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Abstract
Seismic data processing in the elastic anisotropic model is complicated due to multiparameters-dependency. Approximations to the P-wave kinematics are necessary for practical
purposes. The acoustic approximation for P-waves in a transversely isotropic medium with a
vertical symmetry axis (VTI) simplifies the description of wave propagation in elastic media,
and as a result, it is widely adopted in seismic data processing and analysis. However, finitedifference implementations of that approximation are plagued with shear-wave artifacts.
Specifically, the resulting wavefield also includes artificial diamond-shaped S-waves resulting
in a redundant signal for many applications that require pure P-wave data. To derive a totally
S-wave free acoustic approximation, we propose a new acoustic approximation for pure Pwaves that is totally free of S-wave artifacts in the homogenous VTI model. To keep the Swave velocity equal to zero, we formulate the vertical S-wave velocity to be a function of the
model parameters, rather than simply setting it to zero. Then, the corresponding P-wave phase
and group velocities for the new acoustic approximation are derived. For this new acoustic
approximation, the kinematics is described by a new eikonal equation for pure P-wave
propagation, which defines the new vertical slowness for the P-waves. The corresponding
perturbation-based approximation for our new eikonal equation is used to compare the new
equation with the original acoustic eikonal. The accuracy of our new P-wave acoustic
approximation is tested on numerical examples for homogeneous and multilayered VTI
models. We find that the accuracy of our new acoustic approximation is as good as the
original one for the phase velocity, group velocity and the kinematic parameters like the
vertical slowness, traveltime and the relative geometrical spreading. Therefore, the S-wavefree acoustic approximation could be further applied in seismic processing that requires pure
P-wave data.

2

Geophysics

Introduction
Compared to isotropic media, the velocity in anisotropic media changes with propagation
direction and such velocity variation is controlled by more than one parameter. Due to the
multi-parameters dependence, the equations describing the phase and group velocities in
anisotropic media are quite complicated. The complexity in the elastic anisotropic model
results in a heavy computational cost. For simplification purposes, some approximations like
the weak anisotropy approximation, elliptical approximation (Dellinger and Muir, 1988) and
small dip angle approximation (Cohen, 1996) were proposed to reduce the computational
cost. However, the accuracy of these methods is limited. Alkhalifah (1998) proposed the
acoustic approximation for P-waves by setting the value of the vertical S-wave velocity to
zero. This modification contributed a lot in time-related processing like moveout correction,
dip moveout and time migration that are almost vertical S-wave independent by properly
selecting the model parameterization. The influence from setting the value of vertical S-wave
to be zero is nearly negligible while, as a consequence, the corresponding expression
describing the elastic model is simplified greatly. Subsequently, an acoustic wave equation for
a transversely isotropic medium with a vertical symmetry axis (VTI) is proposed by
Alkhalifah (2000).
This acoustic representation provides a reasonably accurate approximation to P-wave
propagation in elastic media by accurately describing the P-wave kinematics and boosting the
efficiency of imaging and other seismic processing applications, and as a result, it is widely
adopted in both industry and academia. Using the acoustic dispersion relation, additional
variations of acoustic anisotropic wave equation were proposed for VTI (Zhou et al., 2006)
and transversely isotropic media with tilted axis (TTI) of symmetry (Fletcher et al., 2009).
The acoustic assumption could be applied in reverse time migration (RTM) in TI media
(Alkhalifah, 2000) resulting a large reduction in computational cost. The acoustic concept is
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commonly adopted by our Geophysical community and widely applied for almost all seismic
data process methods like seismic modeling (Finkelstein and Kastner, 2007; Liu and Sen,
2010), underground imaging (Alkhalifah and Fomel, 2011; Li et al., 2016; Xu et al., 2016),
full waveform inversion (FWI) (Gholami et al., 2013; Alkhalifah and Plessix, 2014) and
traveltime tomography (Wang and Tsvankin, 2013, Li et al., 2017). However, mitigating the
accompanying S-wave artifacts often requires additional processing or limiting assumptions.
This acoustic assumption ( vs 0 = 0 ) does not mean that the S-wave propagation is fully
removed. Using this acoustic approximation, and considered as an unwanted artifact, a
diamond-shaped S-wave appears in the wavefield (Grechka et al., 2004; Jin and Stovas,
2018). This S-wave artifact results in a redundant signal for many applications that require
pure P-wave data. The kinematics of this acoustic S-wave is defined and analyzed by Jin and
Stovas (2018).
In order to remove these artifacts, Alkhalifah (2000) suggested putting the sources and
receivers in a purely isotropic or elliptical anisotropic medium. Fomel et al. (2013) proposed
to adopt a mixed-domain extrapolation for P-waves to avoid the generation of these S-waves.
In order to eliminate these unwanted S-wave energy totally, many methods for the pure Pwave propagation have been proposed. Du et al. (2010) used the optimized separable
approximation, which separates P and S-waves. Also, methods like the Rapid Expansion (RE)
(Pestana and Stoffa, 2010), the Fourier Finite Difference (FFD) (Song and Fomel, 2011), the
Low Rank (LR) approximation (Song and Alkhalifah, 2013 and Alkhalifah, 2013) and the Pwave propagator separation (Cheng and Kang, 2014) method could also achieve the purpose
of approximating the pure P-wave in VTI model. Using the artifact-free isotropic and
elliptically anisotropic modeling in an effective anisotropic model (Ibanez-Jacome et. al.,
2013; Waheed and Alkhalifah, 2015) is another possible way to remove S-waves. Notice that
some attempts above like the LR approximation, artifact-free isotropic model and the
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elliptically anisotropic modeling suffer from low accuracy in describing the pure P-wave
propagation due to the approximation used in the phase velocities or the dispersion relations.
In this paper, we propose a new acoustic approximation for the VTI model. Compared with
the original acoustic approximation (Alkhalifah, 1998), our method is defined for pure Pwaves where S-wave artifacts are fully eliminated, which can provide an alternative wave
equation needed in pure P-wave processing. The corresponding P-wave phase and group
velocities for the new approximation are derived as well as a new eikonal equation that
describes the pure P-wave traveltimes. A comparison with the original acoustic approximation
in the accuracy of the phase velocity, the group velocity and the kinematic parameters like
vertical slowness, traveltime and the corresponding relative geometrical spreading are
performed using numerical examples. Although our new acoustic approximation is more
complex than the standard one (Alkhalifah, 1998), the totally S-wave free character is very
useful for the seismic processing methods that require pure P-wave data.
Elastic and acoustic VTI media
The wavefront (phase) velocities for P- and S-waves in elastic VTI media are extracted from
the Christoffel equation, and given by Thomsen (1986)
v 2 ( ) =

