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Abstract. We analyze the dynamics induced by a 2:1 internal resonance between the third (second symmetric) and the fifth (third 

symmetric) mode of a MEMS microbeam. An extensive experimental investigation is conducted, where forward and backward sweeps 

are systematically acquired up to elevated excitations. As ramping the voltage, a change along the forward sweep of the resonant branch 

is noted. This is analyzed via the combined use of different analytical and numerical tools, which show a phase shift between the modes 

involved in the 2:1 internal resonance. Constantly referring to the experimental data, simulations examine the underlying features of 

the system’s behavior. The dynamics observed in the experimental frequency sweeps are part of a more complex scenario, where 

different attractors appear and coexist. The experimental behavior bifurcation chart is reported and compared with simulations, which 

offers a comprehensive view of the 2:1 internal resonance activation. The concurrence of numerical results and experimental data 

confirms on the effective actuality of these complex features in safe conditions, along wide ranges of the parameters space. 
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1. Introduction 

Many nonlinear features may arise in micro and nanoelectromechanical systems (MEMS/NEMS) bringing intriguing 

complexity that is promising for applications to realize novel devices with superior performances [1]. Ramini et al. [2] 

experimentally investigate the dynamics of an in-plane MEMS arch, observing both softening and hardening behavior, 

the former for excitations close to the first resonance frequency, the latter close to the third. Medina et al. [3] explore the 

snap-through buckling phenomenon of in-plane initially curved pre-stressed microbeams, as the beam is subjected to axial 

and electrostatic force. Alneamy et al. [4] demonstrate evidence of chaos with a wide-based spectrum and an elevated 

noise-floor, in microbeams subjected to an electrostatic excitation. Hafiz et al. [5] exploit the inherent nonlinearity of an 

arch resonator for mechanical memory operation. The hysteretic frequency band is controlled by the electrothermal 

actuation voltage and binary values are assigned to the two allowed dynamical states on the hysteretic response curve. 

Najar et al. [6] dwell on the dynamic behavior of a microbeam-based microactuator at primary, subharmonic, and 

superharmonic resonances, identifying simultaneous resonances of the first and higher modes for large orbits. Settimi and 

Rega [7] apply a controller in noncontact atomic force microscopy, which is based on delaying the occurrence of the 

global events triggering the erosion of the basins of attraction; the drop-down of the erosion profile is delayed, which 

provides an enlargement of the system’s safe region in the parameters space during operating conditions. Gutschmidt and 

Gottlieb [8] deal with the dynamic behavior of an array of nonlinearly coupled microbeams subjected to parametric 

actuation at low, medium and large DC-voltages and identify regions of internal, combination, and parametric resonances. 

Lyu et al. [9] combine the benefits of mode localization and nonlinear dynamics to propose an ultrasensitive mass sensor, 

where the device sensitivity in terms of amplitude ratio is significantly enhanced, up to three orders of magnitude. Baguet 

et al. [10] consider the nonlinear dynamics of micromechanical resonator arrays for mass sensing. Complex branches of 

solutions occur, with additional loops due to the influence of adjacent beams; depending on the applied voltage, the 

response due to the mass adsorption exhibits a large difference in amplitude. Peruzzi et al. [11] investigate the 

mathematical model of an electronic circuit of a resonant MEMS mass sensor, with time-periodic parametric excitation 

and compare efficiency and sensitivity of different control strategies. Matheny et al. [12] describe an experimental 

protocol to enable in situ characterization of device nonlinearities. Bajaj et al. [13] consider a Duffing-like electronic 

resonator realized via nonlinear feedback electronics; the sensitivity of the device is tunable via the control of feedback 

gain, and the type of hardening or softening response is selectable, which provides a versatile bifurcation-based sensing 

platform. Pallay and Towfighian [14] analyze parametric excitation of a repulsive force electrostatic resonator, where the 

repulsive force creates a combined response exhibiting both parametric and subharmonic resonance. Since the pull-in 

instability is eliminated, the beam bounces off after impact instead of sticking to the electrode, inducing large stable 

trajectories. Zamanzadeh et al. [15] design an electrostatic micro-actuator consisting of a particular arrangement of the 

actuating electrodes to create a repulsive like force. Primary and parametric resonances arise, with multi-solutions and 

jump phenomenon. Jaber et al. [16] present a simple and flexible technique to amplify the electrostatic voltage in 

MEMS/NEMS. Significant amplitude amplification is shown experimentally across the resonators terminals, which 



facilitates the exploration of nonlinear phenomena, such as parametric resonances, subharmonic and superharmonic 

resonances, and higher order modes. Ruzziconi et al. [17] focus on the complex nonlinear dynamics of a single walled 

slacked carbon nanotube electrically actuated. The erosion of the potential well is explored up to the inevitable escape, 

detecting the range of existence of the coexisting attractors and the final response when each attractor vanishes. 

Along this line, the present paper is motivated by the increasing attention on the nonlinear features arising in the 

device behavior for improving the characteristics of the response. We focus on a microbeam-based MEMS device and 

examine the dynamics at higher-order modes. The response is explored in the neighborhood of the third mode dynamics, 

where the system exhibits the concurrent activation of the 2:1 internal resonance with the fifth mode. Experimental 

forward and backward sweeps are acquired. The 2:1 internal resonance triggers a complex behavior, including a change 

of phase between the two vibrational modes. Extensive simulations are performed, where the main aspects underlying the 

complexity experimentally observed are analyzed.  

The nonlinear interactions among different vibration modes are increasingly examined in the MEMS/NEMS 

community and applications based on their distinctive features are proposed [18]. Alcheikh et al. [19] report on a highly 

sensitive wide-range resonant pressure sensor based on tracking multiple modes of vibration of a curved microbeam. 

They experimentally demonstrate that operating the microbeam at the veering phenomenon enhances significantly the 

sensitivity of the pressure microsensor. Jeong et al. [20] propose a novel design of a microcantilever for atomic force 

microscopy, where the nonlinear internal resonance is intentionally triggered. Experimental measurements are conducted 

on an inhomogeneous polymer specimen, which prove the efficacy of the design to enhanced simultaneous topography 

imaging and compositional mapping. Hornstein and Gottlieb [21] focus on the nonlinear multimode dynamics of a moving 

microbeam for noncontacting atomic force microscopy. The simulated response includes primary, secondary, and internal 

resonances, as well as quasiperiodic beats and chaotic-like dynamics. Vyas et al. [22] design a microresonator to work on 

the principle of nonlinear modal interactions due to 1:2 internal resonance. The resonator shows a high sensitivity to mass 

perturbations, which is confirmed by experimental data. Chen et al. [23] consider the internal resonance in a nonlinear 

MEMS oscillator and make use of the resonant mode coupling to store mechanical energy among vibrational modes and 

coherently transfer it back to the principal mode when the external feedback excitation is switched off. Kambali and 

Pandey [24] examine the nonlinear coupling of transverse modes of a fixed-fixed microbeam under direct and parametric 

excitation. Daqaq et al. [25] identify a voltage range where a micromirror exhibits a two-to-one internal resonance 

between the first two modes. This leads to an interesting energy transfer mechanism, where the energy fed to the first 

torsion mode can be channeled to the second bending mode, despite the bending motions being very small. Kirkendall 

and Kwon [26] report on the multistable energy transfer between internally resonant modes of an electroelastic crystal 

plate. They reveal a rich bifurcation structure marked by nested regions of multistability with topologically distinct 

dynamics over the parameter space. Samanta et al. [27] detect multiple modes in MoS2 nanoelectromechanical system 

and actuate the system deep into the nonlinear regime to probe the nonlinear coupling between the modes. As the drive 

level is increased, a single peak splits into two due to strong mode coupling. Noori et al. [28] deal with the 2:1 internal 

resonance in a microresonator. Ouakad et al. [29] discuss the potential nonlinear internal resonances of a MEMS arch. 

Using an antisymmetric half-electrode actuation, it is possible to activate a one-to-one internal resonance between the 

first symmetric and the second antisymmetric modes. Sarrafan et al. [30] employ internal resonance for detection of 

angular rate signals, where the Coriolis effect modifies the energy coupling between the distinct drive and sense vibration 

modes. Hajjaj et al. [31, 32] experimentally and theoretically investigate the crossover phenomenon in micromachined 

arch resonator. They observe the activation of a one-to-one internal resonance between the first symmetric and first 

antisymmetric modes simultaneously with the activation of a two-to-one internal resonance between these modes and the 

second symmetric mode.  

The present paper investigates the device response at the 2:1 internal resonance between the third and fifth mode, as 

raising the electrodynamic excitation. Applications of internal resonances involve sensitivity enhancement [33, 34], 

stability improvement [35], and energy harvesting [36, 37]. Within this framework, we analyze the possibility of operating 

the nonlinear dynamics induced at 2:1 internal resonance for wide ranges of the driving parameters space. Regions are 

summarized in the experimental behavior chart. Systematic simulations are performed, which follow the main aspects of 

the experimental data and alert on the possibility of an even more complex behavior. 

The paper is organized as follows. Section 2 introduces the main aspects of the MEMS device. Section 3 focuses on 

the 2:1 internal resonance at rather elevated excitations and experimentally reports on a phase shift between the modes 

involved. Section 4 develops theoretical simulations, where additional features are observed. Section 5 explores the 

dynamics systematically as raising VAC, experimentally proving the opportunity of the 2:1 internal resonance operation 

for large parameter ranges. The main conclusions are summarized in Section 6. For completeness, Appendix A derives 

the problem formulation and Appendix B shows the experimental progression of the 2:1 internal resonance, with the fifth 

mode activation initially involving the non-resonant branch and successively proceeding and affecting the resonant one. 

