mid-point curvature of the arch microbeam. The analytical details of 

the arch microbeam can be found in [48]. To compute the dynamic response of the arch 

microbeam from the equation of motion and the associated boundary conditions, Eq. (5.1) 

is discretized using the Galerkin discretization method to yield Reduced-Order Model 

(ROM). This method reduces the equation of motion into a set of coupled second-order 

differential equations by assuming deflection of the arch microbeam to be approximated 

as:  

1

( , ) ( ) ( )
n

i i

i

w x t x u t


 
    (5.4) 

where ( )i x is the assumed mode shape of a straight beam and ( )iu t is the modal coordinate. 

In obtaining the ROM, Eq. (5.4) is substituted into Eq. (5.1), the outcome is then multiplied 
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by ( )i x then the orthogonality condition of the modeshapes are used. The outcomes are 

integrated from 0 to 1 to yield the second-order differential equations in terms of the modal 

coordinates. The set of coupled ordinary differential equations are then solved and 

simulated numerically using the Runge-Kutta technique to obtain the frequency responses 

of the arch microbeam. In this study, five symmetric modes are used, and the dimensional 

values of P and c are assumed to be 0.22mN/m2 and 0.000223Ns/m, respectively, in the 

simulation. 

The simulation results are shown in Fig. 5.5. The results show the frequency responses for 

each combination of the driving electrodes used as logic inputs for demonstrating the logic 

gates. The value of the frequency responses (129kHz) is the same as the experimentally 

measured frequencies for all the logic inputs. It can be observed that the amplitude of the 

frequency response curve when input A and B are actuated is higher than when input A 

only is actuated, and when inputs A and B and selector are actuated. 
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Figure 5.5. Simulated frequency responses near the third resonance frequency for the 

inputs (A and B) and selector (S). 

5.1.3 Device Energy Discussion 

It is necessary to assess the device performance for operating speed and total energy cost/ 

logic operation to build a realistic MEMS resonator-based computing device. The 

operating speed can be evaluated from f/Q, where f is the operating frequency (129.56kHz), 

and Q is the quality factor, which is measured to be 322. Thus, the switching speed is 

estimated to be 402.36Hz, and the corresponding switching time is 2.49ms. It can be noted 

that the switching time is significantly lower than the previously reported studies [127] 

based on frequency modulations. This decrease is because higher-order mode (third mode) 

frequency is used for demonstrating the logic functions. Hence, using higher-order mode 

frequencies can moderately improve the switching speed and time of MEMS resonator-

based logic functions. In addition, the response time and speed of the arch resonator can be 

evaluated using the time-dependent study in the COMSOL MEMS module. The response 

time and speed give measures on how quickly the arch resonator responds to inputs. The 

arch resonator is subjected to a step input to determine the transition response from OFF 

state to ON state, and the time it takes the responses to reach steady states during switching 

(response time). As shown in Fig. 5.6, the responses are initially oscillatory with overshoot 

during the transient state for all the logic inputs, and the time responses reach steady states 

and stabilize around 0.08ms. Hence the response time is around 0.08ms, and the 

corresponding response speed is 12.5kHz. 

The total energy cost per logic operation consists of the switching energy and actuation 

energy. However, in this study, the total energy cost is based only on actuation energy 
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because there is no frequency modulation. Thus, the switching energy does not contribute 

to the total energy. The total energy per logic operation can be evaluated as demonstrated 

in [129]: 

     total switch actuationE E E       (5.5) 

2

actuation s

V
E t

Z
 

     (5.6) 

21

2050( ) 10

s

Z         (5.7) 

V is the AC driving voltage, Z is the resonator's total impedance at resonance, including 

parasitic impedance, and ts is the switching time. A more accurate alternative method is to 

estimate the actuation energy by simulation using the MEMS module from COMSOL 

software. The average actuation energy per logic operation is obtained from COMSOL to 

be 30.57fJ. It considers the relative changes in the capacitance from the logic inputs instead 

of parallel plate assumptions. It can be inferred from the obtained actuation energy that the 

proposed scheme based on AC actuation only is energy efficient. It will give a prospect for 

a new generation of MEMS resonator-based logic devices. Table 5.2 shows the geometrical 

area and power consumption of the current device as compared with other existing 

technology used for implementing mux operation. It should be noted that by optimizing 

the dimensions of the present device to the nanoscale, there will be further improvement in 

the actuation energy. 

