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This paper deals with the heat transfer monitoring occurring within an inacces-
sible membrane distillation system. The membrane separates heated sea water
and filtered cooled drinkable water. By adjusting the temperature of the incom-
ing heated sea water and knowing its temperature distribution, engineers can
keep its temperature within its best operating parameters and avoid hot spots
to form. This would help prolong its life cycle and minimize the cost of the dis-
tillation process. In particular, we show that an external observation is enough
to reconstruct the temperature of the membrane, which is considered as an
unknown source term in a parabolic system.
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1 INTRODUCTION

The livelihood of people living in arid regions but with access to sea or salty water depends on automated and efficient
desalination processes. Recent droughts and rising temperatures due to global warming make the development of desali-
nation technologies crucial and a priority to many parts of the world. However, conventional desalination systems are
costly and energy inefficient. Therefore, there is a tremendous effort to develop new environmentally friendly desalination
technologies with affordable operational cost. Among the emerging desalination technologies is the membrane distilla-
tion and in particular the direct contact membrane distillation (DCMD), with its simplicity and low running cost.1 The
DCMD consists of two large containers. The first one runs hot seawater while the second one contains drinkable cold
water and both are separated by a hydrophobic membrane. It can achieve low cost by recycling the exhaust heat and also
by using low grade renewable thermal energies, such as solar power, to heat up the sea water. The essence of the process
is based on the atomic structure of the hydrophobic membrane and the temperature gradient between the two sides of
the membrane, which allows vapor to pierce through it, while blocking the liquid phase. As steam permeates through the
membrane, it also condenses by exchanging heat transfer, which can easily build up. Moreover, DCMD has a big advan-
tage of operating at low temperatures and pressure comparing to conventional desalination processes. However, it has
a lower production rate and is subject to fouling, which consists of salt deposits on the surface of the membrane block-
ing the vapor transfer. Thus, to allow for a better operation of the DCMD system, it is crucial to constantly monitor the
temperature at the membrane surface in real time, see Ghaffour et al and Eleiwi et al.2,3

Many studies have been conducted recently by engineers to propose accurate mathematical models of MD systems.4-7

For example, a system of two-dimensional parabolic equations coupled at the boundary has been recently proposed for
the DCMD configuration and has been validated experimentally in Wang et al and Eleiwi et al.4,6 The two parabolic
equations model the heat transfer in the two tanks, and the mass transfer through the membrane provides a coupling
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equation at the membrane interface. However, the temperature at the membrane surface is unknown and inaccessible
for measurements and thus needs to be estimated from boundary observations.

There is a growing interest in inverse problem problems dealing with the reconstruction of physical parameters in
systems of partial differential equations (PDEs),8-16 and references therein. As an example, Avdonin et al17 analyzed the
recovery of a single distributed conductance parameter on a finite interval and a graph. Moreover, an extension of Avdonin
and Bell17 is given in Avdonin et al16 where the authors show how unknown coefficients and source terms for a parabolic
equation can be recovered from the dynamical Neumann-to-Dirichlet map associated with the boundary vertices. From
observation on the infinite interval of time and in a bounded open, connected domain in Rd, d ⩾ 2, Al-Musallam, and
Boumenir18 also considered an inverse problem of recovering a coefficient and source term in a parabolic problem. More
recently, Boumenir15 presents two methods depending on the spectrum of the system for the problem of reconstruction
of the coefficients of a linear parabolic system from finite time observations of the solution on the boundary. There is
also a large literature on stability estimates for the inverse problem of a parabolic system, see previous studies.19-22 For
example, Ammari and Choulli19 prove a log-type stability estimate for the inverse problem consisting in determining
both the potential and the damping coefficient in a dissipative wave equation from boundary measurements. Then, they
show how we can adapt their approach to the heat equation. Their proofs are based on observability inequalities for
exactly controllable systems and spectral decompositions. More recently Ammari, Choulli, and Triki23 improve the result
presented in Ammari and Choulli19 where they obtained a local Hölder stability instead of a logarithmic stability.

