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Abstract—This paper addresses the problem of robust beamforming for a moving source. To cope with the source movement,
the regularization (or diagonal loading) parameter needs to be
adjusted regularly. The need for repeatedly finding an adequate
value of the regularization parameter increases the overall computational complexity. This paper proposes a simple and efficient
initialization of Newton’s method to find the regularization
parameter. The regularization parameter is chosen to minimize
the mean-squared-error (MSE) of a regularized least-squares
(RLS) problem by solving a certain function. We exploit some
properties of this function to develop the method. Simulation
results demonstrate that the proposed initialization method can
reduce the runtime by 75%.
Index Terms—Robust adaptive beamforming, MVDR, generalized sidelobe canceller, diagonal loading.

I. I NTRODUCTION
Array processing has played a key role in many modern
applications such as radar, sonar, radio astronomy, communications and seismology. For example, antenna arrays are
essential components in radar systems [1], while hydrophone
arrays are widely used in sonar systems [2].
Beamforming, also known as spatial filtering, is a technique
used in array processing to receive a signal radiating from a
specific direction and suppress signals emerging from other
directions [3]. It is well known in the literature that beamforming performance degrades severely in the presence of
steering vector errors. This is attributed to improper modeling,
miscalibration, pointing error and source motion [4]. Hence,
robust and adaptive techniques have been proposed to enhance
beamforming performance. These methods include diagonal
loading [5], [6], [7] and [8], multiple linear constraints [9],
eigenspace projection [10], and the robust Capon beamformers
(RCBs) that use ellipsoidal uncertainty sets of the steering
vector [11], [12].
In addressing the problem of beamforming for moving
sources, most of the work that has been done so far considered acoustic applications while few papers have covered
beamforming for moving RF sources. Acoustic signals are
wideband with no characteristic wavelength and time delays
must be obtained by waveform interpolation. On the other
hand, most of the RF signals of interest are narrowband signals

with a well-defined nominal wavelength, and time delay can
be compensated by a phase shift [13].
A recent acoustic beamforming method is presented in [14].
It is a wavelet-based beamforming method for rotating sources.
Acoustic images are produced in the time-frequency domain
as a result of direct incorporation of wavelet transform and the
Doppler effect into Green’s function. Beamforming is achieved
as a simple inversion of time-frequency domain.
For RF applications, a Bayesian beamforming approach for
a moving target is presented in [4]. The optimal beamformers’
coefficient for this technique is the sum of minimum variance
distortionless response (MVDR) beamformer at the estimated
direction of arrivals (DOAs) weighted by a posterior probability density function (PDF) of these DOAs. A particle filter is
used to find this a posteriori PDF.
A sliding window modified loaded sample matrix inversion
(LSMI) beamforming algorithm was proposed in [15] for high
speed mobile sources. The algorithm is based on recursive
vector updating rather than matrix updating. For a sliding
window of size K and antenna array of size N , The algorithm
requires updating K vectors of size N , instead of K matrices
of size N × N . However, this method uses fixed diagonal
loading method, which is not effective for a moving source
beamforming.
The proposed beamfoming method in [16] is based on
Fractional Fourier transform (FrFT). The beamformer involves
optimum FrFT order selection based on the strongest amplitude peak search. However, this search based method is not
practical and computationally inefficient [17].
Other methods aim at reducing computational complexity
in beamforming. For example, reduced-rank methods are used
to provide fast convergence and reduce computational complexity of adaptive beamformers. These methods are based on
projecting data onto a low rank subspace. The work in [12]
proposes a Krylov-subspace based reduced-dimension robust
Capon beamformers. Sensitivity to the signal of interest error
(SOI) and array steering vector (ASV) errors is the main
disadvantage of the Krylov-subspace methods [12].
In this paper, we aim to develop a robust beamforming
where the steering vector is not known precisely due to
source movement and DOA estimation errors [18], [19] and
[20]. Our beamformer is based on loaded MVDR with data

collection achieved by sliding the observation window to
allow a new snapshot to enter and an old one to leave.
This sliding-window process results in a slight change in the
regularization (diagonal loading) parameter. Unlike [15] that
utilizes a fixed regularization parameter, this work exploits this
sliding window setting to persistently update the regularization
parameter, as will be explained later.
The remaining of this paper is organized as follows: Section
II covers some background material, Section III presents the
proposed technique, Section IV presents simulation results
while Section V states the conclusion of the paper.
II. BACKGROUND
A. Signal model and MVDR beamformer
Consider a moving source with angular motion described
by the following equation:
θt = θo + g(t),

yt = βt a(θt )st + vt ,

(2)

where a(θt ) is the
source st ,
PQsteering vector of the desired
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interference signals, si [t], multiplied by their corresponding
steering vectors, ai [t] , and additive white Gaussian noise, n[t].
We model the variability in signal amplitude due to distance
change using the scalar βt . Throughout this paper, without
loss of generality, we use the following exponential model for
amplitude change:
βt = e−αt ,
(3)
where α ∈ R, α ≥ 0
The beamformer output at time t is given by [19]
wtH yt ,

