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Abstract. This work investigates the dynamics of a microbeam-based MEMS device in the neighborhood of a 2:1 internal resonance 

between the third and fifth vibration modes. The saturation of the third mode and the concurrent activation of the fifth are observed. 

The main features are analyzed extensively, both experimentally and theoretically. We experimentally observe that the complexity 

induced by the 2:1 internal resonance covers a wide driving frequency range. Constantly comparing with the experimental data, the 

response is examined from a global perspective, by analyzing the attractor-basins scenario. This analysis is conducted both in the third-

mode and fifth-mode planes. We show several metamorphoses occurring as proceeding from the principal resonance to the 2:1 internal 

resonance, up to the final disappearance of the resonant and non-resonant attractors. The shape and wideness of all the basins are 

examined. Despite they are progressively eroded, an appreciable region is detected where the compact cores of the attractors involved 

in the 2:1 internal resonance remain substantial, which allows effectively operating them under realistic conditions. The dynamical 

integrity of each resonant branch is discussed, especially as approaching the bifurcation points where the system becomes more 

vulnerable to the dynamic pull-in instability. 
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1. Introduction 

Many different nonlinear features may arise in micro and nano-electromechanical systems (MEMS/NEMS), whose 

potential is explored in depth for realizing novel devices and achieving superior performances [1]. Ruzziconi et al. [2] 

analyze the dynamics of a microbeam-based MEMS device where the axial load is deliberately added to achieve a bistable 

static configuration. Several competing attractors coexist and their operational range is detected, leading to a considerable 

versatility. Ramini et al. [3] experimentally investigate the nonlinear response of an in-plane MEMS arch. Softening 

behavior is observed when the excitation is close to the first resonance frequency, hardening when the excitation is close 

to the third one, and dynamic snap-through is taking place for a large range of electric loads. Medina et al. [4] examine 

the latching phenomenon in curved bistable microbeams subjected to transverse loading. Depending on the initial 

conditions and the level of damping, comprehensive maps are reported, where possible dynamic releases are illustrated. 

Kambali et al. [5] focus on the multi-element interactions in an elastically coupled microcantilever array subjected to 

electrodynamic excitation. An intricate bifurcation structure is observed, including both quasiperiodic and nonstationary 

chaotic-like energy transfer between the elements of the array. Bassinello et al. [6] show the rich complex behavior of a 

nonlinear MEMS resonator, including both chaotic and periodic motion. Two different control strategies are taken into 

account for bringing the system from a chaotic state to a periodic orbit. Kumar et al. [7] propose an alternative sensing 

approach based on dynamic transitions across saddle-node bifurcations. Proof-of-concept experiments on bifurcation-

based sensing are detailed, which are conducted using selectively functionalized piezoelectrically-actuated 

microcantilevers. Ouakad and Najar [8] discuss the nonlinear dynamics of a MEMS arch when actuated by an out-of-

plane electrostatic force arrangement. At primary, superharmonic, and subharmonic resonances, large amplitude motion 

is provided while protecting the structure from pull-in instability. Hafiz et al. [9] apply the inherent nonlinearity of an 

arch resonator for mechanical memory operation. The hysteretic frequency band is controlled by the electrothermal 

actuation voltage and binary values are assigned to the two allowed dynamical states on the hysteretic response curve. 

Samanta et al. [10] utilize an electrostatic mechanism to tune the geometric nonlinearity of an atomically thin NEMS. 

Hardening, softening, and mixed nonlinear responses are demonstrated and the cross coupling between quadratic and 

quartic nonlinearities is examined. Kacem et al. [11] remark that simultaneous resonance can be used to overcome the 

limitations of nanomechanical resonators. Jaber et al. [12] fabricate a resonant gas sensor uniformly coated with a metal-

organic framework. Operating the resonator near the dynamic pull-in instability, they demonstrate the possibility of 

realizing a smart switch, which is triggered upon exceeding a certain mass, gas concentration, threshold. 
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Increasing interest is devoted to the nonlinear interactions among different vibration modes [13, 14]. Hajjaj et al. [15] 

experimentally investigate different types of internal resonances in micromachined MEMS arches. By tuning the 

electrothermal voltage, the second symmetric natural frequency is adjusted to specific ratio and the contribution of each 

mode before, during, and after the internal resonances is highlighted. Hacker and Gottlieb [16] consider the two-to-one 

internal resonance in magnetic resonance force microscopy. Conditions for periodic and quasiperiodic energy transfer 

between the transverse in-plane and out-of-plane modes are addressed. Yang and Towfighian [17] introduce a nonlinear 

energy harvester based on combining internal resonance and magnetic nonlinearity. Experiments and simulations show 

that the internal resonance phenomenon broadens the frequency bandwidth and the proposed design outperforms the linear 

system improving the efficiency of energy harvesting. Kirkendall et al. [18] consider a quartz crystal resonator and 

observe the internal resonance due to modal coupling for sufficiently large forcing amplitudes. Sarrafan et al. [19] take 

advantage of the internal resonance phenomenon for detection of angular rate signals, where the Coriolis effect modifies 

the energy coupling between the distinct drive and sense vibration modes. As the electrostatic voltage is increased, the 

microresonator exhibits increasing nonlinear mode coupling, where the vibrational amplitude splits and two peaks of the 

vibrational deflection emerge. Vyas et al. [20] design a microresonator based on the internal resonance between an out-

of-plane torsional mode and a flexural in-plane vibrating mode. For excitation levels above a specific threshold, the 

torsional mode is activated. Potekin et al. [21] analyze an inner-paddled cantilever supporting internal resonance during 

multi-frequency tapping mode atomic force microscopy. The nonlinear tip-sample force activates the internal resonance 

and the energy transfer from the directly excited frequency to higher harmonics is optimized to enhance the system 

performance. Alfosail et al. [22] theoretically and experimentally observe the dynamics induced by the two-to-one internal 

resonance in MEMS arch resonators, accounting up to large voltage excitations. Daqaq et al. [23] simulate the complex 

nonlinear behavior due to the 2:1 internal resonance in a micromirror. The exchange of energy between the modes is 

discussed, showing the sensitivity of the involved ranges to the system parameters. Nathamgari et al. [24] report on a 

force sensor utilizing the nonlinear mode coupling in a monolayer tungsten disulfide nanoresonator, showing multiple 

pairs of 1:1 internal resonance.  

The present paper is focused on the 2:1 internal resonance arising in a microbeam-based MEMS device. This device 

was previously analyzed in Ruzziconi et al. [25], where an in-depth experimental and theoretical investigation of the 

dynamics induced by the 2:1 internal resonance was performed. Starting from these results, the present paper further 

deepens the analysis, by investigating the nonlinear interaction extensively. The complex experimental dynamics are 

examined. The 2:1 internal resonance develops along both the resonant and the non-resonant branch, while experiencing 

hardening bending. A shift in their activation is observed experimentally, which is related to the system nonlinearity. All 

these features are confirmed by the numerical simulations. Additional attractors with different characteristics are 

theoretically detected, which appear and coexist with the ones directly caught by the experiments.  

The complexity induced by the nonlinearities is promising for applications [26], as noticed by the increasing variety 

of research studies in MEMS/NEMS based on making use of the inherent nonlinear features arising in the response 

dynamics. In micro and nano systems, while tuning parameters, e.g. the voltage, various modes natural frequencies can 

become commensurate and induce nonlinear interaction and internal resonance. This scenario can happen in various micro 

and nano systems, in which stiffness is tuned through changing curvature, axial load, or voltages, such as in micro beams, 

plate, Nano tubes, and graphene membranes. Alneamy et al. [27] present a novel electrostatic micro-tweezers, which 

exploits the bistable equilibria resulting from snap-through instability to close the separation distance between the two 

arms. The operational range is detected and the capability of the device to manipulate micro-particles is discussed. Nguyen 

et al. [28] introduce a mass sensing technique based on taking advantage of the multi-stability and the bifurcations of the 

hysteretic frequency responses of a MEMS resonator. The expected robustness during operation is outlined and possible 

improvements are proposed. Alcheikh et al. [29] develop a highly sensitive resonant pressure sensor based on tracking 

multiple modes of vibration of curved resonators. Extensive data and simulations are reported. Operating the micro-beam 

at the veering phenomenon is shown to enhance significantly the sensitivity of the pressure micro-sensor, which becomes 

highly sensitive for wide-range of pressure. Westra et al. [30] experimentally and theoretically investigate the intermodal 

coupling between the flexural vibration modes of a single clamped-clamped beam. Frequency-frequency plots capture 

the complex dynamic behavior observed in the regime where two modes are simultaneously driven nonlinear. Venstra et 

al. [31] perform gas sensing experiments with a standard functionalized cantilever nanobeam driven strongly into the 

regime of nonlinear oscillations. Analyzing the cantilever response to the selective adsorption of ethanol vapor, they 

exploit the nonlinearity to enhance the responsivity of the device. Kozinsky et al. [32] experimentally systematically 

probe the basins of attraction of two fixed points of a nonlinear nanomechanical resonator and map them out with high 

resolution. Following the evolution for increasing drive strength, the separatrix progressively alters the shape of the two 

basins of attraction and changes the relative areas. Lenci and Rega [33] deal with the problem of increasing the range of 

reliable operation of a MEMS device. They propose a control method, which is based on shifting toward higher excitation 

amplitudes the homoclinic bifurcation triggering the safe basin erosion eventually leading to dynamic pull-in. Settimi and 

Rega [34] apply the control technique in noncontact atomic force microscopy. The drop down of the erosion profile is 

delayed, which provides an enlargement of the system’s safe region in the parameters space during operating conditions. 

Ruzziconi et al. [35, 36] analyze the experimental data of MEMS devices and draw dynamical integrity charts to forewarn 

the robustness of each attractor. They detect the parameter range where each branch can be reliably observed in practice 
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and where becomes vulnerable, providing valuable information to operate the device in safe conditions according to the 

desired outcome and depending on the expected disturbances. 

Motivated by the complexity experimentally observed at 2:1 internal resonance, the present paper systematically 

explores the metamorphoses in the bifurcational behavior, with the aim of achieving a confident estimate of the system’s 

response. The experimental sweeps show the opportunity of a wide operational range. However, they alert that the 

dynamics induced at 2:1 internal resonance along the resonant branch disappear considerably before covering the entire 

available air gap. This suggests a severe underlying dynamical integrity problem [37], as well as the possibility of further 

widening the practical range of actuality. In the following, this issue is analyzed in depth, by performing systematic 

attractor-basins phase portraits, and successively investigating the dynamical integrity profiles. These simulations present 

some challenging aspects, since the theoretical model, and consequently the corresponding phase space, is four 

dimensional. Based on the obtained results, we report on the criticalities related to the bifurcational behavior induced by 

the 2:1 internal resonance. The robustness of each single branch is discussed, as a reference for the design stage. 

