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ABSTRACT

Investigation of Subsurface Systems of Polygonal Fractures

Weiwei Zhu

Fractures are ubiquitous in the subsurface, and they provide dominant pathways

for fluid flow in low permeability formations. Therefore, fractures usually play an

essential role in many engineering fields, such as hydrology, waste disposal, geother-

mal reservoir and petroleum reservoir exploitation. Since fractures are invisible and

have variable sizes from micrometers to kilometers, there is limited knowledge of their

structure. We aim to deepen the understanding of fracture networks in the subsurface

from their topological structures, hydraulic connectivity and characteristics at differ-

ent scales. We adopt the discrete fracture network method and develop an efficient

C++ code, HatchFrac, to make in-depth investigations possible. We start from

generating stochastic fracture networks by constraining fracture geometries with dif-

ferent stochastic distributions. We apply percolation theory to investigate the global

connectivity of fracture networks. We find that commonly adopted percolation pa-

rameters are unsuitable for the characterization of the percolation state of complex

fracture networks. We implement the concept of global efficiency to quantify the

impact of fracture geometries on the connectivity of fracture networks. Furthermore,

we constrain the fracture networks with geological data and geomechanics principles.

We investigate the correlation of fracture intensities with different dimensionality and

find that it is not feasible to obtain correct 3D intensity parameters from 1D or 2D

samples. We utilize a deep-learning technique and propose a pixel-based detection

algorithm to automatically interpret fractures from raw outcrop images. Interpreted

fracture maps provide abundant resources to investigate fracture intensities, lengths,
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orientations, and generations. For large scale faults, we develop a method to generate

fault segments from a rough fault trace on a seismic map. Accurate fault geome-

tries have significant impacts on damage zones and fault-related flow problems. For

small scale fractures, we consider the impact of fracture sealing on the percolation

state of orthogonal fracture networks. We emphasize the importance of non-critically

stressed and partially sealed fractures, which are usually neglected because usually

they are nonconductive. However, with significant stress perturbations, those non-

critically stressed and partially sealed fractures can also contribute to the production

by enlarging the stimulated reservoir volume.
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Chapter 1

Introduction

1.1 Rationale

Fractures such as joints, faults, pressure solution seams, and deformation bands are

ubiquitous in crustal rocks. Natural fractures usually comprise complex networks, and

they vary in size across scales ranging from microns to hundreds of kilometers [8, 303].

Throughout this large scale range, fracture networks dominate the geomechanical and

hydrological behaviour of subsurface rocks. Therefore, they have a significant impact

on many engineering fields, such as hydrology, waste disposal, geothermal exploita-

tion, mining, and petroleum reservoir exploitation[93, 92, 277, 31]. However, little is

known about how the combined networks of hydro fractures and activated natural

fractures are arranged and function. Commonly available approaches to investigate

fracture and fracture networks are outcrop analogues, borehole images (BHI) and

seismic maps [263, 39, 285, 221]. Outcrops are abundant and heavily investigated

by geologists in order to study exposed surface fracture networks [278, 203, 263, 39].

If the rock types and structural setting of the surface outcrops and subsurface for-

mations are similar, outcrop analogues can be regarded as relevant to the subsurface

formation. However, weathering and complex surface topography can cause outcrops

to significantly differ from the subsurface systems[263]. Borehole images from an

acoustic televiewer (ATV) or an optical televiewer (OTV) can provide limited infor-

mation, such as fracture orientations and fracture intensity (P10) along the wellbore.

The other important properties, such as fracture lengths and shapes, are usually un-
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available from borehole images, and these properties have a significant impact on the

connectivity of fracture networks. Seismic data is an essential tool to investigate deep,

subsurface structures. However, fractures with a size of meters or tens of meters are

sub-seismic patterns, which can not be observed by seismic data. Therefore, it is im-

possible to obtain adequate knowledge of geometry and topology for natural fracture

networks in the subsurface, which makes the accurate modelling of subsurface frac-

ture networks extremely difficult. Furthermore, natural fractures have complex and

irregular shapes because of the anisotropic and heterogeneous characteristics of rocks

and the complex geomechanical environments. They also have complex rough sur-

faces [300, 238, 242, 62]. The tortuosity of the flow paths in a fracture, and the stress

impact on fracture permeability, are also crucial for the flow in fractures[261, 58, 53].

Complex geometric shapes and the dynamic variations of fractures make it very dif-

ficult to characterize fracture networks in great detail. The discrete fracture network

(DFN) modelling method is the only practical alternative, which captures and pre-

serves important geometries and topological structures.

A discrete fracture network (DFN) refers to a computational model that explicitly

represents geometrical properties of the individual fracture (mainly including orien-

tation, size, position, shape, and aperture)[160]. This modelling method grew out of

attempts to develop a technology to characterize and model the flow and transport in

natural fractures for the emerging high-level nuclear waste repository studies in the

U.S. and Sweden in the 1970s and 1980s. For the past four decades, DFN modeling

has been extensively applied in different engineering fields [44, 231, 10, 283, 69, 17].

Few commercial software applications are capable of building fracture networks,

like FracMan from Golder [77], Petrel package from Schlumberger [194] and

MOVE form Petex. However, their closed source strategy makes it impossible for re-

searchers to develop algorithms to fulfil specific research requirements. Alghalandis [5]

developed open-source software in the Matlab environment. They took advantage
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of powerful Matlab function libraries and toolboxes. Nonetheless, as a high-level

programming language, Matlab is not efficient enough to deal with a large num-

ber of fractures, i.e., hundreds of thousands or even millions, especially for 3D cases.

Furthermore, for specific functions, like the cluster-check function, they are hard to

vectorize, and Matlab is not good at dealing with ”for” loops and ”if” statements

in general, which makes the code slow. Efficient DFN modelling software is neces-

sary to model field-scale fracture systems and derive statistics from hundreds or even

thousands of iterations.

1.2 Key research questions

In this thesis, we develop an efficient DFN modelling software, HatchFrac, in a

C++ environment. With this powerful tool, we are able to study complex multiscale

fracture networks in the subsurface from different perspectives and deepen our un-

derstanding of their topological structures and connectivity characteristics. We aim

to investigate and answer the following key research questions:

� How can we use the available data (wellbore images, outcrop maps and seismic

maps) to predict the 3D structure of fracture networks in the subsurface?

� How can we reasonably model fracture networks in the subsurface with the

available data?

� How can we incorporate fracture networks of different scales and evaluate their

impact on fluid flow?

� What is the maximum degree of simplification we can have that maintains the

topological structure of natural fracture networks in the subsurface?

� How can we determine whether fracture networks in the subsurface are con-

nected, permeable and contribute to fluid flow?
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1.3 Thesis scope and outline

The basic geometrical properties required to describe a single fracture are the fracture

shape, length, orientation, aperture, and position of the fracture center. Stochastic

distributions are summarized from available data to describe those fracture geome-

tries. Exponential, gamma, log-normal and power-law distributions are proposed

to describe fracture lengths by different researchers [198, 61, 132, 167, 199, 219].

Log-normal and power-law distributions are used to describe the aperture variations

[108, 23, 176]. The orientation of fractures is usually described by von Mises–Fisher

distribution [252, 137, 282]. In this thesis, we first constrain the generated fracture

networks with continuous stochastic distributions. If continuous stochastic distri-

butions are insufficient to fit the finite data from measurements for a specific frac-

ture system, HatchFrac can generate any discrete sampling distributions directly

through incorporating artificial neural networks and the inverse CDF method. In

Chapter 2, we present a comprehensive DFN software package with detailed methods

and algorithms, which can model fracture networks in 2D, 3D and 4D.

In low permeability formations, the connectivity of fractures determines the overall

hydraulic diffusivity and measures the potential for fluid flow through the fracture

network. The percolation theory [257], is used to study the connectivity of anything

in general, and the connectivity of fractures in particular [179, 30, 45, 231, 34, 46]

. In percolation theory, one should identify a parameter that depends only on the

type of system and process. When the system percolates, or a spanning cluster is

formed, this parameter should give the percolation threshold, an indicator of global

connectivity. A well-defined percolation parameter is the key to applying percolation

theory and predicting the formation of the spanning cluster in the fracture network. In

Chapter 3, we discuss the applicability of three commonly used percolation parameters

in complex fracture networks, which are the total excluded area (Atex), the total self-

determined area (Atsd), and the number of intersections per fracture (Ipf).
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Since percolation theory focuses on the formation of the spanning cluster and can-

not provide a quantitative evaluation of the connectivity of a given fracture network,

in Chapter 4, we use a concept from the graph theory, global efficiency [150], to quan-

tify the connectivity of the system and investigate the impact of fracture geometry

and topology on the connectivity. We remove non-contributing nodes and links and

find the reduced graphs, which contribute the majority of fluid flow and maintain the

topological structure of the original fracture network.

In Chapters 3 and 4, we focus more on investigating the connectivity of purely

stochastic fracture networks. However, real fracture networks seldom have all of their

fractures following the same distributions of lengths, orientations, and center posi-

tions. We should incorporate geology data and geomechanics principles to constrain

the stochastic models and make them closer to reality.

Outcrops are one of the most abundant geologic data sets, and are widely used

to investigate fracture networks exposed on the surface. In practice, recognizing and

interpreting fractures in raw outcrop maps requires a significant human effort. A

few semi-automatic or automatic interpretation methods based on image processing

are available [265, 258, 40, 216]; however, they are usually sensitive to the contrast

of the image that, in turn, causes under or over-interpretation of fracture geometry.

In Chapter 5, we adopt a deep-learning architecture, U-net, to correctly recognize

fractures in a raw outcrop map. The fracture recognition process converts a raw

map to a binary map while preserving fracture geometry and connectivity. After

the recognition, we propose a robust and accurate fracture detection algorithm to

translate binary images of fractures into line segments or polylines. By combining

fracture recognition and detection, we can interpret fractures automatically from a

complex raw outcrop map. Statistics summarized from the interpreted maps can be

used to study characteristics of fractures, such as the orientation, length distribution,

and fracture intensities.
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Outcrops and borehole images provide 2D or 1D information on fractures. How-

ever, 3D information on fractures is the key for any engineering application, such as

P30, P32. Dershowitz et al. [79] defined the fracture intensity measures in different di-

mensions, denoted as Pij, where i refers to the dimension of the sample and j refers to

the dimension of the measure. In practice, the 3D fracture intensity parameters can-

not be measured directly and usually correlate with intensity parameters in a lower

dimensionality [182, 78, 76, 272]. However, a comprehensive correlation analysis be-

tween the lower and higher dimensionality intensity parameters is still missing. In

Chapter 6, we investigate the correlations between the lower dimensionality fracture

intensity parameters, P10, P20, P21, I2D (total number of intersections per unit area),

and the higher dimensionality intensity parameters, P30, P32, I3D (total number of

intersections per unit volume) in a typical fracture network constrained by simple

geomechanics principles and outcrops. We also investigate the correlations between

small cubic samples and the original fracture networks that represent cores or tunnels.

Large-scale faults are discontinuities of displacement that is predominantly par-

allel to the plane or zone of deformation. The damage zone is defined as the volume

of deformed rock peripheral to the fault surface that results from initiation, prop-

agation, interaction and build-up of slip along faults[141, 211]. As slip on a single

fault progressively accumulates, and the fault grows in lateral extent in geological

time, the thickness of the fault damage zone also increases. The width of the dam-

age zone versus fault segment length has a positive correlation [73]. Fig 1.1 shows

a sketch map of the damage zone along a fault segment. In general, damage zones

have a higher upscaled permeability than the host rock because of a higher fracture

intensity in the damage zone (Fig 1.2) [130]. These damage zones have similar geome-

tries across a wide range of scales (mm-km) [141, 140], and their spatial distribution

firmly depends on the segment geometries. Therefore, accurate fault geometry is the

premise to correctly characterize the damage zones and analyze the related fluid flow
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problems. However, precise images of the architectural elements of faults at depth

are difficult to obtain by seismic and imaging techniques. Hence seismic interpreters

typically describe faults as single plane elements and fail to introduce the off-plane,

closely-spaced segments [74]. Therefore, the geometry of fault segments at depth is

uncertain in general. In Chapter 7, we propose a method to generate fault segments

from an imprecise fault trace on a seismic map. Furthermore, we propose a modi-

fied algorithm to calculate the fractal dimension of both the natural fault segments

observed from real seismic data or outcrops and the generated fault segments.

(a) (b)

Figure 1.1: (a) The limits of inner and outer damage zone scaled with fault length
as 0.001 × L for inner damage zone width and 0.004 × L for outer damage zone.
(b) Spatial distributions of inner and outer damage zone fractures follow a normal
distribution

Most fractures are permeable right after their formation, and they provide domi-

nant pathways for fluid flow in low permeability formations. However, over geological

time, compression and cementation can cause the closure and sealing of fractures,

which significantly reduces their permeability [123, 125]. Barton et al. [24] proposed

a critically-stressed fault hypothesis. They argued that the hydrologically conduc-

tive faults are critically stressed in the current stress field. For critically stressed

fractures, their ratio of shear to normal stresses exceeds the frictional strength of

the rock. The sliding of critically stressed fractures induces shear displacement and

enhances the fracture aperture because of the roughness [292, 139, 280, 94]. It is
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(a)

(b) (c)

Figure 1.2: (a) Sketch map of the damage zone along a fault segment. The red
fractures are distributed in the inner damage zone; the green fractures are distributed
in the outer damage zone. The blue segment refers to the fault core. (b) and (c) are
magnifications of the chosen area.

important to identify the critically stressed fractures since they are highly permeable

and contribute significantly to fluid flow. However, the concentration of critically

stressed fractures can vary widely depending on the local stress state, the fracture

orientations and the frictional strength of the rock. In contrast, non-critically stressed

fractures are usually neglected because they show non-hydraulic responses, which can

be attributed to the sealing of fractures. Fractures are usually partially sealed instead

of completely sealed. The complex process of crystal growth can result in different

sealing patterns, such as massive sealing deposits, thin rinds or veneers that line open

fracture surfaces, and bridge structures that span otherwise open fractures [149, 152].

The mechanism of how small-scale fracture sealing can prevent hydraulic responses

in a large-scale fracture system is rarely investigated. Fracture sealing and the im-

pact of complex fracture networks on fluid flow should be coupled to answer the

questions above. However, they have been extensively investigated as two separate

topics [154, 152, 262, 44]. Fractures have variable sizes from micrometers to kilo-

meters [34, 41], while fracture sealing usually happens at the scale of millimeters or
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micrometers. Huge scale differences make it challenging to couple the two aspects. In

Chapter 8, we try to simulate the sealing in complex fracture networks and evaluate

its impact on the hydraulic connectivity of the system. From conclusions and results

achieved from the simulation, we can explain fundamental questions encountered in

reality, especially for the hydraulic fracturing process.
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Chapter 2

HatchFrac: fast DFN modeling software application in a

C + + environment

This chapter introduces an efficient software package, HatchFrac, for generating

discrete fracture networks in two- and three-dimensional spaces in a C++ environment

and we discuss elaborate methods and algorithms. Two main methods, the inverse

CDF method and acceptance–rejection method, are applied to generate random vari-

ables following commonly used stochastic distributions in discrete fracture network

(DFN) modelling. The multilayer perceptron method (MLP) in machine learning,

combined with the inverse CDF method, is implemented to generate random variables

following any sampling distribution. We extend the Newman–Ziff algorithm instead

of the Hoshen–Kopelman algorithm to check clusters in fracture networks and make

the code faster. Combined with the block method, computational efficiency can be

further improved significantly. The algorithm describing fracture growth is capable of

generating T-type intersections in the network, which can be utilized in applications

involving fracture growth or incorporating geomechanics.

2.1 Introduction

Fractures such as joints, faults, pressure solution seams, and deformation bands are

ubiquitous in crustal rocks. Natural fractures usually comprise complex networks,

and they vary in size over scales ranging from microns to hundreds of kilometers

[8, 303]. Throughout this large scale range, fracture networks dominate the geome-
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chanical and hydrological behaviour of subsurface rocks. They play an essential role in

many engineering fields, e.g., hydrology, waste disposal, earthquakes, petroleum and

geothermal reservoir exploitation [31, 82, 119, 120, 81]. Natural fracture shapes are

complex and irregular because of the anisotropic and heterogeneous characteristics of

rocks and the complex geomechanical environment. They also have complex rough

surfaces [300, 238, 242, 62]. The tortuosity of the flow paths in a fracture, and the

stress impact on fractures, are also crucial for the fracture flow[261, 58, 53]. Complex

geometric shapes and the dynamic variations of fractures make it very difficult to

characterize fracture networks in great detail. The only practical alternative is the

discrete fracture network (DFN) modelling method, where important geometries and

topological structures are preserved.

A ”discrete fracture network” (DFN) refers to a computational model that ex-

plicitly represents the geometrical properties of an individual fracture, which mainly

includes orientation, size, position, shape, and aperture [160]. This modelling method

was first applied to characterize and simulate the flow and transport in natural frac-

tures for the emerging high-level nuclear waste repository studies in the U.S. and

Sweden in the 1970s and 1980s. For the past four decades, DFN modelling has been

extensively applied in different engineering fields. Bour and Davy [44], Robinson

[231], Andresen et al. [10], Wilcock [283], De Dreuzy et al. [69], Baecher et al. [17]

and many others have implemented the DFN modelling method to simulate fractures

and fracture networks in two- or three-dimensional (2D or 3D) spaces for different

research purposes, such as investigating percolation properties or topology structures.

However, detailed information about how to construct the fracture network is usually

not available from these papers. A few commercial software applications can con-

struct fracture networks in 2D and 3D. Examples are FracMan from Golder [77],

and Petrel package from Schlumberger [194]. Because of their ”closed source” strat-

egy, end users are not capable of developing the algorithm to fulfil specific research



37

requirements. Alghalandis [5] developed open-source software in the Matlab envi-

ronment. Powerful Matlab function libraries and toolboxes make the programming

simpler. Nonetheless, as a high-level programming language, Matlab is not efficient

enough to deal with hundreds of thousands or even millions of fractures, especially in

3D. Furthermore, specific functions, such as the cluster-check function, are hard to

vectorize and Matlab is not good at processing ”for loops” and ”if statements” in

general, and they make the code slow.

In this chapter, we present an efficient fracture network modeling package imple-

mented in a C++ environment. The structure of the chapter is as follows: Section

2.2 introduces the basic concepts used in constructing a fracture network, includ-

ing the fracture shape, different stochastic distributions applied to describe fracture

geometries, intersection analysis, cluster analysis, and fracture growth analysis. De-

tailed reviews, method descriptions, and algorithms are covered. Appendix A pro-

vides elaborate procedures to generate random variables following different stochastic

distributions.

2.2 Basics of fracture networks

In this section, we discuss basic concepts and algorithms of generating fracture net-

works in 2D and 3D.

2.2.1 Fracture shape

Complex geometric shapes and their dynamic variations make it almost impossible to

characterize fracture networks in great detail. For practicality and capturing the main

geometrical properties, a line segment is often used to represent a single fracture in 2D

space [44, 231, 10, 5]. In 3D space, several simple geometrical shapes are proposed

to avoid great complexities. The Random Disk Model proposed by Baecher et al.

[17] is widely adopted as the starting point due to its simplicity. The disk shape is
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applied in DFN modelling software, e.g., FracMan and rock mechanics software,

e.g., Itasca. Elliptic, square or rectangular shapes are also commonly used in DFN

modeling [283, 69, 5].

As Jing and Stephansson [129] pointed out, the significance of the fracture shape

decreases with an increase in the fracture population size. In HatchFrac, we choose

to use a random convex polygon with four vertices to represent a single fracture in 3D

space. The random polygon reserves certain degrees of irregularity compared with

a disk shape, and it can easily convert to an ellipse shape or other polygon shapes

by adding a few more vertices and minor adjustments to the coordinates. Also, the

intersection analysis of convex polygons is much easier than that of ellipses, which is

discussed in the intersection analysis below.

2.2.2 Stochastic distributions of main fracture geometries

It is impossible to map the full extent of all fractures present in a subsurface formation

in three dimensions. However, we can develop statistics on fracture orientations,

intensities, apertures and lengths, based on the measurements from outcrops or well-

logs. Constrained by these statistical properties, a stochastic fracture network can be

constructed. The basic geometrical properties required to describe a single fracture

are the length, orientation, aperture, and position of fracture center.

Different distributions are implemented to characterize the main geometric prop-

erties of the fracture network [41]. Exponential, gamma, log-normal and power-

law distributions are proposed by different researchers to describe fracture lengths

[198, 61, 132, 167, 199, 219]. Field observations and analog experiments suggest

prevalence of power-law distribution [244, 253, 44, 46, 41]. Log-normal and power-law

distributions are used to describe the aperture variations [108, 23, 176]. The orienta-

tion of fractures is usually described by von Mises–Fisher distribution [252, 137, 282].

Two main methods are commonly used to generate observations from a particular
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distribution in statistics. They are the inverse CDF method and the acceptance–

rejection method[80]. Appendix A contains a detailed derivation on how to apply

those methods to generate variables following the aforementioned stochastic distri-

butions. The C++ code is also available online (https://github.com/jacnilZhu/

Different_Distributions).

