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Thiswork presents the implementation, verification and the
validation of an incompressible Eulerian multi-fluid model
for polydisperse flows. The proposed model uses a novel
monolithic, i.e. implicitly coupled phase continuity equa-
tion for an arbitrary number of fluids, where the breakup
source and sink terms are handled implicitly in the block-
system. The implemented model is tested for an upward
bubbly flow inside a large vertical pipe. The selected flow
conditions exhibit both breakup and coalescence. The grid
refinement study is conducted on four structured gridswith
varying levels of refinement. In the validation section, the
numerical results are compared to the TOPFLOW experi-
mental measurements. The last presented test examines
the performance of the novel implicitly coupled phase con-
tinuity equation to the corresponding segregated formu-
lation and the standard segregated formulation. The per-
formance is evaluated by comparing the conservation er-
ror over the non-linear iterations. The presented model
exhibits good agreement with the experimental measure-
ments and gives stable results on various grids with differ-
ent levels of refinement. Moreover, the implicit coupling
reduces the conservation error during the calculation.

Abbreviations: TOPFLOW, Transient twO Phase FLOW test facility; CFD, Computational Fluid Dynamic; DNS, Direct Numerical
Simulation; PBE, Population Balance Equation; MUSIG, Multiple Size Group; l.h.s, left hand side; r.h.s., right hand side; FVM, Finite
Volume Method.

1



2 Robert Keser et al.

K E YWORD S

Multiphase flow, Polydisperse bubbly flow, Eulerian multi-fluid
model, OpenFOAM, Validation, Verification

1 | INTRODUCTION

Multiphase flow is a general term which includes a broad spectrum of different flow regimes. This paper limits the
study to polydisperse flows, which cover a flow topology where at least one phase is dispersed within the continuous
phase, i.e. it is present in the form of droplets, bubbles or particles which vary in their properties, e.g. size. Computa-
tional Fluid Dynamics (CFD) offers three standard methods for describing such flows: the Direct Numerical Simulation
(DNS) approach, the Lagrangian and the Eulerian approach. The DNS approach [1, 2, 3] reconstructs and tracks the
interface of each dispersed element in the computational domain [4], which often results in high computational re-
quirements and is rarely applicable for industrial level CFD simulations. The Lagrangian approach [5, 6] describes the
continuous phase in the Eulerian frame of reference. Still, the dispersed elements are grouped into parcels which are
described in the Lagrangian frame of reference. This approach is often utilised for dilute flows. i.e. when the dis-
persed phase fraction is low [7, 8]. The Eulerian approach describes all phases in the Eulerian frame of reference, and
all phases are treated as interpenetrating continua [9, 10, 11]. This approach is suitable for a wide range of different
flow regimes. Due to averaging of the conservation equations [12, 13] the results give only the averaged quantities,
i.e. the local small-scale phenomena are lost. The multiphase flow regime largely depends on the phase fraction of
the dispersed phase. For bubbly flows, the increase of the gas phase can significantly change the flowmorphology (i.e.
bubble flow, slug, churn, annular, etc.). Dilute bubbly flows often tend to be monodisperse, whereas the bubble phase
increase introduces bubble breakup and coalescence, which results in polydispersity and bubble size distributions.

This work utilises the Eulerian approach for incompressible polydisperse bubbly flow. To model polydisperse flow
with the Eulerian approach, the standard continuity and momentum equations need to be linked with the population
balance equation (PBE). The most common choice is the two-fluid method [10, 14], where only one bubble size
(Sauter mean diameter) represents the dispersed phase. This approach is not suitable to describe the variance in
velocity and spatial bubble distribution, because of the strong dependence of interfacial forces (such as lift, drag,
wall-lubrication, etc.) on the bubble size. The Tomiyama lift force correlation [15, 16] even predicts a change in the
force sign, which contributes to the demixing of larger and smaller bubbles. In order to improve the accuracy of the
model for polydisperse flows, this work uses the multi-fluid formulation. This approach allows every bubble size to
be treated as a different phase in the calculation.

Furthermore, to solve the PBE, several different approaches are available [17]: sectional and class methods,
method of moments, quadrature-based moment methods and Monte Carlo methods. Various recent studies [18,
19, 20, 21, 22, 23, 24] employed quadrature-based moment methods to describe polydisperse bubbly flows. All
the mentioned approaches are still an active area of research. Engineers and researchers are continuously assessing
which formulation is most suitable for the problem at hand. In this paper, the class method (CM) is selected, and the
implementation details are discussed later in Section 2.