 

 

2. The microbeam-based MEMS device 

All data analyzed in the present paper are acquired from the same microbeam-based MEMS device. In the present Section, 

we introduce the device characterization and we report the experimental settings used for all the forthcoming experimental 

investigation. 

 



2.1. Device characterization 
 We consider a MEMS device constituted by a clamped-clamped rectangular microbeam electrically actuated by an 

electrode, which is placed directly underneath it on a substrate. A top view optical image is reported in Fig. 1(a). 

A schematic illustrating the fabrication layers and the main dimensions is represented in Fig. 1(b). Details on the 

fabrication process are reported in [38]. The device presents the following nominal dimensions. The microbeam has length 

L = 400 μm and width b = 50 μm. The upper electrode is composed of 1.5 μm Silicon Nitride coated from the top with 

50 nm Chrome and 200 nm Gold. The lower electrode is composed of 50 nm Chrome, and 200 nm Gold. The two 

electrodes are separated by 2.5 μm air gap.  

The lower electrode spans half of the beam length, which allows observing both symmetric and anti-symmetric modes 

[16]. The Silicon Nitride is an isolation layer, which prevents short circuits and potential failure of the microbeam at 

dynamic pull-in. This allows a deep experimental investigation of the system dynamics, up to elevated excitation levels. 

 

 

 (a)          (b)   

Figure 1. The fabricated microbeam-based MEMS device. (a) Optical image. (b) Schematic of layers and main dimensions; Silicon 

Nitride (Si3N4) is green, Chrome (Cr) is grey, and Gold (Au) is yellow. 

 

 

Using Zygo white light interferometer, surface topography measurement is conducted, where we analyze both the 

surface profile along the length of the microbeam (Fig. 2a1,a2), and the cross-section profile at different points along the 

microbeam (Fig. 2b1,b2). Measurements are reported together with the information on where they are acquired. For the 

dimensions experimentally measured, we can observe that the actual values practically coincide with the nominal ones; 

the profile is practically perfectly straight. 

 

 

(a1)      (a2)  
 

(b1)      (b2)  

Figure 2. Surface topography measurement using Zygo white light interferometer. (a1), (a2) Surface profile along the length of 

the beam. (b1), (b2) Cross-section profile at different points along the beam. (a1), (b1) Location of the measurement. (a2), (b2) Profile. 

 

 

The experimental static deflection of the microbeam as ramping VDC is reported in Fig. 3, which is acquired at about 

the microbeam midpoint. The deflection gradually increases up to the static pull-in threshold, which takes place at about 

VDC_pull-in = 106.9 V.  
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Figure 3. Experimental static deflection of the microbeam versus VDC.  

 

 

When electrically excited, the microbeam oscillates in the out-of-plane direction. The lower electrode provides both 

electrostatic and electrodynamic excitation, where VDC is the electrostatic voltage and VACcos(Ωt) is the electrodynamic 

load, with voltage VAC and frequency Ω. To experimentally measure the first three natural frequencies, the device is 

excited with a white noise signal of VDC = 10 V and VAC = 10 V. The first natural frequency is at ω1 = 145.2 kHz (first 

symmetric), the second at ω2 = 314.8 kHz (first antisymmetric), and the third at ω3 = 526.6 kHz (second symmetric). The 

higher natural frequencies are less evident, specifically the fourth seems to be at about ω4 = 788.3 kHz, the fifth at about 

ω5 = 1105 kHz, and the sixth at about ω6 = 1481 kHz.[LR1]  

 

 

2.2. Experimental settings 

The present paper is focused on the experimental dynamics in the neighborhood of the third natural frequency (second 

symmetric ω3 = 526.6 kHz), where the system exhibits the 2:1 internal resonance with the fifth mode (third symmetric 

ω5 = 1105 kHz). Many fo[LR2]rward and backward frequency sweeps are experimentally acquired.  

The experimental set-up used for all of them is shown in Fig. 4. This consists of a laser Doppler vibrometer to measure 

the response of the microbeam, data acquisition card connected to an amplifier to generate the excitation signal and record 

the laser measurements, and a vacuum chamber equipped with ports to pass the electrical signals and laser beam. The 

chamber is connected to a vacuum pump, to reduce the pressure. 

To compare all the sweeps among them, all data refer the same experimental conditions. Specifically, each sweep is 

composed of various frequency steps, where at each one of them the frequency is increased/decreased of 20 Hz; each step 

is attained via a step size of 10000 points; the sampling speed is equal to 4·106 samples per second; the amplitude 

calibration (y-axis) at each 1 V is equal to 0.5 μm. All data are acquired in the same location, which is at (about) the 

microbeam midpoint. At each sweep, we record the experimental time history; the other experimental diagrams (e.g. 

frequency response diagram, FFT diagram, etc.) are extracted from it. 

For all the sweeps, the assumed static voltage is VDC = 30 V. This value is quite elevated, which allows better observing 

the activation of the internal resonance; nevertheless, this value of VDC is still far from the static pull-in voltage. 

Accordingly, the location of the third and fifth natural frequencies is not particularly affected [39]; this aspect is 

experimentally confirmed, e.g. by comparing the values of third and fifth natural frequencies reported in Section 2.1 with 

the ones observed in the acquired frequency sweeps (e.g. forthcoming Appendix B, Fig. B.1a1,a2). The pressure is set 

constant (as far as possible) at 2 mTorr. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 4. Experimental set-up used for testing the MEMS device[LR3]. 

 
 

 



3. Experimental dynamics at 2:1 internal resonance 

We focus on the 2:1 internal resonance between the third and fifth mode, and we investigate the experimental response 

at elevated values of excitations, by comparing the scenario at VAC = 30 V and VAC = 37 V. The corresponding experimental 

forward sweeps indicate a change of the device behavior along the resonant branch. This aspect is analyzed via the 

combined use of different analytical and numerical tools, which prove the occurrence of a shift of the experimental phase 

between the two modes involved in the 2:1 internal resonance. 

 

 

3.1. Experimental frequency sweeps 

Due to the nonlinearities, the experimental response of the present MEMS device exhibits a rich and complex behavior 

at the analyzed 2:1 internal resonance. Up to VAC = 30 V, these dynamics presents similar aspects. At VAC = 37 V, instead, 

a qualitative change is observed in the forward sweep of the resonant branch. We analyze and compare the two different 

scenarios. The corresponding frequency response diagrams are reported in Fig. 5, which represent the maximum 

amplitude of the oscillations of the experimental time history as varying the frequency of excitation.  

At VAC = 30 V in Fig. 5(a), both the resonant and the non-resonant branch exist, which exhibit hardening behavior. 

The resonant branch gradually increases up to about Ω = 598.2 kHz, after which disappears leading to a safe jump to the 

non-resonant attractor. This disappearance seems not related to a final bifurcation, but being likely a consequence of the 

vulnerability of this branch to the experimental disturbances [40]. The non-resonant branch appears/disappears 

(respectively, as increasing/decreasing Ω) by a saddle-node, which is observed at about Ω = 530.9 kHz, and undergoes 

oscillations of low amplitude, except for a small rising in the close neighborhood preceding the bifurcation. Some small 

deviations occur, which are likely related to experimental noise and other inaccuracies. 

Along the resonant branch, at about Ω = 571.5 kHz there is a small dip after which there is a change of slope. Before 

this threshold, the maximum amplitude of the oscillations gradually increases up to reach approximately Amax = 1.05 μm. 

Then, the value practically settles for a small but visible range, after which it restarts increasing. This changing is due to 

the activation of the 2:1 internal resonance of the third mode with the fifth one. Thus, along the entire resonant branch 

there is a first part, which is referred to as Pres, where dynamics are mainly related to the principal resonance of the third 

mode. Following it is a second part, which is referred to as S1res, where dynamics are affected by the 2:1 internal resonance 

with the fifth mode.  

Concurrently, we can see the fifth mode activation along the non-resonant branch Pnonres. The maximum amplitude of 

oscillations slightly increases at about Ω = 553 kHz, actually inducing resonant (S2res) and non-resonant (S2nonres) 

dynamics, which take place along a small range of Pnonres.  

Note that the fifth mode activation does not occur at the same value of frequency along the main resonant and non-

resonant branches, since these critical points are shifted with respect to each other, being at higher frequency in the former 

than in the latter, where this is closer to half of the fifth natural frequency. This shift is another effect of the nonlinearities. 

At VAC = 37 V in Fig. 5(b), the distance between the resonant and non-resonant branch slightly widens and the resonant 

branch further extends, enlarging the range of coexistence between the two attractors. The activation of the 2:1 internal 

resonance continues affecting both the resonant and the non-resonant branch, starting at about the same frequency values 

detected for the previous case. The lengthening of the resonant branch is mainly due to the lengthening of the range 

involved in the 2:1 internal resonance, which finally spans up to about Ω = 613.9 kHz. Despite the outline shown by 

considering the maximum amplitude of the oscillations seems similar to the previous case, different features are induced 

as forward sweeping, which take place after the 2:1 internal resonance activation. The part of the branch involved is 

successively referred to as S1res-ph. All the attractors and principal features are summarized in Table 1.  

 

 

     
 

Figure 5. Experimental frequency response diagrams at VDC = 30 V and pressure 2 mTorr[LR4]. (a) VAC = 30 V; (b) VAC = 37 V. The 

diagrams are processed from the time history and represent the maximum amplitude of the oscillations versus frequency. Forward 

and backward sweep are in blue and red, respectively.  