The paper is organized as follows. Section 2 experimentally investigates the system response at the 2:1 internal 

resonance and numerically simulates the experimental dynamics. Section 3 shows the progression of the attractor-basins, 

starting from the principal resonance and proceeding along the 2:1 internal one; each attractor is analyzed both along the 

third and the fifth-mode plane. Section 4 presents dynamical integrity profiles to illustrate the reliability of each attractor 

under disturbances. The main conclusions are summarized in Section 5. 

 

 

2. The 2:1 internal resonance 

We focus on the 2:1 internal resonance arising in a microbeam-based MEMS device at the third mode dynamics. The 

main features were previously examined both experimentally and theoretically in Ruzziconi et al. [25], to which we refer 

for more details. The present section briefly recalls the main aspects and further completes the analysis. We detect a wide 

parameter range where the 2:1 internal resonance dynamics are experimentally observed. Other attractors coexisting with 

the ones experimentally acquired are noticed in the simulations.  

 

2.1. The microbeam-based MEMS device 

We analyze the dynamics of a MEMS device constituted by a clamped-clamped rectangular microbeam. The device is 

electrically actuated by an electrode, which is placed directly underneath it on a substrate. An optical image is reported 

in Fig. 1(a).  

The fabrication layers and the main dimensions are schematically illustrated in Fig. 1(b). For bottom to top, the layers 

composing the microbeam are 1.5 μm Silicon Nitride, 50 nm Chrome, and 200 nm Gold. The layers composing the lower 

electrode are 50 nm Chrome, and 200 nm Gold. The microbeam has length L = 400 μm and width b = 50 μm. The lower 

electrode spans half of the beam length in order to enhance the excitation of the anti-symmetric modes [38]. The air gap 

between the microbeam and the lower electrode is 2.5 μm. The Silicon Nitride is an isolation layer, which prevents short 

circuits and potential failure of the microbeam at dynamic pull-in. This allows a deep experimental investigation of the 

system’s dynamics, up to elevated excitations. 

When electrically excited, the microbeam oscillates in the out-of-plane direction. The lower electrode provides both 

electrostatic and electrodynamic excitation, where VDC is the electrostatic voltage and VACcos(Ωt) is the electrodynamic 

load, with voltage VAC and frequency Ω. To experimentally measure the first three natural frequencies, the device is 

excited with a white noise signal of VDC = 10 V and VAC = 10 V. The first natural frequency occurs at f1= 145.2 kHz (first 

symmetric), the second at f2 = 314.8 kHz (first antisymmetric) and the third at f3 = 526.6 kHz (second symmetric). The 

higher natural frequencies are less evident, specifically the fourth seems to occur at about f4 = 787 kHz, the fifth at about 

f5 = 1105 kHz, and the sixth at about f6 = 1438 kHz. 

 

 

(a)   (b)  

 
 

Figure 1. The fabricated microbeam-based MEMS device. (a) Optical image. (b) Schematic of layers and main dimensions; Silicon 

Nitride (Si3N4), Chrome (Cr), and Gold (Au) are in green, grey, and yellow, respectively. 

 

 

L b

air



4 

 

2.2. Experimental dynamics 

An extensive experimental investigation is conducted, where the device response in analyzed at the 2:1 internal resonance 

between the third (second symmetric) and the fifth (third symmetric) mode. As an example, we consider the behavior at 

VAC = 21.5 V, where the main features arising in the response extend for a wide range. Both forward and backward sweeps 

are performed, where the frequency is increased or decreased slowly, respectively. Measurements are acquired at the 

microbeam midpoint. To better observe the activation of the 2:1 internal resonance, the assumed static voltage is quite 

elevated, VDC = 30 V. The pressure is set constant (as much as possible) at 2 mTorr. 

The frequency response diagram extracted from the experimental time history is reported in Fig. 2(a), and represents 

the maximum amplitude of the oscillations as varying the excitation frequency. Both the resonant and the non-resonant 

branch exist, which are bending toward higher frequency values, denoting hardening behavior. The resonant branch 

gradually increases up to Ω = 589.7 kHz, after which it disappears leading to safe jump to the non-resonant attractor. The 

non-resonant branch presents oscillations of very small amplitude, except in a close neighborhood preceding the saddle-

node bifurcation at about Ω = 530.5 kHz, where there is jump to the resonant attractor. Some noisy points occur, which 

are likely due to experimental noise and other inaccuracies [39].  

Along the resonant branch, there is a small dip at about Ω = 571.5 kHz, after which there is a change of slope. Before 

this threshold, the maximum amplitude of the oscillations gradually reaches approximately Amax = 0.99 μm. Then, it 

practically settles for a small but visible range, after which it restarts increasing up to the disappearance of the resonant 

branch. These changes in the maximum amplitude are due to the activation of the 2:1 internal resonance of the third mode 

with the fifth. Thus, along the entire resonant branch we can detect two different parts with intrinsically different behavior. 

The first part is referred to as Pres and is mainly related to the principal resonance of the third mode. Following it is the 

second part, which is referred to as S1res, where the branch becomes affected by the 2:1 internal resonance with the fifth 

mode, up to finally disappear. From the present data, it is not clear if this disappearance is related to the occurrence of a 

bifurcation or to experimental disturbances. 

The effects of the fifth mode activation are observed also in the non-resonant branch. Along Pnonres the maximum 

amplitude of oscillations slightly increases at about Ω = 554 kHz, actually inducing resonant (S2res) and non-resonant 

(S2nonres) dynamics. Despite the narrow range, the data are able to catch some detailed aspects of these branches, showing 

them exhibiting hardening behavior. S2nonres performs a saddle-node bifurcation at about Ω = 554.1 kHz. This 

disappearance leads to a jump to S2res, whose branch is directly evolving from Pnonres. To catch the length of S2res entirely, 

an additional forward sweep is needed along the non-resonant branch, which is not acquired in the present paper. 

To demonstrate that the changes observed in the experimental response are effectively due to the activation of the 2:1 

internal resonance between the third and fifth mode, we analyze the FFT diagram extracted from the experimental time 

history, Fig. 2(b). The frequency of the response for the third mode practically coincides with the frequency of the 

excitation, whereas the frequency of the response of the fifth mode is twice that. This is extracted and added in the figure 

on top of the fifth mode curve. The forward sweep is represented in blue and dark blue, while the backward is in red and 

dark red, respectively for the third and the fifth mode contribution. This diagram provides a comprehensive view of each 

one of them. 

Along the resonant branch, the third mode dynamics progressively increase as sweeping Pres. Once evolving into S1res, 

the FFT amplitude settles and remains almost constant at about Wmax = 1.002 µm. This plateau denotes a saturation of the 

third mode contribution, which extends up to the final disappearance of the resonant branch. Regarding the fifth mode, 

the FFT peaks are practically null in the initial part of the frequency sweep. They are activated instead in the same range 

corresponding to the plateau of the third mode. Along this interval, the FFT of the fifth mode increases its amplitude 

rapidly, while bending toward the right. The achieved maximum is considerable, up to Wmax = 0.425, although this is 

lower than the one at the third mode. 

Similarly, along the non-resonant branch, the FFT shows the saturation of the third mode, whose oscillations remain 

at minimal amplitude, which for clarity is represented by a blank gap at about Ω = [552.9; 555.9] kHz. Concurrently, 

there is the activation of the fifth mode, inducing the onset of S2res and S2nonres. Note that the activation of the fifth mode 

is not perceived at the same value of frequency along the resonant and the non-resonant branch, since these critical points 

are shifted with respect to each other, being at higher frequency in the former with respect to the latter, where this is closer 

to half of the fifth natural frequency. 

All these experimental data show that the 2:1 internal resonance arising in the response can be operated in safe 

conditions along a wide Ω-range, i.e. there are wide ranges of the driving parameters space where the complexity induced 

by the nonlinearities at 2:1 internal resonance is reliable. This may be valuable for enhancing MEMS/NEMS performances 

[40], e.g. internal resonances have been recently applied in energy harvesting [41, 42], sensitivity [43, 44], and response 

enhancement [45, 46].  
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(a)     (b)  

 

Figure 2. Experimental response at VAC = 21.5 V. (a) Experimental frequency response diagram processed from the time history, 

representing the maximum amplitude of oscillations versus frequency. Forward and backward sweep are in blue and red, 

respectively. (b) Experimental FFT diagram extracted from the recorded time history. Forward and backward sweep are in blue and 

dark blue for the third mode, in red and dark red for the fifth, respectively. The scale of the frequency of the response of the fifth 

mode is reported on top of the curve. 

 

 

2.3. Simulated response 

Systematic numerical simulations are developed and compared with the experimental data. The considered two degree-

of-freedom (d.o.f.) Galerkin reduced-order model is derived accounting for both the third and the fifth mode dynamics, 

while the electric force term is integrated numerically. Details on the problem formulation are reported in Appendix A.  

The frequency response is shown in Fig. 3(a), where the maximum amplitude is represented. Stable and unstable 

branches are in solid and dotted lines, respectively. They are obtained by the combined use of a shooting technique to 

capture periodic orbits and local stability analysis based on the Floquet theory [47]. Theoretical results properly simulate 

the principal resonance frequency. The attractor Pres progressively amplifies its oscillation amplitude and reaches elevated 

values. The attractor Pnonres appears and/or disappears by a saddle-node bifurcation at about Ω = 532.0 kHz and performs 

oscillations of very small amplitude, except in a neighborhood of the bifurcation where they slightly increase. As in the 

experiments, Pres and Pnonres exhibit bending toward higher frequency values.  

Because of the 2:1 internal resonance with the fifth mode, changes occur along the resonant branch. Starting at about 

Ω = 575 kHz, Pres progressively varies its maximum amplitude and becomes S1res. Note the similarity of the simulations 

in Fig. 3(a) with the experimental diagram in Fig. 2(a). As approaching the 2:1 internal resonance, the maximum 

amplitude rapidly stops rising and settles at about a constant (slightly increasing) value. This occurs along a small, but 

clearly visible range, up to about Ω = 582 kHz. After that, the branch restarts growing, exhibiting an inclination very 

similar to the one before the 2:1 internal resonance activation. Concurrently, the attractor S1nonres develops by appearing 

via a saddle-node bifurcation at about Ω = 578.1 kHz, and extends for an ample range. Except for a close neighborhood 

of the saddle-node, the dynamics of this attractor are very similar to the ones of Pres, and thus it may be considered as its 

prosecution; for this reason, in the following this branch is also referred to as novel Pres. This attractor is not caught in the 

experiments since it requires an active and ad-hoc change of the initial conditions of the system.  

The fifth mode activation induces similar changes also along the non-resonant branch. Starting at about Ω = 553.3 

kHz, Pnonres raises and becomes S2res. Its range of existence is rather small, since it lengthens up to about Ω = 571.0 kHz, 

where it becomes extremely weak and difficult to be followed in the simulations. This leads to its final disappearance and 

subsequent jump to the non-resonant branch. Concurrently, S2nonres appears via a saddle-node bifurcation at about Ω = 

554.5 kHz, and successively proceeds and may be considered as the prosecution of Pnonres. As in the experiments, the fifth 

mode activation along the resonant branch occurs at higher frequency values than along the non-resonant one, where this 

is closer to half of the fifth natural frequency.  

