
 

 

Particle-laden fluid flow through porous media 

-Clogging- 

 

Dissertation by 

Ahmed Hafez Abdelaziz 

 

 

 

In Partial Fulfillment of the Requirements 

For the Degree of 

Doctor of Philosophy 

 

 

 

King Abdullah University of Science and Technology 

Thuwal, Kingdom of Saudi Arabia 

November 2020 

 

  



2 

 

EXAMINATION COMMITTEE PAGE 

 

 

The dissertation of Ahmed Hafez Abdelaziz is approved by the examination committee. 

 

 

 

 

Committee Chairperson: Prof. Hussein Hoteit 

Committee Members: Prof. J. Carlos Santamarina, Prof. Hussein Hoteit, Prof. Sigurdur 

Thoroddsen, Dr. Thomas Finkbeiner, Prof. Catherine O'Sullivan  

 

  



3 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

© November 2020  

 

Ahmed Hafez Abdelaziz 

All Rights Reserved 



4 

 

Abstract 

Particle-laden fluid flow through porous media - Clogging 

Ahmed Hafez Abdelaziz 

Colloids and suspensions are frequently encountered in energy geo-engineering 

applications, from natural processes such as fine particles suspended in subsurface water 

and oil, to engineered fluids such as drilling muds and proppants. Transported particles 

can clog porous media and alter the medium permeability and flow paths. This research 

explores particle laden fluids using pore- and fracture-scale experimental, analytical and 

numerical techniques. 

Particle shape emerges as an important dimension in bridge formation at the pore-

scale. Experiments show that cubical particles and 3D crosses are the most prone to 

clogging because of their ability to interlock and to develop torque-resisting contacts. 

Simulation results reveal the complex arch geometries and associated force chains formed 

by different particle shapes.  

A large-scale parallel-plate configuration mimics particle-laden radial fluid flow at 

the fracture-scale. Experimental and numerical simulation results show the development 

of a negative pressure annular zone away from the central injection point as a result of 

fluid inertial effects at high Reynolds numbers. Gravity and inertial retardation cause 

particles to deviate from the fluid streamlines, which changes the local particle 

concentration and enhances clogging.  

Conventional treatments prevent fluid leakage into the subsurface for small-aperture 

fractures, but are inefficient for large openings. Magnetically-controlled aggregation 

emerges as a viable clogging alternative. Tests with a newly designed magnetorheological 

mud show that the suspended iron particles accumulate around magnetic poles and 

gradually form a plug that stops fluid flow (flow resumes once the magnetic field is 

removed). The complementary study investigates the granular self-assembly of 

engineered magnetic particles to form large architectures in a bubble-column reactor; 

results show the stochastic nature of collision-limited aggregation and the role of 

boundaries in constraining potential configurations. 

Bentonite-cement-oil mixtures exhibit surprisingly fast hydration and may be used 

for fluid loss control into large-aperture fractures. Linear and radial flow experiments 
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reveal the complex interactions between concurrent processes: spontaneous imbibition, 

the release of hydrated ions during cement hydration, bentonite flocculation, and enhanced 

permeability. Complementary oedometer and cone penetration tests show the evolving 

swelling pressure and plug strength. 
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List of notations 

(do/d)50 [ ] Characteristic orifice-to-particle size ratio with p=0.5 

A [ ] Anisotropy ratio 

Acs [m
2] Cross-sectional area normal to the direction of flow 

Aeff [m
2] Effective cross-sectional area normal to flow 

am, bm [ ] Fitting parameters 

ap [m/s2] Particle acceleration 

Ap [m
2] Particle surface area 

Ar [ ] Archimedes number 

Av [m] Vibration amplitude 

Bc [J/K] Boltzmann constant=1.38*10-23 J/K 

B [T] Magnetic flux density 

Bcenter [T] Magnetic flux density at the center between the magnetic poles 

Cr [ ] Particle circularity 

c [kg/m3]  Sand concentration 

co [kg/m3]  Initial sand concentration 

cio [mol/m3] Ionic strength 

cs [m
3/s] Constant that includes magnetic moment, flux density and drag 

coefficient 

d [m] Particle size 

d50 [m] Median particle size 

Dc [m] Diameter of flow obstruction 

do [m] Orifice size 

dt [m] Particle thickness 

dz [m] Particle settling displacement 

e [ ] Void ratio 

ec [C] Electronic charge=1.602*10-19 C 

FB [N] Brownian force 

Fbody [N] Gravitational (body) force 

Fcs [C/mol] Faraday’s constant=9.648*104 C/mol 
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Fc [N] Contact force 

Fcap [N] Capillary force 

Fd [N] Viscous damping component of contact force 

Fd [N] Hydrodynamic drag force 

fg [ ] Groove frequency 

Fl [N] Linear elastic component of contact force 

Fm [N] Magnetophoretic force 

Fmd [N] Magnetic dipole-dipole interaction force 

Fn [N] Normal contact force 

Fr [ ] Froude number 

Fr [N] Radial component of dipole-dipole interaction force 

Fs [N] Shear contact force 

fv [Hz] Vibration frequency 

Fvis oil [N] Viscous drag force-oil invasion 

Fvis water [N] Viscous drag force-water invasion 

Fθ [N] Angular component of dipole-dipole interaction force 

G [ ] Fabric factor 

g [m/s2] Acceleration due to gravity 

h [m] Fracture aperture 

Ha [A/m] Applied magnetic field strength 

Hb [A/m] Background magnetic field 

hc [m]  Capture domain 

heff [m] Effective fracture hydraulic aperture 

hmax [m]  Maximum fracture aperture 

hmin [m]  Minimum fracture aperture 

Ho [m] Height of fluid column 

I [ ] Gray-scale value 

Io [ ] Maximum gray-scale value 

k [m2] Permeability 

keff [m
2] Effective permeability 

kl [ ] Logistic function growth rate 
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ko [m
2] Permeability of oil-saturated bentonite 

kw [m2] Permeability of water-saturated bentonite 

M [A/m] Magnetization 

m [A/m2] Particle magnetic moment 

Mdis [kg] Discharged mass before clogging 

Mn [ ] Mason number 

mp [kg] Particle mass 

n [ ] Number of particles in a bridge 

nA, nB [1/m3] Number concentration of components A and B 

nb [ ] Number of bonds formed during self-assembly 

nbt [ ] Total number of bonds that can be formed during self-assembly 

nc [m] Unit vector normal to the contact plane 

nch [ ] Number of flow channels 

Nd [ ] Number of discharged particles before clogging 

nd [ ] Average number of discharged particles before clogging 

Ndv [ ] Number of discharged particles before clogging as a result of vibrations 

nm [ ] Number of nodes in a graph 

nmin [ ] Minimum particle discharge to ensure a clogging probability of 1 

p [ ] Clogging probability 

P [Pa] Fluid pressure 

pos [Pa] Theoretical osmotic pressure 

Pp [m] Particle perimeter 

q [m3/s]  Volumetric flow rate 

qx [m
3/s] Flow rate normal to the grooves 

qy [m
3/s] Flow rate along the grooves 

r [m] Radial position in fracture 

R [m] Radius of flow conduit 

r12 [m] Distance between two particles 

rA-B [m] Separation distance between two magnets 

Rc [J/K.mol] Universal gas constant=8.314 J/K.mol 

Re [ ] Reynolds number 
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Rer=450mm [ ] Radial Re number at radial position r=450 mm from the center 

Rerad [ ] Radial Reynolds number 

ri [m] Radius of fracture inlet 

ric [m] Inter-particle spacing 

Rp [m] Particle radius 

rpore [m] Effective radius of porous medium 

S [kg/m3.s] Settling rate 

Sd [ ] Standard deviation of logarithms of number of discharged particles 

before clogging 

Ss [m
2/kg] Specific surface 

St [ ] Stokes number 

T [k] Temperature 

t* [min] Average formation time 

t0 [s] Characteristic time required to form nbt/2 bonds 

Ts [%] Accepted tolerance between sample mean and population mean 

u [m] Particle displacement 

V [m3] Suspension volume injected 

Vd [m
3] Discharged suspension volume before clogging 

Ve [m
3] Suspension elementary volume 

vf [m/s] Fluid velocity 

vfcritical [m/s] Critical centerline fluid velocity 

Vm [A] Scalar magnetic potential 

vo [m/s] Oil velocity 

Vp [m
3] Particle volume 

vp* [m/s] Average particle velocity 

vpk [m/s] Peak velocity during vibrations 

vr [m/s] Radial velocity  

vrel [m/s] Particle-fluid relative velocity 

vs [m/s] Particle settling velocity 

Vs [m
3] Total discharged suspension volume 

vw [m/s] Water velocity 
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W [N] Buoyant weight 

x(t) [m] Water invasion depth at time t 

z [ ] Ionic valence 

Zp-p [1/m3.s] Particle interaction frequency 

Zs [ ] Normal deviate parameter derived from confidence interval 

α [ ] Weibull scale parameter 

αc, βc [ ] Fitting parameters 

β [ ]  Weibull shape parameter 

βh [°] Hopper angle 

βs [1/m5.s]  Collision frequency 

γ [ ] Power function fitting parameter 

γo-w [N/m] Oil-water interfacial tension 

δ and ξ [ ] Fitting parameters 

ΔPx [Pa] Fluid pressure difference normal to the grooves 

ΔPy [Pa] Fluid pressure difference along the grooves 

ε0 [F/m] Permittivity in free space=8.85*10-12 F/m 

ζ [°]  Interparticle angle 

θ [°] Angle from groove orientation 

ϑ [m] Double layer thickness 

θc [°] Contact angle 

θm [°] Angle between line joining the two particles and the orientation of the 

applied magnetic field 

κ [ ] Dielectric constant 

λ [ ] Shape-related fitting parameter 

λv [ ] Shape-related fitting parameter-vibration studies 

μ [Pa.s]  Fluid viscosity 

μos [N/A2] Permeability of free space 

μo [Pa.s] Oil viscosity 

μr [ ] Magnetic relative permeability 

μw [Pa.s] Water viscosity 

Π1 [ ] Magnetophoretic number 
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ρf [kg/m3]  Fluid density 

ρm [kg/m3] Bentonite density 

ρp [kg/m3] Particle density 

σc [m
2] Effective interaction cross-section 

Φ [ ] Solidity 

Φi [ ] Initial solidity 

χf [ ] Fluid magnetic susceptibility 

χp [ ] Particle magnetic susceptibility 

ψ [ ] Particle sphericity 
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 Introduction 

1.1   Context 

Complex fluids are a broad class of fluids where two or more phases or components 

co-exist (Lappa, 2004). These fluids include suspensions and colloids (solids dispersed in 

a liquid), emulsions (liquids in liquids) and granular materials (Exerowa and Kruglyakov, 

1998; Willenbacher and Oelschlaeger, 2007). They typically exhibit complex non-

Newtonian rheology that strongly depends on the micro-structure (Chhabra, 2010). 

Common examples of colloids and suspensions include blood, milk and ink (Vincent, 

2009; Arratia, 2011). Soils, cement particles and food grains are examples of granular 

materials (Santamarina et al., 2001; Govender et al., 2018).  

Colloids and suspensions are ubiquitous during hydrocarbon recovery and 

geothermal energy generation. For example, fluids flowing in the subsurface and through 

fractures can suspend fine particles, which can affect the medium permeability (Herzig et 

al., 1970; Sharma and Yortsos, 1987). Proppants suspended in carrier fluids settle in 

hydraulic fractures to increase the permeability of unconventional reservoirs  (Tong and 

Mohanty, 2016).  

Drilling muds are suspensions of bentonite clay, carrier fluid (such as oil or water) 

and other solid additives. These muds transport cuttings to the surface and maintain the 

pressure in the wellbore to avoid kicks and blowouts while drilling (Abraham, 1933). 

Drilling fluids can leak into permeable formations, vugs or fractures. Thus, particles are 

typically added to the mud and clog at pore throats and fracture mouths to prevent fluid 

leakage in the subsurface (Lavrov, 2016). However, these particles are usually not 
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effective in sealing fractures with apertures larger than 5 mm. In this thesis, we first 

explore clogging by conventional particle-based solutions. We then investigate the effect 

of particle shape on clogging, and explore clogging by complex fluids to seal large 

aperture fractures.  

1.2   Thesis organization 

The work is organized into six complementary chapters: 

• Chapter 2 investigates the effect of particle shape on clogging. This study uses 

different experimental techniques to study nature-inspired particle topologies.  

• Chapter 3 extends the experimental study in the previous chapter with numerical 

simulations using the discrete element method to explore arch geometry and the 

associated force chains.  

• Chapter 4 investigates divergent radial particle-laden fluid flow in fractures.   

• Chapter 5 studies stimuli-controlled clogging for stable magneto-rheological muds. 

• Chapter 6 investigates the granular self-assembly of engineered magnetic particles.  

• Chapter 7 studies the complex processes involved in reactive bentonite-cement 

mixtures upon fluid exchange.  

Finally, Chapter 8 summarizes the main conclusions and findings.  
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 The Effect of Particle Shape on Discharge and Clogging 

2.1   Introduction 

Granular flow is common across different fields including silo discharge in the food 

industry (Fraige et al., 2008), cement production (Govender et al., 2018) and the transport 

of  mining products (Ashour et al., 2017). Granular flow is often driven by fluids as in 

particle-laden fluid flow in porous media during water extraction (Herzig et al., 1970) and 

oil production (Sharma and Yortsos, 1987; Fogler and Khilar, 1998; Valdes and 

Santamarina, 2007; Lavrov, 2016). In either case, migrating particles may jam and form 

arches that span constrictions and hinder particle flow (Goldberg et al., 2018). Similar 

granular flow phenomena emerge in other fields, from vehicular transportation to crowd 

management at exit points (Zuriguel et al., 2014).  

Many experimental, theoretical and numerical studies have investigated the 

migration and clogging of spherical particles (Sy, 1969; Herzig et al., 1970; Goldsztein 

and Santamarina, 2004; Kampel et al., 2009; Zuriguel et al., 2014; Liu et al., 2019). 

Results highlight the central role of the constriction-to-particle size ratio do/d in clogging, 

and show that the probability of clogging depends on the solid volume fraction or solidity 

Φ in the flowing fluid, defined as the ratio of the solid volume of migrating particles to 

the total fluid volume (Valdes and Santamarina, 2006).  

Natural particles are rarely spherical, but exhibit eccentricity, angularity and 

roughness (Wadell, 1932; Fraige et al., 2008; Azéma et al., 2009). Shape emerges as a 

critical parameter in lost circulation treatment during oil drilling (White, 1956; Alsaba et 
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al., 2016; Lavrov, 2016), sand control methods (Tausch and Corley, 1958; Wu et al., 2018) 

and in the development of novel construction materials (Höhner et al., 2012; Jaeger, 

2015). Previous research has investigated the role of particle shape on packing density and 

mechanical properties of granular media (Youd, 1973; Cho et al., 2006). Experimental 

evidence and numerical simulation results show that particle interlocking governs the 

behavior of non-convex particles, while face-to-face aggregation leads to high packing 

densities in faceted particles (Saint‐Cyr et al., 2009; Saint-Cyr et al., 2011). The 

discharge rate of faceted and non-convex particles through a hopper during dry granular 

flow is lower than the flow rate of smooth spheres (Fraige et al., 2008; Galindo-Torres et 

al., 2009; Höhner et al., 2012).  

In this study, we investigate the discharge and clogging of faceted and non-convex 

particles during both dry granular flow and particle-laden fluid flow to reveal underlying 

processes and implications.   

 

2.2   Experimental studies: materials and methods 

Experiments involve plastic particles with four different shapes: cube, 2D cross, 3D cross 

and sphere (particle density p=.04 g/cm3; see Fig. 2.1 for dimensions). The particle 

sphericity ψ relates the particle surface area Ap to that of a sphere of the same volume Vp 

(Wadell, 1932; Cruz-Matías et al., 2019): 

𝜓 =
√36𝜋𝑉𝑝

23

𝐴𝑝
                                                                                 (2.1) 
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Clearly, sphericity decreases as the particle shape deviates from a spherical geometry for 

which ψ=1. Figure 2.1 lists the value of sphericity ψ for the particles tested in this study.  

Particle shape determines mobility, interlocking and the angle of repose 

(Cornforth, 1973). We measure the angle of repose on a rough surface to hinder particle 

rolling and follow these steps: (1) fill a cylinder with the selected particles, (2) slowly lift 

the cylinder to let the particles flow and form a granular heap, and (3) measure the angle 

the heap forms with the horizontal surface close to the base of the heap. We repeat the 

experiment for each shape five times and measure two diametrically opposite angles of 

repose. Results in Fig. 2.1 confirm the inverse relationship between sphericity and angle 

of repose.  

We use a flat-bottom hopper for dry granular flow experiments (Fig. 2.2-a). All 

tests follow the same procedure: we close the orifice and fill the hopper with the selected 

particles (spheres, 2D cross and 3D cross: 4000 particles; only 2000 cubic particles fit 

inside the hopper due to the larger particle volume); then we uncover the orifice and let 

the particles flow until they form a bridge and clog the orifice, or the hopper is emptied. 

We run these experiments for different shapes and do/d size ratios and repeat each test 20 

times. The initial packing density or solidity Φi of particles inside the hopper before 

discharge varies for the different shapes (Fig. 2.1).  

The device for particle-laden fluid flow involves the two-compartment hopper 

shown in Fig. 2.2-b with an adjustable orifice size to accommodate do/d ratios between 

1.5 and 7.5; the double compartment design allows us flow rate control through the lower 

outlet regardless of the do/d ratio. We use a viscous aqueous solution of xanthan gum to 
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suspend particles (mass concentration of xanthan gum=0.002, viscosity = 93 cp, fluid 

mass density ρf =0.99 g/cm3). The particle settling velocity determined from 

sedimentation tests is lower than 0.17 mm/s for all shapes while the initial particle 

discharge velocity exceeds 5 mm/s. Given the similarity in particle and fluid mass 

densities ρp/ρf =1.05 and the low Stokes velocity, we assume that particles flow with the 

fluid without significant deviations.  

The test starts by filling the lower compartment with the aqueous xanthan gum 

solution, then the upper compartment with the particle-laden suspension. We open the 

outlet at the bottom of the lower compartment to initiate fluid flow, and use a high-

resolution scale to continuously monitor the total discharge mass (OHAUS Valor 7000). 

We also image the 3D granular dome that forms above the openings during dry granular 

flow (X-ray tomography, pixel resolution: 40-100 μm). The post-processing image 

analysis involves the “watershed” algorithm to separate and identify individual particles 

(Avizo, Thermo Fisher Scientific).  

The ratio of hopper width to particle size is inspired by the fracture-to-particle size 

ratio in the subsurface. The fluid that flows through fractures can suspend sand particles 

(0.06 to 2 mm), lost circulation materials (0.25 to 0.6 mm) or proppants (0.15 to 0.85 mm) 

(Santamarina et al., 2001; Lavrov, 2016; Belyadi et al., 2017). In comparison, typical 

fracture apertures range between 0.1 and 3 mm (Lyons et al., 2016). 

 

2.3   Experimental Results  
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Particles form a bridge when they arrive quasi-simultaneously at the orifice (Goldsztein 

and Santamarina, 2004; Thomas and Durian, 2015). The probability that the necessary 

number of particles arrives at the orifice in the correct configuration decreases rapidly 

with increasing do/d and increases with the initial particle volume fraction or solidity Φi. 

Dry granular flow experiments have the highest inlet solidity Φi  and set the upper bound 

for the constriction-to-particle size ratio do/d that can experience clogging for a given flow 

volume.  

2.3.1   Dry granular flow 

We define the clogging probability p during dry granular flow tests as the ratio of the 

number of tests that clog within a maximum discharge of 4000 particles (2000 particles 

in experiments with cubes), to the total number of tests. For a given shape, we perform 20 

tests at each do/d size ratio to obtain a smooth trend between clogging probability p and 

do/d ratio. Figure 2.3 illustrates the clogging probability as a function of do/d ratio for the 

different particle shapes.  

A logistic function fits experimental results (Fig. 2.3): 

𝑝 =
1

1 + exp (−𝑘𝑙 ∗ (𝑑𝑜 𝑑⁄ − (𝑑𝑜 𝑑⁄ )50) 
                                            (2.2) 

This equation has two fitting parameters: kl is the logistic function growth rate, and (do/d)50 

is the do/d size ratio with a clogging probability of p=0.5. Cubes are the most prone to 

clogging for a given size ratio and form the largest granular bridges during dry granular 

flow with (do/d)50=7.2, followed by the 3D crosses (do/d)50=6.7, 2D crosses (do/d)50=5.5 

and spheres (do/d)50=4.7. 



30 

 

Figure 2.4 illustrates the number of particles discharged before clogging for the 

different shapes during dry granular flow. We fit the data in Fig. 2.4 with a power function: 

𝑁𝑑 = (𝑑𝑜 𝑑⁄ )𝛾                                                                   (2.3) 

Granular domes either readily form soon after uncovering the orifice or the entire hopper 

empties. Thus, the particle discharge data in Fig. 2.4 reflects the structure of the granular 

dome that forms above the orifice immediately after releasing the plug. 

The lower bound exponent γ=2 represents a discharge of one layer of particles 

sitting on the orifice. The upper bound exponent γ=3 represents the number of particles 

that occupy a volume ∝ d3 just above the orifice with a solidity similar to simple cubic 

packing. The 2D crosses are anisotropic, thus, the upper bound for these particles takes 

into consideration their thickness dt:  

𝑁𝑑 = (𝑑𝑜 𝑑⁄ )2(𝑑𝑜 𝑑𝑡⁄ ) = (𝑑𝑜 𝑑⁄ )3(𝑑 𝑑𝑡⁄ )                                   (2.4) 

where d/dt is a measure of particle flatness. Indeed, experimental results show that the 

particle discharge for the 2D crosses is higher than for the other shapes.  

2.3.2   Particle-laden fluid flow 

The observed sequence of events leading to clogging at large do/d ratios during particle-

laden flow is similar for all shapes and test conditions. At the beginning, particles form 

unstable bridges that readily collapse (intermittent clogging). Increasingly, particles 

accumulate around and above the orifice increasing the local solidity Φ. After multiple 

bridging and destabilization events, a stable bridge forms and additional particles soon 
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become trapped behind the bridge and contribute to its stability. Clearly, bridge formation 

at pore constrictions is a stochastic event when particles are in suspension.  

We repeat the tests for each shape, suspension solidity Φi and orifice-to-particle 

size ratio do/d six times to obtain statistical trends for clogging. Let’s define the elementary 

volume Ve as the suspension volume associated with one particle (Note: Ve=Vp/ Φi where 

Vp is the volume of a particle). Then, the number of discharged elementary volumes is the 

total discharged suspension volume Vd divided by Ve. Figure 2.5 illustrates the number of 

discharged elementary volumes as a function of the size ratio do/d for the different shapes. 

The experimental results suggest that the number of discharged elementary volumes is a 

power-law function of the size ratio do/d: 

𝑉𝑑

𝑉𝑒 
= (𝑑𝑜 𝑑⁄ )𝜆                                                                 (2.5) 

where the shape-dependent λ-exponent decreases as particles favor clogging (Fig. 2.5).  