(4)

where wt ∈ C is the beamformer weighting coefficients at
time t. For an MVDR beamformer, the weighting vector is
found by solving the following optimization problem [19]:
wt

An alternative formulation of (5) is called the generalized
sidelobe canceller (GSC) and can be obtained by decomposing
the weights w as follows [7]:
wt = wq [t] − Bt wa [t],

s.t. aH
t wt = 1,

(5)

where Rt = E[yt ytH ] is the covariance matrix, and at =
a(θt ) ∈ CN is the steering vector of the desired signal. The
solution of (5) is given by [19]
R−1
t at
(6)
H
at R−1
t at
In practical applications, Rt is unavailable; hence, we replace
b t that is given by
it with an estimate R
wopt [t] =

K
X
bt = 1
R
yt ytH ,
K t=1

(8)

where wq [t] = at /N , is a quiescent weight vector and Bt ∈
CN ×(N −1) is a blocking matrix that is orthogonal to a, and is
chosen such that BH
t Bt = I. By substituting the decomposed
b t . The problem can
wt (8) in (5) and replacing Rt with R
be reformulated as the following unconstrained least squares
optimization [7]:
H b
min (Bwa [t] − wq [t]) R
t (Bt wa [t] − wq [t]) ,

wa [t]

(9)

or
min kAt wa [t] − bt k2 ,

(10)

wa [t]

1

1

b 2 wq [t]. The minb 2 Bt ∈ CN ×N −1 and bt , R
where At , R
t
t
imization (10) corresponds to the following linear regression
model:
bt = At wa [t] + zt ,
(11)
1

b 2 is normally illwhere z ∈ CN is an error vector. Since R
t
conditioned, and bt is noisy, the application of regularization
to estimate wa [t] is preferred. The regularized least squares
(RLS) problem is stated as follows:
min kAt wa [t] − bt k2 + γt kwa [t]k2

wa [t]

(12)

After choosing a proper value for γt , we can use it in the
loaded version of (6) that is given by [7]
wopt [t] =

(Rt + γt I)−1 at
−1 a
aH
t
t (R + γt I)

(13)

III. T HE PROPOSED METHOD

N

wopt [t] = argmin wtH Rt wtH

B. Generalized Sidelobe Canceller (GSC)

(1)

where θt (rad) is the position of the source at time t, θo (rad)
is its initial position and g(t) is a continuous function of time.
For linear motion model g(t) = ωt, where ω (rad/sec)is the
angular velocity. Also consider a uniform linear array (ULA)
of N elements receiving a signal from this moving source and
Q signals from static interference sources. The N ×1 complex
array observation vector can be modeled as [21]

xt =

where K is the number of snapshots.

(7)

In this section, we eliminate the subscript t for simplicity of
notations. To obtain the regularization parameter, γ, we solve
the following equation [5]:
h
i h
i
f (γ) = tr (Σ2 + γI)−1 tr (Σ2 + γI)−1 UH bbH U
h
i
− N (Σ2 + γI)−2 UH bbH U = 0,
(14)
where tr (.) denotes the matrix trace, I is the identity matrix,
U ∈ CN ×N and Σ = diag[σ1 , σ2 , · · · σN ]T , with σ1 > σ2 >
· · · > σN are obtained from the following singular value
decomposition (SVD) of A
A = UΣVH ,

(15)

where V ∈ CN −1×N .
The regularization parameter values that solve Equation (14)
minimize the minimum-squared-error (MSE) of the RLS as
shown in details in [5].