C33 + C44 + (C11 − C33 ) sin( ) 2  F
,
2

(1)

with



F = (C33 − C44 )2 + 2  2(C13 + C44 ) 2 − (C33 − C44 )(C11 + C33 − 2C44 )  sin( ) 2
+ (C11 + C33 − 2C44 ) 2 − 4(C13 + C44 )2  sin( )4

where Cij are the stiffness coefficients,



1/2

(2)

,

 is the phase angle, and the positive sign in equation

1 corresponds to the velocity for P-waves while the negative sign corresponds to the velocity
for S-waves. Notice that the S-wave corresponds to the SV shear wave polarized in the
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vertical plane. These stiffness coefficients are related to the anisotropy parameters ( v pn and 
) and Thomsen (1986) parameters (  and  ) as follows (Alkhalifah, 1998)
C11 = (1 + 2 )v 2pn , C33 = v 2p 0 , C44 = vs20 , C13 = (v 2p 0 − vs20 )(v 2pn − vs20 ) − vs20 ;

(3)

C11 = (1 + 2 )v 2p 0 , C33 = v 2p 0 , C44 = vs20 , C13 = (v 2p 0 − vs20 ) (1 + 2 ) v 2p 0 − vs20  − vs20 ,

where v p 0 and vs 0 are vertical velocities for the P- and S-waves, respectively, v pn is the Pwave normal moveout (NMO) velocity defined as v pn = v p 0 1 + 2 , and  is the anellipticity
parameter defined as  = ( −  ) / (1 + 2 ) (Alkhalifah, 1998), where

 and  are the

anisotropic parameters defined by Thomsen (1986). By substituting equation 3 into equation
1, the explicit expressions for P and S phase velocities, in terms of the anisotropic parameters
(Thomsen, 1986),
v 2p ( ) =
v ( ) =
2
s

v 2p 0 + vs20 + (1 + 2 ) v 2pn − v 2p 0  sin( ) 2 + E
2
2
2
v p 0 + vs 0 + (1 + 2 ) v 2pn − v 2p 0  sin( ) 2 − E
2

,

(4)
,

with



E = ( v 2p 0 − vs20 ) − 2 v 2p 0 + (1 + 2 ) v 2pn  ( v 2p 0 − vs20 ) sin( )2
2

2
+ v 4p 0 + 2 (1 + 2 ) v 2pn v 2p 0 + (1 + 2 ) v 4pn − 8 v 2pn vs20  sin( )4





(5)

1/2

.

Due to the often surface acquisition nature of our seismic data, and the more often vertical
symmetry axis nature of the Earth, characterizing the model by the NMO velocity v pn and the
anellipticity parameter  , the impact of the vertical P-wave ( v p 0 ) and S-wave ( vs 0 ) on Pwave data is negligible (Alkhalifah, 1998). By setting the value of the vertical S-wave to be
zero ( vs 0 → 0 ), the expression for the P-wave velocity is much simpler and easier:
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v 2p ( ) =



1 2
v p 0 + (1 + 2 ) v 2pn − v 2p 0  sin( )2
2



2
+ v 4p 0 − 2 v 2p 0 + (1 + 2 ) v 2pn  v 2p 0 sin( )2 + v 4p 0 + 2 (1 + 2 ) v 2pn v 2p 0 + (1 + 2 ) v 4pn  sin( )4 .