Due to a large number of sub-models and derivation assumptions, which are required for accurate predictive ca-
pabilities, the Eulerian multi-fluid model often exhibits stability issues. Some of the issues are a result of lacking hyper-
bolicity, improper closure models and unphysical values of the phase fraction variables [25, 26, 27, 24, 28, 29, 30, 31].
Furthermore, the addition of numerous phase fraction equations (with breakup and coalescence source/sink terms)
to the algorithm introduces additional problems with the conservation and boundedness of the solution. Therefore,
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this paper further upgrades the implicitly coupled phase fraction formulation [32] with breakup and coalescence func-
tionality. This implementation takes advantage of the reformulation procedure described by [30], which contributes
to the boundedness of the solution at both ends. The novel implicitly coupled phase fraction solution procedure is
tested for an upward bubbly flow inside a large vertical pipe which exhibits both breakup and coalescence. Moreover,
the performance of the proposed implicitly coupled implementation is compared to the corresponding segregated
reformulated version and the segregated standard formulation of the phase fraction equation. The implementation of
the proposed model is done within foam-extend, using the available framework for the development of block-coupled
solvers [33, 29, 34].

The remainder of the paper is arranged in four sections. Section 2 gives the governing equations for the chosen
multi-fluid model, which is later used for prediction of polydisperse bubbly flows with an arbitrary number of fluids.
Section 3 deals with the numerical model, i.e. it gives an overview of the selected solution algorithm and the numerical
procedures. Furthermore, it presents details of themodel implementation, and special attention is given to the breakup
and coalescence model treatment for the implicitly coupled phase continuity equation formulation. Section 4 includes
the grid refinement study and the validation part, which compares the numerical results to available experimental data.
Additionally, it also gives a detailed performance analysis, where the implicitly coupled phase continuity equation is
compared with the corresponding segregated and the standard segregated formulation. The conclusions regarding
the behaviour of the implemented model are drawn in Section 5.

2 | FORMULATION OF THE COMPUTATIONAL MODEL

This section describes the Eulerian multi-fluid model, which is implemented within this work. Furthermore, the model
is generalised for an arbitrary number of incompressible fluids. The presented model is an upgrade of the work given
in [32], which utilises the conditionally averaged equations for the incompressible multi-fluid model (which follows
the procedure described by [35], [30] and [13]). In this work, the model is enhanced with breakup and coalescence
capability, and the turbulence model is updated to account for bubbly flow at higher phase fractions. Moreover, the
interfacial momentum transfer models were replaced with more advanced formulations which cover a broader range
of flow conditions.

As previously mentioned, to successfully model polydisperse flows using the Eulerian multi-fluid framework, the
standard continuity and momentum equations need to be linked with the PBE. Furthermore, to solve the PBE, the
classes method is used to discretise the internal coordinates, i.e. bubble diameters into a finite number of classes.
This approach is utilised by the widely available Multiple Size Group (MUSIG) model [36, 21] and the Inhomogeneous
(or Heterogeneous) MUSIG model [37, 38], where the PBE is practically converted into a size fraction equation (a
continuity equation for the size group). In comparison with the MUSIG and I-MUSIG model, this work employs the
fully inhomogeneous (or the full multiphase) approach. Here, every bubble class has its own phase continuity and
phase momentum equation or using the I-MUSIG terminology each velocity group has only one bubble size class.

The bubble diameters are discretised using the equal diameter distribution, i.e. the i -th bubble diameter di is
calculated from:

di = dmin + ∆d

(
i − 1

2

)
, (1)

∆d =
dmax − dmin
nbubbles

, (2)
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where dmax and dmin are the maximum and minimal bubble diameter and nbubbles is the total number of bubble classes.

2.1 | Phase-intensive momentum equation

The conditionally averaged momentum equation for phase ϕ in the phase-intensive formulation is given by:

∂Uϕ
∂t

+Uϕ+•Uϕ + +•R
eff
ϕ +

+αϕ

αϕ
•Reffϕ = −+p

ρϕ
+ g +

Mϕ

αϕρϕ
+

SMϕ
αϕρϕ

, (3)

whereUϕ indicates the averaged phase velocity, αϕ is the phase fraction, Reffϕ is the joined viscous and turbulent stress,
p is the mixture pressure, ρϕ is the phase density, g is the gravitational acceleration, Mϕ is the averaged interfacial
momentum transfer term, and SMϕ is the net momentum source term due to breakup and coalescence processes
(caused by the transfer of mass between the bubble classes). A detailed description and implementation of individual
terms are given in [32, 35, 30, 13]. To avoid singularities in eq. (3) when αϕ approaches zero, source terms which
contain αϕ in the denominator need to be implemented carefully. The αϕ term in the denominator is implemented as
max(αϕ , δ) , where δ is a very small number (e.g. 10−20). In most cases, the αϕ term in the denominator gets cancelled
out with the αϕ term in the numerator originating from the interfacial transfer model, which shall be given later in the
text.

