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Key Points:7

• Different random distributions of fracture lengths, apertures and positions are con-8

sidered in 2D/3D.9

• Connectivity of 2D/3D fracture networks is evaluated using a topological global10

flow efficiency.11

• Realistic fracture networks share many characteristics with stochastic fracture net-12

works.13

1 Abstract14

In a low permeability formation, connectivity of natural and induced fractures deter-15

mines overall hydraulic diffusivity in fluid flow through this formation and defines effective16

rock permeability. Efficient evaluation of fracture connectivity is a nontrivial task. Here we17

utilize a topological concept of global efficiency to evaluate this connectivity. We address18

the impact of key geometrical properties of stochastic fracture networks (fracture lengths,19

orientations, apertures and positions of fracture centers) on the macro-scale flow proper-20

ties of a shale-like formation. Six thousand different realizations have been generated to21

characterize these properties for each fracture network. We find that a reduced graph of a22

fracture network, which consists of the shortest paths from the inlet nodes (fractures) to all23

outlet nodes, contributes most to fluid flow. 3D fracture networks usually have higher global24

efficiency than 2D ones, because they have better connectivity. All geometrical properties25

of fractures influence quality of their connectivity. Aperture distribution impacts strongly26

global efficiency of a fracture network, and its influence is more significant when the system27

is dominated by large fractures. Fracture clustering lowers global efficiency in both 2D and28
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3D fracture networks. Global efficiency of 2D and 3D fracture networks also decreases with29

the increasing exponent of the power-law distribution of fracture lengths, which means that30

the connectivity of the system decreases with an increasing number of small fractures. Re-31

alistic fracture networks, composed of several sets of fractures with constrained preferred32

orientations, share all the characteristics of the stochastic fracture networks we have inves-33

tigated.34

2 Introduction35

Hydrocarbon recovery in tight sands and mudrocks (shales) depends strongly on hy-36

drofracturing of large volumes of the reservoir rock. We never know exactly how the com-37

bined networks of hydrofractures and activated natural fractures look like and function, sim-38

ply because geometry and topology of real fracture networks in the subsurface are poorly39

understood. Currently, the only practical approach to model macroscopic fluid flow in40

ultra-low permeability, fractured formations is to use stochastic fracture networks. In these41

networks, the fractures are usually represented by simplified geometries, such as line seg-42

ments in 2D [Bour and Davy , 1997; Robinson, 1983; Berkowitz , 1995; Andresen et al., 2013;43

Zhu et al., 2020] and random polygons in 3D space [Bour and Davy , 1998; Alghalandis,44

2017; Berrone et al., 2018]. Different distributions are applied to describe fracture lengths,45

orientations, apertures and positions of the fracture centers. Several distributions have been46

proposed to describe fracture lengths [Bonnet et al., 2001]. Field observations and analog ex-47

periments suggest prevalence of power-law distribution [Bour and Davy , 1997, 1998; Bonnet48

et al., 2001; de Dreuzy et al., 2001; De Dreuzy et al., 2002]. The fracture apertures follow49

a log-normal distribution when imaged with X-Ray CT under different stress conditions,50

[Muralidharan et al., 2004]. Walmann et al. [1996], Olson [2003], Renshaw and Park [1997],51

and Bai et al. [2000] found that there is a scaling relation between the aperture and length52

of fractures. A uniform distribution is commonly applied to describe the positions of frac-53

ture centers, [Bour and Davy , 1997; Berkowitz , 1995]. However, realistic fracture networks54

rarely have uniformly distributed centers. Darcel et al. [2003] studied the connectivity of55

fracture networks with the fracture center positions, which follow a fractal spatial density56

distribution that brings about clustering effects and might be closer to reality [Zhu et al.,57

2018].58

Alghalandis [2017] developed open source software that generates 2D and 3D fracture61

networks with Matlab. As a high-level programming language, Matlab is insufficient to62
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deal with hundreds of thousands or millions of fractures, especially in 3D. For Alghalan-63

dis [2017]’s software, it takes 23 s for a two-dimensional network and 6 min for a three-64

dimensional network with 100,000 fractures. In this research, we use the in-house developed65

C++ code. By applying a fast cluster check algorithm by Newman and Ziff [2001], our66

code can generate a large number (O(106)) of fractures in both 2D and 3D. Fig. 1 shows67

the computational time of generating fractures and checking clusters.
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Figure 1. Computing time vs the number of fractures. The plotted times include fracture and

network generation, cluster checks and labeling.

