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Abstract 

The electric-induced Joule heat plays a dominant role for the fracture and failure in 

electronic devices, particularly in those with bi-material interfaces, yet the effect of 

Joule heat on temperature elevation and thermal stress for a bi-material interface crack 

remains incompletely understood. To this end, we develop a coupled electro-thermo-

mechanical model for the bi-material interface crack using the extended finite element 

method. A novel near-tip asymptotic function is introduced as the enrichment field in 

the finite element approximations of electrical potential and temperature, which well 

reproduces the singularities of electric current and heat flux near the bi-material 

interface crack. Using the domain form of the interaction integral, the complex stress 

intensity factors and energy release rate are evaluated for bi-material interface cracks. 

The results of several benchmarking tests demonstrate the accuracy and robustness of 

the proposed model. The effects of the Joule heat and the mismatch of material 

properties on the stress intensity factors and energy release rate at the interfacial crack 

tip are investigated. The results not only reveal the significant contribution of the Joule 

heating effect on temperature elevation, thermal stress, and energy release rate for a bi-

material interface crack, but also provide practical suggestions on the optimal design of 

multilayered electronic devices to reduce thermal stress and prevent crack propagations. 
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Extended finite element method; Interface crack; Joule heat; Thermal stress; Electric 

current; Stress intensity factor. 
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1. Introduction 

The electric current operates in various electrical and electronic equipment components 

such as semiconductor devices, micro-electro-mechanical systems, and solid oxide fuel 

cells. The mechanical responses of these devices are affected by the electric current in 

several aspects. One of the notable effect is the Joule heat generation as a result of the 

electric current flow (Cai and Yuan, 1999). The Joule heating effect leads to nonuniform 

temperature elevation and thermal stress, which is deemed the main factor that is 

responsible for the fracture and failure of materials in electrical and electronic devices 

(Song et al., 2019a). Efforts have been devoted to understanding the effect of electric 

current-induced thermal stress on the structural integrity and material deterioration (Cai 

and Yuan, 1999; Hasebe, 2010; Liu, 2011; Yang et al., 2014; Jung et al., 2017). 

Hasanyan et al. (2005) showed theoretically that, a high Joule heating concentration 

occurs in the vicinity of the crack tip in a thermoelastic cracked plate subjected to the 

electric current. Song et al. (2019b) derived an analytical solution of the thermal stress 

distribution for a bi-material interface crack under a remote electric current. Combining 

finite element analysis and experiments, Jung et al. (2017) studied the Joule heating 

effect on the design of a vertical micro-probe, and they found that the electric current 

causes the increase of the maximum stress in the micro-probe, which further leads to 

the reduction of its fatigue life. 

Another concern is that such electrical and electronic devices usually adopt 

multilayer structures to fulfil the multi-functional needs, and thus interface cracking 

due to the mismatch of material properties becomes an important failure mode (Wang 

and Waisman, 2017). To understand the mechanism of interfacial facture, mechanical 

behaviors in the vicinity of a bi-material interface crack have been extensively studied 

in the last decades (Gao, 1991; Gao et al., 1992; Needleman, 2018; Qu and Bassani, 

1989; Rice, 1988; Sukumar et al., 2004; Suo and Hutchinson, 1990; Wang and Qiao, 

2004; William Pro et al., 2018; Williams, 1959). The pioneer work of Williams (1959) 

reported that the stress singularity in the vicinity of an interface crack tip is of an 

oscillatory form 
1 2 i log

22 12i e rr    . Then Rice (1988) introduced a complex stress 
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intensity factor which is widely used now in the linear elastic interfacial fracture 

mechanics. As the mismatched thermal expansion leads to thermal stresses in bi-

material systems, the thermo-mechanical behavior of an interface crack in-between two 

dissimilar materials under the thermal loading has attracted specific attention. Brown 

and Erdogan (1968) developed an analytical solution of thermal stress field in bonded 

dissimilar materials that contain interface cracks under a uniform heat flow. 

Subsequently, Lee and Shul (1991) and Zhang (2000) derived the stress intensity factors 

for an interface crack subjected to a vertical uniform heat flow and a uniform 

temperature change, respectively. Using a modified virtual crack extension method and 

a crack closure integral method, Ikeda and Sun (2001) computed the stress intensity 

factors of an interface crack between dissimilar isotropic materials numerically under 

thermal loadings. 

To solve interface fracture problems in complex geometries and loading conditions, 

advanced numerical methods have been developed, in which the extended finite 

element method (XFEM) proposed by Moës et al. (1999) has been demonstrated to be 

an efficient and powerful tool to address such problems (Bouhala et al., 2013; Khoei, 

2015; Natarajan et al., 2014). Based on the idea of local partition of unity, the XFEM 

introduces appropriate enrichment functions in the solution space to better reproduce 

the discontinuities and singularities near the crack tip (Asadpoure and Mohammadi, 

2007). Within the framework of XFEM, Sukumar et al. (2004) developed an efficient 

partition of unity enrichment technique for bi-material interface cracks, while Wang 

and Waisman (2017) proposed a set of material-dependent crack-tip enrichment 

functions to model the interface crack in a bi-material system that has large material 

mismatch. The XFEM has also been applied to solve thermo-mechanical problems. 