In its general form, the interfacial momentum transfer termMϕ reads:

Mϕ =

nphases∑
i=1, i,ϕ

Mϕ,i , (4)

where nphases is the total number of fluids, andMϕ,i = −Mi ,ϕ denotes the momentum transferred between phases ϕ
and i .

The presented work limits the model to bubbly flows, where the water is described by only one continuous
phase, and the air phase is split into an arbitrary number of classes depending on the bubble diameter. Therefore,
nphases = nbubbles + 1, where nbubbles is the total number of bubble classes. The bubble phases exchange momentum
with the continuous phase, i.e. water via wall-lubrication, virtual mass, lift, drag and turbulent dispersion force:

Md,i = αd,i Cd,i
3

4

ρc
di
|Ur,i |Ur,i drag

+ αd,i Cl,i ρcUr,i ×
(
+ ×Uc

)
lift

+ αd,i Cvm ρc

(
DcUc
Dt

−
Dd,iUd,i
Dt

)
virtual mass

+ Cd,i
3

4
αd,i

ρc
di

νtc
σα
|Ur,i |

(
+αc
αc
−
+αd,i
αd,i

)
turbulent dispersion

+ Cwl,i αd,i ρc |Ur,i |2 nw wall lubrication force.

(5)

where the subscript d signifies the dispersed phase, and the subscript c denotes the continuous phase. The DϕUϕ/Dt
term indicates the phase material time derivative. The relative velocity term is calculated as Ur,i = Uc −Ud,i . Cd,i , Cl,i ,
Cwl,i are the drag, lift and the wall lubrication coefficient of the i -th bubble phase. The diameter of the i -th dispersed
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phase is given with di . In this work, the virtual mass coefficient Cvm is treated as a constant, which has the same value
for all bubble classes Cvm = 0.5.

The drag coefficient of every bubble class Cd,i is evaluated using the GRACE drag model [39]. The bubble class lift
force coefficient Cl,i is calculated using the Tomiyama lift model [15, 16]. The wall lubrication force coefficient Cwl,i is
estimated with the Tomiyama wall lubrication model [40], and the turbulent dispersion force is determined using the
Favre averaged drag (FAD) model [41].

The interfacial momentum transfer term for the water phase (i.e. the continuous phase) is calculated as:

Mc = −
nbubbles∑
i=1

Md,i . (6)

2.2 | Phase continuity equation

For incompressible flows, the standard phase continuity equation formulation (for phase ϕ) is given by:

∂αϕ

∂t
+ +•(Uϕαϕ ) =

Sϕ

ρϕ
, (7)

where Sϕ is the net source term due to mass transfer between bubble classes caused by breakup and coalescence,
which is going to be described in Section 2.3.

Following the original procedure described by [30], which was re-derived for the multi-fluid formulation by [42,
43], the modified phase continuity equation reads:

∂αi
∂t

+ +•
(
Uαi

)
+ +•

©«αi
nphases∑
j=1, j,i

αj

(
Ui −Uj

)ª®¬ = Si
ρi
. (8)

The modified formulation employs the mixture velocityU, which is the only velocity guaranteed to be divergence-
free (when solving for the mixture pressure). Furthermore, the third term on the l.h.s. introduces direct cross-coupling
of the phase continuity equations. These properties contribute to the boundedness of the solution at both ends. Due
to the non-linearity of the cross-coupling term, the equations were linearised and implemented in the block-system
for an arbitrary number of fluids [32]. In this work, the implicitly-coupled solution procedure is further improved by
adding the breakup and coalescence functionality, which contributes to stronger cross-coupling of the phase con-
tinuity equations. The selected breakup and coalescence models are described and presented in Section 2.3. The
boundedness of the proposed model is further investigated in Section 3.2.

2.3 | Breakup and coalescence

This section describes the calculation of the net source term Sϕ in eq. (7), which represents the transfer of mass
between phases due to breakup and coalescence. The continuous phase, i.e. the water phase, does not undergo
breakup nor coalescence. Therefore, Sc = 0. On the other hand, the air phase, and the corresponding bubble classes
undergo breakup and coalescence, and the net source term for the i -th bubble class can be divided in the following
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manner:

Sd,i = BB,d,i − DB,d,i + BC,d,i − DC,d,i (9)

where BB,d,i is the bubble birth rate due to breakup from larger bubbles (into class i ), DB,d,i is the bubble death rate due
to breakup (from class i ) into smaller bubbles. Similarly, BC,d,i is the bubble birth rate due to coalescence of smaller
bubble classes (into class i ), and DC,d,i is the bubble death rate due to the coalescence of smaller bubble classes
(including class i ) into larger ones.

