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Abstract. We investigate numerically the advancing motion of 3D droplets
spreading on physically flat chemically heterogeneous surfaces with periodic
structures. We use the Navier-Stokes-Cahn-Hilliard equations with the gener-
alized Navier boundary conditions to model the motion of droplets. Based on
a convex splitting scheme, we have done numerical simulations and compared
the results between different surface patterns quantitatively. We study the ef-
fect of pattern property on the advancing motion of three phase contact lines,
the critical volume at the contact line jump and the effective advancing angles.
By increasing the volume of droplet slowly on heterogeneous surfaces with dif-
ferent pattern property, we find that the advancing contact line approaches an
equiangular octagon for the patterned surface with periodic squares separated
by channels and approaches a regular hexagon for the patterned surface with
periodic circles in regular hexagonal arrays. The shape of three-phase contact
line is much more determined by the macro structure of the pattern than the
micro structure of the pattern in each period.

1. Introduction. The well-known Young’s equation [27] relates the contact angle
and the surface tensions as follows

γLG cos θY = γSG − γSL, (1)

where γLG, γSG, and γSL are liquid-gas, solid-gas and solid-liquid surface tensions
respectively. It says the balance of forces of a droplet wetting on a flat and chemical-
ly homogeneous dry surface. The droplet will form a spherical cap with Young’s (or
intrinsic) contact angle θY defined above. Its shape corresponds to the global min-
imum of the free energy of the system with negligible three-phase line tension and
gravity. For the droplet, the solid surface is termed hydrophilic or hydrophobic if

2010 Mathematics Subject Classification. Primary: 76T10, 76D05, 76D45; Secondary: 97M10.
Key words and phrases. Advancing motion, contact angle hysteresis, patterned surfaces, con-

tact line, two-phase flow.
∗ Corresponding author.

1

http://dx.doi.org/10.3934/xx.xx.xx.xx


2 HUA ZHONG, XIAOLIN FAN AND SHUYU SUN

the contact angle is less than or greater than 90◦ respectively, and superhydrophobic
if the contact angle is greater than 150◦.

Nevertheless, the real surfaces may be rough or/and chemically heterogeneous.
Considering rough solid surfaces, Wenzel [23] introduced the roughness factor r(≥
1), the ratio of the area of the actual surface to the area of the projected surface. He
proposed the so-called Wenzel’s equation cos θW = r cos θY to predict the effective
contact angle. Cassie’s equation [4] gives the effective contact angle θC for the
droplet on a flat heterogeneous surface. The general form of Cassie’s equation
is cos θC =

∑n
i=1 fi cos θi, where θi is the Young’s angle for component i with

area fraction fi. Consider the case where the rough surface is composed of air
pockets and solid surface, with the contact angles 180◦ and θ1 respectively. A
droplet sitting on this kind of surface may exhibit two wetting states: the Cassie-
Baxter state and the Wenzel state. In the Cassie-Baxter state, air is trapped in the
pockets. The Cassie-Baxter equation gives cos θCB = f1(cos θ1 + 1)− 1. When the
liquid penetrates into the pockets, it goes to the Wenzel state. The transition of
the Cassie-Baxter state to the Wenzel state is of great significance. For rough or
heterogeneous surfaces, the free energy functional has multiple local minima due to
roughness or inhomogeneities, not just the global minimum related with Young’s
equation (1), which is believed to be the cause of the contact angle hysteresis. The
equilibrium state (stable or metastable) of a droplet is determined not only by the
state parameters (such as the volume of the droplet, γLG, γSG and γSL) but by the
history of the droplet because of the contact line pinning—energy barrier. As a
result, the contact angle between the liquid and the supporting solid surface has
lots of possible values. The largest (or smallest) one is termed as the advancing
(or receding) contact angle θadv (or θrec). The difference of these two values is the
contact angle hysteresis CAH = θadv − θrec. There are two general approaches to
measure the contact angle hysteresis. One is the tilting base approach. We adopt
the other one—the adding and removing volume approach. By adding volume to
the droplet slowly, the droplet will spread. Prior to the spreading, the contact angle
of the droplet is the advancing contact angle. In a similar way, by removing volume
from the droplet slowly, the droplet will shrink. Prior to the shrinking, the contact
angle of the droplet is the receding contact angle.