We run complementary tests to define the “clog” versus “non-clog” domains in the 

Φi-vs- do/d space for a given total discharge suspension volume Vs. Figure 2.6 summarizes 

the effect of particle shape on domain boundaries for a discharge suspension volume Vs < 

800 ml. These results clearly show that the 3D crosses and cubes clog more readily for all 

solidities Φi, followed by the spheres and 2D crosses; this trend is consistent with the fitted 

shape λ-exponent in Fig. 2.5. Domain boundaries superimposed on Fig. 2.6 correspond to  

𝜙 =  𝑎[(𝑑𝑜 𝑑⁄ ) − 1]2 where 𝑎 is a fitting parameter. Differences between domain 

boundaries for the cubes and 3D crosses are within the margin of error so we cannot 

conclude about their relative propensity to clog.  



32 

 

2.3.3   Bridge formation 

The geometrical analysis of bridges made of spherical particles relates the size 

ratio do/d, the angle between two adjacent particles ζ, and the number of particles n in the 

bridge (Valdes and Santamarina, 2008): 

𝑑𝑜

𝑑
=

sin (
𝑛𝜋 − 𝑛휁

2 )

cos (
휁
2)

                                                                  (2.6) 

For spherical particles to form a dome, a number n of particles must simultaneously arrive 

at the orifice with the correct inter-particle angle ζ. Spheres that arrive with an incorrect 

configuration will allow slippage and prevent dome formation. The limited inter-particle 

contact area and lack of interlocking hinders bridge formation by spherical particles. 

Cube-cube interaction can sustain a torque and cubes do not roll freely (Fraige et 

al., 2008; Estrada et al., 2011), so cubic particles may not slip past each other even when 

they arrive in slightly incorrect configurations. Face-to-face or face-to-edge interactions 

cause several cubic particles to move in clusters and behave like a single larger particle 

(Estrada et al., 2011; Saint-Cyr et al., 2011; Höhner et al., 2012).  

Hindered particle rotation and interlocking prevail among 3D crosses. Two or 

more particles often “aggregate” during flow and reach the orifice as a larger cluster 

(Saint‐Cyr et al., 2009; Saint-Cyr et al., 2011). There is rapid clogging by simultaneous 

arrival at do/d < 3 and intermittent clogging at do/d > 3 and Φi=0.25, indicative of bridge 

destabilization and particle accumulation. For comparison, intermittent clogging of 
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spherical particles during particle-laden fluid flow has been observed for 3 < do/d < 4 

(Marin et al., 2018; Souzy et al., 2020). 

The flat 2D crosses orient their longest axes in the direction of flowlines across 

the orifice (similar observations for mica platelets; Valdes and Santamarina, 2008). As a 

result, a large number of the 2D crosses needs to arrive simultaneously at the orifice to 

form an arch (Ashour et al., 2017). Clearly, deviation from sphericity is needed in all three 

dimensions in order to favor bridge formation.  

X-ray tomographic images reveal the unique particle assemblages that form the 

dome-like structures for different particle shapes (Fig. 2.7), and underlying interparticle 

interactions: through a single point contact between spherical particles (Fig. 2.7-a), face-

to-face and face-to-edge contacts among cubic particles (Fig. 2.7-b) and multiple contact 

points and particle interlocking among 3D crosses (Fig. 2.7-c).  

2.4   Analyses and Discussion 

2.4.1   Dry granular flow vs particle-laden fluid flow 

The initial packing density or solidity Φi of dry particles before hopper discharge 

varies with particle shape; in particular, the initial solidity of cubes (Φi =0.83) is 

significantly higher than for other shapes Φi =0.45 to 0.68 (Fig. 2.1). In addition, cubic 

particles align with the hopper walls, form ordered columnar structures during granular 

flow and effectively decrease the hopper cross-sectional area. Reduced effective hopper 

size and high packing density explain the high clogging probability of cubes during dry 

granular flow (Fig. 2.3). 
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Angle of repose measurements capture particle relative mobility and hint to the 

propensity of different shapes to clog (Fig. 2.1). Cubes do not follow the general trend, as 

clogging by cubic particles benefits from their inherent tendency to form ordered 

columnar structures that can resist bending (i.e., interparticle torque). Sphericity ψ and 

initial solidity Φi do not capture the complex particle interactions during flow, including 

particle ordering, interlocking and alignment, and cannot fully predict the relative 

clogging tendencies of different shapes.  

Dense particles experience inertial retardation when the fluid streamlines bend 

around constrictions or gravitational retardation due to self-weight (Valdes and 

Santamarina, 2006; Kampel et al., 2009). Our particle-laden fluid flow experiments were 

designed with quasi-buoyant particles ρp≈ρf  to minimize inertial effects. Yet, we observed 

“kinetic retardation”, i.e., the gradual local accumulation of particles during intermittent 

clogging prior to stable bridge formation. In all cases, granular retardation results in a 

gradual increase in the local particle volume fraction or solidity above the constriction, 

which increases the probability of clogging.  

Finally, we expect the force distribution within the granular pack that forms above 

the orifice to be strongly influenced by fluid drag and to change as particles accumulate 

against the bridge. Bridges with limited stability fail to take the load, thus, particle-laden 

fluid flow often experiences intermittent clogging.  

2.4.2   Discharge Distribution 

Previous research results gathered with spherical particles show that the probability of 

clogging is constant and time independent during dry granular flow and particle-laden 



35 

 

fluid flow, and that the discharge mass before clogging for a specific size ratio do/d follows 

an exponential distribution (Thomas and Durian, 2015; Marin et al., 2018). However, 

these observations do not hold for non-spherical particles (Zuriguel et al., 2005; Zuriguel, 

2014).  

We test these observations for particle-laden fluid flow by analyzing the 

distribution of discharge volume before clogging. Figure 2.8 illustrates the cumulative 

distributions obtained from the measured discharge volume before clogging for spheres 

and 3D crosses. Each cumulative distribution includes data from more than 14 tests. We 

fit the discharge volume before clogging with the two-parameter Weibull distribution 

function (McCool, 2012): 

𝐹(𝑉𝑑) = ∫ 𝑓(𝑉𝑑)𝑑𝑉𝑑

𝑉𝑑

0

= 1 − 𝑒(−
𝑉𝑑
𝛼

)
𝛽

                                            (2.7) 

where  and  define the distribution. The shape parameter is  >1 when the event rate 

increases with discharge volume Vd. The Weibull distribution reduces to the exponential 

distribution when  =1. 

The Weibull distribution fits the experimental data with exponents close to β=1 

for low size ratios do/d (spherical particles: do/d=2, Φi=0.15, β=1.5; 3D crosses: do/d=2, 

Φi=0.05, β=1.5). However, the Weibull shape parameter increases at large do/d ratios (3D 

crosses: do/d=2, Φi=0.15, β=1.8 and do/d=3, Φi=0.15, β=2.7). These results suggest that 

the clogging of small orifices do/d < 3 is a Poisson process, however, the clogging 

probability becomes history-dependent for large do/d ratios and large solidities Φi where 



36 

 

particle-particle interactions and interlocking gain significance. Kinetic retardation and 

local particle accumulation near the orifice enhance particle interactions and increases 𝛽. 

2.5   Conclusions 

We investigated the effect of particle shape on the discharge and clogging behavior for 

dry granular flow and particle-laden suspensions. Salient conclusions from this study 

follow: 

• The average discharge volume before clogging depends on the orifice to particle size 

ratio do/d, initial solidity Φi and particle shape. 

• Particle shape defines particle-to-particle interaction and relative mobility. Cubes and 

3D crosses are the most prone to clogging, followed by spheres and flat 2D cross 

particles. The superior clogging performance of the 3D crosses results from their 

ability to interlock. Face-to-face contacts among cubes can resist torque and enhance 

the clogging probability. 

• In addition to inertial retardation, kinetic retardation caused by intermittent bridge 

formation and destabilization events contribute to the gradual increase in local solidity 

near the orifice, which promotes clogging. 

• The cumulative distribution of discharge volume before clogging follows a Poisson 

distribution for spherical particles, which indicates that clogging is a random process. 

However, non-spherical particles exhibit a Weibull cumulative distribution for volume 

discharge prior to clogging at large do/d ratios and solidity Φi. Clogging by non-

spherical particles is history-dependent due to particle-particle interactions and 

retardation. 
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• Index properties such as angle of repose, sphericity and initial solidity do not capture 

the complex particle interactions during granular flow and cannot fully predict the 

relative clogging tendencies of different shapes.  

2.6   Figures 

 

Fig. 2-1 Particle shapes tested in this study. The angle of repose expressed as the mean ± the 

standard deviation SD. The initial packing density or solidity inside the hopper before discharge 

Φi. The characteristic size ratio (do/d)50 obtained by fitting equation 2.2 to data in Fig. 2.3. 
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Fig. 2-2 Hoppers. (a) Dry granular flow tests. (b) Particle-laden fluid flow tests; the dual chamber 

configuration allows for controlled discharge rate. Particles flow through the orifice until they 

clog, or the hopper empties.  
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Fig. 2-3 Dry granular flow: Clogging probability as a function of orifice-to-particle size ratio do/d 

for the spheres, 2D crosses, 3D crosses and cubes [experimental results]. The clogging probability 

is the ratio of the number of tests that clogged (within a maximum discharge of 4000 particles for 

spheres, 2D and 3D crosses, and 2000 particles for cubes) to the total number of tests (20 trials). 

Datapoints: 360 independent experimental realizations. Lines: logistic function (equation 2.2). 
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Fig. 2-4 Dry granular flow: number of particles discharged before clogging as a function of the 

size ratio do/d. Granular shapes: (a) spheres, (b) 2D cross, (c) 3D cross and (d) cubes. Maximum 

number of particles in hopper: 4000 particles for spheres, 2D and 3D crosses, and 2000 particles 

for cubes. Datapoints: 134 independent experimental realizations. Lines: power function (equation 

2.3). The γ-exponents selected to capture the lower (γ=2) and upper (γ=3) bounds. *The upper 

bound for the 2D cross data takes into consideration particle flatness (equation 2.4). 
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Fig. 2-5 Particle-laden fluid flow: discharged elementary volumes before clogging as a function 

of orifice-to-particle size ratio do/d for different initial suspension solidities Φi. Granular shapes: 

(a) 3D crosses, (b) cubes, (c) spheres and (d) 2D crosses. Datapoints: 280 independent 

experimental realizations, colored by initial suspension solidity Φi. Lines: power function 

(equation 2.5). The λ-exponent is a shape-related fitting parameter. Light gray lines added for 

relative reference among plots. 
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Fig. 2-6 Particle-laden fluid flow: Clogging domains before a discharge suspension volume Vs < 

800 ml [experimental results]. Space defined by the initial suspension solidity Φi and the orifice-

to-particle size ratio do/d. Green crosses [X]: clogging probability p=1. Red circles [O]: p=0. 

Yellow diamonds [◊]: 0< p <1. Lines: domain boundaries follow a second-order power equation 

Φ=a[(do/d)-1]2. The light gray lines added for mutual reference. Figure represents 280 

independent experimental realizations. 
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Fig. 2-7 Bridge topology [experimental results]. CT scans of bridges formed by (a) spheres, (b) 

cubes and (c) 3D crosses above the orifice during dry granular flow. Typical particle-particle 

interaction modes are shown below each scan. 
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Fig. 2-8 Discharge volume: statistical analysis [experimental results]. Cumulative 

distribution of the discharge volume before clogging Vd for (a) spheres and (b-d) 3D 

crosses at different initial suspension solidity Φi and size ratios do/d. Datapoints: 

experimental cumulative distribution based on 14 or more experiments. Red dashed line: 

exponential distribution function (β=1). Black dashed line: Weibull distribution function 

(Equation 2.7). β: Weibull shape parameter. 
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 The Effect of Particle Interlocking on Arch Formation and 

Stability: Discrete Element Method Study 

3.1   Introduction 

Granular arches are made of several mutually stabilized particles that span large openings 

and support significant weights by acting in compression (Zuriguel et al., 2005; Lozano 

et al., 2015). Force chains develop within arches and transmit the loads acting on the arch 

onto the base (Hidalgo et al., 2013; Tang and Behringer, 2016; Goldberg et al., 2018). The 

development of arches represents a turning point in structural engineering and they have 

been used since Roman times in the construction of bridges, aqueducts and buildings 

(Irvine, 1979; Smith, 2016). Domes, their 3D counterparts, are common features among 

places of worship such as temples, cathedrals and mosques (Stephenson et al., 2005).  

 Granular materials, such as mineral grains, cement particles or powders, can form 

clogging arches as they flow through hoppers or silos (Zuriguel, 2014). In addition, 

suspended fines can bridge at pore throats or within fractures during oil production and 

water extraction (Sharma and Yortsos, 1987; Fogler and Khilar, 1998; Valdes and 

Santamarina, 2006; Valdes and Santamarina, 2007; Lavrov, 2016). Particles added to 

drilling fluids form clogging arches at pore throats and fractures to control fluid losses 

into the subsurface (Lavrov, 2016). Other relevant examples include traffic jams, crowd 

movement through narrow passages and conveyer belt disruptions in airports or factories 

(To et al., 2001; Zuriguel et al., 2014).  
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The probability of arch formation depends on the constriction to particle size ratio 

do/d, hopper geometry and presence of obstacles above the orifice (Zuriguel et al., 2005; 

Saraf and Franklin, 2011; Vamsi Krishna Reddy et al., 2018). Previous studies highlight 

the role of particle shape in discharge and clogging. Faceted and non-convex particles 

flow slower and are more prone to clogging than spherical particles due to particle 

interlocking and face-to-face contacts (chapter 2), (Fraige et al., 2008; Galindo-Torres et 

al., 2009; Höhner et al., 2012; Höhner et al., 2015). Examples of non-convex particles 

include sintered powders and the Tribulus terrestris fruit (Saint-Cyr et al., 2011; Chhatre 

et al., 2014). In addition, particle shape strongly influences arch geometry (To et al., 2001; 

Goldberg et al., 2018) and constriction size distribution within arches and filters (Taylor 

et al., 2017; Taylor et al., 2019).  

 In many instances, clogging can be disruptive and result in a reduction in medium 

permeability (Vamsi Krishna Reddy et al., 2018). Vibrations can destabilize arches and 

restart flow (Mankoc et al., 2009). Previous research reveals that particle acceleration is 

the main parameter that governs vibration-induced particle discharge and arch 

destabilization (Suzuki et al., 1968; Hunt et al., 1999; Lozano et al., 2015). Particle shape 

and do/d ratios also influence bridge stability against vibrations. Larger accelerations are 

required to destabilize arches formed by angular particles over small orifices (Valdes and 

Santamarina, 2008).   

 Previous research has investigated the effect of particle shape on arch formation 

and stability. However, most studies focus on spherical and elongated particles. Following 

the experimental results presented in chapter 2, the aim of this chapter is to investigate the 

effect of particle interlocking on arch shape and stability. We use discrete element method 
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DEM simulations to reveal the complex interactions that arise due to interlocking during 

granular flow and the effect of particle shape on arch geometry. This study also considers 

the complex interactions between arches and the confining geometry.  

3.2   Numerical methods 

3.2.1   Discrete element method 

We use the discrete element method (PFC2D 5.0, Itasca Consulting Group, Inc.) to 

simulate particle flow through constrictions. The multi-sphere method simulates particles 

with different shapes, where each particle is made of a set of overlapping circles called 

pebbles (O'Sullivan, 2011; Höhner et al., 2015). The particle shapes used in this study are 

circles, squares, dolosse, crosses and particles with hooks (Fig. 3.1). Circularity Cr 

compares the area Ap of a particle to the area of a circle with the same perimeter Pp (Cox, 

1927): 

𝐶𝑟 =
4𝜋𝐴𝑝

𝑃𝑝
2

   (3.1) 

Clearly, the circularity decreases as the particle shape deviates from a circular geometry, 

where Cr=1. Table 3.1 lists the number of pebbles per particle for the different shapes.  

 Each simulation starts by creating particles using the multi-sphere method. For 

each timestep, the code estimates the position, velocity and rotations of the particles using 

Newtonian mechanics. The algorithm then detects that two particles are in contact if they 

overlap. Based on the degree of overlap and the employed contact model, the overlapping 

particles will experience contact forces that repel them. We use the linear contact model 

in our simulations, where the contact force Fc consists of a linear elastic (spring) Fl and a 
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viscous damping (dashpot) Fd component that act in parallel (Hidalgo et al., 2013; Itasca, 

2017): 

𝐅𝐂 = 𝐅𝐥 + 𝐅𝐝   (3.2) 

We use contact damping instead of body-based damping because we are simulating a 

dynamic system. Each component is further resolved into normal Fn and shear Fs forces: 

𝐅𝐥 = −𝐹𝑛
𝑙𝐧𝐜 + 𝐅𝐬

𝐥   (3.3) 

𝐅𝐝 = −𝐹𝑛
𝑑𝐧𝐜 + 𝐅𝐬

𝐝   (3.4) 

where nc is the unit vector normal to the contact plane.  

 

3.2.2   Numerical experiments 

The simulation domain consists of a hopper with an orifice in the middle of the lower facet 

(Fig. 3.2). The hopper is 15 particle diameters wide and more than 40 particle diameters 

high. The ratio of particle-to-hopper size in our simulations is similar to the particle-to-

fracture size ratio in the subsurface. Particles suspended in fluids that flow through 

fractures include sand (d=0.06 to 2 mm), lost circulation materials (d=0.25 to 0.6 mm) 

and proppants (d=0.15 to 0.85 mm) (Santamarina et al., 2001; Lavrov, 2016; Belyadi et 

al., 2017). In comparison, typical fracture apertures range between 0.1 and 3 mm (Lyons 

et al., 2016). In addition, this hopper width allows us to investigate the effect of boundaries 

on arch formation. This particle-to-hopper size ratio matches the size ratio in the 

experiments presented in chapter 2. 
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Each simulation begins with the generation of 750 particles at random positions in 

the hopper, while the orifice is closed (Fig. 3.2-a). These particles then settle by gravity 

to form a granular packing (Fig. 3.2-b). The orifice then opens and the particles flow 

through it (Fig. 3.2-c &d). Particles that leave the orifice are re-introduced to the top of 

the hopper to ensure a constant height of particles. The simulation proceeds until the 

particles clog or 7500 particles discharge. We assume an arch is stable when the total 

kinetic energy of the particles decreases by six orders of magnitude after clogging (Fig. 

3.2-e).  

 Table 3.1 lists the particle and contact properties used in this study. We choose 

normal and shear stiffness values that are smaller than those of typical materials such as 

plastics or quartz to improve computational efficiency. Previous research reports that the 

choice of stiffness values has a small effect on particle discharge results (Höhner et al., 

2015). The simulation timestep of Δt=1*10-5 s ensures numerical stability and solution 

convergence.  

We perform 2D simulations, rather than 3D studies, for two reasons: 1) 

computationally-efficient 2D simulations enable us to perform numerous trials in order to 

obtain statistical data to compare the clogging performance of different shapes, and 2) 2D 

results are easier to visualize and interpret. Furthermore, some phenomena can be 

adequately approximated as 2D systems when the third dimension (thickness) is much 

smaller than the other dimensions; examples include traffic jams and pedestrian flow (To 

et al., 2001). Many of the conclusions based on 2D studies are also applicable to 3D flows 

(Zuriguel, 2014; Goldberg et al., 2018) (chapter 2).  
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3.3   Results 

3.3.1   Force transmission 

The arches in Fig. 3.3 illustrate the distinct contact behaviors and arch geometries of 

different particle shapes: circles touch at a single point, squares interact through face-to-

face contacts and non-convex particles (crosses, dolosse and particles with hooks) 

interlock. Particles adjacent to the walls form columns that support large loads, 

irrespective of shape. The circles form regular semi-circular arch geometries, in agreement 

with previous studies (To et al., 2001). However, other shapes display more complex arch 

geometries and associated force chains. For example, the crosses (Fig. 3.3-b) and the 

particles with hooks (Fig. 3.3-e) can form tall arches due to particle interlocking.  

 A closer inspection of the force chains formed by the crosses, squares and dolosse 

reveals that the exposed particles of the arch do not always carry the largest loads. For 

example, the column of exposed cross particles on the left side of the arch supports small 

loads (Fig. 3.3-b). In fact, this column will likely buckle under the slightest perturbation. 

Yet, the collapse of this column will not compromise the overall stability of the arch due 

to the support provided by the adjacent column of particles.  

In the case of squares (Fig. 3.3-c), the right section of the arch supports more load 

than the left section. This force chain extends higher up in the granular packing and is in 

turn laterally supported by auxiliary chains that extend to the walls. A unique feature of 

arches formed by squares is their ability to resist bending moments due to the face-to-face 

contacts. Figure 3.3-d reveals that the dolos particles form multiple arches within the 

granular packing. The particles with hooks (Fig. 3.3-e) form arches with the largest spans 

and heights, due to their superior ability to interlock. The hopper boundaries strongly 
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affect the arch geometries formed by these particles as the arch span approaches the 

hopper width.  

3.3.2   Clogging probability 

We repeat the simulations for different particle shapes at each do/d ratio 10 times to obtain 

statistical data to compare the propensity of different shapes to clog. The clogging 

probability p is the ratio of the number of trials that clogged (within a maximum discharge 

of 7500 particles) relative to the total number of trials. Figure 3.4 illustrates the clogging 

probabilities of the different shapes. We fit the data with logistic functions of the form:  

𝑝 =
1

1 + exp (−𝑘𝑙 ∗ (𝑑𝑜 𝑑⁄ − (𝑑𝑜 𝑑⁄ )50) 
   (3.5) 

where kl is the growth rate of the logistic function and (do/d)50 is the ratio that has a 

clogging probability of 0.5. The results of Fig. 3.4 reveal that the particles with hooks are 

the most prone to clogging ((do/d)50 > 10), followed by the dolosse ((do/d)50 =8), squares 

((do/d)50 =7.45), crosses ((do/d)50 =7.3) and circles ((do/d)50 =5.45). These results agree 

with previous experimental trends obtained with similar 3D shapes, where the cubes (the 

3D equivalent of squares) are the most prone to clogging, followed by the crosses and the 

spheres (3D equivalent of circles- chapter 2). 

 Figure 3.5-a illustrates the number of particles discharged before clogging as a 

function of the do/d ratio normalized with (do/d)50 from Eq. 3.5 for different particle 

shapes. These results suggest that the number of discharged particles and the standard 

deviation increase as the do/d ratio approaches (do/d)50. The data varies over three orders 

of magnitude at (do/d)/(do/d)50 larger than 1. We plot the average logarithm of the number 
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of discharged particles as a function of (do/d)/(do/d)50 in Fig. 3.5-b. An exponential 

function fits the data in Fig. 3.5-b: 

𝑛𝑑  = 𝛿𝑒𝜉∗(𝑑𝑜 𝑑)⁄ (𝑑𝑜 𝑑⁄ )50⁄      (3.6)  

where nd is the average number of discharged particles before clogging and δ and ξ are 

fitting parameters. These results suggest it is theoretically possible to clog any orifice size. 