 



 

Table 1. List of the attractors and their main features.  
Pres main resonant branch along the range not involved in the 2:1 internal resonance 

S1res main resonant branch along the range involved in the 2:1 internal resonance. S1res is experimentally 

observed at VAC = 30 V, where directly evolves from Pres. 

S1res-ph main resonant branch along the range involved in the 2:1 internal resonance, exhibiting phase shift with 

respect to S1res. S1res-ph is experimentally observed at VAC = 37 V, where directly evolves from Pres. In 

simulations, this branch appears by saddle-node at about the same range of activation of S1res. 

Pnonres main non-resonant branch (referring to all the branch, except for the close neighborhood involved in the 

fifth mode activation) 

S1nonres (novel Pres) appeared by saddle-node; affected by the 2:1 internal resonance in a close neighborhood of the 

bifurcation, while successively this influence practically disappears and the branch proceeds as 

prosecution of Pres 

S2res resonant branch evolving from Pnonres, related to the fifth mode activation 

S2nonres non-resonant branch evolving from Pnonres, related to the fifth mode activation 

where necessary, in the figures the suffix nonres is shortened as nonr or nr. 

 

 

Changes are evident in the experimental time history in Fig. 6. Both the forward and the backward sweep of each 

case-study are reported. We consider the forward sweep at VAC = 30 V in Fig. 6(a1). Before the triggering of the 2:1 

internal resonance, oscillations are practically symmetric with respect to the line of zero displacement. After it, oscillations 

are shifted toward the positive direction, which is the direction toward the substrate. The transition is gradually more 

apparent. Oscillations progressively increase the displacement along the positive axis. This increment is larger than the 

rising occurring before the 2:1 internal resonance activation. Along the negative axis, instead, the displacement no longer 

increases but decreases and successively settles on approximately constant values. This behavior persists along all the last 

part of the resonant branch, up to its final disappearance. Along the backward sweep in Fig. 6(a2), note the small change 

in the oscillations at the fifth mode activation, as well as the jump to the resonant attractor. 

At VAC = 37 V in Fig. 6(b1), along the initial part of the forward sweep, no qualitative alterations are perceived with 

respect to what observed at smaller VAC. After the 2:1 internal resonance activation, differences emerge. Dynamics are no 

longer symmetric with respect to the line of zero displacement, but show a visible shift, which for the present case occurs 

toward the negative direction, i.e., the profile of the displacement increases in the direction opposed to the substrate, while 

decreases in the one toward it. As a result, the shape of the time history is like vertically flipped with respect to what 

previously observed. The last part of the branch is more complex. The displacement toward the negative direction 

continues deepening, while in the positive one partially recovers and slightly increases, especially at about the end of the 

attractor. Along the backward sweep in Fig. 6(b2), the outline remains similar to the one at smaller VAC. 

The direction where the increment of displacement is located is not irrelevant, since raises the issue of the impact of 

the microbeam with the substrate. Nevertheless, both the present sweeps remain far from this event, as their maximum 

oscillations cover only a portion of the available air gap. 

 

     
 

Figure 6. Experimental time history at (a1)-(a2) VAC = 30 V; (b1)-(b2) VAC = 37 V. (a1)-(b1) Forward sweep; (a2)-(b2) backward sweep. 

The asterisks denote the sections analyzed in the forthcoming Figs. 7-9. 

 

 



3.2. Reconstruction of the experimental resonant branch 

We focus on the dynamics of the resonant branch along the range involved in the 2:1 internal resonance. To investigate 

the underlying features inducing the different behavior of S1res and S1res-ph, we further analyze the time history. As an 

example, we compare the dynamics at the same frequency value Ω = 586.83 kHz, for both VAC = 30 V and VAC = 37 V. 

These two examples may be considered as two representative cases, respectively along S1res and S1res-ph. We analyze them 

in detail. For better clarification, in the following we refer to Ω for excitation frequency, and ω for response frequency. 

At VAC = 30 V (Fig. 7a1), the time history is shifted toward positive displacement. An enlargement is reported (Fig. 

7a2), where the dots denote the sampled points. We can observe oscillations exhibiting a maximum (1.46 µm), followed 

by a couple of minima (-0.77 µm and -0.57 µm), separated by a point between them (-0.60 µm). The corresponding phase 

portrait (Fig. 7a3) presents a nearly elliptic trajectory, along which a small loop develops, which is located at about zero 

velocity and negative displacement. The axes of the ellipse are slightly inclined. Analyzing the FFT spectrum extracted 

from the experimental time history (Fig. 7a4), there are two main peaks. The principal one is related to the third mode 

component and is located at the value of the frequency, ω = 586.83 kHz. The second is related to the fifth and is located 

at twice the previous frequency, ω = 1173.66 kHz. This outline confirms the activation of the 2:1 internal resonance 

between the third and fifth mode. Two additional smaller peaks are observed, one at ω = 163.67 kHz, which corresponds 

to the first mode dynamics, and one at ω = 1760.47 kHz; since their amplitude is very small, their contribution is minimal.  

At VAC = 37 V (Fig. 7b1), the time history is shifted toward negative displacement. From the enlargement (Fig. 7b2), 

oscillations exhibit a minimum (-1.35 µm), followed by a couple of maxima (0.75 µm and 0.60 µm), separated by a point 

between them (0.66 µm). The final effect is a substantial shift of the dynamics in the opposite direction with respect to 

the substrate. The phase portrait (Fig. 7b3) further exhibits a nearly elliptic trajectory and a small loop along it, which for 

the present case is located at positive displacement. The FFT spectrum continues showing two main peaks (Fig. 7b4), 

exactly at the same values of the previous case, each one achieving about the same previous FFT amplitude. Thus, 

although dynamics are visibly different, also for the present case there is the activation of the 2:1 internal resonance 

between the third and the fifth mode. Hence, due to the nonlinearities, the present MEMS device shows the possibility of 

two qualitatively different dynamical behaviors, which are both related to the 2:1 internal resonance activation.  

 

 

 
 

Figure 7. Experimental dynamics along the resonant branch, at Ω = 586.83 kHz and (a1)-(a4) VAC = 30 V; (b1)-(b4) VAC = 37 V. (a1)-

(b1) Time history; (a2)-(b2) zoom of the time history, with recorded sampled points marked by dots; (a3)-(b3) phase portrait; (a4)-(b4) 

FFT spectrum extracted from the experimental time history. 

 

 

To detect the elements inducing the large dissimilarity, we further analyze the FFT spectrum extracted from each 

experimental sweep and we focus on the corresponding components of real and imaginary part. They are reported in Fig. 

8(a1, b1), respectively in blue and red lines. To better compare the two sweeps, for each of them the information related 

to the two main peaks is extracted and schematized in the complex plane in Fig. 8(a2, b2). This analysis detects some 

relevant aspects. 

At VAC = 30 V, the peak related to the third mode presents complex vector 0.5709 - 0.8335i, which yields amplitude 

Wmax = 1.0102 μm and phase ϕ3 = -0.9702; the peak related to the fifth mode presents -0.2260 - 0.3066i, which yields 

Wmax = 0.3809 μm and ϕ5 = -2.2060. Note that the spectrum reports on the information about the amplitude; the angle, 



instead, provides information about the phase of each mode, assuming as a reference the starting point where the FFT is 

computed.  

At VAC = 37 V, the third mode presents complex vector 0.5946 + 0.8341i, which yields Wmax= 1.0243 μm and ϕ3 = 

0.9515; the fifth mode 0.0819 - 0.3736i, which yields Wmax= 0.3825 μm and ϕ5 = -1.3550. Thus, this analysis shows that 

the amplitude is about the same of the previous case, as observed by comparing the spectra; changes occur, instead, in the 

phase. This is the main difference between these 2:1 internal resonance behaviors. 

 

 

 
 

Figure 8. Components of the experimental FFT spectrum, at Ω = 586.83 kHz and (a1)-(a2) VAC = 30 V; (b1)-(b2) VAC = 37 V. (a1), (b1) 

Real and imaginary component, respectively in blue and red. (a2), (b2) Real and imaginary component in the complex plane for the 

third and the fifth mode contribution. 

 

 

To better analyze this aspect, we develop the reconstruction of the attractor, Fig. 9. For each case, we consider the two 

main experimental frequencies with their corresponding amplitude and phase, and we draw the components of each mode. 

The third mode is in blue, the fifth in red. Their combination is successively reported overlapped with the experimental 

data (blue dots). As a reference for the analysis of the oscillations, for both cases we consider the section where the third 

mode presents a minimum, since, as better observed in the forthcoming simulations, this is about the section of the 

Poincaré map; an example of this section is reported in dashed line. 

At VAC = 30 V, we analyze the reconstructed components of the third and fifth mode (Fig. 9a1). At each period both 

the maxima and the minima of the third mode are located at about the maxima of the fifth. This is the aspect that actually 

leads to the current shape of the time history, where the highest maxima are toward the positive direction of displacement 

(Fig. 9a3). Further considering the diagram of the components (Fig. 9a1), at the reference section (dashed line) there is a 

minimum in the third mode, i.e. a phase of about π in the third mode contribution, and a maximum in the fifth, i.e. zero 

phase in the fifth one. This outline denotes a phase shift of about π between these two modes.  