Contact angle hysteresis has been studied for a long time, both experimentally
and analytically. There have been a lot of analytic and numerical results by using
different approaches to model two-dimensional problems [12, 16, 2, 8, 9, 10, 22, 26,
28]. People investigated the stick-slip behavior in channel flow or two dimensional
droplet with striped patterned surfaces. For three dimensional problems, researchers
also got some approximate solutions and numerical results [11, 7, 19, 20, 18, 3,
24, 21, 1, 13, 14, 25, 29, 15]. Due to the limitation of Cassie’s model, people
proposed several modified models [24, 21, 10, 14]. Researchers reported that the
average contact angle of the global equilibrium state approaches Cassie’s angle with
increasing drop volume and the contact line is, on a large scale, circular in shape
[1, 24]. Larsen and Taboryski [14] reported that experimentally droplets tend to
take hexagonal shapes due to the pinning forces of the hydrophobic lattice structure
for droplets spreading on chemically heterogeneous surfaces of the same hexagonal
pattern of defects. They obtained a Cassie-like law using triple phase boundary line
fractions to model the advancing contact angles.

We investigate the advancing contact line behavior of three-dimensional droplets
on chemically heterogeneous surfaces with periodic squares separated by channels
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and with periodic circles in regular hexagonal arrays. In [29], the authors studied
the contact line motion and contact angle hysteresis for three-dimensional droplets
spreading on flat surfaces with periodic squares separated by channels with length
ratio 12 : 5, contact angle pair (60◦, 110◦). They obtained the following results.
For the square-channel like pattern, the advancing contact line tends to be an
equiangular octagon as the size of the droplet is much larger than the size of the
pattern. The effective advancing contact angle is between the Cassie’s angle and
the larger one of the two intrinsic contact angles of channel and square. Moreover
the advancing contact angle is linearly dependent on the intrinsic contact angle of
channel for fixed smaller intrinsic contact angle of square. In this work, we further
study the effect of pattern property on the advancing behavior of contact lines, the
critical volume at contact line jump and the effective advancing angle quantitatively.

The rest of the paper is organized as follows. In Section 2, we present the phase
field model and the convex splitting method. In Section 3, we present the numerical
simulations and give some analysis of the results. Finally the paper is concluded
with a discussion in Section 4.

2. The phase field model and the convex splitting method. We consider
droplets spreading on physically flat chemically heterogeneous surfaces with dif-
ferent periodic structures. We adopt a phase field model proposed in [17]. The
following is the coupled system of Cahn-Hilliard-Navier-Stokes equations,

∂tφ+ v · ∇φ = M∆µ, (2)

ρ[∂tv + (v · ∇)v] = −∇p+∇ · σv + µ∇φ+ ρgext, (3)

∇ · v = 0. (4)

Here t is time, (x, y, z) are the space variables, φ(t, x, y, z) is the phase function with
value 1 for the droplet range and −1 for the outer range, and the value changes
rapidly from −1 to 1 during the interfacial region where we use zero level set of φ
to denote the gas-liquid interface, p is the pressure, and M is the phenomenological
mobility coefficient, v is the velocity field, σv = η(∇v +∇vT ) is the viscous part
of the stress tensor, ρ, η are the fluid mass density and viscosity, which will be
assumed to be constant in this work, ρgext is the external body force density which
is assumed to be zero here; µ = −K∆φ − rφ + uφ3 is the chemical potential, and
µ∇φ is the capillary force; K, r, u are the parameters that are related to the interface
profile thickness ξ =