However, the particle discharge increases exponentially with the do/d ratio and clogging 

becomes unlikely at large orifice sizes (Thomas and Durian, 2015). We expect that 

clogging will not be possible at very large orifice sizes where arches are easily destabilized 

by thermal vibrations.  

Particle shape determines the characteristic ratio (do/d)50 and controls the 

exponential growth rate. Thus, the data from the different shapes collapse to a single line 

in a semi-logarithmic plot after normalizing do/d with (do/d)50. These results indicate that 

the discharge mass before clogging is primarily controlled by the proximity of the orifice-

to-particle size do/d ratio to the clogging transition (do/d)50 for that shape. 

3.3.3   Confining geometry 

Industrial silos, porous media and fractures rarely exhibit the sharp corners used in the 

simulations in Fig. 3.2 to Fig. 3.5. Thus, we run additional simulations using inclined 

hoppers to assess the effect of wall geometry on arch formation (βh=60° see Fig. 3.6-a for 

the definition of βh). The particles adjacent to the walls of inclined hoppers do not form 

columns that support large loads as previously observed in straight hoppers (compare Fig. 

3.3 and Fig. 3.6-a).  Figure 3.6 illustrates the cumulative distribution function CDF of 

particle discharge before clogging for the straight (βh=0) and inclined (βh=60°) wall 
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geometries among different particle shapes. This figure clearly shows that inclined 

hoppers are less prone to clogging, irrespective of particle shape. Published studies report 

similar results for circular disks (To et al., 2001).  

 It is possible to attribute the difference in clogging probabilities between straight 

and inclined hoppers to two effects. Our simulations (Fig. 3.2-d) and previous research 

(Vamsi Krishna Reddy et al., 2018) reveal that particles, especially non-circular shapes, 

experience funnel flow with stagnant zones at the corners in the case of straight walls. The 

flow profile shifts to mass flow with smaller or negligible stagnant zones as the wall angle 

increases (Albaraki and Antony, 2014). In other words, particles in inclined hoppers are 

more mobile. Let’s also consider the number of possible arch configurations for both 

confining wall geometries. Figure 3.7-a compares the cumulative distribution functions of 

the number of exposed particles in an arch for the straight and inclined walls in the case 

of cross particles (do/d=6). The distribution is wider in hoppers with straight walls, which 

suggests that a larger number of possible arch configurations increases the clogging 

probability. Previous research reports similar results for circular disks (López-Rodríguez 

et al., 2019).  

Boundary effects become significant as the orifice size approaches the hopper 

width. Figure 3.8-d illustrates that non-circular particles align as compacted columns 

against straight walls at large particle discharges. The particles at the center, however, 

exhibit low packing densities, experience low contact forces due to porosity waves and 

cannot easily form arches. Particles in inclined hoppers do not preferentially align against 

the walls and the packing density is constant throughout the hopper. Thus, inclined 

hoppers exhibit larger clogging probabilities than straight hoppers at large do/d ratios in 
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the case of squares (do/d=7 to 7.5, Fig. 3.8-b) and crosses (do/d=6.5 to 8.5, Fig. 3.8-c). We 

expect particle alignment along the walls to be less significant for polydisperse particles 

with wide particle size distributions.  

 Wall geometry also affects the arch span (Fig. 3.7-b, see Fig. 3.7-c and Fig. 3.7-d 

for definitions of arch span). The distribution of arch spans for straight walls is narrow, 

with values comparable to the do/d ratio. Some arch spans are smaller than the do/d ratio 

(example shown in Fig. 3.7-c). In this case, a particle has left the orifice, however, it is 

held in place due to particle interlocking with its neighbors. This effect is more 

pronounced for interlocking non-convex particles than circles that slip past their 

neighbors. The distribution of arch spans is significantly wider in the case of inclined 

hoppers because arches can form at different heights along the hopper. The arch span in 

inclined hoppers is generally larger than the size ratio do/d. 

 

3.4   Analysis 

3.4.1   Particle discharge before clogging 

Our simulation results (Fig. 3.5-b) and previous studies (Thomas and Durian, 2015) 

suggest that the discharge mass before clogging increases exponentially with the orifice 

size. Thus, the clogging probabilities reported in Fig. 3.4 will change if a different number 

of particles discharges through the orifice. The analysis below estimates the particle 

discharge required to guarantee clogging at different orifice sizes.  

Figure 3.9-a illustrates the cumulative distribution function of the particle 

discharge before clogging for the crosses (do/d=6, maximum particle discharge=7500 



59 

 

 

particles). A log-normal distribution provides a good fit to the data. Previous research 

reports that the minimum sample size nmin required to ensure that the sample mean is 

within Ts% of the true population mean for a log-normal distribution is:  

𝑛𝑚𝑖𝑛 =
𝑍𝑠

2𝑆𝑑
2

ln2(𝑇𝑠 + 1)
   (3.7) 

where Sd is the standard deviation of the logarithms of the sample and Zs is a factor derived 

from the confidence interval (Hale, 1972).  

We estimate the standard deviations of particle discharge before clogging for 

crosses at different do/d ratios, using the data in Fig. 3.5-a. We then use these estimates 

and Eq. 3.7 to estimate the minimum particle discharge required to achieve a clogging 

probability of 1.0 at different do/d ratios smaller than (do/d)50, assuming a confidence 

interval of 95%. Figure 3.9-b illustrates that the minimum particle discharge increases 

exponentially with the do/d ratio. We then extrapolate these results to predict the particle 

discharge required for orifice sizes larger than (do/d)50, assuming different tolerances Ts. 

3.4.2   Particle mobility and clogging 

The results in Fig. 3.10-a indicate an inverse relationship between the characteristic size 

ratio (do/d)50 (Eq. 3.5) and particle circularity (Eq. 1). This observation suggests that 

clogging becomes more likely as the particle shape deviates from a circular geometry. 

Non-convex particles with low circularity can interlock, which enhances the shear 

strength of the granular medium and the probability of arch formation.  

We estimate the angle of repose of the different particles to gain further insight 

into the relationship observed in Fig. 3.10-a. Each simulation starts with 1000 particles 
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filling a rectangular container. The vertical walls then move up at a speed of two particle 

diameters per second, which causes the particles to roll out and form a granular heap 

(typical examples in Fig. 3.11). The friction coefficient between the particles and the base 

is 1.0 to simulate a rough surface and minimize particle rolling during flow. The 

simulation proceeds until the average kinetic energy of the particles drops by more than 

ten orders of magnitude (four in simulations with circles due to their low rolling 

resistance). We then estimate the angle of repose from the slope at the base of the heap 

(Cornforth, 1973). The measurements rely on long tangents, which better reflect the global 

behavior rather than local perturbations. We run five angle of repose simulations for each 

shape, and each realization provides two values as the heap is not symmetric in most cases.  

The results in Fig. 3.10-b illustrate that clogging is more likely for particles with 

high angles of repose, since these particles are less mobile and display high shear 

strengths. This figure also confirms an inverse relationship between particle circularity 

and angle of repose, which agrees with previous results obtained using similar 3D shapes 

(chapter 2). Consequently, a simple angle of repose index test can provide valuable 

insights on the relative clogging performance of different particle shapes.  

3.4.3   Arch stability subject to horizontal vibrations 

We assess the stability of arches formed by circles and crosses against horizontal 

vibrations to understand the factors that control arch destabilization. After the particles 

clog, the vertical walls of the hopper move with a sinusoidal velocity for one second of 

mechanical time. These vibrations cause arch destabilization and flow resumes. The 

simulation proceeds until the particles form another arch and the total kinetic energy drops 

by six orders of magnitude. We then increase the vibration frequency and repeat the 
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simulation. We perform ten simulations at each frequency fv and amplitude Av to get the 

average particle discharge as a result of vibrations.  

 Figure 3.12 represents tripartite plots that show the average particle discharge as a 

result of vibrations (do/d=3) as a function of vibration frequency fv and peak velocity 

(vpk=2πfvAv). The diagonal lines illustrate the particle displacement (u=2Av) and 

acceleration (ap=2πfvvpk). We fit the discharge data with the following surface and 

superimpose its contours on the plot: 

𝑁𝑑𝑣 = 𝜆𝑣 ∗ 𝑒2.8∗𝑢 ∗ log(0.2 ∗ 𝑎𝑝) = 𝜆𝑣 ∗ 𝑒2.8∗(𝑣𝑝𝑘 𝜋𝑓𝑣⁄ ) ∗ log(0.2 ∗ 2𝜋𝑓𝑣𝑣𝑝𝑘)    (3.8) 

where λv is a shape-related fitting parameter. The figure confirms that acceleration is in 

general the parameter that controls particle discharge and arch destabilization, as the 

contours of the fitted surface are parallel to the acceleration axes. These results agree with 

previous studies (Valdes and Santamarina, 2008). Particle displacement, however, 

emerges as the controlling parameter when the acceleration is high and exceeds 100 m/s2. 

The contours of the surface become parallel to the displacement axes at high accelerations. 

The figure also confirms that circular particles discharge more readily upon vibrations 

than crosses (λv,circles=19.45, λv,crosses=14.55) 

 At large acceleration, the particles cannot follow the motion of the hopper walls 

due to particle inertia. Thus, the granular bed detaches from the hopper walls and remains 

at the center of the hopper. In other words, large accelerations result in little particle 

relative displacement. In addition, the granular bed fluidizes at high acceleration and 

amplitudes and the particles may experience a vertical motion. As a result, the packing 
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density of the granular medium above the orifice decreases, which reduces the particle 

discharge.  

3.5   Conclusions  

This study investigates the effect of particle interlocking on arch formation and stability. 

Salient conclusions from this study follow:  

• The discharge mass before clogging increases exponentially with do/d ratio, which 

suggests that it is theoretically possible to clog any orifice size if we allow for enough 

discharge. Particle shape controls the exponential growth rate.  

• Particles with hooks are the most prone to clogging, followed by the dolosse, squares, 

crosses and circles. Non-convexity favors particle interlocking and enhances shear 

strength. The angle of repose test serves as a good indicator of relative clogging 

tendencies.  

• Arch geometry depends on particle shape. Circles form regular semi-circular arches 

while interlocking particles can form tall arches with large spans. Complex force 

chains develop in arches formed by non-convex particles, where the exposed particles 

in the arch do not always carry the largest loads.  

• The discharge mass before clogging increases with wall angle as fewer arch 

configurations are possible.  

• Non-circular particles align along boundaries in straight hoppers, which decreases the 

packing density at the center and prevents arch formation. 
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• In general, acceleration is the governing parameter that controls vibration-based arch 

destabilization. Displacement gains significance at large accelerations. 

 

3.6   Figures 

 

Fig. 3-1: Particle shapes used in this study. This figure lists the DEM representation of each shape 

using the multi-sphere method, porosity above the closed orifice before discharge defined as total 

area of voids to bulk area of the granular packing, circularity calculated using Eq. 3.1 and the 

characteristic (do/d)50 obtained using Eq. 3.5. 
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Fig. 3-2: Steps in a typical simulation: a) generation of 750 particles at random positions in the 

hopper, b) settlement of particles in the hopper due to gravity, c-d) flow of particles out of the 

hopper after uncovering the orifice and finally e) particle clogging above the orifice and reduction 

in kinetic energy. 

 



65 

 

 

 

Fig. 3-3: Arches formed by different particle shapes [DEM simulation results]. The figure also 

illustrates the force chains within each arch, where the width of the line is proportional to the 

magnitude of the contact force. Colors reflect the initial positions of the particles. Please note that 

the granular packing extends higher than shown in these images. The images were cropped to 

emphasize the area around the arches. 
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Fig. 3-4: Clogging probability for different particle shapes [DEM simulation results]. Particle 

shapes: (a) circles, (b) crosses, (c) squares, (d) dolosse and particles with hooks. The clogging 

probability is defined as the ratio of the number of trials that clogged (within a maximum discharge 

of 7500 particles) relative to the total number of trials performed (10 trials per shape at each do/d 

ratio). We fit the data with logistic functions (Eq. 3.5). 
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Fig. 3-5: Particle discharge before clogging [DEM simulation results]: a) Number of discharged 

particles before clogging as a function of the do/d ratio normalized by the characteristic (do/d)50 

obtained using Eq. 3.5. The figure includes results obtained with circles (green •), squares (red ■), 

crosses (black *) and dolosse (purple ▲), b) Average particle discharge nd as a function of do/d 

ratio normalized by (do/d)50 for the different particle shapes. Dashed line: exponential fit (Eq. 3.6). 
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Fig. 3-6: Effect of confining wall geometry on particle discharge and clogging [DEM simulation 

results]: a) Typical arch formed by cross particles in an inclined hopper do/d=6, colors reflect the 

initial position of the particles. b-d) Cumulative distribution function of particle discharge before 

clogging in a straight and inclined hopper for b) circles do/d=4, c) squares do/d=6, and d) crosses 

do/d=6. βh is the hopper angle. 
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Fig. 3-7: Effect of wall angle on arch geometry [DEM simulation results]: a) cumulative 

distribution function of the number of exposed particles in arches formed in straight (βh=0) and 

inclined (βh=60°) hoppers, b) cumulative distribution function of arch spans (L) in straight and 

inclined hoppers. Typical arch spans (L) in c) straight and d) inclined hoppers. All simulations use 

cross particles in do/d=6. 
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Fig. 3-8: Clogging probability and boundary effects [DEM simulation results]. This figure 

illustrates the clogging probability in straight (βh=0) and inclined (βh=60°) hoppers for a) circles, 

b) squares and c) crosses (each data point represents 10 trials), d) square particles flowing through 

straight and inclined hoppers (do/d=7) after discharging 7500 particles. Particles are colored by 

the magnitude of the contact force. 
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Fig. 3-9: Minimum particle discharge to ensure clogging [DEM simulation results]. a) cumulative 

distribution of particles discharged before clogging (crosses, do/d=6). A lognormal distribution 

provides a good fit to the data, b) minimum particle discharge required to achieve a clogging 

probability of 1 as a function of do/d ratio, estimated using Eq. 3.7. Ts is the allowed tolerance 

between the sample and population means. 
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Fig. 3-10: Characteristic (do/d)50 ratio as a function of circularity and angle of repose [DEM 

simulation results]. Figure (b) illustrates the angle of repose results for circles (green), crosses 

(black), squares (red), dolosse (purple) and particles with hooks (blue). We repeat the simulations 

for each shape 5 times. Each realization provides two angles as the heap is asymmetric. The large 

markers represent the average angle of repose. The dashed line is a visual guide to the trend. 
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Fig. 3-11: Typical granular heaps for the (a) crosses, (b) dolosse, (c) squares, (d) particles with 

hooks and (e) circles. The red lines illustrate the slopes used to estimate the angle of repose. 
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Fig. 3-12: Particle discharge and clogging with horizontal vibrations [DEM simulation results]. 

These tripartite plots illustrate the average particle discharge before clogging that result from 

vibrations as a function of the peak velocity and frequency for (a) circles and (b) crosses. Each 

datapoint represents the average particle discharge from 10 simulations. The diagonal lines 

illustrate the displacement (u) and acceleration ap. Contours: equation 3.8. λv: shape-related fitting 

parameter do/d=3.  
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3.7   Tables 

 

Table 3-1: Particle and contact properties used in simulations. The equivalent diameter is the 

diameter of the circle with the same area as the particles.  

Particle equivalent diameter 0.09 m 

Hopper width 1.5 m 

Normal stiffness 0.5*108 Pa 

Shear stiffness 0.875*109 Pa 

Damping ratio 1.0 

Coefficient of friction 0.35 

Particle density 1000 kg/m3 

Acceleration due to gravity 9.81 m/s2 

Number of pebbles per particle Circles: 1 

Crosses: 13 

Dolosse: 15 

Squares: 16 

Particles with hooks: 29 
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 Radial Flow in Fractures: Particle Transport and Clogging 

4.1   Introduction 

The extraction of energy geo-resources as well as the injection of energy waste such as 

CO2 involves fluid flow through fractured rock masses. In fact, naturally fractured 

reservoirs hold 40% of the known global hydrocarbon reserves (Zimmerman, 2018), and 

induced hydraulic fractures in unconventional or tight reservoirs play a critical role in 

hydrocarbon recovery (Tong and Mohanty, 2016). Geothermal energy generation involves 

heat extraction from water that flows through a network of interconnected fractures 

(Harlow and Pracht, 1972; Watanabe and Takahashi, 1995; Breede et al., 2013). In 

shallower settings, the groundwater that flows in natural fractures in the vicinity of nuclear 

waste disposal sites is a major concern as water can transport radioactive materials to the 

biosphere (Tsang and Pruess, 1987). In all these examples, the majority of fluid flow 

occurs through interconnected fracture networks rather than the rock matrix itself (Iwai, 

1976; Cardenas et al., 2009). 

The earliest attempts to model fluid flow in fractures assume that the fracture 

surfaces are two parallel plates (Iwai, 1976; Zimmerman and Bodvarsson, 1994). 

However, real fractures exhibit rough surfaces that may touch at contact points or 

asperities (Brown, 1987; Brown et al., 1995; Oron and Berkowitz, 1998; Zoback, 2007). 

Flow through fractures can be anisotropic due to shear deformation and the development 

of channels normal to the shear direction (Yeo et al., 1998; Park et al., 2013). The problem 

becomes more complex if the fluid is non-Newtonian (Laurencena and Williams, 1974; 
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Winter, 1975; Majidi, 2008) or flowing at high velocity (Zimmerman et al., 2004; 

Cardenas et al., 2009).  

The fluid flowing through the fractures frequently contains suspended particles. 

These particles can be granular materials added for lost circulation treatment (Feng et al., 

2016; Lavrov, 2016), proppants for hydraulic fracturing (Barree and Conway, 1995; Liu 

and Sharma, 2005; Tong and Mohanty, 2016; Chun et al., 2020), contaminants from 

industrial sites (Novakowski and Lapcevic, 1994) or fines produced during oil production, 

water extraction and geothermal energy generation (Herzig et al., 1970; Sharma and 

Yortsos, 1987). Particles can clog fractures at small constriction to particle size ratios do/d  

and high solid volume fractions (Lavrov, 2016). Dense particles settle and form immobile 

dunes inside the fracture when the flow velocity is low (Kern et al., 1959; Tong and 

Mohanty, 2016; Chun et al., 2020).  

Many numerical, theoretical and experimental studies investigate linear fluid flow 

through fractures (Iwai, 1976; Barker, 1988; Sanfillippo et al., 1997; Lietard et al., 1999). 

Most experimental studies focus on fractures in cores (Iwai, 1976) or synthetic fractures 

(Yeo et al., 1998; Zimmerman et al., 2004; Park et al., 2013) with limited specimen sizes 

(up to 20 cm*20 cm), small apertures (less than 2 mm) and low Reynolds numbers (less 

than 60). However, typical fracture apertures range between 0.1 and 3 mm (Lyons et al., 

2016), and can even exceed 5 mm (Lavrov, 2016). Experimental conditions in previous 

small-scale studies highlight the fluid viscous effects but fail to capture the fluid inertial 

effects.  

While many studies have investigated particle migration, retardation and clogging 

in porous media, very few studies have focused on particle behavior in fractures. This 
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research explores divergent radial particle-laden flow through large-scale fractures. We 

designed and built a large-scale setup that simulates fractures with different surface 

topographies and apertures. Numerical simulations and analytical investigations 

complement the experimental study.  

4.2   Underlying physical processes 

The Reynolds number is a dimensionless ratio between the inertial and viscous forces of 

the fluid. Thus, a high Reynolds number indicates that inertial forces are significant and 

cannot be ignored. The Reynolds number in one-dimensional flow between two parallel 

plates is: 

Re =
2𝜌𝑓𝑣𝑓ℎ

𝜇
                                                                  (4.1) 

where ρf is the fluid density, vf fluid velocity, h the fracture aperture and 𝜇 the fluid 

viscosity. During radial flow, the fluid velocity relates to the volumetric flow rate q and 

radial position r through the equation: 

𝐯𝐟 =
𝐪

2𝜋𝑟ℎ
                                                                (4.2) 

The radial Reynolds number becomes (Crane, 2013): 

Rerad =
𝜌𝑓𝑞

𝜇𝜋𝑟
                                                            (4.3) 

A particle traveling in a flowing fluid experiences a drag force, an inertial force 

and buoyant weight. Quasi-buoyant particles have a density close to the fluid density and 

follow the streamlines without significant retardation; however, the particle trajectory 
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deviates from the streamlines when the particle density differs from that of the fluid (Liu 

and Sharma, 2005; Valdes and Santamarina, 2007; Kampel et al., 2009). Relevant 

dimensionless ratios for these processes include (Sharma and Yortsos, 1987; Valdes and 

Santamarina, 2006; Tong and Mohanty, 2016; Liu et al., 2019): 

Stokes number: St =
Particle response time

Fluid response time
=

𝜌𝑝𝑑2𝑣𝑓

18𝜇𝐷𝑐
                                           (4.4) 

Archimedes number: Ar =
Terminal velocity

Flow velocity
=

𝑣𝑝 ∗ 2𝜋𝑟ℎ

𝑞
                                    (4.5) 

Froude number: Fr =
Inertial force

Gravitational force
=

𝑣𝑝
2

𝑑𝑔
                                             (4.6) 

where vp is particle velocity, d is particle diameter and Dc is the diameter of the flow 

obstruction.  

Particles with large Archimedes numbers experience gravity retardation (Fig. 4.1-

a), which results in particle settlement (Valdes and Santamarina, 2007; Tong and 

Mohanty, 2016; Liu et al., 2019). Inertial retardation occurs in porous media when 

particles with large Stokes numbers collide with pore walls as the fluid velocity suddenly 

changes at the pore throat, due to particle inertia (Fig. 4.1-b). The particles lose momentum 

as a result of the collisions, which leads to a gradual increase in the local particle 

concentration (Valdes and Santamarina, 2006; Liu et al., 2019). Particles with large 

Froude numbers maintain their trajectory due to inertia and resist gravitational settlement 

(Valdes and Santamarina, 2007).  

Many studies investigate the clogging of porous media and hoppers during dry 

granular and particle-laden flow (Fogler and Khilar, 1998; Goldsztein and Santamarina, 
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2004; Zuriguel et al., 2005; Zuriguel, 2014; Zuriguel et al., 2014). Particles clog a 

constriction when the particle size is larger than the constriction (Sharma and Yortsos, 

1987). Particles smaller than the constriction can still clog if they simultaneously arrive at 

the orifice and form a bridge that spans the constriction (Dressaire and Sauret, 2017; Marin 

et al., 2018). The probability of clogging depends on the constriction to particle size ratio 

do/d and particle volume fraction. Inertial and gravitational retardation increases local 

particle concentration and facilitates clogging.  

 

4.3   Research methods 

This study uses a combination of experimental and numerical methods to investigate 

radial flow of particle-laden fluids through fractures.  