The goal of this work is to recover the temperature on the surface of the inaccessible membrane of the DCMD
parabolic system by boundary observations. To circumvent the missing boundary data on the membrane, we use external
observations of the system and turn the problem into a Cauchy problem in the x-direction. Thus, the initial coupled non-
homogeneous boundary value problems turn into a decoupled boundary conditions but with new source terms. In other
words, the heated sea water is seen as a heat source for the distilled water side and vice-versa. This leads to a simple rep-
resentation of the solution that allows us to identify the source terms, which would reveal the temperature on both sides
of the membrane. To use Fourier type methods, we first recast the system into a self-adjoint form so we can integrate the
solution and can easily identify the temperature of the membrane.

The paper is organized as follows. In the next section, the mathematical model of the heat transfer in DCMD is presented
with a cocurrent configuration, that is, both sea water and drinkable water flow in the same direction. Section 3 is devoted
to the changes of variables, which help transform the boundary coupling into a source term and also recast the system
into a self-adjoint problem. In addition, we prove that the performed change of variables is a bijection. In Section 4, the
source term is recovered using a series representation in terms of basis functions. Then, by reading part of the boundary
and using the Laplace transform, the temperature on the membrane's surface can be recovered.

2 MATHEMATICAL MODEL OF A DCMD SYSTEM

Denote by f(t, x, y) the temperature of the incoming heated sea water and by p(t, x, y) the temperature of the outgoing cold
filtered water at time t and at the point (x, y) in [0,𝓁1] × [0,𝓁2] and [𝛿m + 𝓁1, 𝛿m + 2𝓁1] × [0,𝓁2], respectively, (here 𝛿m
denotes thickness of the membrane, see Figure 1). Denote by the sea water domain byΩ1 = (0,𝓁1)×(0,𝓁2) and the filtered
water domain Ω2 = (𝛿m + 𝓁1, 𝛿m + 2𝓁1) × (0,𝓁2). Thus, the functions f(t, x, y) and p(t, x, y) are solutions of

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

𝜕t𝑓 (t, x, 𝑦) − 𝛼𝑓Δ𝑓 (t, x, 𝑦) + 𝛽𝑓𝜕𝑦𝑓 (t, x, 𝑦) = 0 t > 0, (x, 𝑦) ∈ Ω1,
𝜕tp(t, x, 𝑦) − 𝛼pΔp(t, x, 𝑦) + 𝛽p𝜕𝑦p(t, x, 𝑦) = 0 t > 0, (x, 𝑦) ∈ Ω2,
𝜕x𝑓 (t,𝓁1, 𝑦) = 𝛾𝑓 (𝑓 (t,𝓁1, 𝑦) − p(t,𝓁1 + 𝛿m, 𝑦)) t > 0, 𝑦 ∈ (0,𝓁2),
𝜕xp(t,𝓁1 + 𝛿m, 𝑦) = 𝛾p (𝑓 (t,𝓁1, 𝑦) − p(t,𝓁1 + 𝛿m, 𝑦)) t > 0, 𝑦 ∈ (0,𝓁2),
𝜕x𝑓 (t, 0, 𝑦) = 0 t > 0, 𝑦 ∈ (0,𝓁2),
𝜕xp(t, 𝛿m + 2𝓁1, 𝑦) = 0 t > 0, 𝑦 ∈ (0,𝓁2),
p(t, x, 0) = Tp(t, x) t > 0, x ∈ (𝛿m + 𝓁1, 𝛿m + 2𝓁1),
𝜕𝑦p(t, x,𝓁2) = 0 t > 0, x ∈ (𝛿m + 𝓁1, 𝛿m + 2𝓁1),
𝑓 (t, x, 0) = T𝑓 (t, x) t > 0, x ∈ (0,𝓁1),
𝜕𝑦𝑓 (t, x,𝓁2) = 0 t > 0, x ∈ (0,𝓁1),
𝑓 (0, x, 𝑦) = 𝑓0(x, 𝑦) (x, 𝑦) ∈ Ω1,
p(0, x, 𝑦) = p0(x, 𝑦) (x, 𝑦) ∈ Ω2.