Table 5.2. Dimensional area and power comparison for current MEMS device and other 

techniques for implementing mux operation. 
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Current MEMS 

Device 

Other Techniques 

Transformer Coupled Technique 

(65nm Standard) [153] 

CMOS-based   Technique 

(120nm Standard) [154] 

Area 0.024mm2 1.17mm2 0.2835mm2 

Power 

Consumption 

 3.96nW 7.7mW 100mW 

 

 

Figure 5.6. Finite element simulations of time responses for the logic inputs (A and B) and 

selector (S) with assumed damping coefficient of 65Ns/m, 50V DC and 100mV AC using 

MEMS module in COMSOL.  

5.2 Case Study Two: Toward Cascadable MEMS Resonator Logic 

Device 

The device consists of connected in-plane microbeams in the form of an F-shape coupled 

microstructure. A schematic of the experimental setup and an SEM (scanning electron 
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microscope) image of the fabricated device are shown in Fig 5.7(a) and (b). The device is 

fabricated by MEMSCAP [151] using two mask lithography process. The fabrication 

process is built on a wafer with a highly conductive phosphorus dopant on the top surface 

of the Silicon-on-Insulator wafer using the SOIMUMPs method, which is a simple four 

mask level SOI patterning and etching processes. The silicon layer is of 25um thickness 

patterned and etched down to the oxide layer to form the depth of the microbeams. The 

designed F-shaped microstructure consists of two straight and two arch in-plane 

microbeams connected to form a single MEMS resonator. The two straight beams are fixed 

at one end, and the tips of the other ends are connected to the two arch beams to guide and 

control their motions. The straight and arch beams are all sandwiched between pairs of 

electrodes served as upper and lower electrodes for each of the straight and arch beams. 

These electrodes can be used for electrostatic actuation and sensing of the device. Note that 

any of the lower electrodes can be used to electrostatically excite the resonator's vibrational 

modes, i.e., any of the lower electrodes can be used as the driving electrodes. The outputs 

can be sensed from any of the upper electrodes, as will later be demonstrated in this study. 

The dimensions of the MEMS resonator are listed in Table 5.2. 

The experimental setup, shown in the schematic in Fig. 5.6(a), is used to characterize the 

device to demonstrate the logic functions. The driving electrodes are used to 

electrostatically excite the coupled resonators near their first and second natural 

frequencies. The excitation is based on the superposition of an in-built AC signal from the 

network analyzer (Keysight E5071C) with DC voltage from a DC supply. The excited 

vibrations induce AC motional currents from the sense electrodes, which are amplified by 

the low noise preamplifier (LNA – SR560). The amplified output from the LNA is 
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transferred to the input port of the network analyzer for S21 transmission measurements. 

The parameter specifications for the experimental demonstration of the logic functions are 

as follows: 20V DC bias, - 20dbm (22.361mVrms) AC signals, 1Torr vacuum pressure, 

and at room temperature. 

It should be noted that the dimensions of the studied device were not optimized. Since the 

interest was to demonstrate the principle as a proof of concept, further miniaturization to 

the nanoscale, for instance, in [152] and other Nano logic devices, may improve these 

devices' integration density. This miniaturization may warrant further future research. 

Some of the difficulties that may arise when the F-shaped coupled resonator is shrunk 

further are the transduction efficiency, which may deteriorate due to the reduced actuation 

and detection area. Secondly, exciting higher order vibration modes may require 

considerable power and electrostatic force. Also, the signal-to-noise ratio may be low and 

needs to be enhanced. 

 

 

(a) 
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(b) 

 

Figure 5.7. (a) A schematic of the experimental setup for the F-shape coupled-resonator 

showing two straight and two arch connected microbeams. (b) an SEM image of the 

fabricated device. 

Table 5.3. The dimensions of the F-shape coupled microbeams. 

 

Description 

Arch 

Beams 

Straight 

Beams 

Length (µm) L 400 120 

Thickness (µm) t 2 2 

Depth (µm) h 25 25 

Initial curvature (µm) bo 2  

The gap between the beam 

and electrodes (µm) 

 

g 

 

5 

 

3 

 

5.2.1 Device Vibrational Modes and Operating Principles 

A finite element (FE) model was developed in COMSOL using solid-mechanic 

multiphysics to design and simulate the natural frequencies and vibrational modeshapes of 

the device. The FE simulations indicate that different distinct modes can be excited from 

the F-shaped microstructure with no effect on each other, as shown in Fig. 5.8(a) for the 

first and second modes. In periodic and compound structures, the presence of a coupler or 
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non-symmetric nature of the compound structure can significantly affect the modeshapes 

and lead to localization of modes phenomenon [160]. In this study, the resonances are all 

linear. No buckling is involved, and they do not require an asymmetric structure to 

demonstrate the logic functions. The coupler between the arch beams may be utilized to 