59

60

68

In a low permeability formation, connectivity of natural and induced fractures deter-69

mines the overall hydraulic diffusivity, and defines the effective permeability of fluid flow70

through the formation, [Manzocchi , 2002; Bour and Davy , 1997; Renshaw , 1999; Maillot71

et al., 2016]. However, efficient evaluation of this connectivity is a nontrivial task.72

Percolation theory is widely used to analyze connectivity of fracture networks [Robin-73

son, 1983; Berkowitz , 1995; Berkowitz et al., 2000; Bour and Davy , 1997; Masihi et al.,74

2007; Bour and Davy , 1998; Odling , 1997; Ji et al., 2011; de Dreuzy et al., 2001; De Dreuzy75
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et al., 2002]. In percolation theory, clusters of fractures are identified and labeled. In shales,76

connected fractures are commonly considered as the only permeable pathways for fluid flow.77

A spanning cluster of fractures is the largest cluster that connects boundaries of a domain78

under consideration, and creates global connectivity of the fracture network. However, a79

parameter that measures percolation is required before predicting the formation of the span-80

ning cluster. When the spanning cluster forms in the system, the corresponding percolation81

parameter reaches the percolation threshold. For simple fracture networks, where fractures82

are distributed uniformly and have constant lengths, quantities like the total excluded area,83

total self-determined area and number of intersections per fracture are valid percolation84

parameters [Robinson, 1983; Balberg et al., 1984; Bour and Davy , 1997, 1998; Park et al.,85

2006; Zhu et al., 2018]. For fracture networks with variable lengths and non-uniform distri-86

butions of fracture centers, we found that these quantities are not percolation parameters87

[Zhu et al., 2018]. It means that i) these quantities cannot predict the formation of the88

spanning cluster, and ii) they cannot quantify fracture connectivity.89

Allard et al. [1993] proposed a connectivity function to describe connections between90

two points, and further developed a cell-based method to evaluate the connectivity of the91

domain that has been discretized into pixels (cells) [Renard and Allard , 2013]. Fadakar-92

A et al. [2013] and Xu et al. [2006] further extended the cell-based approach to describe93

connections between two cells through fractures, and proposed a connectivity index/field to94

evaluate the connectivity of fracture networks. Their binary connectivity function uses 195

and 0 to indicate whether two cells are connected through fractures or not. This function is96

better than a percolation parameter, such as intersection intensity, because it incorporates97

the density, intersection and clustering information together. However, this function does98

not incorporate the apertures and variable lengths of the fractures, and it cannot evaluate99

how the different aspects of fracture connectivity impact the overall hydraulic conductance100

of the system.101

Intersection relationships of fractures can be classified as the fracture intersections (X-102

nodes), abutments or splays (Y-nodes), and the isolated fracture tips (I-nodes). Barton and103

Hsieh [1989] introduced a ternary diagram to characterize connectivity, in which the relative104

frequencies of the three intersection (node) types present in a system are plotted as points.105

Barton and Hsieh [1989]’s method captures topology of the intersections, and is adopted by106

many researchers to characterize fracture networks [Manzocchi , 2002; Igbokwe et al., 2020;107

Sanderson and Nixon, 2018; Sanderson et al., 2019]. However, it neglects to capture how the108
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various geometrical properties of a fracture network, such as fracture lengths and apertures,109

impact the hydraulic connectivity of the network.110

In this paper, we adopt a concept from graph theory, called global efficiency, [Hope112

et al., 2015; Valentini et al., 2007], to quantify the global connectivity of a fracture network113

and investigate how the different aspects of fracture geometry and topology impact this114

connectivity [Andresen et al., 2013; Latora and Marchiori , 2001; Huseby et al., 1997]. In115

Table 1, we compare the global efficiency using all three commonly used approaches to116

demonstrate its advantages. “Yes” for each parameter (length, aperture or center position)117

means that a given connectivity index can quantify the indicated property of a fracture118

network. The global efficiency index is the only quantity we are aware of that captures the119

impacts of all geometrical properties of arbitrary (within confines of this paper) fracture120

networks.