Spatial distributions to characterize the positions of fracture centers are more

complex. Uniform spatial density distribution is commonly applied to describe the

positions of fracture centers for simplicity [44, 30, 118, 212, 32]. However, realistic

fracture networks rarely have uniformly distributed centers. Darcel et al. [64] studied

the connectivity of fracture networks with the fracture center positions following a

fractal spatial density distribution that brings clustering effects and might be closer to

reality[298]. A multiplicative cascade process [177, 188, 186] is applied to generate a

fractal spatial density distribution of fracture centers. In 2D, if the fractal dimension

is 2, the fractal spatial density distribution reduces to a uniform distribution. If

the dimension is smaller than 2, there will be fracture clustering. Similarly, in 3D,

the corresponding limiting dimension for uniform fracture distribution is 3. Fig. 2.1

shows sketch maps of the fractal and uniform spatial density distributions in 2D and

3D respectively.

2.2.3 Machining learning for sampling distribution

Continuous statistic distribution is an approximation of the sampling distribution

from measurements. In some circumstances, a single continuous distribution is in-

sufficient to fit the finite data, and we may want to generate variables from a finite

frequency histogram directly for a specific fracture system. Machine learning or an

artificial neural network [102, 127, 304] is a good option for the regression and inter-

polation from finite samples. Multilayer perceptron (MLP) is a class of feedforward

artificial neural network which consists of at least three layers of nodes: an input

https://github.com/jacnilZhu/Different_Distributions
https://github.com/jacnilZhu/Different_Distributions
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Figure 2.1: 50,000 2D/3D spatial points follow a uniform (Left) or a fractal spatial
density distribution (Right) with the fractal dimension D = 1.5 and 2.5 .

layer, a hidden layer, and an output layer. This method is easy to implement and

flexible to fit any sampling distribution with a given tolerance. The backpropagation

method is applied to train the data [207] with a nonlinear Sigmoid function as the

activation function.

In this research, we recommend the MLP structure with five or six layers depend-

ing on the complexity of the histogram and four to six nodes in each hidden layer.

The input and output nodes are the training data obtained from measurements. Af-

terwards, the inverse CDF method is applied to generate the variable following the

sampling distribution. To sample from a distribution p(x), we can sample u uniformly
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on [0, 1] and calculate

x = φ−1x (u) (2.1)

where p(x) and φ−1x are the probability and inverse cumulative distribution func-

tion. The inverse of the cumulative distribution function φ−1x is not available because

of the unknown p(x) of the sampling distribution. Instead, we can implement a for-

ward method to obtains x as the root of φ(x) − u = 0 with a numerical method

(i.e., bisection method). The cumulative distribution function φ(x) is a monoton-

ically increasing function and guarantees a unique solution of x. An example of

generating random variables from a sampling distribution is shown in Fig. 2.2. By

applying the MLP method, we can generate variables following any sampling distri-

bution. The C++ based program of an MLP algorithm can also be found online

(https://github.com/jacnilZhu/Different_Distributions).

2.2.4 Intersection analysis

Connectivity is a fundamental feature of fracture networks and an important measure

for assessing flow transport through fractures. Common methods adopted to investi-

gate the connectivity of fracture networks include the percolation theory [231, 30, 44,

179, 46], the connectivity function method [7, 290, 6] and intersection relationship

analysis [23, 172]. The intersections between fractures are essential to analyze the

connectivity of a fracture network. In 2D fracture networks, the function of checking

intersections between two unparallel fractures is straightforward, and two steps are

sufficient.

1. Check the intersection of two lines where two fractures belong and note the

intersection point if occurs.

https://github.com/jacnilZhu/Different_Distributions
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Figure 2.2: An example of generating random variables following a discrete sampling
distribution. The green points are the frequency data of the fault segment length from
de Joussineau and Aydin [74]’s paper. The red curve is the fitting curve achieved from
the MLP method. The blue bars are 10,000 data points generated through the inverse
CDF method (the frequency is properly scaled down to fit the curve).

2. Check whether the intersection point is on the two fractures simultaneously.

Checking the intersection between unparallel 3D fractures is more complicated

because of the irregular polygon geometry. We can resolve the problem into sub-

problems, and check the intersection between a line and a plane. The pseudocode of

checking intersections between two 3D fractures is listed in Algorithm 1.

The intersection function of 2D and 3D fractures have the same complexity of

O(1) and the 3D intersection function has a few more steps than the 2D intersection

function.
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Algorithm 1: Intersection of 3D fractures

Data: Fracture A and B
Result: Check the intersection between two 3D fractures
begin

for Each edge of Fracture A do
Check the intersection between the line and the plane where the edge
and Fracture B belong;

Record the intersection point if they intersect;
end
for Each edge of Fracture B do

Check the intersection between the line and the plane where the edge
and Fracture A belong;

Record the intersection point if they intersect;
end
if There is at least one intersection point belonging to both Fracture A
and B then

Return true;
else

Return false;
end

end

2.2.5 Efficient cluster analysis

A connected fracture cluster is the pathway of the fluid flow in low permeability for-

mations. Therefore, a cluster-check algorithm is necessary to find intersecting fracture

clusters. The Hoshen–Kopelman algorithm [110] and its enhanced or extended ver-

sions [111, 3] are widely used to check clusters in bond or site percolation problems.

However, the Hoshen–Kopelman algorithm is a variation on the depth-first search

and has a complexity of O(N2 lnN). This algorithm is not efficient for dealing with

a large number of fractures. In 2001, Newman and Ziff proposed a fast Monte Carlo

algorithm [195]. This algorithm can be implemented to check clusters in both bond

or site percolation with a complexity of O(N).

We extended the Newman–Ziff algorithm to label clusters in 2D and 3D fracture

networks and thus made our code much faster. The intersection function needs to be

implemented for all pairs of fractures, which involves N2 calls, where N is the number
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of fractures [118]. To further enhance the computational efficiency of the software,

we divide the domain into smaller blocks with the size of Bs in 2D and 3D networks

(the domain considered here is a square in 2D and a box in 3D). Each fracture in the

domain has an array to record the indexes of blocks that the fracture occupies. When

we check the intersections for a given fracture, denoted as fracture A, only fractures

that share the same blocks as fracture A should be checked. Most of the fractures in

the domain are not checked for intersections, which saves much computational time.

The size of the block should be chosen wisely because an unsuitable value can increase

the computational time. Selecting ten to twenty per cent of the system size as the

block size is found to yield good performance.

The fracture network is generated by adding fractures one by one, until it fulfills

a given stop criterion, such as reaching a predefined fracture intensity, or a spanning

cluster formed in the domain. Therefore, the cluster-check algorithm is implemented

whenever a new fracture is added. Each fracture has a value of ”pointer to root”

(PTR), and the default value is -1. If the PTR value is negative, it means that the

corresponding fracture is the root fracture of a cluster, and the absolute value of PTR

refers to the number of fractures in the cluster. If the PTR value is positive, the value

of PTR points to the index of the root fracture. For example, if the nth fracture A

has a PTR value of -1, it means that fracture A is an isolated fracture and there is no

intersecting fracture. If nth fracture A has a PTR value of -15, and the mth fracture B

has a PTR value of n, it indicates that fracture A is the root fracture of a cluster, and

the cluster has 15 fractures directly or indirectly connected to fracture A. Fracture B

is one of the fractures in the cluster because its PTR value is n (the index of fracture

A). The pseudocode of the cluster-check algorithm that integrates the Newman–Ziff

algorithm and block method is listed in Algorithm 2.

In the input argument, Fractures is a set of fractures including all previous

fractures and the current fracture; cFracture is the current fracture; FractureNum
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Algorithm 2: Cluster-Check algorithm

Data: Fractures,cFracture, FractureNum,
Allblocknumber,Fractureblock, PTR

Result: Check the cluster and label all fractures
begin

Step 1: Find all fractures that share at least one block with cFracture;
Step 2: Remove duplicate fractures in Step 1;
for Each fracture i found in Step 2 do

Check the intersection between the fracture i and cFracture;
if Fracture i intersects cFracture then

Record the index of fracture i in an array, denoted as
IntersectionIndex;

Record the length of IntersectionIndex as countintersect;
end

end
if countintersect == 1 /* Only one fracture intersects

cFracture */

then
root = FindRoot(PTR, IntersectionIndex[0]);
PTR[FractureNum] = root;
PTR[root] = PTR[root] - 1;/* Add one fracture in this cluster

*/
else if countintersect > 1 then

for Each fracture i in IntersectionIndex do
root[i] = FindRoot(PTR, IntersectionIndex[i]);

end
Remove duplicate roots in the array root;
Record the size of the array root as countroot;
for Each root fracture i in the array root do

Num = Num + PTR[root[i]];
PTR[j] = root[0];
for Each fracture j in Fractures do

if PTR[j] == root[i] then
PTR[j] = root[0];
/* Merge all clusters into the first cluster */

end

end

end
PTR[FractureNum] = root[0];
PTR[root[0]] = Num− 1;

else
cFracture is an isolated fracture;

end

end
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is the index of the current fracture; Allblocknubmer is a matrix with (L/Bs)2 rows

in 2D and (L/Bs)3 rows in 3D. Each row represents a block and records the indexes

of fractures in that block. Fractureblock is an array to record the indexes of blocks

that the current fracture occupies; PTR is an array to record the PTR value of each

fracture in Fractures. The FindRoot(PTR, i) is a recursive function used to find the

index of the root fracture of the cluster where fracture i belongs. If fracture i itself

is the root fracture, it will return the index of fracture i, which is i. The pseudocode

of FindRoot is listed in Algorithm 3.

Algorithm 3: FindRoot function

Data: PTR, i
Result: Find the root fracture of the cluster where fracture i belongs
begin

if PTR[i] < 0 then
return i;

else
return (FindRoot(PTR, PTR[i]));

end

end

By applying the Newman–Ziff algorithm combined with the block method in frac-

ture networks, the efficiency of the cluster-check algorithm is significantly improved.

Fig. 4.1 shows the computational time of generating fractures and calls to the inter-

section function(tested on a PC: CPU one core,2.8 GHz, RAM 16 GB). The testing

network has a system size of 100, and the block size is 20. The fractures have a

constant length of 1, and uniformly distributed orientations and positions of fracture

centers. It is worth noticing that it is faster to generate 150,000 fractures in 3D

than in 2D, as shown in Fig. 4.1 (a). With the same fracture size and system size,

3D fractures are distributed in a larger space (volume) compared with 2D fractures

(area). The fracture intensity in each 3D block is smaller, and fewer calls to the

intersection function are required in the 3D case, which reduces the computational

time. Since we implement the same cluster-check algorithm in both 2D and 3D frac-
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ture networks, and the intersection functions have the same O(1) complexity in 2D

and 3D, constructing 3D fracture networks is more memory-consuming, but not much

more computationally expensive than 2D fracture networks. Fig. 4.1(b) reflects sim-

ilar scaling slopes for both 2D and 3D fracture networks. Figs. 4.3 and 4.4 depict
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Figure 2.3: Left: computing time vs. the number of fractures; Right: computing time
vs. the number of calls of the most time-consuming function, intersection function,
in both 2D and 3D fracture networks. The timings include fracture and network
generation, clustering check and labelling.

sketch maps of fracture networks in 2D and 3D spaces.

2.2.6 Fracture growth and T-type intersection

The processes above produce fractures exhibiting only X-type intersections (i.e., frac-

tures that cross one another) or I-type (i.e., fractures which end in isolation), but not

T-type intersections (i.e., one fracture that terminates on another). T-type intersec-

tions are commonly observed in outcrops, and they help to enhance connectivity for

a given fracture intensity as they reduce the number of dead ends in the system [201].

To mimic the T-type intersections in the fracture network, the growth of fractures

should be considered. Davy et al. [67, 68] modelled the fracture networks with T-

type intersections in 2D and investigated the fracture-scaling characteristics. In Davy

et al. [68]’s paper, they discussed three steps to simulate the growth of fractures in
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Clustering

Fractal Uniform

Figure 2.4: 2D fracture networks. The red line segments form the connected spanning
cluster. The green line segments correspond to all other locally connected clusters.
In both networks, fracture orientations follow a uniform distribution, lengths obey a
power-law distribution, and the fracture apertures are constant. The left network
has fracture center positions that follow a fractal spatial density distribution with
the fractal dimension of 1.5, and in the right network, the fracture centers follow a
uniform distribution.

Fractal Uniform

Figure 2.5: 3D fracture networks. The red polygons form the connected spanning
cluster. The green polygons correspond to all other locally connected clusters. In
both networks, fracture orientations follow a uniform distribution, lengths obey a
power-law distribution, and the fracture apertures are constant. The left network
has fracture center positions that follow a fractal spatial density distribution with
the fractal dimension of 2.5, and in the right network, the fracture centers follow a
uniform distribution.
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2D, which are nucleation, growth, and arrest. Similar concepts are adopted in this

chapter to construct a fracture-growth model in 2D and 3D spaces.

Preexisting depositional and mechanical weaknesses, such as crystal dislocation,

grain boundaries, pores, microcracks, and bedding planes, can reduce the tensile and

shear strength of rocks, and trigger tensile or shear fractures under applied stresses

[214, 126]. Those weaknesses that initiate the fracture growth are called nuclei. The

physics underlying the formation of nuclei, the rate of nucleation and the spatial

and orientation distribution of nuclei, are possibly related to a stress condition and

thermal activation [225, 37, 101]. To make the simulation practical, nuclei are assumed

to be uniformly distributed both in orientations and positions in the domain, and the

nucleation rate is constant. It is straightforward to extend the spatial distribution

and nucleation rate to a more realistic scenario if the mechanism of nucleation can

be stated in a specific mathematical format.

Fracture propagation in the subcritical regime is stable and quantifiable. The

crack tip velocity is found to follow a power-law distribution [52, 205, 174, 83].

v = dl/dt = A(
KI

KIC

)
n

(2.2)

Where KI is the opening-mode stress intensity factor at the fracture tip; KIC is

the opening-mode fracture toughness; A is the proportionality constant; and n is the

subcritical fracture growth index, which varies widely depending on rock type and

environmental conditions.

For the arrest criteria, it is reasonable to assume that large fractures inhibit the

growth of smaller ones in their vicinity [244, 198], while the reverse is not likely to

occur. The arrest condition in a 2D fracture network has two degrees of freedom. A

fracture stops growing at one tip when it intersects the first large fracture at the tip.

The other tip continues to grow until it intersects the second large fracture. For a 3D
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fracture network, the arrest criteria are more complex because of the random polygon

shape. The growth of a 3D fracture is realized by multiplying the coordinates with

a scaling function, and the scaling factor is based on the velocity model. The scaling

transformation is implemented on each non-intersecting vertex of the fracture. Once

a vertex intersects a larger fracture, it is replaced by the intersecting line segment

and stops growing. We consider two modes of growth/stop models, which are shown

in Fig. 2.6. In mode 1, the fracture stops growing when the two vertices on the

longest diagonal line (BD) intersect large fractures (F1 and F2). In mode 2, the

fracture stops growing when any three of its vertices intersect larger fractures (F1,

F2 and F3 ). Figs. 2.7 and 2.8 illustrate fracture growth in 2D and 3D fracture

networks. An explicit visualization of 3D fracture networks is difficult, and we only

show the growth process of one fracture (green fracture) to illustrate the algorithm.

The boundary plane is regarded as an infinitely large fracture, and the fracture tip

stops growing when it intersects a boundary plane. The pseudocode of the growth

process for a given number of nuclei is listed in Algorithm 4.

2.3 Conclusions

This chapter has presented detailed procedures and algorithms of DFN modeling

and covered all key points in DFN modeling. This includes the choice of fracture

shape, the stochastic distributions implemented to describe fracture geometries, the

methods of generating random variables following given distributions, intersection

analysis, clustering analysis, and fracture growth algorithm. We applied the MLP

method combined with the inverse CDF method to generate random variables follow-

ing any sampling distribution. By extending the Newman–Ziff algorithm in fracture

networks combined with the block method, we significantly enhanced the efficiency

of our software. We found that a fracture growth algorithm can generate T-type

intersections and can be further extended to investigate dynamic growth problems
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Figure 2.6: Illustration of two different arrest rules in 3D fracture networks. (Left)
Mode 1. (Right) Mode 2. Fracture is modeled by a convex polygon with four vertices
A, B, C, D. Fracture F1, F2, F3 are fixed. Mode 1 and 2 depict the growing fracture in
two different stages. Light purple represents the first stage where the fracture is still
growing; light red represents the second stage corresponding to the point where the
fracture stops growing. In mode 1, the fracture stops growing when the two vertices
on the longer diagonal line (BD) intersect large fractures F1 and F2. In mode 2, the
fracture stops growing when three vertices intersect large fractures F1, F2 and F3.

T-type

X-type

(a) (b) (c)

"Time" increases

Figure 2.7: Illustration of fracture growth in a 2D fracture network. (c) is the last
”time” step where all fractures stop growing. The T-type and X-type intersections are
marked in the figure. The red line segments represent the preexisting old fractures.
The green lines are the fractures growing from the initial nuclei.

incorporating geomechanics.
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Algorithm 4: Fracture growth algorithm

Data: N , preexisting fractures
Result: Simulate the growth of N fractures
begin

Initialization: Generate N nuclei;
Initialization: t=0;
while Not all N fractures are arrested do

t=t+1;
for int i = 0; i < N ; i+ + do

if Fracture i is not arrested then
Check intersections with all other fractures;
/* Block method is applied to reduce computational

time here */

if Arrest criteria fulfilled for Fracture i then
Fracture i is marked as arrested;

else
Fracture i grows;
/* Only non-intersecting vertices grow; */

/* Intersecting vertices are replaced with the

intersection line segments and fixed; */

end

end

end

end

end

"Time" increases

(a) (b) (c)

Figure 2.8: Illustration of fracture growth in a 3D fracture network. (c) is the last
”time” step at which all fractures stop growing. The red polygons represent the
preexisting old fractures. The green polygon is the fracture that grows from the
initial nucleus. To better visualize the process, only a few red polygons and one green
polygon are shown.
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Chapter 3

Percolation properties of stochastic fracture networks in 2D

and outcrop fracture maps

Percolation theory is widely used to analyze the connectivity of fracture networks.

The quantities commonly used to characterize fracture networks are the total excluded

area, total self-determined area, and the number of intersections per fracture. In

this work, we investigate the variability of these three quantities in three types of

fracture networks, in which fracture lengths follow a power-law distribution, fracture

orientations follow a uniform distribution, and fracture center positions follow either

a uniform spatial density distribution (type 1 and 2) or a fractal spatial density

distribution (type 3). We show that in type 1 and type 2 fracture networks, these three

quantities are percolation parameters only when the power-law exponent is larger

than 3.5. In type 3 fracture networks, none of the three quantities is a percolation

parameter. We also investigate 18 outcrop fracture maps and find that cm-scale and

m-scale maps are closest to type 3 fracture networks. The outcrop fractures cluster

and have lengths that follow a power-law distribution, with the exponent ranging

from 2 to 3. We generate realistic fracture networks and find that they are close to

km-scale outcrop maps, which can partially explain the inconsistent behaviour of the

three quantities in the km-scale outcrops.
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3.1 Introduction

Fractures and their connectivity impact several fields of engineering, such as oil and

gas exploration and production, gas sequestration, and hydrology[31]. In practical

terms, fracture characteristics such as length, height, aperture, orientation, position,

must be known, as well as how intimately and over what distances these fractures are

connected. Here we only analyze the systems of fractures with dips equal to 90◦ and

uniform heights. In map view, such fractures appear as line segments. Percolation

theory [257] can be used to study the connectivity of anything in general, and the

connectivity of fractures in particular [179, 30, 45, 231, 34, 46]

In percolation theory, a parameter that depends only on the type of system and

process should be identified. When the system percolates, or a spanning cluster is

formed, this parameter should provide a percolation threshold, which is an indicator of

global connectivity. For example, the probability of an open bond in bond percolation

is a percolation parameter. This probability yields a unique percolation threshold for

each type of lattice [97]. Percolation theory is used to describe infinitely large fracture

systems. For each class (type) of the fracture network, the percolation threshold

should be constant. In practice, fracture networks are always finite, and there should

be a finite-size effect on the system [45]:

pc(L)− p∞c ∼ ∆pc(L) (3.1)

where L is the system size, pc(L) is the percolation threshold in a finite-size system, p∞c

is the percolation threshold in an infinitely large system, and ∆pc(L) is the standard

deviation of pc(L).

The quantities commonly used to describe 2D fracture networks are total excluded

area (Atex) [22], total self-determined area (Atsd) [45, 46, 209], and the number of

intersections per fracture (Ipf)[231]. To determine percolation, any of these quantities
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should yield a constant percolation threshold in an infinitely large system or a finite

system after correcting for the finite-size effects. In a constant fracture length network

with a uniform spatial distribution of fracture centers, several researchers (see, for

example, Bour and Davy [45], Berkowitz [30], Robinson [231]) found that these three

quantities describe percolation. For more complex fracture networks, such as for

variable fracture lengths and non-uniform center distribution, these three quantities

may or may not be suitable to describe percolation, and they should be investigated.

To the best of our knowledge, such investigations have not yet been completed, and

we set out to investigate percolation behaviors of Atex, Atsd and Ipf in three types of

fracture networks that are purely stochastic with only one set of fractures. Moreover,

we apply the results of our analysis to the maps of outcropping fractures and faults

and check the behavior of these three parameters in a realistic fracture network,

which is composed of several generations of fractures with preferential orientations

and constrained spacing.

3.2 Materials and Methods

In this section, we discuss the formula to calculate three commonly used parameters,

Atex, Atsd, Ipf , and the construction of three types of fracture networks.