In addition to the previous branches, simulations show the existence of at least another attractor not caught in the 

experiments, S1res-ph, which appears by saddle-node bifurcation at about Ω = 578.2 kHz, and proceeds with a development 

similar to S1res, covering a slightly wider length. As a reference, the main attractors and their principal features are listed 

in Table 1. 

To analyze the mode contribution, we report the third and fifth mode components, which are respectively in blue and 

green line, Fig. 3(b). The scale of the frequency of the response of the fifth mode is reported on top of the curve. 

Simulations confirm that proceeding along the resonant branch, the third mode saturates and presents a plateau. The fifth 

one, instead, gets activated and determines the main features of S1res. Note the similarity with the experimental FFT 

diagram in Fig. 2(b). Similar comments apply to the other branches. Regarding S1nonres, the rising of the oscillation 

amplitude at its appearance by the saddle-node bifurcation is mainly governed by the fifth mode dynamics. Instead, the 

third mode becomes influential again as proceeding along the branch. Regarding S2res-S2nonres, these dynamics are mainly 

related to the fifth mode contribution, in conformity with the experiments. The components for S1res-ph are similar to the 

ones for S1res.  

The good correspondence between numerical simulations and experimental data for all the main dynamical features 

corroborates and raises the confidence in the theoretical model proposed in Appendix A. 
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Figure 3. Simulated response at VAC = 21.5 V. (a) Frequency response diagram (maximum amplitude of oscillations versus 

frequency) of the 2:1 internal resonance between the third and the fifth mode. Stable and unstable branches are in solid and dotted 

lines, respectively. (b) The maximum amplitude of oscillations due to the third and the fifth mode component, respectively in blue 

and green line. The scale of the frequency of the response of the fifth mode is reported on top of the curve. 

 

 

Some discrepancies, indeed, are noticed in the range of existence of the branches, in particular of the resonant one. 

Theoretically, the branch Pres-S1res continues lengthening up to about Ω = 763.8 kHz, where disappears by a saddle-node 

bifurcation directed upward; this leads to dynamic pull-in (escape), where the microbeam touches the substrate, which 

corresponds to the failure of the device [48, 49]. Experimentally, instead, the branch disappears considerably before, since 

extends up to about Ω = 589.7 kHz, after which no bifurcation is clearly perceived and there is jump to the non-resonant 

attractor. The achieved maximum rises no further than 1.14 µm, which is a small portion with respect to the available air 

gap, since this spans 2.5 µm. However, the amplitude achieved along all the experimental range of existence is about the 

same amplitude represented in the numerical simulations along the same range.  

This discrepancy between theoretical and actual length of the branches may affect also the other attractors, for which 

we do not have an experimental counterpart. This is likely related to the effective robustness of each branch to 

experimental disturbances [37]. Since the difference is clearly evident, this issue is far from being trivial for the design 

stage, in view of making use in applications of the nonlinear dynamics induced at 2:1 internal resonance. This aspect is 

deeply examined in the forthcoming Sec. 4. 

 

 

 
Table 1. List of the attractors and their main features 

Pres, S1res main resonant branch, respectively before and after the 2:1 internal resonance activation 

Pnonres main non-resonant branch (referring to all the branch, except for the close neighborhood involved in 

the fifth mode activation) 

S1res-ph appeared by saddle-node at Ω = 578.2 kHz, affected by the 2:1 internal resonance, exhibiting a phase 

shift with respect to S1res 

S1nonres (novel Pres) appeared by saddle-node at Ω = 578.1 kHz; affected by the 2:1 internal resonance in a close 

neighborhood of the bifurcation, while successively this influence practically disappears and the 

branch proceeds as prosecution of Pres 

S2res resonant branch evolving from Pnonres, related to the fifth mode activation 

S2nonres non-resonant branch evolving from Pnonres, related to the fifth mode activation 

 

 

 

 

 

3. Attractor-Basins Scenario 

The present section is devoted to the analysis of the attractor-basins phase portraits, which reveals the richness and 

complexity of the dynamics at 2:1 internal resonance, providing valuable information on the sensitivity of each attractor. 

The investigation starts from the range involved in the principal resonance (Sec. 3.1), proceeds with the main features 

arising from the activation of the 2:1 internal resonance along the resonant branch (Sec. 3.2), and finally examines each 

basin in the range preceding the final disappearance of the corresponding attractor (Sec. 3.3). The activation of the fifth 

mode along the non-resonant branch is also discussed (Sec. 3.4). The analysis is conducted both in the third-mode plane 

and in the fifth-mode one.  
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3.1. The principal resonance: Pres and Pnonres 

We analyze each single branch from a global perspective, by examining the metamorphoses in the attractor-basins phase 

portraits. Since the 2:1 internal resonance involves both the third and the fifth mode dynamics, the theoretical reduced-

order model needs to take into account (at least) these two modes to have a good representation of the system’s response. 

Accordingly, the Galerkin model developed in Appendix A presents 2 d.o.f., i.e. it is four-dimensional. Thus, the attractor-

basins analysis of the present system entails four dimensional attractor-basins phase portraits, which are quite complex in 

terms of representation, in addition of being quite demanding in terms of computational cost.  

To simplify the analysis, for each attractor we investigate two sections of its four-dimensional basin, being one section 

along the third-mode plane, and the other section along the fifth-mode one. To draw both these sections around the 

attractor, the section along a plane is drawn by considering the initial conditions along the other plane as fixed and equal 

to the ones of the Poincaré map of the attractor. As an example, at Ω = 500 kHz there is the attractor Pres, whose Poincaré 

map has coordinates (u1, u2, u3, u4) = (-0.006429, -0.002849, 0.000274, 0.000021). The attractor-basins phase portrait in 

the third-mode plane is drawn by assuming as initial conditions for the fifth-mode plane the couple (u3, u4) = (0.000274, 

0.000021); vice versa, the attractor-basins phase portrait in the fifth-mode plane is drawn by assuming as initial conditions 

for the third-mode plane the couple (u1, u2) = (-0.006429, -0.002849).  

As better observed next, these two sections provide a valuable insight from a global perspective of the main features 

detected in Section 2, which is enough for the purposes of the present paper; nevertheless, we remark that other aspects 

may arise along the non-investigated sections of the entire four-dimensional phase space. 

The bifurcation diagram in Figs. 4-5 shows the Poincaré map of each attractor as increasing the frequency of the 

excitation, which will be referred in the attractor-basins sections. The third mode component is in Fig. 4(a-c) and 

represents displacement and velocity (u1, u2), which is referred to as third-mode plane. The fifth mode component is in 

Fig. 5(a-c), and represents displacement and velocity (u3, u4), which is referred to as fifth-mode plane. For each plane, 

the three-dimensional diagram describes the bifurcational behavior in terms of both displacement and velocity; the two-

dimensional projections describe it in terms of each one separately.  

 

 
     

     
    

         
 

Figure 4. Bifurcation diagram in the third-mode plane (u1, u2), at VAC = 21.5 V. (a) Bifurcation diagram reporting both displacement 

and velocity; (b) bifurcation diagram of displacement; (c) bifurcation diagram of velocity. 
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Figure 5. Bifurcation diagram in the fifth-mode plane (u3, u4), at VAC = 21.5 V. (a) Bifurcation diagram reporting both displacement 

and velocity; (b) bifurcation diagram of displacement; (c) bifurcation diagram of velocity. 

 

 

We initially focus on the principal resonance and consider the attractors Pres and Pnonres in the range Ω = [500, 570] 

kHz. The bifurcation diagram confirms that the dynamics of Pres mainly develop in the third-mode plane, while the 

contribution of the fifth-mode is minimal. Components u1 and u2 gradually decrease their value as forward sweeping up 

to the internal resonance, Fig. 4(a-c). Conversely, components u3 and u4 practically remain equal to zero, Fig. 5(a-c). 

Similarly is the case for Pnonres, as approaching its saddle-node bifurcation.  

The basin of Pres is blue and the basin of Pnonres is yellow; the escape (pull-in) is white. For each plane, the green 

asterisk denotes the Poincaré map of the attractor around which the attractor-basins phase portrait is drawn; the projections 

of the Poincaré map of the other coexisting attractors do not appear, since their coordinates along the companion plane 

are not the ones of the attractor under consideration. All the attractor-basins phase portraits are computed via self-

developed codes, which are developed by referring to the cell-to-cell mapping [50]. Results are obtained by long time 

integration. 

At Ω = 500 kHz, there is only Pres. The corresponding attractor-basins phase portrait is represented in Fig. 6(a,b), for 

the third-mode plane and the fifth-mode one, respectively. The figure shows a large view, up to the escape dynamics, 

which allows realizing the magnitude of the basin of attraction of the attractor far from the dynamical features related to 

the activation of resonances. The outline in the third-mode plane and in the fifth-mode one are completely analogous in 

terms of shape. The basin of Pres covers a very large part of the phase space, along both planes. The interval of 

displacement spanned by this basin is about similar in both the planes, while the interval of velocity is about twice in the 

fifth-mode plane with respect to the third one. The attractor is safely located at about the center of this safe area detected 

by its basin, which protects the device from the danger of the escape.  
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(a)     (b)  

 

Figure 6. Attractor-basins phase portraits around Pres at Ω = 500 kHz and VAC = 21.5 V. 

(a) Third-mode plane; (b) fifth-mode plane.   

 

 

Proceeding along the sweep, the non-escape area remains very large for a wide Ω-range and the attractors remain 

safely located inside the central part of this area, which is a small portion of the entire non-escape region. This guarantees 

high safety from dynamic pulling-in. The forthcoming attractor-basins sections are zoomed on this central part of the 

phase space. 

We consider the dynamics in the range Ω = [540, 570]. Since for this particular Ω-range the Poincaré map of both Pres 

and Pnonres present u3 and u4 very close to zero (Fig. 5a-c), to analyze the third-mode plane we simplify and assume for 

both the attractors the coordinates (u3, u4) = (0, 0), instead of their current values.  

The overall progression of the attractor-basins in the phase space is represented in the three dimensional diagram in 

Fig. 7, where different sections are collected as varying the frequency excitation. To deeply observe the main aspects 

arising in each one of them, each attractor-basins phase portrait is successively reported in the sequence in Fig. 8. 

Specifically, the attractor-basins phase portraits drawn in the third-mode plane around Pres and/or Pnonres are in Fig. 7(a) 

and Fig. 8(a1-a4), the ones in the fifth-mode plane around Pres are in Fig. 7(b) and Fig. 8(b1-b4). For completeness, the 

ones in the fifth-mode plane around Pnonres are also computed and reported in Fig. 9(a1-a2). Note that we need to distinguish 

the outline for Pres and for Pnonres in the fifth-mode plane, since their initial conditions in the third-mode one are far from 

each other. To better visualize the metamorphoses in the development of the attractor-basins, for each plane we represent 

the same interval along each axis. 