The introduction of the regularization term in (12) aims at
providing stability against the ill-conditioning of the matrix
A. To reap the full benefit of the regularization process,
the regularization parameter γ has to be adjusted carefully.
The process of setting the regularization parameter can be
performed independently at each time point. Several methods
exist to achieve this goal (e.g., [22] [7] ). Applying these
methods repetitively at each time point may result in unnecessarily increasing the computational complexity of the system.
In the following, we present a method to effectively adjust
the regularization parameter needed in (12) with significantly
reduced computational complexity.
Newton’s method, also known as the Newton–Raphson
method, is a well-known technique used to find a root of a
function [23]. Starting from an initial guess γ i=0 for the root
of (14), the following iterations are carried out:
γ i+1 = γ i −

f (γ i )
,
f 0 (γ i )

(16)

where f 0 (γ i ) is the derivative of the function. The iterations
stop when |f (γ i+1 )| < .
Our technique relies on some properties of Equation (14)
presented in [5]. Specifically, we focus on a situation that
guarantees the existence of a unique solution for Equation (14).
It is shown that a unique root exists in the interval (−σn , ∞)
if the following sufficient condition is met [5]:
2

H

H

2

H

H

N tr(Σ U bb U) > tr(Σ )tr(U bb U).

sliding window plots the blue curve, fr (γ), we do not need to
initialize with γ i=0 = δ when using Newton’s method. Instead,
we examine the derivative, fr0 (γ) at the previous root, γo+ .
Since fr0 (γo+ ) > 0 this implies that γo is a suitable initialization
point for fr0 (γ) to find its root because γo+ lies in the interval
(0, γr+ ].
If the next sliding window moves to the left from fo (γ),
it produces the red curve fl (γ). In this case, testing fl0 (γ) at
γo+ reveals a negative sign which implies that γo+ is not in
the interval (0, γl+ ]. For this scenario, we bisect the interval
(0, γo+ ) and test the sign at γo+ /2. If the result is a positive sign,
we can use γo+ /2 as an initialization value for finding the root
of fl (γ). Otherwise, we repeat bisecting and testing process
until we obtain a positive sign. Algorithm 1 summarizes the
proposed initialization.
To further reduce the complexity, we notice that the SVD of
A is needed to find a root γ + in (14). However, repeating the
SVD increases the complexity of the system. We propose a
different approach to carry out the calculations efficiently. As
explained earlier, we calculate A from the blocking matrix, B,
b Since R
b is a positive
and the estimated covariance matrix, R.
semidefinite matrix, we can use the eigenvalue decomposition
(EVD) as follows:

b = LSLH ,
R

(18)

(17)

If f (γ) has a positive root, γ + , and the condition (17) is
satisfied, the following two results are valid [5]:
1) f (γ) is always negative in the interval [0, γ + ), i.e.,
f (γ) ≤ 0 for [0, γ + ]
2) f (γ) is an increasing function in the interval [0, γ + ],
i.e., f 0 (γ) ≥ 0 for [0, γ + ]
Thus, using an initial value γ 0 in the interval (0, γ + ], (16) can
produce a progressively increasing estimate of γ. Convergence
of (16) occurs when γ i+1 → γ + ; thus, f (γ i ) → 0 and γ i+1 →
γ i . Fig. 1 plots different examples of (14) when condition (17)
is satisfied.
In our moving source beamforming scenario, data is collected by a sliding window that allows only the newest
snapshot to enter and the oldest one to leave the window.
Hence, we expect a slight change in γ + for each new sliding
window. However, starting from γ 0 = δ, where δ is a small
positive value, for each new sliding window would increase
the number of iterations that are required for f (γ) to converge
to a positive root.
We assume that the root of the current sliding window
is γo+ . The root of the next sliding window is either γr+ ,
where γr+ > γo+ , or γl+ , where γl+ < γo+ . Fig. 1 (b) plots
Equation (14) with these possibilities. We assume the black
curve, fo (γ), is (14) calculated from the the data covariance
matrix which is estimated from the current sliding window.
Using Newton’s method, we find the root of fo (γ) with an
initial guess (γ i=0 = δ) to obtain the root, γo+ . If the next

where L ∈ CN ×N and S = diag[s1 , s2 , · · · sN ]T , with
s1 > s2 > · · · > sN . We choose an arbitrary matrix,
M ∈ C(N −1)×N such that B = LMH , or

MH = LH B.

(19)

Now we can write A differently as follows:

1

b 2B
A=R
1

= LS 2 LH LMH
1

= LS 2 MH ,

(20)

1

Comparing with (15), we notice L = U, S 2 = Σ, M = V.
b by adding a rankFor each sliding window, we modify R
1 matirx and subtracting a rank-1 matrix. This allows us to
use a recursive algorithm, described in [24], to compute the
b and use them directly in
eigenvalues and eigenvectors of R
(14). This reduces the complexity by an order of magnitude
from O(N 3 ) to O(N 2 ).