3.2.1 Three parameters: Atex, Atsd, Ipf

Three parameters are commonly used in the literature as the percolation parameters

in fracture networks: the total excluded area (Atex), the total self-determined area

(Atsd), and the number of intersections per fracture (Ipf). If the fracture system is

infinitely large, and the fracture lengths and orientations are independent of each

other, we can analytically prove that Atex is proportional to Astd. For a finite frac-

ture system, the proportionality is not necessarily valid. In a finite discrete fracture
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network, the formulas to calculate Atex[22], Atsd, Ipf are listed in Eqs. (3.2) to (3.4).

Atex =
1

(N − 1)A

N∑
i=1

N∑
j=16=i

LiLj | sin(θi − θj) | (3.2)

Atsd =

∑N
i=1 L

2
i

A
(3.3)

Ipf =
NIn

N
(3.4)

where N is the total number of fractures in the fracture network, A is the area of the

domain, Li is the length of ith fracture, θi is the orientation angle of ith fracture, and

NIn is the total number of intersections.

3.2.2 Three typical types of fracture networks

Fracture networks are complex, and it is impossible to quantify their properties in

great detail. To reduce modeling complexity, line segments are used to represent frac-

tures, and three geometrical parameters describe each fracture: the fracture length,

orientation, and position of the fracture center. Different statistical distributions [41]

can characterize each parameter. Fracture lengths are highly variable, ranging from

micrometers to kilometers. Many distributions have been proposed to characterize

fracture lengths, e.g., exponential, gamma, log-normal, and power-law distributions

[198, 61, 132, 167, 199, 219, 244, 253, 45, 46, 41]. However, field observations and

analogue experiments suggest the prevalence of the power-law distribution:

n(l) = αl−a (3.5)

where n(l)dl is the number of fractures with lengths ranging from [l, l + dl], α is a

coefficient of proportionality and a ∈ (1, 4) is the exponent of the power-law distri-

bution. The probability of generating very long fractures decreases sharply when a



57

increases. We define a long fracture in this work as a fracture with its length larger

than the system size. We assign the system size as the length of the long fracture to

calculate the three parameters mentioned above.

Once the distributions of the three geometric parameters are determined, a stochas-

tic fracture network can be generated. In this research, we use the in-house developed

C++ code, HatchFrac (Chapter 2), to construct the required fracture networks.

The code stops adding new fractures when there is a spanning cluster formed that

connects all four sides of the domain boundary. Furthermore, to reduce the simu-

lation time, we apply a new fast cluster-check algorithm proposed by Newman and

Ziff [195] instead of the commonly-used Hoshen-Kopelman algorithm. Since many

distribution laws can be used to describe fracture geometry, there are many different

classes of fracture networks. We choose three typical classes to investigate whether

Atex, Atsd and Ipf are percolation parameters.

The three types of fracture networks considered here are shown in Fig. 3.1. All

fractures have uniform distributions of orientations and power-law distributions of

lengths. In type 1 and 2 networks, a uniform distribution is also used to determine

the fracture centers. All fracture centers in type 1 networks are within the system of

size L × L. In type 2 networks, these centers reside in a 2L × 2L square, with the

system L× L domain placed in the middle. We investigate the fracture connectivity

only within the L × L systems. The intention to have a type 2 fracture network is

to investigate the influence of fractures that have their centers outside the domain

but with part of the fracture inside the domain on the percolation property. In a

type 3 network, the positions of the fracture centers obey a fractal spatial probability

density function [72, 187] and all centers fall inside the L× L domains. The red line

segments are the fractures in the spanning cluster, and green line segments are the

locally connected fractures.

We investigate the variability of these three quantities in the three types of fracture
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Figure 3.1: Three types of fracture networks. The red line segments are the fractures
in the spanning cluster and the green line segments are the locally connected fractures.

networks in Fig. 3.1. We stabilize the results by averaging up to 10,000 simulations

for the smallest system sizes and up to 1,000 for the largest system size. If any of

these three quantities is a percolation parameter in a finite-sized system, the finite-

size effect should exist, and a constant percolation threshold should also exist after

discounting the finite-size effect.

3.3 Results

In this work, we investigate the behaviours of Atex, Atsd and Ipf in three types of

fracture networks with different exponent values and system sizes. In all three types

of fracture networks, the exponent value varies between 1.2 and 4, with an increment

of 0.1. In both type 1 and type 2 fracture networks, the system size varies from

30 to 150, and in the type 3 fracture network, the system size varies from 30 to

100. Furthermore, we also digitize 18 real fracture outcrop maps and compare the

behaviour of Atex, Atsd and Ipf in the real fracture outcrop maps with the results in

the stochastic fracture networks. Realistic fracture networks usually have more than

one set of fractures with preferential orientations and constrained spacing. We also
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investigate the variability of three quantities in such fracture networks.

3.3.1 Behavior in type 1 fracture networks

The variability of the three quantities in type 1 fracture networks is shown in Fig. 3.2.

The figure shows that all three quantities become constant when the exponent a > 3.5,
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Figure 3.2: Variation of (a) Atex, (b) Atsd and (c) Ipf in type 1 fracture networks. Up-
per panels show the variations of the parameters and lower panels show the variations
of the standard deviations of the parameters.

making these fracture networks closer to the constant-length fracture networks. The

finite-size effect also exists when a > 3.5. Therefore, for a > 3.5, all three quantities

can be used as percolation parameters. When 1.5 < a < 3.5, three parameters have

significant variations in their values; thus, they are not valid percolation parameters.

When a < 1.5, Atex and Atsd are constant, but there are no finite-size effects. This

indicates that when a < 1.5, Atex and Atsd are not percolation parameters. Although

Ipf has the finite-size effect over the entire range of a, it also varies when a < 3.5,

which means that Ipf is not a percolation parameter when a is smaller than 3.5.
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3.3.2 Behavior in type 2 fracture networks

Fig. 3.3 illustrates the variability of the three quantities in type 2 fracture networks.

In general, the behavior of the three parameters in type 2 fracture networks are similar
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Figure 3.3: Variation of (a) Atex, (b) Atsd and (c) Ipf in type 2 fracture networks. Up-
per panels show the variations of the parameters and lower panels show the variations
of the standard deviations of the parameters.

to the behavior in type 1 fracture networks. All three parameters can be regarded

as percolation parameters only when the exponent is larger than 3.5. We take one

specific system size, L = 100, to compare the difference of the behavior between these

two fracture networks. The comparison is shown in Fig. 3.4. For Atex and Atsd,

when the exponent is large, the difference is negligible. When the exponent is small,

the parameters have larger values in type 2 fracture networks. For Ipf , the difference

between the two types of fracture networks are not significant.

The only difference between the type 1 and 2 fracture network is that the center

of the fracture can be positioned outside the domain in the type 2 fracture network.

Small fractures with centers outside the domain have a negligible impact on the system
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Figure 3.4: Comparison of (a) Atex,(b) Atsd and (c) Ipf in type 1 and type 2 fracture
networks (L = 100)
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Figure 3.5: One possible scenario to illustrate large fractures in type 1 and type 2
fracture networks. The red point c refers to the centre of the fracture and the green
points I1 and I2 denote the intersection points.

because they either do not intersect the target domain or only have a tiny portion

inside the target domain. When the exponent is large, both systems are dominated

by small fractures, so the difference is negligible. For long fractures, their lengths are

assigned as the system size if they intersect the domain. Fig. 3.5 depicts a possible

scenario to explain this phenomenon, showing that long fractures in the type 2 fracture

network may only have a small portion inside the target domain, while its lengths

are still assigned as system size, making Atex and Atsd increase. When the exponent

is small, both systems are dominated by large fractures; thus, the parameters have

larger values in type 2 fracture networks. For the Ipf , all intersections inside and

outside the domain are included for the calculation. Therefore, the value of Ipf does

not differ much in type 1 and 2 fracture networks. In conclusion, the fractures that
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have centers outside the domain, but with parts inside the domain, impact on the

specific values of the three parameters, especially for Atex and Astd; however, these

fractures do not change the percolation property of the fracture network.

3.3.3 Behavior in type 3 fracture networks

The variability of the three quantities in type 3 fracture networks is shown in Fig.

3.7. In type 3 fracture networks, the positions of the fracture centers follow a fractal

D=2.0 D=1.5

Figure 3.6: 50,000 2D spatial points follow a uniform spatial density distribution
(Left) or a fractal spatial density distribution with the fractal dimension D = 1.5
(Right). When the fractal dimension is smaller than two in the 2D space, clustering
effects are introduced.

spatial density distribution[187, 64]. When the fractal dimension of this distribution

is smaller than two in 2D networks, clustering effects appear. In this study, we set

the fractal dimension of the fracture centers equal to 1.5. Fig. 3.6 shows a sketch

map illustrating the fractal spatial distribution.

Fig. 3.7 shows that the three quantities have small variations when a < 2.5, and

large variations otherwise. For each parameter, there is no finite-size effect over the

whole range of a. Therefore, none of these quantities can be used as percolation

parameters. The reason for this outcome is the competition between clustering and

length, as demonstrated in Fig. 3.8. When a is small, large fractures dominate
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Figure 3.7: Variation of (a) Atex, (b) Atsd and (c) Ipf in type 3 fracture networks. Up-
per panels show the variations of the parameters and lower panels show the variations
of the standard deviations of the parameters.

the network connectivity, which is similar to the situation in type 1 and 2 fracture

networks that yields small variations in the three quantities. In contrast, when a is

large, the clustering effect becomes more significant. This process only results in local

connectivity with no contributions to global connectivity and makes the values of the

three quantities increase significantly.

Figure 3.8: Demonstration of type 3 fracture networks with small and large exponents



64

3.3.4 Behavior in real fracture outcrops

We digitized 18 fracture outcrops from different literature sources[158, 98, 25] with

line segments. The scale of the fracture outcrop maps varies from centimeters to

kilometers. The results of Atex, Atsd and Ipf are shown in the upper panels of Fig.

3.9.

After comparing the results of the real outcrop maps with behaviours in type 1,

2, and 3 fracture networks, we find that the real fracture outcrop maps at cm- and

m-scales are closest to type 3 fracture networks, especially the cm-scale outcrop maps,

because the value of Ipf is too high to be close to type 1 and 2 fracture networks.

However, the real fracture outcrop maps at kilometer scale are not close to any of

the three types of fracture networks. In all three types of fracture networks, the

values of Atex and Atsd are larger than 2 and 4, respectively, while the values of Atex

and Atsd in the km region are too small (less than 1 and 4). Possible explanations

could be that km-scale fracture networks do not have a spanning cluster formed, or

the spanning cluster cannot be observed because of the limited resolution. Another

possible explanation is that km-scale outcrop maps share a different fracture model

with m-scale and cm-scale fracture outcrop maps.

Since cm-scale and m-scale fracture networks are closest to type 3 fracture network,

by comparing the results of real outcrop maps and type 3 fractures, we can find the

range of exponents a for the real fracture outcrop maps, as demonstrated in Fig. 3.9.

If the real fracture networks follow a power-law distribution, the exponent of the

power-law should be in the range of 2 to 3, which is consistent with many other

researchers’ observations [254, 45]

3.3.5 Behavior in realistic fracture networks

Real fracture networks seldomly have all fractures follow the same distributions of

lengths, orientations, and center positions. These networks may be composed of
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Figure 3.9: Comparison of the results of (a) Atex, (b) Atsd and (c) Ipf in real outcrop
maps and the type 3 fracture networks. Upper: results in real outcrop maps; Lower:
results in type 3 fracture networks

several generations of fractures [107, 299]. Each generation of fractures has its pref-

erential orientation because of the global stress state, and the spacing of younger

generation fractures are constrained by the older generation fractures. An example

of the fracture system at Ras Al Khaimah in the United Arab Emirates is shown

in Fig. 3.10(a). Our code can generate realistic fracture networks composed of sev-

eral generations. The fist generation fractures are large and span the domain from

the west side to the east side. Two sets of younger generations are generated after

the first generation fractures. The lengths of the younger generations follow either

a power-law distribution or a uniform distribution around the spacing of the first

generation fractures. The positions of younger generations follow either a uniform

spatial density distribution or a fractal spatial density distribution. The orientations

of the younger generations are either approximately parallel or perpendicular to the

first generation fractures. Different distributions are governed by given probabilities,

as shown in Table 3.1.

With the distributions fixed, we change the system size and stabilize the results of
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(a) (b)

N

Figure 3.10: (a) A fracture system at Ras Al Khaimah in the United Arab Emirates;
(b) A realistic fracture network composed of several generations of fractures with
preferential orientations and constrained spacing. The red line segments are the
fractures in the spanning cluster, and the green line segments are the locally connected
fractures.

Table 3.1: Distributions of different fracture sets

Set Probability Center position Strike Length

2a
0.05
0.20
0.25

Uniformb

Paralleld

Perpendicular
Parallel

Power-law e (a = 1.8)
Uniform (0.9 ∼ 1.1 spacingf )

Power-law (a = 3.0)

3
0.05
0.20
0.25

Fractalc
Parallel

Perpendicular
Parallel

Power-law (a = 1.8)
Uniform (0.9 ∼ 1.1 spacing)

Power-law (a = 3.0)

a
the first set of fractures consists of a few large tensile fractures that span the domain and have similar strike

directions (East-West).
b uniform spatial distribution
c fractal spatial density distribution
d the strike orientation is parallel/c to the first generation fractures;
e Power-law distribution. a is the exponent of the power-law distribution. The maximum and minimum fracture
lengths are L and 1 respectively.
f Uniform distribution with the value varying between 0.9 and 1.1 times of spacing of the first generation fractures;

three quantities by averaging up to 10,000 simulations for each system size. Fig. 3.11

presents the behavior of Atex, Atsd and Ipf in realistic fracture systems with different

system sizes.

Atex and Astd have different variation trends with the increase of the system size.
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Figure 3.11: Variation of (a) Atex, (b) Atsd and (c) Ipf in realistic fracture networks.

Atex decreases to less than 1 when the system size is large, which coincides with the

behaviour of the Atex in km-scale outcrops. Ipf falls in a range between 2 and 5, which

is also consistent with the values of Ipf of km-scale outcrops. Atsd varies between 3 to

8, which is larger than the variation range of Atsd in km-scale outcrops. In general,

realistic fracture networks are closer to the km-scale outcrops compared with the cm-

and m-scale outcrops, which may explain the behaviour of the three quantities in

the km-scale outcrops. Kilometer-scale fracture networks are most likely composed

of several sets of fractures, and each set of fractures has a preferential orientation.

However, this phenomenon may not be significant in cm- or m-scale fracture networks

because the complex changes in global and local stresses over a long geological time

can generate different fractures and make them omnidirectional.

3.4 Conclusions

By investigating the behaviour of Atex, Atsd and Ipf in three typical fracture networks

and also in real fracture outcrop maps and realistic fracture networks, we came to

several important conclusions, as summarized below:

� For type 1 and type 2 fracture networks, Atex, Atsd and Ipf can be used as

percolation parameters when the length exponent is large: a > 3.5.

� Type 2 fracture networks have similar behaviours with type 1 fracture networks,

which indicates that fractures with centers outside the domain do not have a
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significant impact on the percolation property of the fracture network.

� For type 3 fracture networks, none of the three quantities are percolation pa-

rameters.

� Outcrop fracture maps in cm- and m-scales are closest to type 3 fracture net-

works. Fractures in these maps cluster and have length distributions that follow

power-law distributions with 2 ≤ a ≤ 3.

� Outcrop fracture maps in km scales are close to realistic fracture networks,

which are composed of several generations of fractures with preferential orien-

tations and constrained spacing.
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Chapter 4

Impact of fracture geometry and topology on the

connectivity and flow properties of stochastic fracture

networks

In low permeability formations, connectivity of fractures determines the overall hy-

draulic diffusivity, and measures the potential for fluid flow through the fracture net-

work. To quantitatively evaluate the connectivity is a nontrivial task. In this chapter,

we utilize a topological concept—global efficiency—to evaluate the connectivity of the

network. We address the impact of key geometrical properties of stochastic fracture

networks (fracture lengths, orientations, apertures and positions of fracture centers)

on the mega-scale flow properties and connectivity. Six thousand different realiza-

tions have been generated to characterize these properties in all fracture networks.

We find that the reduced graphs, which consist of the shortest paths from the inlet

nodes (fractures) to all outlet nodes, contribute the majority of fluid flow. 3D frac-

ture networks usually have higher global efficiency than 2D ones, because they have

better connectivity. All geometrical properties impact the connectivity of a fracture

system. Aperture distribution impacts strongly global efficiency of a fracture network

and its influence is more significant when the system is dominated by large fractures.

Fracture clustering lowers global efficiency in both 2D and 3D fracture networks.

Global efficiency of 2D and 3D fracture networks also decreases with the increasing

exponent of the power-law distribution of fracture lengths, which means that the

connectivity of the system decreases with an increasing number of small fractures.

Realistic fracture networks, which are composed of several sets of fractures with con-
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strained preferred orientations, share all the characteristics we have considered with

the stochastic fracture networks in this work.

4.1 Introduction

Hydrocarbon recovery in tight sands and mudrocks (shales) depends strongly on the

volumetric fracturing of large regions of the reservoir rock. We almost never know how

the combined networks of hydrofractures and activated natural fractures look like and

function. Geometry and topology of real fracture networks are poorly understood.

Currently, the only practical approach to modelling these systems is to use stochastic

fracture networks. In these networks, the fractures are usually represented by simpli-

fied geometries, such as line segments in 2D [44, 231, 30, 10] and random polygons

in 3D space [46, 4, 36]. Different distributions are applied to characterize fracture

lengths, orientations, apertures and positions of the fracture centers. Several distri-

butions have been proposed to describe fracture lengths [41]. Field observations and

analog experiments suggest prevalence of power-law distribution [44, 46, 41, 70, 71].

The fracture apertures follow a log-normal distribution when imaged with an X-

Ray CT scanner under different stress conditions, [191]. Walmann et al. [269], Olson

[204], Renshaw and Park [228] and Bai et al. [20] found that there is a scaling relation

between the aperture and length of fractures. The uniform distribution is commonly

applied to describe the positions of fracture centers, [44, 30]. However, realistic frac-

ture networks rarely have uniformly distributed centers. Darcel et al. [64] studied the

connectivity of fracture networks with the fracture center positions following a fractal

spatial density distribution that brings about clustering effects and might be closer

to reality [298].

Alghalandis [4] developed open source software for generating the 2D and 3D frac-

ture networks with matlab. As a high-level programming language, matlab is not

efficient enough to deal with hundreds of thousands or millions fractures, especially
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in 3D. For Alghalandis [4]’s software, it takes 23 s for two- dimensional case and

6 min for three-dimensional case for 100,000 fractures. In this research, we use the

in-house developed C++ code. Through applying a fast cluster check algorithm by

Newman and Ziff [195], our code can generate a large number (O(106)) of fractures

in both 2D and 3D. Fig. 4.1 shows the computational time of generating fractures

and checking clusters.
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Figure 4.1: Computing time vs. the number of fractures. The timings include fracture
and network generation, clustering check and labelling.

In low permeability formations, connectivity of fractures determines the overall

hydraulic diffusivity and measures the potential for fluid flow through the fracture

network [172, 44, 230, 166]. However, to quantitatively evaluate the connectivity is a

nontrivial task.

Percolation theory is widely used to analyze the connectivity of fracture networks[231,

30, 34, 44, 179, 46, 201, 128, 70, 71]. In percolation theory, clusters of fractures are

traced and labelled. They are commonly considered as permeable pathways for fluid

flow. A spanning cluster is the largest cluster which connects boundaries of the

domain and also indicates global connectivity of the fracture network. However, a
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proper percolation parameter is required before predicting the formation of the span-

ning cluster. When the spanning cluster forms in the system, the corresponding

percolation parameter reaches a percolation threshold. For simple fracture networks

where fractures are distributed uniformly and have constant lengths, quantities like

total excluded area, total self-determined area and number of intersections per frac-

ture are valid percolation parameters [231, 22, 44, 46, 209]. For fracture networks with

variable lengths and non-uniform distribution of fracture centers, we investigated the

applicability of those quantities and found that they are not percolation parameters

[298]. It means that i) these quantities cannot predict the formation of the spanning

cluster, and ii) they are not suitable quantifications of connectivity.

Allard et al. [7] proposed a connectivity function to describe the connection be-

tween two points and further developed cell-based method to evaluate the connectivity

of the domain that has been discretized into pixels (cells) [227]. Fadakar-A et al. [86]

and Xu et al. [290] further extended the cell-based approach to describe the connection

between two cells through fractures and proposed connectivity index/field to evaluate

the connectivity of fracture networks. A connectivity function is a binary function of

1 and 0 to indicate whether two cells are connected through fractures or not. This

method is better than the percolation method, such as intersection intensity, because

it incorporates density, intersection and clustering information. However, it cannot

capture the aperture and length variation of fractures and cannot evaluate the impact

of hydraulic conductance as well.

Intersection relationships of fractures can be classified into three types, fracture

intersections (X-nodes), abutments or splays (Y-nodes) and isolated fracture tips (I-

nodes). Barton and Hsieh [23] introduced a ternary diagram to characterize connec-

tivity, on which the relative frequencies of the three node types present in a system are

plotted as a point. This method captures the topological pattern of intersections and

is adopted by many researchers to characterize fracture networks [172, 122, 239, 240]
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. However, it neglects the impact of other geometrical properties, such as fracture

length and apertures on the hydraulic connectivity.