At Ω = 540 kHz, both Pres and Pnonres exist and are visible in the third-mode plane, Fig. 7(a) and Fig. 8(a1). The basin 

of Pnonres progressively emerges and reduces the basin of Pres. Each attractor is surrounded by the corresponding compact 

core. The Poincaré map of Pnonres is close to the null initial conditions; the one of Pres, instead, becomes slightly eccentric 

in the third-mode plane, where it is located at negative displacement and negative velocity. Spirals occur all around the 

cores of the two basins and cover all the remaining part of the phase space zoomed in the figure. 

Regarding the fifth-mode plane, the outline around Pres mainly presents the basin of Pres, and only a minimal part is 

involved in the basin of Pnonres, Fig. 7(b) and Fig. 8(b1). The basin of Pnonres sketches solely a couple of small loop-shaped 

strips, which appear as concentric to each other and equipped with narrow thickness. These strips surround the central 

part of the analyzed phase space, where there is the projection of the Poincaré map of Pres. Except for them, all the rest of 

the phase portrait is leading to the basin of Pres. Even if we can observe a small part of the basin of Pnonres, the projection 

of its Poincaré map is not visible, since this section is drawn around the companion attractor. 

The outline around Pnonres in the fifth-mode plane presents some similar aspects, Fig. 9(a1). There is a large central 

core constituted by its basin, where there is the projection of its Poincaré map. This compact core is externally surrounded 

by the basin of Pres, which remains very large and is clearly visible from the present section, even if the projection of its 

Poincaré map is not intercepted.  

At Ω = 550 kHz, all the previous features become more evident. Along the third-mode plane in Fig. 7(a) and Fig. 

8(a2), the basin of Pnonres progressively widens and pushes the basin of Pres far from the null initial conditions, toward the 

left-hand side of the figure. The Poincaré map of Pres is at increasingly negative values of displacement, although 

remaining approximately at the center of the core of its basin. The basin of Pnonres, instead, continues enlarging. 

Along the fifth-mode plane around Pres in Fig. 7(b) and Fig. 8(b2), the attractor-basins phase portrait detects two main 

different areas. The central part remains constituted by the large compact core of the basin of Pres, whose shape and width 

is not so different from the one in the previous section at smaller Ω. The outer part is characterized by a multiplicity of 

thin loops of the basins of Pnonres, which cover all the rest of the section. These loops continue encircling the compact core 

of the basin of Pres, becoming slightly thicker as approaching the inner part of the phase space. They remain concentric 

to each other and alternate with similar loops of the basin of Pres. 

About Pnonres in the fifth-mode plane in Fig. 9(a2), the compact core of its basin exhibits the same elliptic shape 

previously observed, but rapidly enlarges both in displacement and in velocity. Further proceeding along the sweep, the 

basin of Pnonres becomes increasingly visible not only from the sections drawn around the attractor, but also from the 

sections drawn around the other coexisting ones. Since its robustness is considerable, in the following we no longer dwell 

on its basin, but we principally focus on the other ones. 



10 

 

At Ω = 560 kHz, the system continues the gradual shrinkage of the basin of Pres and the concurrent enlargement of the 

basin of Pnonres. Along the third-mode plane in Fig. 7(a) and Fig. 8(a3), Pres continues moving to the outward direction, 

while reducing the width of the compact part of the main tongue constituting its basin; conversely, Pnonres continues 

widening around the null initial conditions. Along the fifth-mode plane around Pres in Fig. 7(b) and Fig. 8(b3), the compact 

core remains practically unvaried, while the loop-shaped strips become slightly larger. 

An additional aspect is worth being mentioned. For the present value of Ω, there are not only Pres and Pnonres, but there 

is also S2res. Nevertheless, this basin is not observed in the attractor-basins phase portrait, neither in the third-mode plane 

nor in the fifth-mode one, at least along the analyzed area of the phase space and for the resolution assumed in the 

simulations. This absence may be due to the initial conditions, since for this attractor the components u1 and u2 are 

approximately zero, whereas u3 and u4 are non-null, which is rather different from what considered for the present sections 

of attractor-basins phase portraits. However, this may be also a signal of a weak robustness of S2res. 

At Ω = 570 kHz, the overall progression proceeds, both in the third-mode plane in Fig. 7(a) and Fig. 8(a4), and in the 

fifth-mode plane around Pres in Fig. 7(b) and Fig. 8(b4). Along this last section, the strips of the basin of Pnonres no longer 

exhibit the regular shape of concentric loops and become tangled, likely performing fractal areas with the basin of Pres. 

This tangling involves not only the outer regions of the phase space, but also the boundary of the compact core of Pres. 

Overall, Pnonres appears at the activation of the principal resonance and its basin rapidly takes large parts of the phase 

space previously covered by the basin of Pres. Nevertheless, along the present Ω-range both basins are still wide and the 

attractors remain located inside the non-escape region, which keeps the device safe from the dynamic pull-in.  
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Figure 7. Progression of the attractor-basins phase portraits showing the development of the main resonance attractor Pres, at Ω = 

[540, 570] kHz and VAC = 21.5 V. (a) Third-mode plane at (u3, u4) = (0, 0), i.e. approximately around Pres and/or Pnonres; (b) Fifth-

mode plane around Pres.  

 

 
 

 
 

Figure 8. Progression of the attractor-basins phase portraits showing the development of the main resonance attractor Pres, at Ω = 

[540, 570] kHz and VAC = 21.5 V. (a1)-(a4) Third-mode plane at (u3, u4) = (0, 0), i.e. approximately around Pres and/or Pnonres; (b1)-

(b4) Fifth-mode plane around Pres.  

(a1), (b1) Ω = 540 kHz; (a2), (b2) Ω = 550 kHz; (a3), (b3) Ω = 560 kHz; (a4), (b4) Ω = 570 kHz. 

 

 

 
 

Figure 9. Attractor-basins phase portraits showing the attractor Pnonres. Fifth-mode plane 

around Pnonres at VAC = 21.5 V and (a1) Ω = 540 kHz; (a2) Ω = 570 kHz. 

 

(a1) (a2) (a3) (a4) 

(b1) (b2) (b3) (b4) 

(a1) (a2) 

(a) (b) 



12 

 

3.2. The 2:1 internal resonance: Pres-S1res 

This section presents detailed description for the evolution of the attractor-basins phase portraits at the activation of the 

2:1 internal resonance along the resonant branch. As will be explained in details, the following key points can be seen. 

The basin of the main resonant branch remains only partially affected in the third mode-plane, while visibly changes in 

the fifth-mode one. Along this plane, the area previously covered by only its basin splits at the appearance of the other 

coexisting attractors, becoming part of also the other basins, each one being of about comparable size (which is small, but 

not residual). This produces a considerable shrinkage of the wideness of the basin of the main resonant branch. Initially, 

all these basins continue jointly covering about the same compact area. Successively, instead, the basin of the non-

resonant branch enters inside this compact part and progressively expands, eroding the other basins and pushing them 

toward the escape. In the following, all this process is analyzed in details. 

We focus on the range Ω = [570, 620] kHz and consider the bifurcation diagram in Figs. 4-5. The Poincaré map of 

the resonant branch rapidly changes at the transition from Pres to S1res. Along the third-mode plane (Fig. 4), the component 

of displacement u1 continues decreasing its value up to the 2:1 internal resonance activation, after which experiences an 

abrupt interruption, becoming a nearly constant plateau, up to about the end of the branch. Concurrently, the component 

of velocity u2 changes its inclination, although slightly, and proceeds in the negative direction. Along the fifth-mode plane 

(Fig. 5), the component of displacement u3 and the component of velocity u4 are no longer close to zero, and assume 

increasingly non-null values; their ramping is particularly marked in the first part of S1res.  

The main features occurring in the resonant branch before the 2:1 internal resonance are successively retained in the 

novel Pres. The Poincaré map in the third-mode plane proceeds exhibiting the same aspects previously observed (Fig. 4), 

where both displacement u1 and velocity u2 continue following the inclination shown in the previous frequency range. 

The same occurs along the fifth-mode plane (Fig. 5), where the Poincaré map is located at displacement u3 slightly 

increasing from zero, whereas the component of velocity u4 remains practically null. The only exception is represented 

by the narrow interval close to the saddle-node bifurcation of S1nonres, where the components of the fifth-mode plane are 

not non-null, while the component of displacement u1 of the third-mode plane remains practically unvaried. 

Regarding S1res-ph, similarities are observed with S1res. For the third-mode plane (Fig. 4), displacement u1 and velocity 

u2 of the Poincaré map present similar aspects, although with higher inclination. For the fifth-mode plane (Fig. 5), instead, 

displacement u3 and velocity u4 evolve with a very similar trend, but located in the opposite (negative) direction. This 

particular correspondence between the Poincaré maps of these two attractors endures along all the first part of S1res-ph. 

The metamorphoses related to the activation of the 2:1 internal resonance visibly change the attractor-basins. We 

focus on the progression around S1res, in the range where it evolves from Pres. The basin of the present attractor is blue, 

since is the continuation of Pres after the triggering of 2:1 internal resonance, the basin of S1nonres (also referred as the novel 

Pres) is dark green, the basin of the companion of phase S1res-ph is cyan, the basins of a minor attractor is gray, and the 

basin of the non-resonant branch Pnonres is yellow. Also in this case, all the attractor-basins phase portraits represent the 

same interval along each axis, even if this range is different from the one referred in the previous section. The progression 

in the third-mode plane is reported in Fig. 10(a) and Fig. 11(a1-a4), and the one in the fifth-mode plane in Fig. 10(b) and 

Fig. 11(b1-b4).  

We start by considering the scenario in the fifth-mode plane, where relevant changes are observed. We have shown 

in the previous section at Ω = 570 kHz in Fig. 7(b) and Fig. 8(b4) that the basin of Pres presents a large compact core in 

the present plane, while the basin of Pnonres is outside this area, surrounding it and being tangled with the basin of Pres. 

The subsequent development of the 2:1 internal resonance deeply affects this outline, especially inside the compact core 

covered by the basin of Pres. This area gradually expands, but is split into different basins due to the appearance of the 

other coexisting attractors.  

 

At Ω = 580 kHz in Fig. 10(b) and Fig. 11(b1), the basin of S1res (i.e., the previous Pres) is close to the basin of S1nonres, 

which emerges inside the core. These two basins assume the classical shape occurring for the resonant and the non-

resonant attractor in a close neighborhood after the saddle-node bifurcation where the latter appears. This outline is similar 

to the one observed for Pres and Pnonres in the third-mode plane (Fig. 7(a)). For that case, the main compact parts around 

the attractors cover a large part of the phase space; for the present case, instead, they develop inside the smaller area 

corresponding to the core previously belonging to the basin of Pres. 

For the present value of Ω, the initial conditions around S1res and the ones around S1nonres are practically identical in 

the third-mode plane; accordingly, the basin drawn in the fifth-mode plane around S1res is very similar to the one around 

S1nonres, which for this reason is not reported. These two basins spiral around each other, each one presenting a visible 

compact area surrounding the attractor. Along the considered Ω-range, which is soon after the activation of the 2:1 internal 

resonance, the boundaries between these two basins are smooth, at least around the compact cores. These two cores cover 

a large part of the previous compact area of Pres, and are mainly located in its inner part. The outer one, instead, exhibits 

the basins tangled to each other, spiraling with increasingly thinner tongues as proceeding outward and likely being fractal 

in some regions. Outside the area previously belonging to the core of Pres, the phase space remains mainly covered by the 

basin of Pnonres, which continues being not compact, but tangled with all the other basins. No escape is observed in the 

interval of the phase space zoomed in the present view. 