(6)

The corresponding ray (group) velocity can be computed using the derivatives of the phase
velocity as given by Berryman (1979)
 v p ( ) 
V p2 ( ) = v 2p ( ) + 
 ,
  
2

(7)

The vertical and horizontal components of the group velocity (Tsvankin, 2012) are computed
as
Vp2 ( = 90 ) = v 2p ( ) cos( ) −
Vp2 ( = 0 ) = v 2p ( )sin( ) +

v p ( )


v p ( )


sin( ),

(8)
cos( ),

where  is the group angle. The group angle can be represented as a function of the phase
angle
1 v p
v p 
tan( ) =
.
tan( ) v p
1−
v p 
tan( ) +

(9)

Two VTI models are introduced for our computation where the model parameters are defined
in Table 1. We can see that the anisotropy in the VTI 2 model is very strong. We plot the
phase and group velocities of the elastic P and S-waves from equation 4 for the two defined
VTI models in Figure 1. One can see that the P-wave phase and group velocities are very
similar. However, the abnormal curve (concave shape) is obtained for S-waves in VTI model
2 for the phase velocity which results in a triplication in the group velocity plot.
The relative errors in the P-wave phase and group velocities using the original acoustic
approximation (Alkhalifah, 1998) are shown in Figure 2, top and bottom, respectively. We
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can see that the errors from using the acoustic approximation are slightly larger for VTI model
2 while the value in the error is very small. Our new acoustic approximation could be applied
to provide a reasonably accurate phase and group velocities.
The acoustic approximation simplifies the P-wave expression a lot taking into consideration
that the errors are almost negligible. However, setting vertical S-wave velocity to zero does
not mean that the S-waves are totally eliminated. The S-wave artifacts resulting from the
acoustic P-wave equation still remains and is shown in the snapshot of the wavefield in Figure
3 (Jin and Stovas, 2018). This artifact has a large imprint in practice, which may cause
degradation of the seismic imaging and FWI results (Gholami et al., 2013).
The new acoustic approximation in VTI media
In order to obtain a pure P-wave acoustic approximation in VTI media, instead of setting the
vertical S-wave to zero ( vs 0 = 0 ) where the phase velocity of the shear wave is zero for the
given specific phase angle only, and non-zero for all other directions, including the axial
direction, we set the function of S-wave phase velocity shown in equation 4 to zero ( vs ( ) = 0
). We then compute the resulting vertical S-wave velocity ( vs 0 ( ) ) as a function of the phase
angle. The explicit form for P and S-wave phase velocities are given in equation 4. This is the
exact form for P and S-wave phase velocities and no approximation is involved. The standard
acoustic approximation (Alkhalifah, 1998) is obtained by setting the vertical S velocity to be
zero ( vs 0 → 0 ) in v p ( ) .
The expression for the vertical S-wave vs 0 ( ) could be computed from equation 4 as follows:
v ( ) =
2
s0

( v ( ) − v ) v ( ) + 2v
2
s

2
p0

2
s

2
pn

+ ( v 2p 0 − vs2 ( ) ) + ( v 2p 0 − v 2pn ) vs2 ( )  sin( )2 − 2 v 2p 0v 2pn sin( )4

vs2 ( ) − v 2p 0 + ( v 2p 0 − v 2pn ) sin( )2 − 2 v 2pn sin( )4
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In order to eliminate the S-waves, we set the S-waves function to zero ( vs ( ) = 0 ). The
vertical S-wave velocity is no longer constant, but a function of model parameters ( vs 0 ( ) )
given by
vs20 ( ) = −

2 v 2p 0 v 2pn sin( ) 2 cos( ) 2
v 2p 0 + (v 2pn − v 2p 0 ) sin( ) 2 + 2 v 2pn sin( ) 4

.

(11)

Notice that here the vertical S-wave velocity in equation 11 becomes a function ( vs 0 ( ) )
instead of a model parameter to keep the value of the S-wave velocity ( vs ( ) ) equal to zero
for all phase angles.
By substituting the form of the vertical S-wave velocity shown in equation 11 into the
expression for the P-wave velocity in equation 4, we obtain the pure acoustic P-wave phase
velocity function
v 2p ( ) =

v 4p 0 + sin( )2 v 2p 0 − v 2pn (1 + 2 sin( )2 ) v 2p 0 − v 2pn (1 + 2 ) sin( )2 − 2v 2p 0 
v 2p 0 + (v 2pn − v 2p 0 )sin( )2 + 2 v 2pn sin( )4

.

(12)

Note that since the horizontally polarized shear wave is decoupled from both compressional
waves and vertically polarized shear waves, the phase velocities of P and S-waves are defined
by a quadratic equation, whose coefficients depend on the phase angle

 . The smaller root of

this quadratic equation is assumed to be zero, which means that the constant term of the
quadratic trinomial is zero. The vanishing constant term of the quadratic equation is actually
the condition for our suggested approximation. The remaining (compressional wave) root is
delivered by a linear equation. That is why our equation 12 is rational, no square root operator
2
is needed to find v p ( ) .

We plot the function for the vertical S-wave velocity in equation 11 for the two defined VTI
models in Figure 4. We can see from the polar plot that in order to keep the S-wave velocity
equal to zero at all angles, the value of the vertical S-wave velocity should depend on the
propagation angle. It is zero along the vertical and horizontal directions, while for other
9
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angles the value of the vertical S-wave is non-zero and depends on the model parameters and
the current phase angle