control their stiffness, which may lead to competing effects between the quadratic and 

cubic nonlinearities in the arch beams. Also, note that the bistability of the arch beams is 

not used or related to the demonstration of the logic functions. The couplers can be 

employed to control the resonances of the two vibrational modes such that the resonant 

frequencies can be veered near each other depending on the form of actuations or 

modulations. Fig 5.8(b) shows the frequency and phase responses of the first and second 

modes for the two outputs obtained experimentally from the F-shaped coupled resonators 

that will be used in this study. These figures indicate a relative difference in amplitudes 

between the first and second vibrational modes. Depending on which electrode is actuated 

and sensed, both the first and second modes can be localized and delocalized. Hence, the 

concept of activation and deactivation of the F-shaped resonator's first and second modes 

will be used to demonstrate both the fundamental and complex logic functions. 

 

(a) 
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(b) 

Figure 5.8. (a) The simulated first and second vibration modes of the F-shaped coupled 

micro-resonators. The figure indicates that the two modes are distinct and do not affect 

each other. (b) the experimental measurements showing the activated and deactivated 

resonances for the first (69.76kHz) and second modes (86.25kHz) of the F-shaped coupled 

resonators with their corresponding phases when electrostatic force is applied on electrodes 

M and N. 

5.2.2 Reprogrammable Logic Functions 

The proposed framework is reconfigurable so that it can be used to demonstrate different 

logic functions using the same concept of activation and deactivation of the first and second 

vibrational modes. This study demonstrates a half adder function, AND gate, and XOR 
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gate using the same device. This same coupled-resonator can be used to demonstrate logic 

functions that require multi-input/output (MIMO) lines such as demux and 3 bits parity 

checker. The steps and conditions to achieve other logic functions through cascadability 

require signal conditioning elements between the two resonators. Such that if one resonator 

is outputting AND gate to another resonator that needs AND gate as one of its output to 

perform demux logic function, the signals from the first resonator are conditioned and 

transferred to the second resonator. Note that the F-shaped coupled-resonator cannot be 

used to implement all logic functions. Achieving other logic functions depend on the 

number of electrodes used for actuation and detection of the signals, the size, and thickness 

of the structure for effective transduction, and the conditions of the logic functions to be 

demonstrated. These are the reasons it is essential to optimize the performance parameters 

during the design stages to ensure that all necessary conditions are fulfilled for the required 

logic functions. The amplitude level of the resonance is used to define the ON/OFF states 

of the device. Applying an electrostatic actuation on the driving electrodes, the resonance 

of the resonator is activated, which defines the ON state for the logic outputs. However, by 

de-actuating the driving electrodes, the resonant frequency is deactivated, which defines 

the OFF state for the logic outputs. The natural frequencies for the first and second modes 

of the F-shaped resonator device are 69.76kHz and 86.25kHz. For half adder 

demonstration, both resonant frequencies are selected as the operating frequencies since 

this logic function requires two output lines. On the other hand, since each of the AND and 

XOR logic gates requires one logic output, the first resonant frequency of the F-shaped 

resonator is selected as the operating frequency for the AND logic gate. In contrast, the 

second resonant frequency is selected for the XOR logic gate.  
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5.2.2.1 Half Adder Logic Function 

Half adder is a combinational logic function that performs the addition of numbers from 

two binary digital inputs and provides two binary digital outputs (Sum and Carry bits). It 

requires two inputs (A and B) and two outputs (Sum (S) and Carry (C)) (see Fig. 5.9(a)). 

As shown in the schematic of Fig. 5.7(a), the two driving electrodes are used as the two 

logic inputs for activating and deactivating the resonances, and the two sensing electrodes 

are used as the Sum and Carry bit outputs. When one of the driving electrodes is actuated, 

both first and second frequency modes can be activated but with different amplitude levels 

due to the localization phenomenon. The mode with higher vibrational energy and 

amplitude level will route its data line through the output electrode. However, the other 

mode's amplitude level is smaller than the signal-to-noise ratio of the device, such that the 

signal is buried in the noise and cannot be transferred to its output line.  

From the half adder truth table shown in Fig. 5.9(c), when only input B is enabled, the 

resonance is activated in the first frequency mode, and thus, the Sum bit output is in ON 

state. Likewise, when only input A is enabled, the resonance is still activated in the first 

frequency mode, and thus, the Sum bit output is in ON state. However, when both inputs 

A and B are enabled, the second mode is activated. Thus, the Carry bit output is in ON 

state. However, the first mode is deactivated, and its corresponding output is in the OFF 

state. Fig 5.10 shows the S21 transmission measurements for the output data lines. 