The companion of phase S1res-ph has just appeared and the core of its basin is mainly located inside the basin of S1nonres. 

This basin is still small, although clearly visible. Its development is similar to the basin of S1res, even if starts at slightly 
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higher values of Ω. The considerations driven for S1nonres about the initial conditions may be applied also for S1res-ph, i.e. 

the present phase portrait drawn around S1res may be considered as concurrently centered around S1nonres and S1res-ph, since 

their initial conditions in the third-mode plane are quite close to the ones of S1res. 

Note that the activation of the 2:1 internal resonance considerably shrinks in the fifth-mode plane the basin of S1res, 

i.e. the attractor observed in the experiments. Similarly, the other attractors concurrently appeared present basins of 

comparable size. Even if this is small, this is not residual. This aspect endures for a non-negligible Ω-range, which 

suggests the possibility of an effective operation of the attractors induced by the 2:1 internal resonance, as demonstrated 

experimentally by the data reported in Sec. 2, where S1res is clearly followed by forward sweeping. 

 

At Ω = 590 kHz in Fig. 10(b) and Fig. 11(b2), the area under consideration continues expanding. The main tongue of 

the basin of S1res extends to the right-hand side and slightly shrinks around the attractor; insets of this basin develop along 

the boundary between the basins of S1nonres and S1res-ph, separating them.  

The basin of S1res-ph widens and becomes very similar to the one of S1res in terms of shape and extension, except that it 

is located at about the opposite side of the phase space area, in conformity with the bifurcation diagram of the Poincaré 

map (Fig. 5). The core of the basin of S1res-ph remains slightly smaller than the one of S1res. However, as moving far from 

the saddle-node bifurcation of appearance of S1res-ph, its initial conditions along the third-mode plane become gradually 

different from the ones of S1res, which means that the phase portrait drawn around S1res is no longer practically centered 

also on S1res-ph. If drawn around its own initial conditions, the basin of S1res-ph appears slightly larger; yet, the general 

outline remains similar, especially for the Ω-range analyzed in the present section, and for this reason is not reported in 

the figure.   

At the center of the phase space, we continue observing the attractor S1nonres (novel Pres). Even for this case, the present 

section can no longer be considered as drawn around this attractor. This difference becomes significant and changes are 

more evident than for S1res-ph. From the present view, the basin of the novel Pres presents a nearly circular core in the center 

of the phase space, which is surrounded by the basins of the other attractors. The boundaries of this basin gradually loose 

the previous smooth shape, becoming tangled with the other basins.  

The increment of the tangled (likely) fractal parts involves also other regions of the phase space. This mainly affects 

the boundaries surrounding the cores of the different basins, reducing their wideness. In addition to the widening of these 

fractal parts, another minor attractor appears, whose basin is denoted in gray and mainly consists of two disconnected 

areas located inside the basin of Pres. This basin is very small and restricted to a narrow interval of the frequency excitation, 

since is no further observed either in the previous or in the next section. Its appearance further contributes to the erosion 

of the other attractors, especially of the novel Pres. 

The basin of Pnonres is still outside the central area collecting the cores of the other basins, and is extremely tangled 

with them.  

 

At Ω = 600 kHz in Fig. 10(b) and Fig. 11(b3), the expansion of the area where the main attractors are located further 

continues. The basin of Pnonres is no longer restricted outside the main core collecting the other basins, and appears also 

inside this central part. This basin progressively grows at the center of the phase portrait, pushing the basins of the other 

attractors increasingly far from the coordinates of null initial conditions. This novel area of the basin of Pnonres is quite 

large and completely compact inside. Thus, the compactness reappears in the attractor-basins thorough the basin of Pnonres 

and gradually replaces the fractality starting from the center of the phase space. 

In addition to this large compact core, the basin of Pnonres continues holding the external part of the area surrounding 

the other basins, where remains extremely tangled with them. At the present value of Ω, these basins remain quite close 

to each other. The basins of S1res and S1res-ph continue proceeding outward, being the former slightly wider than the latter. 

Another considerable difference concerns the basin of the novel Pres. This basin loses the previous circular shape in 

the center of the phase space, and is split into two main distinct compact parts, one at the top left and one at the bottom 

right-hand side of the phase space. They are separated from each other by the core of the basin of Pnonres, which occupies 

the central part. We recall that the present section of attractor-basins phase portrait is drawn around S1res; these initial 

conditions in the third-mode plane are increasingly far from the ones of Pres, and this section cannot be further considered 

as centered on it. This contributes to the changes observed in its basin from the present view, with respect to the previous 

section at smaller Ω. 

 

At Ω = 610 kHz in Fig. 10(b) and Fig. 11(b4), the basin of Pnonres is further widening at the central of the phase portrait, 

being entirely compact. The basins of each one of the other attractors continue being branched out from this central region 

to the outward direction. Both the cores of the basin of S1res and S1res-ph remain of about the previous magnitude. The part 

of the basin of Pres observed from the present section, instead, becomes smaller, still presenting two main distinct compact 

parts. The basin of Pnonres starts penetrating and separating all the other basins, which are no longer widely adherent to 

each other, but become mainly surrounded by the basin of Pnonres.  

 

Concurrently, the progression of the attractor-basins phase portraits drawn around S1res along the third-mode plane are 

shown in Fig. 10(a) and Fig. 11(a1-a4). In the previous section at Ω = 570 kHz in Fig. 7(a) and Fig. 8(a4), the basin of Pres 

exhibits a tongue-like shape with compact part around the attractor. This basin coexists with the basin of Pnonres, which 



14 

 

remains large and compact up to reach the boundary with the basin of Pres, beyond which performs spirals with it of 

increasingly thin width. 

After the activation of the 2:1 internal resonance, at Ω = 580 kHz in Fig. 10(a) and Fig. 11(a1), the main part of the 

basin of S1res (previous Pres) initially exhibits a similar outline, having similar shape and magnitude. Nevertheless, some 

differences arise and start being perceptible, although just triggered. Along the compact area of the basin of S1res, a number 

of points emerges, which are mainly located at the final parts of the main tongue. These final areas become slightly jagged, 

although with a clear dominance of the basin of S1res. These points mainly belong to the basins of the novel Pres and S1res-

ph. Along the present view, which is drawn around S1res, the basins of these two attractors appear only as sporadic points, 

which do not aggregate into compact areas. This process progressively erodes the compact area of S1res. The core 

collecting all these basins is mainly surrounded by the basin of Pnonres, which remains large and compact in the inward 

direction, while in the outward performs increasingly thin spirals, mainly involving the basin of S1res. 

At Ω = 590 kHz in Fig. 10(a) and Fig. 11(a2), there is an increment of the points inside the main part of the basin of 

S1res, although still remaining rather isolated and not grouped to form appreciable compact areas. They draw a visible 

reduction of the main compact part of the basin of S1res. These points belong not only to the basin of Pres and of S1res-ph, 

but also to the basin of the minor attractor concurrently observed in the fifth-mode section; also in the present plane, they 

contribute to the erosion of the compact area around S1res. 

At Ω = 600 kHz in Fig. 10(a) and Fig. 11(a3), the erosion of the basin of S1res deepens and mainly exhibits fractal 

boundaries with the other attractors. The basin of Pnonres enters large parts of the fractal areas and gradually becomes 

dominant. The basins of Pres and S1res-ph remain, although still assuming the form of spreading points; the minor attractor, 

instead, disappears. The erosion process continues at Ω = 610 kHz in Fig. 10(a) and Fig. 11(a4), being mainly in favor of 

the basin of Pnonres. From the present view, we can see a small portion of the compact part of the basin of S1res-ph, which 

develops at the bottom of the figure. Thus, along the third-mode plane the basin of S1res remains at about the same location 

for all the analyzed Ω-range, although its compact area becomes increasingly eroded. 

 

Regarding the novel Pres, the attractor-basins phase portraits drawn around it are reported in Fig. 12(a1-a2) for the 

third-mode plane, and Fig. 12(b1-b2) for the fifth-mode one. This progression presents aspects very similar to what 

observed for Pres before the activation of the 2:1 internal resonance, thus likely appearing also from the attractor-basins 

point of view as the prosecution of this attractor.  

Along the third-mode plane, the main features described in the previous Sec. 3.1 continue to further deepen. As 

proceeding from Ω = 590 kHz in Fig. 12(a1) to Ω = 610 kHz in Fig. 12(a2), the basin of Pnonres increasingly widens in the 

central part of the phase portrait, while the basin of Pres progressively moves toward the left-hand side of the figure and 

the area around its compact core slightly shrinks. Only Pres and Pnonres are observed in these sections along the present Ω-

range, while the other attractors are not perceived, although they coexist.  

Along the fifth-mode plane, some differences arise at Ω = 590 kHz in Fig. 12(b1), which is a frequency rather close to 

the activation of the 2:1 internal resonance. The main core of Pres shrinks and the basins of the other coexisting attractors 

become visible. Note the similarity with the attractor-basins phase portrait drawn around S1res at the same Ω-value, Fig. 

11(b2). Nevertheless, as leaving from the onset of 2:1 internal resonance, this outline rapidly vanishes. At Ω = 610 kHz 

in Fig. 12(b2), the other basins are no longer visible and the attractor-basins phase portrait shows again a large compact 

core for Pres, which is externally surrounded and tangled with the basin of Pnonres. 
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Figure 10. Progression of the attractor-basins phase portraits showing the emergence of the 2:1 internal resonance along the resonant 

branch. Sections around S1res, at Ω = [580, 610] kHz and VAC = 21.5 V. (a) Third-mode plane; (b) Fifth-mode plane.  
 

 

 
 

 
 

Figure 11. Progression of the attractor-basins phase portraits showing the emergence of the 2:1 internal resonance along the resonant 

branch. Sections around S1res, at Ω = [580, 610] kHz and VAC = 21.5 V. (a1)-(a4) Third-mode plane; (b1)-(b4) fifth-mode plane. (a1), 

(b1) Ω = 580 kHz; (a2), (b2) Ω = 590 kHz; (a3), (b3) Ω = 600 kHz; (a4), (b4) Ω = 610 kHz. 

 

 

      
 

Figure 12. Attractor-basins phase portraits showing the novel Pres. Sections around the novel Pres, at VAC = 21.5 V. (a1)-(a2) Third-

mode plane; (b1)-(b2) fifth-mode plane. (a1), (b1) Ω = 590 kHz; (a2), (b2) Ω = 610 kHz. 