 . By setting the S-wave velocity shown in equation 4 to zero, our

new acoustic approximation for P-wave velocities shown in equation 12 will not include Swaves. We plot the group velocity for VTI model 1 for the elastic case, as well as, for the
original acoustic approximation (Alkhalifah, 1998) and for our new acoustic approximation in
Figure 5 a, b and c, respectively. Notice that the expression for the S-wave artifact from the
original acoustic approximation could be found in Song and Stovas (2018). One can see from
the plots that for the original acoustic approximation, the S-wave artifacts still remain, which
could be seen from the snapshot in Figure 3. On the contrary, for our new acoustic
approximation, only P-waves are present and the S-wave artifact is totally removed.
In order to test the difference between the two acoustic approximations, we plot the relative
error in phase and group velocities for the two introduced VTI models in Figure 6. Compared
to the results computed in VTI model 1, the error in VTI model 2 is larger in both phase and
group velocity regardless of which of the acoustic approximations are used. For the error in
phase and group velocities, the original acoustic approximation (Alkhalifah, 1998) is more
accurate in VTI model 1 while less accurate in VTI model 2.
Kinematics of the new acoustic approximation in VTI media
The vertical slowness for elastic VTI media is obtained by solving the cubic equation that
results from setting the determinant of the Christoffel matrix to zero as shown in Appendix A.
Then the vertical slowness for acoustic VTI media is obtained by setting the vertical S-wave
to be zero as shown in Appendix A.
On the other hand, the vertical slowness for P-waves using our new acoustic approximation is
derived from the following eikonal form extracted from the phase velocity expression,
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v 2p ( ) =

1
,
p + pz2
2
x

p2
p2
sin ( ) = 2 x 2 , cos 2 ( ) = 2 z 2 ,
px + pz
px + pz

(13)

2

where p x and p y are the projections of the horizontal and vertical slowness vector with
px = sin( ) / v( ) and pz = cos( ) / v( ) . The relationship between the two Cartesian
2
2
slowness components could be obtained by replacing sin ( ) and v p in equation 13.

After some algebraic manipulation, the vertical slowness is computed by solving the
following cubic equation (shown in Appendix B)
pz6 + Bpz4 + Cpz2 + D = 0,

(14)

where the coefficients B , C and D are given by
B=
C=
D=

px2 ( v 2p 0 + 2v 2pn ) − 1
v 2p 0

px2

,

(( 2 (1 +  ) p v

2 2
x pn

v

− 1)( v 2p 0 + v 2pn )

4
p0

px4 v 2pn (1 + 2 ) ( (1 + 2 ) px2 v 2pn − 1)
v 4p 0

),

(15)

.

The solution for the vertical slowness squared is given by


2  21/3 f1
1
1/3
2/3
pz2 = −2B +
+
2
f
+
f
,
(
)
2
3
1/3
6 
( f 2 + f3 )


(16)

with

f1 = B 2 − 3C ,
f 2 = −2 B3 + 9 BC − 27 D,

(17)

f3 = 3 3 − B 2C 2 + 4C 3 + 4 B 3 D − 18BCD + 27 D 2 .
The discriminant of the cubic equation is used to determine the number of real and complex
roots as shown in equation B-4. The stability analysis is applied by properly selecting the
anisotropic parameters to keep the discriminant of the cubic equation to be negative. We
11
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select the values of the model parameters as vp 0 = 3km/s , vs 0 = 1km/s and z0 = 1km , and plot
the discriminant versus two anisotropic parameters  and  as shown in Figure 7. We can
tell that for stability purposes, the range of  and  needs to be selected carefully to keep the
discriminant of the cubic equation negative.
By differentiating equation 14 over p x , we obtain
2 pz

dpz
dB 4 dC 2 dD
3 pz4 + 2Bpz2 + C ) +
pz +
pz +
=0
(
dpx
dpx
dpx
dpx

(18)

From this equation, we have
dB 4 dC 2 dD
pz +
pz +
dp
dpx
dpx
dpz
=− x
4
2
dpx
2 pz ( 3 pz + 2 Bpz + C )

(19)

where
2
2
dB 2 px ( v p 0 + 2v pn )
=
,
dpx
v 2p 0

2 px ( v 2p 0 + v 2pn ) (1 − 4 (1 +  ) px 2v 2pn )
dC
=−
,
dpx
v 4p 0

(20)

2 px3v3pn (1 + 2 ) ( 2 − 3 (1 + 2 ) px 2v 2pn )
dD
=−
.
dpx
v 4p 0
The phase velocity and angle can be computed from the vertical and horizontal slowness
using
tan( ) =

px
,
pz

1
v = 2
.
px + pz2
2
p

The group velocity and angle can also be computed from the slowness and its derivative.
Therefore, the group angle and velocity are given by

12
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dB 4 dC 2 dD
pz +
pz +
dpx
dpx
pz dpx
tan( ) = −
=
,
px 2 pz ( 3 pz4 + 2 Bpz2 + C )
dB 4 dC 2 dD
pz +
pz +
dpx
dpx
dpx
pz
1
= pz − px
= pz + px
.
Vp
px
2 pz ( 3 pz4 + 2 Bpz2 + C )

(22)

Note that different from the “standard” acoustic case, there is no S-wave component at all but
two more complex conjugate solutions, which is not used. The eikonal equation (a Partial
Differential Equation (PDE)) describes a level set object representing the traveltime of waves
in the earth’s subsurface. The acoustic eikonal equation derived by Alkhalifah (2000) is given
by
  
  
     
v 2pn (1 + 2 )   + v 2p 0   − 2 v 2pn v 2p 0     = 1.
 x 
 z 
 x   z 
2

2

2

2

(23)

This original acoustic approximation results in a fourth-order PDE. The perturbation-based
approximation up to the second-order in the anellipticity parameter  for the eikonal in
equation 23 is given by Alkhalifah (2011)
 old = t02 + tn2 −

(t

tn4
2
0

+t

2
n

)

+
3/2

3 ( 4t02tn6 + tn8 )
2 (t + t
2
0

)