 

(a) 
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(b) 

 

(c) 

   

    (d)     (e) 

Figure 5.9. The schematic diagrams indicating the number of inputs and outputs for (a) the 

half adder function, (b) the AND and XOR gates. The truth table for (c) the half adder, (d) 

XOR gate, and (e) AND gate. The truth table illustrates the ON and OFF states for the 

device where “0” is the OFF state, and “1” is the ON state. 
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Figure 5.10. The frequency responses from S21 measurements for the half adder showing 

the responses from output one and output two under different logic input conditions. 

5.2.2.2 XOR/AND Logic Gates 

Considering that the half adder function discussed in Section 5.2.2.1 is built from two 

fundamental logic gates (AND and XOR gates), the run-time re-programmability of 

MEMS resonator-based computing devices can be explored to demonstrate both AND and 

XOR logic gates from the same device. In these cases, each of the logic gates requires two 

inputs and one output line. The frequency of the first mode of the F-shaped resonator is 

selected as the operating frequency for the XOR gate, and the second mode is selected for 

the AND logic gate. The truth tables and experimental frequency responses are shown in 

Fig. 5.9(d)-(e) and Fig. 5.11(a)-(b), respectively. For the XOR gate, the resonator's 

vibrational energy is activated in the first mode when only input A or B is enabled, and 
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thus, its output line is in ON state. While for the other input conditions, the output line is 

in the OFF state. However, the activation of both inputs A and B for AND gate confine the 

vibrational energy in the second frequency mode. Thus, the output line is in ON state. For 

this input condition, the first mode is deactivated, and the mode toggling is more sensitive 

and dominant in the second frequency mode. However, the output line will be in OFF state 

for all other AND logic input conditions. 

 

(a) 
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(b) 

Figure 5.11. Frequency responses from S21 measurements for (a) XOR logic gate from 

output one, (b) AND logic gates from output two. 

5.2.3 Performance Assessment  

The temperature fluctuation during the operation of MEMS resonators can affect frequency 

stability occasionally, and this can distort logic operations. Frequency instability due to 

temperature fluctuation is crucial for an electrothermally actuated MEMS resonator. And 

also, when the frequency modulations for MEMS resonator-based logic devices are based 

on electrothermal switching [127]. However, in this study, the F-shaped resonator is neither 

electrothermally actuated nor requires frequency modulation. On the other hand, MEMS 

resonator should maintain stable operating frequency under long term operation or different 

environmental conditions such as a wide range of temperatures. It is well established that 
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temperature fluctuation can affect the operating frequency of a microbeam through 

softening effect and also lead to development of thermal stresses as a result of thermal 

expansion. However, thermal effect is negligible on the frequency and buckling load of a 

microbeam which is operated without electrothermal actuation. Thermal effect is 

insignificant when the thickness of the microbeam is smaller relative to the length. In other 

words, thermal effect is negligible with the decrease in volume to surface area ratio of the 

microbeams because they are in the order of microns and their properties are directly 

related to their nature. But thermal effect becomes significant when the thickness of the 

structure becomes larger. 

MEMS resonator-based computing devices will successfully perform its operations in as 

much as the frequency fluctuation is within the bandwidth of the resonator. The frequency 

fluctuation due to temperature changes can be evaluated according to 

 ( ) 1o f of T f TC T T      [161], where fo is the resonant frequency 25 / o

fTC ppm C 

, is the temperature coefficient of resonant frequency, 25 o

oT C , and f(T) is the resonant 

frequency at temperature T, which is assumed to be between -25oC and 100oC. The range 

of frequency fluctuations for both output one and output two within the assumed 

temperature range are evaluated to be 109Hz and, 134.77Hz  respectively, and they are 

within the bandwidths of both outputs 220Hz and 250Hz , respectively. Hence, the F-

shaped resonator can perform the desired logic operations in the assumed range of 

temperature variations. 

Another important practical consideration for MEMS resonator-based logic devices is the 

shock robustness. MEMS resonator can be exposed to shock during fabrication, operation, 
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or packaging, and this can result in unexpected failure because of pull-in instability or 

broken microstructures due to the mechanical shock [162]. The shock survivability of the 

F-shaped resonator is estimated to be in the range of 40,000g to 70,000g, as demonstrated 

in [163]. The F-shaped resonator shows high shock robustness because of uniform stress 

distribution in its geometry, and there is no stress concentration in any part. 