To satisfy the conservation requirements, the formulation of the breakup and coalescence model need to guaran-
tee that the total source is zero when summed over all bubble classes:

nbubbles∑
i

(BB,d,i − DB,d,i ) = 0, (10)

and

nbubbles∑
i

(BC,d,i − DC,d,i ) = 0. (11)

In this work, the bubble breakup is modelled according to [44], and coalescence modelling follows the procedure
described by [45]. The corresponding source/sink terms are given by:

BB,d,i =
nbubbles∑
j>i

B j ,i ρd,j αd,j , (12)

DB,d,i = ρd,i αd,i

nbubbles∑
j<i

Bi ,j , (13)

BC,d,i =
1

2

nbubbles∑
j≤i

nbubbles∑
k≤i

Cj ,k Xj ,k ,i ρd,j αd,j ρd,k αd,k
m j +mk

m jmk
, (14)

DC,d,i =
nbubbles∑

j

Ci ,j ρd,i αd,i ρd,j αd,j
1

m j
, (15)

where Bi ,j and Ci ,j are bubble breakup and coalescence rates of class i with j , m is the representative bubble mass of
a particular class, and Xj ,k ,i is the coalescence mass matrix which defines the fraction of mass transfered from classes
j and k to class i .

Model details and implementation guidelines for the mentioned breakup and coalescence mechanisms are given
in [44, 45, 39].

As suggested by [44], the integrand in the definition of the breakup rate is implemented using incomplete gamma
functions to decrease the computational load during the calculation. Furthermore, it is beneficial to point out that
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several implementations of the Luo and Svendsen model [39, 37] introduce a calibration coefficient FB which is used
for the fine-tuning of the model.

2.4 | Turbulence model

This work employs the mixture k -ε turbulence model presented by [46], where the derivation of the mixture transport
equation for the turbulence quantities is based on the summation of the corresponding phase-averaged transport
equations. Following the original notation the mixture equations read:

∂ (ρmkm)
∂t

+ +•
(
ρmŨmkm

)
= +•

µtm
σm

+km + Pmk − ρmεm + Smk , (16)

and

∂ (ρmεm)
∂t

+ +•
(
ρmŨmεm

)
= +•

µtm
σm

+εm +
εm
km

(
Cε1P

m
k − Cε2ρmεm

)
+ Cε3

εm
km

Smk , (17)

where the subscript m denotes the mixture. Therefore, ρm, µtm, km and εm denote the density, turbulent dynamic
viscosity, turbulence kinetic energy and the dissipation of turbulence energy of the mixture. It should be emphasized
that the mixture properties are mass-weighted to remove additional terms which contain the spurious derivatives. σm,
Cε1, Cε2 and Cε3 are modifiable model constants. Finally, the Sm

k
source term pertains to inter-phase energy transfer

resulting from the inter-phase forces which is derived from the ensemble averaging.
A detailed description of the model and individual terms is available at [46].

3 | NUMERICAL MODEL

The proposed model is implemented in foam-extend. Therefore, the multi-fluid equations are discretised using the
collocated cell-centred Finite Volume Method (FVM) [47, 48]. The solution procedure employs a combination of
SIMPLE [49] and PISO [50] algorithm, where multiple PISO correctors can be utilised within every SIMPLE correction
(outer-corrector) step. The utilised solution algorithm per each time step is given in Algorithm 1, where NSIMPLE gives

Algorithm 1 Solution algorithm per each time step.
while iSIMPLE < NSIMPLE do
Calculate the source/sink terms due to breakup and coalescence
Construct and solve the phase continuity equations
Construct the phasemomentum equations (without the explicit part of drag and gravity and the pressure gradient
term) and predict fluxes
while iPISO < NPISO do
Construct and solve the mixture pressure equation
Correct fluxes and reconstruct phase velocities

end while
Construct and solve the turbulence model equations

end while
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the total number of (SIMPLE) outer-correctors, and NPISO denotes the total number of (PISO) correctors.
The next sub-sections give a brief overview of the block-matrix structure, accompanied by the description of three

different phase continuity implementations, and a summary of the chosen linear solver settings and discretisation
schemes.

3.1 | Block-system structure

Two levels can represent the block-system structure [33]. The first level describes the coupling due to the spatial
discretisation of the domain (by applying collocated cell-centred FVM), and the second one gives the coupling among
the variables. The result of the spatial discretisation using the FVM is a linear system:

©«

a1,1 a1,2 · · · a1,N

a2,1 a2,2 · · · a2,N
.
.
.

.

.

.
. . .

.

.