Analyzing the components in the phase portrait (Fig. 9a2), while the third mode exhibits a loop, the fifth completes 

two of them, which, in the reconstruction are overlapped with each other. Still referring to the reference section (dashed 

line), the Poincaré map (asterisks) of each mode shows that the corresponding points are located on opposite sides, being 

at positive displacement for the third mode and at negative for the fifth. This further indicates the phase shift between 

them. The combination of these components actually induces the final shape in the experimental phase portrait, where the 

internal small loop occurs in the direction of negative displacement (Fig. 9a4). The inclination of the axes observed in the 

experimental case (not in the reconstruction) is likely due to sampling of the data, since the velocity component of the 

phase portrait is processed from the experimental time history of displacement. 

At VAC = 37 V, the amplitude of each component is about the same of the previous case, but the difference in the phase 

produces the evident change in the ensuing oscillations (Fig. 9b1). The minima of both the modes sum to each other, 

leading to the lower deep in the time history; the maximum of the third mode, instead, sums to a minimum of the fifth, 

leading to the two lower maximum experimentally observed (Fig. 9b3). At the reference section (dashed line), not only 

the third mode presents a minimum, but also the fifth; accordingly, the phase between the two contributions is practically 

null. In the phase portrait (Fig. 9b2), the shape of both the components is similar to the previous case, but the Poincaré 

map (asterisks) of both of them are located in the same (negative) direction of displacement. As a result (Fig. 9b4), the 

small loop in the experimental phase portrait occurs at positive displacement, which is the opposite side with respect to 

the previous case. 

Thus, the reconstruction of the attractors confirms that the main difference between the two behaviors observed at 2:1 

internal resonance is the phase shift between the modes, which, referring to dashed line, it is of about π at VAC = 30 V and 

practically null at VAC = 37 V. 

 

 



 
 

Figure 9. Reconstruction of the experimental time history and phase portrait, at Ω = 586.83 kHz and (a1)-(a4) VAC = 30 V; (b1)-(b4) 

VAC = 37 V. (a1),(b1) Components of the reconstructed time history, with third and fifth mode respectively in blue and red. The 

reference section is in black dashed line. (a2),(b2) Components of the reconstructed phase portrait (line) and corresponding Poincaré 

map (asterisks), with third and fifth mode respectively in blue and red. (a3),(b3) Reconstructed time history assuming third and fifth 

mode components (blue line), overlapped with the experimental data (blue dots). (a4),(b4) Reconstructed phase portrait assuming 

third and fifth mode experimental components (blue line), overlapped with the experimental data (blue dots). 

 

 

3.3. Experimental phase shift 

We analyze the FFT diagrams extracted from the experimental time history, which show the contribution of each one of 

the two modes, Fig. 10. These diagrams are obtained by extracting the FFT spectrum at each value of frequency of 

excitation via the same procedure used in Fig. 7a4,b4, and by collecting the peak values and their corresponding 

frequencies. The forward sweep is represented in blue and dark blue, while the backward is in red and dark red, 

respectively for the third and the fifth mode contribution. 

We analyze the dynamics at VAC = 30 V (Fig. 10a1). The frequency of the response for the third mode practically 

coincides with the frequency of the excitation, whereas the frequency of the response of the fifth mode is twice that (2:1 

internal resonance); its scale is added in the figure on top of the fifth mode curve. Regarding the third mode, the resonant 

path progressively increases all along Pres. Once evolving into S1res, the FFT amplitude settles and remains practically 

constant. This plateau denotes a saturation of the third mode dynamics, which extends up to the final disappearance of 

the resonant branch. Regarding the fifth mode, the FFT peaks are practically null in the initial part of the frequency sweep; 

they activate in the same range of the plateau of the third mode. Along this interval, the FFT of the fifth mode increases 

its amplitude rapidly, while bending toward the right. The reported maximum of the fifth mode is considerable, although 

lower than the one at the third mode. 

Similarly, along the non-resonant branch, the FFT shows the saturation of the third mode, whose oscillations remain 

at minimal amplitude, and the concurrent activation of the fifth, where there is the onset of the resonant (S2res) and the 

non-resonant (S2nonres) branches at about Ω = [552.5; 555.4] kHz. To enhance the clarity of the figure, the interval reports 

only the contribution of the fifth mode. Despite the narrow range, some detailed aspects are represented. The FFT shows 

that these branches are exhibiting hardening behavior. The non-resonant attractor exhibits a saddle-node bifurcation, 

which occurs at about Ω = 554.2 kHz and leads to a jump to the resonant one. 

For the resonant branch, we report the diagram showing the phase shift between the third and fifth mode (Fig. 10a2), 

as extracted from the experimental time history. This diagram extends along the range where the 2:1 internal resonance 

is activated, whereas is null elsewhere. At S1res, the phase shift remains practically unvaried and settled at about π along 

all the branch, i.e. what observed in the sampled case in Sec. 3.2 extends for the entire part of the branch involved in the 

2:1 internal resonance.   

At VAC = 37 V (Fig. 10b1), the FFT frequency response of the resonant branch continues sharing some aspects with 

the sweeps acquired at smaller VAC. After the activation of the 2:1 internal resonance, the third mode contribution 

continues performing a plateau, which for the present case is slightly inclined upward. At the beginning of the plateau, 

the fifth mode contribution activates and becomes increasingly apparent, exhibiting hardening behavior. The last part of 

the branch presents some unclear features in the small neighborhood preceding its disappearance, which may be likely 

related to an increased weakness of the branch close to its vanishing. The main differences with respect to the previous 

case are observed in the phase shift diagram at S1res-ph, (Fig. 10b1), since the phase shift remains practically null, up to the 

disappearance of the attractor. 

All these experimental data document an abrupt change of the 2:1 internal resonance dynamics along the resonant 

branch, as raising the excitation to elevated values of VAC. This phenomenon is shown to be related to a phase shift between 

the third and the fifth mode contribution. The device may exhibit an intriguing versatility of behavior. The wideness of 

the experimental range of existence of the attractors proves all these dynamics may be robustly and reliably operated, 

which represents a potential for applications [18, 41]. 

 



 

 
 

Figure 10. FFT analysis of the experimental time history, at (a1)-(a2) VAC = 30 V; (b1)-(b2) VAC = 37 V. (a1)-(b1) FFT frequency 

response diagram. Forward and backward sweep are in blue and dark blue for the third mode, in red and dark red for the fifth, 

respectively. The scale of the frequency of the response of the fifth mode is reported on top of the curve. (a2)-(b2) The phase shift 

between the third and the fifth mode.  

 

 

 

4. Simulated dynamics at 2:1 internal resonance 

Systematic numerical simulations are developed to investigate the nonlinear phenomena in the device response at 2:1 

internal resonance. All these results are compared with the experimental data. We show the close similarity and the 

possibility of a more complex behavior.  

 

 

4.1. Simulated attractors 

The 2 d.o.f. Galerkin reduced-order model referred for the numerical simulations is derived accounting for both the third 

and the fifth mode dynamics; the electric force term is integrated numerically. Details on the problem formulation and 

the parameters extraction are reported in Appendix A. The system exhibits hardening behavior; the softening electrostatic 

force provides the quadratic nonlinearity, which is necessary for activating the 2:1 internal resonance [42, 43]. 

Assuming VAC = 30 V, we analyze the simulated frequency response diagram, where the maximum amplitude of the 

oscillations is represented as varying the frequency excitation, Fig. 11(a). This is obtained by the combined use of shooting 

technique to capture periodic orbits and local stability analysis based on the Floquet theory [42, 43]. Simulations alert 

that the activation of the 2:1 internal resonance induces a more complex behavior than what experimentally acquired. 

This occurs in a neighborhood of the resonant branch. This branch is attained in the experiments via a single forward 

sweep; in the simulations, instead, several forward and backward ones are performed, where the initial conditions are 

actively changed. This allows observing the coexistence of some other robust different attractors, which are referred in 

the following as S1res, S1res-ph and the novel Pres. We analyze each one of them. 

After the activation of the 2:1 internal resonance, Pres (blue) progressively modifies the dynamics, actually becoming 

S1res (green). Along all this branch, close is the similarity of the simulated response with the acquired experimental data, 

Fig. 11(a) and Fig. 5(a). The amplitude experimentally achieved is about the same amplitude represented in the numerical 

simulations. At about the same range of S1res, simulations detect the development of the branch S1res-ph (brown). This 

appears by saddle-node bifurcation at about Ω = 577.6 kHz, which is a slightly higher frequency value than the onset of 

S1res, and shares similar aspects with the branch S1res-ph observed in the experiments at VAC = 37 V in Fig. 5(b). In the 

experiments, this branch is achieved spontaneously as proceeding along the sweep; in the simulations, instead, its 

appearance is related to a saddle-node bifurcation, which takes place at about Ω = 577.5 kHz; accordingly, in the 

simulations this branch cannot be attained by directly sweeping from Pres, but requires an ad-hoc change of initial 

conditions, in order to operate in its basin of attraction. At about the same range of appearance of S1res-ph, simulation show 

the onset of the novel Pres (blue), which also occurs by a saddle-node bifurcation at about Ω = 577.5 kHz. This attractor 

is similar to the branch Pres before the activation of the 2:1 internal resonance, thus actually seeming its prosecution. 

Along the non-resonant branch Pnonres (cyan), there is the appearance of S2nonres (purple) and S2res (pink). S2res starts 

raising at about Ω = 551.5 kHz, after which it extends for an ample Ω-range and reaches elevated values of maximum 

amplitude. As in the experiments, the fifth mode activation occurs along the non-resonant branch at about half of the fifth 

natural frequency, while at higher frequency values in the resonant one.  