In this chapter, we adopt a concept from graph theory, global efficiency, [109, 264],

to quantitatively evaluate the connectivity of a given fracture network and investigate

the impact of fracture geometries and topological structures, [10, 150, 117], on the

connectivity. In Table 4.1, we compare the global efficiency with all three commonly

used approaches to demonstrate its advantages. ”Yes” for each parameter (length,

aperture or center position) means that if the parameter changes, the connectivity

index can quantify the corresponding change in connectivity. The global efficiency is

the only index that can evaluate the impact of all geometrical properties.

Table 4.1: Comparison between different connectivity indexes

Connectivity index Quantification Length Aperture Center position
Percolation parameter NO NO NO NO
Connectivity index/field YES NO NO YES
Intersection index YES NO NO YES
Global efficiency YES YES YES YES

To apply the topological analysis, one needs to convert a fracture network to its

graph representation. In addition, flow calculations on a graph system, [121, 291,

267, 206], are more efficient compared with discrete fracture–matrix models, where

both the matrix and fractures are considered to simulate the flow in fractured porous

media [43, 35, 135, 233].

The graph-based flow calculation neglects the impact of the matrix. For for-

mations with low permeability, this simplification is roughly valid since fractures

contribute to the majority of the flux [70, 71]. We have done a full-scale embed-

ded discrete fracture model simulation to demonstrate the impact of the matrix on

the flow with UNCONG software [161]. We calculate the flow rate under the same

boundary conditions with different permeability ratios (Km/Kf) between the matrix
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Table 4.2: Impact of matrix on the fluid flow

Permeability ratio
(Km/Kf)

Flow rate
(10−4m3/s)

Flow ratio
(Qf/Qf+m)a

Dimension

0 1.60 1.0 2D
10−4 1.86 0.86 2D
10−5 1.62 0.99 2D

0 2.50 1.0 3D
10−4 4.58 0.55 3D
10−5 2.71 0.92 3D

a
Qf is the flow rate considering fractures only; Qf+m is the flow rate considering both fractures and the matrix.

and fractures in 2D and 3D benchmark cases. Results of flow rates in each scenario

are shown in Fig. 4.2 and Table 4.2.
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Figure 4.2: The impact of matrix on the flow rate in 2D (Left) benchmark case and
3D (Right) benchmark case

It indicates that if the permeability ratio between matrix and fractures is smaller

than 10−5, the fracture network contributes the most (more than 90%) of the total

flux. Fractures commonly have a permeability on a scale of Darcy or even hundreds

of Darcies, while the permeability of the matrix varies with the rock type and depo-

sitional environment. For shale reservoirs, the matrix permeability reaches the scale

of nanoDarcy [55].

The purpose of this chapter is to investigate how the three main geometrical
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properties, fracture lengths, apertures and center positions, and the corresponding

topological structures, impact connectivity of a fracture network. Different distri-

butions are used to mimic these geometrical properties. Hereafter, we calculate the

connectivity of different fracture networks and the corresponding flow patterns.

4.2 Materials and Methods

In this section, we discuss the generation of 2D and 3D fracture networks and their

conversion to graph representations. We also address the calculation of flow rate and

the measure of global efficiency.

4.2.1 Generation of 2D and 3D fracture networks

Real fracture networks are complex, and it is difficult to quantify their properties. To

reduce modeling complexity, line segments are used to represent fractures in 2D, and

random convex polygons with four vertices are adopted in 3D. The four geometrical

parameters that describe each fracture are fracture lengths, orientations, apertures

and positions of the fracture centers. Each parameter can be characterized by a

different statistical distribution.

The fracture lengths are characterized by a power-law distribution[44]

n(l) = αl−a (4.1)

where n(l)dl is the number of fractures with lengths ranging from [l, l+ dl], α is the

coefficient of proportionality and a is the power-law exponent. Bour and Davy [44]

and Zhu et al. [298] showed that this exponent should range approximately from 2

to 3. The probability of generating very long fractures decreases sharply as a increases.

The fracture orientations follow uniform distributions.
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The positions of fracture centers are sampled from a uniform or fractal distribu-

tion. The fractal spatial density distribution[64, 187] introduces clustering effects in

the network. Darcel et al. [64] and Zhu et al. [298] showed that real fracture networks

exhibit clustering effects.

The fracture apertures are assumed to be constant, proportional to the fracture

lengths, or follow a uniform or log-normal distribution.

Examples of different fracture networks in 2D and 3D are shown in Figs. 4.3 and

4.4. Each network has a spanning cluster, which connects all four sides of the domain

boundary in 2D networks and the six boundary faces in 3D networks. The spanning

cluster is the only pathway of fluid flow across the entire system, and its hydraulic

conductance is crucial for flow analysis.

Clustering

Fractal Uniform

Figure 4.3: 2D fracture networks. The red line segments form the connected spanning
cluster. The green line segments correspond to all other locally connected clusters. In
both networks, the fracture orientations follow a uniform distribution, lengths obey
a power-law distribution, and the fracture apertures are constant. The left network
has fracture center positions that follow a fractal spatial density distribution with
the fractal dimension of 1.5, and in the right network, the fracture centers follow a
uniform distribution.
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Fractal Uniform

Figure 4.4: 3D fracture networks. The red polygons form the connected spanning
cluster. The green polygons correspond to all other locally connected clusters. In
both networks, the fracture orientations follow a uniform distribution, lengths obey
a power-law distribution, and the fracture apertures are constant. The left network
has fracture center positions that follow a fractal spatial density distribution with
the fractal dimension of 2.5, and in the right network, the fracture centers follow a
uniform distribution.

4.2.2 Graph representation of fracture networks

Connectivity is an essential aspect of fracture networks that determines flow rate

under the imposed pressure gradient. A topological concept, global efficiency, can

be used to evaluate the connectivity of a given graph. Therefore, the conversion

of a fracture network to its graph representation is necessary. Furthermore, it is

more efficient to calculate flow using node-link formalism [210, 86, 121], rather than

to solve it directly with the finite difference or finite element methods. The graph

representation preserves the topological structure of the original fracture network.

Graph representation of 2D fracture networks

For a 2D fracture network, the graph representation is based on the percolation

backbone of the fracture network obtained after removal of all dead-end fractures

[44]. For coding practice, we kindly remind that once the dead-end fractures are

removed, new dead-end fractures may be generated. Therefore, the backbone-check
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algorithm needs to be iterated until no new dead-end fractures appear. The backbone

networks of each network in Fig. 4.3 are shown in Fig. 4.5 (a, b).

(a) (b)

(c) (d)

Figure 4.5: Upper panels: backbone networks of the fracture networks in Fig.4.3;
Lower panels: graph representations of the fracture networks in Fig.4.3

The nodes in the final graph include the start and end points of each fracture, and

all intersection points among fractures. The graph representations of each fracture

network in Fig. 4.3 are shown in Fig. 4.5 (c, d).

The graph representations of 2D fracture networks are exact and capture all the

geometrical properties of these networks, including the lengths, orientations, aper-

tures, and positions of fracture centers.
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Graph representation of 3D fracture networks

For 3D fracture networks, a simplified graph is incomplete and lacks some geometrical

properties of the fractures. Shapes of fractures cannot be mapped onto a graph with-

out loss of information because these fractures have the non-trivial planar geometry

and orientations in 3D space. However, a graph representation of 3D fracture net-

works still preserves the important topological structure and make the investigation

on the connectivity possible. Each polygon is reduced to its centroid, and intersection

segment of two polygons is reduced to its central point (intersection point). If two

fractures intersect, their centroids are connected via the intersection point. As a re-

sult, the nodes in the graph representation include centroids of all fractures and their

intersection points. After converting to the graph representation, dead-end nodes and

links are removed, because they do not contribute to flow. The graph representations

of 3D fracture networks are shown in Fig. 4.6.

Figure 4.6: Graph representations of 3D fracture networks. The fractures in left
network follow a fractal spatial density distribution with the fractal dimension of 2.5.
The right network has the uniformly distributed fractures. The blue polygons are
small fractures, and the red polygons are large fractures. The green points represent
fracture centroids and intersection points. The yellow line segments are the links
between the nodes.
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4.2.3 Flow rate calculation

To calculate the single-phase flow rate in a fracture network, Darcy’s law is applied.

If a fracture in 2D is approximated by two parallel plates, the fracture permeability

and aperture are related by the cubic law [213, 248, 287, 288]

k =
a2
f

12
(4.2)

Where k is the fracture permeability and af is its aperture.

For 3D fractures, we also assume the flow between two parallel plates. After a

transformation, Darcy’s law can be restated as [220]

Q =
−a3

fbg

12νL
∆H = C∆H (4.3)

where Q is the volumetric flow rate [m3/s]; af is the fracture aperture [m]; b denotes

the third dimension of the fracture [m], set here to 1 for 2D and 3D networks; g is the

acceleration of gravity [m/s2]; ν corresponds to the kinematic fluid viscosity [m2/s],

set to 1× 10−6m2/s; L is the fracture length [m]; ∆H is the hydraulic head drop [m];

C is the lumped hydraulic conductance [m2/s]. The correlation between hydraulic

pressure drop ∆P and hydraulic head drop ∆H is

∆P = ρg∆H (4.4)

The mass conservation must hold at all graph nodes. Using Darcy’s equation and

mass conservation law, the hydraulic head, Hj, of node j and the conductance, Cij,

between nodes i and j can be related as

Hj =

∑n
i=1CijHi∑n
i=1Cij

(4.5)
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where n is the coordination number of node j.

We prescribe a constant pressure boundary condition for all networks. To make

the pressure gradient physically realizable and constrain the Reynolds number to a

realistic range (O(10−3)), the hydraulic head at the inflow boundary (the left-hand

side of the 2D networks and the left face of the 3D networks) is set to 20m, and all

the other boundaries (the remaining three sides in 2D networks and the five faces in

3D networks) have zero heads. This head difference yields a macroscopic pressure

gradient of 2 kPa/m (0.0884 psi/ft).

The flow calculation in this chapter is calibrated with a flow simulator developed

by Li et al. [161]. For a 2D fracture network, the flow calculation based on its graph

representation is exact. However, the flow calculation for a 3D fracture network based

on its graph representation is only approximate, because the graph representation

cannot capture all geometrical properties of this network.

4.2.4 Global efficiency calculation

Different distributions of fracture geometries change the connectivity property of the

resulting fracture network. In topology, global efficiency, E, can be used to measure

the connectivity of a network [150]. The global efficiency is defined as

E =
1

N(N − 1)

∑
(i,j)∈N,i6=j

1

dij
(4.6)

where dij is the shortest distance between nodes i and j, N is the number of nodes.

dij is either the physical distance or a weighted distance. In this work, the weights are

the reciprocals of the hydraulic conductances (resistances) of the connecting links.
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4.3 Results

After choosing the distributions that describe the geometrical properties of fracture

networks, a set of corresponding stochastic fracture networks (stochastic realizations)

can be generated. Examples of random fracture networks in 2D and 3D are shown

in Figs. 4.3 and 4.4. Subsequently, we convert the random fracture networks to their

graph representations (Figs. 4.5 and 4.6) and calculate their global efficiency that

describes the connectivity of the system. After imposing boundary conditions, we

calculate the flow rate according to Eqs. (2) and (3). For each considered case, the

results are averaged over 6000 random realizations.

4.3.1 Reference cases for 2D and 3D fracture networks

To investigate the impact of different probability distributions of fracture geometry on

the connectivity and flow rate of fracture networks, a reference (base) case is needed.

For 2D fracture networks, the reference case is the average of 6000 random fracture

networks, where

� fracture lengths follow a power-law distribution with the exponent of 2.5,

� orientations follow a uniform distribution between 0 and π,

� positions of the fracture centers follow a uniform distribution inside a 100m ×

100m square,

� aperture of each fracture is set to 500 micrometers.

The 3D reference case has the same distributions of lengths, orientations (both strikes

and dips), positions of the fracture centers and apertures as the 2D case. The system

domain is a 100m × 100m × 100m cube. The boundary condition was defined in

Section 4.2 and the minimum length of the fractures is 10m. The hydraulic head

distributions in the reference 2D and 3D networks are shown in Fig. 4.7(a, b).
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Figure 4.7: The hydraulic head distributions in the reference (a, b) and reduced (c,
d) fracture networks

In the generated fracture networks, many fractures do not contribute to the macro-

scopic pressure drop. These fractures significantly slow down the calculation of global

efficiency because the algorithm has a complexity of O(N3). To reduce the number

of nodes, and focus only on the fractures which contribute the majority of fluid flow.

The Dijkstra algorithm [59] is applied to find the shortest (least resistant) paths from

the inflow nodes to all outflow nodes, and produce a reduced graph representation of

the fracture network. The hydraulic head distribution of the reduced graph represen-

tation is shown in Fig.4.7(c, d).

For the reference 2D case, the number of nodes in the original graph and reduced

graph are 90.3 and 60.3 on average, and the corresponding flow rates are 1.65 ×

10−4m3/s and 1.57×10−4m3/s, respectively, with the same boundary condition. This
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calculation indicates that on average, 67% of the nodes contribute 95% of the flow.

For the 3D reference case, the respective numbers of nodes are 87.8 and 68.0, and

the flow rates are 2.42× 10−4m3/s and 2.36× 10−4m3/s. Therefore, 77% of the nodes

contribute 98% of the flow on average. This phenomenon is more significant when

the system size increases, meaning that a reduced network can capture the majority

of the flow in both 2D and 3D networks.

In the global efficiency calculation, the weight of each link is the reciprocal of

its conductance (resistance) normalized by the minimum weight of all links in the

network. Therefore, the global efficiency calculation depends only on the topological

structure of the graph and can be compared with other graphs as well. The average

global efficiencies of the original and reduced graph representations are 0.0132 and

0.0164 for the 2D reference networks. For the 3D reference networks, these values

are 0.018 and 0.020, respectively. The reduced networks have global efficiency higher

than the original networks because of the removal of the least-conductive nodes. The

3D fracture networks have higher efficiency than the 2D ones, consistent with the fact

that it is easier to percolate in 3D, rather than in 2D.

4.3.2 Impact of aperture variation

For the reference cases, all apertures are considered constant (500 micrometers), while

in real fracture networks apertures vary. To investigate the impact of variable aper-

tures on flow and connectivity, more nodes are added along each link. The number

of added nodes is defined as

Nadd
i = round(

li
5

) + 1 (4.7)

where Nadd
i is the number of additional nodes of link i, li is the length of link i,

and round() is the rounding function that forces Nadd
i to be an integer. Segments
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(sub-links) of each link formed by added nodes are assigned with different apertures.

Variability of fracture apertures is applied to reduced fracture networks. The

additional nodes are uniformly distributed along each link. The following scenarios

for aperture distributions are considered:

1. Constant aperture, 500 micrometers;

2. Aperture of each link is linearly correlated with the link length, af = βl. For

each realization, β is calculated from Eq. (8) to make the mean value of aper-

tures 500 micrometers:

β =
5× 10−4 ×N∑N

i=1 li
(4.8)

where N is the number of links in the fracture network.

3. Aperture of each sub-link is uniformly distributed over [0.8, 1.2] × amean, and

amean is the aperture of the link calculated in scenario 2.

4. Aperture of each sub-link is log-normally distributed over [0.8, 1.2]×amean, and

amean is the aperture of the link calculated in scenario 2.

The method to generate a random number in a certain range following a log-

normal distribution has been discussed in Baghbanan and Jing [18]. Different aperture

distributions are shown in Fig. 4.8.

The results for 2D and 3D networks with variable apertures are listed in Table

4.3. Since long fractures usually contribute more to flow and are endowed with larger

apertures in Scenarios 2 – 4, flow rates are higher there. However, in general, flow

rate is not a good indicator of the connectivity of the whole network because it

strongly depends on boundary conditions, as well as on the number and permeability

of inlet fractures. Instead, global efficiency is a better measure which relies only on

the topology of the network. The constant-aperture scenario has the highest global

efficiency, while scenarios 3 and 4 have the lowest efficiency in both 2D and 3D.
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Figure 4.8: Different aperture distributions. Scenario 2 (left): aperture of each link is
proportional to the link length. Scenario 4 (right): aperture of each sub-link follows
a log-normal distribution.

Table 4.3: Impact of aperture variations on the global efficiency and flow rate in 2D
and 3D networks

Aperture Flow rate [10−4m3/s] Global efficiency Network dimension
Scenario 1 1.57 0.0164 2D
Scenario 2 1.91 0.0102 2D
Scenario 3 1.83 0.0065 2D
Scenario 4 1.74 0.0064 2D
Scenario 1 2.36 0.0204 3D
Scenario 2 4.07 0.0103 3D
Scenario 3 3.79 0.0061 3D
Scenario 4 3.65 0.0059 3D

Scenario 2 has an intermediate global efficiency, since apertures of sub-links are the

same, while only apertures of different links vary based on their lengths. Aperture

variations can reduce global efficiency by a factor of two. Efficiency reduction in 3D

fracture networks is more significant, which indicates that these networks are more

sensitive to aperture variations.

4.3.3 Impact of fractal spatial density distribution

The fractal spatial density distribution causes fractures to cluster, as commonly ob-

served in nature. In 2D, if the fractal dimension is 2, the fractal spatial density

distribution reduces to a uniform distribution. If the dimension is smaller than 2,
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there will be fracture clustering. Similarly, in 3D, the corresponding limiting dimen-

sion for uniform fracture distribution is 3. In this work, we choose 1.5 and 2.5 for

the fractal dimensions of the 2D and 3D fracture networks. The method to generate

a fractal spatial density distribution is discussed in Meakin [187], Darcel et al. [64].

The comparisons between networks with the fractal spatial density distributions and

the reference networks are listed in Table 4.4.

Table 4.4: Comparison between reference networks and networks with a fractal spatial
density distribution

Case name Reference Fractal Reference Fractal
Network dimension 2D 2D 3D 3D
Number of original nodes, No 90.3 318.0 87.9 140.9
Number of reduced nodes, Nr 60.3 180.0 68.0 99.0
Rnode = Nr/No [%] 66.8 56.6 77.4 70.3
Original flow rate, qo [10−4m3/s] 1.65 4.19 2.42 4.89
Reduced flow rate, qr [10−4m3/s] 1.57 3.55 2.36 4.64
Rflow = qr/qo [%] 95 85 98 95
Original global efficiency 0.0132 0.0060 0.0180 0.0155
Reduced global efficiency 0.0164 0.0080 0.0204 0.0184

With the same constant head boundary conditions, 56.6% of nodes contribute

85% of the flow in the 2D fractal cases, and 70.3% of nodes contribute 95% of the

flow in the 3D fractal cases. The global efficiency of the fractal case is 55% lower

than the efficiency of the reference case in 2D networks, but it is only 15% lower in

3D networks, which indicates that the 2D networks are more sensitive to clustering

effects.

4.3.4 Impact of power-law distribution

Field observations and analog experiments suggest that the fracture lengths follow a

power-law distribution. Bour and Davy [44], Zhu et al. [298] showed that the power-

law exponent varies between 2 and 3. The impact of the power-law exponent on

flow-rate ratio (Rflow) is depicted in Fig. 4.9. The flow-rate ratio decreases with
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Figure 4.9: Flow-rate ratio vs. fracture length exponent in 2D and 3D fracture net-
works. 2D fracture networks with positions following a uniform or fractal spatial
density distributions have the legends, Uniform, 2D and Fractal, 2D. 3D fracture
networks have the similar legends, Uniform, 3D and Fractal, 3D.

the increase of the exponent a for all systems. 3D networks always have higher

flow-rate ratios than 2D fracture networks. The 2D fractal cases have the most

significant decrease reaching 20% when the exponent a is 2.9. It means that for 2D

fracture networks with clustering effects and dominated by small fractures, it is not

appropriate to replace the original fracture network with its reduced version.

Global efficiency variations of the original network and four scenarios with various

apertures for four systems are shown in Fig. 4.10.

Different distributions of fracture lengths, positions and apertures all have signifi-

cant impacts on global efficiency of resulting networks. A larger number of small frac-

tures (a higher exponent in the power-law distribution) can lower this efficiency sev-

eralfold. The impact of aperture variations is more important when fracture lengths

are large. Clustering effects always reduce global efficiency. However, the difference

between uniform and fractal 3D cases is smaller, indicating that clustering affects 3D

networks less.
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Figure 4.10: Global efficiency vs. fracture length exponent in 2D and 3D fracture
networks. The solid markers refer to fracture networks with centers following a uni-
form distribution; the open markers denote fracture networks with centers obeying a
fractal spatial density distribution. The Scenarios are listed in Table 4.3.

4.3.5 Global efficiency and flow rate in realistic fracture net-

works

Real fracture networks seldom have all of their fractures follow the same distributions

of lengths, orientations, and center positions. These networks may be composed of

several sets of fractures [107, 299]. Each set of the fractures has its own preferential

orientation because of the global stress state. An example of a fracture system at Ras

Al Khaimah in the United Arab Emirates is shown in Fig. 4.11(a).

N

(a) (b) (c)

Figure 4.11: (a) A fracture system at Ras Al Khaimah in the United Arab Emirates;
(b) Realistic 2D fracture networks with four fracture sets; (c) Realistic 3D fracture
networks with four fracture sets

Assuming that the maximum principal stress, S1, is oriented in East-West direc-
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tion, realistic fracture networks with four sets of fractures are constructed as in Fig.