.

aN ,1 aN ,2 · · · aN ,N

ª®®®®®®®¬

©«

φ1

φ2
.
.
.

φN

ª®®®®®®®¬
=

©«

b1

b2
.
.
.

bN

ª®®®®®®®¬
, (18)

where N is both the number of control volumes and the number of unknowns in the linear system. Furthermore, φ
denotes cell-centred field values, a represents the matrix entries, and b gives the r.h.s. values.

When using the segregated approach, the matrix entries, field values and the r.h.s. values are scalars, since the
equations are solved sequentially one after another. With the implicitly coupled approach, when all equations are
solved together, φ and b become n-dimensional vectors, and the matrix entry a becomes an n × n tensor (where n is
the number of implicitly coupled equations).

3.2 | Implementation of the phase continuity equations

Due to the third term on the r.h.s., i.e. the αi αj product, eq. (8) is non-linear. The linearisation and implementation
of eq. (8) (but without the net source term Si ) in the block-system is presented in [32]. In the current work, the
coupled formulation is further improved by adding the breakup and coalescence source terms to the block-system. The
breakup and coalescence source/sink terms, eqs. (12) to (15), introduce additional communication between the bubble
phase continuity equations, which contributes to a stronger cross-coupling of the equations. Individual sink/source
terms need to be investigated if they are suitable for implicit treatment.

Patankar [51] recommends splitting the net source term into the always positive source and always negative
sink. The negative sink term is treated implicitly because it increases the diagonal dominance of the matrix, which is
conducive to convergence. The source term is treated explicitly, which enhances the boundedness and the stability
of the solution. Those instructions are suitable for segregated algorithms. The work presented in [52] gives guidelines
for the treatment of source/sink terms for always positive variables in the block-system, which introduce additional
implicit cross-coupling terms. The cross-coupling terms lie on the off-diagonal of the matrix entry, and they need to
have an opposite sign of the implicit sink, i.e. they need to be positive on the right-hand side to preserve the diagonal
dominance. Therefore, only the positive cross-coupling terms are suitable for implicit treatment.

Following the presented guidelines, the breakup and source terms are evaluated on a term by term basis. As
stated before in Section 2.3, the net source term in eqs. (7) and (8) is divided into two categories, source and sink due
to breakup, and source and sink due to coalescence (eq. (9)).

In the phase continuity equation for bubble class i (eq. (8)), the breakup source term (eq. (12)) linearly couples
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the equation with the remaining smaller bubble classes. Since the breakup rate, density and phase fraction are always
positive values, and since this term is a source (positive sign in the equation), it is an ideal candidate for the implicit
cross-coupling term. The breakup sink term (eq. (13)) is also linear, and it has a negative sign on the r.h.s., which
makes it suitable for an implicit sink. The whole breakup model can be treated implicitly (in terms of the bubble phase
fraction).

The coalescence model implementation (eqs. (14) and (15)) has a non-linear phase fraction product, both in the
source and sink term. Even the linearisation produces several terms which are not suitable for the implictly coupled
implementation, e.g. negative explicit terms and negative cross-coupling terms. Furthermore, the parallel usage of
explicit and implicit, i.e. old and new values of the bubble phase fraction (with the same coalescence rate), while
evaluating the source and sink terms can breach the conservation criterion stated in Equation (11). Therefore, the
coalescence terms are treated explicitly.

Since the usage of presented Eulerian multi-fluid model is narrowed down to bubbly flows, the implicitly coupled
phase continuity equation ([30] formulation) for the i -th bubble class αd,i reads:

∂αd,i
∂t

+ +•
(
Uαnd,i

)
+ +•

©«αnd,i
nphases∑
j=1, j,i

αoj

(
Ui −Uj

)ª®¬
+ +•

©«αod,i
nphases∑
j=1, j,i

αnj

(
Ui −Uj

)ª®¬︸                                 ︷︷                                 ︸
implicit cross-coupling

− +• ©«αod,i
nphases∑
j=1, j,i

αoj

(
Ui −Uj

)ª®¬ =
nbubbles∑
j>i

B j ,i
ρd,j
ρd,i

αnd,j︸                   ︷︷                   ︸
implicit cross-coupling

− αnd,i
nbubbles∑
j<i

Bi ,j

+
SC,d,i
ρd,i
,

(19)

and the implicitly coupled phase fraction equation for the continuous phase αc is given by:

αnc +
nbubbles∑
i=1

αnd,i︸       ︷︷       ︸
implicit cross-coupling

= 1, (20)

where superscript o denotes the old/explicit value and the superscript n gives the new/implicit value. The last term
on the r.h.s. in eq. (19) SC,d,i , gives the net source term due to coalescence, which is calculated explicitly.