Table 1. Comparison between different connectivity indexes111

Connectivity index Quantification Length Aperture Center position

Percolation parameter NO NO NO NO

Connectivity index/field YES NO NO YES

Intersection index YES NO NO YES

Global efficiency YES YES YES YES

121

To apply a topological analysis, one needs to convert a fracture network to its graph122

representation. Flow calculations on a fracture graph, [Hyman et al., 2017; Yang et al.,123

1995; Viswanathan et al., 2018; O’Malley et al., 2018], are far more efficient than those124

using the discrete fracture–matrix models of flow in fractured porous media [Botros et al.,125

2008; Berrone et al., 2013; Karra et al., 2015; Roubinet et al., 2010].126

The graph-based flow calculation neglects the impact of the matrix. For formations129

with low permeability, this simplification is valid, since fractures contribute the majority130

of the flow [de Dreuzy et al., 2001; De Dreuzy et al., 2002]. To quantify the importance of131

matrix flow, we have performed a full-scale, embedded discrete fracture model simulation132

with UNCONG software [Li et al., 2015]. We have calculated flow rates under the same133

boundary conditions, but with different ratios (Km/Kf) of matrix and fracture permeability134
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Table 2. Impact of matrix on the fluid flow137

Permeability ratio

(Km/Kf)

Flow rate

(10−4m3/s)

Flow-rate ratio

(Qf/Qf+m)a
Dimension

0 1.60 1.0 2D

10−4 1.86 0.86 2D

10−5 1.62 0.99 2D

0 2.50 1.0 3D

10−4 4.58 0.55 3D

10−5 2.71 0.92 3D

a
Qf is the flow rate considering fractures only; Qf+m is the flow rate considering both fractures and the matrix.

in seven 2D and 3D benchmark cases. The resulting flow rates in each scenario are shown135

in Fig. 2 and Table 2.
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Figure 2. The impact of matrix on the flow rate in the 2D (Left) reference case and 3D (Right)

reference case.

127

128

136

Table 2 indicates that if the permeability ratio between the matrix and fractures is138

smaller than 10−5, the fracture network contributes more than 90% of the total flow. Frac-139

tures commonly have permeability of darcies or tens of darcies, while matrix permeability140

varies with rock type and depositional environment. For shale reservoirs, the matrix per-141

meability is measured in tens of nanodarcies [Cho et al., 2013].142
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The purpose of this paper is to investigate how the three key geometrical properties143

of fractures (lengths, apertures and center positions), and the corresponding topological144

structures impact connectivity of a fracture network. Different distributions are used to145

mimic these geometrical properties. Hereafter, we calculate the connectivity of different146

fracture networks and the corresponding flow patterns.147

3 Materials and Methods148

In this section, we discuss how to generation fracture networks in 2D and 3D, and149

how to convert them to the corresponding graphs. We also calculate flow through fracture150

networks and the measure of their global efficiency.151

3.1 Generation of 2D and 3D fracture networks152

The multiscale subsurface fracture networks are largely unknowable in detail, and it is153

difficult to quantify their properties exactly. To reduce modeling complexity, line segments154

are used to represent fractures in 2D, and random convex polygons with four vertices are155

adopted in 3D. The four geometrical parameters that describe each fracture are length,156

orientation, apertures and position of the fracture center. Each of these parameters can be157

characterized by a different statistical distribution.158

The fracture lengths are characterized by a power-law distribution [Bour and Davy ,

1997]

n(l) = αl−a (1)

where n(l)dl is the number of fractures with lengths in the interval [l, l + dl], α is the159

coefficient of proportionality and a is the power-law exponent. Bonnet et al. [2001] and Zhu160

et al. [2018] showed that this exponent ranges approximately from 2 to 3 in most cases. The161

probability of generating very long fractures decreases sharply as a increases.162

The fracture orientations follow uniform distributions, because subsurface rocks163

several have many different sets of fractures formed during their geologic history [Barton164

et al., 1995].165

The positions of fracture centers are sampled from a uniform or fractal distribution.166

The fractal spatial density distribution [Meakin, 1991; Darcel et al., 2003] introduces clus-167
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tering effects in the fracture network. Darcel et al. [2003] and Zhu et al. [2018] showed that168

in real fracture networks fracture centers cluster.169

The fracture apertures are assumed to be constant, proportional to the fracture170

lengths, or follow a uniform or log-normal distribution.171

Examples of different fracture networks in 2D and 3D are shown in Figs. 3 and 4.184

Each network has a spanning cluster that connects all four sides of the domain boundary in185

2D networks and the six boundary faces in 3D networks. The spanning cluster is the only186

pathway of fluid flow across the entire system and determines the effective permeability of187

the system.

Clustering

Fractal Uniform

Figure 3. 2D fracture networks. The red line segments form the connected spanning cluster.

The green line segments correspond to all other locally connected clusters. In both networks, the

fracture orientations follow a uniform distribution, lengths obey a power-law distribution, and the

fracture apertures are constant. The left network has fracture center positions that follow a fractal

spatial density distribution with the fractal dimension of 1.5, and in the right network, the fracture

centers follow a uniform distribution.