Asadpoure and Mohammadi (2007) developed enrichment functions within the XFEM 

framework to capture the crack-induced discontinuities in temperature field and 

singularities in heat flux for fractures in homogeneous media. Zamani and Eslami (2010) 

implemented the XFEM to model stationary cracks under dynamic thermo-mechanical 

loads. Shao et al. (2016, 2014b, 2014a) employed the XFEM technique to model the 

transient heat transfer and the crack propagation in layered isotropic and anisotropic 
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materials under thermal loading. Recently, Guo et al. (2020) proposed a new domain-

independent interaction integral and combined it with XFEM to investigate the interface 

crack between dissimilar materials subjected to thermal loading. 

Despite this significant progress made in theoretical and numerical investigations 

of thermo-mechanical problems in cracked media, the effects of the electric current 

flow and electric-induced Joule heat on thermal stress for bi-material interface cracks 

remain incompletely understood. In this work, we develop a novel near-tip enrichment 

function to approximate the singularities of the electric current and the heat flux near a 

bi-material interface crack. The XFEM technique is adopted to solve the coupled 

electro-thermo-mechanical problem in cracked bi-material media with the Joule heating 

effect. The stress intensity factors are evaluated using the domain form of the interaction 

integral. The accuracy and robustness of the proposed XFEM model are verified by 

comparing the numerical results with theoretical solutions. The effects of electric-

induced Joule heat and the mismatch in material properties on the stress intensity factors 

are investigated numerically, which indicate the contribution of the Joule heating effect 

and also shed light on the optimal design of multilayered electronic devices. 

The paper is organized as follows. In Section 2, the governing equations to describe 

the coupled electro-thermo-mechanical system are summarized. The approximate 

solutions with enrichment in the XFEM framework and the computation of stress 

intensity factors for a bi-material interface crack are discussed in Section 3. In Section 

4, we validate the proposed XFEM model for interfacial crack problems and then study 

numerically the effect of Joule heat and material mismatch on the stress intensity factors. 

Finally, concluding remarks are drawn in Section 5. 

 

2. Governing equations for coupled electro-thermo-mechanical system 

The electric current density J  in conductors can be estimated using the Ohm’s 

law and the law of charge conservation, that are 

  J  (1) 

0 J  (2) 
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where    is the electric conductivity and    represents the electric potential. The 

Joule heat generated by the electric current is given by 

TQ      (3) 

As the characteristic time of thermal conduction process is much longer than the 

charge transfer (Cai and Yuan, 1999), the transient state of thermal conduction is 

considered in this coupled electro-thermo-mechanical problem. According to Fourier’s 

law and energy conservation, the transient thermal conduction equation can be written 

as 

 p T

T
c T Q

t
 


  


 (4) 

where    is the density of material, 
pc   is the specific heat capacity, T   is the 

temperature,   is the thermal conductivity, t  denotes the time, and TQ  is the heat 

source shown in Eq. (3). 

The mechanical equilibrium equation under prescribed boundary conditions of a 

domain   is given by 

0   in 

            on 

        on 

u

t

   

 

  

σ b

u u

σ n t

 (5) 

where σ   is the stress tensor, b   is the body force, u   represents the displacement 

vector, n   is the unit outward normal, u   and t   are prescribed displacement and 

traction on the boundaries of the domain   , which are denoted by u   and t  , 

respectively. The constitutive relation for thermoelastic problems is described by the 

generalized Hooke’s law, 

 : T T  σ C ε Ι  (6) 

where C  is the stiffness tensor of the material, s ε u  is the strain tensor, s  is 

the symmetric part of the gradient operator, T  denotes the change of temperature, 

and  1 2T E     is a material constant in the plane strain condition with E  the 

Young’s modulus,   the Poisson’s ratio, and   the thermal expansion coefficient. 
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Substituting Eq. (6) into virtual work equation results in 

  : :  d  d  d
t

T tT   
  

         ε C ε Ι u b u t  (7) 

 

3. Extended finite element solutions 

3.1 Solution of electric potential, temperature, and displacement fields 

We consider the problem of a bi-material interface crack shown in Fig. 1. The plate 

is composed of two dissimilar materials, and a crack is located along the interface 

between them. The materials above and below the crack are denoted by material 1 and 

2, respectively. In the following, unless otherwise stated, the corresponding material 

properties are distinguished by the subscripts 1 and 2. For instance, 1   and 2  

denote electric conductivity for material 1 and material 2, respectively. 

 

Fig. 1 A bi-material interface crack under mixed electric, thermal, and mechanical 

loadings. 

The crack surface is assumed electrically and thermally insulated and traction free, 

which leads to discontinuities in electric potential, temperature, and displacement fields 

on the crack surface. The extended finite element method is known as an efficient 

numerical technique to model discontinuities by enriching the unknown fields in 

classical finite element method with specific functions. Typically, within the XFEM 

framework, the enriched electric potential, temperature, and displacement 

Material 2

Material 1

σ0, T1, ɸ1

σ0, T2, ɸ2

crack

θ
r

x1

x2
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approximations for a crack modelling can be written as (Moës et al., 1999; Duflot, 2008; 

Fries and Belytschko, 2010): 

           
1

n
h k

i i i i i k i

i i i k

N N H N
    

      w x x w x x a x x b  (8) 

where w  represents the unknowns to be calculated, i.e., the electric potential  , the 

temperature T  , and the displacement vector u  . The nodal unknowns, and their 

enriched degrees of freedom associated to the crack surface and crack tip are denoted 

by iw , ia , and k

ib , respectively. Herein  is the set of nodes in the whole domain, 

  is the set of nodes on the crack surface, and   is the set of nodes in the vicinity 

of the crack tip; iN  is the shape function of node i, and  H x  and  k x  are the 

enrichment functions accounting for the discontinuities and singularities, respectively. 