4.11(b, c). In realistic fracture networks, the first set of fractures consists of a few

large tensile fractures that span the domain and have similar strike directions (North-

South), which may be an analogy to the tensile joints in a fold structure caused by

bending [217]. The other three sets of fractures include conjugate shear joints, small

tensile joints and random shear joints. Conjugate shear joints have strike angles rang-

ing around N60◦E or N60◦W, deviating by about 30 degrees from S1. Small tensile

joints have strike angles similar to the first set of fractures. Random shear joints have

random strikes and dips because of the local stress anisotropy. Except for the random

shear joints, all other sets of fractures have dips around 90 degrees. Clustering effects

are also present in this system. The detailed information of each set of fractures is

listed in Table 4.5. The global efficiencies of realistic networks are listed in the Table.

4.6.

Table 4.5: Distributions of different fracture sets

Set Probability Center position Strike Length

2a
0.63
0.02

Uniformb

Fractalc
von Mises–Fisherd

(µ = ±60◦, κ = 300)
Power-law e

(Lmax = L, a = 2.5)

3
0.09
0.01

Uniform
Fractal

von Mises–Fisher
(µ = 0◦, κ = 300)

Power-law
(Lmax = L, a = 3)

4
0.18
0.07

Uniform
Fractal

Uniform
([0, 2π])

Power-law
(Lmax = L, a = 3)

a
the first set of fractures consists of a few large tensile fractures that span the domain and have similar strike

directions (North-South).
b uniform spatial distribution
c fractal spatial density distribution
d von Mises–Fisher distribution with mean direction µ and concentration parameter κ
e Lmax denotes the maximum fracture length while the minimum fracture length is set to 0.1L; a is the exponent of
the power-law distribution.

A reduced network can still capture the majority of fluid flow and has a higher

global efficiency in realistic fracture networks. 82.2% of original nodes contribute

96.6% of the flow in 2D, and 73.8% nodes contribute 96.9% of the flow in 3D. The

3D networks have higher efficiency than the 2D ones. Variable apertures still have
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Table 4.6: Flow rate and global efficiency of realistic fracture networks

Network dimension 2D 3D
Number of original nodes, No 94.6 89.4
Reduced node number, Nr 77.8 66.0
Rnode = Nr/No [%] 82.2 73.8
Original flow rate, qo, [m3/s] 2.06 1.27
Reduced flow rate, qr, [m3/s] 1.996 1.23
Rflow = qr/qo [%] 96.6 96.9
Original global efficiency 0.0078 0.0101
Reduced global efficiency 0.0087 0.0119
Global efficiency(Scenario 1) 0.0087 0.0119
Global efficiency(Scenario 2) 0.0052 0.0118
Global efficiency(Scenario 3) 0.0033 0.0069
Global efficiency(Scenario 4) 0.0032 0.0067

a strong impact on global efficiency and reduce it significantly. In general, realistic

networks share the characteristics found in the stochastic networks analyzed in this

work.

4.4 Conclusions

We have analyzed the impact of fracture geometry and topology on the flow properties

and global efficiency of stochastic fracture networks in 2D and 3D. The key conclusions

from our research are:

1. A reduced graph composed of the shortest (least resistant) path from the inlets

to outlets contributes the majority of flow rate. In most cases, a reduced graph

can be used to replace the original graph to reduce computational time. How-

ever, for fracture networks with a fractal spatial density distribution dominated

by small fractures, this replacement is inappropriate.

2. For obvious reasons, 3D fracture networks have higher global efficiency than 2D

fracture networks, which means that the connectivity of 3D networks is better.
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3. Aperture distribution decreases strongly global efficiency and impacts flow dis-

tribution. Variable apertures can reduce this efficiency severalfold, and their

influence is more significant in networks dominated by large fractures.

4. Fracture clustering reduces global efficiency both in 2D and 3D. However, 3D

fracture networks are less sensitive to clustering effects.

5. The global efficiency of 2D and 3D fracture networks decreases with the increase

of the exponent of the power-law distribution of fracture lengths. This means

that a larger number of small fractures lowers the connectivity of the network.

6. Realistic fracture networks that are composed of several sets of fractures share

most of the characteristics of the stochastic fracture networks.
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Chapter 5

Fracture recognition with U-net and pixel-based automatic

fracture detection

The interpretation of fractures in raw outcrop maps is a tedious and time-consuming

task. A few semi-automatic or automatic interpretation methods based on image pro-

cessing are available; however, they are usually sensitive to the contrast of the image

that, in turn, causes under or over-interpretation of fracture geometry. A successful

interpretation of fractures from a raw outcrop image requires two stages: (1) conver-

sion of a multi-bit per pixel raw outcrop image to a binary map that preserves fracture

geometry and connectivity; and (2) replacement of the binary fracture images with

line segments or polylines. These two stages are fracture recognition and fracture

detection, respectively. We apply the U-net architecture to recognize fractures in a

raw outcrop map. When 200 training epochs are applied to our images, the training

accuracy reaches 0.94, while the mean square error decreases to 0.02. The implemen-

tation of U-net yields good results for fracture recognition. We propose a pixel-based

fracture detection algorithm. The algorithm can automatically interpret the fractures

in the recognized binary map as line segments or polylines. By combining fracture

recognition and detection, we can interpret fractures automatically from a complex

raw outcrop map.
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5.1 Introduction

In the subsurface flow of water and oil and chemical transport therein, the connected

and conductive fractures serve as highways. Because the three-dimensional, small-

scale structure of the subsurface is largely inaccessible, DFN models are commonly

used to investigate the subterranean fracture systems [231, 10, 283, 299]. To be mean-

ingful, DFN models should be constrained by geology and geomechanics [299]. The

commonly available information about fractures includes outcrop maps, wellbore im-

ages, and seismic maps [263, 39, 285, 221]. Outcrop maps provide the most abundant

sources of fracture data, but they require a significant human effort to recognize and

interpret fractures. Therefore, automatic fracture interpretation is needed. Several

semi-automatic or automatic algorithms have been developed for the acquisition of

geologic data, such as LINDA proposed by Masoud and Koike [180], ADALGEO

proposed by Soto-Pinto et al. [255], LESSA proposed by Zlatopolsky [302]. A few

methods are specialized for complex geological data, such as digital elevation mod-

els (DEM) and digital terrain models (DTM) [265, 258, 40]. They are unsuitable for

common 2D images taken with drones or cameras. Most algorithms of mapping linea-

ments utilize the existing edge-detection methods in image processing, such as canny

method [1], hough transform [271, 134, 11], shearlet transform [226, 293, 216], and

Segment Tracing Algorithm [143, 180, 222]. However, these algorithms are usually

sensitive to the contrast of the image and distinguish true geological lineaments from

non-geological features such as roads, railway lines and trees, which in turn causes

under or over-interpretation of fracture geometry.

In the last a few years, deep convolutional networks have outperformed the state

of the art in many visual recognition tasks [157, 96, 57, 146, 297, 87]. Ronneberger

et al. [232] propose a U-net architecture for biomedical image segmentation. Unlike

the typical use of convolutional networks on classification tasks, where the output

to an image is a single-class label, U-net has images as the input and output. Liu
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et al. [162] implemented the U-net fully convolutional networks to detect concrete

cracks and achieved a good result. In contrast, fractures in outcrops are much more

complex than the biomedical images and concrete cracks because of the complex

background environment. A successful interpretation of fractures from a raw outcrop

image requires two stages: (1) conversion of a multi-bit per pixel raw outcrop image to

a binary map that preserves fracture geometry and connectivity; and (2) replacement

of the binary fracture images with line segments or polylines. These two stages

are fracture recognition and fracture detection, respectively. We adopt the U-net

architecture to solve the fracture recognition part and recognize fractures correctly

from the complex raw outcrop maps. After the recognition, we propose a simple

but robust fracture detection algorithm for the binary map recognized with the U-

net. Our detection algorithm is based on pixel tracking and can capture the curved

patterns of fractures accurately. With a sufficient supply of training images, our

approach is robust and accurate for quite complex, multiscale fracture systems.

5.2 Fracture recognition

Fracture recognition is the process of extracting fracture geometry from an outcrop

map and generating a suitable binary image. U-net [232] is an effective deep learning

architecture, originally proposed to segment biomedical images. It is also a useful ar-

chitecture for fracture recognition. The procedure for fracture recognition is sketched

in Fig. 5.1(a). The architecture of the U-net is shown in Fig. 5.1(b). U-net is an image-

to-image convolutional neural network. It is composed of a contraction path (encoder)

and an expansion path (decoder), which form a more or less symmetric U-shape. The

contraction part is a typical architecture of a convolutional neural network. It con-

sists of the repeated application of two 3 × 3 convolutions (padding=‘same’), each

followed by a ‘ReLU’ activation function and a 2 × 2 max pooling operation with a

stride of 2. Through the elastic deformation (rotation and flip) of the training images,
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we have obtained an augmented dataset with 105 training images and their masks.

The training images are from the Brejoes outcrop in the Irece basin in Brazil [215].

70 per cent of the images are used for training, while 30 per cent for validation. The

image size is 256× 256 pixels. By applying the padding operation in the convolution

procedure, the feature map generated through each convolution does not change the

map’s size, and the size shrinks by half after the max-pooling operation. The num-

ber of the feature channels increases from 32 to 512 during contraction, while the

image size decreases from 256 × 256 pixels to 16 × 16 pixels. The contraction path

captures the main features of the fracture image. Each expansion step consists of

a 2 × 2 up-convolution that halves the number of feature channels, a concatenation

with the correspondingly cropped feature map from the contraction path and two

3 × 3 convolutions (padding=‘same’), followed by a ‘ReLU’ activation function. The

final result is a 1 × 1 convolution layer with a ‘sigmoid’ activation function. Since

the sigmoid function is continuous and ranges between 0 and 1, we further convert

the output image to a binary image with a threshold of 0.5. Binary cross-entropy is

chosen as the loss function, and Adam optimization is chosen as the optimizer. We

implement the U-net training in Keras, a high-level API of Tensorflow [2, 138].

Input image

conv 3*3 ReLu

max pool 2*2

up-conv 2*2

concatenation

conv 1*1  Sigmoid

1 32 32 32 32 32

Ouput image

64 64 64 64

128 128 128 128

256 256 256 256

512 512

1

U-net

Labeled outcrop maps (105)

Training set (0.7) Validation set (0.3)

Raw outcrop map

Trained U-net

Result (binary image)

U-net architecture

(a) (b)

Figure 5.1: (a) Fracture recognition with U-net (training outcrop maps from Prab-
hakaran et al. [215] ). (b) The U-net architecture. Each red box corresponds to a
multi-channel feature map. The number of channels is denoted on top of the box.
The arrows denote different operations.
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5.3 Fracture detection

Fracture detection translates binary images of fractures into line segments or poly-

lines, after fracture recognition. In our approach, we use a pixel-based fracture de-

tection method which is efficient and robust. This method is composed of four steps.

Step 1 Convert a binary image to its skeleton (1-pixel wide image). A Matlab func-

tion, ‘bwskel’ (skeletonization operations on binary images) can easily convert

a binary image to its skeleton. An example is shown in Fig. 5.2(b).

Step 2 Find initial points and intersection points of fractures. In the skeleton image,

an initial point is defined as a pixel which has only one neighboring pixel and

an intersection point is defined as a pixel which has at least three neighboring

pixels. A sketch map is shown in Fig. 5.2(c). The green points are the initial

points. The blue points are the intersection points. The red points are the

merged intersection points. We merge the blue adjacent intersection points to

their centroid point and replace the centroid point with the closest valid pixel

(red point).

Step 3 Track the trace of a fracture constrained by a pair of initial points or an initial

point and an intersection point. The tracking starts at an unvisited initial point

and stops at the other initial point or an isolated intersection point (after which

there is no valid subsequent pixel) encountered during the tracking. Record all

the pixels in a specific fracture trace. The tracking continues until all initial

points are visited. The green lines marked in Fig. 5.2(d) are the results of the

tracking.

Step 4 Track the trace of a fracture constrained by a pair of merged intersection points.

The tracking starts at a merged intersection point and stops at the first merged

intersection point encountered during the tracking. Record all the pixels in
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a specific fracture trace. The tracking process is implemented on all merged

intersection points. The red lines marked in Fig. 5.2(d) are the results of the

tracking.

By recording all pixels in a specific fracture trace, we can capture the fracture curva-

ture by representing the fracture with a polyline (Fig.5.2(d)). The degree of a polyline

in each fracture can be decided as required, and the maximum degree is the number

of pixels in the fracture trace. The most troublesome part of tracking the trace of

a fracture in Step 3 is to find the correct pixel when encountering an intersection

point. Three steps are implemented in the algorithm. First, the algorithm searches

for the possible pixels at a given distance (the pixels intersecting the yellow box in

Fig. 5.2(c)). Second, the algorithm finds the pixel which fits best the trend of the

trace. Third, if the pixel found in the second step does not deviate significantly from

the trend, this pixel is selected as the next pixel. Otherwise, the tracking stops for

this trace and the current intersection point links to its closest merged intersection

point. In this case, the trace is constrained by an initial point, an intersection point,

and the current intersection point is the isolated intersection point mentioned in Step

3. The size of the yellow box and the criterion of deviation are adjustable for different

outcrop maps. For tracking the trace of a fracture constrained by a pair of merged

intersection points, similar procedures are applied.

5.4 Results

When 200 training epochs (iterations) are applied to our images, the training accuracy

reaches 0.94, while the mean square error decreases to 0.02. Variations of accuracy

and mean square error are shown in Fig. 5.3. The implementation of U-net yields

good results for fracture recognition. A single raw outcrop map is shown in Fig. 5.4.

The predicted binary image has captured most of the fracture geometry. Furthermore,

the U-net architecture distinguishes trees and shrubbery (right corner of Fig. 5.4).
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Skeleton image Initial and intersection points Interpreted fracture traces

(a) (b) (c) (d)
Binary image

Figure 5.2: (a) A binary fracture map. (b) Skeleton image of the binary fracture map
in (a). (c) Initial and intersection points of the skeleton image. The initial points
are in green. The intersection points are in blue. The merged intersection points are
in red. (d) Fracture traces interpreted with our detection algorithm. The green line
segments are the traces found in Step 3, and the red line segments are the traces
found in Step 4.

However, it does not eliminate the impacts of those undesired patterns completely.

One reason is that we lack good training data which include the high-resolution

outcrop maps and accurate binary masks interpreted by experts. The trees, shrubbery

or other undesired patterns are usually interpreted as scattered small point clouds and

can be removed by simple post-processing.

After applying the pixel-based fracture detection algorithm, the interpreted traces of

Figure 5.3: Accuracy (left) and mean square error (right) of the training.

fractures in Fig. 5.4(c) are shown in Fig. 5.5(c). Our method has captured all fracture

traces shown in the skeleton map. The green traces are detected in Step 3, while the

red traces are detected in Step 4. The interpreted fracture traces match with the
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(a) Outcrop map (b) Predicted map (c) Binary map

Figure 5.4: (a) Raw outcrop map from Prabhakaran et al. [215]. (b) Predicted fracture
map from U-net. (c) Binary fracture map with a threshold value of 0.5.

binary fracture map. Since trees, shrubbery and other undesired patterns are usually

interpreted as scattered small point clouds; those patterns are further interpreted as

short traces in the fracture detection process. We can remove those traces and reduce

the impact of undesired patterns.

(a) (b) (c)Initial and intersection pointsBinary fracture map Interpreted fracture map

Figure 5.5: (a) Binary fracture map learned from the U-net architecture. (b) Skeleton
fracture map of the binary map with all initial points and intersection points marked.
(c) Fracture trace map interpreted with the fracture detection algorithm.

5.5 Discussion on the automatic fracture interpretation

The fracture recognition with U-net is essentially a data-based image process method,

which will be affected by the contrast between fracture patterns and the background.

However, the advantage of the data-based deep-learning method compared with other
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mathematical image process methods, such as canny or shearlet transform, is that

by adjusting the configuration of the neural network and feeding the machine with

enough high-quality labelled images, they can learn fracture patterns and improve

their results dynamically.

Once we have a high-quality binary image from either deep-learning or any other

methods, our fracture detection algorithm can interpret fractures as line segments or

polylines robustly and efficiently. Statistics can be summarized from the interpreted

maps, such as the orientation, length distribution, and fracture intensities (P10, P20,

and P21) [278, 203, 263, 39].

We use two outcrops from Achnashellach Culmination field area [278] to demon-

strate the application of the detection algorithm on the statistic acquisition. The

manually interpreted fracture maps and automatically interpreted fractures are shown

in Fig. 5.6. Subsurface rocks may have introduced many different sets of fractures

at different times during the area’s geologic history because of the change of stress

states [24, 156, 153]. From the interpreted fracture maps, we can easily extract the

orientation data and separate the fracture networks into different sets based on the

orientation. To distinguish different fracture sets, orientation is one important factor,

and we also need to consider abutting and overprinting criteria between fractures.

Since we have all pixels of fracture traces and all intersection relationships between

fractures, it will be possible for us to identify different fracture sets automatically.

However, this process still needs more geological insights and is reserved for future

investigations.

5.6 Conclusions

The deep learning architecture, U-net, correctly recognizes fractures in a raw outcrop

map, and converts it to a binary map, while preserving fracture geometry. A robust

and accurate fracture detection algorithm is proposed to interpret fractures in binary
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Figure 5.6: (a, c) Binary fracture map got from Achnashellach Culmination field
area [278] (b, d) Detected fracture traces are divided into different sets based on its
orientation as shown in the rose diagram

maps as line segments or polylines. By combining fracture recognition and detection,

we can automatically interpret fractures in a complex raw outcrop map. Statistics

derived from interpreted maps provide abundant resources to study geometries and

structures of fractures, such as fracture orientation, length distribution, and fracture

intensities (P10, P20, and P21).

Fracture recognition by U-net architecture will take no time after the proper train-

ing. However, the model training may take hours with GPU computing, depending

on the size of the training sets. Mathematic methods, such as shearlet transform,

can be efficient since they are direct image processing methods, but optimizing their
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results by tuning parameters can also be a time-consuming task. More importantly,

deep-learning architectures can learn fracture patterns and improve their results dy-

namically by adjusting the configuration of the neural network and feeding the ma-

chine with enough high-quality labelled images. The fracture detection algorithm is

efficient (in seconds) and captures all pixels in each fracture trace. It is flexible, and

incorporates complex geological insights, such as the abutment relationship between

fractures. In general, our automatic interpretation is a good option to interpret a

large number of outcrop maps.
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Chapter 6

Correlation analysis of fracture intensity descriptors with

different dimensionality in a geomechanics-constrained 3D

fracture network

3D intensity parameters of fracture networks cannot be measured directly and are usu-

ally correlated with the lower dimensionality intensity parameters, such as P21, P10.

A comprehensive correlation analysis between lower dimensionality measures, P10,

P20, P21, I2D (total number of intersections per unit area) and higher dimensionality

ones, P30, P32, I3D (total number of intersections per unit volume) are investigated.

We also correlate small cube samples and underlying fracture networks that represent

cores or tunnels. The fracture networks are constrained by geomechanics principles

and outcrop data to make them geologically meaningful. We show that the orienta-

tion of fracture samples impacts correlations between the 2D and 3D parameters, and

samples parallel to the principal stresses yield better correlations. 3D intensity pa-

rameters, P30, I3D, and P32 can be predicted from 2D or small cube samples. However,

1D intensity P10 does not have a strong correlation with 3D intensity parameters. The

size of cube samples should be larger than 10 per cent of the original size to capture

main structural information. Furthermore, the minimum number of samples to reach

a good correlation from 2D and cube samples are 20 and 60, respectively.
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6.1 Introduction

The knowledge of fracture sizes, shapes and connections is necessary to describe the

”intensity” of a fracture network. Dershowitz et al. [79] defined the fracture intensity

measures in different dimensions, denoted as Pij, where i refers to the dimension

of the sample, and j refers to the dimension of the measure. For example, P10 is

the number of fractures per unit length and P21 is the length of fracture traces per

unit area. Available measures are usually 1D and 2D, e.g., P10 from image logs or

scanline surveys, P20 and P21 from outcrop studies [234, 219, 115]. However, the real

fracture networks are 3D, and their intensity cannot be measured directly. Zhang

and Einstein [296], Tonon and Chen [260], Warburton [273] and Wang [272] applied

stereological methods to obtain the desired fracture intensities in 3D through available

fracture trace data. Basic assumptions for stereological methods include disk-shape

planar fractures, random distribution of fracture centers and independent fracture

length distribution, such as gamma, negative exponential, and lognormal distribution.

Another approach is to find correlations between the lower dimensionality measures

and the higher dimensionality ones if they exist. Mauldon [182], Dershowitz [78],

Dershowitz et al. [76] and Wang [272] found that the 1D intensity measure P10 and

the 2D measure P21 are often linearly correlated with the 3D intensity measure P32

under several assumptions about the distributions of fracture lengths, positions and

orientations.

Comprehensive analysis of fracture intensity parameters in different dimensions is

rarely possible, mostly because of insufficient data. Since real fracture networks are

complex, and their geometry and topology are poorly known, it is impossible to model

these networks exactly. Therefore, stochastic fracture networks are the only practical

alternative [298]. With our algorithms, HatchFrac (Chapter 2), we can generate

arbitrary stochastic fracture networks in 2D and 3D. These networks may follow any

distribution of fracture lengths, orientations, and positions of fracture centers. To
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make them geologically meaningful, the fracture networks are constrained by geome-

chanics principles and outcrop data. They are further investigated systematically for

the correlations between the 1D and 2D intensity measures, and the 3D measures.