√

K/r, the interfacial tension γ = 2
√
2r2ξ/3u, and the two

homogeneous equilibrium phases φ± = ±
√

r/u (= ±1 here).
The boundary conditions at bottom and top walls are

∂tφ+ v · ∇φ = −Γ[L(φ, x, y)], (5)

βvslip
τ = L(φ, x, y)∇τφ− η∂nvτ , (6)

vn = 0, ∂nµ = 0. (7)

Here L(φ, x, y) = K∂nφ + ∂φγwf (φ, x, y), γwf (φ, x, y) = − 1
2γ cos θY (x, y) sin(

π
2φ).

Γ is a positive phenomenological parameter, θY (x, y) is the static contact angle,
and β is the slip coefficient. The subscripts τ, n stand for the tangent and normal
components respectively. Eq. (6) is the generalized Navier boundary condition and
Eq. (7) represents the impermeability condition.
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With some dimensionless parameters (see below for details), we have the following
dimensionless system (we use the same notations for dimensionless variables as
above),

∂tφ+ v · ∇φ = Ld∆µ, (8)

R[∂tv + (v · ∇)v] = −∇p+∆v + Bµ∇φ, (9)

∇ · v = 0. (10)

Here µ = −ε∆φ−φ/ε+φ3/ε is the chemical potential and ε is the ratio between in-
terface thickness ξ and characteristic length L. The boundary conditions at bottom
and top walls are

∂tφ+ v · ∇φ = −Vs[L(φ, x, y)], (11)

[Ls(φ)]
−1vslip

τ = BL(φ, x, y)∇τφ− ∂nvτ , (12)

vn = 0, ∂nµ = 0, (13)

and periodic conditions at the lateral boundaries for all variables. Here L(φ, x, y) =

ε∂nφ + ∂φγwf(φ, x, y), γwf (φ, x, y) = −
√
2
3 cos θY (x, y) sin(

π
2φ). The dependence of

γwf(φ, x, y) on position (x, y) is due to the chemical heterogeneity. The equilibrium
state (stable or metastable) corresponds to the local minimizer of the free energy
functional

F [φ] =

∫

Ω

ε

2
|∇φ|2 + (1− φ2)2

4ε
dV +

∫

∂Ω

γwf (φ, x, y)dS. (14)

There are six dimensionless parameters in the above dimensionless system: (1) Ld =

3Mγ/2
√
2V L2, (2) R = ρV L/η, (3) B = 3γ/2

√
2ηV , it is inversely proportional

to the capillary number Ca = ηV/γ, (4) Vs = 3γΓL/2
√
2V , (5) Ls(φ) = η/β(φ)L,

it is the ratio of the slip length ls(φ) = η/β(φ) to L, where β(φ) = (1 − φ)β1/2 +
(1 + φ)β2/2, an interpolation between two different wall-fluid interactions, (6) ε, it
is the ratio between interface thickness ξ and characteristic length L.

Efficient convex splitting methods are developed to solve the above dimensionless
system of equations [6],

φn+1 − φn

δt
+ vn · ∇φn = Ld∆µn+1, (15)

R
[

ṽn+1 − vn

δt
+ (vn · ∇)vn

]

= −∇pn +∆ṽn+1 + Bµn+1∇φn+1, (16)

{

R
(

v
n+1−ṽ

n+1

δt

)

+∇(pn+1 − pn) = 0,

∇ · vn+1 = 0, vn+1 · n|B,T = 0,
(17)

where µn+1 = −ε∆φn+1 + (sφn+1 − (1 + s)φn + (φn)3)/ε. At bottom and top
boundaries,

φn+1 − φn

δt
+ vn · ∇φn+1 = −Vs[L(φ

n+1, x, y)], (18)

[Ls(φ
n+1)]−1(ṽslip

τ )n+1 = BL(φn+1)∇τφ
n+1 − ∂nṽ

n+1
τ , (19)