(1)

The coefficients 𝛼f and 𝛼p are assumed to be given positive constants, that depend on the thermal conductivity and on
the densities of the fluids (see Ghattassi et al7)
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FIGURE 1 Schematic of the direct contact membrane distillation (DCMD) system

𝛼𝑓 =
𝜅𝑓

𝜌𝑓 C𝑓

, and 𝛼p =
𝜅p

𝜌p Cp
,

where 𝜅k, 𝜌k, and Ck, for k = p, f denote, respectively, the thermal conductivity, liquid density, and specific heat capacity
of the fluid. The constants 𝛾 f and 𝛾p are positive and control the heat transfer through the boundary, see Ghattassi et al.7
The coefficients 𝛽 f > 0 and 𝛽p > 0 denote the velocities of the flow in the feed and permeate side, respectively.

Our objective is to recover the temperature on both sides of the membrane, that is, f(t,𝓁1, y) and p(t,𝓁1 + 𝛿m, y), by
external boundary measurements on the accessible side x = 0 and 0 ≤ y ≤ 𝓁2.

3 CHANGES OF VARIABLES

3.1 Common domain
The first step is to use the same domain for both functions f and p. To this end, we map the domain Ω2 onto Ω1, by
reflection and translation, such that the side x = 2𝓁1+𝛿m is mapped onto x = 0 and x = 𝓁1+𝛿m onto 𝓁1. Thus, we rename
both as Ω, ie, Ω = −Ω2 + 2𝓁1 + 𝛿m = Ω1. Clearly, f is invariant under the change of variables, as Ω = Ω1 while the new
variable temperature pnew satisfies

pnew(t, x, 𝑦) = p(t, 2𝓁1 + 𝛿m − x, 𝑦) t ⩾ 0, ∀(x, 𝑦) ∈ Ω.

For the sake of simplicity, we still denote by p the new variable pnew. To quickly identify the sides of Ω, let us denote the
bottom side by Γ1 ∶= (0,𝓁1) × {0}, the left side by Γ2 ∶= {0} × (0,𝓁2), the top one by Γ3 ∶= (0,𝓁1) × {𝓁2}, and finally the
right side by Γ4 ∶= {𝓁1} × (0,𝓁2).

3.2 Decoupling the boundary condition
We first decouple the boundary conditions on x = 𝓁1 in (1) by introducing the new variables

𝑓 (t, x, 𝑦) = 𝑓 (t, x, 𝑦) − p(t,𝓁1, 𝑦), t > 0, (x, 𝑦) ∈ Ω̄ (2)
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p̃(t, x, 𝑦) = p(t, x, 𝑦) − 𝑓 (t,𝓁1, 𝑦), t > 0, (x, 𝑦) ∈ Ω̄. (3)

To obtain ⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝜕t𝑓 (t, x, 𝑦) − 𝛼𝑓Δ𝑓 (t, x, 𝑦) + 𝛽𝑓𝜕𝑦𝑓 (t, x, 𝑦) = G1(t, 𝑦), t > 0, (x, 𝑦) ∈ Ω,
𝜕x𝑓 (t,𝓁1, 𝑦) = −𝛾𝑓𝑓 (t,𝓁1, 𝑦) t > 0, (x, 𝑦) ∈ Γ4,

𝜕x𝑓 (t, 0, 𝑦) = 0 t > 0, (x, 𝑦) ∈ Γ2,

𝑓 (t, x, 0) = T𝑓 (t, x) t > 0, (x, 𝑦) ∈ Γ1,

𝜕𝑦𝑓 (t, x,𝓁2) = 0 t > 0, (x, 𝑦) ∈ Γ3,

𝑓 (0, x, 𝑦) = 𝑓0(x, 𝑦) (x, 𝑦) ∈ Ω,

(4)

and ⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝜕tp̃(t, x, 𝑦) − 𝛼pΔp̃(t, x, 𝑦) + 𝛽p𝜕𝑦p̃(t, x, 𝑦) = G2(t, 𝑦), t > 0, (x, 𝑦) ∈ Ω,
𝜕xp̃(t,𝓁1, 𝑦) = −𝛾pp̃(t,𝓁1, 𝑦) t > 0, (x, 𝑦) ∈ Γ4,