2 7/2
n

2,

(24)

where t0 = z0 / vp0 and tn = x / v pn .
Our new derived acoustic eikonal equation is given by the form
  2    2   2    2 2    2   2    2 2    2 
  +    vPn   + vP 0   − 1 vPN   + vP 0    +
 z 
 z  
 x   z     x 
   x 
4
2
2
6

   2    2  
2     2   
2   
2
2 4   
2 vPn
v
+
v
−
1
+
v
+
+
4

v
P0 
PN 
Pn 
   PN  

   
 =0
 x    x 
 z 
 x 
 x   z   

(25)

Different from the eikonal equation 19, our new acoustic eikonal equation above results in a
sixth-order PDE with one real and two complex conjugate solutions, where the real solution
could be used for the pure acoustic wave propagation for seismic data processing.
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The perturbation-based approximation for the original eikonal equation 25 is given by Xu et
al., (2017)
 new = t + t −
2
0

2
n

(t

tn4
2
0

+t

)

2 3/2
n

+

tn6 3tn4v 2p 0 − 4t04 ( v 2p 0 − 4v 2pn )  + 3t02tn2 ( 4v 2p 0 + v 2pn )
2 (t + t
2
0

) (t v

2 7/2
n

2 2
0 pn

+t v

2 2
n p0

)

 2.

(26)

where the perturbed value is the anellipticity  as in equation 24. We can see that the
difference in the perturbation coefficients comes out from the second-order coefficient.
The P-wave traveltimes and offsets are computed from the derivation of the corresponding Pwave vertical slowness (Tsvankin, 2012; Xu and Stovas, 2017)
x = −z

pz
,
px

(27)

t = zpz + xpx ,

where z is the depth of the reflector.
The Taylor series expansion in terms of offset for the traveltime square using the original and
new acoustic approximations up to the sixth-order are

t

2
old

2
2
2 2
2
2
z02
1 2 (1 + 6 ) v p 0 4 (1 + 18 + 60 ) v p 0 − Vpn z0  v p 0 6
= 2 − 2 x +
x −
x ,
v p 0 v pn
v 4pn z02
v8pn z04

2
tnew
=

2
0
2
p0

z
1
− 2 x2 +
v
v pn

(1 + 6 )Vp20
4 2
pn 0

v z

x4 +

20 2v 6p 0 − (1 + 8 )(1 + 10 ) v 4p 0 v 2pn + v 2p 0 v 4pn z02
8 4
pn 0

v z

(28)
x6 .

The difference in the series coefficients using two acoustic approximations starts to appear at
the sixth-order term. For VTI model 1, the sixth-order moveout coefficients are -0.13736 and
-0.13953 for old and new acoustic approximations, respectively. For VTI model 2, the sixthorder moveout coefficients for old and new acoustic approximations are: 0.0391 and 0.0374,
respectively.
The relative geometrical spreading of P-waves can also be obtained from the derivatives of
the vertical slowness given by (Stovas and Ursin, 2009; Xu and Stovas, 2018)
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 x x 
LN = 
 .
 px px 

(29)