The switching speed of the studied device can be estimated from f/Q, where f is the 

operating frequency ( 69.76kHz and 86.25kHz  for output one and output two, 

respectively), and Q is the quality factor, which is measured to be 317.09 and 345 for output 

one and output two, respectively. Thus, the switching speed is estimated to be 220Hz  for 

output one and 250Hz  for output two, and these correspond to switching time of 4.54ms 

and 4.00ms, respectively. Also, since the proposed scheme in this study is based on the 

activation and deactivation of the modes, it is necessary to evaluate the time it takes the 

device's outputs to respond to the inputs. The response time and speed give measures on 

how quick the F-shaped resonator reacts to inputs. The response time and speed of the F-

shaped resonator can be estimated through FE simulations by using the time-dependent 

study in the COMSOL MEMS module. The F-shaped resonator is subjected to rectangular 

step inputs to determine the transition responses for both outputs from OFF state to ON 

state vice versa, and the time it takes the responses to reach steady states during activation 

and deactivation. As illustrated in Fig. 5.12, the responses show a very short rise time with 

overshoot during the transient state for all the “ON” and “OFF” logic input conditions. The 

time responses reach steady-state conditions around 0.05ms for both high and low states, 

which indicates the settling time and how fast the system response to the inputs. Hence, 

the response time is around 0.05ms, and the corresponding response speed is 20kHz. 



159 

 

Though MEMS resonator-based computations are limited by operating speed and high 

performance compared to CMOS technology, power consumptions are more important 

than speed in some applications such as IoT and smart devices. 

Another critical measure is the total energy cost per logic operation, which is evaluated by 

summing all the energies contributing to the logic operations. It consists of the switching 

energy due to the frequency modulations and the actuation energy for driving or activating 

the micro-resonator. The total energy cost per logic operation can be estimated using: 

Total Switch ActuationE E E 
    (5.8) 

     2 22 21

2
Switch DC DC A DC DC BE C V V V V V V      

    (5.9) 
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where C is the capacitance between the electrodes and the micro-beam, VDC is the voltage 

bias on the micro-beam, VA and VB are the logic inputs voltages for frequency modulations, 

V is the driving voltage, ts is the switching time, and Z is the total impedance of the 

resonator at resonance including parasitic impedance. In this study, 0SwitchE   because the 

proposed scheme does not depend on frequency modulations. The switching energy results 

from the additional applied DC voltages for the frequency modulations, which consumes a 

considerable amount of energy. On the other hand, the proposed approach in this study 
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uses only the actuation energy because there is no frequency modulation, and the switching 

energy does not contribute to the total energy. Thus, the total energies are estimated to be 

14.357pJ and 12.65pJ for output one and output two.  

Another approach is to evaluate the actuation energy by simulation using the MEMS 

module from COMSOL commercial software. The average actuation energy per logic 

operation is obtained from the electro-mechanics model to be 1.5nW and 1.31nW for 

output one and output two. These values are relatively smaller than the analytical 

calculations because COMSOL accurately estimates the capacitance and impedance 

changes with respect to the combinations of all the logic inputs instead of relying on the 

parallel plate assumption as in the analytical calculations. In addition, the analytical 

calculations are formulated for simple microstructures but not for coupled microstructures. 

And the power consumption can be compared with other existing technologies as reported 

in [164,165] to be 4.49nW and 5.909nW, respectively. It can be deduced from the obtained 

actuation energy that the proposed framework based on activation/deactivation is energy 

efficient, and it will give a prospect for the new generation of MEMS resonator-based logic 

devices. Table 5.4 shows the geometrical area and power consumption of the current device 

as compared with other existing technology used for implementing half adder operation. 

In addition, the current device is also compared with other previously published MEMS 

device as shown in Table 5.5. It should be noted that there could be a further decrease in 

the actuation energy by optimizing the dimensions of the present device to the nanoscale. 
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(a) 

 

(b) 

Figure 5.12. FE simulations of the time responses using the MEMS module in COMSOL 

with an assumed damping coefficient of 65µNs/m, 20V DC, and 30mV AC for all the logic 

input conditions. (a) output one (Sum), (b) output two (Carry). 
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Table 5.4. Dimensional area and power comparison for MEMS and other techniques for 

implementing half adder operation. 

  

Current MEMS 

Device 

Other Techniques 

CMOS Transmission Gate 

Logic (180nm Standard) 

[166] 

CMOS-based Half 

adder (50nm Standard) 

[167,168] 

Area 0.108mm2 - 0.0066mm2 

Number of Transistors - 12 20 

Power Consumption  1.5nW and 1.31nW 135.4µW 0.258µW 

 

Table 5.5. Performance comparison of the current device with other MEMS resonator-

based logic devices. 