Noting that for calculation of electric potential, temperature, and displacements, the 

enrichment functions can be different. The generalized Heaviside function is commonly 

used to model the discontinuities in any field, 

 
1 if ( ) 0

1 otherwise

i
H

  
 



n x x
x  (9) 

The near-tip enrichment functions are obtained by considering leading terms of the 

asymptotic crack tip fields of electric potential, temperature, and displacements for a 

bi-material interface crack.  

For the crack tip fields of electric potential, we rewrite Eqs. (1) and (2) along with 

the boundary conditions at the crack faces (electrically insulated) in the crack tip-based 

polar coordinate system (r, θ) (see Fig. 1) as 

2 0

as 0
0, at

r
 


 



 



   

 

 (10 ) 

where 2

2 2 2 2 211( ) ( ) ( ) ( )
r r

r r                is the Laplace operator, and   is a 

step function defined by 
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1 2

1            for material 1

  for material 2


 



 


 (11 ) 

Eq. (10) constitutes an eigenvalue problem for  , which has the same form as the 

governing equations for the deformed coordinates of a bi-material interface crack in a 

neo-Hookean sheet (Knowles and Sternberg, 1983; Liu and Moran, 2020). Thus, the 

asymptotic solution of Eq. (10) is given by  

1/2

1 2~ sin cos ...
2

c r c r


     (12 ) 

where 1c   and 2c   are coefficients determined by far-field boundary conditions. 

According to Eq. (12), the leading term for    at the interfacial crack tip is 

 1/2 sin 2r  . Combining with Eq. (3), we note that the leading term of the Joule heat 

at the crack tip satisfies 
1~ ( )TQ O r

.  

To find the leading term of the asymptotic expansion of near-tip temperature field 

(see Eq. (4)), following (Knowles and Sternberg, 1983), we assume T  near the crack 

tip satisfies ~ ( )mT O r   and 1m    as 0r    so that the derivative of T   with 

respect to spatial coordinates (corresponding to the heat flux) is singular. With this in 

mind, we note that the first term in Eq. (4) satisfies ~ ( )m

pc T t O r    , while the 

second term satisfies   2~ ( )mT O r    , and thus  pc T t T        as 

0r   . Therefore, Eq. (4) along with the boundary condition at the crack faces 

(thermally insulated) reduce to  

2

as 0
0, at

T TT Q

rT



 


 



   

 

 (13 ) 

where T  is a step function defined analogous to Eq. (11) (replacing   with  ). The 

solution of Eq. (13) is composed by the general solutions given in Eq. (12) and a 

particular solution ( , )T r  , thus the near-tip temperature field is 
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1/2

1 2~ ( , ) sin cos ...
2

TT T r d r d r


      (14 ) 

where 1d  and 2d  are coefficients determined by far-field boundary conditions. Note 

that the coefficients 1d  and 2d  are time-dependent in the problems considered, and 

allow to characterize time-dependence of the thermal field at the crack tip. As 

aforementioned, the Joule heat satisfies 
2 1~ ( )T TQ T O r     as 0r   , thus the 

particular solution satisfies ( , ) ~ ( )T r O r  as 0r  . Therefore, the leading term of 

T  in the vicinity of an interface crack tip is  1/2 sin 2T r  , which is of the same form 

as that of the electric potential.  

Consequently, we can write the near-tip enrichment functions for the electric 

potential and temperature fields in a bi-material interface crack as follows, 

  ,  1 sin
2

k k r



 

      
 

x  (15 ) 

where   corresponds to   (given in Eq. (11)) for the electrical potential field, while 

in the case of temperature field, T  is adopted and the term 
1 2   in Eq. (11) is 

changed to the ratio of thermal conductivities 1 2  . If the materials have the same 

conductivity, that is, 1  , the near-tip enrichment functions become the same as those 

presented in Duflot (2008) for the discretization of temperature field in a homogeneous 

isotropic media.  

The near-tip enrichment functions in the displacement approximation for a bi-

material interface crack was proposed by Sukumar et al. (2004), that is 
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,  1 12 cos log e sin ,  cos log e cos ,
2 2

cos log e sin ,  cos log e cos ,
2 2

cos log e sin sin ,  cos log e cos sin ,
2 2

sin log e sin ,  sin log e cos ,
2 2

sin log e sin ,  s
2

k k r r r r

r r r r

r r r r

r r r r

r r r

 

 

 

 



 
 

 
 

 
   

 
 




 

 


      


x

 

   

in log e cos ,
2

sin log e sin sin ,  sin log e cos sin
2 2

r

r r r r



 




 
   





 (16 ) 

where    is the bi-material constant defined by the second Dundurs parameter   

(Dundurs, 1969): 

1 1
log

2 1




 

 
  

 
 (17 ) 

   

   
1 2 2 1

1 2 2 1

1 1

1 1

   


   

  


  
 (18 ) 

where i   and i   are the shear modulus and Kolosov constant, respectively, of 

material i ( 1,  2i  ), which are given by 

 2 1

i
i

i

E






 and 

3
(plane stress)

1

3 4 (plane strain)

i

ii

i










 
 

. (19 ) 

Notably, the heat flow may lead to 1 2 logr r   stress singularities at bi-material 

interface cracks (Ting and Yan, 1992; Yan and Ting, 1993). For the case of mismatched 

isotropic bi-materials, this higher order singularity 1 2 logr r   exists only if the 

condition    1 1 2 21 2 1 2        is satisfied. As we focus on the more general 

applications that easily violate this condition, the 1 2 logr r   stress singularity 

(corresponding to logr r  for displacement) is not considered in Eq. (16). 