30

200

f o( )
fr ( )

20

SINR [dB]

150

100

f( )

25

fl ( )

fl'( o)<0

15

10

5

50

Optimal
Fixed initialization
Proposed initialization
LSMI

0
0

10

20

30

40

50

60

(degrees)

0

Fig. 2. Beamoforming performance (SNR = 10 dB at θ = 0◦ ).
-50
fr'( o)>0
40

-100

0

l

o

1
r

2

3

4

35

Algorithm 1 Moving-source Beamformer (BPR-MSB)
Input: U , Σ, a, N
Output: γ +
Initialization : γo = 1 × 10−4
1: Solve Equation (14) using Newton’s method.
For the next new snapshot
2: γi = γ +
3: while f 0 (γi ) < 0 do
4:
γi = γi /2
5:
if f 0 (γi ) > 0 then
6:
break
7:
end if
8: end while
9: Solve Equation (14) using Newton’s method.
10: return γ + = γi
IV. S IMULATION R ESULTS
Signal-to-interference and noise ratio (SINR) is considered
for performance evaluation, which is calculated as follows
[19]:
2
σs2 [t] wtH ao [t]
,
(21)
SINRt =
wtH Ri+n [t]wt
where σs [t] is the moving source signal power at time t, ao [t]
is the actual steering vector of the desired signal at time t,
and Ri+n [t] is the interference-plus-noise covariance matrix
at time t.
We assume a ULA of N = 10 elements that receives an
RF signal transmitted by a moving source that starts at 0◦
and stops at 60◦ . During the movement of the source, the
signal’s amplitude suffers up to 20% attenuation. There are
four interference signals (Q = 4) located at fixed positions.
[−30◦ , − 60◦ , 100◦ , 120◦ ] with an interference-to-noiseratio (INR) of 10 dB. The snapshots are collected in a sliding
window of size K = 10. We assume that the DOA of the
source that coincides with each snapshot is known with a
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Fig. 1. BPR function (Equation (14)).
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uniformly distributed uncertainty in the interval [−1◦ , 1◦ ]. We
consider two cases with a signal-to-noise ratio (SNR) equal to
10 dB and 20 dB at θ = 0◦ .
Fig. 2 shows a performance comparison at SNR =10 dB
(at θ = 0◦ ) for the proposed method, the fixed initialization
method [5] and the loaded sample matrix inversion (LSMI)
method [15]. Both of the proposed and fixed initialization
methods dynamically update their diagonal loading during
the movement. LSMI method uses a fixed diagonal loading
γFL = 10 dB [15]. It can be seen that both of the proposed and
the fixed initialization methods noticeably outperform LSMI
in the range (0◦ , 20◦ ) and around 45◦ .
Fig. 3 shows the same comparison when SNR = 20 dB at
θ = 0◦ . It can be seen that both of the proposed and the fixed
methods, with continuously updated regularization parameters,
outperform The LSMI method over the entire.
The results show the benefit of continuously updating the
diagonal loading parameter. Both of Fig. 2 and Fig. 3 show
the proposed method performance is matching the fixed initialization method performance because they solve (14) for the
same γ. However, the proposed initialization method can save
around 75% of the runtime.
Fig. 4 (a) illustrates complexity comparison in terms of the
number of iterations between the fixed initialization and the
proposed initialization methods over 50 sliding windows. It
is obvious that using the proposed technique saves a lot of
iterations required to converge to the desired value of the
regularization parameter.
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Fig. 4 (b) and (c) compare the initial values of the regularization parameter with its final values (roots) that are obtained
using the fixed initialization and the proposed initialization
methods, respectively. It can be seen that, contrary to fixed
initialization, the initial values of the proposed technique are
very close to their final values. This explains why we save a
lot of iterations by using the proposed technique.
V. C ONCLUSION
A low-complexity robust MVDR beamforming technique
for a moving-source was proposed. First, a generalized sidelobe canceller (GSC) implementation was utilized to obtain
an unconstrained least squares formulation of the MVDR
problem. Then, the regularization parameter (diagonal loading)
obtained using bounded perturbation regularization method
(BPR). The regularization parameter for successive data windows was calculated in a computationally efficient way exploiting the properties of the underlying regularization method.
The proposed method showed improvement in performance
and reduction of simulation time by 75%.
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