In this work, we generate a typical fracture network constrained by geomechanics

and outcrop data, which includes four types of joints. Then we conduct the scanline

surveys and cross-section surveys to investigate correlations between lower dimension-

ality measures, P10, P20, P21, and the higher dimensionality ones, P30 and P32. Since

percolation in a fracture network depends on fracture intersections [231, 172], we also

include the intersection density, which is defined as the total number of intersections

per unit area in 2D, I2D, or the total number of intersections per unit volume in

3D, I3D. Finally, we investigate the correlations between small cube samples and the

original 3D fracture networks. These samples correspond to cores or tunnels.

6.2 Correlation analysis of different intensity parameters in

geomechanics-constrained fracture networks

In this section, we constrain fracture networks with simple geomechanics principles

and outcrop characteristics, to make them more geologically meaningful. To this

effect, we have introduced four types of joints [218, 164, 95, 279, 104], sketched in

Fig. 6.1a. Type 1 joints are in blue and type 2 joints are in green. These are tension

joints that are, respectively, approximately parallel and perpendicular to the hinge

line. The Type 3 conjugate shear joints (actually microfaults) are in red. They have

dihedral angles equal to 60◦ and their angle bisectors are parallel to the maximum

principal stress σ1. Type 4 shear joints (microfaults) are in cyan. They have random

strikes and dips because of the local anisotropy. The existence of random shear joints

brings more complexity and uncertainties to the network. The system size in this

chapter is 1003 of arbitrary units. The orientations of the maximum and minimum

principal stress σ1, σ3 are north-south and east-west, respectively. The distributions
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Table 6.1: Distributions of each type of joints
Type of joints Probabilitya Center position Strike Dip Length

1 0.02 Uniformb von Mises-Fisher
(µ = 90◦, κ = 300)

90◦ 2L

2 0.02 Uniform
von Mises-Fisher
(µ = 0◦, κ = 300)

90◦
Power-lawe

(Lmax = L, a = 3)

3 0.72 Uniform dN60◦E, S60◦E 90◦
Power-law

(Lmax = L, a = 2.5)

4 0.24 Fractalc
Uniform
([0, 2π])

Uniform
([0, 2π])

Power-law
(Lmax = L, a = 3)

a
probability of generation.

b a uniform spatial distribution.
c a fractal spatial density distribution and the fractal dimension is 2.5 in this research.
d the dihedral angles equal to 60◦ and angle bisectors are parallel to σ1.
e Lmax is the maximum length of the fracture; a is the exponent of the power-law distribution.

of fracture lengths, strike angles, dip angles and the positions of fracture centers

are listed in Table. 6.2. The minimum length of fracture Lmin used in a power-law

distribution is 3 initially. When a spanning cluster is formed in the system, Lmin

reduces to 1.5, and the probabilities for type 3 and 4 joints increase to 0.43 and 0.53.

After a spanning cluster emerges, the pore pressure propagates across the system,

making the local stress field more complex and easier for shear failures. Therefore,

it generates smaller secondary joints and more random shear joints. Fig. 6.1b is an

outcrop map cited from Holland et al. [106], and the joint intensity is far beyond the

percolation threshold. Therefore, the termination criterion in our model is a number

of total fractures randomly distributed in [45000, 55000], which is about ten times

larger than the percolation requirement. Fig. 6.1c is a cross-section map of our

fracture network. Fig. 6.1b and c are not identical, but they share many common

characteristics, like preferential fracture orientations, and different fracture sets.

We generate 100 stochastic fracture networks and calculate the P30, P32 and I3D

for each one of them. After that, we take 100 scanline samples and 100 cross-section

samples, respectively, in each 3D fracture network, calculate the corresponding pa-

rameters, P10, P20, P21 and I2D, and average them. The orientations of the scanlines

and cutting-planes are either uniformly distributed between [0, π] or are orthogonal
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to principal stresses. In each 3D fracture network, we take 100 small cube samples.

The sample sizes vary between 1 and 35 percent of the system size. We calculate the

intensity parameters in the cube samples, denoted as P30s, P32s and I3Ds. Fig.6.2 is a

sketch map of the different samples from the fracture network.

Figure 6.1: (a) A sketch map to illustrate four types of joints in a fold structure; (b)
An outcrop map from Holland et al. [106]; (c) A cross-section map of our fracture
network

 N N

Scanline sample Cross-section sample Cube sample

Figure 6.2: A sketch map to illustrate different samples in the fracture network

6.3 Results

The correlation analysis between the 1D & 2D intensity parameters and the 3D ones

is summarized in Table 6.2, where the green color refers to strong correlations (0.80-

1.00), the yellow color refers to intermediate correlations (0.60-0.79) and the red color

refers to weak correlations (0.00-0.59).



109

Table 6.2: Correlations between 1D & 2D intensity parameters and 3D intensity
parameters

Correlation Coefficient I2D P21 P20 P10 Sample direction Case

I3D 0.89 0.91 0.97 0.77 ‖ σ1 1

P32 0.88 0.98 0.87 0.64 ‖ σ1 1

P30 0.79 0.79 0.98 0.76 ‖ σ1 1

I3D 0.95 0.93 0.97 0.52 ‖ σ2 2

P32 0.99 1.00 0.88 0.47 ‖ σ2 2

P30 0.84 0.81 0.97 0.47 ‖ σ2 2

I3D 0.92 0.94 0.98 0.70 ‖ σ3 3

P32 0.89 0.99 0.87 0.62 ‖ σ3 3

P30 0.82 0.84 0.99 0.65 ‖ σ3 3

I3D 0.72 0.34 0.89 0.37 Random 4

P32 0.65 0.28 0.81 0.29 Random 4

P30 0.67 0.34 0.87 0.36 Random 4

Sample orientations influence the correlations, and random sample orientations

yield the poorest correlations between the lower and higher dimensionality intensity

parameters. For the sample orientations parallel to principal stresses, P10 does not

correlate with any of the 3D intensity parameters, especially P32. If samples are taken

in the direction parallel to σ2, the correlations are even worse. The 2D parameters,

I2D, P21 and P20, all have good correlations with I3D and P32. P30 has a stronger

correlation with P20, rather than with I2D and P21.

The results in Table 6.2 are averages of 100 samples. In practice, however, it

is impossible to acquire enough samples for a meaningful correlation analysis. To

investigate the minimum number of samples required for a good and stable correlation,

we choose several pairs of parameters that have correlation coefficients larger than

0.9. We also include P32 and P10, since this pair of parameters has been extensively

studied by other researchers. The results of Case 1 - 3 are shown in Fig. 6.3. For all

three cases, we find that the minimum number of samples required to have a good

and robust correlation is about 20.
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Figure 6.3: Variation of correlation coefficients with the numbers of samples to be
averaged in the three cases (From left to right: Cases 1, 2 and 3)

The correlations between small cube samples and original fracture networks are

shown in Fig. 6.4.
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Figure 6.4: Variation of correlation coefficients with sizes of cube samples (From left
to right: Cases 1, 2 and 3)

I3D correlates well with all three 3D intensity parameters, I3Ds, P32s and P30s. P32

correlates with P32s and P30s. P30 correlates well only with I3Ds. When the size of the

cube sample is larger than 10 per cent of the system size, the correlation coefficients

are larger than 0.8, which means that the samples capture most of the information

about the underlying network.

We also investigate the minimum number of samples required to have a good

and stable correlation. We choose three pairs of parameters as examples to find this

minimum number. These pairs are I3D and P30s (Case 1), P32 and P32s (Case 2), and

P30 and P30s (Case 3). The results are shown in Fig. 6.5. To achieve the correlation

coefficient larger than 0.8, the cube sample sizes must be 10 percent of the original
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system size, and the minimum number of samples about 60.
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Figure 6.5: Variation of correlation coefficients for different sizes and numbers of the
cube samples to be averaged (From left to right: I3D vs P30s, P32 vs P32s, P30 vs P30s)

6.4 Conclusions

� Fracture sampling orientation impacts correlations between the 2D and 3D pa-

rameters. Samples parallel to the principal stresses yield better correlations.

� The 3D intensity parameters, I3D, P32 and P30, can be predicted from one or

more 2D intensity parameters, e.g., I2D, P21 or P20. The minimum number of

samples required for a good correlation is about 20.

� The 1D logging measure, P10, does not have a good correlation with the 3D

intensity parameters, especially for the samples parallel to the intermediate

principal stress σ2.

� 3D intensity parameters can be predicted from one or more 3D intensity param-

eters of small cube samples. However, the cube sample sizes should be larger

than 10 per cent of the underlying fracture network, and the minimum number

of cube samples should be larger than 60.

� In practice, one can never achieve a sample size that will comprise 10 per cent of

the system size. Therefore, all direct subsurface sampling methods of fracture
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systems are woefully inadequate, unless one uses the indirect sensing meth-

ods, such as 3D surface seismic [56], cross-well seismic [295], interwell seismic

tomography [131], bulk electromagnetic imaging [286] and perhaps microseis-

micity [183] and passive surface seismic [235].



113

Chapter 7

Fault traces: generation of fault segments and estimation of

their fractal dimension

Fault damage zones have a higher up-scaled permeability than the host rock because

of a higher fracture intensity therein. The fracture distribution in the damage zone

depends highly on the geometry of fault segments. However, precise images of ar-

chitectural elements of large-scale faults at depth are difficult to obtain by seismic

acquisition and imaging techniques. We present a numerical method that generates

detailed fault segments from an imprecise fault trace based on the fractal properties

of fault segments. The generated fault segments demonstrate hierarchical self-similar

architecture, and their lengths follow approximately a lognormal distribution. These

characteristics are similar to real fault segments observed in outcrops and seismic

surveys. An algorithm which covers fault segments accurately with the minimum

number of circles is proposed to calculate the fractal dimension of fault segments for

both natural and generated faults. The fractal dimensions of natural and generated

fault segments are similar, and range between 1.2 and 1.4.

7.1 Introduction

Advancement in the understanding of slip along and fluid flow across faults requires

a comprehensive knowledge of fault segments and their spatial distribution along the

fault zone. Segmentation of different types of fault systems (strike-slip, normal and

reverse faults) plays an important role in finding the predominant locations and fractal
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dimension of fault splays [74, 75, 243]. These splays control properties of the damage

zone around the parent fault, and the geometrical and statistical properties of second-

order fault networks around this fault [91, 73, 74, 192]. In general, the redistributions

of slip and stress along fault systems, and the resulting spatial distribution of damage

zone, are highly impacted by the fault architecture [142, 74, 73, 50]. Stepovers between

segments control the development of fault core because of the high strain levels therein

[74]. Fault core distribution is critical for fluid flow in the subsurface because in

general damage zones have a higher upscaled permeability than the host rock, whereas

fault cores usually have a lower permeability [130, 49, 200, 13, 74].

Given that fault segments are components of the main fault, they are parallel

to sub-parallel to the main fault and are described by echelon geometry. Faults

are made up of many segments in both vertical and lateral dimensions [14]. The

segments develop by partitioning a fault into numerous fault branches that appear to

be unlinked and separated on a horizon of interest, whether on a seismic time slice or

as fault traces on an outcrop [54, 196, 116, 266, 284, 173, 270, 251]. The discontinuous

and segmented fault architecture has also been described by high resolution seismic

surveys [51, 16, 88, 144, 145, 136, 28].

It is important to note the segmentation of a growing fault is opposed by the

newer continuous links of the small segments that form a larger fault segment. This

phenomenon is called the growth of faults by linkage and coalescence [50]. Interacting

fault segments link as fault displacement grows [54, 116, 173, 250]. Linkage occurs

when the segments overlap during a substantial fault interaction through their associ-

ated stress fields [294, 171, 63]. Such linkage and coalescence in a wide range of scales

(mm-km) are observed from experiments [208], outcrops [50, 170] and also simulated

numerically [163, 9].

Through linkage and coalescence, small segments merge and form large segments.

However, the fault segments in a fine-scale are still important, because damage zones
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show similar geometries across a wide range of scales (mm-km) [141, 140], and their

spatial distribution firmly depends on the segment geometries. Only considering dam-

age zones on a large scale underestimates the complex structures in the fine-scale and

neglects their impact on the fluid flow. However, precise images of the architectural

elements of faults at depth are difficult to obtain by seismic acquisition and imag-

ing techniques. Hence seismic interpreters typically describe faults as single plane

elements and fail to introduce the off-plane, closely-spaced segments [74]. Therefore,

the geometry of fault segments at depth is uncertain in general. In this chapter, we

propose a method to generate detailed fault segments with only the trace length from

an imprecise seismic map. Furthermore, we propose a modified algorithm to calculate

the fractal dimension of both the natural fault segments observed from real seismic

data or outcrops and the generated fault segments.

7.2 A method to generate fault segments

Mandelbrot [169] proposed the concept of fractals, which can be used to characterize

irregular sets, regardless of the scale at which these sets are examined. Fractal di-

mension is a measure of a set’s irregularity or complexity. Natural fault systems have

fractal or multifractal characteristics [103, 12, 51, 61, 33, 236, 259]. Different types of

faults are discontinuous and composed of fault segments. Adjacent discrete segments

step aside and overlap slightly to form an echelon fault geometry [16]. The echelon

fault geometry can be found at different scales, shown in Fig. 7.1. This phenomenon

depicts the fractal characteristic or the hierarchical self-similar architecture of fault

systems [208, 74]. Furthermore, from experiments [208] and outcrop observations

[208, 140], such self-similarity shows in a wide range of scales from millimeters to

kilometers. There are always two to five segments in any given hierarchical rank and

three or four segments are most observed.

Using outcrop images, de Joussineau and Aydin [74] investigated segmentation
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Figure 7.1: (a) Echelon breaks in the Imperial fault from Sharp [247]; (b) Stepping
arrangement of the San Andreas fault at the Gualala river from Wallace [268]; (c)
The Calaveras and Hayward-Rodgers Creek fault zone simplified from Aydin and
Page [15]

along strike-slip faults and found correlations between different parameters of the

fault segments. These parameters are illustrated in Fig. 7.2. According to the study

of de Joussineau and Aydin [74], there exist power law relationships between the

1. Mean segment length (L̄se) and the maximum fault offset (S):

L̄se = 2.16S0.89 (R2 = 0.87)

2. Mean step length (L̄st) and the maximum fault offset (S):

L̄st = 0.30S0.77 (R2 = 0.84)
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3. Step length x and step width y:

x = 2.69y0.97 (R2 = 0.93)

Fault length, L

Segment length, l1

Step length, x1

Step width, y1

Segment length, l2

Rough fault trace

Step width, y2

Step length, x2

Sub-fault 3

Segment length, l3

Sub-fault 1

Sub-fault 2

Figure 7.2: Geometrical parameters of fault segments used in this study. “Sub-fault”
denotes a younger fault generated from an older one.

Generation of fine-scale fault segments using a large-scale fault trace from an im-

precise seismic map is an inverse problem. The generated fault segments are not

unique because it is a highly under-determined inverse problem. Our method utilizes

the minimum information (the trace length from an imprecise seismic map) to gen-

erate the detailed fault segments. If more information is available, such as the slip

distribution, it can help to constrain the results and make them closer to the reality.

To implement the algorithm, we need to make the following assumptions:

1. Fault segments are self-similar;

2. Sub-fault segments of a younger generation are independent of each other;

3. The relationships found in de Joussineau and Aydin [74] are valid at each gen-

eration step of the sub-fault segments;

If these assumptions are valid, the fault segments of a younger generation should be
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constrained by the four equations listed in Eqs. (7.1)



x̄ = 0.30S0.77

L̄se = 2.16S0.89

nse × L̄se − (nse − 1)x̄ = L

xi = 2.7yi

(7.1)

where the length of the imprecise fault trace from a seismic map, L; the number of

segments in each generation, nse; the mean segment length, L̄se = 1
nse

∑nse

i=1 li (li is the

length of the sub-fault i); the mean step length, x̄ = 1
nse−1

∑nse−1
i=1 xi (xi is the step

length of the ith step); and the step width of the ith step, yi, are all defined in Fig.

7.2. S is the maximum fault offset. We assume that the step length is proportional

to its width with a factor of 2.7.

The fault trace length, L, in Eqs. (7.1) can be obtained from the fault map and

we can solve for three unknowns (S, x̄, L̄se). We assume that there are three or

four segments in each generation with an equal probability of 0.5, respectively. To

make the generated fault segments closer to reality, we include both overlapping

and underlapping between segments. The overlapping structure is dominant with a

probability of 0.9. However, to obtain the length of each sub-fault li, we need to

assume the relationship between the length of each sub-fault and the mean segment

length. We assume that the sub-fault lengths are either equal, li = lj = L̄se, or that

their length ratio is li/L̄se = rand(0.8, 1.2) (a random number uniformly distributed

between 0.8 and 1.2). The same assumptions are implemented for individual step

length (xi) and the mean step length (x̄). The fault segments generated with both

assumptions are shown in Fig. 7.3.

To the best of our knowledge, there are no field data reporting equal lengths of

fault segments. de Joussineau and Aydin [74], Davy [66] found that the fault segment

lengths obey roughly a lognormal distribution. We assume that: i) for a given sub-



119

fault generation, the length of a fault segment is independent of its neighbours, ii)

the set of sub-fault lengths for a younger generation is obtained from an older one

through a recursive division, and iii) the length of the older segment is approximately

equal to the summation of each segment in the younger generation. The length of

the nth generation sub-fault is then calculated in Eq. (7.2).

Ln = L×X1 ×X2 × · · · ×Xn (7.2)

where X1, X2, . . . Xn are the independent random variables from a uniform probability

distribution. If we take the logarithm on both sides, log(Ln) is the summation of n

independent random variables log(Xi). According to the Central Limit Theorem,

log(Ln) should follow a normal distribution and, consequently, the sub-fault lengths,

Ln, should follow a lognormal distribution (example in Fig. 7.7a). However, n should

be large to make the Central Limit Theorem hold and also the standard deviation of

Ln decreases with an increase of n. The lognormal distribution of segment lengths

is found in one generation of fault segments. If the fracture lengths are measured

in a target domain with many generations of fractures, it is more likely to follow a

power-law distribution [42] because of the universal principle for fractality of solids

[168].

The self-similar fault segments can have many subdivisions until reaching the

scale of microfractures. Damage zones also show similar geometries across a wide

range of scales (mm-km) [141, 140]. Therefore, we can set a constraint on the mean

segment length (which is widely used in geology) to a desirable scale for a specific

engineering application, e.g., for reservoir engineering, a scale of hundreds of meters

will be sufficient. The damage zones distributed at the relevant scale play an essential

role in the corresponding fluid flow problem.

We assume the length of a fault trace from a seismic map to be L = 10 km.
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1st generation

2ndgeneration

3rd generation

Fault segment 

Underlapping 

Overlapping 

1st generation

2ndgeneration

3rd generation

Fault segment 

Underlapping 

Overlapping 

(a) (b)Imprecise fault trace from a seismic map Imprecise fault trace from a seismic map

Figure 7.3: Three generations of fault segments obtained from an imprecise fault
trace. The black line segment denotes an imprecise fault trace taken from a seismic
map; the green, blue and red line segments are the generated fault segments. In each
generation, the sub-faults, are either (a) of equal lengths, li = lj = L̄se; or (b) of
non-equal lengths, li/L̄se = rand(0.8, 1.2) .

Fig. 7.4 shows different generations of fault segments. They have the mean segment

length of 1117 m, 353 m and 116 m respectively. For a desired value of the mean

segment length, we repeat the simulation until the desired L̄se value is reached within

a certain tolerance.

Figure 7.4: Parallel fault segments with different mean segment lengths. With in-
complete self-similarity, panel b is similar to a and c to b after a magnification.
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Real fault segments are not perfectly parallel. We can add randomness in the

orientations of the segments and make the geometry closer to reality. Fig. 7.5 show

the tilted fault segments with the mean segment length of 1223 m, 399 m and 136 m

respectively.

Figure 7.5: Tilted fault segments with different mean segment lengths and different
segment orientations. With incomplete self-similarity, panel b is similar to a and c to
b after a magnification.

Both parallel and tilted fault segments may have crossovers (Fig. 7.6a) or inter-

sections (Fig. 7.6b) during the subdivision. It is not physically meaningful to have

such patterns during the formation of fault segments, and it is also inappropriate to

continue the subdivision with crossovers and intersections. Therefore, we implement
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a merge algorithm to merge close or crossed segments to prevent the crossover and

intersection. The merged segments are shown in green in the Fig. 7.6. The merge

algorithm naturally sets a limit on the mean length of fault segments, because the

distance between sub-fault segments decreases with more subdivisions. Fig. 7.7(b)

shows a lognormal fit of the segment length before and after adding the merge pro-

cedure to the algorithm. The mean segment length increases because of the merging.

The segment lengths approximately follow the lognormal distribution as expected in

Equ. (7.2).