4.3.1   Experimental Studies 

The large-scale fracture setup designed and built for this study (Fig 4.2-a) consists of: 

• An upper tank with a fluid capacity of 188 liters 

• A 1.9 m. long flexible hose (internal diameter=50 mm) with a ball valve 

• Two parallel discs (diameter=900 mm) with an adjustable gap up to 50 mm. The 

transparent acrylic upper plate (thickness=40 mm) allows real time visualization of 

flow between plates. The lower plate is made of aluminum (thickness=25 mm).  

 

Twelve screws, nuts and washers separate the two plates. The number and thickness of 

washers define the fracture aperture. We use finite element analysis to predict the 

deformation in the two plates during fluid flow (Solidworks 2016 - Fig. 4.2-b). The largest 
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deformation of the plates is less than 0.2 mm, which implies that the fracture aperture does 

not change significantly during the experiments. 

We test three different surface topographies: Smooth surfaces represent a 

simplified ideal fracture. A grooved plate on top of the lower aluminum plate simulates 

anisotropic transmissivity (Fig. 4.2-c), while circular obstructions (diameter=25 mm, 

thickness=5 mm) positioned randomly between the two plates act as contacting asperities.  

      Experiments in this large-scale fracture setup use granular lost circulation 

materials (crushed date seeds supplied by Saudi Aramco, specific gravity=1.3, d50= 1.7 

mm) suspended in a transparent aqueous xanthan gum solution (mass fraction of xanthan 

gum=0.005, ρf=962 kg/m3, μ=600 cp). Due to the similarity in mass densities ρp/ρf=1.35 

and high fluid viscosity, the particles follow the fluid streamlines without marked 

deviation. The upper tank initially contains the particle-laden fluid. A crane positions the 

upper tank directly above the two parallel discs. After opening the ball valve, the fluid 

flows from the upper tank, through the hose and into the gap between the two discs, where 

it propagates out radially at high flow rates greater than 700 ml/sec. Two cameras placed 

directly above the discs record video footage of fluid flow. We also monitor the fluid mass 

in the upper tank as a function of time with a load cell fitted on the crane. Pressure 

transducers (PX 209, OMEGA Engineering) mounted at the lower aluminum disc measure 

the pressure at three different locations: at the center, 75 mm and 200 mm from the center.  

      We also built a smaller-scale fracture setup to study particle transport and clogging 

at low flow rates (less than 2 ml/sec - Fig. 4.4-a). This setup consists of two parallel 

transparent discs (diameter=400 mm) separated by washers. A peristaltic pump (New Era 

NE 9000) injects a suspension of sand particles (specific gravity=2.65, particle size 0.25 
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mm-0.425 mm, particle volume fraction=0.05) in glycerol (density=1228 kg/m3, 

viscosity=600 cP) into the gap between the plates at a constant flow rate. The sand 

particles are denser than the fluid and will thus experience settlement. An overhead stirrer 

(IKA Eurostar PCV S1) agitates the sand-glycerol suspension before injection to minimize 

particle settling during injection.  

4.3.2   Numerical Studies 

Numerical finite element method simulations using COMSOL Multiphysics (V 4.3a) 

complement the experimental study. A typical simulation computes the fluid velocity vf 

and pressure P within the large-scale fracture setup by solving the Navier Stokes equation, 

coupled with the continuity equation. The model geometry consists of the fluid that 

occupies the upper tank, hose and the fracture. We set the pressure at the top of the upper 

tank and at the rim of the plates equal to the atmospheric pressure as boundary conditions. 

Furthermore, the simulations assume no-slip boundary conditions at the walls. Since the 

model is axisymmetric about the vertical (z) axis, we simulate a 2D slice of the domain.  

 We use one-way DEM-CFD coupling to model particle-laden flow around 

asperities. This coupling approach assumes that particles do not alter the fluid flow field, 

which is valid for the simulation of dilute suspensions (Chaumeil and Crapper, 2014). We 

first calculate the velocity field of the fluid as it flows around two rows of asperities using 

the finite element method (inlet velocity=0.07 m/s, outlet pressure=0, geometry depicted 

in Fig. 4.10-b). We then export the fluid velocity field to the DEM algorithm (PFC2D v 

5.0, Itasca Consulting Group Inc.), which applies Newtonian mechanics and the linear 

contact model to simulate particle motion (particle diameter= 1 mm, particle volume 
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fraction =0.048). Particles that exit the simulation domain are re-introduced at the inlet. 

Table 4.1 lists the particle and contact properties. Please refer to appendix A 4.1 for 

additional details on the numerical simulations.  

4.4   Results and Analyses 

This section presents both experimental and numerical results obtained for radial flow 

between horizontal fracture surfaces with three different surface topographies: smooth, 

grooved and fractures with asperities.  

4.4.1   Particle-laden fluid flow in smooth fractures 

4.4.1.1   Radial fluid flow in smooth fractures 

We use the radial Reynolds number at r=450 mm Rer=450 mm (equation 4.3) to characterize 

the fluid flow regime. Experimental measurements reveal complex fluid pressure profiles 

under different flow conditions (Fig. 4.3). At a low Reynolds number (Rer=450mm=1.7, Fig 

4.3-a), fluid pressure decreases with radial distance from the center, P(r=0) > P(r=75 

mm) > P(r=200 mm). However, at a high Reynolds number (Rer=450 mm=2100, Fig 4.3-b), 

the fluid pressure decreases from P(r=0)=13 kPa to a negative value P(r=75 mm)=-1.4 

kPa and then increases to P(r=200 mm)=0. The competition between viscous and inertial 

forces results in these two different trends.  

 The approximate analytical solution derived from the Navier-Stokes equations 

predicts the pressure profile of divergent radial flow in fractures (McGinn, 1955; Savage, 

1964; Jackson and Symmons, 1966): 



87 

 

 

∆𝑃 =
−3𝜇𝑞𝑙𝑛 (

𝑟
𝑟𝑖

)  

4𝜋(0.5ℎ)3
+

𝜌𝑓𝑞2

32𝜋2(0.5ℎ)2
(

1

𝑟𝑖
2 −

1

𝑟2
)                                (4.7) 

The first term on the right-hand side represents the contribution of viscous forces and is 

identical to the cubic law (Zimmerman and Bodvarsson, 1994; Cao et al., 2019). The 

second term approximates the contribution of inertial forces. Fig 4.3-c compares the 

experimental measurements at a steady state and high Reynolds number Rer=450mm=2100 

with the analytical model. At a high Reynolds number, the inertial forces dominate over 

the viscous forces, which results in the pressure profile observed in Fig 4.3-b. 

We extend this analysis further with numerical estimates of the pressure profile at 

different fracture apertures under constant-pressure flow conditions (Fig 4.3-d). The 

viscous forces dominate and the cubic law is valid at the small aperture size of 0.25 mm. 

As the fracture aperture increases, the flow rate increases and hence the inertial forces 

become more significant. Consequently, there is a pressure dip radially away from the 

well. This unique pressure profile at high Reynolds numbers can have important field 

implications. For example, pressure sensitive materials that release foam or expand in the 

low-pressure zones may be injected into the well, which facilitates remedial operations 

related to water shut-off or lost circulation treatment.  

4.4.1.2 Particle migration in smooth fractures 

To investigate the transport of dense particles through smooth fractures, we inject 1.5 liters 

of a sand-glycerol suspension into the gap between the two plates in the small-scale 

fracture setup at two different flow rates: 0.4 ml/sec and 1.8 ml/sec (Fig. 4.4-a, fracture 
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aperture=6.2 mm). The fracture is initially saturated with glycerol to avoid fingering and 

air entrapment. We place a light source underneath the fracture for better visualization.  

Experimental results indicate that sand settles as an annular ring inside the fracture 

(Fig. 4.4-b). To estimate the sand bed thickness across the annular sand ring, we compare 

the gray-scale value at the center of the plates (Io) with the gray-scale values at different 

points in the sand bed (I). The sand particles attenuate the light intensity from the light 

source underneath the fracture setup. Thus, the ratio Io/I is proportional to the sand bed 

thickness. Please see appendix A 4.2 for details on the light intensity calibration.  

Particle transport and clogging depend on the fluid velocity profile. Unlike linear 

flow, fluid velocity during divergent radial flow decreases with distance from the center 

(equation 4.2). Local Ar and Fr numbers change because of the varying fluid velocity 

field. The Ar number is small at the center of the plates and thus few particles settle 

underneath the inlet port (Fig. 4.4-b). The radius of the particle-free region at the center 

increases with the fluid flow rate (Fig. 4.4-c). At certain radial distances from the center, 

the sand particles have a low Fr number and a high Ar number. The sand particles deviate 

from the fluid streamlines and settle as an annular ring as a result of gravity retardation 

under these conditions (Fig. 4.4-c). The sand bed thickness increases until it reaches a 

peak of 1.5 mm at r=8 cm and then decreases to zero at r<12 cm. Similar annular rings 

were observed during convergent radial flow through a porous medium (Valdes and 

Santamarina, 2006; Valdes and Santamarina, 2007; Liu et al., 2019).  

4.4.1.3 Analytical model for particle settlement 
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An analytical model describes the formation of the annular ring during divergent radial 

particle-laden flow into a smooth fracture. Figure 4.5-a illustrates a cross-section of the 

model geometry. We assume a uniform particle distribution within the fluid initially and 

analyze a control volume of suspension (shown within the dashed square). The mass 

conservation equation for solute transport in the control volume is (Hoopes and Harleman, 

1967; Novakowski and Lapcevic, 1994; Cardenas et al., 2009; Chen et al., 2012): 

𝜕𝑐

𝜕𝑡
= −𝛻 ∙ (𝐯𝐟𝑐) − 𝑆                                                              (4.8) 

where c [kg/m3] is the concentration of suspended sand and S [kg/m3.s] is the settling rate. 

For incompressible fluids, the fluid velocity only depends on r. Therefore, 

𝜕𝑐

𝜕𝑡
= −𝑣𝑟

𝜕𝑐

𝜕𝑟
− 𝑆                                                                  (4.9) 

The particle settling displacement (dz) is a function of the settling velocity (vs) and 

the radial velocity (vr): 

𝑑𝑧 = 𝑑𝑡𝑣𝑠 =
𝑣𝑠

𝑣𝑟
𝑑𝑟                                                            (4.10) 

The particle settling velocity vs can be modeled with the Stokes, Allen or Newton’s 

equations, depending on the particle concentration (Barree and Conway, 1995). This 

model uses the Stokes equation. The settling rate S is thus: 

𝑆 =
𝑑𝑧

ℎ
∙

𝑐

𝑑𝑡
=

𝑐

𝑑𝑡
∙

𝑑𝑟

ℎ
(

𝑣𝑠

𝑣𝑟
)                                                     (4.11) 

Equation 4.9 becomes: 
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𝜕𝑐

𝜕𝑡
= −𝑣𝑟

𝜕𝑐

𝜕𝑟
−

𝑐

𝑑𝑡
∙

𝑑𝑟

ℎ
(

𝑣𝑠

𝑣𝑟
)                                                  (4.12) 

 Figure 4.5 illustrates the concentration of settled sand as a function of the radial 

position from the center for different fracture apertures (Fig. 4.5-b), sand volume fractions 

(Fig. 4.5-c) and injected volume of suspension (Fig. 4.5-d). These figures result from 

numerical solutions of equation 4.12 with an Euler forward in time and upwind finite 

difference in space discretization scheme. Model predictions show that the sand settles as 

an annular ring, which agrees with experimental observations (Fig. 4.4). This model does 

not account for fluid-sand interactions which result from hydrodynamic drag forces after 

particle deposition. Therefore, it does not capture the particle-free zone at the center. The 

sand bed moves downstream into the fracture during the experiment, which extends the 

particle-free region (Fig. 4.4-d). Previous research reports similar sand bed movement 

during linear flow (Tong and Mohanty, 2016).  

4.4.2   Particle-laden fluid flow in grooved fractures 

We study particle-laden flow and clogging in grooved fractures using the large-scale 

fracture setup to avoid particle settlement within the fracture. The aperture is not constant 

in grooved fractures and the permeability is anisotropic (Cardenas et al., 2009). We use 

particle image velocimetry to estimate the fluid velocity in the grooved fracture (details 

in appendix A 4.3). The particles are quasi-buoyant, and thus the particle velocity is 

approximately equal to the fluid velocity. Experimental results (Fig. 4.6-a) show that the 

fluid velocity along the grooves (θ=0) is higher than the velocity normal to the grooves 

(θ=90°) due to flow anisotropy (maximum aperture=4.8 mm). 
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We develop an analytical model inspired by the cubic law to illustrate the effect 

of fracture aperture and groove thickness on flow anisotropy at a low Reynolds number 

using the geometry depicted in Fig. 4.7-a. Let’s assume that a fluid flows through a 

fracture both parallel and perpendicular to the groove directions. We do not consider 

particle-fluid interactions in this analysis. Relevant dimensionless ratios include (please 

refer to Fig 4.7-a for the definitions of relevant parameters): 

Groove frequency ∶ 𝑓𝑔 =
1

𝑎1 + 𝑎2
 

Fluid flow rate anisotropy ratio: 𝐴 =
𝑞𝑦 (flow along grooves)

𝑞𝑥 (flow normal to grooves)
 

We also assume that the cubic law is valid locally in each channel (groove). The pressure 

difference along and normal to the grooves is the same: ΔPx=ΔPy. The width and length 

of the medium are identical: w=L. The anisotropy ratio is (refer to appendix A 4.4 for the 

complete derivation of the model): 

𝐴 = (𝑓𝑔)
2

[(ℎ1 + ℎ2)2(𝑎1(ℎ1 + ℎ2)) + (ℎ1)2(𝑎2 ∗ ℎ1)] (
𝑎1

(ℎ1 + ℎ2)3
+

𝑎2

ℎ1
3)            (4.13) 

The analytical model agrees well with numerical simulation results performed 

using COMSOL Multiphysics (Fig. 4.7-b). At hmax/hmin=1, the fracture aperture is 

constant, and flow is isotropic (A=1). Flow becomes more anisotropic and A increases as 

hmax/hmin increases. At low and high groove frequencies, the grooved fracture approaches 

a smooth fracture topography and A approaches 1. Flow anisotropy peaks at a certain 

groove frequency (fg=10) and groove thickness ratio (a1/a2=1) (Fig. 4.7-c and d).  
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Experimental results (Fig. 4.6-b) show that particles form bridges at the inlet at 

small do/d ratios that stop fluid flow into the fracture (crushed date seeds, specific 

gravity=1.3, maximum aperture=3.15 mm). Particles also accumulate inside the grooves 

of the rough fracture due to inertial retardation: the fluid streamlines abruptly bend as they 

enter and exit each groove and as they move around obstructions (such as asperities). The 

particles cannot follow the fluid streamlines due to inertia, collide with obstructions, lose 

momentum and remain in the grooves (Fig. 4.1).  

4.4.3   Particle-laden fluid flow in fractures with asperities 

This section presents results from the particle-laden flow of quasi-buoyant (crushed date 

seeds, specific gravity=1.3) and dense particles (sand, specific gravity=2.65) in fractures 

with asperities.   

4.4.3.1 Particle-laden flow of quasi-buoyant particles 

Experiments with the quasi-buoyant particles are performed at a high flow rate (760 

ml/sec) in the large-scale fracture setup to minimize gravitational retardation effects. We 

place more than 300 circular obstructions at random positions between the two plates to 

act as proxies for asperities (obstruction thickness=fracture aperture=5 mm). Figure 4.8-a 

illustrates the locations where particles (shown in brown) form bridges. Figure 4.8-b is a 

histogram of the clogged constriction to particle size ratios do/d relative to all the 

constriction sizes, derived with the image post-processing software ImageJ.  

Unlike dense particles, quasi-buoyant particles bridge and accumulate at small do/d 

ratios (𝑑𝑜 𝑑⁄ ≤ 4), independent of fluid velocity. To form a bridge, the particles should 

simultaneously arrive at the constriction at the optimum position and interparticle angle. 
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However, the simultaneous arrival of particles becomes unlikely as the do/d ratio increases 

beyond 3 (Liu et al., 2019). The orientation of the constrictions relative to the fluid 

streamlines is another important consideration. We observe some constrictions with do/d 

ratios less than 3 that remain unclogged. Clogging is more likely to occur in constrictions 

that lie normal to the direction of flow. Experimental results indicate that particle clogging 

between asperities decreases fracture transmissivity and increases flow tortuosity.  

4.4.3.2 Particle-laden flow of dense particles 

We inject a sand-glycerol suspension into the small-scale fracture setup with asperities at 

0.4 ml/sec and 1.8 ml/sec to highlight the effects of gravitational retardation in the 

presence of asperities. Figure 4.9-a and b illustrate the locations where the sand particles 

settle, obtained through image post-processing using MATLAB. The sand does not form 

an annular ring as observed in the smooth fracture, since the fluid velocity field is no 

longer axisymmetric.  

We estimate the fluid velocity field between the two plates by exporting the 

fracture topology to COMSOL Multiphysics and solving the Navier-Stokes equations. In 

the 2D simulation, glycerol (viscosity=609 cP) flows into the plates through the central 

port with inlet velocity 0.0182 m/s (constant flow rate inner boundary condition); the 

pressure along the outer rim of the plates is equal to atmospheric pressure. We 

superimpose the fluid velocity magnitude on the sand settlement map in Fig. 4.9-b. 

Clearly, the sand settles in areas with a high Ar number located near the edges where the 

fluid flow velocity decreases. The sand settles further into the fracture as the flow rate 

increases. Sand settlement might cause a reduction in permeability in the far field away 

from the injection source.   
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Attached vortices form at high Reynolds numbers in the shadow zones behind 

asperities (example from experiments in the large-scale setup in Fig. 4.10-a). Fluid 

velocities in the shadow zones behind asperities are lower than the velocity in the far field 

(Coutanceau and Defaye, 1991; Coutanceau and Bouard, 2006).  

We perform DEM-CFD coupled simulations to better understand vortex formation 

and fluid interactions with asperities at high flow velocities. Figure 4.10-b illustrates the 

fluid velocity field of the simulated control volume. It shows that fluid velocity increases 

between two asperities and attached vortices form in the shadow zone behind asperities. 

Figure 4.11 illustrates particle interaction with asperities for the quasi-buoyant (particle to 

fluid density ratio ρp/ρf=1) and dense particles (ρp/ρf=4.6) at different times. During fluid 

flow, particles collide with the asperities and lose momentum that results in particle 

accumulation in front of and between the asperities. Particles with large Stokes numbers 

(ρp/ρf=4.6) experience additional inertial retardation, which enhances the capture 

efficiency. The local increase in particle concentration around asperities can result in 

clogging and a subsequent drop in fracture transmissivity.  

4.5   Conclusions 

This study investigated particle-laden fluids in radial flow through fractures. Salient 

conclusions from this study follow:  

• Fluid inertial effects should be considered near the injection point when flow 

velocities are high. Experimental and numerical simulation results show that fluids 

with a high Reynolds number experience negative pressures away from the injection 

source. 
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• Fluid inertial effects become more significant as the fracture aperture, and hence fluid 

flow rate, increases. 

• Local changes in the fluid velocity field during radial flow in fractures can enhance 

particle retardation. Gravity and inertial retardation cause dense particles to deviate 

from the fluid streamlines, which changes the local particle concentration and 

enhances clogging.  

• Dense particles deposit as an annular ring during divergent radial flow into fractures. 

Initial particle concentration and fracture aperture control the thickness and location 

of the annular ring. Particle deposition patterns become more complex in anisotropic 

fractures and fractures with asperities.  

• Shear induced roughness on fracture surfaces can channelize fluid flow and result in 

anisotropic transmissivity. The degree of flow anisotropy depends on the aperture size 

distribution, groove thickness and frequency.  

• Particles can form bridges at the fracture inlet or between asperities. The clogging 

probability depends on the constriction-to-particle size ratio and the orientation of the 

constriction with respect to the flow field. Clogging reduces the fracture transmissivity 

and increases tortuosity.   
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              4.6   Figures 

 

Fig. 4-1: Particle retardation mechanisms: Particles (green) with density ρp that equals the fluid 

density ρf  follow the fluid streamlines (blue dashed lines) without deviations. Particles (red) 

denser than the fluid experience (a) gravitational retardation that causes particle settlement or (b) 

inertial retardation as fluid streamlines bend around obstructions, which lead to an increase in the 

local particle concentration. The arrow indicates flow direction. h: fracture aperture. Dc: 

obstruction diameter.  
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Fig. 4-2: Experimental setup – large-scale fracture setup. (a) Schematic of the large-scale fracture 

setup. The upper tank initially holds the particle-laden fluid. A crane positions the upper tank 

above the fracture plates. The fluid flows from the upper tank through the hose into the gap 

between the plates. Dashed arrows indicate fluid flow direction (b) Finite element analysis 

estimates the plate’s deformation. (c) Grooved plate that is an analogue to rough fractures. This 

grooved plate is placed on the lower aluminum plate in the large-scale fracture set-up.  
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Fig. 4-3: Pressure profile using smooth plates. (a) Pressure transducer measurements at a low Re 

number (Rer=450mm=1.7) using xanthan gum (fracture aperture=2.8 mm, height of fluid column 

Ho=1.3 m) [experimental results]. Inset: location of the three pressure transducers (to scale). (b) 

Pressure transducer measurements at a high Re number (Rer=450 mm=2100) using water (fracture 

aperture=2.8 mm, Ho=2 m) [experimental results]. (c) Pressure profile for water [analytical model 

results], aperture=2.8 mm and Ho=2 m). Continuous green line: Analytical solution using equation 

4.7. Purple line: viscous contribution using the first term in equation 4.7. Yellow line: inertial 

contribution using the second term in equation 4.7. Points: Experimental pressure measurements 

at steady state (average pressure between t=15-25 s), obtained from fig. b. (d): Pressure profile at 

different fracture apertures, estimated numerically for water, Ho=2 m [CFD simulation results]. 
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Fig. 4-4: Particle-laden flow in smooth fractures [experimental results]: (a) Experimental setup: 

Small-scale fracture setup. A peristaltic pump injects a glycerol-sand suspension (sand volume 

fraction=0.05) into the gap between two parallel plates (aperture=6.2 mm) (b) Annular ring formed 

after the injection of 1.5 l of suspension, injection flow rate=1.8 ml/sec. (c) Sand bed thickness 

along the red lines in fig. 4.4-b, at two different injection flow rates: 0.4 ml/sec and 1.8 ml/sec, 

after injection of 1.5 liters of fluid. The sand bed thickness was derived from the gray-scale light 

intensity, based on the calibration shown in appendix A 4.2. (d) Sand bed thickness at different 

times during injection at a flow rate of 1.8 ml/sec.  
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Fig. 4-5: Sand settlement [analytical model results]. (a) model geometry cross-section. f: particle 

flux=  𝐯𝑓 ∙ 𝛻𝑐. dz: sand particle vertical displacement during time dt. S: Settling rate. h: fracture 

aperture. (b-d) Concentration of settled sand as a function of radial position, obtained by solving 

equation 4.12 using an Euler forward upwind finite difference discretization scheme, for different 

(b) fracture apertures h, (c) initial sand concentration or volume fraction co and (d) suspension 

volume injected V. 
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Fig. 4-6: Particle-laden flow in anisotropic grooved fractures [experimental results]. This figure 

illustrates results of experiments performed using the large-scale fracture setup with the grooved 

plate. (a) Fluid velocity profile, obtained using particle image velocimetry. θ: Angle from groove 

orientation. Maximum aperture=4.8 mm. (b) Topology of clog formed at the fracture inlet. 