Furthermore, to ensure the result precision, we introduce additional integration 
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points to compute stiffness matrix for the elements that contain enriched degrees of 

freedom. For the elements enriched by the near-tip asymptotic functions, we employ a 

high-order Gauss quadrature (Sukumar et al., 2004), where each element is divided into 

three sub-triangles and 25 Gauss points in each sub-triangle are used to obtain 

sufficiently accurate solutions. For the elements enriched by Heaviside function, no 

special treatment is needed, as the interface crack lies coincident with elements edges. 

 

3.2 Stress intensity factors 

The stress intensity factors (SIFs) are computed using the interaction integral 

method derived from the path-independent J-integral. In a bi-material interface crack, 

the J-integral remains path-independent when there exists no material inhomogeneity 

in the direction parallel to the crack (Smelser, 1977; Sukumar et al., 2004). In the 

interaction integral method, an auxiliary field  aux aux aux, , ij ij iu    is introduced and 

superposed on the actual field  , , ij ij iu   . The auxiliary stress, strain, and 

displacement fields for a bi-material interface crack are detailed in Sukumar et al. 

(2004). The domain form of the interaction integral is commonly used to compute SIFs, 

that is (Duflot, 2008; Shih, 1981) 

aux
aux aux

1

1 1 1

 d  di i
ij ij j T kk

A A
j

u u q T
I W A q A

x x x x
    
      

      
      

   (20 ) 

where A  is the domain enclosed by an arbitrary contour   around the crack tip, q  

is a weighting function defined in the integral domain, i.e., a smooth function that is 

unity at the crack tip and zero on the contour  , and the interaction strain energy W  

in thermo-mechanical problems is given by (Duflot, 2008) 

 aux aux aux1

2
ij ij ij ij T kkW T          (21 ) 

The interaction integral is related to the SIFs through the following relation 

(Sukumar et al., 2004) 

 
 aux aux

1 1 2 2* 2

2

cosh
I K K K K

E 
   (22 ) 
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where aux

1K  and aux

2K  are auxiliary SIFs for the auxiliary fields. Combining Eqs. (20) 

and (22), the SIFs can be calculated by selecting adequate auxiliary modes. On 

selecting aux

1 1K   and aux

2 0K  , Eq. (22) is reduced to   * 2

1 12 coshI K E  , 

so that the actual SIF 
1K  can be computed, and on an analogous manner 

2K  can be 

evaluated, that are 

 * 2

1 1

cosh

2

E
K I


 , 

 * 2

2 2

cosh

2

E
K I


  (23 ) 

where 2I  represents the interaction integral corresponding to the auxiliary mode by 

selecting aux

1 0K   and aux

2 1K  , and *E  is defined as follows, 

*

1 2

2 1 1

E E E
  ,  

2

(plane stress)

   1,  2
(plane strain)

1

i

i i

i

E

E iE






 
 

 (24 ) 

The energy release rate is related to the SIFs through the relation 

 
 2 2

1 2* 2

1

cosh
G K K

E 
  . (25 ) 

 

 

4. Numerical results 

The accuracies of the proposed XFEM model are examined by benchmarking bi-

material interface cracks under three typical boundary conditions, including a uniform 

electric current, a pure tension loading, and a uniform change of temperature. Then the 

Joule heating effect on temperature distributions, stress intensity factors, and energy 

release rates at the transient state for a bi-material plate with double edge cracks is 

investigated. Effects of the mismatch between material properties on stress intensity 

factors and energy release rates are further presented for this problem. All the cases 

considered are in the plane strain state. 

4.1 An interface crack subjected to a uniform electric current 

We consider a centered crack along the interface between two dissimilar semi-
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infinite plates subjected to a remote uniform electric current 0J  (Fig. 2(a)). The exact 

solution of electric potential and current fields to this problem has been derived by Song 

et al. (2019b), that is 

 2 2 2 20i

2
j e

j

J
z a z a


     (26 ) 

0

2 2

i
ix y

J z
J J

z a
  


 (27 ) 

where 2a is the crack length, the subscript 1 or 2j    represents variables 

corresponding to material 1 or 2, iz x y  , iz x y  , and i 1  .  