ṽn+1
z = 0, ∂zµ

n+1 = 0, (20)

where L(φn+1, x, y) = ε∂nφ
n+1 + ∂φγwf (φ

n, x, y) + α̃(φn+1 − φn), and the lateral
boundary conditions

∂xφ
k = ∂xµ

k = ∂xp
k = 0, ∂xṽ

k = ∂xv
k = 0, (21)

∂yφ
k = ∂yµ

k = ∂yp
k = 0, ∂yṽ

k = ∂yv
k = 0. (22)
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For solving Eq. (15) with the boundary condition (18), we decompose the original
equation into a system

φn+1 − δtLd∆µn+1 = R1, (23)

−ε∆φn+1 + sφn+1/ε− µn+1 = R2, (24)

where R1 = φn − δtvn · ∇φn, R2 = [(1 + s)φn − (φn)3]/ε. Fast Fourier transform
(FFT) can be applied to solve this linear system directly because of the Neumann
boundary conditions at the lateral boundaries. Once φn+1 is solved, Navier-Stokes
equations become Helmholtz equations for velocity updating at the first step and
Poisson equation for pressure at the second step, which can be solved by fast Poisson
solvers.

3. Numerical simulations and analysis of the results.

3.1. Review of the advancing motion on surfaces with the ring-shaped

pattern. We first consider the advancing motion of a droplet spreading on the
ring-shaped chemically patterned surfaces as shown in Figure 1. This pattern has
circular symmetry. Essentially, it can be viewed as one-dimensional inhomogeneity
in radial direction. Let the Young’s angles of the white and black parts be θwhite =
60◦, θblack = 120◦. If we place a droplet at the center, it will form a spherical
shape due to the circular symmetry of the pattern. Assume that the droplet starts
to spread with static contact line in the hydrophilic region initially. By adding
volume to the droplet slowly, the contact line is going to move outward until to the
borderline of the hydrophilic and hydrophobic regions so as to maintain the smaller
Young’s angle 60◦. This is the slip motion. As the volume increases, the contact line
pins to the borderline before it spreads to the hydrophobic region until the contact
angle reaches the maximum 120◦ which is the advancing angle. Increasing the
volume of the droplet to some extent, the contact line slips in the hydrophobic region
and the contact angle maintains constant 120◦ until to the chemical borderline of
hydrophobic and hydrophilic regions. It can decrease the free energy of droplet by
immediately spreading to the hydrophilic region with contact angle 60◦ or to the
next chemical borderline, whichever is first reached. One may refer to [26] for some
numerical results.

Figure 1. Schematic diagram of a flat surface with a ring pattern.
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r

h
θ

Figure 2. A spherical cap.

3.2. Setup of the advancing motion of droplets on several chemically pat-

terned surfaces. For three dimensional droplets placed on square-channel like pat-
terned surfaces in [29], they observed the stick-slip motion of contact line. Distor-
tion occurs in the contact line in order to connect the hydrophobic and hydrophilic
regions with concave shape in the hydrophobic region and convex shape in the hy-
drophilic region. The droplet does not form a spherical cap strictly any longer so
that contact angle shows multiple values which depend on the position of contact
line. It is not well-defined for the macroscopic contact angle of the droplet. Howev-
er, from another aspect, the interface is close to a sphere away from the substrate.
One may define an effective contact angle θef by applying the approach used in
[13, 5, 29]

cos θef = 1− κH, (25)

where κ is the curvature at the top of the droplet and H is the height of the droplet.
A droplet of a spherical cap as shown in Figure 2 with angle θ, base radius r and

directed distance h from the base to the center of the sphere has volume

Vr(θ) =
πr3(1− cos θ)2(2 + cos θ)

3 sin3 θ
, θ ∈ (0, π); (26)

∂Vr(θ)

∂θ
=

1

4
πr3 sec4

θ

2
, (27)

or

Vr(h) = π

(

2

3
(r2 + h2)3/2 + (r2 +

2

3
h2)h

)

, h ∈ (−∞,+∞). (28)

Vr(θ) (or Vr(h)) is an increasing function of θ (or h). One could add (or remove)
volume to (or from) the droplet by increasing (or decreasing) the value of h. In our
simulations, the initial shape of the droplet is always a spherical cap.