Maximum fracture aperture=3.15 mm.  
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Fig. 4-7: Flow anisotropy in grooved fractures [analytical model results]. (a) Model geometry. We 

assume that the fluid flows parallel and perpendicular to the grooves.  (b) Anisotropy ratio A=qy/qx 

as a function of the ratio of maximum to minimum aperture hmax/hmin. Line: analytical model 

(equation 4.13). Points: Numerical computational fluid dynamics solution. (c) Anisotropy ratio as 

a function of groove thickness ratio a1/a2 (d) Anisotropy ratio as a function of groove frequency 

fg=1/(a1+a2).  
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Fig. 4-8: Clogging in fractures with asperities [experimental results]. The figure illustrates results 

of experiments performed in the large-scale fracture setup, fracture aperture=obstruction 

thickness=5 mm. Particle specific gravity=1.3 (a) A map which shows where particles (brown) 

bridge between asperities. (b) Histogram which illustrates the number of clogged constrictions 

relative to the unclogged constrictions. do: constriction size, d50: median particle size. 
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Fig. 4-9: Particle-laden fluid flow of sand in fractures with asperities [experimental results]. These 

figures illustrate the location where sand particles (gray) settle in fractures with asperities at 

injection flow rates of (a) 0.4 ml/sec and (b) 1.8 ml/sec. In fig 4.9-b, we superimpose the fluid 

velocity field calculated numerically [CFD simulation results]. Fracture aperture=asperity 

thickness=5 mm, particle specific gravity=2.65. 
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Fig. 4-10: Particle-laden flow around asperities - fluid flow field. (a) Velocity quiver plot and 

velocity magnitude around asperities, obtained using particle image velocimetry [experimental 

results]. This figure illustrates results of experiments performed in the large-scale fracture setup 

with asperities (fracture aperture=4.4 mm). (b) Fluid flow around two rows of asperities (inlet 

velocity=0.07 m/s, outlet pressure=0) [CFD simulation results].  
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Fig. 4-11: Particle-laden fluid flow around asperities [DEM-CFD simulation results]: This figure 

illustrates particle-laden flow around asperities at two particle to fluid densities (ρp/ρf=1 and 4.6) 

at different times t. Dense particles experience inertial retardation and accumulate in front of 

asperities.  
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4.7   Tables 

 

Table 4-1: Contact and particle properties in DEM-CFD coupled simulations 

Particle diameter 1 mm 

Particle specific gravity 1 and 4.6 

Particle volume fraction 0.048 

Inter-particle friction 0.35 

Damping ratio 1 

Normal stiffness 500 Pa 

Shear stiffness 875 Pa 

Fluid density 877 kg/m3 

Fluid viscosity 0.065 Pa.s 
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4.8   Appendix A 4.1: DEM-CFD coupled numerical simulations 

DEM-CFD coupled simulations follow the steps below:  

1) Calculate the velocity vf and pressure P of the fluid within the large-scale fracture 

setup by solving the Navier Stokes equation, coupled with the continuity equation, 

using the finite element method: 

Navier Stokes equations: 
𝜕𝐯𝐟

𝜕𝑡
+ (𝐯𝐟 ∙ ∇)𝐯𝐟 = 𝐅𝐛𝐨𝐝𝐲 −

1

𝜌𝑓
∇𝑃 +

𝜇

𝜌𝑓
∇2𝐯𝐟           (𝐴4.1) 

Continuity equation: 𝜌𝑓∇ ∙ 𝐯𝐟 = 0                                                                         (𝐴4.2) 

where ρf is the fluid density, 𝜇 fluid viscosity and Fbody the gravitational (body) 

force. Figure 4.10-b illustrates the simulation domain geometry.  

2) Export the velocity field to the DEM software (PFC 2D v 5, Itasca Consulting 

Group) 

3) Generate particles at random positions  

4) Estimate the position, velocity and rotation of all particles in the simulation domain 

by applying Newtonian mechanics at each time step 

5) Detect inter-particle contacts based on the degree of overlap between particles 

6) Apply the linear-contact model to obtain particle contact forces and displacements  

7) Calculate the relative velocity between the fluid and particle  

8) Estimate the drag force experienced by each particle using equation A4.3 (Rp: 

particle radius) 

𝐅𝐝 = 6𝜋𝜇𝑅𝑝𝐯𝐫𝐞𝐥   (𝐴4.3)           
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We use low stiffness values in simulations to reduce particle recoil upon collisions, 

since the fluid decreases the particle collision intensity.  Figure A-4.1 illustrates a 

flow chart of the DEM-CFD coupled simulations.  
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Fig. A-4.1: Flowchart for DEM-CFD coupled simulations. Nmax: maximum number of particles. 

tmax: maximum simulation time 



111 

 

 

4.9  Appendix A 4.2: Light intensity calibration 

We perform a calibration to estimate the sand bed thickness from the grayscale light 

intensity values in Fig. 4.4. The calibration protocol involves four steps: 

1) Place disks with predetermined thicknesses on the lower plate of the radial-flow 

fracture setup 

2) Fill the center of the disks with sand particles 

3) Take pictures of the sand bed and convert the images to grayscale using MATLAB 

4) Generate a calibration chart between grayscale light intensity ratio Io/I and sand bed 

thickness (Fig. A-4.2) 

 

Fig. A 4.2: Light intensity calibration: Grayscale light intensity ratio Io/I as a function of sand bed 

thickness.  
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4.10   Appendix A 4.3: Particle Image Velocimetry 

This study uses particle image velocimetry to estimate particle trajectories and velocities 

during experiments in the large-scale fracture setup. The computer algorithm, run in 

MATLAB, measures particle velocity and follows the steps below (Kelley and Ouellette, 

2011): 

1) Frame extraction: extract all the frames from the recorded video footage of the 

experiment 

2) Background identification: calculate the mean of each pixel across the different 

frames to generate an image of the background (i.e.: objects that are static 

throughout the experiment)  

3) Particle identification: search for pixels that have a brightness contrast beyond a 

certain threshold, after background removal, to identify the particles in each frame  

4) Particle position prediction: estimate particle velocity between two frames and 

then predict particle position in the next frame by simple kinematics 

5) Particle position matching: identify the particle around the predicted position from 

step 4 

6) Velocity estimation: estimate particle velocity through numerical differentiation of 

particle trajectory. 

See https://web.stanford.edu/~nto/software_tracking.shtml for more details on the 

particle tracking algorithm (Kelley and Ouellette, 2011).  

  

https://web.stanford.edu/~nto/software_tracking.shtml
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4.11   Appendix A 4.4: Anisotropy model derivation 

We first derive an expression for the fluid flow rate along the grooves qy. We assume 

that the fluid flows into nch parallel channels. The total flow rate is: 

𝐪 = ∑ 𝐪𝐢

𝑛𝑐ℎ

𝑖=1

   (𝐴4.3) 

If we assume that Darcy’s law applies for each channel: 

𝐪𝐭 =
𝑘𝑒𝑓𝑓𝐴𝑒𝑓𝑓∆𝑃𝑡

𝜇𝑡𝐿𝑡
= ∑

𝑘𝑖𝐴𝑖∆𝑃𝑖

𝜇𝑖𝐿𝑖

𝑛𝑐ℎ

𝑖=1

   (𝐴4.4) 

where k is permeability and the subscript t denotes total. 

In parallel flow: 

∆𝑃1 = ∆𝑃2 = ⋯ = ∆𝑃𝑖 = ∆𝑃𝑡   (𝐴4.5) 

Thus,  

𝑘𝑒𝑓𝑓𝐴𝑒𝑓𝑓 = ∑ 𝑘𝑖𝐴𝑖

𝑛𝑐ℎ

𝑖=1

   (𝐴4.6) 

Applying equation A4.4 to the geometry in Fig. 4.7-a 

𝑤

𝑎1 + 𝑎2
𝑘1(𝑎1(ℎ1 + ℎ2)) +

𝑤

𝑎1 + 𝑎2
𝑘2(𝑎2 ∗ ℎ1) = 𝑘𝑒𝑓𝑓𝐴𝑒𝑓𝑓   (𝐴4.7) 

We assume that the cubic law applies in each channel: 

𝑘𝑖 =
ℎ𝑖

2

12
   (𝐴4.8) 
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Equation A4.4 becomes: 

𝐪𝐲 =
𝑘𝑒𝑓𝑓𝐴𝑒𝑓𝑓∆𝑃𝑡

𝜇𝑡𝐿𝑡

=

𝑤
𝑎1 + 𝑎2

∆𝑃𝑦 [(
(ℎ1 + ℎ2)2

12 )(𝑎1(ℎ1 + ℎ2)) + (
(ℎ1)2

12
) (𝑎2 ∗ ℎ1))]

𝜇𝐿
   (𝐴4.9) 

The next step is to derive an expression for the flow rate normal to the grooves qx. 

During flow into channels in series:  

𝐪𝟏 = 𝐪𝟐 = ⋯ = 𝐪𝐢 = ⋯ 𝐪𝐧   (𝐴4.10) 

Assuming that Darcy’s law applies in each channel: 

𝑘𝑖ℎ𝑖∆𝑃𝑖

𝑎𝑖
=

𝑘𝑒𝑓𝑓ℎ𝑒𝑓𝑓∆𝑃𝑡

𝑎𝑡
   (𝐴4.11) 

If we solve for ∆𝑃𝑖: 

∆𝑃𝑖 =
𝑘𝑒𝑓𝑓ℎ𝑒𝑓𝑓∆𝑃𝑡𝑎𝑖

𝑎𝑡𝑘𝑖ℎ𝑖
   (𝐴4.12) 

The total pressure difference ∆𝑃𝑡 becomes: 

∆𝑃𝑡 = ∑ ∆𝑃𝑖

𝑛𝑐ℎ

𝑖=1

=
𝑘𝑒𝑓𝑓ℎ𝑒𝑓𝑓

𝑎𝑡
∑

∆𝑃𝑡𝑎𝑖

𝑘𝑖ℎ𝑖

𝑛𝑐ℎ

𝑖=1

   (𝐴4.13) 

Solving for the effective medium permeability 𝑘𝑒𝑓𝑓: 

𝑘𝑒𝑓𝑓 =
∑ 𝑎𝑖

𝑛𝑐ℎ
𝑖=1

ℎ𝑒𝑓𝑓 ∑
𝑎𝑖

𝑘𝑖ℎ𝑖

𝑛
𝑖=1

   (𝐴4.14) 

As a result of the cubic law: 
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𝑘𝑒𝑓𝑓 =
ℎ𝑒𝑓𝑓

2

12
=

∑ 𝑎𝑖
𝑛𝑐ℎ
𝑖=1

ℎ𝑒𝑓𝑓 ∑
12𝑎𝑖

ℎ𝑖
3

𝑛
𝑖=1

   (𝐴4.15) 

We obtain an expression for the effective hydraulic aperture ℎ𝑒𝑓𝑓 

ℎ𝑒𝑓𝑓
3 =

12 ∑ 𝑎𝑖
𝑛
𝑖=1

∑
12𝑎𝑖

ℎ𝑖
3

𝑛
𝑖=1

=
12𝑤

∑
12𝑎𝑖

ℎ𝑖
3

𝑛
𝑖=1

   (𝐴4.16) 

The flow rate normal to the grooves is: 

𝐪𝐱 =
𝑘𝑒𝑓𝑓𝐿ℎ𝑒𝑓𝑓∆𝑃𝑡

𝜇𝑤
=

ℎ𝑒𝑓𝑓
3 𝐿∆𝑃𝑡

12𝜇𝑤
=

12𝑤𝐿∆𝑃𝑡

(∑
12𝑎𝑖

ℎ𝑖
3

𝑛
𝑖=1 )12𝜇𝑤

=
𝐿∆𝑃𝑡

(12𝜇 ∑
𝑎𝑖

ℎ𝑖
3

𝑛
𝑖=1 ) 

   (𝐴4.17) 

The anisotropy ratio A is therefore: 

𝐴 =
𝐪𝐲

𝐪𝐱
=

𝑤
𝑎1 + 𝑎2

[(
(ℎ1 + ℎ2)2

12 )(𝑎1(ℎ1 + ℎ2)) + (
(ℎ1)2

12
) (𝑎2 ∗ ℎ1))∆𝑃𝑦]

𝜇𝐿
𝐿∆𝑃𝑥

(12𝜇 ∑
𝑎𝑖

ℎ𝑖
3

𝑛
𝑖=1 ) 

   (𝐴4.18) 

Assuming that ∆𝑃𝑥 = ∆𝑃𝑦 and w=L 

𝐴 = (𝑓𝑔)
2

[(ℎ1 + ℎ2)2(𝑎1(ℎ1 + ℎ2)) + (ℎ1)2(𝑎2 ∗ ℎ1)] (
𝑎1

(ℎ1 + ℎ2)3
+

𝑎2

ℎ1
3)   (𝐴4.19) 
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  Fluid Flow Control and Clogging in Large-diameter 

Conduits using Magnetorheological Fluids 

5.1   Introduction 

Magnetic fluids are suspensions of ferromagnetic particles in a viscous non-magnetic 

carrier liquid (Zahn, 2001; Bossis et al., 2014). Magnetic fluids include ferrofluids, which 

employ nano-sized particles, and magnetorheological fluids that contain micron-sized 

particles (Bossis et al., 2002; Mørup et al., 2011).  

Magnetic fluids are stimuli-responsive materials that become significantly more 

viscous when exposed to a magnetic field (Odenbach, 2003). The ferromagnetic particles 

attract to external magnets when subjected to field gradients through magnetophoresis 

(Gassner et al., 2009; Cao et al., 2014; Hejazian et al., 2015). This characteristic has many 

applications in the biological sciences including cell separation, medical diagnosis, 

targeted drug delivery, DNA purification and sequencing and protein isolation (Sinha et 

al., 2007; Faraudo et al., 2013). At large volume fractions, the particles aggregate into 

chain-like structures in the presence of a uniform external magnetic field that transform 

the fluid into a gel-like or solid substance (Furst and Gast, 2000; Barrett et al., 2011; de 

Vicente et al., 2011). The fluid rapidly reverts to its original viscosity after removal of the 

magnetic field (Zitha and Wessel, 2002).  

 Novel hydraulic systems employ magnetorheological fluids which enable a 

seamless transition from an electrical control signal to a mechanical response (Guo et al., 

2003). These hydraulic devices are easily tunable, reversible, durable and do not contain 
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moving parts. Magnetorheological hydraulic systems include brakes, dampers and shock 

absorbers in the automotive industry and seismic isolators (Kumar et al., 2019). In 

addition, magnetorheological valves control the pressure drop of fluids that flow through 

dampers in small channels and annuli (Nguyen et al., 2007; Wang et al., 2009; Ku et al., 

2016).    

 Recently, there has been a growing interest in the use of magnetorheological fluids 

in the oil and gas industry. The addition of iron particles to cement slurries during well 

drilling facilitates the detection of residual mud channels (Nair et al., 2017).  In addition, 

drilling fluids that contain iron particles can be used to control the pressure in the wellbore 

remotely and reduce fluid loss into the subsurface (Zitha and Wessel, 2002; Estrada et al., 

2018; Estrada-Giraldo et al., 2019). Most of these studies focus on fluid flow through 

narrow annuli or small flow channels less than 2 mm in diameter and low flow rates.  

Additional complexities arise due to the decrease in the magnetic flux density at 

the channel center as the channel diameter increases. The aim of this study is to investigate 

the feasibility of fluid flow control and clogging using magnetorheological fluids in large 

flow conduits under high flow rates. 

5.2   Underlying physical processes 

A ferromagnetic particle suspended in a magnetorheological fluid experiences 

different forces as the fluid flows between the poles of an electromagnet. The main forces 

include 1) hydrodynamic drag force Fd that resists the particle relative motion with respect 

to the fluid, 2) buoyant weight W, 3) inertial force, 4) magnetophoretic force Fm that 

moves the particle to the magnetic poles, 5) the interparticle magnetic dipole-dipole 
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interaction force Fmd and 6) Brownian forces (Fig. 5.1). These forces scale differently 

with particle size Rp. Brownian forces (𝐅𝐁 ∝ 𝑅𝑝
0.5) are dominant for nano-sized particles 

typically used in ferro-fluids. Hydrodynamic drag forces (𝐅𝐝 ∝ 𝑅𝑝) dominate the motion 

of micron-sized particles employed in magnetorheological fluids. Particle inertia and 

buoyant weight become significant in large particles (𝐖 ∝ 𝑅𝑝
3). Dimensionless ratios that relate 

these forces include (Klingenberg et al., 2007; Sinha et al., 2007; Barrett et al., 2011; Faraudo et 

al., 2013) 

 Mason Number: Mn =
Hydrodynamic drag force

Dipole − dipole interaction force
   (5.1) 

Magnetophoretic number Π1 =
Hydrodynamic drag force

Magnetophoretic force
   (5.2) 

Π2 =
Particle inertial force

Magnetophoretic force
   (5.3) 

Π3 =
Dipole − dipole interaction force

Brownian force
   (5.4) 

Dipole-dipole interactions cause particle aggregation into chain-like structures at 

low Mason numbers. As the Mason number increases beyond 1, the hydrodynamic drag 

forces disrupt chain formation (Bossis et al., 2002). Additionally, the chains can only form 

when the dipole-dipole interactions dominate over Brownian forces when Π3 is larger than 

1, a condition usually satisfied in magnetorheological fluids (de Vicente et al., 2011).  

Magnetophoresis and the resulting particle migration towards the magnet occur at low 

Magnetophoretic Π1 values when the magnetophoretic force is large. Particles with high 

Π2 ratios attempt to maintain their trajectories due to particle inertia and may resist 

magnetophoresis. 
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5.3   Experimental study 

5.3.1   Materials and methods 

We suspend iron particles (supplied from MB fiberglass, particle density ρp=7870 kg/m3, 

particle diameter < 45 μm) in an aqueous bentonite solution (viscosity μ=88 cP) to obtain 

a stable magnetic mud. The mass fraction of iron particles is 0.1 while the mass fraction 

of suspended bentonite is 0.03. The experimental setup (Fig. 5.1-a) consists of a 

transparent polycarbonate circular pipe (internal diameter=15.875 mm, length=945 mm) 

that runs through the poles of an air gap electromagnet (Dexing DXWD 50). The inlet and 

outlet have a smaller diameter (6.35 mm) to reduce the fluid flow rate. The pipe connects 

to a pressure vessel that holds the magnetorheological fluid. An air compressor pressurizes 

the fluid in the vessel to a pre-set level while a pressure control panel ensures a constant-

pressure fluid flow. A Gaussmeter (F.W. Bell Model 5170) measures the magnetic flux 

density B between the poles of the electromagnet.  

 We repeat the test procedure below 21 times at different fluid pressures and 

magnetic field intensities: 1) discharge the magnetorheological fluid into the pressure 

vessel, 2) stir the fluid in the vessel to minimize particle sedimentation, 3) pressurize the 

fluid, 4) open the valve connected to the vessel outlet to initiate fluid flow, 5) turn on the 

electromagnet and 6) monitor the mass of the fluid that discharges into the collection 

container located on top of a scale (OHAUS Valor 7000). The experiment ends either 
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when fluid flow ceases due to clogging or 800 ml of fluid discharges into the collection 

container.  

 

5.3.2   Discharge mass 

Figure 5.2 illustrates the liquid discharge mass as a function of time in a typical experiment 

(ΔP=50 kPa, Magnetic flux density at the center Bcenter=0.57 T). The fluid flows 

uninterrupted through the pipe at a constant flow rate before the application of the 

magnetic field. After the electromagnet is switched on, the flow rate gradually decreases 

as the two poles of the electromagnet attract the iron particles within the fluid. These 

particles then form a solid plug that restricts further fluid flow and eventually clogs the 

pipe. Fluid flow resumes as soon as the magnetic field dissipates (t=53 s).  

 Figure 5.3-a illustrates the liquid discharge mass as a function of time for different 

fluid pressures and magnetic flux densities (Note: the electromagnet is switched on before 

fluid flow starts). The Mason (Mn=drag force / dipole-dipole interaction force) and 

Magnetophoretic (Π1=drag force / magnetophoretic force) numbers increase as the fluid 

pressure increases or magnetic field strength decreases, which hinders chain formation 

and magnetophoresis. Figure 5.3-b illustrates the mass of liquid discharge before clogging 

Mdis for all experiments as a function of the fluid pressure difference normalized by the 

magnetic flux density at the center. Previous research on dry granular flow through 

hoppers reports that the discharge mass before clogging increases exponentially with the 

orifice size normalized by the particle size (Zuriguel, 2014; Thomas and Durian, 2015). 

Inspired by these results, we fit the data with an exponential function of the form: 
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𝑀𝑑𝑖𝑠 = 𝑎𝑚(𝑒𝑏𝑚(∆𝑃 𝐵𝑐𝑒𝑛𝑡𝑒𝑟⁄ ) − 1)   (5.5) 

where am and bm are fitting parameters. The exponential fit indicates that it is theoretically 

possible to clog any fluid flow using magnetorheological fluids. However, the discharged 

mass Mdis increases exponentially at higher Mason Mn and Magnetophoretic Π1 ratios, 

and clogging becomes highly unlikely in these cases.  

 Two out of  21 tests exhibit liquid discharge masses before clogging Mdis that are 

significantly higher than those predicted with Eqn. 5.5 (white circles in Fig. 5.3-b). These 

two experiments display intermittent clogging: the iron particles form an unstable clog 

that reduces the flow rate. However, the unstable clog quickly disintegrates, and the initial 

flow rate restores until the formation of another stable plug. The liquid mass discharge 

before the initial unstable clog follows the overall trend predicted by Eqn. 5.5.  

5.3.3   Plug formation mechanisms 

 To gain further insights into the mechanisms of clog formation, we suspend iron 

particles in a transparent aqueous xanthan gum solution (mass fraction of iron 

particles=0.04). We then place the suspension in a test tube fixed between the poles of the 

electromagnet. Figure 5.4-a illustrates time-lapse images taken during the formation of 

the iron clog under an external magnetic field Bcenter=0.34 T. Clog formation follows the 

steps below (Fig. 5.5): 

1. Iron particles are randomly suspended in the far field away from the electromagnet 

2. Particles migrate towards the electromagnet driven by the magnetophoretic force 

3. Particles aggregate into chain-like structures due to magnetic dipole-dipole 

interactions as they approach the electromagnet 
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4. The chains grow as they attach tip-to-tip 

5. The poles of the electromagnet attract these chains through magnetophoresis.  

Time-lapse images (Fig. 5.4) indicate that the chains do not have the same 

thickness, with some thicknesses larger than the average particle diameter (45 μm). These 

observations suggest that some chains aggregate laterally to form thicker columns. 

Previous research suggests that chains can experience lateral aggregation at high particle 

volume fractions due to topological defects in the initial chain structures. The presence of 

particles with different sizes aggravates these defects. The defects cause local distortions 

in the magnetic field around each chain, which result in lateral aggregation (Furst and 

Gast, 2000; de Vicente et al., 2011).  