Given the symmetry of this problem, we consider only half the specimen with 

appropriate boundary conditions. The geometry of the domain is set to be 1a   mm 

and 30w a  . The remote uniform electric current is 0 10J   mA/mm2. The electric 

conductivity of material 2 is set to be 
2 200   S/m, and the ratio 

1 2   is varied 

from 1 to 100. Noting that although the variation of electric conductivities results in 

different potential fields in this domain, the distribution of electric current is 

independent of 
1  and 

2  (see Eqs. (26) and (27)), which is also demonstrated in 

our numerical results. All simulations are performed using an irregular mesh that has 

4276 three-node triangular elements. A geometrical enrichment approach is used, and 

for this example the nodes inside the circle of a radius a/2 are enriched by the near-tip 

asymptotic enrichment functions. By conducting simulations with or without crack-tip 

enrichment, we study the performance of the proposed enrichment functions at the 

interface crack tip (Fig. 2(b-d)). It is observed that as the crack surface insulates, no 

electric current flows through the crack surface, and the current density is intensified 

near the crack tip. For the case with the proposed enrichment functions at the crack tip, 

the distributions of current density and current vectors in the vicinity of the crack tip 

agree well with the exact solutions. While for the model without the crack-tip 

enrichment, significant discrepancies between the numerical solution and the exact 

solution are observed. The results indicate the effectiveness of the proposed crack-tip 
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enrichment function in predicting electric potential and current density fields for the bi-

material interface crack. This accurate prediction of electric current density is of 

fundamental importance in studying the Joule heating effect on thermal stresses. 

Furthermore, we conduct a convergence study to investigate the mesh dependence 

of the predicted temperature at the interface crack tip. The parameters are now set to be 

0.05 mW   , 0.001 ma   , and 8 2

0 2 10  A/mJ    . The initial temperature of the 

domain is 21 °C and all the boundaries and the crack surface are adiabatic. The 

properties of material 2 are set to be the same as those in (Liu, 2011), i.e., the thermal 

conductivity 1 1

2 64.6 W C  m    , the specific heat capacity 
1 1

2 444 J C  kgpc    , 

the density 3

2 7861.2 kg m  , and the electric conductivity 6 1

2 7.03 10  S m   . 

The thermal conductivity and electric conductivity of material 1 are set to be twice of 

that for material 2. The specific heat capacity and the density are the same for both 

materials. The domain is discretized by three-node triangular elements with different 

mesh densities, i.e., from a coarse mesh with 1310 elements to a fine mesh with 5654 

elements. The resulted crack-tip temperature at the time 0.01s, 0.05s, and 0.1s for 

different mesh densities are shown in Fig. 3(a). The temperature does not vary when 

the number of elements is larger than 3000, indicating the convergence of the results 

for a fine mesh. What mesh is used in the paper? A mesh with 5654 three-node triangles 

is used to ensure a converged solution for XFEM. 

To validate the proposed model on predicting the temperature variation induced by 

Joule heat effect, we again consider the example as shown in Fig. 2(a) and compared 

the thermal field obtained by the XFEM with the finite element results in Liu (2011). 

As Liu (2011) considered the thermal field near a crack tip in homogeneous materials, 

we use the properties of material 2 in the entire domain. As shown in Fig. 3(b), an 

excellent agreement is found between the XFEM solution and the results in Liu (2011), 

demonstrating that the proposed XFEM model can accurately predict temperature 

variation induced by the Joule heating effect. 
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Fig. 2 The bi-material plate with a centered interface crack under a uniform electric 

current: (a) the geometry and boundary conditions, (b)-(c) the near-tip current density 

in the x and y direction, respectively, and (d) the vector of electric current near crack 

tip. In (b) and (c), the black dashed lines represent the numerical results for the case 

with the crack-tip enrichment, which agree well with the exact solutions of current 

densities (color map), while the results without the crack-tip enrichment (red dot dashed 

lines) show evident deviations from the exact solutions. In (d), the current vectors for 

the case with the crack-tip enrichment (black arrows) coincide with the exact solutions 

(blue arrows, which are completely covered by black arrows), while those without the 

crack-tip enrichment (red arrows) deviate from the exact solution. 
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Fig. 3 Temperature variation induced by the Joule heating effect in the plate with a 

centered crack under a uniform electric current: (a) the mesh dependence of the crack-

tip temperature at difference time steps, and (b) Comparison of the crack-tip 

temperature between our XFEM solution and the finite element results in Liu (2011). 

 

4.2 An interface crack subjected to a pure tension loading 

The geometry we consider herein is the same as the previous example in Section 

4.1. The bi-material plate is subjected to a pure tension loading 0  instead of a 

uniform electric current (Fig. 4(a)). The exact solution to this problem is given by Rice 

and Sih (1965). The SIFs at the right crack tip of this problem are (Sukumar et al., 2004) 

   
i

1 2 0i 1 2i 2K K a a


  


    (28 ) 

The SIFs and the energy release rate can be normalized by the factors 0K  and 0G  

such that 

0 0K a  , 
2

0
0

2

a
G

E


  (29 ) 

By varying the ratio of the Young’s moduli 1 2E E   from 2 to 1000, we study the 

performance of the XFEM model for different bi-material combinations. The Poisson’s 

ratios are set to be 1 2 0.3   . The obtained bi-material constants, normalized SIFs, 

and energy release rates for cases with and without crack-tip enrichment are listed in 

Table 1. The relative errors of SIFs and energy release rates between the numerical 
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results and exact solutions are plotted in Fig. 4(b). It is observed that even when large 

mismatch between material 1 and material 2 exists, the relative errors between 

numerical results and exact solutions are within a few percent. Besides, the accuracy is 

evidently improved when the near-tip enrichment functions are included in the 

calculation. In Fig. 4(b), the results computed by Sukumar et al. (2004) are also shown 

where 150×300 rectangular elements are used for discretization. By comparing our 

results (with the crack-tip enrichment) with those by Sukumar et al. (2004), we see good 

performance of the XFEM model even using a relatively coarse mesh with 4276 

triangular elements.  