(a) (b)

Crossover Intersection

Figure 7.6: Crossover and intersection of fault segments. The red and blue segments
are younger sub-faults coming from the their old generations, respectively. The green
segments are merged fault segments.
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Figure 7.7: Lengths of generated fault segments from a 10-km fault trace with the
lognormal fit. (a) 5 generations of the fault segments without merging (2238 segments
in total and L̄se = 192 m) ; (b) 5 generations of the fault segments with merging (1709
segments in total and L̄se = 215 m).
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7.3 A modified algorithm to calculate fractal dimension

Fractal dimension is a measure of a set’s complexity or its irregularity. Mandel-

brot [169] defined a fractal as: “a set for which the Hausdorff–Besicovitch dimension

strictly exceeds the topological dimension”, where the topological dimension refers

to the number of coordinates associated with each element in the set. The exam-

ple chosen by Mandelbrot [169] deals with measuring the length of the coastline of

Britain. In this example, the shorter the yardstick length, r, the longer the length

of the coastline L(r) is, and L tends to increase without a limit. Mandelbrot [169]

suggested that an empirical relationship between L and r is:

L(r) = Ar1−D (7.3)

According to Mandelbrot [169], D in Eq. (7.3) represents the fractal dimension

of the coastline. The fractal dimension characterizes the complexity of the coastline,

and a larger D reflects a higher complexity of the coastline.

Mandelbrot [169] also proposed other methods to calculate the fractal dimension

of a set. One of the methods is to draw circles of a chosen radius r to cover the set

completely using a minimum number N of such circles (to “cover a set” means that

the set lies inside of the covering circles. A sketch map is shown in Fig. 7.8(a)).

An example of the coastline of Scotland is shown in Fig. 7.9. The image of Scotland

has a size of 509× 550 pixels, and the size of 1 pixel is about 1.6 km. In Fig. 7.10(a),

we plot the number of covering circles N versus circle radius r. They plot as a

straight line on a double-logarithmic plot, and the slope, or the fractal dimension,

DN = 1.24 (R2 = 0.997). Fig. 7.10(b) shows the dependence of the coastline length,

L(r) = 2Nr, on the circle radius. It has a plateau for large radius values (> 500

pixels), which can be related to skipping over the fine details of the coastline. For the

radius values below 1 pixel, no finer image details can be resolved. The transitional
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Fully covered Partially covered Not covered

(a)

(b)

Figure 7.8: (a) Illustration of a set composed of one line segment fully covered,
partially covered and not covered by a circle; (b) The circle-based method used to
calculate the fractal dimension in Okubo and Aki [202]’s paper; the blue parts of the
line segments are clearly not covered by circles, and cause an under-estimation of the
number of circles N(r).

part between the small and large radii can be fitted by a straight line, whose slope

provides the fractal dimension. However, an arbitrary choice of data points for line

fitting is subjective and may cause significant variations of the corresponding fractal

dimension. Instead, we fit the L vs. r dependence with a scaled logistic function, Eq.

(7.4), and then we find the derivative of this logistic function, Eq. (7.5).

f(x) = a+
b− a

1 + edx+c
(7.4)

f ′(x) = −(b− a)dedx+c

(1 + edx+c)2
(7.5)

From the plot of the derivative, Fig. 7.10(c), a more accurate fractal dimension is

determined as the maximum fractal dimension of the set, denoted as DL. Once we

plot the tangent line with a slope of (1−DL) (the blue line in Fig. 7.10b) and intersect

the upper and lower bounds of the total length (green lines in Fig. 7.10b), we get
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the upper and lower limits of the circle radii for the maximum fractal dimension.

Using this methodology, we find that the fractal dimension is 1.48 for the coastline

of Scotland. The corresponding upper and lower limits on radius are 6 and 177 pixels

respectively. The two fractal dimensions, DN and DL, are different; however, DL

reveals more information about the complexity of a given set and the applicable

range of fractal characteristics, while DN averages over all data points.

0 100 200 km

Figure 7.9: Map of Scotland showing the west coastline in red (Original image re-
trieved from the internet, http://konkonsaafrica.com/scotland-golf-map-hd/

1248/scotland-epic-golf-travel-regarding-scotland-golf-map).

The circle-based method was adopted by Okubo and Aki [202] to calculate the

fractal dimension of the San Andreas fault system. However, from their sketch map

(Fig. 2 in Okubo and Aki [202] or Fig. 7.8b), we see that the circles cannot cover the

set completely, which underestimates the number of circles N(r).

Therefore, we propose a modified algorithm and calculate the fractal dimension

of parallel fault segments. The algorithm is accurate for parallel and vertically well-

http://konkonsaafrica.com/scotland-golf-map-hd/1248/scotland-epic-golf-travel-regarding-scotland-golf-map
http://konkonsaafrica.com/scotland-golf-map-hd/1248/scotland-epic-golf-travel-regarding-scotland-golf-map
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Figure 7.10: (a) The number of covering circles versus their radius for the coastline of
Scotland. (b) The coastline length versus the covering circle radius for the coastline
of Scotland. The red line is the scaled logistic fit of the data. The blue tangent line
yields the maximum fractal dimension (These results are from the program written
by P. Benito and T. Patzek for a graduate course at UC Berkeley). (c) The derivative
of the scaled logistic function.

sorted fault segments. It can be extended to the case of subparallel and not well-sorted

fault segments that are common in reality, but with lower accuracy. Fig. 7.11 shows

a set of parallel and well-sorted line segments to demonstrate the algorithm. The red

circle is the circle used in the previous step to partially cover the line segments. We

need to find the next circle and subsequent circles to cover the set with a minimum

number of circles. The proposed algorithm minimizes the number of circles using the

following two rules:

1. A single circle should partially cover as many line segments as possible, i.e., in

Fig. 7.11, a single circle should cover all n line segments.

2. With the same number of line segments covered, the circle should cover as large

a length of segment parts which lie inside that circle as possible, i.e., both the

blue and green circles cover n line segments. But, we choose the green circle,

because it covers a larger length, which is proved in Appendix B.

In Fig. 7.11, if the uppermost and lowermost line segments are covered completely,

all other line segments in between will be covered automatically. Therefore, the only

situation to be considered is a set composed of two line segments, with as many line
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segments in between as possible. Intuitively, the blue circle is the first option for cov-

ering these line segments, because it passes through the two intersection points, A and

B. However, if we rotate the blue circle with respect to point B in a counter-clockwise

direction, the coverage of line segment ln, BD, will decrease and the coverage of line

segment l1, AC, will increase. If the rotation can make the covered length larger, the

maximum length should emerge when point C is exactly on the line segment l1 and

BC is the diameter of the circle O2. At this critical point, the covered length is max-

imum, and beyond it, the covered lengths of both line segments l1 and ln decrease.

In Appendix B, we have mathematically derived that the green circle (scenario 2)

always covers a larger length than the blue circle (scenario 1). Fig. 7.11 is a more

general case. If AB is perpendicular to the line segments, the blue and green circle

overlap with each other completely.

With the correct choice of the circle to cover the line segments, the pseudocode of

our algorithm is shown in Algorithm 5. The complete program can be found online

(https://doi.org/10.4121/uuid:38a2ed3e-f456-429c-9fcd-704b392bc8a6).

Algorithm 5: Covering line segments with minimum number of circles

begin
Initialization;
while Not all line segments in the set are fully covered do

while Not all line segments in the current circle are fully covered do
Find the next circle centre;
Find the line segments which intersect the circle;
Check whether the line segments are fully covered by current or
previous circles;

if All line segments in the current circle are fully covered then
break;

end

end
Remove the fully covered line segments and add new line segments;

end

end

In the initialization part of the algorithm, one rotates the set of line segments to

https://doi.org/10.4121/uuid:38a2ed3e-f456-429c-9fcd-704b392bc8a6
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Figure 7.11: A sketch map illustrating the process used to cover a set of line segments
completely with a minimum number of circles. The red circle is the circle chosen in
the previous step; The next circle that continues to cover the segments with maximum
coverage (green or blue) should be determined. Appendix B proves that the green
circle yields fuller coverage.

make them parallel to the X-axis (Please note that all segments are assumed to be

parallel or subparallel). Afterwards, the start points (with smaller X-coordinates)

of the line segments are sorted along the Y -direction, and afterwards along the X-

direction. The coverage of the line segments starts from the left-most position of

the set and continues rightwards. The method used to find the first circle for each

iteration is sketched in Fig. 7.12. For a given radius r, i) draw a circle with the

left-most point, A, in l1 as the center and 2× r as the radius; ii) find the intersection

points on the right side of all intersecting line segments. If there is no other line

segment (Fig. 7.12(a)), use AB as the diameter of the first circle. Suppose now that

there are more line segments which intersect the green circle, and the intersection

points are B,B′, and B′′. Start from the farthest line segment (l3), draw the red

circle O and calculate the covered length CB + AD. If the covered length is larger

than or equal to 2 × r, circle O is the first circle (Fig. 7.12(b)). Otherwise, find the

next farthest line segment and repeat the procedure. This is also the method used to

implement rule 1, which makes a single circle partially cover as many line segments
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as possible.
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Figure 7.12: Two scenarios to find the first circle (red circle) in each iteration

If the situation shown in Fig. 7.13 happens where EC cannot be covered by

the circle O1, we will divide the line segment EB into two segments, EC and CB.

Segment EC will be a new line segment mentioned in the pseudocode and will be

covered in the next iteration. For the last circle in each iteration, circle O2 in Fig. 7.13,

the line segments do not span the circle, and we count the number of circles with a

fraction, the ratio between the maximum length covered (FN in Fig. 7.13) and the

diameter 2r instead of 1. By doing this, we can avoid an overestimation of the number

of circles. To make the program more efficient and save computing time, we also divide

the domain into blocks, and only neighboring segments that share the same blocks

are checked for coverage in each iteration.

A

BC DE

Figure 7.13: A sketch map of the procedures used to cover the line segments. The
coverage will start from the left-most position and continue rightwards. The left part,
EC , will become a new segment and be covered in the next iteration. Circle O2 will
not be regarded as a complete circle but as a fraction of the circle (FN/2R).



130

7.4 Fractal dimension of real fault maps

The discontinuous and segmented characteristic of faults can be analyzed using fault

maps obtained from the high-resolution seismic surveys or outcrops. In this chapter,

three fault maps are chosen to calculate the fractal dimensions using the proposed

algorithm. The first one is the San Andreas fault system (Fig. 7.1(b)). The northern

part of the San Andreas fault system captures the geometric features that are common

to all strike-slip faults with segmentations [16]. The fault segments that are mapped

on the surface [268, 47], are oriented NW-SE with the echelon patterns. A sketch map

illustrating the process used to calculate the fractal dimension is shown in Fig. 7.14

on the map. The second fault is a Quaternary fault array in the central Apennines

in Italy (Fig. 2 in Cello [51]). The Monte Vettore fault array (MVFA) in the central

Apennines fault system is a part of a Quaternary fault system with the roughly N-

S trending left-lateral strike-slip fault zone. The MVFA is characterized by a fault

trace pattern dominated by the pervasive linkages among the fault segments of various

lengths, making up the geometrically complex, multi-scale, minor fault zones within

the array. The third fault map is the Top Kharaib fracture lineaments from the

Lekhwair Field (Fig. 6 in Filbrandt et al. [88]). On top of the Kharaib Formation,

there are two well-developed fault families oriented NW-SE and NNW-SSE. These

faults are steep, and the fault throws reach a typically visible offset on seismic data

with the resolution of approximately 10 meters.

Considering the San Andreas fault, the fault length is plotted in Fig. 7.15(a)

versus the covering circle radii. This figure illustrates that the length of the fault

and the circle radius have a linear relationship within a certain range on the log-log

plot. After fitting with a scaled logistic function, we find that the fractal dimension

is 1.29. The lower limit on the circle radius is about 66 meters, and the upper limit

is about 226 meters. Below the lower limit, all details of fault segments are already

captured due to the limited resolution of the map. Consequently, the total length of
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the fault does not change and yields a plateau in the figure. Above the upper limit,

all details about the segmentation are ignored, and that makes the total length of the

fault remain unchanged. In this case, the fault traces are relatively nonfragmented,

simple, and nonfractal geometric sets. For the other two fault maps we chose, the

results are shown in Figs. 7.15(b) and 7.15(c). The fractal dimensions calculated from

the fits are 1.29 and 1.34, respectively. The upper and lower limit for the fault map 2

are 461 and 2597 meters, respectively. For the fault map 3, the corresponding values

are about 847 and 3054 meters. A detailed summary of the results for these three

real fault maps is listed in Table 7.1.

Table 7.1: Fractal dimensions of three real fault systems

Case L̄se (m)
Fractal

Dimension
Upper limit

(m)
Lower limit

(m)
Map 1 1410 1.29 66 226
Map 2 7517 1.29 461 2597
Map 3 9427 1.34 847 3054

Figure 7.14: The method of covering the fault from Fig. 7.1(b) by circles with the
radius, r = 420 m. The red line segments are simplifications of the real fault segments.

7.5 Fractal dimension of generated fault segments

In this section, the fractal dimensions of the fault segments generated with the algo-

rithm described in Section 7.2 are calculated. We choose to generated fault segments

with two segments in each generation, and no rotation of each segment is implemented

because the fractal calculation is accurate for parallel and vertically well-sorted fault
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Figure 7.15: Upper panels: fault length versus radius of covering circles. Lower
panels: the derivative of the scaled logistic function. (a) the fault map 1 (northern
part of the San Andreas fault system); (b) the fault map 2 (Quaternary fault array
in the central Apennines in Italy); and (c) the fault map 3 (the Top Kharaib fracture
lineaments in the Lekhwair Field ). The red line is the scaled logistic fit to the data.
The blue tangent line yields the maximum fractal dimension.

segments. The generated segments with L̄se =110, 311, and 1664 meters are shown

in Fig. 7.16(a), (b), and (c), respectively. The calculated fractal dimension is shown

in Fig. 7.17 and summarized in Table. 7.2. The fault length is a linear function of the

circle radii within a certain range on a log-log plot. When the radius is small or large,

the length of the fault is constant. The lower limit and upper limit of the radius yield

an interval in which the fault segments show the fractal or hierarchical self-similar

characteristic. The values of these limits are directly related to the resolution of the

sample set. The upper and lower limit of the radius increases with an increase in the

mean segment length. If we assume that there are two segments with equal length

generated in each generation and the step length is k < 1 times of the segment length,
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Figure 7.16: Parallel fault segments with different mean segment lengths. With
incomplete self-similarity, panel b is similar to a and c to b after a magnification.
There are two segments in each generation.

we can have an exact fractal geometry with the fractal dimension:

D =
ln(2)

ln(2− k)
(7.6)

The non-uniform step width in the generated fault segment can change the fractal di-

mension, as well as the non-uniform segment length. Therefore, the fractal dimensions

of the generated fault segments vary between 1.25 and 1.30. The fractal dimension is

smaller than the dimension of real fault segment, because generated fault segments

is less complex in geometries compared with the real fault segments.

Table 7.2: Results of fractal dimensions for three generated fault segments

Case L̄se (m)
Fractal

Dimension
Upper limit

(m)
Lower limit

(m)
1 110 1.26 2.7 10.5
2 311 1.31 11.6 40.7
3 1664 1.25 41.5 124.4
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Figure 7.17: Upper panels: fault length versus radius of covering circles. Lower
panels: the derivative of the scaled logistic function. (a) the generated fault segments
1, L̄se = 110 meters; (b) the generated fault segments 2, L̄se = 311 meters; (c) the
generated fault segments 3, L̄se = 1664 meters. The red line is the scaled logistic fit
of the data. The blue tangent line yields the maximum fractal dimension.

7.6 Conclusions

In this chapter, we have proposed a new method to generate fault segments from an

imprecise fault trace obtained from a seismic survey or outcrop. The generated fault

segments can be used to analyze the fault damage zone and the fault-related flow

problems. These segments have characteristics similar to those found in the natural

fault segments observed from outcrops or seismic surveys. The generated segment

lengths follow approximately a lognormal distribution. The segment geometry recov-

ers the hierarchical self-similar architecture, which is consistent with the natural fault

segments. We also propose a modified algorithm to calculate the fractal dimension

of the fault segments. Our algorithm can cover the target set more accurately, and

it improves on Okubo and Aki [202]’s method. After calculating and comparing the

fractal dimensions of the generated and real fault segments, the fractal dimension of
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the generated fault segments is close to the natural fault segments, which supports

the validity of our approach from a fractal dimension perspective.
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Chapter 8

Fracture sealing and its impact on the percolation of

subsurface fracture networks: a simulation study

Fractures play an essential role in formations with low permeability; however, fracture

sealing significantly reduces the permeability of the fractures. The mechanism of

how fracture sealing impacts the macro-scale fluid flow is rarely investigated. Here,

we simulate sealing in two- and three-dimensional orthogonal fracture networks and

investigate the impact of sealing on the percolation of these fracture networks. We find

that a small amount of sealing can prevent the formation of spanning clusters, which

suggests that global connectivity is almost never realized. Without significant stress

perturbations, most fractures are partially sealed and non-critically stressed, and they

usually do not contribute much to the fluid flow. However, under a significant stress

perturbation, such as hydraulic fracturing, the well-connected and critically oriented

fractures become critically stressed and slide because of the increased pore pressure.

Partially sealed and non-critically stressed fractures can also contribute to the fluid

flow by enlarging the stimulated reservoir volume (SRV). We estimate the stimulated

reservoir volume in two dimensions by dividing the target distance (LSRV ) into two

parts. One is the distance limiting generation of hydraulic fractures (∆Lh), and

the other is the limiting distance of making natural fractures slide (∆Ls). A rough

estimation yields an elongated shape of the SRV, which is consistent with observations

from microseismicity maps.
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8.1 Introduction

Brittle rocks in the Earth’s upper crust are ubiquitously fractured. In many engi-

neering fields, such as hydrology, waste disposal, geothermal and petroleum reservoir

exploitation [31], fractures play an essential role. Most fractures are permeable imme-

diately after their formation, and they provide dominant pathways for fluid flows in

low permeability formations. However, over long geological time, compression and ce-

mentation can cause the closure and sealing of fractures, which together significantly

reduce the permeability of the fractures [123, 125].

Hubbert and Willis [113], Hubbert et al. [114] and Barton et al. [24] proposed a

critically stressed fault hypothesis and argued that hydrologically conductive faults

are critically stressed in today’s stress field. In critically stressed fractures, the ratio

of shear to normal stresses exceeds the frictional strength of the rock. The Coulomb

failure criterion [60] was found to be appropriate for describing frictional sliding of

fractures [123, 181, 85]:

τ = µ(Sn − Pp), (8.1)

where µ is the coefficient of friction along the fracture plane, Pp is local pore pressure,

and τ and Sn are respectively shear and normal stresses on a fracture. To demonstrate

the concept of critically stressed fractures, a three-dimensional (3D) fracture network

is constructed in Fig. 8.1 and the stress state of each fracture plane is shown in the

Mohr diagram. The orientations of fractures are uniform, because subsurface rocks

may have many different sets of fractures formed during their geologic history [24].

In Fig. 8.1, S2 is the reference stress, with S1 = 1.3S2, S3 = 0.6S2 and Pp = 0.5S2.

Sliding of critically stressed fractures induces shear displacement and enlarges the

fracture aperture because of the roughness [292, 139, 280, 94]. Identifying the critically
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Figure 8.1: Left: a 3D fracture network composed of critically (red polygons) and
non-critically (blue polygons) stressed fractures. Right: normalized shear vs. effective
normal stress for critically (red plus signs) and non-critically (blue dot signs) stressed
fractures. The green crosses indicate hydraulically conductive fractures with their
stress mapping points far away from the failure line. The failure lines are shown for
a Coulomb friction criterion with the friction coefficients of 0.6 and 1.0.

stressed fractures is important because they are highly permeable and significantly

contribute to fluid flow [24, 125, 289, 124]. However, the number of critically stressed

fractures can vary across a wide range, because this number strongly depends on the

local stress state, fracture orientations and the frictional strength of the rock. Non-

critically stressed fractures are usually sealed and irrelevant to flow considerations.

Fractures are usually partially sealed instead of completely sealed. The complex pro-

cess of crystal growth can result in different sealing patterns, such as massive sealing

deposits, thin rinds or veneers that line the surfaces of open fractures, and bridge

structures that span otherwise open fractures [149, 152]. How exactly fracture seal-

ing prevents macro-scale hydraulic responses is rarely investigated. However, there

are exceptions. Barton et al. [24] and Ito and Zoback [125] observed some hydrauli-

cally conductive fractures with their stress mapping points far away from the failure

line in the Mohr diagram (see the green crosses in Fig. 8.1). The fracture strength can

be weakened by the presence of weak minerals, such as graphite, kaolinite, chrysotile
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and illite [190]; however, this may not explain their observations because similar ex-

ceptions exist in strong rocks and the stress mapping points can be far away from the

failure line. These observations led us to ask the following questions:

1. Why the non-critically stressed fractures are usually nonconductive if they are

only partially sealed?

2. What are the possible reasons for the green crosses shown in Fig. 8.1?

3. If non-critically stressed fractures are partially sealed, can they contribute to

the fluid flow in the subsurface?

To answer these questions, we must couple fracture sealing and the impact of

complex fracture networks on the flow. However, these two phenomena have been

extensively investigated as separate topics [154, 152, 262, 44]. Fractures vary in size

from micrometers to kilometers [34, 41], while fracture sealing usually happens at

the scale of millimeters or even micrometers. These huge scale differences make the

coupling of these events a challenge. Here, we simulate sealing in complex fracture

networks and evaluate its impact on the hydraulic connectivity of the system.

Fracture shape is complex and irregular in reality, because of the anisotropic and

heterogeneous characteristics of rocks and the complex geomechanical environment.