Figure 5.4-b illustrates the iron clogs formed at different magnetic flux densities 

(time=150 sec.). As particles migrate towards the magnet, they leave behind depleted 

zones with low particle concentration. The Mason (Mn=drag force / dipole-dipole 

interaction force) number is high when Bcenter=0.01 T and no chains or depleted zones are 

visible at this low magnetic flux density. As the flux density increases, the Mason Mn 

number decreases, and chain formation becomes favorable. In addition, the 

magnetophoretic (Π1=drag force / magnetophoretic force) number decreases and the 

magnetophoretic force causes chains from further away to attract to the electromagnet. 

Thus, the length of the depleted zone increases with time (Fig. 5.4-a) and the magnetic 

flux density (Fig. 5.4-b). These observations extend to the experiments performed under 

the dynamic constant-pressure flow conditions previously discussed.  

5.4   Numerical study 
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5.4.1   Interaction forces 

Newton’s second law relates the hydrodynamic drag force Fd, magnetophoretic force 

Fm, dipole-dipole interaction force Fmd and buoyant weight W to the particle mass 𝑚𝑝 and 

acceleration 𝐚𝐩 (Hejazian et al., 2015):  

𝐅𝐝 + 𝐅𝐦 + 𝐅𝐦𝐝 + 𝐖 = 𝑚𝑝𝐚𝐩    (5.6) 

For a spherical particle flowing under low Reynolds number conditions, the 

hydrodynamic drag force is a function of the particle radius Rp, fluid viscosity μ and 

particle and fluid velocities vp and vf: 

𝐅𝐝 = 6𝜋𝜇𝑅𝑝(𝐯𝐩 − 𝐯𝐟)    (5.7) 

The buoyant weight of the particle depends on the particle and fluid densities ρp and ρf 

𝐖 = (
4

3
) 𝜋𝑅𝑝

3(𝜌𝑝 − 𝜌𝑓)𝐠    (5.8) 

The magnetophoretic force is a function of the particle magnetic moment m and 

the gradient of the magnetic flux density B (Gassner et al., 2009): 

𝐅𝐦 = (𝐦 ∙ 𝛻)𝐁    (5.9) 

The magnetic moment for a superparamagnetic particle, accounting for the 

demagnetization field that develops within the particle, depends on the magnetic 

susceptibility χp, the intensity of the applied magnetic field Ha and the volume of the 

particle Vp 

𝐦 = 𝐇𝐚𝑉𝑝

3𝜒𝑝

𝜒𝑝 + 3
   (5.10) 
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The magnetophoretic force is thus (Sinha et al., 2007; Cao et al., 2014; Hejazian et al., 

2015): 

𝐅𝐦 = [(
4

3
𝜋𝑅𝑝

3)
3𝜒𝑝

𝜒𝑝 + 3
𝐇𝐚 ∙ ∇ ] 𝐁  (5.11) 

The particle also experiences magnetic dipole-dipole interactions with other 

particles. It is possible to resolve this interaction into two forces: Fr that acts along the 

line joining the particle centers and causes either attraction or repulsion while Fθ orients 

the particle in the direction of the applied magnetic field (Cao et al., 2014):  

𝐅𝐫 =
3𝜇𝑜𝑠𝐦𝟏𝐦𝟐(1 − 3 cos2𝜃𝑚)

4𝜋𝑟12
4     (5.12) 

𝐅𝛉 =
3𝜇𝑜𝑠𝐦𝟏𝐦𝟐(2 cos 𝜃𝑚 sin𝜃𝑚)

4𝜋𝑟12
4     (5.13) 

where μos is the permeability of free space, θm the angle between the line joining the two 

superparamagnetic particles and the magnetic field orientation and r12 is the distance 

between both particles (Fig. 5.1-b). Two particles attract when θm < 54.7°. 

 The dipole-dipole interaction forces cause particles to align into chain-like 

structures. We simulate particle-particle interactions by considering the dipole-dipole 

interaction forces and Newtonian mechanics (Eqns. 5.6, 5.12 and 5.13) to illustrate the 

mechanisms of chain formation observed in Fig. 5.4. We fix a particle at the center of the 

domain and place test particles at different positions around the stationary particle 

(ρp=7870 kg/m3, χp=3999, Rp=22.5 μm). The MATLAB code then estimates the trajectory 

of each moving particle in the pair by solving Newton’s second law, including Eqns. 5.12 

and 5.13 as it interacts with the stationary particle in a uniform magnetic field (Ha=1*105 
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A/m). This simulation ignores particle-fluid interactions and assumes that the particles are 

quasi-buoyant (ρp=ρf). 

Figure 5.6 shows four quadrants around the stationary particle where attraction or 

repulsion forces dominate and illustrates typical particle trajectories within each quadrant. 

Particles that initially lie within the attraction quadrants will move towards the stationary 

particle to form a chain. Conversely, particles initially in the repulsion quadrants will 

move away from the stationary particle.  

5.4.2   Magnetophoretic force 

Numerical simulations using the finite element method complement the experimental 

study. We use COMSOL Multiphysics (V 4.3a) to estimate the magnetic flux density 

between the poles of the electromagnet. For simplicity, we replace the electromagnet by 

two cylindrical mutually attracting permanent magnets (simulation geometry shown in 

Fig. 5.7-a). We choose the magnetization that generates a magnetic flux density between 

the magnets that matches the Gaussmeter reading between the poles of the electromagnet 

from the experiments. During the 3D simulation, the software solves the equations below 

using the finite element method: 

∇ ∙ (𝜇𝑜𝑠𝜇𝑟𝐇) = 0   (5.14) 

𝐇 = −∇𝑉𝑚 + 𝐇𝐛   (𝟓. 15) 

𝐁 = 𝜇𝑜𝑠(𝐇 + 𝐌)   (5.16) 

where μr is the relative permeability, Vm the magnetic scalar potential, Hb the background 

magnetic field and M is the magnetization.  
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We then use the magnetic flux density and Eqn. 5.11 to estimate the y-component 

(normal to flow) of the magnetophoretic force experienced by spherical test particles at 

different locations between the magnets (Fig. 5.7-a). For simplicity, let’s assume that the 

test particles have a constant relative permeability (μr=4000). Results show that the 

magnetophoretic force is highest near the edges of the poles and decreases towards the 

center away from the magnets. Figure 5.7 also illustrates the direction of the magnetic flux 

density vectors. The shape of the iron clog observed in the experiments (Fig. 5.4) 

resembles the contours of the magnetophoretic force calculated numerically. In other 

words, the iron clog forms in areas where particles experience high magnetophoretic 

forces.  

 The magnetic flux density, and hence the magnetophoretic force, evolves as chains 

accumulate around the poles of the electromagnet. Figure 5.7-b illustrates the 

magnetophoretic force profile after the attachment of iron columns (thickness=0.4 mm) 

to the magnets. Figure 5.7-c compares the magnetophoretic force with and without the 

columns along sections A and B. Each iron column acts like a small bar magnet that causes 

an increase in the magnetophoretic force around its poles. Thus, the chain-like structures 

assist with iron clog formation by capturing other particles or chains.   

 

5.5   Analyses and discussion 

Further analyses investigate the effect of fluid velocity and particle size on particle capture 

with magnetophoresis. We adopt the calculated magnetophoretic force without chains to 

estimate the trajectories of spherical particles (Rp=22.5 μm) that flow within a Newtonian 
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fluid (μ=50 cP) between the two poles of the electromagnet. The simulation employs 

Newtonian mechanics (Eqn. 5.6) to estimate the particle trajectory, while accounting for 

the magnetophoretic (Eqn. 5.11), hydrodynamic (Eqn. 5.7) and inertial forces. We 

assume: 1) no-slip boundary conditions at the pipe walls, 2) the fluid susceptibility is χf=0, 

3) the particles are neutrally buoyant, W=0 and 4) particle-particle interactions are 

negligible. The MATLAB code solves the kinematic equations using a forward finite 

difference approximation for the x and y components of force, acceleration and 

displacement: 

𝐅𝐭 = 𝐅𝐦 − 6𝜋𝜇𝑅𝑝(𝐯𝐩 − 𝐯𝐟) = 𝑚𝑝𝐱�̈�   (5.17) 

Figure 5.8 illustrates the trajectories of particles with different initial positions at 

two fluid velocities and four particle sizes. The Magnetophoretic Π1 ratio varies within the 

conduit due to the changes in flow velocity and magnetic field strength. Particles near the 

poles of the electromagnet can be easily captured due to the strong magnetophoretic force, 

the weak hydrodynamic drag force that results from the parabolic fluid velocity profile 

and the short travel distance required prior to capture. Conversely, particles at the center 

and further way from the electromagnet will avoid capture (Fig. 5.8-a). Higher fluid 

velocities at the center result in higher Magnetophoretic Π1 numbers. Particles need to 

spend a minimum amount of time tmin between the poles of the electromagnet for capture 

to occur. However, the actual time the particle spends between the poles decreases and 

can drop below tmin at high fluid velocities close to the center of the flow conduit. 

We repeat these simulations at eight different fluid velocities and maintain the 

same magnetic field intensity, to estimate the capture domain hc, defined as the distance 
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from the magnet to the streamline of the farthest particle that can be captured (see inset of 

Fig. 5.9). The magnet cannot catch particles with initial positions outside the capture 

domain. Figure 5.9 illustrates that the capture domain decreases as the centerline fluid 

velocity vf, and hence the Magnetophoretic Π1 ratio, increases. A truncated power law 

provides a good fit to the data: 

ℎ𝑐 = {
𝑅, 𝑣𝑓 < 𝑣𝑓 𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙

𝛼𝑐𝑣𝑓
−𝛽𝑐 , 𝑣𝑓 ≥ 𝑣𝑓 𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙

   (5.18) 

where R is the radius of the conduit, vf,critical is the minimum centerline fluid velocity 

necessary to maintain fluid flow and αc and βc are fitting parameters. The capture domain 

is greater than zero at high fluid velocities due to the no-slip boundary condition: particles 

adjacent to the pipe walls experience negligible drag forces (small Π1 ratio) and will 

always be captured.  

Particle size leads to competing effects (Fig. 5.8). Particle size affects the 

magnetophoretic (Fm α Rp
3), hydrodynamic drag  (Fd α Rp) and inertial (mpap α Rp

3) forces. 

In other words, the particle radius influences the Π1 and Π2 numbers. The hydrodynamic 

drag force is dominant at small particle radii and causes the particles to resist 

magnetophoresis. As the particle radius increases, the magnetophoretic force becomes 

more significant and moves the particles towards the magnet. The effect of the inertial 

force is small in the size range considered in Fig. 5.8-c (15 μm < Rp < 40 μm). 

5.6   Conclusions 

This study investigates fluid flow control and clogging using magnetorheological fluids. 

Salient conclusions from this study follow: 
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• Iron particles in the magnetorheological fluid aggregate into chain-like structures due 

to dipole-dipole interactions, and are attracted to the poles of the electromagnet due to 

the magnetophoretic force.  

• The formation of the chain-like structure changes the magnetic flux density field and 

assists in further particle or chain capture. Eventually, chains form a reversible iron 

clog that can stop fluid flow. 

• Factors that influence particle capture and clogging include fluid velocity, magnetic 

field intensity and particle size and magnetic permeability. The discharge mass before 

clogging increases exponentially as the pressure difference increases and the magnetic 

flux density decreases.  

• Large particles are easier to capture because they experience stronger magnetophoretic 

forces compared to smaller particles. 
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5.7   Figures 

 

Fig. 5-1: Experimental setup: (a) The experimental setup consists of a transparent polycarbonate 

pipe (diameter=15.875 mm, length=945 mm) that runs between the poles of an air-gap 

electromagnet. The magnetorheological fluid flows through the pipe under constant pressure 

conditions and exits into a collection container placed on top of a scale (not shown). The inlet and 

outlets (not shown) have smaller diameters than the pipe (6.35 mm) to reduce the fluid flow rate. 

(b) Forces experienced by a particle in the fluid. The forces include the magnetophoretic force Fm, 

the hydrodynamic drag forces Fd,x and Fd,y and the interparticle dipole-dipole interaction forces Fr 

and Fθ.. θm is the angle between the line joining the center of both particles and the orientation of 

the external magnetic field.  
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Fig. 5-2: Fluid discharge mass as a function of time [typical experimental results]. Initially, the 

fluid flows uninterrupted when the electromagnet is off. When the electromagnet is on, the iron 

particles attract to the poles and form a solid plug that restricts fluid flow through the pipe. Flow 

resumes once the magnetic field dissipates (ΔP= 50 kPa, Bcenter= 0.565 T). 
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Fig. 5-3: Discharge mass at different fluid pressures ∆𝑃 and magnetic flux densities [experimental 

results]. (a) Fluid discharge mass as a function of time. (b) Fluid discharge mass before clogging 

Mdis as a function of the pressure difference normalized with the magnetic flux density at the center 

Bcenter. We fit the data with an exponential function of the form Mdis=19.02(e0.022(ΔP/Bcenter))-1).The 

white points indicate the discharge mass before the final stable clog that forms during intermittent 

clogging. 

 

 



137 

 

 

 

Fig. 5-4: Plug formation mechanism [experimental results]: The figure illustrates the iron plug 

that forms between the poles of the electromagnet at different (a) times t (Bcenter=0.34 T) and (b) 

magnetic flux density at the center Bcenter (t=150 s). The reported B values are the magnetic flux 

density at the center between the poles of the electromagnet. 
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Fig. 5-5: Plug formation mechanism [physical model]. The iron particles (black) are randomly 

dispersed in the fluid far from the electromagnet. Particles closer to the magnet experience dipole-

dipole interactions with other particles and aggregate into chains. These chains further aggregate 

together and migrate towards the poles of the electromagnet as a result of the magnetophoretic 

force. Arrows indicate the magnetic flux density vectors, estimated numerically using finite-

element simulations. The size of the arrow represents the magnitude of the magnetic flux density 

in a logarithmic scale. 
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Fig. 5-6: Particle dipole-dipole interactions [numerical simulation results]: This figure illustrates 

particle dipole-dipole interactions in a uniform magnetic field H (arrow represents direction of 

magnetic field). A particle (blue) is fixed at the center and test particles can move freely from 

different initial positions around it. The simulations estimate the particle trajectories using 

Newtonian mechanics and equations 5.12 and 5.13. Particles with initial positions in the attraction 

zone will move towards the central particle, while particles initially in the repulsion zones will 

move away. This motion results in chain formation. Insets show typical particle trajectories. 
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Fig. 5-7: Magnetophoretic force [finite element simulation results]: This figure illustrates the 

logarithm of the magnetophoretic force experienced by test particles located at different positions 

between the poles of the electromagnet (a) before and (b) after chain formation. (c): The magnitude 

of the magnetophoretic force along the lines in figures a and b. 
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Fig. 5-8: Particle trajectory in response to the magnetophoretic force [numerical simulation 

results]. This figure illustrates the particle trajectory at (a) centerline fluid velocity vf=1.0 m/s with 

a particle radius of Rp=22.5 μm, (b) vf=8.0 m/s, Rp=22.5 μm and (c) different particle radii (vf=1.0 

m/s). 
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Fig. 5-9: Particle capture as a result of the magnetophoretic force [numerical simulation results]. 

This figure illustrates the capture domain hc, normalized with the conduit radius R, as a function 

of the centerline fluid velocity vf. The inset illustrates the definition of the capture domain hc, 

which is the distance from the magnet to the streamline of the farthest particle that can be captured. 

The inset is from a simulation with a centerline fluid velocity of vf= 2 m/s. 
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  Self-assembly of Two-component Magnetic Macro-scale 

Particles in Suspension 

6.1   Introduction 

Self-assembly refers to the spontaneous organization of discrete objects into ordered 

structures without external intervention (Whitesides and Boncheva, 2002; Whitelam, 

2014). The assembly process proceeds until the components form an equilibrium structure 

that minimizes the free energy of the system (O'Mahony et al., 2011). Self-assembly is 

ubiquitous at all scales in nature. Examples include the arrangement of molecules into 

crystals (Vekilov, 2002), the aggregation of amphiphilic molecules into micelles or lipids 

(Bergstrom, 2011) and the assembly of proteins into viral capsids (Perlmutter and Hagan, 

2015; Garmann et al., 2019) or functional nanoparticles (Grzelczak et al., 2010).  

The ingredients that define self-assembly systems include the elemental 

components, their interactions, the environment and energy sources to sustain motions 

that lead to self-assembly (Whitesides and Boncheva, 2002; Whitesides and Grzybowski, 

2002). The elemental components can be molecules (Vekilov, 2002; Zhang, 2003), DNA 

tiles (Whitelam, 2014; Jacobs et al., 2015a; Jacobs et al., 2015b), PDMS plates (Choi et 

al., 1999; Bowden et al., 2001), and 3D-printed tiles (Hacohen et al., 2015). The 

components can interact through hydrogen bonds and Van der Waals attraction at the 

molecular scale (Zhang, 2003), capillarity (Choi et al., 1999; Gracias et al., 2000; 

Whitesides and Grzybowski, 2002), and magnetic forces (Golosovsky et al., 1999; Love 

et al., 2003; Ilievski et al., 2011; Ipparthi et al., 2017; Hageman et al., 2018; Löthman et 

al., 2019; Abelmann et al., 2020). The environment includes the bulk fluid (Love et al., 
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2003) and interfaces or geometric boundaries (Bowden et al., 2001; Grzelczak et al., 

2010). The energy necessary for particle motion can be mechanical (Ilievski et al., 2011; 

Ipparthi et al., 2017; Löthman et al., 2019), or heat (Hacohen et al., 2015).  

Macro-scale self-assembly can become a manufacturing technique for objects in 

the range of a few millimeters to centimeters that are inaccessible to robotic arms 

(Whitesides and Boncheva, 2002; Hacohen et al., 2015). Previous research developed 

three-dimensional micro-electronic devices using capillary-driven self-assembly of 

polyhedral particles (Gracias et al., 2000) and magnetic self-assembly of planar sheets 

(Boncheva et al., 2005). More ambitious ideas involve self-assembling buildings in 

microgravity environments such as low-Earth orbit (Ekblaw et al., 2019). Yet, long 

formation times and low product yields limit the applicability of self-assembly processes 

for manufacturing purposes (Whitelam, 2014). Still, macro-scale self-assembly can serve 

as an analogue for processes difficult to observe at the micro-scale such as virus capsid 

formation (Olson et al., 2007; Olson, 2015).  

Macro-scale self-assembly can also have applications in hydrocarbon recovery. 

Granular particles suspended in drilling fluids are used to seal fractures to prevent fluid 

leakage into the subsurface. However, the suspended particles are typically smaller than 

0.6 mm to avoid damage to injection pumps. Thus, they cannot seal fractures with 

apertures greater than 5 mm (Lavrov, 2016). One potential application of macro-scale self-

assembly is to inject particles that self-assemble into larger structures as they flow down 

the wellbore. The assembled structures can then seal large-aperture fractures. 

 Most of the work on self-assembly has focused on microscale and nanoscale 

systems controlled by hydrogen bonding, Van der Waals attraction and Brownian motion. 



147 

 

 

Very few studies investigate the self-assembly of centimeter-size particles, where gravity, 

inertia and hydrodynamic interactions prevail. This study focuses on the magnetic self-

assembly of large particles and seeks to understand fundamental concepts that apply to 

self-assembly at all scales, such as assembly kinetics and the role of confinement.   

 

6.2   Underlying physical processes 

The self-assembly of magnetic particles suspended in a carrier fluid involves 

hydrodynamic drag, magnetic dipole-dipole interactions, buoyancy and inertia. The 

dimensionless Mason number captures the interplay between drag and dipole interactions 

(Bossis et al., 2002; de Vicente et al., 2011): 

Mason number: Mn =
Hydrodynamic drag force

Magnetic dipole − dipole interaction force
           (6.1) 

Particles self-assemble at low Mason numbers. As the Mason number increases, the 

hydrodynamic drag force dominates over the dipole-dipole interaction force, which 

hinders self-assembly and might even break assembled structures. One relevant example 

is the self-assembly of ferro-magnetic particles into chain-like structures in the presence 

of a uniform magnetic field at low Mn numbers (Cao et al., 2014; Ku et al., 2016) – see 

chapter 5. 

Self-assembly is a collision-limited reaction: the components will only bond if 

they collide. Thus, the product yield, which reflects the probability of successful self-

assembly, is a function of the collision and bonding probabilities (Ipparthi et al., 2017). 

Graph theory has been adopted to evaluate product yield (Jacobs et al., 2015b; Jacobs et 
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al., 2015a), while thermodynamics predicts the spontaneity of the process (Vekilov, 2002; 

Bergstrom, 2011; O'Mahony et al., 2011; Perlmutter and Hagan, 2015).  

Kinetic traps are intermediate states with local energy minima where components 

can lock and hinder the evolution towards the most stable target configuration (Hacohen 

et al., 2015; Ipparthi et al., 2017). Reversible bonds may help to overcome kinetic traps 

and correct errors during assembly (Whitesides and Boncheva, 2002; Whitesides and 

Grzybowski, 2002; Olson, 2015). Templates and geometrical constraints can guide self-

assembly and improve yield (Whitesides and Boncheva, 2002; Grzelczak et al., 2010). 

One example of templated self-assembly in nature is the nucleation of crystals and 

hydrates in a cold environment (Dai et al., 2014). At low temperatures, the solvent 

molecules are well-ordered and act as a template that guides self-assembly, which then 

accelerates nucleation (Skovborg et al., 1993). Templates such as carbon nanotubes and 

block copolymers can serve as scaffolds to direct self-assembly and improve yield during 

the synthesis of engineered nanoparticles (Grzelczak et al., 2010).  

Multi-component building blocks can form a wide range of complex structures 

and improve product yield by allowing different types of particle-particle interactions. 

Binding energy polydispersity ensures that the target bonds are stronger than incidental 

interactions that can result in kinetic traps (Whitelam, 2014). In addition, it is easier to 

control the properties of structures assembled from multiple components (Draper et al., 

2015; Okesola and Mata, 2018). One classical example is the self-assembly of DNA from 

thousands of distinct elements (Jacobs et al., 2015a; Jacobs et al., 2015b). Another 

example is the self-assembly of proteins and peptides to form supramolecular functional 

structures (Okesola and Mata, 2018).  
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6.3   Experimental method 

Experiments use 3D-printed plastic particles of different shapes: rods, tripods, circular 

quadrants and elbows (Fig. 6.1-b shows a rod and a tripod, Fig. 6.2 shows other particles). 

Small disc-shaped Ni-Cu plated Neodymium magnets (diameter=1.6 mm, thickness=0.8 

mm, pull=379 grams) are fixed to both ends of each particle. We selectively assign the 

magnetic-polarity either North (N) or South (S) to the bonding terminals to ensure that 

only elements from different groups can interact (Fig. 6.1-b). For example, a tripod has 

three exposed N-poles while a rod has two exposed S-poles. Therefore, suspensions of 

individual components are stable and self-assembly will only occur after mixing the two 

components. Although a rod can attract another rod due to an incidental interaction 

between the exposed S-pole in one rod and the hidden N-pole from the other, these 

incidental bonds are much weaker than the target rod-tripod N-S bonds.  