 F-Shaped Coupled 

MEMS Resonator 

Double Partial 

Electrode MEMS 

Resonator [136] 

Logic operations AND/XOR/Half 

Adder 

OR/NOR 

Operating 

Frequency 

69.76kHz and 

86.25kHz 

200kHz 

Area 0.108mm2 0.03mm2 

Speed 20kHz 166Hz 

Energy 

Consumption 

62.5fJ and 54.58fJ 120fJ 
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Chapter six 
 

Conclusions and Future Works 

6.1 Summary 

This dissertation presents different approaches to implement complex combinational logic 

functions using MEMS resonator-based logic devices. Firstly, this thesis investigated the 

effects of axial load and the initial rise of an arch beam on the static deflection and 

resonance frequencies of MEMS resonators to understand their tunability in implementing 

logic gates. It was shown that the influences of axial load and initial rise are significant on 

arch beams' behavior. It was demonstrated that the effects of axial force on MEMS arches 

could either increase or decrease the stiffness of the arch beam. Thereby increasing or 

decreasing the natural frequency, respectively, depending on the competing effect between 

the initial rise of the arch beam and the applied tensile or compressive axial force. 

Analytical expressions were developed that can be used to predict the critical value of an 

axial load requires for the existence of snap-through and for the value of the axial load 

required to change the frequency behavior of an arch beam qualitatively. These closed-

form expressions can be used for any mode shape of an arch beam. Universal curves were 

also generated for the first three symmetric modes of an arch beam under both tensile and 

compressive axial loads for different initial curvature values. The universal curves showed 

the possibility of achieving a wide range of tunability and predicting change in the 

mechanical behavior of arches subjected to additional axial loads for different initial rises. 

Secondly, two different case studies were presented using the electrothermal technique for 

tuning MEMS resonators' resonant frequency to implement fundamental and 
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combinational logic gates. The first case study presented an electrothermally actuated 

microbeam, which combined U-shaped structures with an in-plane arch clamped-guided 

microbeam. By varying the electrothermal voltage and the connections among the U-

shaped structures, various axial stiffness and loads are obtained for the microbeams. In 

satisfactory agreement with finite element simulation results, the measurement results 

demonstrated that the device has a displacement range of 8.3μm with an electrothermal 

voltage of 8.5 V. The multi-static response of the device and its ability to show high 

displacement may lead to interesting possibilities in microactuator designs. It was also 

shown that the resonance frequencies with the electrothermally actuated voltage could be 

shifted and operated at a wide range of tunability (73 %). In summary, it was demonstrated 

that it is possible to control the deflection and resonance frequency of a microbeam 

subjected to applied axial loads by employing different electrothermal actuation voltages. 

This scheme was exploited to demonstrate fundamental logic gates. While in the second 

case study, a single MEMS resonator with two inputs and two outputs was presented. The 

design relied on an in-plane arch clamped-guided microbeam attached to another resonant 

beam from the side, in which the two beams are excited electrostatically. The design was 

also provided with two electrothermally actuated flexures beams that are used for tunning 

the resonance frequencies of the beams. This configuration allowed the implementation of 

fundamental 2-bit logic operations, such as (OR/XOR/AND/NOR), and complex logic 

operations, for example, a half adder. The experimental results showed that the resonance 

frequencies of the arch microbeam and the side beam with electrothermal actuation could 

help select the frequency of operations for different logic gates even though the 

electrothermal technique is not energy efficient. This device can be reconfigured to enable 
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different multifunctional logic operations depending on the combination of the logic inputs 

and the two logic outputs. With this concept, different logic operations can be obtained 

simultaneously from the two logic outputs with the same logic inputs.  

Thirdly, two different case studies were also presented using electrostatic actuation for 

MEMS resonators' frequency modulations to implement fundamental and combinational 

logic gates. In the first case study, dynamic memory and reprogrammable two-input logic 

gates were presented based on a clamped-guided arch micro-resonator. The resonance 

frequency of the structure is modulated through axial compressive/tensile electrostatic 

loads. The softening nonlinearities of the arch beam were exploited for the dynamic 

memory operation. A similar structure was utilized to demonstrate reprogrammable logic 

gates by working in the linear regime. The device operation speed is limited to a few 

hundred Hz, mainly due to low structural frequency, which can be improved further by 

proper design optimizations. However, even with this un-optimized geometry, the 

operation energy cost is in the range of pJ. Unlike the electrothermal scheme in which the 

operation energy cost is in the range of µJ. This improvement in energy efficiency 

encourages further research to achieve better energy performance than CMOS electronics. 