172

173

174

175

176

177

188

3.2 Graph representation of fracture networks189

Connectivity is an essential aspect of fracture networks that determines flow rate under190

an imposed pressure gradient. A topological concept, global efficiency, can be used to191

evaluate the connectivity of a given graph. Therefore, the conversion of a fracture network192
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Fractal Uniform

Figure 4. 3D fracture networks. The red polygons form the connected spanning cluster. The

green polygons correspond to all other locally connected clusters. In both networks, the fracture

orientations follow a uniform distribution, lengths obey a power-law distribution, and the fracture

apertures are constant. The left network has fracture center positions that follow a fractal spatial

density distribution with the fractal dimension of 2.5, and in the right network, the fracture centers

follow a uniform distribution.

178

179

180

181

182

183

to its graph representation is necessary. Furthermore, it is more efficient to calculate flow193

using the node-link formalism [Patzek , 2001; Fadakar-A et al., 2013; Hyman et al., 2017],194

rather than to calculate it directly with the finite difference or finite element methods.195

Graph representation preserves all (in 2D) or most (in 3D) of the topological structure of a196

fracture network.197

3.2.1 Graph representation of 2D fracture networks198

For a 2D fracture network, the graph representation is based on the percolation back-201

bone of the fracture network obtained after removing all dead-end fractures [Bour and Davy ,202

1997]. For coding practice, it is worth noting that new dead-end fractures may be generated203

once the old ones have been removed. Therefore, the backbone-check algorithm needs to be204

iterated until no new dead-end fractures appear. The backbone networks of each network205

in Fig. 3 are shown in Fig. 5 (a, b).206
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(a) (b)

(c) (d)

Figure 5. Upper panels: Backbone networks of the fracture networks in Fig.3; Lower panels:

Graph representations of the fracture networks in Fig.3

199

200

The nodes in the final graph include the start and end points of each fracture, and all207

intersection points among the fractures. The graph representations of each fracture network208

in Fig. 3 are shown in Fig. 5 (c, d).209

The graph representations of 2D fracture networks are exact, and capture all of the210

geometrical properties of these networks, including the lengths, orientations, apertures, and211

positions of the fracture centers.212

3.2.2 Graph representation of 3D fracture networks213

For 3D fracture networks, a simplified graph is incomplete and lacks some geometrical219

properties of the fractures. Three-dimensional fracture shapes cannot be mapped onto a220
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graph without loss of information, simply because the arbitrarily oriented fracture planes221

and fracture intersections cannot be projected onto a 2D plane, while preserving their 3D222

features. However, a graph representation of a 3D fracture network preserves important223

aspects of its connectivity, enough to determine most of the flow properties of this network.224

Each polygon is reduced to its centroid, and the intersection segment of two polygons is225

reduced to its central intersection point. If two fractures intersect, their centroids are con-226

nected via the intersection point. As a result, the nodes in the graph representation include227

centroids of all fractures and their intersection points. After converting to the graph repre-228

sentation, dead-end nodes and links are removed, because they do not contribute to flow.229

The graph representations of 3D fracture networks are shown in Fig. 6.

Figure 6. Graph representations of 3D fracture networks. The fractures in left network follow

a fractal spatial density distribution with the fractal dimension of 2.5. The right network has the

uniformly distributed fractures. The blue polygons are small fractures, and the red polygons are

large fractures. The green points represent fracture centroids and intersection points. The yellow

line segments are the links between the nodes.

214

215

216

217

218

230

3.3 Flow rate calculation231

To calculate the single-phase flow rate in a fracture network, Darcy’s law is applied.232

If a fracture in 2D is approximated by two parallel plates, the fracture permeability and233

aperture are related by the cubic law [Polibarinova-Kochina and De Wiest , 1962; Snow ,234
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1965; Witherspoon et al., 1979, 1980]235

k =
a2
f

12
(2)236

where k is the fracture permeability and af is its aperture.237

For 3D fractures, we also assume flow between two parallel plates. After a transforma-238

tion, Darcy’s law can be restated as [Priest , 2012]239

Q =
−a3

fbg

12νL
∆H = C∆H (3)240

where Q is the volumetric flow rate [m3/s]; af is the fracture aperture [m]; b denotes241

the third dimension of the fracture [m], set here to 1 for 2D and 3D networks; g is the242

acceleration of gravity [m/s2]; ν corresponds to the kinematic fluid viscosity [m2/s], set to243