(a1) (a2) (a3) (a4) 

(b1) (b2) (b3) (b4) 

(a1) (a2) (b1) (b2) 
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3.3. The disappearance of the attractors 

We consider the main branches involved in the 2:1 internal resonance along the last part of their extent up to their final 

disappearance, in the range Ω = [620, 810] kHz. We analyze the bifurcation diagram in Figs. 4-5. Regarding S1res, the 

Poincaré map proceeds exhibiting about the same trend along the entire branch, up to the final range where it experiences 

the saddle-node bifurcation. This occurs both in the third-mode plane and in the fifth-mode one. Similarly, Pres does not 

significantly vary its development along its full range of existence, up to disappearance. Some differences occur, instead, 

for S1res-ph, where the components of the Poincaré map progressively deviates from the behavior nearly flipped with respect 

to S1res. For the third-mode plane, the component of displacement u1 progressively rises and switches from negative to 

positive values. For the fifth-mode plane the component of displacement u3 gradually reverses and proceeds along the 

positive axis, up to finally reverse again close to the saddle-node bifurcation. The component of velocity u4 moves from 

elevated negative values to elevated positive ones.  

 

The progression of the attractor-basins around S1res in the third-mode plane is reported in Fig. 13(a) and Fig. 14(a1-

a4), and the one in the fifth-mode plane in Fig. 13(b) and Fig. 14(b1-b4). The main events triggered by the 2:1 internal 

resonance increasingly deepen. The basin of Pnonres continues widening at the center of the phase portrait and separating 

the other basins, gradually narrowing and leading them toward the escape area. This process is slow and continuous.  

Still starting from the fifth-mode plane and comparing the sections at Ω = 625 kHz, Ω = 675 kHz, Ω = 725 kHz, and 

Ω = 750 kHz in Fig. 13(b) and Fig. 14(b1-b4), the basin of S1res gradually increases its eccentricity and moves toward the 

right-hand side of the phase portrait. This is in agreement to what described by the Poincaré map, since the basin of S1res 

in the present plane mainly develops around its attractor. The basin progressively switches from being safely surrounded 

by the other basins, principally the basin of Pnonres, to becoming critically close to the escape. Especially in the last section 

reported in the figure, the main part of the tongue of S1res is dangerously exposed to it, since is protected only by a narrow 

region, basically constituted by the basin of Pnonres. Also, the basin of S1res continues shrinking and reducing its compact 

area. Although remaining visible, the attractor becomes particularly vulnerable to disturbances along the final range of its 

theoretical existence.  

Regarding the other basins arising from the present views in the fifth-mode plane, the basin of S1res-ph presents only a 

few points at Ω = 725 kHz (Fig. 14(b3)), which are spread and isolated inside the region covered by the basin of Pnonres, 

while it is no longer perceptible at Ω = 750 kHz (Fig. 14(b4)), although the attractor still coexists. The basin of Pres, 

instead, remains evident along all the reported range. At Ω = 750 kHz (Fig. 14(b4)), the escape partially separates the 

main part of its basin together with a narrow part of the basin of Pnonres from the rest of the compact core; even if this 

section is not drawn around Pres. This suggests that also this attractor becomes vulnerable to dynamic pull-in along the 

last part of its branch. 

Focusing on the third-mode plane, the progression of S1res appears less sensitive to alert the danger of the impending 

disappearance of the attractor, Fig. 13(a) and Fig. 14(a1-a4). Increasing Ω, this basin is still rather large and compact, also 

slightly widening along all the reported range. Up to Ω = 750 kHz in Fig. 14(a3), the escape remains far and the basin is 

mainly surrounded by the one of Pnonres. The escape enters, instead, at Ω = 775 kHz (Fig. 14(a4)), where touches in some 

parts the basin of S1res, although this is still not particularly eroded along the present plane. 

  

Regarding the basin of Pres, the progression of the attractor-basins in the third-mode plane is reported in Fig. 15(a1-

a2), respectively at Ω = 675 kHz and Ω = 775 kHz. This confirms the scenario previously observed in Secs. 3.1 and 3.2. 

The main compact part of the basin of Pres shrinks and moves outward to the top left-hand side of the phase portrait. The 

outer area, where this basin spirals together with the basin of Pnonres up to bordering the escape, is progressively confined 

within a narrow region, thus finally making Pres seriously close to the escape. While Pres gradually disappears, Pnonres 

increasingly widens its basin in the central part of the phase space, expanding and becoming ample and compact. Note 

that the initial conditions of Pnonres in the fifth-mode plane continue remaining close to the ones of Pres, i.e. the present 

progression around Pres may still be considered as the progression around Pnonres. 

Similarly to what observed in the third-mode plane for S1res, the basin of Pres in the fifth-mode one remains rather wide 

up to being close to disappearing, Fig. 15(b1-b2). At Ω = 675 kHz (Fig. 15(b1)), the basin is large and compact, and still 

surrounded by the basin of Pnonres. This continues exhibiting concentric tongues with the basin of Pres, which are likely 

smooth and rather spaced between each other. The escape is clearly observed only at Ω = 775 kHz (Fig. 15(b2)), where 

the basin of Pnonres no longer appears in the present view and the escape directly touches the boundaries of the basin of 

Pres, making fractality with them, although its compact core remains very wide. Thus, close to disappearance, the basin 

of Pres is still ample in the fifth-mode plane while in the third-mode one the basin is already residual. This further confirms 

that for the present attractor the dynamics are mainly described and alerted by the metamorphoses along this last plane. 
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Figure 13. Progression of the attractor-basins phase portraits showing the 2:1 internal resonance along the resonant branch, as 

increasing the frequency excitation. Sections around S1res, at Ω = [625, 750] kHz and VAC = 21.5 V. (a) Third-mode plane; (b) fifth-

mode plane.  
 

 

 
 

 
 

Figure 14. Progression of the attractor-basins phase portraits showing the 2:1 internal resonance along the resonant branch, as 

increasing the frequency excitation. Sections around S1res, at Ω = [625, 750] kHz and VAC = 21.5 V. (a1)-(a4) Third-mode plane; (b1)-

(b4) fifth-mode plane. (a1), (b1) Ω = 650 kHz; (a2), (b2) Ω = 675 kHz; (a3), (b3) Ω = 700 kHz; (a4), (b4) Ω = 725 kHz. 

 

 

       
 

 

Figure 15. Attractor-basins phase portraits showing the novel Pres, as increasing the frequency excitation. Sections around the novel 

Pres, at VAC = 21.5 V. (a1)-(a2) Third-mode plane; (b1)-(b2) fifth-mode plane. (a1), (b1) Ω = 675 kHz; (a2), (b2) Ω = 775 kHz. 

(b1) (b2) (b3) (b4) 

(a1) (a2) (a3) (a4) 

(a1) (a2) (b1) (b2) 
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3.4. The 2:1 internal resonance: S2res 

We focus on the fifth mode activation along the principal non-resonant branch and analyze the bifurcation diagram of 

S2res, in the range Ω = [550, 570] kHz, Figs. 4-5. Along the third-mode plane, the Poincaré map presents nearly null 

components, for both displacement u1 and velocity u2. Non-null values are observed, instead, for the components along 

the fifth-mode plane. The displacement u3 rapidly raises, reaches a peak at about half of the length of the branch and 

successively decreases as moving far from the fifth mode activation. The velocity u4 gradually increases keeping about 

the same inclination along all the branch, up to the final disappearance. 

The attractor-basins phase portraits drawn in the fifth-mode plane around S2res are reported in Fig. 16(a1-a2), 

respectively at Ω = 560 kHz and Ω = 565 kHz. The basin of S2res is purple, while the basin of the novel Pnonres is yellow 

(rigorously, the basin of S2res should have been yellow, since this branch is directly evolving from Pnonres, while the basin 

of the last part of Pnonres should have changed color, since appears after the saddle-node bifurcation at Ω = 554.5 kHz; 

however, we prefer keeping the same color for all the main non-resonant branch Pnonres, to better observe the effects on it 

of the fifth mode activation). The outline is similar to the resonance activation observed at primary resonance for Pres, 

except that for the present case the main changes occur in the fifth-mode plane and S2res is considerably more vulnerable, 

since its basin expands for a small region of the phase space and covers a narrow frequency range. The basin of S2nonres 

appears and rapidly becomes wide, while the basin of S2res spirals around it and becomes increasingly small. At least along 

this part of the phase space, the basin of Pres is not perceived, although it coexists and is robust. 
 

 
 

Figure 16. Attractor-basins phase portraits showing an enlargement of the 2:1 internal resonance along the non-resonant branch. 

Sections around S2res, at VAC = 21.5 V. Fifth-mode plane, at (a1) Ω = 560 kHz; (a2) Ω = 565 kHz. 

 

 

 

 

4. Dynamical Integrity Profiles 

Focusing on the sensitivity to the initial conditions of states in various regimes, we explore the robustness of the 2:1 

internal resonance under realistic conditions. The dynamical integrity of the coexisting attractors is analyzed [37]. After 

examining the basins in both the third-mode plane and in the fifth-mode one, we consider the most stringent requirement, 

which is referred to for the dynamical integrity. Particularly vulnerable is the last part of each resonant branch, which 

may induce a reduction of the actual range of existence of the attractors and drive the system to dynamic pulling-in. 

 

4.1. The principal resonance: Pres and Pnonres 

Focusing on the attractors Pres and Pnonres, we analyze their dynamical integrity at the activation of the principal resonance, 

along the range Ω = [500, 570] kHz. This analysis is conducted by following the seminal works of Thompson [51], and 

Rega and Lenci [52, 53]. For a deep overview, we refer to Thompson [54] and Rega et al. [55]; for applications on AFM 

we refer to Settimi and Rega [56], and for applications on MEMS to Ruzziconi et al. [26]. 

We consider the attractors one by one, separately. The basin of attraction of each attractor is assumed as the safe basin. 

To measure the dynamical integrity, we consider the Local Integrity Measure [51, 57], which is the normalized maximum 

radius of the hyper-sphere entirely belonging to the safe basin and centered at the attractor. Since calculating the attractor-

basins phase portrait for the present 2 d.o.f. system is computationally very expensive, instead of analyzing the entire safe 

basin, which is four dimensional, we analyze its sections around each attractor along both the third-mode plane and the 

fifth-mode one. The normalized circle is evaluated at each one of the two planes, and we assume as LIM the most 

unfavorable condition. 

 
 

 

(a1) (a2) 
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Figure 17. Profiles for the dynamical integrity analysis at VAC = 21.5 V. The profiles for the dynamical integrity analysis of the 

attractors representing the normalized radius of the largest circle calculated in the third-mode plane and in the fifth-mode one are in 

blue and green solid line, respectively. The profiles for the dynamical integrity analysis of the vulnerability of the attractors to the 

escape calculated in the third-mode plane and in the fifth-mode one are in blue and green dotted line, respectively. The frequency 

response diagram is in black solid line. (a1), (b1) Range Ω = [520, 600] kHz; (a1), (b1) Larger view at Ω = [500, 810] kHz. (a1), (a2) 

Third-mode plane; (b1), (b2) fifth-mode plane. 

 

 

To compare the results of the sections among each other, all of them are scaled to the same wideness along each axis. 