Particles are suspended in a glycerol-water mixture (26% by volume glycerol, 

density=1.04 g/ml, viscosity=2 cP) that fills the bubble-column reactor 

(Length=Width=188 mm, Fig. 6.1-a). Compressed air enters the bottom of the column 

through nine evenly-spaced needles. A high-resolution flow-meter (Brooks Instruments 

1250-55 series flow-meter) continuously monitors the air flow rate while a video camera 

(SONY HVR Z5 series) records the assembly process. The test protocol consists of four 

steps: 1) fill the column with the viscous fluid, 2) start air injection, 3) release the first 

group of particles into the fluid and 4) discharge the second group. Another small bubble 

column reactor (diameter=95 mm) facilitates the study of self-assembly in confined 

environments. 
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6.4   Results and analyses 

6.4.1   Two-component vs. one-component system  

We adopt a two-component system in this study. Let’s compare the efficiency of one and 

two-component self-assembly systems. Four identical elements make up the one-

component system, each with N-S binding terminals (elements shown in Fig. 6.2-a). The 

two-component system contains two N-N elements and two S-S elements (Fig. 6.2-b), 

where each N-N element can only assemble with a S-S element. We monitor the elements 

and their interactions in the bubble column reactor without any external intervention. 

Experimental results confirm that the two-component system assembles faster than the 

one-component system (one-component: t*=20 min and two-component: t*=10.2 min. 

Average time 𝑡̅ is obtained from 15 trials, all other experimental conditions are identical).  

Let’s consider the assembly of one and two-component circles made of two 

elements as an example that can explain these experimental results (Fig. 6.3). In the one-

component system, a magnetic pole from one element can bind to only one terminal in the 

other element. There are more degrees of freedom in the two-component system, where a 

pole can bind to two terminals in the other element. The same analysis extends to circles 

formed of any even number of dipolar elements. In addition, multi-component systems 

can form more complex structures unobtainable with one-component systems – Fig. 6.2 

(Jacobs et al., 2015a; Jacobs et al., 2015b; Okesola and Mata, 2018). Two-component 

systems also allow precise control on the initiation of self-assembly, which can only start 

after mixing the two components.  

6.4.2   Target structures 
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We discharge the different 2D and 3D elements (shown at the top of each cell of Fig. 6.2) 

into the small bubble column reactor and monitor the assembly process for ten hours or 

until a stable target structure forms. We repeat the experiments for each target structure 

for ten times. Figure 6.2 lists the complex 2D and 3D structures successfully formed with 

the two-component self-assembly system. Figure 6.4 illustrates snapshots taken at 

different times during the self-assembly of 8 tripods and 12 rods into a cube. The elements 

can also simultaneously form multiple target structures (for example the two circles and 

triangles in Fig. 6.2-e and 6.2-f), which saves time and improves process efficiency. The 

number of bonds in the target structure describes its complexity. Figure 6.5-a shows that 

the formation time increases with the number of bonds due to the increase in the number 

of intermediate structures the elements can sample before they reach the target.  

The elements sometimes fail to self-assemble to the target structure within the 

observation time due to the formation of kinetic traps. We define the product yield as the 

ratio of the number of trials that result in successful error-free structures within 10 hours 

to the total number of trials. The yield is 100% for the 2D shapes (circles, triangles and 

squares) but decreases for the 3D shapes (tetrahedra and cubes)-Fig. 6.5-b.  

Incorrect base structures (triangle for the tetrahedra, square for the cubes) are 

responsible for the low yield in 3D shapes. Figure 6.6-a shows three equally stable closed 

base structures formed by tripod and rod elements during cube assembly. The probability 

of formation of the correct base structure that leads to the successful assembly of the cube 

– Structure 3 – is only 12.5%. It is difficult to disassemble the incorrect base structures, 

and the elements lock in a kinetic trap. The yield significantly improves from 0.2 to 0.8 

by introducing the correct pre-assembled template at the beginning of experiments (Fig. 
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6.6-b and c, yields are calculated based on 10 trials). The addition of the template prevents 

the formation of some unwanted intermediate structures. 

6.4.3   Assembly kinetics 

The assembly rate of elements is critical to the applications of self-assembly. We explore 

the assembly kinetics of 20 elements (8 tripods and 12 rods) in the large bubble column 

reactor. We subject the system to different air injection rates, to cause different average 

particle velocities. The experiments at each air injection rate are repeated three times.  

Results show that the number of bonds formed increases with time until it 

asymptotes to the maximum number of N-S bonds that can be formed nbt=19 (Fig. 6.7). 

A saturation curve adequately describes the increase in number of bonds in the system: 

𝑛𝑏 =
𝑛𝑏𝑡

1 +
𝑡0

𝑡

                                                                           (6.2) 

where t is time and t0 is a characteristic time that represents the duration required to form 

nbt/2 bonds. The characteristic time t0 decreases to a minimum at 3.7 l/min when the air 

injection rate changes from 2.6 l/min to 9.7 l/min. Results show that an optimum agitation 

energy maximizes the assembly rate. 

 Let’s consider the interaction between two elements A and B. The particle 

interaction frequency Zp-p between A and B depends on the collision frequency βs and the 

effective cross-sectional area σc that quantifies the likelihood of a bonding event (which 

indicates bonding probability): 

𝑍𝑝−𝑝 = 𝛽𝑠𝜎𝑐                                                                          (6.3) 
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The collision frequency βc depends on the number concentration of the particles nA and 

nB and the average particle velocity vp* (Kolasinski, 2016): 

𝛽𝑠 = 𝑛𝐴𝑛𝐵𝑣𝑝
∗      (6.4) 

In our system, a particle experiences a magnetic dipole-dipole interaction force 

(Fmd α 1/rA-B
4) from other particles and hydrodynamic drag force from the fluid  (Fd α 

(vp*-vf)2). Therefore, the effective interaction cross-section σc is the area around a 

magnetic pole where the magnetic force dominates over the drag force:  

𝜎𝑐 = 𝜋(𝑟𝐴−𝐵)2 = 𝜋 (
𝑐𝑠

𝑣𝑝
∗ − 𝑣𝑓

)    (6.5) 

where cs is a constant that accounts for the magnetic moments and drag coefficient, vf is 

fluid velocity and rA-B is the separation distance between both magnets when the magnetic 

force equals the hydrodynamic drag force.  

An increase in the average particle velocity vp* increases the collision frequency 

βs and destroys any incidental interactions that can form between the elements. 

Conversely, the interaction cross-section, and hence the bonding probability, decreases 

with particle velocity. Beyond a certain threshold particle velocity, the Mason number 

increases to the point that hydrodynamic drag forces disrupt self-assembly.  

These results resemble the effect of agitation energy on the nucleation rate of 

crystals and hydrates. High agitation energy increases the nucleation rate due to a higher 

diffusion rate and collision frequency. However, the nucleation rate decreases when the 

agitation energy exceeds a certain threshold as a result of frequent collisions between 

crystals (Mullin and Raven, 1962; Nappo et al., 2018). As another example, an increase 
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in temperature improves the assembly rate of ionic tetrapeptides until a certain threshold, 

beyond which the particles disassemble (Tiné et al., 2011).  

6.4.4   The effect of confinement (Boundaries) 

The complex geometrical structures in Fig. 6.2 only formed in the small reactor whereas 

the self-assembly that takes place in the large reactor results in long open chains. We 

compare the evolution of magnetic potential of 8 tripods and 12 rods during assembly in 

the small and large reactors to reveal the effect of confinement. The magnetic potential of 

the elements in the large (under-confined) reactor decreases monotonically and 

asymptotes to a kinetic trap (Fig. 6.8-a, inset shows an example of an assembled structure 

in a kinetic trap). In the small (well-confined) reactor, the elements build different 

intermediate structures, continuously recover from kinetic traps, and eventually form the 

most stable target structure (Fig. 6.8-b), as evidenced by the local extrema which start 

from 1000 s. These results hint that confinement plays an important role in the outcome 

of self-assembly. 

We test the effect of confinement quantitatively by varying the confinement factor 

(CF) which is defined as the ratio of the target structure’s characteristic size (triangle side 

length) to the diameter of the reactor. Figure 6.9 shows the formation time and yield of 

the self-assembly of triangles with a range of confinement factors.  

The results suggest that an optimum confinement factor minimizes formation time 

and maximizes yield. An under-confined reactor results in low collision frequencies, 

which prolongs self-assembly. The yield improves as the confinement factor increases. 

An element in a partial structure that collides with the walls of the reactor experiences the 
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magnetic dipole interaction force from other elements, the fluid drag force and the contact 

force from the wall. If the drag and contact forces exceed the magnetic dipole interaction 

force, a partial structure can disassemble. This disassembly can be beneficial as it allows 

the elements to recover from kinetic traps and trial different intermediate structures. 

However, an over-confined reactor may lead to strong and frequent structure-wall 

collisions that result in the continuous fragmentation of any formed structure and prolong 

the formation time.  

Boundaries also limit the number of possible pathways the elements can follow to 

assemble the final structure. To illustrate this point further, we construct all the possible 

final structures that 8 tripods and 12 rods can form in an unconfined environment using 

graph theory - see Appendix A 6.1 for details (Wilson, 1996; Iglin, 2011; McKay and 

Piperno, 2013; Jacobs et al., 2015a; Jacobs et al., 2015b). For each structure, the algorithm 

estimates the shortest path along the edges to travel from one node to another (Fig. 6.10-

a). Figure 6.10-b illustrates the cumulative distribution function of the sizes of the possible 

final structures, measured in terms of the maximum shortest distance to travel between 

nodes. More than 70% of these structures (65 out of 87 possible structures), which are 

larger than the reactor size, cannot form in a confined environment. Thus, the probability 

of successful target structure formation increases.  

Previous research also reports that confinement aids the self-assembly of lipid 

vesicles at the molecular scale (Lopez-Fontal et al., 2018) and 3D printed particles at the 

macroscale (Hacohen et al., 2015; Abelmann et al., 2020). Confinement helps the 

elements overcome kinetic traps, increases the particle interaction frequency and limits 

the total number of assembly pathways.  
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The shape of the confinement also strongly influences the morphology of the 

assembled structure. Previous research reports that cubic nanoparticles self-assemble into 

cubic superlattices in under-confined systems (Nagaoka et al., 2017) and into spherical 

structures in confining emulsion droplets (Wang et al., 2018). Certain types of diblock 

copolymers assemble into thin films when confined between parallel plates and into 

cylinders in under-confined systems and confined pores with square and triangular cross-

sections. In cylindrical pores with circular cross-sections, the structural frustration that 

arises from pore-wall curvatures causes the polymers to bend into helices and stacked 

toroids (Shi and Li, 2013).  

6.5   Conclusions 

This study explores macro-scale self-assembly with a two-component system, where only 

elements that belong to different groups can assemble (N-N and S-S). Salient conclusions 

follow:  

• Long formation times, low yield and kinetic traps hinder macro-scale self-assembly. 

• Two-component macro-scale self-assembly enables the formation of complex 

structures and adds control to process initiation and evolution. 

• There is an optimum kinetic energy level that favors bond formation. Low kinetic 

energy results in a small collision frequency. At higher kinetic energies, the drag force 

and frequent wall collisions disrupt self-assembly. 

• Pre-assembled initiation templates improve yield by preventing the formation of 

incorrect stable structures that result in kinetic traps. 
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• Boundaries improve yield by increasing the particle interaction frequency, limiting 

reaction pathways (i.e., unwanted configurations) and helping elements overcome 

kinetic traps through particle-wall collisions. 

6.6   Figures 

 

Fig. 6-1: Experimental setup. (a) Large bubble column reactor. (b) Typical elements: rod and 

tripod. Small disc-shaped magnets are affixed to both ends of each element. Brown and green 

magnets have different polarities. The magnetic pole facing the element is the hidden pole, while 

the other is the exposed pole. (c) Two possible assembled structures.  
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Fig. 6-2: Summary of target structures successfully formed in this study [experimental results]. 
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Fig. 6-3: Assembly of one-component and two-component circles. A magnetic pole in the one-

component system can only bond to one binding terminal in the other element (possible bond 

shown as a gray dashed line). In the two-component system, however, each pole can bond to two 

binding terminals in the other element.  
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Fig. 6-4: Self-assembly of a cube: Snapshots taken during the self-assembly of 8 tripods and 12 

rods into a cube at different times t. Air injection rate=2.0 l/min. 
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Fig. 6-5: Formation time and yield [experimental results]: (a) Formation time as a function of 

number of bonds for the different shapes in the study. For each shape, experiments are repeated a 

minimum of 10 times. The maximum duration for each test is at least 10 hours. The large dark 

markers represent the average formation time. The average formation times for the 3D shapes may 

be underestimated, since the yield is less than 100%. (b) Product yield as a function of the number 

of bonds for the different shapes in the study. The dashed lines represent visual guides to the trend 

[air injection rate=3.7 l/min]. 
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Fig. 6-6: The effect of pre-assembled templates on product yield [experimental results]: (a) Three 

equally stable base structures that can form during the cube assembly. (b) Experiments that begin 

with 8 tripods and 12 rods successfully assemble the cube with a 20% yield (10 trials with a 

maximum duration of 10 hours per test). (c) Experiments that begin with a pre-assembled 

template, 4 tripods and 8 rods assemble the cube with 80% yield (10 trials and a maximum duration 

of 10 hours per test). Air injection rate=2.0 l/min. 
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Fig. 6-7: The effect of kinetic energy on the assembly rate [experimental results]. The air injection 

rate varies from 2.6 l/min to 9.7 l/min. A saturation curve of the form nb=(nbt)/(1+(to/t)) fits the 

data, where to is the characteristic time to form nbt/2 of the bonds. Inset: the characteristic time to 

as a function of the air injection rate. We repeat the experiments at each air injection rate three 

times.  
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Fig. 6-8: Magnetic potential as a function of time [experimental results]: (a) large reactor- 

unconfined condition and (b) small reactor - confined condition (8 tripods and 12 rods). Eo is the 

bond energy of a single magnetic bond. Inset shows an example of recovery from a kinetic trap 

during the final stages of assembly.  
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Fig. 6-9: The effect of confinement on formation time and yield [experimental results]. The size 

of the triangle changes at each confinement factor, defined as the ratio of triangle side length to 

reactor diameter. Yield and formation times are calculated from 10 trials in the small reactor; and 

the maximum duration for each trial is 10 hours. The large blue markers represent the average 

formation time. The average formation times for the under-confined and over-confined conditions 

may be underestimated, as the yield is less than 100%. Dashed lines are visual guides to the trend. 

[air injection rate=3.7 l/min]. 
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Fig. 6-10: Assembly pathways [analytical model results]: (a) The graph for an assembled cube. 

Each node represents a tripod and each edge a rod. The green path is one of the shortest possible 

paths between the two green nodes. (b) Cumulative distribution function of the final structures 

with different maximum shortest distances between nodes. The arrow indicates the maximum 

shortest distance between nodes (= 3) for a cube.  
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6.7   Appendix A 6.1 

A graph consists of sets of nodes and edges which connect these nodes (Wilson, 1996). In 

our model, each tripod is a node and the rods form the edges. It is possible to numerically 

represent a graph through its adjacency matrix. The adjacency matrix is an nm x nm matrix 

that represents the number of edges that connect two nodes (where nm is the total number 

of nodes). The steps to generate all the possible final structures from the assembly of 8 

tripods and 12 rods (Fig. 6.10) follow:  

1) Generate all possible connected simple non-isomorphic graphs with 8 nodes, which 

represent the 8 tripods in our study using the Nauty software package (McKay and 

Piperno, 2013). The software outputs the adjacency matrix for all the graphs (11000 

graphs). 

2) Export the adjacency matrices for all graphs to MATLAB.  

3) Loop through all the graphs and estimate the maximum vertex degree within each 

graph. We select the graphs that contain at most three edges per vertex, as each 

tripod can be connected to a maximum of three rods (192 graphs remain). 

4) Estimate the number of cycles in each graph and count the number of nodes in each 

cycle (Iglin, 2011). We exclude graphs that contain three nodes per cycle, as three 

tripods cannot form a closed loop in our system (87 graphs remain). 

5) Estimate the maximum shortest path between nodes for all acceptable graphs. 

6) Draw a histogram of the maximum shortest path. 
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 Bentonite - cement Hydration within Fractures for Fluid 

Loss Control 

7.1   Introduction 

Drilling muds cool the drill bit, lift and transport cuttings to the surface, maintain sufficient 

pressure in the wellbore to avoid kicks and blowouts, and ensure the mechanical integrity 

of the wellbore. Drilling fluids are typically recycled and re-injected into the well as part 

of the mud circulation system (Abraham, 1933; Sadegh Hassani et al., 2016). A filter cake 

forms against the borehole wall as liquids permeate into the formation and leave behind 

solids. In some cases, both liquids and solids invade the formation and do not return to the 

surface, which results in lost circulation (Feng et al., 2016).  

Conditions that lead to lost circulation include fluid loss into high permeability 

formations (Silent, 1936; Lavrov, 2016), vugs and caverns which are common in 

carbonate rocks (Masi et al., 2011) and pre-existing natural hydraulically conductive 

fracture zones (Lavrov, 2016). Lost circulation occurs in 32% of the wells drilled in the 

Khuff formation in eastern Saudi Arabia (Ameen, 2014) and accounts for 12% of the non-

productive time during drilling in the Gulf of Mexico (Feng and Gray, 2017; Feng and 

Gray, 2018). Associated costs to the drilling industry exceed one billion dollars annually 

as a result of wasted rig time, materials and equipment (Al Menhali et al., 2014; Feng and 

Gray, 2018) and account for up to 10% of the cost of a typical geothermal project in the 

United States (Finger and Blankenship, 2010).  
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Particles added to the drilling mud may help “cure” lost circulation (Ali et al., 1994; 

Boukadi et al., 2004; Sanders et al., 2010; Savari et al., 2014; Kang et al., 2015; Kulkarni 

et al., 2016). Particulate lost circulation materials include wood chips, nutshells, rubber, 

ground marble, graphite, cellulose fibers and mica (White, 1956; Alsaba et al., 2014a; 

Alsaba et al., 2014b). Particles are small (< 5 mm) to avoid settling, segregation and  

damage to pumps (White, 1956). Thus, conventional particulate materials usually fail to 

control losses into large-aperture fractures (greater than 5 mm) (Davidson et al., 2000).  

One mitigation technique sometimes employed in large-aperture fractures involves 

the separate injections of an oil-based bentonite suspension through the drill-pipes and 

water through the annulus. The two fluids mix downhole and set into a viscous plug that 

can seal the fracture (Ryan et al., 2015; Lavrov, 2016; Abdulrazzaq et al., 2017). Cement 

is added to the bentonite-oil suspension to improve the plug strength after hydration 

(Messenger and McNiel, 1952; Kabir, 2001).  

Very few studies have systematically investigated the hydration mechanisms of oil-

based bentonite and bentonite-cement mixtures and the parameters that govern the 

strength of the plug. Therefore, this study aims to advance the understanding of the 

hydration process, explore implications on fluid flow control in fractures, and present new 

results to help optimize engineering practices. This study also explores the complex 

chemical interactions between bentonite, cement and oil during hydration.  

7.2   Underlying physical processes 

Bentonite swells significantly upon contact with water (Gleason et al., 1997). Initially, 

water invades the inter-particle pore spaces of dry bentonite and increases the inter-
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particle distance. Water hydrates the counterions to form the diffuse double layer around 

the clay platelets (Madsen and Müller-Vonmoos, 1989; Santamarina et al., 2001). Due to 

the difference in cation concentration between the inter-particle hydration and the bulk 

water, water migrates into the inter-particle gap by osmosis. The overlap of the diffuse 

double layers causes a repulsive force between the platelets and induces further swelling 

(Langmuir, 1938; Yong and Warkentin, 1975). 

 A larger diffuse double layer results in more pronounced particle repulsion and 

swelling (Madsen and Müller-Vonmoos, 1989). Factors that influence the double layer 

thickness ϑ include temperature T, the ionic strength cio and dielectric constant κ of the 

pore fluid as well as the valence of the exchangeable cations z (Gleason et al., 1997; 

Santamarina et al., 2001; Kolstad et al., 2004): 

𝜗 = √
휀0𝑅𝑐𝜅𝑇

2𝐹𝑐𝑠
2 𝑐𝑖𝑜𝑧2

    (7.1) 

The universal constants are the Faraday’s constant Fcs=9.648*104 C/mol, the permittivity 

in free space ε0=8.85*10-12 F/m and the universal gas constant Rc=8.314 J/(K.mol). 

Sodium bentonite swells more than calcium bentonite, due to the lower valence of sodium 

(Gleason et al., 1997). Bentonite experiences very limited or even no swelling if the pore 

fluid is non-polar as it fails to hydrate the shielding counterions (Sridharan and 

Choudhury, 2008).  

Sodium bentonite experiences significant permeability reductions upon inundation 

with water (Mesri and Olson, 1971). The water near the surfaces of clay particles becomes 

immobile (Ren and Santamarina, 2018), which decreases the effective cross-sectional area 
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available to fluid flow and increases the tortuosity (Gleason et al., 1997; Sridharan and 

Choudhury, 2008). The permeability of bentonite to non-polar fluids such as benzene can 

be five to six orders of magnitude higher than water (Mesri and Olson, 1971).  

Dry cement powder is a mixture of dicalcium silicate, tricalcium silicate, 

tricalcium aluminate and tetra-calcium aluminum ferrite. The early stages of cement 

hydration involve the dissolution of these compounds in water and the formation of 

calcium silicate hydrate (CSH) and calcium aluminum sulfate (ettringite). Cement 

hydration also releases heat, Ca2+ and OH- ions, which increase the ionic concentration 

and alkalinity of the pore fluid (Plee et al., 1990; Fam and Santamarina, 1996; Bullard et 

al., 2011).  

7.3   Materials and methods 

Experiments use Wyoming sodium bentonite and Portland cement supplied by local 

companies in Saudi Arabia. We use heavy mineral oil (viscosity=65 cP, density=877 

kg/m3) to suspend bentonite and cement particles. Three types of tests aim to provide 

insights into the mechanisms of bentonite hydration and swelling during the plugging of 

fractures: (1) linear flow experiments in a graduated cylinder with water on top of the 

bentonite; (2) oedometer cell experiments to measure swelling pressure; and (3) radial 

flow experiments in a parallel plate configuration that mimic the injection of an oil-based 

bentonite suspension into a fracture intersecting a borehole. 

Swelling pressure test set-up: Swelling pressure measurements follow the procedure 

below (schematic in Fig 7.1-a): (1) place the oil-based bentonite suspension in the sample 

holder of an oedometer cell between filter papers affixed to two porous stones, (2) add 
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water to the cell, (3) place the entire cell in a rigid load frame (Wille Geotechnik UL 25) 

and (4) measure the stress exerted by the swelling bentonite against the load cell attached 

to the frame at a constant sample volume (deformation < 0.025 mm). Nuclear magnetic 

resonance (manufactured by Oxford instruments) provides estimates of the fluid content 

present in the sample at the end of the test.  