Moreover, both the dynamic memory and logic gate operations are demonstrated with 

similar devices and principles, encouraging developing a unified conceptual framework for 

MEMS resonator-based computation. While in the second case study, I demonstrated the 

design and operation of a multi-inputs and multi-outputs MEMS resonator for a 

multifunctional logic device with improved energy efficiency using the multimode of a 

single MEMS microstructure. The operating frequencies for the logic outputs are based on 

the device's first and second vibrational modes. The modulations of the resonance 
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frequencies are provided through axial electrostatic loads from one of the side beams. This 

device shows improvement on the energy per logic operation of about 75% decrease 

compared to the previously reported values for electrostatically actuated MEMS resonator-

based computing device. Thus, the proposed microstructure provides a promising platform 

to demonstrate a complex multifunctional logic device that requires multi-input and multi-

output lines with improved energy efficiency. The same microstructure can be used to 

demonstrate more complex logic circuits, especially for cases that require two logic 

outputs. Such a device provides the prospect of realizing a mechanical computing machine 

with run-time reconfigurability. 

The important development for MEMS resonator-based logic devices is to have a platform, 

which allows the cascadability of energy-efficient MEMS resonators for complex logic 

functions. Lastly, a selective activation and deactivation of frequency modes were used to 

improve the energy efficiency of MEMS resonator-based logic devices significantly and to 

enhance their potential towards cascadability. In the first case study, I demonstrated 

experimentally and theoretically a 2:1 MUX function and OR logic gate based on the 

activation and deactivation of the third mode of vibration of an arch microbeam for 

potential cascadable MEMS logic devices. The triple partial electrodes configuration is 

specifically arranged to excite the third vibrational mode. The input and output signals from 

the device are AC-based signals at the same frequency necessary for cascadability and to 

perform more complex computing operations. While the second case study reported the 

demonstrations of energy-efficient complex logic function (half-adder) and basic logic 

gates (XOR and AND gates) using the activation and deactivation vibration modes. The 

proposed approach enables the studied device to consume energy in femtojoules per logic 
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operations. The concept was based on activating and deactivating an F-shape coupled 

resonator's first and second vibration modes. The mode switching was used to induce the 

vibration modes, and the device can be used to demonstrate multi-inputs and multi-output 

logic functions. The input and output signals from the device are AC-based signals, which 

are actuated and sensed at the same frequency. This important feature of the proposed 

scheme enables cascadability, provides significant energy improvement and gives a 

prospect to perform more complex computing operations. 

6.2 Future Works 

The presented research studies in this dissertation still require extensive investigations of 

the linear and nonlinear phenomena associated with the coupled microstructures that can 

be extended to various applications such as filters, sensors, etc. 

6.2.1 MEMS Coupled Microstructures 

 The first way these studies can be extended is to investigate numerically and 

theoretically the linear and nonlinear mode coupling that can be obtained from the 

coupled structures when tuned electrostatically or electrothermally. As presented 

in one of the studies, tuning the stiffness of the arch beam can either increase or 

decrease in the resonant frequency depending on the competing effects between the 

axial loads and the initial curvature of the arch beam phenomenon may lead to 

interactions between the modes. 

 Another direction these studies can be extended is to investigate the mode 

localization phenomenon associated with coupled structures. In a mechanically 

coupled microstructure, the subjected vibrations in the resonators propagate 
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uniformly in the whole structure because of the regularity in the system. However, 

the presence of small perturbations of any part of the coupled structure can break 

the regularity of the system and thereby lead to confinement of the vibrational 

energy to a certain part of the system. The extent of the confined vibrations depends 

on the strength of the internal coupling between the connected microstructures. In 

coupled micro-resonators, it is essential to select the appropriate sensing electrodes, 

which will give maximum sensitivity of the responses as it is of great importance 

for optimizing sensor designs and implementing complex MEMS resonator-based 

logic functions. 

6.2.2 Preliminary Results from a Proposed Alternative Coupled 

Microstructure 

Figure 6.1(a) shows the fabricated SEM image of another coupled microstructure that has 

the inherent ability to provide multi-inputs/outputs logic functions and also provide the 

potential to realize complex parallel digital computation. The coupled structure consists of 

connected in-plane microbeams in a fork shape with three arch beams and two straight side 

beams. Similar to the F-shaped structure, the two straight side beams connected the arch 

beams, and their tips can be used to control and guide the motions of the arch beams. Thus, 

when one arch beam is subjected to tensile axial force, the other connected arch beam 

would be subjected to compressive axial force. The center arch beam is thicker than the 

other arch beams so that it can be used to suppress the activation of some vibrational modes. 