 

 

Fig. 4 The bi-material plate with a centered interface crack under a pure tension loading: 

(a) the geometry and boundary conditions, and (b) the relative errors of normalized 

SIFs and energy release rates between numerical results and exact solutions. The circle, 

cross, and triangle signs denote the relative errors for different bi-material combinations. 

The black bars represent the average values, the first, and the third quantiles of relative 

errors for various bi-material combinations. 

Table 1 SIFs and energy release rates for different bi-material combinations 

  
Without crack-tip 

enrichment 

 With crack-tip 

enrichment 

 
Exact solution 

1 2E E    1 0K K  2 0K K  0G G  
 

1 0K K  2 0K K  0G G  
 

1 0K K  2 0K K  0G G  

2 -0.030  1.004  -0.037  2.146   1.001  -0.038  2.132   1.001  -0.040  2.133  

4 -0.055  1.007  -0.068  1.766   1.003  -0.071  1.755   1.004  -0.072  1.755  

8 -0.072  1.009  -0.090  1.570   1.006  -0.093  1.560   1.006  -0.094  1.560  
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20 -0.084  1.012  -0.106  1.449   1.008  -0.109  1.439   1.008  -0.110  1.440  

40 -0.089  1.013  -0.112  1.408   1.009  -0.115  1.398   1.009  -0.116  1.400  

100 -0.092  1.013  -0.115  1.383   1.009  -0.119  1.373   1.010  -0.119  1.375  

1000 -0.093  1.014  -0.118  1.369   1.009  -0.121  1.358   1.010  -0.122  1.360  

 

4.3 Double edge cracks subjected to a uniform change of temperature 

To study the accuracy of SIFs computed by the XFEM model, we consider double 

edge cracks in a bi-material plate subjected to a uniform change of temperature T  

(Fig. 5(a)). The exact solution to this problem is given by Erdogan (1965). The SIFs at 

the left crack tip of this problem are (Ikeda and Sun, 2001; Nagai et al., 2007) 

    
i

1 2 0 1 1 2 2i 2 i 2K K T a a


     


      (30 ) 

where 2a is the length of the un-cracked part herein, 1  and 2  are the linear thermal 

expansion coefficients for material 1 and material 2, respectively, 0  and 
j  (j=1, 2) 

are the material properties-related coefficients, given by 

 1 2

0

1 1 2 2 2 1

4 cosh  


     


  
  (31 ) 

1 (plane stress)

1 (plane strain)j

j





 



 (32 ) 

The SIFs and the energy release rate can be normalized by the factors 0K  and 0G , 

which are given by (Ikeda and Sun, 2001) 

 0 0 1 1 2 2K T a       , 
  

2

0 1 1 2 2

0

2

T a
G

E

    
  (33) 

We consider half the specimen on the left-hand side given the symmetry of this 

problem. The related parameters (Fig. 5(a)) are set to be 1a   mm and 30w a  . 

The change of temperature is 100 CT     . The thermal expansion coefficient of 

material 2 is assumed to be 6 1

2 1 10  C     , and the ratio 1 2   is varied from 10 

to 1000. It is noted that although the varied thermal expansion coefficients lead to 

distinct SIFs, the normalized SIFs remain the same. Thereby we study the performance 

of the proposed model for different Young’s moduli by varying the ratio 1 2E E  from 



20 

 

2 to 1000. All simulations are performed using an irregular mesh that has 3540 

triangular elements. In Fig. 5(b), it is observed that even when the mismatch between 

materials is large ( 1 2 1000E E   ), the normalized SIFs and energy release rates 

computed by XFEM model agree well with the exact solutions, which indicates the 

accuracy of the proposed XFEM model in predicting SIFs. 

 

 

Fig. 5 The bi-material plate with double edge interface cracks under a uniform change 

of temperature: (a) the geometry and (b) the comparison of normalized SIFs and energy 

release rates between numerical results and exact solutions. 

 

4.4 Joule heating effect on a bi-material plate with double edge cracks 

We still consider the geometry as shown in Fig. 5(a), where the size of the specimen 

is 30 mmw   and 29 mma  , and thus the crack length is 1 mm. The bi-material 

plate is assumed to be subjected to two sets of mixed boundary conditions that are 

commonly found in real engineering applications, including (i) a simultaneous change 

of electric potential and temperature, and (ii) a tension load combining with the change 

of electric potential. 

For the first set of boundary conditions, the initial electric potential and temperature 

in the domain are set to be 0 V and 100 °C, respectively. The boundary conditions are 

as follows: on the bottom boundary, the electric potential is fixed to be 1 10 V  , the 

temperature is 1 20 CT   ; on the top boundary, the electric potential is 2 0 V  , and 
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the temperature is 2 20 CT   ; all other boundaries and crack surfaces are electrically 

and thermally insulated. Only half the specimen is considered due to the symmetry of 

this problem. The electrical, thermal, mechanical properties of the bi-material plate are 

listed in Table 2. All material properties are assumed independent of temperature 

change. 