1 × 10−6m2/s; L is the fracture length [m]; ∆H is the hydraulic head drop [m]; C is the244

lumped hydraulic conductance [m2/s]. The correlation between hydraulic pressure drop ∆P245

and hydraulic head drop ∆H is246

∆P = ρg∆H (4)247

The mass conservation must hold at all graph nodes. Using Darcy’s equation and mass248

conservation law, the hydraulic head, Hj , of node j and the conductance, Cij , between nodes249

i and j can be related as250

Hj =

∑n
i=1 CijHi∑n
i=1 Cij

(5)251

where n is the coordination number of node j.252

We prescribe a constant pressure boundary condition for all networks. To make the253

pressure gradient physically realizable and constrain the Reynolds number to a realistic254

range, O(10−3), the hydraulic head at the inflow boundary (the left hand side of the 2D255

networks and the left face of the 3D networks) is set to 20m, and all the other boundaries256

(the remaining three sides in 2D networks and the five faces in 3D networks) have zero heads.257

This head difference yields a macroscopic pressure gradient of 2 kPa/m (0.0884 psi/ft).258

The flow calculation in this paper is calibrated with a flow simulator developed by Li259

et al. [2015]. For a 2D fracture network, the flow calculation based on its graph represen-260

tation is exact. However, the flow calculation for a 3D fracture network based on its graph261

representation is only approximate, because the graph representation cannot capture all262

geometrical properties of this network.263
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3.4 Global efficiency calculation264

Different distributions of fracture geometries change the connectivity property of the265

resulting fracture network. In topology, global efficiency, E, can be used to measure the266

connectivity of a network [Latora and Marchiori , 2001]. The global efficiency is defined as267

E =
1

N(N − 1)

∑
(i,j)∈N,i6=j

1

dij
(6)268

where dij is the shortest distance between nodes i and j, N is the number of nodes. dij269

is either the physical distance or a weighted distance. In this work, the weights are the270

reciprocals of the hydraulic conductances (resistances) of the connecting links.271

4 Results272

After choosing the distributions that describe the geometrical properties of fracture273

networks, a set of corresponding stochastic fracture networks (DFN realizations) can be274

generated. Examples of stochastic fracture networks in 2D and 3D are shown in Figs. 3 and275

4. Subsequently, we convert the stochastic fracture networks to their graph representations276

(Figs. 5 and 6) and calculate their global efficiency that describes the connectivity of the277

system. After imposing boundary conditions, we calculate the flow rate according to Eqs. (2)278

and (3). For each considered case, the results are averaged over 6000 random realizations.279

4.1 Reference cases for 2D and 3D fracture networks280

To investigate the impact of different probability distributions of fracture geometry on281

the connectivity and flow rate of fracture networks, a reference (base) case is needed. For282

2D fracture networks, the reference case is the average of 6000 stochastic fracture networks,283

where284

• fracture lengths follow a power-law distribution with the exponent of 2.5,285

• orientations follow a uniform distribution between 0 and π,286

• positions of the fracture centers follow a uniform distribution inside a 100m × 100m287

square,288

• apertures are set to 500 micrometers.289

The 3D reference case has the same distributions of lengths, orientations (both strikes and292

dips), positions of the fracture centers and apertures. The system domain is a 100m ×293

–13–
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100m × 100m cube. The boundary condition was defined in Section 3 and the minimum294

length of the fractures is 10m. The hydraulic head distributions in the reference 2D and 3D295

networks are shown in Fig. 7(a, b).

20 18 16 14 12 10 8 6 4 2 0

m

(a) (b)

(c) (d)

Figure 7. The hydraulic head distributions in the reference (a,b) and reduced (c,d) fracture

networks

290

291

296

In the generated fracture networks, many fractures do not contribute to the macroscopic297

pressure drop. These fractures significantly slow down the calculation of global efficiency,298

because the algorithm has the complexity of O(N3). To reduce the number of nodes,299

and focus only on the fractures which contribute the majority of fluid flow. The Dijkstra300

algorithm [Cormen et al., 2009] is applied to find the shortest (least resistant) paths from301

the inflow nodes to all outflow nodes, and produce a reduced graph representation of the302

fracture network. Similar concepts of reduced (pruned) graphs have been adopted by many303

other researchers to simplify complex fracture networks and reduce computational time304
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[Viswanathan et al., 2018; Srinivasan et al., 2018a,b] . The hydraulic head distribution of305

the reduced graph representation is shown in Fig.7(c, d).306

For the reference 2D case, the number of nodes in the original graph and reduced graph307

are 90.3 and 60.3 on average, and the corresponding flow rates are 1.65 × 10−4m3/s and308