 



 

      
 

Figure 11. Simulated dynamics at VAC = 30 V. (a) Simulated frequency response diagram, showing the maximum amplitude of 

oscillations versus frequency. Stable and unstable branches are in solid and dotted lines, respectively. (b) Simulated envelope of 

maxima and minima of the oscillations, as varying the frequency excitation. Pres is blue, S1res green, S1res-ph brown, Pnonres cyan, 

S2nonres purple, and S2res pink. 

 

 

To catch the main aspects of the oscillations, we report the envelopes collecting the maxima and the minima of 

displacement for each branch, Fig. 11(b). Before the 2:1 internal resonance, along Pres the envelopes of maxima and 

minima remain practically symmetric to each other. After the activation, the transition from Pres to S1res corresponds to a 

gradual shift of the envelope of the maxima toward the direction of positive displacement, while the envelope of the 

minima becomes concave down. This profile is very similar to the one experimentally acquired in Fig. 6(a1). Conversely, 

the profile of S1res-ph is shifted downward, showing a deepening of the minima and a concurrent lowering of the maxima, 

which is similar to the profile at VAC = 37 V in Fig. 6(b1), along the range involved in the 2:1 internal resonance. For the 

novel Pres, the envelopes of maxima and minima remain practically symmetric with respect to the zero-reference line; the 

same occurs for S2res. 

Assuming for instance Ω = 590 kHz, we investigate the dynamics induced along S1res, S1res-ph. The time history and 

the phase portrait are reported in Fig. 12, where the contribution due to third and the fifth mode component are in blue 

and green line, respectively. The similarity with the experimental data is further evident. The same comments drawn for 

S1res and S1res-ph in the experiments respectively apply in the simulations. 

 

 

               
 

Figure 12. Simulated dynamics, at VAC = 30 V and Ω = 590 kHz. (a1)-(a4) S1res; (b1)-(b4) S1res-ph. (a1), (b1) Time history; (a2), (b2) 

phase portrait; (a3), (b3) contributions in the time history due to third and the fifth mode, respectively in blue and green line; (a4), (b4) 

contributions in the phase portrait (line) and in the Poincaré map (asterisks), with third and fifth mode respectively in blue and green. 

 

 

The corresponding FFT spectra are reported in Fig. 13, together with the analysis of their real and imaginary 

component. This is directly extracted at the beginning of each forcing cycle, i.e. at the section of the Poincaré map. Since 

at this section the components of both the modes practically present maxima/minima for all the attractors, the imaginary 

part is actually null. Both S1res and S1res-ph are involved in the 2:1 internal resonance activation. The real components of 

both the modes are in the opposite sides for S1res, being positive for the third mode and negative for the fifth; conversely, 

both of them are negative for S1res-ph. Thus, the phase between the modes is different, being about π for S1res and about 

zero for S1res-ph, which induces the main differences between the two attractors.  
 



 

     
 

Figure 13. Simulated dynamics, at VAC = 30 V and Ω = 590 kHz.  (a1)-(a2) S1res; (b1)-(b2) S1res-ph. (a1), (b1) FFT spectrum; (a2), (b2) 

real and imaginary component of the FFT spectrum, respectively in blue and red. 

 

 

The third and fifth mode components of the simulated frequency response diagram are reported in Fig. 14(a1, a2), 

respectively in blue and green line; the phase shift in S1res and S1res-ph is shown in Fig. 14(b1, b2). Analyzing the progression, 

both these attractors keep along all the branch the same characteristics previously observed. In addition, these two 

branches coexist with the novel Pres, where only the third mode component is significant, while the fifth remains residual, 

actually retaining the same aspects observed in the dynamics before the 2:1 internal resonance activation. Note that S1res, 

S1res-ph, novel Pres, and S2res extend for a wide Ω-range in the simulations, whereas in the experiments the actual range of 

existence of S1res is smaller; this discrepancy is likely due to the experimental disturbances. 

Overall, all the reported results show the rich complexity induced by the nonlinearity at the present 2:1 internal 

resonance. A multiplicity of attractors with different characteristics appear and coexist. We show a close correspondence 

between experimental and simulated response, along with the possibility of operating the device with different behaviors 

and switching among them. 

 

 

       
 

    
 

Figure 14. (a1)-(a2) Third and fifth mode components of the simulated frequency response diagram, respectively in blue and green. 

The scale of the frequency of the response of the fifth mode is reported on top of the curve. Stable and unstable branches are in solid 

and dotted lines, respectively. (b1)-(b2) Simulated phase shift. (a1), (b1) Large view at Ω = [500; 810] kHz. (a2), (b2) Zoom at Ω = 

[520; 600] kHz. 

 

 

4.2. Varying the length of the lower electrode 

Increasing VAC, the simulated dynamics present aspects qualitatively similar to the ones in Sec. 4.1, where the resonant 

branch spontaneously proceeds from Pres to S1res, and not to S1res-ph. Even if the model is able to catch the branch S1res-ph, 

in the simulations this is related to an active change of the initial conditions, thus failing to represent the direct transition 

from Pres, as observed in the experiments at VAC = 37 V. 



We have no additional data to investigate the underlying features inducing this discrepancy. However, we have noticed 

the dynamics of S1res-ph appear spontaneously if assuming a different length of the electrode. For completeness, we report 

the simulated results of a similar microbeam, where the length of the electrode is no longer spanning z = [0, ½], but z = 

[⅓, ½]. The referred parameters are reported in Appendix A. 

The envelope of the maximum and the minimum of the oscillations is represented in Fig. 15, at VAC = 12 V and VAC = 

17 V. These simulations show the possibility of spontaneously reaching S1res or S1res-ph, according to the outline needed. 

Nevertheless, the progression occurring in the present case is different, since the transition from Pres to S1res-ph appears at 

low voltages (Fig. 15a), while from Pres to S1res at higher ones (Fig. 15b). 

These results highlight the large versatility of the device. Considering the same microbeam, by simply partitioning the 

lower electrode (which is not difficult to fabricate) and varying the length of the part excited, the system offers a large 

variety of different behaviors, which may occur without requiring active changes in the initial conditions.  

 

 

 
 

Figure 15. Simulated envelope of maxima and minima in the oscillations, as varying the frequency excitation. (a) VAC = 12 V; (b) VAC 

= 17 V. Pres is blue, S1res green, S1res-ph brown, Pnonres cyan, S2nonres purple, and S2res pink. 

 

 

5. The 2:1 Internal Resonance as ramping VAC  

We analyze the progression of the 2:1 internal resonance as ramping VAC, up to reach elevated values of excitation. The 

abrupt changes in the device response related to this activation are observed. Wide ranges of the driving parameters space 

are detected, where the multiplicity of attractors induced by the 2:1 internal resonance can be effectively operated in safe 

conditions. 

 

 

5.1. Experimental behavior chart 

To have a comprehensive overview of the system behavior, the experimental dynamics are explored along a large range 

of VAC, spanning from 2.1 V up to 37 V. All the acquired frequency sweeps are shown in Appendix B. Here, we report 

the experimental behavior chart extracted from them, Fig. 16.  

The chart collects all the main critical points of appearance/disappearance of the attractors arising from the acquired 

experimental frequency sweeps. As previously observed in Sec. 3, in some cases the underlying bifurcation is clear; for 

some others, instead, is not evident. In particular, along the non-resonant branch, the appearance/disappearance of Pnon-res 

is related to a saddle-node bifurcation, which is visible from all the experimental data; similarly occurs for S2non-res. 

Conversely, along the resonant branch, the disappearance of Pres/S1res is likely related to the vulnerability of the system to 

the disturbances encountered in the experimental frequency sweeps [44, 45]. Based on this observation, the experimental 

behavior chart reports for this attractor the information about its final point, specifying only that it corresponds to its 

disappearance. We analyze the acquired curves, as increasing the electrodynamic excitation VAC. 

The fifth mode activation initially emerges in the non-resonant branch, and successively involves the resonant one, 

once this branch has reached the necessary extent. At low VAC, we can see the curve of the saddle-node bifurcation of the 

principal non-resonant attractor Pnon-res (cyan) and the curve of appearance/disappearance of the principal resonant one 

Pres (blue); their cusp occurs at about (Ω, VAC) = (528.3-529.0, 2.1). All these critical points are denoted with dots.  

At VAC = 6.4 V, the fifth mode activation starts being perceived along the non-resonant branch. We can see the onset 

of S2res, which occurs at about Ω = 553.6 kHz. To better detect it, the chart reports the values of Ω, where the fifth-mode 

contribution overcomes the third-mode one, although this is not properly a bifurcation point; these points are marked by 

light pink dots. Similarly, we report the onset of S2non-res, which occurs at about Ω = 554.2 kHz, reported in violet dots. 

As the value of VAC is increased, the system initially shows a small and narrow peak at the fifth mode activation, which 

is marked by purple dots. Successively, the peak progressively evolves into hardening bending; since we refer to the 

backward sweep, we have information about it only as regards the saddle-node bifurcation of S2non-res; also these points 

are marked by purple dots, and connected to the ones showing the peak at small VAC, since are practically their prosecution. 

Raising VAC, all these points essentially remain located at about the same frequency, Ω = 553.9 kHz; slightly wider, 

instead, is the range spanned by the onset of S2non-res and S2res, since this interval gradually enlarges, although for a small 

extent. 