The traveltime and the relative geometrical spreading for an elastic VTI model and the
acoustic approximations could be computed from selecting the corresponding vertical
slowness defined in equations A-2, A-7 and 16. Note that the formula in equation 29 can be
applied to both compressional and shear waves.
Numerical examples for the new acoustic approximation
To test the new acoustic approximation, we plot the vertical slowness for the elastic VTI
model and the original acoustic and our new acoustic approximations using the model
parameters defined in VTI model 1 shown in Figure 8 a, b and c, respectively. One can see
that P and S-wave vertical slownesses are shown for the elastic VTI model. For the original
acoustic approximation, the P-wave vertical slowness maintains the S-wave artifacts. For our
new acoustic approximation, only the P-wave vertical slowness is shown, and the S-wave
slowness is totally eliminated. The group velocity could be computed from the corresponding
slownesses as shown in equation 22. The plot for the group velocity can be compared with the
slowness plot in Figure 5 (b) accordingly. The S-wave artifact in the group velocity plot
(Figure 5, b) is caused by the extra slowness shown in Figure 8 (b).
In order to investigate the difference in using the different acoustic approximations, we plot
the relative error in the vertical slowness ( p z ), the traveltime ( t ) and the relative geometrical
spreading ( LN ) in Figure 9, top, middle and bottom, respectively. The error is calculated by
measuring the difference with the elastic P-wave solutions for the two defined VTI models.
We can see from the plots that for the error in the vertical slowness, our new acoustic
approximation is more accurate in the strongly anisotropic model (VTI model 2) while the
original acoustic approximation is more accurate in VTI model 1. The error is increasing with
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horizontal slowness and is relatively larger in VTI model 2 regardless of the acoustic
approximation.
The tendencies of the errors in traveltime and geometrical spreading are very similar.
Generally, the error is very small regardless of which acoustic approximation is used. The
original acoustic approximation is more accurate in VTI model 1 while less accurate in VTI
model 2 for both traveltime and geometrical spreading. For a certain range of the
computational offset, our new acoustic approximation is more accurate than the old one and
the change in amplitude is smaller. We can tell that our new acoustic approximation achieves
generally similar accuracy compared with the original one, and yet, successfully addresses the
S-wave artifact issue. This newly proposed acoustic approximation for P-waves can be
adopted as an alternative to the original equation for seismic data processing that requires
pure P-wave information.
In order to do more accuracy tests, we plot the relative errors in traveltime and relative
geometrical spreading versus offset and anellipticity parameter with the old and new acoustic
approximations in Figure 10. We can see that generally, the accuracy from the old acoustic
approximation is slightly better than our new acoustic counterpart in both traveltime and
relative geometrical spreading. However, the errors for both acoustic approximations are
neglectably small, and thus, can provide reasonably accurate P-wave approximations.
By using the Dix-type equation (Dix, 1955) to compute the effective model parameters, the
new acoustic approximation could be applied for a multi-layered VTI model. We show the
relative errors in traveltime and relative geometrical spreading from the old and new acoustic
approximations in the multilayered VTI model in Figure 11. The model parameters for the
multilayer VTI model are defined in Table 2. We find that similar to the numerical examples
in the homogeneous VTI model, the old acoustic approximation is slightly better than our new
one while the accuracy is almost the same and the errors are all very small.
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Discussions
Our new acoustic approximation is more complicated in comparison with the original
equation in the expressions for phase velocity and the corresponding eikonal equation. As
opposed to the original eikonal equation shown by Alkhalifah (2000) and shared in equation
23, our new acoustic eikonal equation results in a sixth-order PDE with one real and two
complex conjugate solutions, which means solving the new eikonal equation requires an
additional computational cost. In order to get rid of the S-wave artifact, we needed to resort to
a more complex formula. Different from other attempts in eliminating the S-wave artifact for
the acoustic assumption, our acoustic approximation defines the velocities and the kinematics
for the pure P-wave in VTI model. The main innovation of this paper is to propose an Swave-free approximation (S-wave phase velocity is zero for all phase angles) at the expense
of increasing the complexity.
We expect that the new equations will be more computationally extensive to apply in
modeling and inversion. However, the cleaner wavefields may justify the increase in cost.
Considering the rapid advancements in computing, such additional cost may be acceptable.
For the eikonal equation, both the 4th and 6th order versions of the acoustic wave equation
will require numerical solutions. The difference in cost, in this case, is minor. However, the
actual cost difference will depend on the application.
Notice that the wave equation is the central ingredient in describing wave propagation that
could be applied in seismic imaging and elastic parameters inversion. Our new acoustic
approximation could provide an alternative approach for seismic data processing that requires
pure P-wave data at potentially additional cost. We cannot say that our new acoustic
approximation is more accurate compared with the standard acoustic approximation in
describing P-waves. Most of the cases, their accuracy is almost the same while sometimes our
new acoustic approximation is worse. However, what matters is the S-wave-free character
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that allows us to use the new equation in applications in which pure P-waves are needed. This
often includes applications in waveform inversion and imaging.
The chosen parameters for our accuracy tests meant to represent to strengths of anisotropy.
Values associated with real data are even sometimes higher, and our proposed method seems
to do well with strong anisotropy.
Our newly proposed acoustic approximation is meant to be an alternative to the original
formula (Alkhalifah, 1998) in representing the elastic VTI model for P-waves. The SV shear
phase velocity is set to zero for all phase angles while for standard acoustic approximation
(Alkhalifah, 1998) only vertical S velocity is zero. Compared with the original equation
(Alkhalifah, 1998), the expression becomes more complicated while it may not improve the
accuracy of P-wave description. However, it provides a S-wave free wavefield necessary for
many applications.
Conclusion
We propose a new acoustic approximation for P-waves in elastic VTI models free of the Swave artifact. Instead of setting the vertical S-wave velocity to zero, we derive an angledependent vertical S-wave phase velocity that guarantees a zero-value shear wave velocity at
all directions. To describe the kinematics of the new acoustic approximation, the P-wave
vertical slowness is derived. It can be used for imaging applications. The corresponding
eikonal equation for the new acoustic approximation is a sixth-order nonlinear PDE, which
can be used to describe the pure P traveltimes. The corresponding perturbation-based
approximation for the new eikonal equation is used to compare the accuracy of this new
approximation as compared with the original formula. The new approximation yields accurate
traveltimes free of shear wave artifacts, but potentially at an additional cost considering the
higher-order nature of the formula.
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Appendix A. The vertical slowness for P and S-waves in elastic VTI model
The characteristic Christoffel equation in VTI media is defined by setting the determinant of
the matrix N that is represented by six independent density normalized stiffness coefficients

cij to be zero ( det N = 0 ),
 C11 px2 + C44 pz2 − 1
0
(C13 + C44 ) px pz 


2
2
N=
0
C66 px + C44 pz − 1
0
,
2
2
 (C13 + C44 ) px pz
0
C44 px + C33 pz − 1


(A-1)

The corresponding P and S-wave vertical slownesses are computed by solving the cubic
equation ( det N = 0 ) given by
pz , P =
pz , S =

C33 + C44 + ( C132 − C11C33 + 2C13C44 ) p x2 − K
2C33C44

C33 + C44 + ( C132 − C11C33 + 2C13C44 ) p x2 + K
2C33C44

,

(A-2)
,

where
K=

(C

33

+ C44 + ( C132 − C11C33 + 2C13C44 ) px2

)

2

− 4C33C44 ( C11 px2 − 1)(C44 px2 − 1).

(A-3)

These stiffness coefficients could be expressed using the anisotropy parameters
C11 = (1 + 2 )VP20 ,
C33 = VP20 ,

(A-4)

C44 = VS20 ,
C13 = (VP20 − VS20 )((1 + 2 )VP20 − VS20 ) − VS20 .