Both segregated implementations which are utilised in this work, use the same phase continuity equation for the
continuous phase, which is defined as:

αnc +
nbubbles∑
i=1

αod,i = 1. (21)
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The segregated Weller implementation is given by:

∂αd,i
∂t

+ +•
(
Uαnd,i

)
+ +•

©«αnd,i
nphases∑
j=1, j,i

αoj

(
Ui −Uj

)ª®¬ =
Sd,i
ρd,i
, (22)

and the standard segregated formulation is implemented as:

∂αd,i
∂t

+ +•
(
Ud,i α

n
d,i

)
=
Sd,i
ρd,i
, (23)

where the last term on the r.h.s. in both eqs. (22) and (23) Sd,i , gives the net source term due to breakup and coales-
cence, which is calculated explicitly.

When using the implicitly coupled formulation, all phase continuity equations (eq. (19)) for the selected number
of bubble classes and the continuous phase continuity equation (eq. (20)) are put into a single block-matrix and solved
together. Whereas, when using one of the segregated formulations all equations are solved sequentially one after
another.

The proposed model uses an appropriate bounded scheme (described in the following section) for the solution
of phase continuity equations, which contribute to the preservation of the αi ≥ 0 constraints. The implementation
of the phase continuity equation for the continuous phase (both the coupled and segregated formulations) enforces
that the sum of all phase fractions is equal to 1. No additional recombination/blending techniques are employed in
this work.

3.3 | Numerical procedure

In this work, all test cases (described in Section 4) employ the same discretisation and linear solver settings; any
differences in solver settings are explicitly mentioned and emphasised.

The turbulence model equations (k and ε) and all phase continuity equation formulations were solved using a
Bi-Conjugate Gradient Method preconditioned by DILU [53]. The mixture pressure equation employed the selection
algebraic multigrid algorithm [54] preconditioned with the Gauss-Seidel smoother [33]. All linear solvers employed
an absolute tolerance of 10−10 for the normalised residual value. Regarding the discretisation schemes, Laplacians,
gradients and cell to face interpolations were calculated using the linear interpolation. The phase fractions and the
momentum variables were advected using the linear upwind-biased approximation; only the phase fractions also
applied a limiter for stronger bounding. The advection of turbulence model variables used the upwind scheme.

4 | RESULTS

This section presents a detailed description of the selected test case, and the results obtained during the mesh refine-
ment study (Section 4.1), validation (Section 4.2) and performance testing (Section 4.3).

For testing of the implemented numerical models, the numerical results are compared against the TOPFLOW
(Transient twO Phase FLOW test facility) experimental measurements [55]. The TOPFLOW experiment has been
carried out at the Helmholtz-Zentrum Dresden-Rossendrof (HZDR) site, where water was circulated from the bottom
to the top of a large vertical pipe with a height of 9 meters and with an internal diameter D of 195.3 millimetres.
The air was radially injected into the water stream through a variable gas injection systems, i.e. air chambers with
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Sampling level Injection length (mm) L/D ratio

A 221 1.1

D 494 2.5

I 1552 7.9

M 4417 22.6

TABLE 1 Denotation and positions of sampling levels.

a large number of annular distributed orifices. The instantaneous bubble phase fraction information and the bubble
size distribution were measured using a fixed wire-mesh sensor. The experiment covered a large number of different
flow conditions, i.e. different combinations of superficial velocities for the water and bubble phase. In this work, we
consider the measurement point 107 with 1mm orifices. Table 1 gives the vertical positions of the employed sampling
levels in the flow direction, and the denotations are kept the same as in the experiment [55].

To reduce the computational effort of the simulation, only a 45◦ radial sector of the pipe is considered (symmetry
boundary conditions are imposed at both vertical sides), and only the first half of the pipe’s length is taken into account.
The inlet boundary is located at z = 221 mm (level A), and the inlet boundary conditions for the bubble phases are
initialised using the first available experimental measurements. The water phase is initialised using a fully developed
single-phase pipe flow. The described geometry is given in Figure 1.

4.1 | Mesh refinement study

In this section, the grid refinement study is carried out by employing four structured grids with various refinement
levels. The grid names and the corresponding number of cells are shown in Table 2. The axial and radial grid density of
grid-4 is shown in Figure 1. The remaining grids were gradually and uniformly coarsened to reduce the total number
of cells.

Grid name Total number of cells

grid-1 1400

grid-2 2232

grid-3 5727

grid-4 6900

TABLE 2 Computational grid details for the grid refinement study.