1.57×10−4m3/s, respectively, with the same boundary condition. This calculation indicates309

that on average, 67% of the nodes contribute 95% of the flow. For the 3D reference case,310

the respective numbers of nodes are 87.8 and 68.0, and the flow rates are 2.42× 10−4m3/s311

and 2.36× 10−4m3/s. Therefore, 77% of the nodes contribute 98% of flow on average. This312

phenomenon is more significant when the system size increases, meaning that a reduced313

network can capture the majority of the flow in both 2D and 3D networks.314

In the global efficiency calculation, the weight of each link is the reciprocal of its conduc-315

tance (resistance) normalized by the minimum weight of all links in the network. Therefore,316

the global efficiency calculation depends only on the topological structure of the graph and317

can be compared with other graphs as well. The average global efficiencies of the original318

and reduced graph representations are 0.0132 and 0.0164 for the 2D reference networks.319

For the 3D reference networks, these values are 0.018 and 0.020, respectively. The reduced320

networks have global efficiency higher than the original networks, because of the removal321

of the least-conductive links. The 3D fracture networks have higher efficiency than the 2D322

ones, consistent with the fact that it is easier to percolate in 3D, rather than in 2D.323

4.2 Impact of aperture variation324

For the reference cases, all apertures are considered constant (500 micrometers), while325

in real fracture networks apertures vary. To investigate the impact of variable apertures on326

flow and connectivity, more nodes are added along each link. The number of added nodes327

is defined as328

Nadd
i = round(

li
5

) + 1 (7)329

where Nadd
i is the number of additional nodes of link i, li is the length of link i, and round()330

is the rounding function that forces Nadd
i to be an integer. Segments (sub-links) of each331

link formed by added nodes are assigned with different apertures.332

Variability of fracture apertures is applied to reduced fracture networks. The addi-333

tional nodes are uniformly distributed along each link. The following scenarios for aperture334

distributions are considered:335
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1. Constant aperture, 500 micrometers;336

2. Aperture of each link is linearly correlated with the link length, af = βl. For each337

realization, β is calculated from Eq. (8) to make the mean value of apertures 500338

micrometers:339

β =
5× 10−4 ×N∑N

i=1 li
(8)340

where N is the number of links in the fracture network.341

3. Aperture of each sub-link is uniformly distributed over [0.8, 1.2]× amean, and amean342

is the aperture of the link calculated in scenario 2.343

4. Aperture of each sub-link is log-normally distributed over [0.8, 1.2]×amean, and amean344

is the aperture of the link calculated in scenario 2.345

The method to generate a random number in a given range following a log-normal dis-348

tribution has been discussed in [Baghbanan and Jing , 2007]. Different aperture distributions349

are shown in Fig. 8.

5.0

4.5

4.0

3.5

3.0

2.5

2.0

1.5

1.0

0.5

m ×10
-4

Figure 8. Different aperture distributions. Scenario 2 (left): aperture of each link is proportional

to the link length. Scenario 4 (right): aperture of each sub-link follows a log-normal distribution.

346

347

350

The results for 2D and 3D networks with variable apertures are listed in Table 3.353

Since long fractures usually contribute more to flow and are endowed with larger apertures354

in Scenarios 2 – 4, flow rates are higher there. However, in general, flow rate is not a355

good indicator of the connectivity of the whole network because it strongly depends on356

boundary conditions, as well as on the number and permeability of inlet fractures. Instead,357

global efficiency is a better measure which relies only on the topology of the network. The358
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Table 3. Impact of aperture variations on the global efficiency and flow rate in 2D and 3D

networks

351

352

Aperture Flow rate [10−4m3/s] Global efficiency Network dimension

Scenario 1 1.57 0.0164 2D

Scenario 2 1.91 0.0102 2D

Scenario 3 1.83 0.0065 2D

Scenario 4 1.74 0.0064 2D

Scenario 1 2.36 0.0204 3D

Scenario 2 4.07 0.0103 3D

Scenario 3 3.79 0.0061 3D

Scenario 4 3.65 0.0059 3D

constant-aperture scenario has the highest global efficiency, while scenarios 3 and 4 have the359

lowest efficiency in both 2D and 3D. Scenario 2 has an intermediate global efficiency, since360

apertures of sub-links are the same, while only apertures of different links vary based on361

their lengths. Aperture variations can reduce global efficiency by a factor of two. Efficiency362

reduction in 3D fracture networks is more significant, which indicates that these networks363

are more sensitive to aperture variations.364

4.3 Impact of fractal spatial density distribution365

The fractal spatial density distribution causes fractures to cluster, as commonly ob-366

served in nature. In 2D, if the fractal dimension is 2, the fractal spatial density distribution367

reduces to a uniform distribution. If the dimension is smaller than 2, there will be frac-368

ture clustering. Similarly, in 3D, the corresponding limiting dimension for uniform fracture369

distribution is 3. In this work, we choose 1.5 and 2.5 for the fractal dimensions of the 2D370

and 3D fracture networks. The method to generate a fractal spatial density distribution is371

discussed in [Meakin, 1991; Darcel et al., 2003]. The comparisons between networks with372

the fractal spatial density distributions and the reference networks are listed in Table 4.373