The elastic P and S-waves vertical slownesses are given by the anisotropy parameters
2
2 2
2
2
2
2
1 Vs 0 (1 − pxV p 0 ) − V p 0  px ( 2V pn + Vs 0 ) − 1 − K
2
pz , p =
pz2, s

with

,

V p20Vs20

2

2
2 2
2
2
2
2
1 Vs 0 (1 − pxV p 0 ) − V p 0  px ( 2V pn + Vs 0 ) − 1 + K
=
,
2
V p20Vs20

K = −4Vp20Vs20 (1 + 2 ) px2V pn2 − 1 ( px2Vs20 − 1)





+ Vs20 ( px2Vpn2 − 1) + Vp20  px2 ( 2Vpn2 + Vs20 )  .
2
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The vertical slowness for the acoustic P-wave is obtained by adopting the acoustic assumption
(value of the vertical S-wave velocity is zero) given by (Alkhalifah, 1998)
pz2, p =

V pn2 px2 (1 + 2 ) − 1

V p20 V pn2 px2 (1 + 2 ) − 1 − V p20 px2V pn2

.

(A-7)

Notice that the exact solution for P-wave velocity is quadratic while our new acoustic form
solution is cubic. The reason for the increase in complexity is that by substituting the vertical
S-wave velocity back to compute the P-wave solution that is free of S-waves, the vertical Swave velocity becomes a function of phase angle instead of a set parameter.
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Appendix B. The solution for the cubic equation
The phase velocity in the VTI model satisfies the following eikonal form:
v 2p ( ) =

1
,
px2 + pz2

 = arctan

(B-1)

px
,
pz

where p x and p z are the projections of the horizontal and vertical slowness vectors with
px = sin( ) / v( ) and pz = cos( ) / v( ) . In order to compute the vertical slowness for the

new acoustic P-wave, by substituting equation B-1 into equation 11 and replacing the phase
angle with  in equation B-1, we obtain a cubic equation given by
pz6 + Bpz4 + Cpz2 + D = 0,

(B-2)

where the functions B , C and D are given by the model parameters
px2 ( v 2p 0 + 2v 2pn ) − 1

B=

v 2p 0

C=
D=

px2

,

(( 2 (1 +  ) p v

2 2
x pn

v

− 1)( v 2p 0 + v 2pn )

4
p0

px4 v 2pn (1 + 2 ) ( (1 + 2 ) px2 v 2pn − 1)
v 4p 0

),

(B-3)

.

There are different ways to solve this cubic equation (equation B-2) for the corresponding
solutions. The discriminant of the cubic equation is used to determine the number of real and
complex roots given by

 = 18BCD − 4B3 D + B 2C 2 − 4C 3 − 27 D2 .

(B-4)

If   0 , the cubic equation shown in equation B-2 has three distinct real roots (Tsvankin,
1997; Xu and Stovas, 2019) given by

pz2 = 2 −

1
 3Q
P
3  2 N  B
cos  cos−1 
−  −
− .
3
2
P
P
3
 3
 3



Parameters P and Q are given by
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3C − B 2
,
3
2 B3 − 9 BC + 27 D
Q=
.
27
P=

(B-6)

N = 0,1, 2 corresponds to three different real solutions.
When the discriminant is negative (   0 ), then the cubic equation has one real root and two
complex conjugate roots.
In our VTI model, only one real solution exists. The real solution is given by


2  21/3 f1
1
1/3
2/3
p = −2B +
+
2
f
+
f
,
(
)
2
3
1/3
6 
( f 2 + f3 )

2
z

(B-7)

The two complex conjugate roots are given by
pz2,1 =
pz2,2


2i  21/3 ( 3 − i ) f1
1 
1/3
−
4
B
−
− 22/3 (1 − i 3) ( f 2 + f 3 )  ,

1/3
12 
( f 2 + f3 )



2i  21/3 ( 3 + i ) f1
1 
1/3
=  −4 B −
− 22/3 (1 + i 3) ( f 2 + f 3 )  ,
1/3
12 
( f 2 + f3 )


(B-8)

with

f1 = B 2 − 3C ,
f 2 = −2 B3 + 9 BC − 27 D,

(B-9)