𝜕xp̃(t, 0, 𝑦) = 0 t > 0, (x, 𝑦) ∈ Γ2,

p̃(t, x, 0) = Tp̃(t, x) t > 0, (x, 𝑦) ∈ Γ1,

𝜕𝑦p̃(t, x,𝓁2) = 0 t > 0, (x, 𝑦) ∈ Γ3,

p̃(0, x, 𝑦) = p̃0(x, 𝑦) (x, 𝑦) ∈ Ω,

(5)

where the new source terms are

G1(t, 𝑦) = −𝜕tp(t,𝓁1, 𝑦) + 𝛼𝑓𝜕𝑦𝑦p(t,𝓁1, 𝑦) − 𝛽𝑓𝜕𝑦p(t,𝓁1, 𝑦), t > 0 (x, 𝑦) ∈ Γ4, (6)

G2(t, 𝑦) = −𝜕t𝑓 (t,𝓁1, 𝑦) + 𝛼p𝜕𝑦𝑦𝑓 (t,𝓁1, 𝑦) − 𝛽p𝜕𝑦𝑓 (t,𝓁1, 𝑦), t > 0 (x, 𝑦) ∈ Γ4, (7)

and also where for x ∈ (0,𝓁1) and t > 0

T𝑓 (t, x) = T𝑓 (t, x) − Tp(t,𝓁1) Tp̃(t, x) = Tp(t, x) − T𝑓 (t,𝓁1) (8)

𝑓0(x, 𝑦) = 𝑓0(x, 𝑦) − p0(𝓁1, 𝑦), p̃0(x, 𝑦) = p0(x, 𝑦) − 𝑓0(𝓁1, 𝑦). (9)

Obviously, (8) are the new boundary conditions for (4) and (5), which are obtained from the boundary conditions in (1).

3.3 Self-adjoint form
We now rescale the solution to turn (4) and (5) into self-adjoint form

g(t, x, 𝑦) = 𝑓 (t, x, 𝑦)e
−

𝛽𝑓

2𝛼𝑓
𝑦
, t ≥ 0, (x, 𝑦) ∈ Ω,

q(t, x, 𝑦) = p̃(t, x, 𝑦)e
−

𝛽p
2𝛼p

𝑦
, t ≥ 0, (x, 𝑦) ∈ Ω,

(10)

so we can use the Fourier series. Under the transformation (10), system (4) becomes

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

𝜕tg(t, x, 𝑦) − 𝛼𝑓Δg(t, x, 𝑦) +
𝛽2
𝑓

4𝛼𝑓
g(t, x, 𝑦) = F1(t, 𝑦) t > 0, (x, 𝑦) ∈ Ω,

𝜕xg(t,𝓁1, 𝑦) = −𝛾𝑓g(t,𝓁1, 𝑦) t > 0, (x, 𝑦) ∈ Γ4,

𝜕xg(t, x, 𝑦) = 0 t > 0, (x, 𝑦) ∈ Γ2,

g(t, x, 0) = T𝑓 (t, x) t > 0, (x, 𝑦) ∈ Γ1,

𝜕𝑦g(t, x,𝓁2) = − 𝛽𝑓

2𝛼𝑓
g(t, x,𝓁2) t > 0, (x, 𝑦) ∈ Γ3,

g(0, x, 𝑦) = g0(x, 𝑦) t > 0, (x, 𝑦) ∈ Ω,

(11)
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and ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