We refer as normalizing condition to the basin of Pres at Ω = 500 kHz, which is before the activation of the principal 

resonance, and we focus on the window drawn in the phase space spanning u1 = [-0.75, 0.75] and u2 = [-150, 150] for the 

third-mode plane, and u3 = [-0.75, 0.75] and u4 = [-350, 350] for the fifth-mode plane. 

For both Pres and Pnonres, we report the profile representing the normalized radius of the largest circle centered at the 

attractor and calculated in the third-mode plane, which is in blue solid line in Fig. 17(a1-a2), and the profile in the fifth-

mode one, which is in green solid line in Fig. 17(b1-b2). These diagrams are overlapped with the simulated frequency 

response, which is reported in black, in order to immediately grasp the dynamics equipped with a considerable robustness. 

The scale of the frequency amplitude is on the left-hand side of the figure, the scale for the normalized radius is on the 

right-hand one. 

We analyze the attractor Pres. Focusing on the third-mode plane in Fig. 17(a1-a2), before the onset of the principal 

resonance the normalized radius reaches about the unitary value, which exceeds the range reported in the figure and 

confirms that this attractor is initially very robust. At the appearance of Pnonres, instead, there is a serious drop of the 

normalized radius, which suddenly falls down to rather small amplitudes, e.g. R/R0 = 0.0680 at Ω = 540 kHz. After that, 

the radius continues shrinking, although this process is more gradual, e.g. R/R0 = 0.0607at Ω = 560 kHz, and R/R0 = 

0.0574 at Ω = 570 kHz. Focusing on the fifth-mode plane in Fig. 17(b1-b2), the profile is able to perceive the main 

shrinkage at the appearance of Pnonres, which produces an evident drop in the corresponding normalized radius. After this 

fall, even if the profile is considerably lowered, it still attains appreciable values, e.g. R/R0 = 0.0966 at Ω = 540 kHz. 

Further proceeding along the branch, the compact safe area surrounding the attractor along all the present plane slightly 

widens and the corresponding profile slightly raises, despite this change remains not substantial. 

Thus, even if the fifth-mode plane is able to catch some aspects, the main criticalities arising in Pres along the present 

Ω-range are observed in the third-mode one, which is the plane mainly involved in the principal resonance. Since as 

dynamical integrity we consider the most conservative condition, for Pres we assume as LIM profile the one based on the 

normalized radius drawn along the third-mode plane, Fig. 17(a1-a2). 

Regarding Pnonres, soon after its appearance the compact area of its basin widens rapidly. This corresponds to a sudden 

ramping of the normalized radius, which is clearly perceived along both the third and the fifth-mode plane, showing that 

this attractor becomes very robust soon after its saddle-node bifurcation.  

For completeness, note that the LIM provides information about the wideness of the compact core surrounding the 

attractor, but is not able to catch other aspects, e.g. the magnitude of the basin with respect to the other one in terms of 
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number of points. These aspects may be not trivial and require an additional analysis where different dynamical integrity 

measures are assumed [51, 52], which is out of the scope of the present paper. 

 

 

4.2. The 2:1 internal resonance: Pres-S1res 

We focus on the transition from Pres to S1res at the activation of the 2:1 internal resonance and we analyze the attractors 

up to their disappearance, in the range Ω = [580; 810] kHz.  

We consider the profile along the fifth-mode plane, Fig. 17(b1-b2). Before the activation of the 2:1 internal resonance, 

there is a limited widening of the compact area of its basin. After the activation, instead, the outline radically changes. 

The core previously covered by the basin Pres shrinks at the transition to S1res, and concurrently the other coexisting 

attractors appear. The splitting of the core into smaller areas belonging to different basins is clearly perceived by the 

normalized radius of S1res, along the present plane. The diagram shows an evident fall, which mainly takes place at about 

the appearance of S1nonres, to which is largely related. The main part of this drop occurs within a narrow interval of 

frequency excitation, e.g. compare the normalized radius R/R0 = 0.1212 at Ω = 570 kHz and R/R0 = 0.0271 at Ω = 580 

kHz. After that, the compact part of the basin of S1res continues shrinking more gradually, e.g. R/R0 = 0.0254 at Ω = 590 

kHz and R/R0 = 0.0246 at Ω = 600 kHz.  

The profile of S1res along the third-mode plane is less sensitive to the metamorphoses induced by the 2:1 internal 

resonance, Fig. 17(a1-a2). The appearance of S1nonres produces a slight decrement of the compact area of S1res, which 

corresponds to a small fall in the normalized radius, e.g. R/R0 = 0.0574 at Ω = 570 kHz and R/R0 = 0.0361 at Ω = 580 

kHz. This is less deep than the one in the fifth-mode plane. After that, the compact area and its corresponding normalized 

radius slightly increases, although this process is slow.  

Further increasing Ω, the shrinkage of the normalized radius of S1res along the fifth-mode plane proceeds. This is less 

perceptible up to Ω = 625 kHz, where the profile is only slightly inclined, after which the reduction becomes more severe 

and gradually leads to the disappearance of the attractor. Along the third-mode plane, instead, the normalized radius 

remains practically constant up to about Ω = 750 kHz, after which the attractor rapidly vanishes. 

Thus, the integrity profile drawn in the third-mode plane is very sensitive to the principal resonance, whereas it loses 

sensitivity when analyzing the activation of the 2:1 internal one. For this reason, for S1res we consider as LIM profile the 

one in the fifth-mode plane, Fig. 17(b1-b2). 

The profile of the novel Pres undergoes the opposite behavior. Soon after its appearance, the novel Pres likely becomes 

the prosecution of the previous Pres. Along the third-mode plane, the compact part of the basin of Pres is rather small and, 

as proceeding along the sweep, it further shrinks, although it does not become residual up to its final upward saddle-node 

bifurcation. This aspect is caught by the corresponding normalized radius, which reduces being R/R0 = 0.0492 at Ω = 590 

kHz, R/R0 = 0.0377 at Ω = 775 kHz, and finally disappearing at Ω = 799.1 kHz. On the opposite, along the fifth-mode 

plane the compact core of the novel Pres is still wide and continues raising. The corresponding normalized radius switches 

from R/R0 = 0.1305 at Ω = 610 kHz, to R/R0 = 0.1839 at Ω = 725 kHz. After that, the normalized radius drops and 

vanishes. 

More in general, the analysis for both Pres and S1res suggests that there is a different vulnerability along a plane and 

along the other one. The attractor is very sensitive to disturbances for the initial conditions coming from the plane mainly 

involved in the resonance under consideration. Conversely, there is a lower sensitivity with respect to the disturbances 

for the initial conditions coming from the other plane. This outline detects an important aspect, since it shows that the 

system is less robust to the disturbances coming from the mode that is actually activated. 

Overall, the profiles in Fig. 17 alert that the activation of the 2:1 internal resonance induces a considerable reduction 

of the robustness of the main resonant branch, as can be observed by the evident drop at Ω = [570, 580] kHz. Comparing 

with the experiments in Sec. 2, the main resonant branch experimentally disappears at Ω = 590.5 kHz. The normalized 

radius in the fifth-mode plane for S1res alerts the slow, but progressive loss of robustness of the attractor along this range. 

The experimental disappearance of the resonant branch is likely related to this gradual process, which induces the attractor 

to vanish considerably before reaching its final saddle-node bifurcation observed in the numerical simulations. This aspect 

is reflected also in the wideness of the oscillations, since the attractor experimentally vanishes considerably before 

spanning with its oscillations the entire air gap available in the device.  

In addition, the profiles alert a different vulnerability between S1res and the novel Pres. While the profile of the S1res in 

the fifth-mode plane decreases rapidly, the profile of the novel Pres in the third-mode plane is only minimally inclined up 

to reach about its final saddle-node bifurcation. Supposing the same experimental disturbances, this suggests that, if 

experimentally caught, the novel Pres may be observed along a larger range of existence than S1res. 

 

 

4.3. The vulnerability to dynamic pull-in 

The closeness of the escape suggests further considerations. Following the analysis in Ruzziconi et al. [2], we apply the 

dynamic integrity to assess if an attractor is vulnerable to dynamic pull-in. For this reason, we assume as safe basin the 

entire non-escape area and we evaluate the normalized radius as referring to it. Still applying the previous simplification, 

the radius is calculated both in the third- and in the fifth-mode plane, successively assuming the most stringent condition. 
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We analyze the last part of the branch and not the initial one, since both S1res and Pres are safely located inside the non-

escape area at small Ω-values, i.e. if the attractor vanishes along this initial range, the system is likely induced to jump to 

another attractor (mainly Pnonres), and not to undergo dynamic pull-in. Along the last part of the branch, instead, the 

closeness of the escape area to the attractors increasingly raises the danger of dynamic pull-in. The obtained profiles at 

both the third and the fifth-mode plane are overlapped in dotted line in Fig. 17. 

Approaching the disappearance of S1res, the normalized radius of the non-escape area decreases considerably. At Ω = 

750 kHz, along the fifth-mode plane the attractor is practically no longer surrounded by the basin of Pnonres; the normalized 

radius is only slightly larger than the one of the analysis of disappearance, being respectively R/R0 = 0.0068 and R/R0 = 

0.0373, in Fig. 17(b1-b2). Similarly, this occurs in the third-mode plane in Fig. 17(a1-a2), where the normalized radius of 

the non-escape area practically coincides with the one at the basin of the attractor. The same consideration can be drawn 

for Pres, both along the third and the fifth-mode plane. 

These results alert that both S1res and Pres are only surrounded by their own basin along the last part of their extent. If 

operated in this range, at disappearance they lead the device to dynamic pull-in, since they are no longer protected by 

other basins.  

 

 

5. Conclusions 

Focusing on a microbeam-based MEMS device, the dynamics induced by the 2:1 internal resonance between the third 

and the fifth mode have been analyzed, showing their valuable complexity.  

Experimental frequency sweeps are acquired, both forward and backward. The resonant and non-resonant branches 

have been observed to span a wide range of coexistence, where they exhibit hardening behavior. The activation of the 2:1 

internal resonance visibly alters the device response. The experimental dynamics have been deeply examined, by resorting 

to the combined use of different analytical and numerical tools. Due to the 2:1 internal resonance, the response along the 

resonant branch spontaneously deviates from Pres to S1res. Along this range, the experimental data clearly show the 

saturation of the third mode and the concurrent activation of the fifth. The nonlinear dynamics induced by the 2:1 internal 

resonance are experimentally observed along a wide driving parameter range, which offers the possibility of actively 

making use of them in applications. Nevertheless, when the resonant branch experimentally disappears, its oscillations 

are considerably smaller than the entire available air gap; this alerts of a severe underlying dynamical integrity issue, 

along with the possibility of further widening/shrinking the safe region as needed. To address this issue, an extensive 

theoretical investigation has been developed. 

The Galerkin reduced-order model is derived by taking into account both the third and the fifth mode. The numerical 

simulations properly catch the attractors arising in the experimental dynamics. Their main aspects are represented, 

showing good agreement with the experimental data. Details have been added about the existence of some other coexisting 

attractors spanning wide Ω-ranges, although not caught by the reported experimental sweeps.  