f3 = 3 3 − B 2C 2 + 4C 3 + 4 B 3 D − 18BCD + 27 D 2 .
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Figure captions
Figure 1. The phase (top) and group (bottom) velocities for the elastic P- and S-waves
computed for two defined VTI models. The model parameters are defined in Table 1. The
curve for the P-wave in VTI models 1 and 2; and S-waves in VTI models 1 and 2 are shown
in solid blue, dashed blue, solid red and dashed red lines, respectively.
Figure 2. The relative errors in the P-wave phase (left) and group (right) velocities using the
standard acoustic assumption for the two defined VTI models. The model parameters are
defined in Table 1. The errors in the computation in VTI model 1 and 2 are shown in blue and
red lines, respectively.
Figure 3. A snapshot in time of the wavefield from the original acoustic wave equation. The
S-wave artifact could be seen in the plot.
Figure 4. The polar plot for the vertical S-wave function in the phase domain used for our
new acoustic assumption computed for the two defined VTI models.
Figure 5. The group velocity computed for VTI model 1 for the elastic VTI case (a), the
original acoustic approximation (b) and our new acoustic approximation (c), top, middle and
bottom, respectively. The P and S-wave velocities are shown in blue and red lines,
respectively. Note that the expression for the S-wave artifact could be found in Song and
Stovas (2018).
Figure 6. The relative error from using the two acoustic approximations for the two VTI
models for both phase (top) and group (bottom) velocities. The relative error for the standard
acoustic assumption in VTI models 1 and 2 and our new acoustic approximation in VTI
models 1 and 2 are shown in solid red, dashed red, solid blue and dashed blue lines,
respectively.
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Figure 7. The discriminant of the cubic equation computed from the solution of the slowness
in our new acoustic approximation versus two anisotropic parameters  and  . The model
parameters for this stability analysis are: vp0 = 3km / s , vs 0 = 1km / s and z0 = 1km .
Figure 8. The vertical slowness for the elastic VTI case (top), the standard acoustic VTI
approximation (middle) and our pure acoustic VTI approximation (bottom) using the model
parameters defined in VTI model 1.
Figure 9. The relative errors in the vertical slowness (top) and the corresponding traveltime
(middle) and the relative geometrical spreading (bottom) using two acoustic assumptions
computed for the two introduced VTI models. The relative error for the standard acoustic
assumption in VTI models 1 and 2 and our new acoustic assumption in VTI models 1 and 2
are shown in solid red, dashed red, solid blue and dashed blue lines, respectively.
Figure 10. The relative errors in traveltime and relative geometrical spreading versus offset
and anellipticity parameter from the old and new acoustic approximations. The model
parameters are: vp0 = 3km / s , vpn = 4km / s , vs 0 = 1km / s and z0 = 1km .
Figure 11. The relative errors in traveltime and relative geometrical spreading from the old
and new acoustic approximations in the multilayered VTI model. The model parameters are
defined in Table 2.
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Figure 1. The phase (top) and group (bottom) velocities for the elastic P- and S-waves
computed for two defined VTI models. The model parameters are defined in Table 1. The
curve for the P-wave in VTI models 1 and 2; and S-waves in VTI models 1 and 2 are shown
in solid blue, dashed blue, solid red and dashed red lines, respectively.
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Figure 2. The relative errors in the P-wave phase (left) and group (right) velocities using the
standard acoustic assumption for the two defined VTI models. The model parameters are
defined in Table 1. The errors in the computation in VTI model 1 and 2 are shown in blue and
red lines, respectively.
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Figure 3. A snapshot in time of the wavefield from the original acoustic wave equation. The
S-wave artifact could be seen in the plot.
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Figure 4. The polar plot for the vertical S-wave function in the phase domain used for our
new acoustic assumption computed for the two defined VTI models.
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Figure 5. The group velocity computed for VTI model 1 for the elastic VTI case (a), the
original acoustic approximation (b) and our new acoustic approximation (c), top, middle and
bottom, respectively. The P and S-wave velocities are shown in blue and red lines,
respectively. Note that the expression for the S-wave artifact could be found in Song and
Stovas (2018).
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Figure 6. The relative error from using the two acoustic approximations for the two VTI
models for both phase (top) and group (bottom) velocities. The relative error for the standard
acoustic assumption in VTI models 1 and 2 and our new acoustic approximation in VTI
models 1 and 2 are shown in solid red, dashed red, solid blue and dashed blue lines,
respectively.
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Figure 7. The discriminant of the cubic equation computed from the solution of the slowness
in our new acoustic approximation versus two anisotropic parameters  and  . The model
parameters for this stability analysis are: vp0 = 3km / s , vs 0 = 1km / s and z0 = 1km .
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Figure 8. The vertical slowness for the elastic VTI case (top), the standard acoustic VTI
approximation (middle) and our pure acoustic VTI approximation (bottom) using the model
parameters defined in VTI model 1.
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Figure 9. The relative errors in the vertical slowness (top) and the corresponding traveltime
(middle) and the relative geometrical spreading (bottom) using two acoustic assumptions
computed for the two introduced VTI models. The relative error for the standard acoustic
assumption in VTI models 1 and 2 and our new acoustic assumption in VTI models 1 and 2
are shown in solid red, dashed red, solid blue and dashed blue lines, respectively.
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Figure 10. The relative errors in traveltime and relative geometrical spreading versus offset
and anellipticity parameter from the old and new acoustic approximations. The model
parameters are: vp0 = 3km / s , vpn = 4km / s , vs 0 = 1km / s and z0 = 1km .
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Figure 11. The relative errors in traveltime and relative geometrical spreading from the old
and new acoustic approximations in the multilayered VTI model. The model parameters are
defined in Table 2.
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Table caption
Table 1. The model parameters for two VTI models.
Table 2. The model parameters for the multilayered VTI model.
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vp0 (km / s)

vs 0 (km / s )

vpn (km / s)



Model 1

3

1

3.3

0.1

Model 2

3

1

4

-0.1

Table 1. The model parameters for two homogeneous VTI models.
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vp0 (km / s)

vs 0 (km / s )

vpn (km / s)



z0 ( km )

Layer 1

1.5

1

1.7

0.1

0.3

Layer 2

1.8

1

2

0.12

0.7

Layer 3

2

1

2.3

0.18

1

Layer 4

2.2

1

2.5

0.2

1.5

Layer 5

2.5

1

2.8

0.22

0.5

Table 2. The model parameters for the multilayered VTI model.
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