Radial flow test set-up: The well-fracture geometry setup is designed to test the strength 

of the bentonite plug and consists of two parallel transparent acrylic plates, 400 mm in 

diameter, separated by washers (Fig 7.1-b). Following bentonite hydration, a syringe 

pump (WILLE Geotechnik LT12700/185/CS) injects water at a constant flow rate (80 

ml/min) through the center to achieve an estimate of the maximum differential fluid 

pressure the plug can sustain. A pressure transducer (Omega Engineering) measures the 

injection pressure while a video camera (Sony Alpha 5000) records footage of the 

experiment. Filter papers attached to the fracture plates simulate a permeable rock matrix 

which can surround fractures.  

7.4   Results and Analyses 

7.4.1   Bentonite hydration: linear flow  

We add water on top of an oil-based bentonite suspension in a graduated cylinder and 

monitor the bentonite-water-oil interactions for 24 hours (Fig 7.1-c). Most of the oil 

escapes to the top of the cylinder during hydration while some oil remains trapped within 

the hydrated bentonite layer and forms oil-filled gaps. The reduction in permeability as a 

result of bentonite hydration and the formation of oil-filled gaps severely restrict further 

water invasion. Fig 7.2-b shows that the water invasion depth increases sub-linearly with 
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time (refer to Fig. 7.1-c for definitions of water invasion depth, hydration thickness and 

swelling thickness).  

 Let’s analyze the invasion process. We assume that water invades oil-saturated 

bentonite in a manner comparable to a piston-like displacement in a horizontal 1-D flow 

(Fig. 7.2-a). We further assume that the permeability of water-saturated bentonite kw is 

constant and ignore the volume change that results from bentonite swelling. The capillary 

force that drives the fluid invasion front is:  

𝐅𝐜𝐚𝐩 =
2𝛾𝑜−𝑤 𝑐𝑜𝑠𝜃𝑐  

𝑟𝑝𝑜𝑟𝑒
𝐴𝑐𝑠  (7.2) 

The equivalent radius of the porous medium rpore can be estimated from the void ratio e, 

bentonite specific surface Ss and the bentonite density ρm (Phadnis and Santamarina, 

2011): 

𝑟𝑝𝑜𝑟𝑒 =
𝐺

2

𝑒

𝑆𝑠𝜌𝑚
    (7.3) 

where G is a factor that represents the bentonite structure and fabric. Darcy’s law can be 

used to estimate the resisting viscous forces: 

𝐅𝐯𝐢𝐬 𝐰𝐚𝐭𝐞𝐫 = 𝐴𝑐𝑠 (𝐯𝐰

𝜇𝑤

𝑘𝑤
) 𝑥(𝑡)  (7.4) 

𝐅𝐯𝐢𝐬 𝐨𝐢𝐥 = 𝐴𝑐𝑠 (𝐯𝐨

𝜇𝑜

𝑘𝑜
) ∗ (1 − 𝑥(𝑡))  (7.5) 

where Acs is the cross-sectional area normal to flow, x(t) is the water front position at time 

t (water invasion depth), μw is water viscosity and vw is water velocity. Measurements 



178 

 

 

using 1D consolidation tests reveal that the permeability in oil saturated bentonite ko is six 

orders of magnitude higher than kw. Thus, the oil viscous force Fvis oil is negligible. 

Finally, we obtain the governing equation through the substitution of the different 

force contributions (equations 7.2 and 7.4) in Newton’s second law and ignore fluid 

inertia: 

𝑑𝑥

𝑑𝑡

𝜇𝑤

𝑘𝑤
𝑥(𝑡) − (

4𝑆𝑠𝜌𝑚𝛾𝑜−𝑤 𝑐𝑜𝑠𝜃𝑐  

𝑧𝑒
) = 0 (7.5) 

We solve the differential equation subject to the initial condition x(t=0)=0:  

𝑥 =
√2

𝜇𝑤

𝑘𝑤
(

4𝑆𝑠𝜌𝑚𝛾𝑜−𝑤 𝑐𝑜𝑠𝜃𝑐  
𝑧𝑒 ) 𝑡

𝜇𝑤

𝑘𝑤

  (7.6) 

The developed model agrees well with the experimental data with kw=3.0*10-20 m2 (Fig. 

7.3-b). Previous research reveals that the permeability of water-saturated bentonite 

depends on the bentonite void ratio and ranges between 1*10-20 and 1*10-16 m2 (Sridharan 

and Choudhury, 2008). The model does not fit the experimental data when oil-filled gaps 

form and restrict water invasion (Fig. 7.4-a).  

Figure 7.3-a illustrates the hydration thickness as a function of time for different 

cylinder diameters, which reflect different fracture apertures. Hydration is faster in larger 

cylinder diameters (fracture apertures). Three factors contribute to this trend: 

1) Effective stress: bentonites in smaller cylinders experience larger wall friction and 

effective stress upon swelling and thus have a smaller void ratio and lower 

permeability 
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2) Oil concentration: oil droplets can only flow above a certain critical oil 

concentration within the pores. It is easier to reach this critical concentration in 

cylinders with larger diameters  

3) Oil-filled gaps: the oil-filled gaps can easily cover the entire cross-sectional area 

of smaller cylinders and thus inhibit water invasion.  

 Hydration is also faster in suspensions with smaller solids content (Fig. 7.3-b). 

The permeability reduction due to swelling is more severe in suspensions with higher 

solids content, which results in slower water invasion.  

7.4.2   Bentonite-cement hydration 

Hydrated bentonite has limited strength (Gleason et al., 1997) and cannot sustain large 

fluid differential pressures, due to slow water invasion. The addition of Portland cement 

to bentonite significantly expedites water invasion (Fig. 7.4). To gain further insights, we 

spread a thin film of bentonite-oil suspension on a petri-dish, add cement particles at the 

center and then add water. Upon hydration, we observe three distinct zones: hydrated 

cement at the center, hydrated bentonite at the edges and flocculated bentonite at the 

bentonite-cement interface (Fig. 7.5-a).  

Cement releases Ca2+ and OH- ions during hydration (Plee et al., 1990; Fam and 

Santamarina, 1996). The Ca2+ ions depress the diffuse double layer while the OH- ions 

cause proton removal from the clay surface. These ions cause the bentonite to flocculate 

(Santamarina et al., 2001). The flocculated bentonite aggregates open pathways that 

enhance permeability and thus accelerate water invasion (Fig. 7.5, see SEM images of 

micron-sized cavities between bentonite aggregates in Plee et al., 1990). The Ca(OH)2-
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bentonite mixture achieves a similar hydration thickness as the cement-bentonite mixture 

(Fig. 7.4-a). 

Water invasion proceeds slowly for a certain induction period at any cement 

content, during which bentonite solely controls the hydration process, as predicted with 

equation 7.5. Once water contacts the first cement particles, hydration significantly 

accelerates. Statistically, the induction time should be proportional to cement content, 

defined as the ratio of cement mass to total solids mass. Water invasion speed increases 

with cement content (Fig 7.4-b), as more cement particles release more Ca2+ and OH- ions 

that enhance bentonite flocculation. A larger cement content, however, impedes bentonite 

swelling (Fig 7.4-d). 

7.4.3   Swelling and Hardness 

Hydrated bentonite should develop enough swelling pressure against the fracture surfaces 

to inhibit fluid flow at large differential pressures. Figure 7.6-a illustrates the bentonite 

swelling pressure as a function of time and bentonite volume fraction. The vertical stress 

due to swelling increases with time, as water molecules invade and push the bentonite 

platelets apart, until it reaches an asymptote after 30 hours at the residual oil saturation. 

The asymptotic swelling pressure increases with the bentonite volume fraction (Fig. 7.6-

b).  

The theoretical osmotic pressure pos can be estimated using the Van’t Hoff 

equation (Langmuir, 1938; Yong and Warkentin, 1975): 

𝑝𝑜𝑠 = (
𝜋

2
) 𝜅 (

𝐵𝑐𝑇

𝑒𝑐𝑟𝑖𝑝
)

2

   (7.7) 
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where κ is the dielectric constant of water, Bc is the Boltzmann constant, T is temperature, 

ec is electronic charge and rip refers to inter-particle spacing. The theoretical estimates are 

higher than the experimental values because the Van’t Hoff equation only accounts for 

osmotic swelling, while the actual swelling results from osmotic and capillary forces. In 

addition, the sample at the end of each experiment is partially saturated with water (water 

saturation=93%). The swelling pressure for the cement-bentonite mixture is significantly 

lower than bentonite alone. The Ca2+ ions produced during cement hydration decrease the 

double layer thickness of bentonite and hinder swelling.  

Cone penetration tests provide estimates of the hardness of hydrated bentonite, 

cement and cement-bentonite mixtures (Fig 7.7), which reflect shear strength (Hansbo, 

1957). Cement has a very low initial strength and develops high shear strength during a 

slow hydration process (>24 hr). By contrast, the initial shear strength of bentonite is high 

because most hydration occurs during mixing. The cement-bentonite mixture achieves a 

good balance between shear strength and hydration time.  

7.4.4   Bentonite hydration: radial flow  

During typical field applications, the hydrated bentonite is squeezed radially outwards 

from the drill-pipe into the fracture. We simulate this procedure by the injection of an oil-

based bentonite suspension into the gap between two parallel plates from a central port. 

Figure 7.8 shows the breakthrough pressure curves under four different experimental 

conditions. Details of these experiments follow:  

Non-hydrated bentonite: we inject an oil-based bentonite suspension into a 

fracture saturated with vegetable oil, then inject water at a constant flow rate of 80 ml/min 
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to estimate the plug strength. The resulting breakthrough pressure is low (9.4 kPa) because 

the bentonite does not swell against the fracture walls. 

Hydrated bentonite: we inject an oil-based bentonite suspension into a fracture 

saturated with water. After waiting for 20 hours, water is injected through the central port. 

The breakthrough pressure increases to 34.4 kPa because water hydrates the edges of the 

bentonite plug. 

Permeable matrix: The procedure is identical to the previous test. However, we 

attach filter papers to the fracture surfaces to simulate a permeable matrix around the 

fracture that allows water to flow in from the formation. The resulting breakthrough 

pressure jumps to 147 kPa because water flows through the filter papers and greatly 

improves hydration of the bentonite plug center. 

Bentonite-cement: We inject a bentonite-cement-oil suspension into a water-

saturated fracture with attached filter papers. This scenario achieves the highest plug 

strength of 915 kPa. due to the improved strength provided by the cement (Fig 7.7) and 

the faster hydration speed (Fig 7.4).  

Bentonite hydration within fractures is a challenging technique and the first 

attempt might be unsuccessful at controlling fluid losses. However, our experimental 

results demonstrate that injected water continues to hydrate the squeezed bentonite and 

can result in self-healing. To demonstrate the self-healing, we allow the bentonite-cement 

plug to heal for one day after water breakthrough and then re-inject water (Fig. 7.9-a). 

After each injection, the plug strength increases due to improved hydration at the center.  

7.5   Field implications 
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Bentonite should rapidly set into a strong viscous plug that can sustain large fluid 

differential pressures to successfully control fluid losses. Factors that determine the 

strength and the setting time include the solids content, cement to bentonite ratio, 

permeability of the surrounding matrix and type of fluid injected through the annulus. A 

higher solids content promotes swelling but at the same time hinders water invasion (Figs. 

7.3 and 7.6). The optimum bentonite solids content for field applications should maximize 

both swelling pressure and invasion speed.  

Oil-based bentonite suspensions are suitable for controlling fluid loss in porous 

formations. However, hydrated bentonite alone is unsuitable to cure losses into fractures 

due to its limited strength. Cement develops the highest strength with a long curing time. 

Oil-based cement- bentonite suspensions are more suitable for sealing fractures as they 

develop sufficient strength in a short time span. The optimum cement to bentonite ratio 

for field applications should balance the water invasion speed with the swelling potential. 

Figure 7.9-b illustrates the plug strength at different fracture apertures using bentonite-

cement mixtures. The plug strength decreases with aperture because hydrated bentonite 

exerts a lower swelling pressure against the fracture surfaces at large apertures.  

Finally, another important factor that determines plug strength is the permeability 

of the formation. A permeable matrix allows water from the surrounding formation to 

flow into the fracture and hydrate the center of the plug. Thus, bentonite hydration is more 

successful in permeable formations with high initial water saturation. The salt in the brine, 

however, might also depress the diffuse double layer and hinder bentonite swelling 

(Gleason et al., 1997; Santamarina et al., 2001). Therefore, brines with high salinity can 

result in a deterioration of plug strength.  
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7.6   Conclusions 

This study investigates the hydration of oil-based bentonite and bentonite-cement 

suspensions. Salient conclusions follow:  

• Bentonite-cement-oil mixtures exhibit surprisingly fast hydration in contact with 

water, and may be used for fluid loss control into large-aperture fractures.  

• Water invasion speed into oil-saturated bentonite increases with fracture aperture but 

decreases with bentonite solids content. 

• Cement hydration releases Ca2+ and OH- ions that cause bentonite flocculation, 

enhance permeability and accelerate hydration at the expense of swelling. 

• Cement develops the strongest plug during a slow hydration process. Bentonite-

cement mixtures provide an optimum balance between hydration speed and plug 

strength.  

• A permeable matrix around a fracture provides pathways for water invasion, which 

improves bentonite hydration and results in a stronger plug.  

• Bentonite and cement-bentonite plugs are self-healing. 

• Hydrated bentonite alone is unsuitable to prevent losses into fractures due to its 

limited strength. Bentonite-cement-oil suspensions are the most suitable option for 

sealing large-aperture fractures.  
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7.7   Figures 

 

Fig. 7-1: Experimental setups. (a) Swelling pressure. The oil-based bentonite sample is placed 

between two porous stones connected to a load cell in a rigid frame. Water flows through the lower 

porous stone to the sample, which causes it to swell and exert pressure against the load cell. (b) 

Radial flow setup. The oil-based bentonite flows from the central port into the fracture, simulated 

as the gap between the two transparent plates. Spacers between the plates determine the fracture 

aperture. (c) Linear flow setup. (Left) A cylindrical tube contains water on top of an oil-based 

bentonite suspension. (Right) Water hydrates the bentonite while oil (red) escapes to the top. 
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Fig. 7-2:  Bentonite hydration model [analytical model results]. (a) Model geometry. We assume 

that water invades oil-based bentonite in a manner similar to a piston displacement. kw is the 

permeability of water-saturated bentonite. (b) Model results. Comparison between model results 

(solid line) and experimental data (points) with kw= 3*10-20 m2. 
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Fig. 7-3: Bentonite hydration: linear flow [experimental results]. This figure illustrates the 

hydration thickness at different (a) tube diameters (0.77 g bentonite / ml oil, Solids Content=0.24) 

and (b) solids content (diameter=21 mm). Solids content is the ratio of the bentonite dry volume 

to total suspension volume. 
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Fig. 7-4: Hydration of oil-based bentonite-cement mixtures [experimental results]. (a) Hydration 

thickness for oil-based bentonite (0.77 g bentonite / ml oil, black), bentonite-cement mixture (0.77 

g bentonite and 0.34 g cement / ml oil, red) and bentonite-Calcium Hydroxide mixture (0.77 g 

bentonite and 0.16 g Calcium Hydroxide / ml oil, violet). We fit the data for cement and calcium 

hydroxide with equations of the form 𝑎√𝑥, where a is a fitting parameter. It is not possible to fit 

the data for the bentonite due to the formation of oil-filled gaps that inhibit water invasion. (b) 

Water invasion depth for different cement contents C, defined as the ratio of cement to total solids 

mass. We fit all curves with a function of the form 𝑎√𝑥, where a is a fitting parameter. (c) 

Hydration thickness for different cement contents after 1 hour from the induction period and (d) 

Ratio of swelling to invasion thickness for different cement contents 1 hour from the induction 

period. For cement content=1, hydration is fast and thus complete hydration occurs in less than 

one hour.  
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Fig. 7-5: Physical model for hydration of oil-based bentonite-cement mixtures. (a) Experimental 

results depict three distinct hydration zones; A: Cement. B: Flocculated bentonite at the bentonite-

cement interface. C: Undisturbed bentonite at the edges furthest from the cement. (b) Schematic 

diagram of oil-based bentonite suspension (the brown lines depict bentonite particles). (c) After 

water addition (blue), the clay particles swell due to water invasion into the inter-particle pores by 

capillarity and osmosis. (d) Schematic diagram of oil-based bentonite-cement mixture. (e) Upon 

water addition, cement hydration releases Ca2+ and OH- ions that cause the flocculation of 

bentonite, which leave micron-sized cavities that enhance permeability.  
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Fig. 7-6: Bentonite Swelling [experimental results]. (a) Vertical stress during swelling for 

bentonite samples with different solids contents. (b) Asymptotic swelling pressure as a function 

of solids content for bentonite (red points) and cement-bentonite mixtures (black point). A solid 

line represents the theoretical prediction of osmotic swelling pressure using the Van’t Hoff 

equation.  
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Fig. 7-7: Sample hardness [experimental results]. This figure illustrates the cone penetration test 

results for bentonite (200% water content), bentonite-cement mixture (200% water content) and 

cement (50% water-cement ratio). Inset: schematic of cone-penetration test set-up.  
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Fig. 7-8: Bentonite hydration: radial flow [experimental results]. This figure illustrates the water 

breakthrough pressure curves for non-hydrated bentonite in vegetable oil as permeating fluid 

(blue), hydrated bentonite in water as permeating fluid (black), hydrated bentonite in water with 

filter papers affixed to the fracture surfaces (green), and hydrated bentonite-cement mixture in 

water with filter papers (red). Bentonite: 0.77 g / ml oil. Bentonite + cement: 0.77 g bentonite and 

0.34 g cement / ml oil. Fracture aperture=0.5 cm.  
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Fig. 7-9: Plug strength, radial flow [experimental results]. (a) Plug strength after self-healing. 

After plug failure, we leave the bentonite-cement plug to self-heal and then re-inject water.  (b) 

Plug strength at different fracture apertures. 
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  Conclusions 

This thesis investigates particle-laden fluid flow through fractures, with emphasis on lost 

circulation and clogging. We first focus on pore-scale studies and investigate the effect of 

particle shape on clogging. These studies reveal that: 

• The average discharge volume before clogging depends on the orifice to particle size 

ratio do/d, initial solidity Φi and particle shape. 

• Particle shape defines particle-to-particle interaction and relative mobility. Cubes and 

3D crosses are the most prone to clogging, followed by spheres and flat 2D cross 

particles. The superior clogging performance of the 3D crosses results from their 

ability to interlock. Face-to-face contacts among cubes can resist torque and enhance 

the clogging probability. 

• In addition to inertial retardation, kinetic retardation caused by intermittent bridge 

formation and destabilization events contribute to the gradual increase in local solidity 

near the orifice, which promotes clogging. 

• The discharge mass before clogging increases exponentially with 𝑑𝑜 𝑑⁄  ratio, which 

suggests that it is theoretically possible to clog any orifice size. Particle shape controls 

the exponential growth rate.  

• Arch geometry depends on particle shape. Circles form regular semi-circular arches 

while interlocking particles can form tall arches with large spans. Complex force 

chains develop in arches formed by non-convex particles, where the exposed particles 

in the arch do not always carry the largest loads.  
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• The discharge mass before clogging increases with wall angle as particles become 

more mobile and fewer arch configurations are possible. Non-circular particles align 

along boundaries in straight hoppers, which decreases the packing density at the 

center. Straight hoppers are more difficult to clog than inclined hoppers as the 𝑑𝑜 𝑑⁄  

ratio approaches the hopper width due to boundary effects. 

• Acceleration is the governing parameter that controls vibration-based arch 

destabilization. Displacement gains significance at large accelerations. 

We then zoom out to the fracture-scale and investigate particle transport and clogging 

during divergent radial flow. Salient conclusions from this study follow: 

• Fluid inertial effects should be considered near the injection point when flow 

velocities are high. Experimental and numerical simulation results show that fluids 

with a high Reynolds number experience negative pressures away from the injection 

source. 

• Local changes in the fluid velocity field during radial flow in fractures can enhance 

particle retardation. Gravity and inertial retardation cause dense particles to deviate 

from the fluid streamlines, which changes the local particle concentration and 

enhances clogging.  

• Shear induced roughness on fracture surfaces can channelize fluid flow and result in 

anisotropic flow. The degree of flow anisotropy depends on groove thickness and 

frequency.  

• Particles can form bridges at the fracture mouth or between asperities. The clogging 

probability depends on the constriction-to-particle size ratio and the orientation of the 
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constriction with respect to the flow field. Clogging reduces the fracture 

transmissibility and increases tortuosity. 

Granular lost circulation materials cannot seal fractures with large apertures. We next 

investigate stimuli-responsive techniques for controlling fluid flow using 

magnetorheological fluids. This study reveals that: 

• Iron particles in the magnetorheological fluid aggregate into chain-like structures 

due to dipole-dipole interactions, that then attract to the poles of the electromagnet 

due to the magnetophoretic force. These chains form a reversible iron clog that stops 

fluid flow.  

• The formation of the chain-like structure changes the magnetic flux density field and 

assists in further particle or chain capture 

• Factors that influence particle capture and clogging include fluid velocity, magnetic 

field intensity and particle size. The discharge mass before clogging increases 

exponentially as the pressure difference increases and magnetic flux density 

decreases.  

• Particles with large radii are easier to capture because they experience stronger 

magnetophoretic forces 

We also study the self-assembly of engineered magnetic particles. Lessons learned from 

this study include: 

• Long formation times, low yield and the abundance of kinetic traps hinder macro-

scale self-assembly. 
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• Two-component macro-scale self-assembly enables the formation of complex 

structures and provides precise control on process initiation. 

• There is an optimum kinetic energy level that favors bond formation. Low kinetic 

energy results in a small collision frequency. At higher kinetic energies, the drag 

force and frequent wall collisions disrupt self-assembly. 

• Templates improve yield by preventing the formation of incorrect stable structures 

that result in kinetic traps. 

• Confinement improves yield by increasing the particle interaction frequency, 

limiting reaction pathways and helping elements overcome kinetic traps through 

particle-wall collisions. 

Finally, we investigate the complex processes involved in reactive bentonite-cement 

mixtures upon fluid exchange. Salient conclusions from this study follow: 

• Bentonite-cement-oil mixtures exhibit surprisingly fast hydration in contact with 

water, and may be used for fluid loss control into large-aperture fractures.  

• Water invasion speed into oil-saturated bentonite increases with fracture aperture but 

decreases with bentonite solids content. 

• Cement hydration releases Ca2+ and OH- ions that cause bentonite flocculation, 

enhance permeability and accelerate hydration at the expense of swelling. 

• Cement develops the strongest plug during a slow hydration process. Bentonite-

cement mixtures provide an optimum balance between hydration speed and plug 

strength.  
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• A permeable matrix around a fracture provides pathways for water invasion, which 

improves bentonite hydration and results in a stronger plug.  

• Bentonite and cement-bentonite plugs are self-healing. 