Figure 2 presents the comparison of numerical results, i.e. total radial bubble phase fraction αd obtained with
the four described grids for three different sampling levels (D, I and M). All three figures show good agreement and
stable trends. Only the D level exhibits more substantial discrepancies in the peak values, which is caused by the
difference in radial mesh density (which also affects the interpolation of the experimental values onto the inlet patch).
The obtained accuracy in space is estimated using the ReFRESCO [56] application which employs the procedures
given by [57]. The study is conducted for the minimal value of continuous phase fraction αc at sampling level D. The
input values for the evaluator application are given in Table 3.
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F IGURE 1 Geometry of the test case and mesh density for grid-4

The estimator output is shown in Table 4, whereφ0 is the extrapolated exact solution,φ1 is the finest level solution,
Uφ is the uncertainty estimate, and p is the achieved accuracy in space.

4.2 | Validation

In this section, the grid-4 numerical results from the previous section are compared with the TOPFLOW experimental
measurements using the measurement point 107 (with 1mm orifices). Figure 3 gives a comparison of the total radial
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F IGURE 2 Mesh refinement study: comparison of the total radial bubble phase fraction profiles.

Grid min(αc) at measuring line D

grid-1 0.8084

grid-2 0.7731

grid-3 0.7609

grid-4 0.7389

TABLE 3 Input data for the uncertainty estimator.

Item φ0 φ1 Uφ p

min(αc (D)) 0.710 0.739 15.2% 2.00

TABLE 4 Results of the uncertainty estimation.

bubble phase fraction αd (r ) profiles obtained with grid-4 in Section 4.1 against the experimental measurements [55]
for sampling levels D, I and M. All three figures display an overall good agreement with the experimental values. At
level D, there is a slight shift in the peak value towards the centre of the pipe, that is mainly to the initialisation
procedure. As previously mentioned, the inlet boundary condition is initialised using the first available experimental
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measurements (using the A level results). However, the radial bubble phase fraction profile is only available for the
total amount of bubbles, and not for individual bubble classes. Therefore, individual classes were initialised with the
same radial profile, which was scaled down for every bubble class using the available bubble size distribution data.
The described procedure introduces an error because different bubble classes should have a different radial profile,
but the initial error diminishes as the bubbles travel upstream, which is visible from the results at levels I and M.

The comparison of cross-sectional averaged bubble size distributions for sampling levels D, I and M is given in
Figure 4. The dashed lines represent the experimental results, and the solid line bars denote the numerical results.
The results suggest that the flow is breakup dominated, and the numerical results successfully reproduce the trends
given by the measurements.
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F IGURE 3 Validation: comparison of the total radial bubble phase fraction profiles.

Figure 5 shows the behaviour of the normalised residual profiles throughout the nonlinear iterations. The top
plot gives the residuals of the bubble phase fractions for all of the fifteen bubble classes, and the bottom one shows
the residuals for the mixture turbulence model variables and the mixture pressure.

4.3 | Performance

In this section, the performance of the implicitly coupledWeller formulation (CW) (eq. (19)) is compared with both seg-
regated implementations, the segregatedWeller (SW) (eq. (22)) and the standard segregated formulation (SS) (eq. (23)).
To reduce the computational load of the performance test case, the number of bubble classes is reduced from 15 to
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F IGURE 4 Validation: comparison of bubble size distributions.

7, and the axial length of the pipe is reduced from 5m to 2m, but the grid is kept fine (the cell count is 6900 cells).
Furthermore, to increase the cross-coupling of the phase continuity equations, the value of calibration factor FB is
increased from 0.4 to 1.

All test cases employed the same linear solver settings and same discretisation schemes (which were described
in the Section 3.3), and all cases were initialised with the same initial conditions.

The performance of individual formulations is evaluated by comparing the behaviour of the relative conservation
error of the continuous phase. This variable illustrates the ability of the solver to conserve the mass/volume of the
continuous phase during the calculation. Due to breakup and coalescence, the mass/volume of individual bubble
classes is not conserved, but the total amount of bubbles is conserved. Since αc is evaluated using the eq. (20) and
eq. (21), αc is an ideal candidate for monitoring.

Moreover, the first performance test (Section 4.3.1) also includes the comparison of the normalised residual pro-
files (of all variables).