We investigate the advancing motion of three-dimensional droplets spreading on
physically flat surfaces with square-channel like patterns and with circular patches
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in regular hexagonal arrays shown in Figure 3. For the square pattern, squares of
side a are separated by channels of width b with Young’s angle θa for squares and θb
for channels. For the circle pattern, circular patches of radius r with Young’s angle
θa are distributed in regular hexagonal arrays. The distance between the center
of two adjacent circles is d. The Young’s angle outside circles is θb. By Cassie’s
equation [4], the Cassie’s angle θC satisfies that

cos θC = fa cos θa + fb cos θb, fa + fb = 1, (29)

where the area fraction fa = ( a
a+b )

2 for the square pattern, and fa = π
4 (

a
a+b )

2

for the circle pattern with square arrays; fa = 2π√
3
( rd)

2 for the circle pattern with

regular hexagonal arrays. If we choose the particular choice of a and b for the square
pattern as in [29] such that a

b =
√
2 + 1, then fa = fb = 0.5. The Cassie’s angle

will be the same if one exchanges the two Young’s angles θa and θb. In a sense,
Cassie’s angle is an average of the local contact angles. When a droplet is placed
on this patterned surface, it will not form a spherical cap any more because of the
inhomogeneity of the substrate.

We set ε = 0.01, δx = δy = 0.01, δt = 0.1δx, (a, b)/δx = (12, 5), (12, 12) and
take the same parameters as used in [17, 6, 29]:

Ld = 5.0× 10−4, R = 3, B = 12,Vs = 500, ls = 0.0038. (30)

The stability parameter s is set to be s = 1.5 and α̃ is determined by the two
Young’s angles of the pattern. We have the initial conditions

v = 0, (31)

φ(x, y, z, 0) = tanh
(

−
(

√

(x− x0)2 + (y − y0)2 + (z − h)2 −
√

r2 + h2
)

/(
√
2ε)

)

,

(32)
where (x0, y0, h) are the coordinates of the center of initial spherical droplet and
r, h are the parameters defined in Eq. (28).

3.3. Linear dependence of the advancing angle on the larger Young’s

angle. We consider the square-channel pattern first. Recall that we apply Eq.
(25) to calculate the effective contact angle. In [29], the authors found that the
effective advancing angle is between the Cassie’s angle and the larger Young’s angle.
Moreover it is linearly dependent on the larger Young’s angle of channel for a fixed
smaller Young’s angle of square with the linear coefficient less than 1. In the case
with the ring shaped pattern shown in Figure 1, the advancing angle is exactly the
larger one of the two Young’s angles which can be viewed as a linear dependence
with coefficient 1. It does not depend on the smaller Young’s angle.

Figure 4 shows that for the fixed Young’s angle of square 60◦, the effective ad-
vancing angle is linear on the Young’s angle of channel with a : b = 12 : 5, 12 : 7, 12 :
10, 12 : 12. We have done numerical simulations for the cases of Young’s angle of
channel ranging from 60◦ to 150◦ with step 2.5◦. As we can see, the effective ad-
vancing angle increases with b for each θb and the coefficient of the fitting equation
increases with b for fixed a = 12. The area fractions of square corresponding to the
four patterned surfaces are 0.5, 0.4, 0.3, 0.25 respectively.