𝜕tq(t, x, 𝑦) − 𝛼pΔq(t, x, 𝑦) +
𝛽2

p

4𝛼p
q(t, x, 𝑦) = F2(t, 𝑦) t > 0, (x, 𝑦) ∈ Ω,

𝜕xq(t, x, 𝑦) = −𝛾pq(t, x, 𝑦) t > 0, (x, 𝑦) ∈ Γ4,

𝜕xq(t, x, 𝑦) = 0 t > 0, (x, 𝑦) ∈ Γ2,

q(t, x, 𝑦) = Tp̃(t, x) t > 0, (x, 𝑦) ∈ Γ1,

𝜕𝑦q(t, x, 𝑦) = − 𝛽p

2𝛼p
q(t, x, 𝑦) t > 0, (x, 𝑦) ∈ Γ3,

q(0, x, 𝑦) = q0(x, 𝑦) (x, 𝑦) ∈ Ω,

(12)

where the new sources F1, F2 are now given by

F1(t, 𝑦) = G1(t, 𝑦)e
−

𝛽𝑓

2𝛼𝑓
𝑦
, and F2(t, 𝑦) = G2(t, 𝑦)e

−
𝛽p

2𝛼p
𝑦
. (13)

As F1 depends on G1, (13), which in turns depends on p, see (6) and so F1 is an unknown source to be determined.
Observe that we have symmetric boundary conditions on Γ2, Γ3, and Γ4. Moreover, the value of the solution (g, q) on Γ1 is
given. To proceed further, we need to see that the change of variables allows us to go back to the original variables f and p.

3.4 The change of variables
We now prove the invertibility of the change of variables (2) and (3), namely

𝑓 (t, x, 𝑦) = 𝑓 (t, x, 𝑦) − p(t,𝓁1, 𝑦), t > 0, (x, 𝑦) ∈ Ω̄
p̃(t, x, 𝑦) = p(t, x, 𝑦) − 𝑓 (t,𝓁1, 𝑦), t > 0, (x, 𝑦) ∈ Ω̄.

It is obvious that a given pair (f, p) in Ω̄, will uniquely determine
(
𝑓, p̃

)
there. Conversely, once we have obtained 𝑓 (t, x, 𝑦)

and p̃(t, x, 𝑦), can we still get uniquely the original solution f(t, x, y) and p(t, x, y)? This inverse map is not so obvious as it
requires the prior knowledge of the functions p(t,𝓁1, y) and f(t,𝓁1, y) first.

To this end, we need to show that they can be reconstructed from
(
𝑓, p̃

)
. Given the latter, we know (g, q), by (10),

the solutions of (11) and (12), and thus we know the source terms (F1,F2) and equivalently G1 and G2 in (13). Observe
that the temperature at the membrane, f(t,𝓁1, y) and p(t,𝓁1, y), are respectively the solutions of the following simple
one-dimensional parabolic equation, which are given in (6) and (7)

⎧⎪⎨⎪⎩
𝜕t𝑓 (t,𝓁1, 𝑦) − 𝛼p𝜕𝑦𝑦𝑓 (t,𝓁1, 𝑦) + 𝛽p𝜕𝑦𝑓 (t,𝓁1, 𝑦) = −G2(t, 𝑦) t > 0, 𝑦 ∈ (0,𝓁2),
𝑓 (t,𝓁1, 0) = T𝑓 (t,𝓁1) t > 0,
𝜕𝑦𝑓 (t,𝓁1,𝓁2) = 0 t > 0,
𝑓 (0,𝓁1, 𝑦) = 𝑓0(𝓁1, 𝑦) (0,𝓁2),

(14)

and ⎧⎪⎨⎪⎩
𝜕tp(t,𝓁1, 𝑦) − 𝛼𝑓𝜕𝑦𝑦p(t,𝓁1, 𝑦) + 𝛽𝑓𝜕𝑦p(t,𝓁1, 𝑦) = −G1(t, 𝑦) t > 0, 𝑦 ∈ (0,𝓁2),
p(t,𝓁1, 0) = T(t,𝓁1) t > 0,
𝜕𝑦p(t,𝓁1,𝓁2) = 0 t > 0,
p(0,𝓁1, 𝑦) = p0(𝓁1, 𝑦) (0,𝓁2).