With the same constant head boundary conditions, 56.6% of nodes contribute 85% of376

the flow in the 2D fractal cases, and 70.3% of nodes contribute 95% of the flow in the 3D377

fractal cases. The global efficiency of the fractal case is 55% lower than the efficiency of the378
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Table 4. Comparison between reference networks and networks with a fractal spatial density

distribution

374

375

Case name Reference Fractal Reference Fractal

Network dimension 2D 2D 3D 3D

Number of original nodes, No 90.3 318.0 87.9 140.9

Number of reduced nodes, Nr 60.3 180.0 68.0 99.0

Rnode = Nr/No [%] 66.8 56.6 77.4 70.3

Original flow rate, qo [10−4m3/s] 1.65 4.19 2.42 4.89

Reduced flow rate, qr [10−4m3/s] 1.57 3.55 2.36 4.64

Rflow = qr/qo [%] 95 85 98 95

Original global efficiency 0.0132 0.0060 0.0180 0.0155

Reduced global efficiency 0.0164 0.0080 0.0204 0.0184

reference case in 2D networks, but it is only 15% lower in 3D networks, which indicates that379

the 2D networks are more sensitive to clustering effects.380

4.4 Impact of power-law distribution381

Field observations and analog experiments suggest that the fracture lengths follow a386

power-law distribution. Bonnet et al. [2001] and Zhu et al. [2018] showed that the power-law387

exponent varies between 2 and 3 for most cases. The impact of the power-law exponent on388

flow-rate ratio (Rflow) is depicted in Fig. 9. The flow-rate ratio decreases with the increase389

of the exponent a for all systems. 3D networks always have higher flow-rate ratios than390

2D fracture networks. The 2D fractal cases have the most significant decrease reaching391

20% when the exponent a is 2.9. It means that for 2D fracture networks with clustering392

effects and dominated by small fractures, it is not appropriate to replace the original fracture393

network with its reduced version.394

Global efficiency variations of the original network and four scenarios with various399

apertures for four systems are shown in Fig. 10.400

Different distributions of fracture lengths, positions and apertures all have significant401

impacts on the global efficiency of resulting networks. A larger number of small fractures402
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2.1 2.2 2.3 2.4 2.5 2.6 2.7 2.8 2.9
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Uniform, 2D Fractal, 2D

Uniform, 3D Fractal, 3D

Figure 9. Flow-rate ratio vs. fracture length exponent in 2D and 3D fracture networks. 2D

fracture networks with positions following uniform or fractal spatial density distributions have the

legends, Uniform, 2D and Fractal, 2D. 3D fracture networks have the similar legends, Uniform, 3D

and Fractal, 3D.
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For legend

see left figure

Figure 10. Global efficiency vs. the fracture length exponent in 2D and 3D fracture networks.

Solid markers refer to the fracture networks with centers following a uniform distribution; Open

markers denotes the fracture networks with centers obeying a fractal spatial density distribution.

The fracture property scenarios are listed in Table 3.

395

396

397

398

(a higher exponent in the power-law distribution) can lower this efficiency severalfold. The403

impact of aperture variations is more important when fracture lengths are large. Clustering404

–19–



A
cc

ep
te

d
 A

rt
ic

le

This article is protected by copyright. All rights reserved.  

 

 

 

 

 

 

 

Confidential manuscript submitted to Water Resource Research

effects always reduce global efficiency. However, the difference between uniform and fractal405

3D cases is smaller, indicating that clustering affects 3D networks less.406

4.5 Global efficiency and flow rate in realistic fracture networks407

Real fracture networks seldom have all of their fractures follow the same distributions411

of lengths, orientations, and center positions. These networks may be composed of several412

sets of fractures [Holland et al., 2009; Zhu et al., 2019]. Each set of the fractures has its413

own preferential orientation because of the stress history. An example of a fracture system414

at Ras Al Khaimah in the United Arab Emirates is shown in Fig. 11(a).

N

(a) (b) (c)

Figure 11. (a) A fracture system at Ras Al Khaimah in the United Arab Emirates; (b) Realistic

2D fracture networks with four fracture sets; (c) Realistic 3D fracture networks with four fracture

sets.