At and beyond VAC = 11.5 V, the activation of the 2:1 internal resonance starts involving the resonant branch. To better 

detect this onset, we report the value of Ω where the fifth mode component starts increasing while the third-mode one 

settles at a nearly constant plateau; although this is not a bifurcation point, this may be considered the onset of S1res. These 

points are marked by light green dots. The threshold detected by these points occurs at about Ω = 573.7 kHz, and does 

not practically vary for all the acquired set. The chart clearly shows that the frequency corresponding to the onset of the 

2:1 internal resonance is higher along the resonant path than along the non-resonant one; ramping from low up to higher 

values of VAC, the difference between them remains practically unchanged, as well as the location of each activation along 

each branch. 

About S1res, its disappearance is denoted by a green dot. Raising VAC, the length (i.e. the range of existence) of S1res 

progressively increases. As a result, the range involved in the principal resonance, which extends up to the onset curve, 

remains essentially constant; conversely, the range involved in the 2:1 internal resonance, which spans from the onset 

curve up to the curve of disappearance, gradually widens. This interval progressively expands from Ω = [573.5, 576.5] 

kHz at VAC = 11.5 V, up to Ω = [573.8, 598.2] kHz at VAC = 30 V, i.e. the chart clearly detects wide intervals of the driving 

parameters, where the dynamics induced by the 2:1 internal resonance are effectively operated experimentally. 

At VAC = 37 V, the point of disappearance is denoted in brown dot, since the corresponding oscillation presents a 

different outline in the time history (S1res-ph).  

For completeness, we report some ranges involved in small irregularities. In particular, for VAC = [15.1, 30] V we 

report the range at about Ω = [578, 579] kHz along the resonant branch, where a small dip occurs; something similar takes 

place at VAC = 37 V in the small range Ω = [597.7, 598.3] kHz. These points are denoted in small gray dots. No clear 

explanation is provided about them by the FFT, nor by the wavelet analysis. Along these narrow intervals, the response 

seems slightly deviating and soon after recovering (maybe similar to what happens in Fig. B.1e1,e2 in Appendix B, 

although with very smaller amplitude), which suggests this to be likely related the increasing sensitivity of the branch as 

proceeding along the sweep; however, as of now, we have no clear information about them or their cause. Also, we draw 

the point at (Ω, VAC) = (607.2, 37), where the FFT starts decreasing, although the underlying phenomenon inducing this 

feature is not clear; this point is denoted by a small light brown dot. 

Attention is needed on the abrupt change occurring at the disappearance of the resonant branch. Before the activation 

of the internal resonance, the attractor vanishes according to the blue saddle-node bifurcation curve of Pres; after it, instead, 

the attractor vanishes according to the green curve of disappearance of S1res. The slope of these two curves is completely 

different. This emphasizes that, after the activation of the 2:1 internal resonance, the device response no longer follows 

the dynamics related to the principal resonant branch, but deviates and follows the ones generated by the 2:1 internal 

resonance. This aspect cannot be disregarded from a design viewpoint. 

Note that the wideness of the ranges where the device may exhibit S1res (or S1res-ph) confirms the possibility of safely 

tracking the 2:1 internal resonance up to elevated excitations. 

 

 

 
 
Figure 16. Experimental frequency-dynamic voltage behavior chart in a neighborhood of the third mode dynamics, at VDC = 30 V and 

pressure 2 mTorr. The saddle-node bifurcation of Pnon-res is in cyan dots. The disappearance of Pres is in blue dots. The onset of S1res is 

in light green dots; its disappearance is in green dots. The disappearance of S1res-ph is in brown dot. The onset of S2res is in light pink 

dots. The onset of S2non-res is in violet dots; its saddle-node bifurcation in purple dots. The narrow dips along the plateau regions in the 

FFT diagram are in gray dots. The small irregularity at (Ω, VAC) = (607.2, 37) is in light brown dot. Dots denote the experimental 

critical points. Dashed lines are used to connect the points of experimental appearance/disappearance; dotted lines are used to 

connect the points of onset. The asterisks denote the sweeps analyzed in the previous Section 3. 

 

 

 



5.2. Simulated behavior chart 

We compare the experimental behavior chart with the simulated one. This is obtained by referring to the 2 d.o.f. Galerkin 

reduced-order model in Eq. (A.8). The values of some extracted parameters are slightly modified with respect to the ones 

used in Sec. 4.1, to have a better correspondence with the experimental data along the entire chart, and not only for a 

single sweep; nevertheless, these differences are minimal. Details are reported in Appendix A. 

Before drawing the simulated chart, some comments are needed about the final disappearance of the attractors. In Sec. 

5.1, we have observed that experimentally the resonant branch likely disappears due to the increasing sensitivity of the 

response to disturbances. Theoretically, instead, all the branches S1res, Pres, S1res-ph, S2res reach a considerable extent, which 

occurs even since minimal values of VAC, similarly to what observed in Fig. 14(a2). For example, S1res experimentally 

disappears well before reaching the high amplitudes of oscillations allowed by the wide gap between the microbeam and 

the substrate, Fig. 6(a1). This vulnerability is a very sensitive item and its analysis requires a dynamical integrity 

investigation [44, 45], which is based on systematic attractor-basins phase portraits of the present 2 d.o.f. system [1, 46, 

47]. Nevertheless, dynamical integrity simulations are really demanding from a computational viewpoint.  

The frequency step in the sweeping process is one of the sources of disturbances. In fact, the numerical simulations 

are performed by assuming a very small frequency step, which may be considered as representative of an ideal 

infinitesimal step. Indeed, this is not realistic, since the experimental sweeps are based on a small, but not infinitesimally 

small frequency step, and this frequency step is kept constant for all the sweeps, together with all the other experimental 

settings. 

Even if the present paper does not address a dynamical integrity analysis, we aim of including in the simulated 

behavior chart the effects induced by the frequency step. An example is reported in Fig. 17, at VAC = 24 V. If a very small 

frequency step is assumed, simulations attain all the theoretical length of the branches (light colors), which exceeds the 

range shown in the figure. Conversely, as enlarging the frequency step, the simulated range of existence of some attractors 

no further reach the theoretical bifurcation points, since cover a smaller Ω-range (bright colors). For some branches, this 

difference is considerable, e.g. S1res, S1res-ph, and S2res.  

Following this example, the simulated behavior chart is drawn by assuming a small, but not infinitesimally small 

frequency step, which is kept constant for all the branches, as well as all the other numerical settings. Even if this is not a 

comprehensive dynamical integrity analysis, these simulations offer a valuable reference on the vulnerability experienced 

by the branches. The obtained results are reported in Fig. 18, where the sampled points are marked with dots.  

 

 

 
 
Figure 17. Simulated envelope of maxima and minima as varying the frequency excitation at VAC = 24 V, with different values of 

frequency step ΔΩ, while keeping constant all the other numerical settings. Simulations using ΔΩ = 50 Hz (bright colors), with Pres 

blue, S1res green, S1res-ph brown, Pnonres cyan, S2nonres purple, and S2res pink. Simulations using ΔΩ = 0.005 Hz (light colors), with S1res 

light green, S1res-ph light brown, and S2res light pink. 

 

 

As for the experimental chart, also for the simulated one, there are attractors where the actual disappearance of the 

branch still coincides with the theoretical final bifurcation; for all of them, this corresponds to a saddle-node, which is 

specified on top of the curve. For all the other attractors where the actual disappearance occurs before the final bifurcation, 

the curves are denoted as curves of disappearance of the attractors. The scenario obtained numerically is very close to 

what is acquired experimentally. We comment on each single branch. 

The curve of saddle-node bifurcation of Pnon-res and the curve of disappearance of Pres are in cyan and blue line, 

respectively. The cusp point between them occurs at about (Ω, VAC) = (526.6-527.4, 1). After that, Pnon-res 

appears/disappears at gradually higher frequency values, slightly bending to the right its curve of saddle-node bifurcation. 

Concurrently, Pres rapidly widens its length up to cover a large Ω-range.  

Similarly to the experiments, at about (Ω, VAC) = (574.9, 8.25) there is a sudden change related to the activation of the 

2:1 internal resonance along the resonant branch. The larger number of sweeps carried out in the simulated chart allows 

deeply exploring the metamorphoses associated with this phenomenon. The onset of S1res is reported in light green dots 

and denotes the points where the fifth mode component activates while the third one settles to a nearly constant plateau; 

the disappearance of S1res is in green dots.  



Beyond the onset threshold, the resonant branch continues as S1res; the system no longer disappears as Pres, but as S1res. 

The curve of disappearance of Pres is not interrupted, but proceeds as curve of disappearance of S1res, since the continuation 

with a different dynamical behavior occurs spontaneously. Increasing VAC, the onset of the 2:1 internal resonance remains 

practically unchanged, while the branch lengthens and shifts the disappearance of S1res to higher frequency values, which 

corresponds to a progressive widening of the part affected by the 2:1 internal resonance. This lengthening is considerable 

and guarantees an ample range for the dynamics induced by the 2:1 internal resonance.  

Note the close similarity between the experimental and the simulated chart. Both of them show the abrupt change 

occurring at the activation of the 2:1 internal resonance. Before this threshold, the device disappears via Pres, successively 

via S1res. The slope of these two curves of disappearance is very different, being the former visibly bending more than the 

latter. This leads to a sudden and substantial braking of the lengthening of the resonant branch, although it continues 

widening.  