It would also increase the stiffness of the coupled structure at the center such that it may 

reveal different nonlinear dynamic phenomena, resulting from the competing effects 

between the quadratic and cubic nonlinearities of the arch beams. The straight and arch 
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beams are all sandwiched between pairs of electrodes that serve as upper and lower 

electrodes. These electrodes can be used for electrostatic actuation and sensing of the 

device. Note that any of the lower electrodes can be used to excite the resonator's 

vibrational modes, i.e., any of the lower electrodes can be used as the driving electrodes. 

The outputs can be sensed from any of the upper electrodes. Figure 6.1(b) shows the 

proposed experimental setup for characterizing the device, and the dimensions are listed in 

Table 6.1. 

 

(a) 

 

(b) 

 

Figure 6.1. (a) An SEM image of the fabricated device (b) A schematic of the 

experimental setup for the Fork-shaped coupled microstructure showing two straight and 

three arch connected microbeams. 
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Table 6.1. The dimensions of the Fork-shaped coupled Structure. 

 

 

A finite element (FE) model was developed in COMSOL using solid mechanics to design 

and simulate the natural frequencies and vibrational modeshapes of the device. Note that 

axial load is not included in the simulations, and the first three natural frequencies are 

obtained to be 108.5kHz, 118.52kHz, and 180.9kHz, respectively. The simulations from 

the finite elements show the confinement of vibrational energy between the distinct 

localized modes of the individual arch beams. It can be observed that the first vibrational 

mode is localized and dominant from all the arch beams, which are out-of-phase with each 

other. The second mode shape indicates that the mode cannot be sensed from the center 

arch beam because it is thicker than the other arch beam. Therefore the vibrational energy 

of the second mode is suppressed from the center arch beam. While the third mode's 

vibrational energy is dominant and localized from all the arch beams, and in this case, the 

arch beams are in-phase mode. This outcome indicates that the sensitivity of each mode 

depends on the actuating and sensing electrodes. 
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Figure 6.2. The simulated first three vibration modes of the Fork-shaped coupled micro-

resonators 
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The energy confinement and the optimal sensitivity of the vibrational amplitude for the 

responses strongly depend on the choice of the actuating and sensing electrodes. The 

localization of the vibrational energy for the first three vibrational modes of the fork-shaped 

coupled microbeams is studied numerically, considering the actuations of different 

electrode configurations. For the numerical simulations, the electrostatic actuation is based 

on a DC load of 20V with an AC harmonic load of 0.1V. Note that the AC load is kept at 

0.1V to avoid nonlinear effects due to the proposed case study (parallel logics). Figure 6.3 

shows the results from the numerical simulations with the frequency responses for the first, 

second, and third modes to be around 108.5kHz, 118.52kHz, and 180.9kHz, respectively. 

When the coupled structure is actuated from only driving electrode A and sense from all 

the sensing electrodes S1, S2, and S3, Fig. 6.3(a) indicates a relative difference in the 

amplitude of the frequency responses. It can be observed that the second mode is not 

activated when sensing from S2. However, the vibrational energy is confined in the second 

resonance mode and makes it dominant when sensing from S1 and S3. Sensing from S1 

close to the region of actuation does not give the highest amplitude response to the first 

mode even though the first mode should have been dominant classically. In actuating the 

coupled structure from driving electrode B only, it can be noted from Fig. 6.3(b) that the 

energy distribution of the coupled system is confined and localized in the first resonant 

mode when sensing from all the sensing electrodes. And the second mode is suppressed 

from all the sensing electrodes. Actuating from only driving electrode C gives roughly the 

same responses as when driving from electrode A only due to the geometrical symmetry 

of the coupled structure, as shown in Fig. 6.3(c). However, when all the driving electrodes 

(A, B, and C) are actuated altogether, the vibrational energy is confined in the third 
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resonance mode when sensing from all the sensing electrodes, as shown in Fig. 6.3(d). In 

this case, the second mode is not activated when sensing from S2 while it is suppressed 

when sensing from S1 and S3. 

This proposed structure can be used to demonstrate multi-inputs/outputs logic functions. 

This structure also offers various possibilities to control the stiffness of the arch beams, 

leading to various possible logic outputs. This enables the programmability of the device 

to give different multifunctional logic functions depending on the combination of the 

driving and sensing electrodes. With this single frame microstructure, different complex 

logic operations can be obtained simultaneously from the three outputs to demonstrate 

parallel logic gates. 
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(d) 

Figure 6.3. Simulated resonance responses of the fork-shaped coupled structure when 

electrostatic actuation is applied on (a) driving electrode A only (b) driving electrode B 

only (c) driving electrode C only (d) driving electrodes A, B, and C together 
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