 

Table 2 Electrical, thermal, and mechanical properties of the bi-material plate 

Electric conductivity 
3 1

1 4 10  S m    
1

2 4 S m   

Volumetric heat capacity   6 1 3

1
2 10  J C  mpc        6 1 3

2
4 10  J C  mpc      

Thermal conductivity 
1 1

1 20 W C  m     
1 1

2 2 W C  m     

Thermal expansion coefficient 
5 1

1 2 10  C      
5 1

2 1 10  C      

Young’s modulus 
5

1 1 10  MPaE    
5

2 2 10  MPaE    

Poisson’s ratio 1 0.3   2 0.3   

 

The electric process is fast enough, so that a steady state is considered in the 

calculation. Contrarily, the characteristic time of thermal conduction is relatively long, 

thus a transient thermal analysis is conducted. The evolution of temperature, SIFs, and 

energy release rates at different time are shown in Fig. 6. To study the Joule heating 

effect on the temperature distribution and SIFs, we compare the results which exclude 

Joule heat (Fig. 6(a)) with those include Joule heat (Fig. 6(b)). It is found that within 

10 s, the temperature distributions are almost the same in both cases, leading to the 

same SIFs and energy release rates (Fig. 6(c)). The Joule heat does not show significant 

effect in this time period. Starting from 100 s, the temperature fields exhibit obvious 

differences. The Joule heating effect leads to a higher temperature, especially at the 

bottom half of the plate, due to the lower electric conductivity in material 2 that causes 

more Joule heat generation therein. At steady state (10000 s), a uniform temperature 

field (20 °C) is obtained when no Joule heat is considered, while if including the Joule 

heat, we eventually get a non-uniform temperature field (ranges from 20 °C to 

approximately 60 °C). 
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Fig. 6 Joule heating effect on a bi-material plate with double edge cracks under the 

change of electric potential and temperature: the evolution of temperature fields at 

different time when (a) excluding Joule heat and (b) including Joule heat, respectively, 

and (c) the evolution of SIFs and energy release rates versus time. 

 

The distinct temperature fields in the two cases result in different SIFs and energy 

release rates. Specifically, excluding the Joule heat in this problem leads to an 

underestimation of 1K  and an overestimation of 2K , and the energy release rate is 

slightly overestimated at the steady state. Notably, the maximum energy release rate 

appears before it reaches the steady state (at around 30 s). And at this time step, the 

energy release rate is slightly underestimated if neglecting the Joule heating effect. 

For the second set of boundary conditions, the bi-material plate is subjected to a 
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uniform tension load and a change of electric potential. The initial electric potential and 

temperature inside the domain is 0 V and 20 °C, respectively. The top and bottom 

boundaries are prescribed with a fixed temperature of 20 °C and applied with electric 

potential of 0 V and 10 V, respectively. The tension load applied vertically on the top 

and bottom boundaries is set to be 50 MPa. The material properties are the same as 

listed in Table 2, except that 5 1

1 4 10  C      . Under these boundary and initial 

conditions, we exclude other heat sources, and thus can solely see the effect of the Joule 

heat on the SIFs and the energy release rate.  

The evolution of temperature, SIFs, and energy release rates with respect to time 

are shown in Fig. 7. If no Joule heat is considered, the temperature field has no change, 

and the SIFs and energy release rates remain the same at different time (Fig. 7(b)). With 

Joule heat generation, the temperature rises inside the domain, and the highest 

temperature reaches approximately 50 °C at steady state (Fig. 7(a)). This nonuniform 

elevation of temperature leads to an increase of 1K , a decrease of 2K  and eventually 

a significantly higher energy release rate (> 25% increase, see Fig. 7(b)), which 

indicates the non-negligible contribution of the Joule heating effect to the temperature 

elevation and thermal stress in the bi-material system. To further highlight the important 

factors that influence the SIFs and the energy release rate with the presence of Joule 

heat, a systematic parameter study is conducted in the next section. 
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Fig. 7 Joule heating effect on a bi-material plate with double edge cracks under the 

tension loading and the change of electric potential: (a) the evolution of temperature 

field due to the Joule heat generation and (b) the evolution of SIFs and energy release 

rates at different time. 

 

4.5 Effects of mismatch between bi-material properties 

The effects of mismatch between bi-material properties, i.e., Young’s moduli, 

electric conductivities, thermal conductivities, and thermal expansion coefficients, are 

examined by performing parameter analyses with the presence of the Joule heat. We 

consider the double edge cracks applied with electric potential and temperature (the 

first set of boundary conditions in Section 4.4) and use the data in Table 2 as the 

properties of material 2. The parameter analyses are performed by varying the ratios 

1 2E E , 1 2  , 1 2  , and 1 2   from 0.001 to 1000. The Joule heating effect is 

considered in all cases. The resulted SIFs and energy release rates at the steady state for 

different ratios of the bi-material properties are shown in Fig. 8. The following 

information is inferred:  

(1) The mismatch between bi-material Young’s moduli has significant effect on the 
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SIFs and energy release rates. The increase of stiffness in material 1 leads to an 

evident increase of the energy release rate at the crack tip (Fig. 8(a)). Contrarily, in 

the considered cases, the mismatch between bi-material electric conductivities 

shows negligible influence on the SIFs and energy release rates at steady state (Fig. 

8(b)).  