An extensive attractor-basins investigation has been performed, where the development of the basins of attraction 

have been examined. The analysis is conducted by focusing on each single branch and examining the global behavior 

both in the third-mode plane and in the fifth-mode one. Based on the results attained from the bifurcation diagram, we 

have merged the analysis in a certain plane drawn around an attractor with the one drawn around another attractor for the 

cases where this is expected not to lead to considerable differences, i.e. for the cases where the attractors present in a 

certain plane rather close initial conditions along the Ω-range under consideration. For each case, we have specified where 

this approximation has been assumed.  

All branches have been analyzed. Special attention has been devoted to the scenario after the activation of the 2:1 

internal resonance along the resonant branch. The section drawn in the fifth-mode plane around S1res shows the 

metamorphoses undergoing in the area previously covered by the basin of Pres. This is progressively split into different 

basins, due to the appearance of the other coexisting attractors. The basin of S1res and S1nonres spiral around each other, 

while S1res-ph appears and develops similarly to the one of S1res. All these basins induced by the 2:1 internal resonance are 

comparable in size. Despite being small, their compact cores are not residual, which allows effectively operating the 

device with them under realistic conditions.  

Increasing the frequency excitation, we have observed the basin of Pnonres entering inside the core constituted by the 

other basins and progressively widening inside the central part of the phase space. As a result, this basin progressively 

separates the other basins and concurrently leads each one of them to the outward direction, making them approaching 

the escape region. This process continues and amplifies up to the final disappearance of these attractors, which, along the 

final part of their range of existence, are seriously close to the escape area, or even surrounded by it. We have observed 

the completely different behavior of the basin of Pnonres with respect to all the other coexisting branches. This is 

increasingly widening from all the reported sections, i.e. not only the ones drawn around Pnonres, but also the ones drawn 

around the other attractors. This confirms the robustness of the very small oscillations of Pnonres along the analyzed Ω-

range. 

The attractor-basins analysis clearly shows the complexity of the phase space arising from the 2:1 internal resonance 

activation and the difficulties to visualize the attractor-basins phase portraits, since the reduced-order model intrinsically 

presents 2 d.o.f.. As changing the section under consideration, different aspects are observed. Nevertheless, for all the 
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attractors of the present case-study the main changes are observed to come from the plane mainly involved in the 

resonance under consideration.  

Based on the attractor-basins organization, the dynamical integrity of each single attractor has been analyzed. The 2:1 

internal resonance activation has been observed to induce a considerable drop in the robustness of the main resonant 

branch, which is clearly perceptible both from the fifth and the third mode plane. For the branches involved in principal 

resonance and not in the 2:1 internal one, criticalities emerge in the principal plane, and not in the fifth-mode one. 

Conversely, for the branches involved in the 2:1 internal resonance, they occur in the fifth-mode plane. Information has 

been extracted about the possible final behavior after the disappearance of an attractor as well as on the possibility of 

jumping from an attractor to a different one. The closeness of the attractors to the escape has been discussed. 

Comparing with the experimental data, it has been observed that the range where the main resonant branch (S1res) 

experimentally disappears likely corresponds to the range where its robustness is slowly dropping. This occurs 

considerably before reaching the simulated final saddle-node bifurcation, as suggested also by the actual wideness of the 

oscillations, which are quite smaller than allowed by the wide air gap.  

Summarizing, focusing on a microbeam-based MEMS device, we have revealed the richness and complexity of the 

dynamics induced by the 2:1 internal resonance. Systematic attractor-basins phase portraits have been performed. 

Examining the sensitivity to the initial conditions of states in various regimes, we have explored the robustness of the 2:1 

internal resonance. All the attractors have been observed to be provided by a non-negligible safe basin along wide Ω-

ranges. We have emphasized that this occurs not only for the attractors experimentally followed by the sweeps, but also 

for the other branches captured in the simulations. Counting on nonlinearities for a wide operational range is promising 

in many different applications [58-66]. The main achievements reported in the present paper have been commented and 

their generality has been highlighted, since similar features may occur in different systems. 
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Appendix A. Problem formulation 

The device is modelled as a parallel plate capacitor, as represented in the schematic in Fig. A.1. The microbeam is 

described in the framework of the Euler–Bernoulli theory. Axial and transversal displacements are denoted as w(z, t) and 

v(z, t), respectively. Along the vertical axis, we consider as positive direction the one toward the substrate. The microbeam 

is assumed of length L, width b, and thickness h (sum of all its layers). It is characterized by a straight configuration, 

constant rectangular cross-section, and fixed-fixed boundary conditions. Residual stresses are represented by a constant 

axial load P, which induces axial displacement at the right end B. Since the lower electrode spans half the length of the 

microbeam, only this part contributes to the electric force term.  

The governing equation of motion becomes [1] 

�̈� + 𝜉�̇� + 𝑣′′′′ + 𝛼𝑣′′ = −𝛾𝐹𝑒 (A.1) 

where 

𝛼 = 𝑛 − 𝑘𝑎 ∫
1

2
(𝑣′)2

1

0

𝑑𝑧 (A.2) 

and the electric force term is 

𝐹𝑒 =
(𝑉𝐷𝐶 + 𝑉𝐴𝐶 cos(Ω𝑡))2

(1 − 𝑣)2
[𝑈(𝑧1) − 𝑈(𝑧2)] (A.3) 

where 𝑈(𝑧1) and 𝑈(𝑧2) are the unit step functions defining the lower electrode length and position. The boundary 

conditions are 

𝑣(0, 𝑡) = 0 𝑣(1, 𝑡) = 0 𝑣′(0, 𝑡) = 0 𝑣′(1, 𝑡) = 0 (A.4) 

In equations (A.1)-(A.4), primes denote derivatives with respect to z, and dots denote derivatives with respect to t. 

The nondimensional variables are (denoted by tilde signs, which are dropped in (A.1)-(A.4) for convenience) 

�̃� =
𝑧

𝐿
 �̃� =

𝑣

𝑑
 �̃� =

𝑡

𝑇
 (A.5) 

and the nondimensional parameters are 

𝑘𝑎 = (𝐸𝐴)𝑑2/(𝐸𝐽) 𝑛 = (𝐸𝐴)𝐿𝑤𝐵/(𝐸𝐽)  

𝛾 =
1

2
휀0휀𝑟𝐴𝑐𝐿3/(𝑑3𝐸𝐽) 𝜉 = 𝑐𝐿4/(𝐸𝐽𝑇) (A.6) 

𝑇 = √(𝜌𝐴𝐿4)/(𝐸𝐽) Ω̃ = Ω𝑇  

where EA is the axial stiffness, EJ is the bending stiffness, A is the area of the cross section, J is its moment of inertia, E 

is the effective Young’s modulus, ρ is the material density, d is the equivalent capacitor gap distance between the 

stationary electrode and the movable one, Ac is the overlapping area between the lower and the upper electrode (half-

electrode configuration), c is the viscous damping coefficient, wB is the axial displacement at the right end B, ε0 is the 

dielectric constant in the free space, and εr is the relative permittivity of the gap space medium with respect to the free 

space.  

The nondimensional axial force n and the time T are identified by referring to the linear part of Eq. (A.1) and matching 

the first two natural frequencies, which yields n = -145.5 (traction), and T = 0.0000513797.  

Assuming these values, the first seven theoretical natural frequencies are estimated as: f1 = 145.2 kHz (first 

symmetric), f2 = 315.132 kHz (first antisymmetric), f3 = 526.637 kHz (second symmetric), f4 = 788.747 kHz (second 

antisymmetric), f5 = 1106.05 kHz (third symmetric), f6 = 1480.95 kHz (third antisymmetric), f7 = 1914.77 kHz (fourth 

symmetric).  Up to f5, the theoretical values are very close to the experimental ones. This is even though the identification 

is conducted using only the first two natural frequencies. 

Regarding the gap, the upper electrode is constituted by the conductive layer of Gold/Chrome applied on top of the 

microbeam; the Silicon Nitride (Si3N4), instead, is a dielectric material. For this reason, we consider the equivalent 

capacitor gap [67], which is composed of the air gap plus the contribution due to the Silicon Nitride layer, whose dielectric 

constant is 휀𝑟𝑆𝑖3𝑁4
= 7 [68]. Thus, the equivalent capacitor gap is 

𝑑 = 𝑑𝑎𝑖𝑟 +
𝑡Si3N4

휀𝑟Si3N4

= 2.714 𝜇𝑚 (A.7) 

Regarding the parameter ka, this is evaluated by assuming the microbeam of homogeneous isotropic material (Silicon 

Nitride) and by referring to the equivalent capacitor gap, which yields ka = 28.868. For the parameter γ, we assume γ = 

0.08; this value is slightly higher than the one extracted by matching the distance between the resonant and non-resonant 

branch of the principal attractors; this allows better observing the underlying phenomena. For the damping, we assume 𝜉 

= 0.053; also this value is slightly more elevated than the one extracted by matching (as far as possible) the lengthening 

of the principal resonant branch at small 𝑉𝐴𝐶 . This increment is deliberately added since calculating the attractor-basins 

phase portraits is computationally very demanding, and the higher damping facilitates the convergence of the trajectories 

to the corresponding attractors. 
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To derive the reduced-order model, we approximate the microbeam deflection as 𝑣(𝑧, 𝑡) ≅ ∑ 𝜙𝑖(𝑧)𝑢𝑖(𝑡)𝑛
𝑖=1 , where 

𝜙𝑖(𝑧) are the corresponding mode shapes, normalized as ∫ 𝜙𝑖𝜙𝑗𝑑𝑧
1

0
= 𝛿𝑖𝑗. Considering the third and fifth modes and 

applying the Galerkin method [69, 70], the 2 d.o.f. Galerkin reduced-order model becomes 

�̈�𝑛 + 𝑐�̇�𝑛 + 𝜔𝑛
2𝑢𝑛 − 𝑘𝑎(𝑎𝑛1𝑢1

3 + 𝑎𝑛2𝑢2
3 + 𝑎𝑛3𝑢1𝑢2

2 + 𝑎𝑛4𝑢2𝑢1
2)  = −𝛾𝑉2 ∫

𝜙𝑛

(1 − 𝜙1𝑢1 − 𝜙2𝑢2)2

0.5

0

𝑑𝑧 

for n = 1, 2 (A.8) 

where the first equation (n = 1) refers to the third mode and the second (n = 2) to the fifth. The electric force term is 

integrated numerically. The obtained coefficients are reported in Table A.1. 

 

 

 
Figure A.1. Schematic of the device mechanical model. 

 

 

 
Table A.1. Coefficients of the 2 d.o.f. Galerkin reduced-order model.  

The first row refers to the third mode, the second row to the fifth one. 

Eq. 𝑢1 𝑢2 𝑢1
3 𝑢2

3 𝑢1𝑢2
2 𝑢2𝑢1

2 

1st 28904.48 0 4751.08 ka 2596.57 ka 13458.19 ka 2828.61 ka 

2nd 0 127495.86 942.87 ka 36031.83 ka 7789.70 ka 13458.19 ka 
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