(15)

Obviously to find explicitly f(t,𝓁1, y) we only need to know the boundary conditions for t > 0 and y ∈ (0,𝓁2)

𝑓 (t,𝓁1, 0) = T𝑓 (t,𝓁1), 𝜕𝑦𝑓 (t,𝓁1,𝓁2) = 0; 𝑓 (0,𝓁1, 𝑦) = 𝑓0(𝓁1, 𝑦),

which are already given in (1). Similarly, we can find p(t,𝓁1, y), which would yield p(t, x, y) and consequently we have
proved that

Proposition 1. The change of variables defined by (2) and (3),

𝑓 (t, x, 𝑦) = 𝑓 (t, x, 𝑦) + p(t,𝓁1, 𝑦), for t > 0, (x, 𝑦) ∈ Ω̄
p(t, x, 𝑦) = p̃(t, x, 𝑦) + 𝑓 (t,𝓁1, 𝑦), for t > 0, (x, 𝑦) ∈ Ω̄.
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is a bijection.

4 RECONSTRUCTING THE TEMPERATURE FROM THE BOUNDARY BY
READING ON Γ2

We shall need a few preliminary steps to work out the direct problem before we move to the inverse problem. First, observe
that the normalized eigenfunctions for the operator appearing in (11)

⎧⎪⎪⎪⎨⎪⎪⎪⎩

−𝛼𝑓Δ𝜑nk(x, 𝑦) +
𝛽2
𝑓

4𝛼𝑓
𝜑nk(x, 𝑦) = 𝜆nk𝜑nk (x, 𝑦) ∈ Ω,

𝜕x𝜑nk(𝓁1, 𝑦) = −𝛾𝑓𝜑nk(𝓁1, 𝑦) (x, 𝑦) ∈ Γ4
𝜕x𝜑nk(0, 𝑦) = 0 (x, 𝑦) ∈ Γ2,
𝜑nk(x, 𝑦) = 0 (x, 0) ∈ Γ1,

𝜕𝑦𝜑nk(x,𝓁2) = − 𝛽𝑓

2𝛼𝑓
𝜑nk(x,𝓁2) (x, 𝑦) ∈ Γ3.

(16)

are explicitly given by

𝜑nk(x, 𝑦) = rnsk cos(x𝜇n) sin(𝑦𝜈k) (17)

with

rn =
⎛⎜⎜⎝
𝓁1

∫
0

cos2(x𝜇n)dx
⎞⎟⎟⎠
−1∕2

and sk =
⎛⎜⎜⎝
𝓁2

∫
0

sin2(𝑦𝜈k)d𝑦
⎞⎟⎟⎠
−1∕2

(18)

and {𝜇n}n≥ 1 and {𝜈k}k≥ 1 are the positive roots of

−𝜇n sin(𝓁1𝜇n) + 𝛾𝑓 cos(𝓁1𝜇n) = 0, and 𝜈k cos(𝓁2𝜈k) +
𝛽𝑓

2𝛼𝑓
sin(𝓁2𝜈k) = 0 (19)

with asymptotics
𝜇n = 𝜋

𝓁1
n + o(1) and 𝜈k = 𝜋

𝓁2

(
k + 1

2

)
+ o(1).

The eigenvalues of (16) are then explicitly given by

𝜆nk = 𝛼𝑓
(
𝜇2

n + 𝜈2
k
)
+

𝛽2
𝑓

4𝛼𝑓
for n, k ≥ 1. (20)

Use the eigen-basis {𝜑nk}n,k⩾1 to define the Fourier coefficients of g0 ∈ L2(Ω) by

cnk(g0) = ∫
Ω

g0(x, 𝑦)𝜑nk(x, 𝑦)dxd𝑦.

Theorem 1. For g0 ∈ L2(Ω), we can recover the source F1 in (11) and p(t,𝓁1, y), which is the temperature of the
membrane, from the boundary reading of g(t, 0, y) on Γ2, for t > 0.