The relative conservation error ec of the continuous phase is calculated in the following manner:

ec =
|αc,calculated − αc,prescribed |

αc,prescribed
, (24)

where αc,calculated is the calculated continuous phase volume fraction in the whole computational domain (volume-
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F IGURE 5 Validation: residual behaviour for grid-4.

averaged continuous phase volume fraction):

αc,calculated =

ncells∑
i=1

αc (i )V (i )

ncells∑
i=1

V (i )
, (25)

andV (i ) is the volume of the i -th cell. In eq. (24), the prescribed continuous phase volume fraction value αc,prescribed
is given by

αc,prescribed = α
o
c,prescribed −

n inlet faces∑
i=1

αcf (i )Ucf (i )Sf (i ) +
noutlet faces∑

i=1
αcf (i )Ucf (i )Sf (i )

∆t
ncells∑
i=1

V (i )
, (26)

where the prescribed value from the previous time step αoc,prescribed is updated with the prescribed net increment
(calculated from the continuous phase flux difference at the inlet and outlet boundaries - subscript f denotes the face
values of the variables). The ∆t term indicates the time step value, and the prescribed value from the previous time
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step reads:

αoc,prescribed =


αc,calculated (t = 0) t = 0

αc,prescribed (t − ∆t ) t > 0.
(27)

Furthermore, in eq. (26), the negative sign is a consequence of the OpenFOAM convention that the positive direction
is the one going out of the domain.

4.3.1 | One outer corrector

In this sub-section, the previously described test case is calculated by employing only one outer corrector, which
means that the equations are solved only once per time step. The comparison of residual convergence profiles can
be seen in Figure 6. The top plot presents the profiles for bubble classes, whereas the bottom one presents the
profiles for the mixture pressure and mixture turbulence model variables. Solid lines represent the CW plots, dotted
the SW formulation and dashed the SS formulation. It can be seen that all three formulations have practically identical
convergence profiles. Therefore, it is evident that for this flow conditions, different formulations of the phase fraction
equations have minimal impact on the convergence behaviour, and the convergence performance is limited with the
response of the pressure-velocity coupling. In Figure 6, after approximately eight hundred nonlinear iterations there
is a noticeable change in the response of residual profiles, which is directly correlated to point when the bubbles start
exiting the domain, i.e. the solver is approaching a steady-state solution.

Figure 7 shows the behaviour of the relative conservation error of the continuous phase over the nonlinear it-
erations. Again, solid lines denote the CW formulation, dotted the SW formulation and dashed the SS formulation.
The two non-implicit formulations give an almost identical error profile, whereas the implicitly coupled formulation
contributed to a more conservative solution (almost two orders of magnitude lower error during a large portion of
the simulation time). However, after around eight hundred iterations, i.e. when the bubble phases reach the outlet
boundary, all formulations reach practically the same error level. Hence, for the described flow conditions, all formu-
lations are limited with the conservativeness of the outlet boundary condition, but overall the coupled formulation
proved to be better at providing a more conservative solution.

4.3.2 | Two outer correctors

This sub-section uses the same test case as Section 4.3.1, but during the calculation, it employs two outer correctors,
which means that the equations are solved twice per time step. The comparison of the relative conservation error
behaviour of the continuous phase over the nonlinear iterations can be seen in Figure 8. Similar to the previous
test case, the implicit coupling contributes to a lower conservation error, but in this case, the difference is smaller.
Repeatedly, all formulations reach the same error level once the bubble classes hit the outlet boundary condition.
When comparing Figure 7 with Figure 8, it can be seen that an additional outer corrector contributes to a lower error,
especially at the beginning of the calculation, and the end where the final peak value is significantly lower.

4.3.3 | Three outer correctors

In this sub-section, the calculation of the previously described test case is performed with three outer correctors.
Figure 9 presents the relative error behaviour. In this case, the SS formulation crashes within the first one hundred
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F IGURE 6 Performance: comparison of residuals convergence profiles for one outer corrector.

nonlinear iterations due to unphysical values of the bubble phase fractions. Once again, the CW formulation exhibits
a more conservative behaviour until the bubbles reach the outlet boundary, after which the CW and SW formulation
give very similar results.

5 | CONCLUSION

An incompressible Eulerian multi-fluid model for polydisperse flows was presented. The described model was im-
plemented within foam-extend, a community-driven fork of OpenFOAM. The work also proposed a novel implicitly
coupled phase continuity equation, which treats the breakup source and sink terms implicitly. The behaviour of the
model was verified with four different computational grids for a bubbly flow with breakup and coalescence in a verti-
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cal pipe. The predictive capabilities of the model proved to be stable and second-order accurate. The validation of the
implemented Eulerian multi-fluid model was carried out for the flow conditions of the TOPFLOW-107 experiment.
An overall good agreement was found, both for radial bubble phase profiles and the bubble size distributions. Further-
more, the performance of the novel implicitly coupled phase continuity equation was compared to the corresponding
segregated formulation and the standard segregated formulation. The performance was evaluated using the relative
conservation error. The implicitly coupled formulation proved to be slightly more conservative, but the performance
was limited due to the behaviour at the outlet boundary conditions. Therefore, in future work, the impact of the
boundary conditions will be investigated.
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