Regarding the novel Pres, both its curve of saddle-node bifurcation and its curve of disappearance are reported in the 

chart in blue dots. After activating the 2:1 internal resonance, reaching the novel Pres requires an active and ad-hoc change 

of the initial conditions. There is a small range of the driving parameters space where both Pres and the novel Pres do not 

exist. In fact, the saddle-node where the novel Pres appears is at about Ω = 575.3 kHz, while the onset of S1res occurs at 

slightly smaller frequency values. The curve of appearance and the one of disappearance of the novel Pres join in a cusp 

point, at about (Ω, VAC) = (575.3-577.5, 8.5-9.0). After that, the appearance of the novel Pres continues settling at about 

the same frequency value, while the branch lengthens considerably. Within a small range of VAC, the branch rapidly 

extends with robust oscillations. The slope of the first part of this curve of disappearance is very similar to the one of Pres 

before the activation of the 2:1 internal resonance, seeming as its prosecution. At VAC = 20 V, the branch extends up to Ω 

= 920.3 kHz. In this point, the curve of disappearance, which is related to the magnitude of disturbances taken into 

account, reaches the theoretical curve of saddle-node bifurcation of the attractor. Up to this threshold, the numerical 

results alert that the disappearance of the branch is induced by disturbances; beyond it, instead, the branch is able to 

tolerate the assumed disturbances up to its final saddle-node, thus disappearing by following its theoretical bifurcation. 

Also this curve is reported in blue dots in the chart. Raising VAC, this saddle-node curve is slightly bending to the left, 

showing a gradual shortening of the length of Pres; this decrement is minimal compared to the entire extent of the branch. 

Supposing the 2:1 internal resonance not to take place, simulations continue along Pres and reach about the same curves 

of disappearance of the novel Pres (not reported, since practically overlap), thus spontaneously achieving a wide length. 

It is the occurrence of the 2:1 internal resonance that strongly decreases the range of existence of the branch. This 

activation introduces a discontinuity in the curve, which makes the device deviate and follow the dynamics of S1res, whose 

range of practical existence is considerably smaller. This aspect needs to be taken into account carefully in the design. 

Regarding S1res-ph, both its curve of saddle-node bifurcation and its curve of disappearance are in brown dots. This 

branch appears slightly before the saddle-node of the novel Pres, in a close neighborhood after the activation of S1res. 

Similarly to the novel Pres, the saddle-node bifurcation curve and the curve of disappearance of S1res-ph coalesce in a cusp 

point, at about (Ω, VAC) = (574.3-574.9, 9). Even if S1res-ph spans an appreciable Ω-range, this is more vulnerable than S1res, 

since disappears at slightly smaller frequency values. As observed in the previous sections, at VAC = 37 V the simulated 

behavior becomes in contrast with what observed experimentally, where the forward sweep directly leads to S1res-ph and 

its disappearance occurs even at the right of the line detected by the experimental disappearance of S1res. This further 

suggests the raising of other aspects at elevated VAC, which are not covered by the assumed theoretical model. However, 

we have no additional data for comparison.  

The saddle-node bifurcation curve of S2non-res is in purple dots and the curve of disappearance of S2res is in pink dots. 

To denote the fifth mode activation along these branches, the corresponding curves where the fifth mode contribution 

overcomes the third are reported in violet and light pink dots, respectively. Along all the chart, the onset remains at about 

the same frequency, Ω = 552.6 kHz; similarly occurs for the saddle-node bifurcation of S2non-res, which settles at about Ω 

= 553.0 kHz. At low values of VAC, the activation of S2res and S2non-res is barely perceptible, as indeed occurs in the 

experiments. At higher values of VAC, the branch S2res becomes progressively longer, although remaining weaker than the 

other branches and effectively spanning a smaller Ω-range. 

Large is the distance separating the onset of S1res and S1non-res from the onset of S2res and S2non-res. This is evident in the 

simulated behavior chart, as well as in the experimental one. This confirms that the frequencies corresponding to the 

activation of the fifth mode are different along the resonant branch with respect to the non-resonant one. Their values do 

not significantly vary throughout the entire VAC-range under consideration. 

Overall, the 2:1 internal resonance is able to produce an intriguing versatility of behavior. Even if experimentally only 

the curves spontaneously achieved by following the frequency sweeps are attained, the simulated chart shows that there 

is the opportunity of an even further complexity than the one demonstrated by the acquired experimental sweeps. There 

are wide ranges where not only S1res, but also the novel Pres and S1res-ph can be safely operated. As suggested by taking 

into account a constant magnitude of disturbances, all these branches are provided by a considerable robustness. All of 

them are able to achieve in safe conditions elevated values of VAC, which actually offers wide regions of the driving 

parameters space where these complex dynamics can be operated reliably. 



   
 

Figure 18. Theoretical frequency-dynamic voltage behavior chart in a neighborhood of the third mode dynamics, at VDC = 30 V. The 

saddle-node bifurcation of Pnon-res is in cyan. The disappearance of Pres is in blue. The onset and the disappearance of S1res are in light 

green and green, respectively. The saddle-node bifurcation and the disappearance of S1res-ph are in brown. Similarly to Pres, the saddle-

node bifurcations and the disappearance of the novel Pres are in blue. The onset and the saddle-node bifurcation of S2non-res are in 

violet and purple, respectively. The onset and the disappearance of S2res are light pink and pink, respectively. Dots denote the 

sampled points; solid, dashed and dotted lines are used to connect points detecting bifurcation, disappearance and onset, respectively. 

The asterisk denotes the simulated response analyzed in the previous Fig. 17. 

 

 

 

6. Conclusions 

Systematically comparing experiments and simulations, the nonlinear dynamics arising in a MEMS device at the 2:1 

internal resonance between the third and fifth mode have been analyzed. Due to the nonlinearities, the device presents a 

rich and complex behavior, which exhibits the coexistence of different attractors, with different characteristics.  

We have analyzed the dynamics at VAC = 30 V and VAC = 37 V, where a phase shift between the vibrational modes 

involved in the 2:1 internal resonance has been experimentally detected along the resonant branch. This aspect has been 

examined by processing the data via the combined use of different analytical and numerical tools. Performing the FFT, 

the saturation of the third mode and the concurrent activation of the fifth are observed. The experimental phase shift is 

observed to affects the entire extent of the branch involved in the 2:1 internal resonance. Simulations have been developed, 

where the main aspects of the experimental response are represented. Also, by simply varying the length of the lower 

electrode, we have emphasized the possibility of an increased complexity, which allows spontaneously reaching different 

behaviors.   

Focusing on the entire parameter range up to VAC = 37 V, we have been analyzed the dynamics induced by the 2:1 

internal resonance as increasing the electrodynamic excitation. An extensive experimental investigation has been 

conducted, where several forward and backward frequency sweeps have been acquired. The fifth mode activation initially 

emerges in the non-resonant attractor, and successively involves the resonant one, once this branch has reached the 

necessary extent. Relevant changes are induced in the device response, which take place abruptly and visibly alter the 

system behavior. Proceeding along the forward sweep, dynamics spontaneously deviate from Pres to S1res, which induces 

a considerable decrement of the length of the branch. This deviation clearly emerges from the experimental behavior 

chart, where the slope of the curves of disappearance of these two attractors is shown to be completely different. 

Close is the similarity between experimental and simulated response. Simulations provide valuable information not 

only about the branches observed in the experiments, but also about the branches not experimentally captured. To take 

disturbances into account, all simulations are developed by referring to the same numerical settings. After the onset of 

S1res, also S1res-ph and the novel Pres appear, although catching them requires an active and proper change of initial 

conditions. All these attractors, especially the novel Pres, progressively lengthens up to cover a wide Ω-range. Different 

are the values of frequency corresponding to the onset of the fifth mode dynamics along the resonant branch and the non-

resonant one, being higher in the former than in the latter. This difference occurs since small values of VAC, and remains 

practically unchanged along all the chart.  

Overall, starting from the data of a particular MEMS device, we have reported on the complexity that may arise in the 

nonlinear dynamics at internal resonance. The ensuing coexistence of different behaviors provides a considerable 

versatility of response. Ample ranges of the driving parameters space have been detected, both experimentally and 

theoretically, where these attractors are robust and may be safely operated. Similar dynamics may occur in similar 

MEMS/NEMS, or, more in general, in systems. This reliable complexity is promising for applications. The main aspects 

have been highlighted, to be taken into account in the design stage.  

 

 

 



Contributions. Laura Ruzziconi developed the analysis of the experimental data and performed the theoretical investigation, Nizar 

Jaber and Lakshmoji Kosuru acquired the experimental data, Nizar Jaber also helped in the analysis of the experimental data, 

Mohammed L. Bellaredj fabricated the MEMS device, Mohammad I. Younis supervised the project. The present study is developed 

via a continuous and synergic collaboration among all authors. All authors read, revised and approved the final manuscript. 

 

Acknowledgments 

The work has been developed during the visit of Laura Ruzziconi to King Abdullah University of Science and Technology (KAUST), 

Saudi Arabia; the kind hospitality is gratefully acknowledged. Nizar Jaber acknowledges support of King Fahd University of Petroleum 

and Minerals. This work is supported through KAUST Funds.   

 

Conflict of interest. The authors declare that they have no conflict of interest. 

 

 

 

 

Appendix A. Problem formulation 

The device is modelled as a parallel plate capacitor, as represented in the schematic in Fig. A.1. The microbeam is 

described in the framework of the Euler–Bernoulli theory. Axial and transversal displacements are denoted as w(z, t) and 

v(z, t), respectively. Along the vertical axis, we consider as positive direction the one toward the substrate. The microbeam 

is assumed of length L, width b, and thickness h (sum of all its layers). It is characterized by a straight configuration, 

constant rectangular cross-section, and fixed-fixed boundary conditions. Residual stresses are represented by a constant 

axial load P, which induces axial displacement at the right end B. Since the lower electrode spans half the length of the 

microbeam, only this part contributes to the electric force term.  