Proof. The proof is made up of few steps. We start off by using the eigenfunctions 𝜑nk, (17), to represent the solution
g of (12)

g(t, x, 𝑦) =
∑

n,k≥1
cnk(t)𝜑nk(x, 𝑦) ∀t > 0, (x, 𝑦) ∈ Ω, (21)

where

cnk(t) =

𝓁2

∫
0

𝓁1

∫
0

g(t, x, 𝑦)𝜑nk(x, 𝑦)dxd𝑦.
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For t > 0, we know that g(t, ., .) ∈ C2(Ω), since it is a solution of a parabolic equation, and so the Fourier series
converges uniformly, and

c′nk(t) =

𝓁2

∫
0

𝓁1

∫
0

𝛼𝑓Δg(t, x, 𝑦)𝜑nk(x, 𝑦)dxd𝑦 −
𝛽2
𝑓

4𝛼𝑓
cnk(t) +

𝓁2

∫
0

𝓁1

∫
0

F1(t, 𝑦)𝜑nk(x, 𝑦)dxd𝑦

= bnk(t) − 𝜆nkcnk(t) +

𝓁2

∫
0

𝓁1

∫
0

F1(t, 𝑦)𝜑nk(x, 𝑦)dxd𝑦, (22)

where bnk is the contour integral over the boundary obtained by integration by parts in Green's formula,

bnk(t) = 𝛼𝑓

i=4∑
i=1

∫
Γi

𝜕ng(t, x, 𝑦)𝜑nk(x, 𝑦) − g(t, x, 𝑦)𝜕n𝜑nk(x, 𝑦)d𝜎i

= 𝛼𝑓

𝓁1

∫
0

T𝑓 (t, x)𝜕𝑦𝜑nk(x, 0)dx = 𝛼𝑓 sk𝜈k rn

𝓁1

∫
0

T𝑓 (t, x) cos(𝜇nx)dx

= 𝛼𝑓 sk𝜈k𝜃n(t), (23)

which reduces to the boundary term on Γ1 only and where 𝜃n are the Fourier coefficients of T𝑓 (t, x)

𝜃n(t) = rn

𝓁1

∫
0

T𝑓 (t, x) cos(𝜇nx)dx.

The remaining integral term is explicitly given by

𝓁2

∫
0

𝓁1

∫
0

F1(t, 𝑦)𝜑nk(x, 𝑦)dxd𝑦 = rnansk ∫
𝓁2

0
F1(t, 𝑦) sin(𝑦𝜈k)d𝑦 = rnan𝜌k(t), (24)

with

an =

𝓁1

∫
0

cos(x𝜇n)dx and 𝜌k(t) ∶= sk

𝓁2

∫
0

F1(t, 𝑦) sin(𝑦𝜈k)d𝑦. (25)

The solution to the cnk equation in (22) is then given by

cnk(t) = cnk(0)e−𝜆nkt + 𝛼𝑓 sk𝜈k

t

∫
0

e−𝜆nk(t−𝜂)𝛽k(𝜂)d𝜂 + rnan

t

∫
0

e−𝜆nk(t−𝜂)𝜌k(𝜂)d𝜂

and denote by

dnk(t) = cnk(0)e−𝜆nkt + 𝛼𝑓 sk𝜈k

t

∫
0

e−𝜆nk(t−𝜂)𝛽k(𝜂)d𝜂 (26)

to write

cnk(t) = dnk(t) + rnan

t

∫
0

e−𝜆nk(t−𝜂)𝜌k(𝜂)d𝜂. (27)



8 BOUMENIR ET AL.

To reconstruct the source term F1, we need to find its Fourier coefficients 𝜌k(t), see (24)

F1(t, 𝑦) =
∑
k≥1

𝜌k(t) sk sin(𝑦𝜈k) (28)

by solving the integral equation (27). To do so, we need to use a boundary observation of the solution g(t, 0, y) on the
boundary Γ2, in order to obtain cn,k that are required in (27). However, it would reveal the sum of cnk over n, while
(27) makes use of individual cnk.