3.4. Advancing contact line and the critical volume. We first study the
square-channel pattern with a : b = 12 : 5, θa = 60◦ for different θb = 100◦, 110◦, 120◦,
and then with a : b = 12 : 12, θa = 60◦, θb = 110◦. In [29], they reported that for
a : b = 12 : 5, θa = 60◦, θb = 110◦, the advancing contact line displays some periodic
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θ
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a b

θ
b

a b

θ
b

θ
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r

θ
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θ
b

Figure 3. Schematic diagram of physically flat surfaces with
square-channel like pattern (upper), circular patches in square ar-
rays (middle) and in regular hexagonal arrays (lower).
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Figure 4. Effective advancing angle versus Young’s angle of chan-
nel with Young’s angle of square 60◦.

structure and tends to be an equiangular octagon as the droplet is getting larger
and larger. Correspondingly, the cubic root of the critical volumes at the main
jump of the advancing contact line forms an arithmetic sequence. Figures 5,6,7
show the advancing contact line motion and the cubic root of the critical volume at
the main jump for each period for θb = 100◦, 110◦, 120◦ respectively. The contact
line motion in the three figures shows a similar periodic structure. For a smaller θb,
the advancing contact line has more secondary jumps in the diagonal directions.

In terms of the critical volume of droplet at jump, we first go back to the ring-
shaped pattern as shown in Figure 1. The radius of the outer boundary of the white
region or black region forms an arithmetic sequence. In the advancing motion of
large droplet spreading on this ring-shaped surface, the jump happens at the outer
boundary of the white region with the advancing angle θblack. Recall Eq. (26),
the cubic root of the critical volume at jump is linear on the base radius r with
a coefficient determined by the advancing angle. For the square-channel pattern,
we have a similar linear relationship as shown in Figures 5,6,7. We use the fitting
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equation shown in Figure 4 to calculate the effective advancing angle

θadv = 0.817θb + 8.4◦. (33)

Then we take the slope of the fitting equation in Figures 5,6,7 and calculate

slope/[
π(1− cos θadv)

2(2 + cos θadv)

3 sin3 θadv
]
1
3 . (34)

We get a common value 0.18. Notice that the pattern size is 0.17 in the horizontal
and vertical directions here. From this point of view, we can treat the square-
channel pattern as a ring-shaped pattern to some extent.

Figure 8 shows the advancing contact line motion and the cubic root of the critical
volume at the main jump for each period with a : b = 12 : 12, θa = 60◦, θb = 110◦.
Comparing with the case shown in Figure 6, the contact line has more room to
change before the main jump and is covered by less squares in the horizontal and
vertical directions. By using the fitting equation shown in Figure 4, one can calculate
the effective advancing angle

θadv = 0.970θb + 0.5◦ = 107.2◦. (35)

From (34), we obtain the value 0.24 which can be viewed as the effective size for
the ring-shaped pattern.

3.5. Pattern geometry. If we replace the square pattern with circle pattern as
shown in Figure 3, the advancing contact line motion is similar for circular patches
in square arrays as shown in Figure 9. However the advancing contact line displays
as a regular hexagon for circular patches in regular hexagon arrays. The shape of
three-phase contact line is much more determined by the macro structure of the
pattern than the micro structure of the pattern in each period.

4. Conclusion and discussion. We study the advancing motion of three-dimensional
droplets spreading on several types of physically flat chemically heterogeneous sur-
faces. We have compared the numerical simulation results between different surface
patterns quantitatively, i.e. the effect of surface pattern property on the advancing
contact line, the critical volume at the main jump of contact line and the effective
advancing angle.

For a droplet with a given volume on the heterogeneous flat surfaces, there ex-
ist multiple local minima of the energy functional. The stationary state may not
correspond to the global minimum. It may depend on the initial state. There are
energy barriers between the local and global minima. In a sense, the Cassie’s angle
is an average of the local contact angles. It corresponds to the global minimum
with the shape of a spherical cap in the limiting case. We are also interested in the
limiting case when the pattern size approaches zero with fixed ratio a/b and the
interfacial thickness ε tends to zero. It would be very helpful to understand the
Cassie equation if some rigorous homogenization results could be obtained.
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