The governing equation of motion becomes [39] 

�̈� + 𝜉�̇� + 𝑣′′′′ + 𝛼𝑣′′ = −𝛾𝐹𝑒 (A.1) 

where 

𝛼 = 𝑛 − 𝑘𝑎 ∫
1

2
(𝑣′)2

1

0

𝑑𝑧 (A.2) 

and the electric force term is 

𝐹𝑒 =
(𝑉𝐷𝐶 + 𝑉𝐴𝐶 cos(Ω𝑡))2

(1 − 𝑣)2
[𝑈(𝑧1) − 𝑈(𝑧2)] (A.3) 

where 𝑈(𝑧1) and 𝑈(𝑧2) are the unit step functions defining the lower electrode length and position. The boundary 

conditions are 

𝑣(0, 𝑡) = 0 𝑣(1, 𝑡) = 0 𝑣′(0, 𝑡) = 0 𝑣′(1, 𝑡) = 0 (A.4) 

In equations (1)-(4), primes denote derivatives with respect to z, and dots denote derivatives with respect to t. The 

nondimensional variables are (denoted by tilde signs, which are dropped in (1)-(4) for convenience) 

�̃� =
𝑧

𝐿
 �̃� =

𝑣

𝑑
 �̃� =

𝑡

𝑇
 (A.5) 

and the nondimensional parameters are 

𝑘𝑎 = (𝐸𝐴)𝑑2/(𝐸𝐽) 𝑛 = (𝐸𝐴)𝐿𝑤𝐵/(𝐸𝐽)  

𝛾 =
1

2
휀0휀𝑟𝐴𝑐𝐿3/(𝑑3𝐸𝐽) 𝜉 = 𝑐𝐿4/(𝐸𝐽𝑇) (A.6) 

𝑇 = √(𝜌𝐴𝐿4)/(𝐸𝐽) Ω̃ = Ω𝑇  

where EA is the axial stiffness, EJ is the bending stiffness, A is the area of the cross section, J is its moment of inertia, E 

is the effective Young’s modulus, ρ is the material density, d is the equivalent capacitor gap distance between the 

stationary electrode and the movable one, Ac is the overlapping area between the lower and the upper electrode (half-

electrode configuration), c is the viscous damping coefficient, wB is the axial displacement at the right end B, ε0 is the 

dielectric constant in the free space, and εr is the relative permittivity of the gap space medium with respect to the free 

space.  

The nondimensional axial force n and the time T are identified by referring to the linear part of Eq. (A.1) and matching 

the first two natural frequencies, which yields n = -145.5 (traction), and T = 0.0000513797.  

Assuming these values, the first seven theoretical natural frequencies are estimated as: ω1 = 145.2 kHz (first 

symmetric), ω2 = 315.132 kHz (first antisymmetric), ω3 = 526.637 kHz (second symmetric), ω4 = 788.747 kHz (second 

antisymmetric), ω5 = 1106.05 kHz (third symmetric), ω6 = 1480.95 kHz (third antisymmetric), ω7 = 1914.77 kHz (fourth 

symmetric).  Up to ω5, the theoretical values are very close to the experimental ones. This is even though the identification 

is conducted using only the first two natural frequencies. 

Regarding the gap, the upper electrode is constituted by the conductive layer of Gold/Chrome applied on top of the 

microbeam; the Silicon Nitride (Si3N4), instead, is a dielectric material. For this reason, we consider the equivalent 

capacitor gap [38], which is composed of the air gap plus the contribution due to the Silicon Nitride layer, whose dielectric 

constant is 𝜺𝒓𝑺𝒊𝟑𝑵𝟒
= 7 [48]. Thus, the equivalent capacitor gap is 



𝑑 = 𝑑𝑎𝑖𝑟 +
𝑡Si3N4

휀𝑟Si3N4

= 2.714 𝜇𝑚 (A.7) 

For the simulations in Sec. 4.1, we consider the following values. Regarding the parameter ka, this is evaluated by 

assuming the microbeam of homogeneous isotropic material (Silicon Nitride) and by referring to the equivalent capacitor 

gap, which yields ka = 28.868. Regarding the parameter γ, we assume γ = 0.08, which is extracted by matching the distance 

between the resonant and non-resonant branch. Regarding the damping, we assume 𝜉 = 4.08·10-4, which is extracted by 

matching (as far as possible) the lengthening of the resonant branch at small values of 𝑉𝐴𝐶 . For the behavior chart in Sec. 

5.2, the coefficients are slightly adjusted in order to better represent the entire range of the driving parameters, assuming 

ka = 42.540, γ = 0.0151, and 𝜉 = 4.08·10-3.  

To derive the reduced-order model, we approximate the microbeam deflection as 𝑣(𝑧, 𝑡) ≅ ∑ 𝜙𝑖(𝑧)𝑢𝑖(𝑡)𝑛
𝑖=1 , where 

𝜙𝑖(𝑧) are the mode shapes of the microbeam, normalized as ∫ 𝜙𝑖𝜙𝑗𝑑𝑧
1

0
= 𝛿𝑖𝑗. Considering the third and fifth modes, the 

Galerkin method is applied [39, 49-50]. The 2 d.o.f. Galerkin reduced-order model becomes 

�̈�𝑛 + 𝑐�̇�𝑛 + 𝜔𝑛
2𝑢𝑛 − 𝑘𝑎(𝑎𝑛1𝑢1

3 + 𝑎𝑛2𝑢2
3 + 𝑎𝑛3𝑢1𝑢2

2 + 𝑎𝑛4𝑢2𝑢1
2)  = −𝛾𝑉2 ∫

𝜙𝑛

(1 − 𝜙1𝑢1 − 𝜙2𝑢2)2

0.5

0

𝑑𝑧  

for n = 1, 2 (A.8) 

where the first equation (n = 1) refers to the third mode and the second (n = 2) to the fifth. The electric force term is 

integrated numerically. The obtained coefficients are reported in Table A.1.  

For the simulations in Sec. 4.2, we consider the lower electrode spanning the nondimensional range [⅓, ½], and we 

assume ka = 288.68, which allows better observing the underlying phenomena. 

 
 

 
Figure A.1. Schematic of the device mechanical model. 

 

 
Table A.1. Coefficients of the 2 d.o.f. Galerkin reduced-order model.  

The first row refers to the third mode, the second row to the fifth one. 

Eq. 𝑢1 𝑢2 𝑢1
3 𝑢2

3 𝑢1𝑢2
2 𝑢2𝑢1

2 

1st 28904.48 0 4751.08 ka 2596.57 ka 13458.19 ka 2828.61 ka 

2nd 0 127495.86 942.87 ka 36031.83 ka 7789.70 ka 13458.19 ka 
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Appendix B. Experimental frequency response diagrams 
The present section reports all the sweeps experimentally acquired, showing the effects of the progression of the 2:1 

internal resonance in the experimental system response. These sweeps span from VAC = 2 V up to VAC = 21.5 V, in addition 

to VAC = 30 V and VAC = 37 V, which are reported in Sec. 3. For each case, we show the maximum amplitude of the 

oscillations and the FFT of the third and fifth mode component. 

The fifth mode activation initially occurs in the non-resonant branch. At VAC = 6.4 V (Fig. B.1d1,d2), the peak related 

to the fifth mode dynamics is visible, although being very small. Successively, it becomes more apparent and starts 

exhibiting hardening bending. 

At VAC = 8 V (Fig. B.1e1,e2), along the resonant branch a narrow range occurs, where dynamics are not so clear. 

Similar aspects are not visible in the other sweeps. This deviation is likely due to disturbances, which are actually leading 

to the disappearance of the attractor; successively, dynamics are recovered and the branch is followed again. Note that 

the oscillations exhibited in this unclear interval reach elevated maximum amplitudes, exceeding the values reported in 

figure. This confirms that there is the possibility of large oscillations, even if the attractors of all the acquired sweeps 

disappear before reaching them. 

At VAC = 11.5 V (Fig. B.1f1,f2), the 2:1 internal resonance becomes visible in the resonant branch, since this branch 

has achieved the necessary extent and overcomes the threshold of its activation. Further increasing VAC, along the resonant 

branch the location of the onset of the 2:1 internal resonance remains practically unvaried, while the range involved 

progressively widens, as can be observed by the concurrent lengthening of both the plateau of the third mode and the 

hardening branch of the fifth. 

 

 

                
 

       
 

                 
 

                 
 



          
 

     
 
Figure B.1. Experimental frequency sweeps at VDC = 30 V and pressure 2 mTorr. (a1)-(j1) Experimental frequency response diagrams 

processed from the time history, representing the maximum amplitude of the oscillations versus frequency. Forward and backward 

sweep are in blue and red, respectively. (a2)-(j2) FFT frequency response diagram processed from the time history. Forward and 

backward sweep are in blue and dark blue for the third mode, in red and dark red for the fifth, respectively. The scale of the 

frequency of the response of the fifth mode is reported on top of the curve. (a1)-(a2) VAC = 2.1 V; (b1)-(b2) VAC = 3.6 V; (c1)-(c2) VAC 

= 5.0 V; (d1)-(d2) VAC = 6.4 V; (e1)-(e2) VAC = 8.0 V; (f1)-(f2) VAC = 11.5 V; (g1)-(g2) VAC = 15.5 V; (j1)-(j2) VAC = 21.5 V. 
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