Identifying 𝜌k from the observation of the solution on Γ2.
The observation g(t, 0, y) on Γ2 is also given by (21),

g(t, 0, 𝑦) =
∑

n,k≥1
cnk(t)𝜑nk(0, 𝑦) =

∑
n,k≥1

cnk(t) rnsk sin(𝑦𝜈k) ∀t > 0, 𝑦 ∈ (0, 𝓁2). (29)

Note that since the observation g(t, 0, y) is known, so are its Fourier coefficients, {gk(t)}k≥1

g(t, 0, 𝑦) =
∑
k≥1

gk(t)sk sin(𝑦𝜈k) (30)

and so we have by (29), (30), and (27) the integral equation in 𝜌k

gk(t) =
∑
n≥1

cnk(t) rn =
∑
n≥1

rndnk(t) + ∫
t

0
𝜌k(𝜂)

∑
n≥1

r2
nane−𝜆nk(t−𝜂)d𝜂. (31)

Thus, the problem reduces to finding {𝜌k} by solving the Volterra equation of the first kind (31), where 𝛿k(t) =
gk(t) −

∑
n≥1rndnk(t) and k(t) =

∑
n≥1

r2
nane−𝜆nkt are given.

Thus, we can rewrite the integral equation (31) as a Volterra convolution equation of the first kind,

t

∫
0

k(t − 𝜂)𝜌k(𝜂)d𝜂 = 𝛿k(t).

Since k(0) =
∑

n≥1r2
nan = 1, it is easily transformed into second kind by differentiating it

𝜌k(t) +

t

∫
0

 ′
k(t − 𝜂)𝜌k(𝜂)d𝜂 = 𝛿′k(t) (32)

where
𝛿′k(t) = g′k(t) −

∑
n≥1

rnd′
nk(t) and  ′

k(t) = −
∑
n≥1

r2
nan𝜆nke−𝜆nkt (33)

are given continuous functions. Thus, by using successive approximations, we can easily solve the Volterra equation,
(32), and recover the solution 𝜌k over any interval (0, T). Most importantly, the solution can be expressed through
an integral operator whose kernel is the resolvent Rk

𝜌k(t) = 𝛿′k(t) +

t

∫
0

Rk (t − 𝜂) 𝛿′k(𝜂)d𝜂 for t > 0. (34)

Recall that although the resolvent kernel Rk can be obtained by iterating the kernel  ′
k, it is also the solution of the

Volterra integral equation

− ′
k(t) = Rk(t) +

t

∫
0

 ′
k (t − 𝜂)Rk(𝜂)d𝜂 for t > 0. (35)
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Since (35) is also a convolution equation, the Laplace transform can be used to find Rk. As we already have

 ′
k(t) = O

(
e−𝜆1kt) , (36)

let us denote by
m = supt≥0| ′

k(t)|.
The solution Rk exists and is continuous as it is obtained by successive iterations, and it is also known that it grows at
most exponentially, see Smirnov24, I-53

Rk(t) = O
(

emt) .
Thus, its Laplace transform, (Rk)(s), is well defined and analytic for ℜ(s) > m, and satisfies, (35),

(Rk)(s) + ( ′
k)(s) + ( ′

k)(s)(Rk)(s) = 0 for ℜ(s) > max{m, 𝜆1k}

or

(Rk)(s) =
−( ′

k)(s)
1 + ( ′

k)(s)
for ℜ(s) > max{m, 𝜆1k}. (37)

Therefore, we can recover Rk by taking the inverse Laplace transform

Rk(t) = −1

(
−( ′

k)(s)
1 + ( ′

k)(s)

)
(t), (38)

where from (35) and (36) the denominator do not vanish on {s ∈ C; ℜ(s) > max{m, 𝜆1k}}. Then, we can use (34) to
find each 𝜌k over any interval (0,T). Summing them up will help reconstruct F1.

This concludes the computation of p(t,𝓁1, y), which is the temperature of the membrane.

Remark 1. Equation (34) is an essential step of the algorithm as it allows to feed the reading gk and obtain 𝜌k in
real time and so makes the monitoring of the temperature of the membrane p(t,𝓁1, y) also in real time possible. We
can further monitor the temperature in the whole domain Ω, if needs be, since we now have the coefficients cnk(t)
from (27). Also, anomalies in the temperature distribution and hot spots found on the membrane allow for an early
detection of possible rupture of the membrane and so helps prevent costly shutdowns.
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