408

409

410

415

Assuming that the maximum principal earth stress, S1, is oriented in the east-west417

direction, realistic fracture networks with four sets of fractures are constructed as in Fig.418

11(b, c). In realistic fracture networks, the first set of fractures consists of a few large tensile419

fractures that span the domain and have similar strike directions (north-south), which may420

be an analogy to the tensile joints in a fold structure caused by bending. The other three421

sets of fractures include conjugate shear joints, small tensile joints and random shear joints.422

Conjugate shear joints have strike angles ranging around N60◦E or N60◦W, deviating by423

about 30 degrees from S1. Small tensile joints have strike angles similar to the first set of424

fractures. Random shear joints have random strikes and dips because of the local stress425

anisotropy. Except for the random shear joints, all other sets of fractures have dips around426

90 degrees. Clustering effects are also present in this system. The detailed information of427
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each set of fractures is listed in Table 5. The global efficiencies of realistic networks are428

listed in the Table. 6.

Table 5. Distributions of different fracture sets416

Set Probability Center position Strike Length

2a
0.63

0.02

Uniformb

Fractalc

von Mises–Fisherd

(µ = ±60◦, κ = 300)

Power-law e

(Lmax = L, a = 2.5)

3
0.09

0.01

Uniform

Fractal

von Mises–Fisher

(µ = 0◦, κ = 300)

Power-law

(Lmax = L, a = 3)

4
0.18

0.07

Uniform

Fractal

Uniform

([0, 2π])

Power-law

(Lmax = L, a = 3)

a the first set of fractures consists of a few large tensile fractures that span the domain and have similar strike
directions (North-South).
b uniform spatial distribution
c fractal spatial density distribution
d von Mises–Fisher distribution with mean direction µ and concentration parameter κ
e Lmax denotes the maximum fracture length while the minimum fracture length is set to 0.1L; a is the exponent
of the power-law distribution.

429

A reduced network can still capture the majority of fluid flow and has a higher global431

efficiency in realistic fracture networks. 82.2% of original nodes contribute 96.6% of the432

flow in 2D, and 73.8% nodes contribute 96.9% of the flow in 3D. The 3D networks have433

higher efficiency than the 2D ones. Variable apertures still have a strong impact on global434

efficiency and reduce it significantly. In general, realistic networks share the characteristics435

found in the stochastic networks analyzed in this work.436

5 Conclusions437

We have analyzed the impact of fracture geometry and topology on the flow properties438

and global efficiency of stochastic fracture networks in 2D and 3D. The key conclusions from439

our research are:440

1. A reduced graph composed of the shortest (least resistant) path from the inlets to441

outlets contributes the majority of flow rate. In most cases, a reduced graph can be442

used to replace the original graph to reduce computational time. However, for fracture443

–21–



A
cc

ep
te

d
 A

rt
ic

le

This article is protected by copyright. All rights reserved.  

 

 

 

 

 

 

 

Confidential manuscript submitted to Water Resource Research

Table 6. Flow rate and global efficiency of realistic fracture networks430

Network dimension 2D 3D

Number of original nodes, No 94.6 89.4

Reduced node number, Nr 77.8 66.0

Rnode = Nr/No [%] 82.2 73.8

Original flow rate, qo, [10−4m3/s] 2.06 1.27

Reduced flow rate, qr, [10−4m3/s] 1.996 1.23

Rflow = qr/qo [%] 96.6 96.9

Original global efficiency 0.0078 0.0101

Reduced global efficiency 0.0087 0.0119

Global efficiency(Scenario 1) 0.0087 0.0119

Global efficiency(Scenario 2) 0.0052 0.0118

Global efficiency(Scenario 3) 0.0033 0.0069

Global efficiency(Scenario 4) 0.0032 0.0067

networks with a fractal spatial density distribution dominated by small fractures, this444

replacement is inappropriate.445

2. 3D fracture networks have higher global efficiency than 2D fracture networks, which446

implies that the connectivity of 3D networks is better.447

3. Aperture distribution decreases strongly global efficiency and impacts flow distribu-448

tion. Variable apertures can reduce this efficiency severalfold, and their influence is449

more significant in networks dominated by large fractures.450

4. Fracture clustering reduces global efficiency both in 2D and 3D; however, 3D fracture451

networks are less sensitive to clustering effects.452

5. The global efficiency of 2D and 3D fracture networks decreases with the increase of453

the exponent of the power-law distribution of fracture lengths. This means that a454

larger number of small fractures lowers the connectivity of the network.455

6. Realistic fracture networks that are composed of several sets of fractures share most456

of the characteristics of the stochastic fracture networks.457
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