(2) An increase of thermal conductivity in material 1 roughly leads to a decrease of 

1K   and a slight increase of 2K  , which jointly results in a decrease of energy 

release rates (Fig. 8(c)). Notably, if no Joule heat is generated in the system, the 

temperature would be uniformly distributed at steady state as shown in Fig. 6(a), 

no matter how the thermal conductivity varies, and thus the resulted SIFs and 

energy release rates at steady state would be independent of thermal conductivities. 

Contrarily, in this case, as the Joule heat generation contributes to the local 

temperature elevation, the thermal conductivity shows evident effect on the steady-

state SIFs and energy release rate (Fig. 8(c)). For a relatively small thermal 

conductivity, the increase of local temperature is more significant and a steep 

temperature gradient near interface crack probably leads to large energy release 

rates at the crack tip. For instance, the temperature at steady state ranges from 20 °C 

to ~120 °C and the energy release rate is larger than 400 N/m when 1 2 0.01   , 

while the temperature ranges from 20 °C to ~60 °C and the energy release rate 

decreases to ~100 N/m when 1 2 10     (Fig. 8(c)). As can be seen, a large 

thermal conductivity promotes the heat conduction and tends to result in a uniform 

temperature field at steady state, which turns out to be an advantage in reducing 

energy release rate for the bi-material interface crack (Fig. 8(c)).  

(3) The thermal expansion coefficients exhibit significant influence on the SIFs and 

energy release rates. When the ratio between bi-material thermal expansion 

coefficients is relatively small (e.g., 1 2 0.5   ), the energy release rate stays at 

a low extent (less than 100 N/m, Fig. 8(d)). As 1 2   increases, the SIFs and 

energy release rates increase exponentially (Fig. 8(d)). This effect is additionally 
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enhanced by the Joule heat generation that induces nonuniform temperature 

distribution in the bi-material system. Noting that when 1 2   equals 100, the 

calculated 1K  and 2K  are 125.1 MPa m1/2 and 308.5 MPa m1/2, respectively, and 

the energy release rate is as large as 7.5×105 N/m. This indicates that a large 

thermal expansion coefficient with a large mismatch between bi-material thermal 

expansion coefficients can lead to extremely large values of SIFs and energy release 

rates, eventually resulting in high possibilities of crack propagations. 

 

 

Fig. 8 The effects of mismatch between bi-material properties on SIFs and energy 

release rates: (a) Young’s moduli, (b) electric conductivities, (c) thermal conductivities, 

and (d) linear thermal expansion coefficients. 

 

In summary, the mismatch of bi-material Young’s moduli, thermal conductivities, 

and thermal expansion coefficients have non-negligible effects on the SIFs and energy 

release rates at the interface crack tip. To avoid crack propagation in this problem, the 

SIFs and energy release rate need to be maintained at a low extent for given boundary 
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conditions. To this end, we suggest that, in the design of bi-material electronic devices, 

materials that have similar stiffness are preferable to be used. Large thermal 

conductivities are suggested to promote heat conduction and thus to mitigate 

nonuniform temperature elevation induced by Joule heating effect. Small thermal 

expansion coefficients of materials are also of importance in reducing the SIFs and 

energy release rate. In particular, the matching between the bi-material thermal 

expansion coefficients is a key factor that must be considered in the design. 

 

5. Conclusion 

In this paper, we have developed a coupled electro-thermo-mechanical XFEM 

model to study the electric-induced Joule heating effect on thermal stress for bi-material 

interface cracks. To characterize the singular fields of electric current and heat flux in 

the vicinity of an interface crack tip within the XFEM framework, a novel near-tip 

asymptotic function has been developed to enrich the finite element approximations of 

electric potential and temperature. The effectiveness and robustness of the proposed 

XFEM model have been demonstrated by performing benchmarking tests in a bi-

material interface crack subjected to various boundary conditions, including pure 

electric current, pure tension load, and a uniform temperature change. The effect of the 

electric-induced Joule heat and the mismatch between material properties on the stress 

intensity factors and energy release rate at the interfacial crack tip have been 

investigated numerically. We found that the Joule heat has non-negligible effect on the 

temperature elevation and thermal stress, and as a result affects the stress intensity 

factors and the energy release rate. Furthermore, the mismatch between bi-material 

Young’s moduli, thermal conductivities, and thermal expansion coefficients shows 

evident impact on the stress intensity factors and energy release rate for an interface 

crack. Large thermal conductivities and small thermal expansion coefficients of 

materials are beneficial to reduce the stress intensity factors and energy release rate in 

a bi-material interface crack when the Joule heating effect is considered. This work has 

not only extended the capabilities of the XFEM to the analysis of coupled electro-

thermo-mechanical problems for bi-material interface cracks, but also revealed the 
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Joule heating effect and the impact of material mismatch on the temperature elevation 

and thermal stress in bi-material fracture systems. 

We note that a standard XFEM approximation given by Eq. (8) may lead to sub-

optimal convergence rate for the problems considered. Such reduced convergence rate 

is usually induced by blending elements, which contain partially enriched nodes and 

produce unwanted terms into the approximation (Laborde et al. (2005) and Fries 

(2008)). Several modified XFEM approximations have been developed to circumvent 

such problem of sub-optimal convergence rate in recent years. For example, Fries (2008) 

proposed a corrected XFEM with optimal convergence rate, where the enrichment 

functions are modified such that they vary continuously in the blending elements. The 

modification of enrichment functions in the blending elements may also benefit for 

achieving optimal convergence for the problem considered and is worth more 

exploration in future studies. 
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