Natural fractures also have complex rough surfaces [300]. Tortuosity of the flow paths

in a fracture and the stress impact on fractures are also crucial to the flow in fractures

[58]. Complex geometric shapes and dynamic evolution of fractures make character-

izing fracture networks in great detail difficult. The only practical alternative is

the discrete fracture network (DFN) modeling method, where critical geometries and

topological structures are preserved. DFN method explicitly represents fractures with

simple geometries, such as line segments in two dimensions and disks or polygons in

three dimensions [160, 299]. Different stochastic distributions are applied to mimic

the geometrical properties of fractures [41], such as fracture lengths, orientations,
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and positions of fracture centers. To make discrete fracture networks representative

for this investigation, we choose orthogonal fracture networks [21, 224, 237] because

they are topologically well-connected, geometrically well-constrained, easy to mimic,

and commonly observed in reality. The conclusions derived from orthogonal fracture

networks can extend to the other configurations of fracture networks in reality.

Because this study focuses on the hydraulic connectivity of the fracture network,

cumbersome and expensive flow calculations in a full-scale discrete fracture-matrix

model are not necessary [133, 241]. Instead, investigating percolation is sufficient to

reveal information about the global and local connectivity of the fracture network.

Percolation theory [256] has been used by many researchers [189, 298, 231, 30, 34,

44, 179] to study connectivity of anything in general and connectivity of fractures in

particular

Fracture sealing caused by cementation is a complex process [155], and it de-

pends on the chemistry of the formation fluids, the fluid pressure and the tempera-

ture [159, 48, 105]. Cements are typically divided into two types, synkinematic and

postkinematic, which respectively deposit in parallel or after the fracture opening

[262, 151, 26]. The thickness of these cements ranges from micron deposits that line

fracture walls to crystalline masses that fill fractures with apertures of centimeters and

more [151]. The uncertainties arising from this range of thickness strongly limit the

determination of the spatial distribution of sealing in a subsurface fracture network.

Here, we simplify the problem by assuming that the fracture apertures fully control

the sealing. The fracture segments with larger apertures have a lower probability of

being sealed, and vice versa [149, 262].

The remainder of this chapter is organized as follows: Section 8.2 introduces the

techniques to construct 2D and 3D orthogonal fracture networks, simulate sealing

and implement percolation analysis. Section 8.3 presents results on the percolation

probability and the relative size of local clusters. Section 8.4 discusses the three ques-
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tions proposed in the Introduction and the application of this study to the hydraulic

fracturing process.

8.2 Materials and methods

In this section, we discuss the generation of orthogonal fracture networks, the simu-

lation of fracture sealing and the implementation of percolation analysis in 2D and

3D orthogonal fracture networks.

8.2.1 Generation of a 2D orthogonal fracture network

The orthogonal fracture network in this study is composed of two sets of joints,

preexisting systematic joints and cross joints, which typically resemble a ”ladder-

like” pattern in an outcrop [21, 224, 237]. Cross joints abut the preexisting joints

at angles near 90◦ and are limited in length by the intervening distance between

the preexisting joints. A sketch of the system is shown in Fig. 8.2. The median

Formation layerL
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er th
ick

n
ess

Preexisting joint spacing

Cross jo
int sp

acing

Preexisting joints

Cross joints

Figure 8.2: Sketch of an orthogonal joint system composed of the preexisting and
cross joints.

spacing of the preexisting joints is positively correlated with the formation thickness.

It can be quantified as a fracture spacing index (FSI), which is the slope of the best

regression fitting line in a plot of the mean formation thicknesses vs. median joint

spacing derived from scanline data. FSI typically varies between 0.7 and 1.5 in most

outcrop observations [19, 99, 193, 84, 237]. Gross [99] and Bai et al. [21] found that
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preexisting joints act as the mechanical layer boundaries for the cross joints, and

their spacing functions as a formation thickness. Here, we set the system size as 10

m; the FSI as 1.3 for both the preexisting and cross joint sets and the layer thickness

as 0.65 m. The median spacing of the preexisting joints is 0.5 m, correspondingly.

The spacing distribution of both fracture sets can follow a negative exponential or

log-normal distribution [245, 193]. With a negative exponential distribution, the

mean and standard deviation are equal, whereas with a log-normal distribution, the

standard deviation of the spacing is typically about 0.56 times the mean spacing

[193, 112]. A uniform spacing distribution is included as a reference to capture the

impact of the spacing distribution on the percolation. Fig. 8.3 shows 2D orthogonal

fracture networks with three different spacing distributions for both preexisting and

cross joints.

Spanning cluster Non-spanning cluster Sealed jointsSpanning cluster Non-spanning cluster Sealed joints
N

(a) (b) (c)

Uniform Exponential Log-normal

Figure 8.3: 2D orthogonal fracture networks with constant apertures. Preexisting
joints have the NS strike, and cross joints have the EW strike; both preexisting and
cross joints are spaced according to (a) uniform distribution; (b) exponential distri-
bution; (c) log-normal distribution. The blue line segments indicate sealed fractures;
the red line segments are open fractures and form a spanning cluster; the green line
segments are open fractures that are locally connected.
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8.2.2 Simulation of fracture sealing

Fracture sealing caused by cementation is a complex process that depends on the

chemistry of the formation fluids, the fluid pressure and the temperature. To simplify

the problem and mimic the sealing of fractures, we divided each fracture into small

segments. Each small segment can be sealed and can block the flow of the fluid.

Fig. 8.4 provides a sketch of the segmentation of a fracture. The small segment can

be regarded as the minimum unit of sealing, which can reach a scale of millimeters

or even micrometers in reality [151, 155]. Each segment has a constant aperture,

but segments at different locations in a fracture have different apertures (ai 6= aj).

Simulating the spatial distribution of sealing in a subsurface fracture network is almost

Segment length, Lseg = 0.2m

ai

i

Sealed segment

aj

j

Open segment

  

Segment length, Lseg  = 0.5m

Segment length, Lseg  =  1.0m

L = 3m
(a)

(b)

(c)

Figure 8.4: Segmentation of 2D fractures. The fracture trace has a length of 3 meters.
(a), (b), and (c) show the segmentation with decreasing segment lengths of 1 m, 0.5
m and 0.2 m, respectively. Each segment has a constant aperture and can be sealed
or open, as shown in (c). Segments at different locations have different apertures,
ai 6= aj.

impossible to achieve. Here, we simplify the problem by assuming that the sealing of

a segment depends only on its aperture. A fracture segment with a larger aperture

has a lower probability of being sealed and vice versa. The fracture segment with the

largest aperture in the entire fracture network has zero probability of being sealed
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and the probability of sealing decreases linearly with the aperture size:

piseal = 1− ai
amax

, (8.2)

where piseal is the probability of sealing segment i; ai is the aperture of segment i;

amax is the maximum aperture in the entire fracture network.

The key to finding the spatial distribution of the fracture sealing is to determine

the aperture size distribution of the fracture segments. We consider three scenarios

of aperture distributions sketched in Fig 8.5:

Figure 8.5: Different aperture distributions. The fracture trace has a length of 3 m
and the segment length Lseg is 0.2 m. (a) Constant aperture; (b) Elliptical-shaped
aperture; (c) Log-normal distributed aperture.

1. Constant aperture;

2. Elliptical-shaped aperture; and

3. Log-normal distributed aperture;

The constant aperture is the simplest but most unrealistic scenario. It serves as

a reference to show the impact of aperture distributions on the percolation. In this

scenario, the sealing probability of each fracture segment is equal. Sealed segments

are shown as blue line segments in Fig. 8.3, and they have no priority in the spatial

distribution.
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If linear elastic fracture mechanics (LEFM) is applicable, and if a single fracture

in an infinitely large plate is put under remote equibiaxial tensile stress, the shape of

the fracture aperture will be elliptical. From the Westergaard stress function method

[281], the maximum aperture at the fracture center is

amiddle =
1− ν
E

σl, (8.3)

where amiddle is the maximum aperture at the middle of the fracture; ν is Poisson’s

ratio; E is Young’s modulus; σ is the magnitude of the equibiaxial tensile stress; and

l is the length of the fracture. The length of the fracture is assumed to be 1.2 times

the physical length to avoid the fracture tips being completely sealed in the fracture

network. If we assume ν = 0.25, E = 30 GPa, σ = 2 MPa, the maximum aperture

at the middle of the fracture will be proportional to the length of the fracture:

amiddle =
1

20, 000
l (8.4)

The upper panels in Fig 8.6 show orthogonal fracture networks with elliptical

apertures. Preexisting joints are usually long and have larger apertures; they are thus

more likely to be open. Cross joints are usually short and more likely to be sealed.

Regions close to fracture tips also have smaller apertures and are subject to more

sealing. The spatial distribution of apertures is consistent with many observations

from outcrops and core samples [262, 149].

Log-normal distributed apertures are observed in outcrops and experimental stud-

ies [249, 301, 191]. The mean value of the aperture is linearly correlated with the

fracture length [20, 204]. The standard deviation is set to be 0.2 times the mean

value, which indicates tortuosity of the flow path in a fracture [229]. The lower panels

in Fig. 8.6 show orthogonal fracture networks with log-normal distributed apertures.
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Spanning cluster Non-spanning cluster Sealed jointsSpanning cluster Non-spanning cluster Sealed joints
N

(a) (b) (c)

Figure 8.6: 2D orthogonal fracture networks with (upper panels) elliptical-shaped
apertures; and (lower panels) log-normal distributed apertures. Preexisting joints
have the NS strike, and cross joints have the EW strike; both preexisting and cross
joints are spaced according to (a) uniform distribution; (b) exponential distribution;
(c) log-normal distribution. The blue line segments indicate sealed fractures; the red
line segments are open fractures and form a spanning cluster; and green line segments
are open fractures that are locally connected.

The configuration of the fracture networks is similar to the case with elliptical-shaped

apertures, where long fractures tend to be open and short ones tend to be sealed.

8.2.3 Percolation analysis

Percolation theory [256] is used to study connectivity of anything in general [197] and

connectivity of fractures in particular [298, 231, 30]. Classic bond or site percolation

problems have a constant probability of opening, p, for each link or node in the

network. For a given probability, p, the theory captures the probability of forming a
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spanning cluster. A spanning cluster is an open path connecting the boundaries of the

domain. Here, the spanning cluster is composed of intersecting fractures connecting

four sides in the 2D fracture network. This fracture network can be regarded as a

special bond percolation problem. However, the probability of opening is not constant

but varies with the aperture size of the fracture segment. The probability of forming

a spanning cluster with a given fraction of open joints in each fracture network is

approximated by

Pspan =
Nspan

Nt

, (8.5)

where Nt is the total number of realizations with a given fraction of open joints.

Nt = 400 and 100 for a 2D and 3D fracture network, respectively; Nspan is the number

of realizations with a spanning cluster formed in the system; Pspan represents the

frequency of forming a spanning cluster out of Nt realizations, and it is approximately

equal to the probability of forming a spanning cluster under a given fraction of open

joints. Because each fracture network is constrained with three parameters, and each

parameter has different scenarios, the final results are stabilized by averaging over

200 random realizations of each fracture network. We developed an efficient in-house

software, HatchFrac (Chapter 2), to realize the simulation. By extending the

Newman–Ziff algorithm [195] combined with a block method to check the cluster,

the efficiency of the software is significantly improved. In Figs. 8.3 and 8.6, the red

line segments refer to the spanning cluster formed in the system, while the green line

segments are locally connected fractures.

8.2.4 Generation of a 3D orthogonal fracture network

Fractures not intersecting in the 2D space can still connect in the third dimension.

To extend the sealing simulation and percolation analysis in 3D, we extend the 2D
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orthogonal fracture networks to three dimensions by assuming a 90◦ dip for each

fracture (see Fig. 8.2). Each 3D fracture is represented by a rectangular plate, as

shown in Fig. 8.7. To mimic the sealing of 3D fractures, each fracture is divided into

small blocks. In the horizontal direction, each fracture is divided into small segments

with a given segment length as in the 2D cases. In the vertical direction, each fracture

is divided into four blocks. The aperture of each block is constant and follows one of

the three distributions listed in Section. 8.2.2. The sealing mechanism is the same as

the 2D orthogonal fracture network, which depends only on the aperture size of the

block. In the cluster-check process, only fracture blocks with a line contact (block

pair (1, 2) or (2, 3) in Fig. 8.7) are considered as intersecting each other. Fracture

blocks with a point contact (block pair (1,3) or (4, 3) in Fig. 8.7) are not connected

with each other.

The spanning cluster formed in the 3D fracture network connects the four periph-

eral faces of the system (excluding the upper and lower faces) to be consistent with

the percolation criterion in 2D orthogonal fracture networks. Figs. 8.8 and 8.9 show

the 3D orthogonal fracture networks with different aperture distributions.

Sealed blocks 

Open blocks

1 2

3

4

Segment length, Lseg

Figure 8.7: Segmentation of 3D fractures; each block has a constant aperture and can
be sealed (black) or open (white). Only blocks with a line contact are considered as
directly connected (block pairs (1, 2) and (2, 3)); blocks with a point contact are not
connected (block pairs (1, 3) and (3, 4)). Blocks at different locations have different
apertures.
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Uniform Exponential Log-normal
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Figure 8.8: 3D orthogonal fracture networks with constant apertures. Preexisting
joints have the NS strike, and cross joints have the EW strike. Both preexisting and
cross joints are spaced according to (a) uniform distribution; (b) exponential distri-
bution; (c) log-normal distribution. Sealed fractures are not plotted for clarity of
the visualization. The red polygons are open fractures and form a spanning clus-
ter, and the green polygons are open fractures that are locally connected. Vertical
exaggeration = 16.

Table 8.1: Scenarios for the constraining parameters
Parameter Scenario 1 Scenario 2 Scenario 3
Aperture Constant Elliptical-shaped Log-normal
Segment length, Lseg, [m] 1 0.5 0.2
Spacing distribution Uniform Exponential Log-normal

In summary, we construct orthogonal fracture networks in two and three dimen-

sions constrained by three parameters, apertures, segment lengths and spacing dis-

tributions of preexisting and cross joints. Different scenarios and values for each

parameter are listed in Table. 8.1. Simulating the sealing at the microscopic scale,

such as millimeters, is not practical because of the limited computational capacity.

We select the decreasing segment lengths from 1 m to 0.2 m to show the trend of

sealing at small scales. Because each parameter has three possible scenarios for each

set of fractures, we have 81 possible combinations of the fracture networks composed

of two sets of joints. For each fracture network with a chosen set of parameters, we

seal a given fraction of fractures (ratio of lengths of sealed fractures to total fractures)

and investigate the percolation state of the system. The final results are stabilized

by averaging over 200 realizations for each fracture network with a chosen set of
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Figure 8.9: 3D orthogonal fracture networks with (upper panels) elliptical-shaped
apertures; and (lower panels) log-normal distributed apertures. Preexisting joints
have the NS strike, and cross joints have the EW strike. Both preexisting and cross
joints are spaced according to (a) uniform distribution; (b) exponential distribution;
(c) log-normal distribution. Sealed fractures are not plotted for clarity of the visual-
ization. The red polygons are open fractures and form a spanning cluster, and the
green polygons are open fractures that are locally connected. Vertical exaggeration
= 16.

parameters.

8.3 Results

Nine combinations of parameters for preexisting and cross joints separately yield 81

combinations of parameters for fracture networks. However, different combinations

show similar trends and results. In this section, we show the results for fracture

networks where both preexisting and cross joints follow the same scenario for each

parameter.

The percolation probability vs. the fraction of open joints of each orthogonal
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fracture network in 2D and 3D is shown in Fig. 8.10.

Log-normal distributed Constant 1.0m 0.5m 0.2m

Uniform Exponential Log-normal

2D

3D

(a) (b) (c)

Aperture: Lseg:Elliptical-shape

Figure 8.10: Percolation probability vs. fraction of open joints in 2D (upper panels)
and 3D (lower panels) orthogonal fracture networks. Columns (a), (b), and (c) refer
to orthogonal fracture networks with spacing distributions of preexisting and cross
joints following the uniform, exponential and log-normal distributions, respectively.

Several observations for the 2D orthogonal fracture networks are summarized from

the upper panels of Fig. 8.10

1. The percolation probability increases as the fraction of open joints increases in

the system.

2. The red and green symbols are located to the left of the blue symbols. This

pattern suggests that fracture networks with elliptical-shaped (red symbols) and

log-normal distributed (green symbols) apertures form spanning clusters more

easily than when the apertures are constant (blue symbols).

3. The data points in (b) and (c) are more to the right of the graph than (a). This

pattern means that the fracture networks with spacing that follows exponential

(b) and log-normal (c) distributions have more difficulty in forming spanning
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clusters than do fracture networks with spacing following a uniform distribution

(a).

4. As the segment length decreases, forming spanning clusters becomes increas-

ingly difficult. In (c), more than 90 per cent of open joints are needed to form

a spanning cluster. In reality, the segment length can reach a millimeter scale,

and the fraction of sealing is usually severe; therefore, it is impossible to form

a spanning cluster over a macroscopic fracture network.

In 3D orthogonal fracture networks, most observations in 2D remain valid. Com-

pared with the 2D results, the data points are located more to the left in 3D, which

indicates that percolation in 3D fracture networks is easier. In contrast to the 2D

cases, the red and green symbols are not always located on the left side of the blue

symbols, suggesting that aperture variations do not always have a positive impact on

percolation in 3D fracture networks.

In Fig 8.11, we show the standard deviations of the percolation probability with

error bars in different fracture networks. We choose the fracture networks with the

log-normal distributed apertures and the uniform or log-normal spacing distributions

to demonstrate the variations in the percolation probability. The remaining fracture

networks have similar results. For fracture networks with uniform spacing of the

preexisting and cross joints, the standard deviations of the percolation probability

are small, and variations are caused by the random sealing of fracture segments based

on the aperture distribution. For fractures with log-normal spacing distributions, the

standard deviations are significantly increased because variations are attributed to

both the spacing distribution and aperture variations. The spacing distribution of

preexisting and cross joints can substantially change the configuration of the fracture

network. Compared with aperture variations, the spacing distribution makes more

important impacts on the percolation probability.

In brief, it is impossible to form a spanning cluster in a real subsurface fracture
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Figure 8.11: Percolation probability vs. the fraction of open joints with error bars
in 2D (upper panels) and 3D (lower panels) orthogonal fracture networks. Fracture
networks have apertures following a log-normal distribution. Columns (a) and (b)
refer to orthogonal fracture networks with spacing distributions of preexisting and
cross joints following the uniform and log-normal distributions, respectively.

network because of the small segment lengths and severe sealing, which means that

global connectivity is not practical. However, local connectivity can still contribute

to the fluid flow in the subsurface if local clusters are large enough. Figs. 8.12 and

8.13 show the relative size of the largest cluster from each case averaged from 200

realizations in 2D and 3D fracture networks. When the spanning cluster forms, the

largest cluster is the spanning cluster itself. Otherwise, the largest cluster is the

largest locally connected cluster. The mean size of the cluster is not representative of

local clusters, because many isolated fracture segments can significantly reduce the

value of the mean size.

As the percolation probability increases, the relative size of the largest cluster
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Figure 8.12: The relative size of the largest cluster in 2D orthogonal fracture networks.
Left y-axis: relative size of the largest cluster (blue symbols); right y-axis: percolation
probability (red symbols). Left to right columns: orthogonal fracture networks with
spacing distributions of preexisting and cross joints following the uniform, exponential
and log-normal distributions, respectively; upper row (a) to lower row (c): orthogonal
fracture networks with apertures following the constant, elliptical-shaped and log-
normal distributions, respectively.

also increases. When the percolation probability reaches one and remains constant

afterwards, the relative size also reaches a plateau. The relative size should continue

to increase since more joints are open. However, because the cluster-check algorithm

is time-consuming, we stop checking clusters with more fracture segments when a

spanning cluster forms, and this causes the relative size to remain unchanged. Because

forming a spanning cluster in reality is almost impossible, this reduction in procedures
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Figure 8.13: The relative size of the largest cluster in 3D orthogonal fracture networks.
Left y-axis: relative size of the largest cluster (blue symbols); right y-axis: percolation
probability (red symbols). Left to right columns: orthogonal fracture networks with
spacing distributions of preexisting and cross joints following the uniform, exponential
and log-normal distributions, respectively; upper row (a) to lower row (c): orthogonal
fracture networks with apertures following the constant, elliptical-shaped and log-
normal distributions, respectively.

is not significant to the analysis. The left parts in Figs. 8.12 and 8.13, where the

fraction of open joints is smaller than 0.5, are more important because real fracture

networks may experience severe sealing. When the fraction of sealing is large, i.e.,

more than 50%, the relative size of the largest cluster is small and decreases with

small segment lengths. Fig. 8.14 (a) shows the percolation probability and relative

size of the largest cluster in a fracture network with segment lengths of 0.05 m. The
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aperture and spacing of the fracture network follow a log-normal distribution. If 10%

of the fractures are sealed, the probability of forming a spanning cluster is 0. If 50%

of fractures are sealed, the relative size of the largest cluster is smaller than 0.1%.

Fig. 8.14 (b) shows one realization of such a fracture network with 50% of fractures

sealed. No spanning cluster is formed, and the largest cluster (red line segments) is

small in size.
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Figure 8.14: (a) The relative size of the largest cluster and the percolation probability
in the orthogonal fracture network. (b) A 2D orthogonal fracture network with a
segment length of 0.05 m and 50% of joints sealed. The blue line segments are sealed
joints; the red line segments are the largest cluster; the green line segments are the
remaining local clusters. Apertures follow a log-normal distribution, and the spacing
follows a log-normal distribution for both preexisting and cross joints.

8.4 Discussion

Based on our observations and analysis in the previous section, we draw two main

conclusions: first, real subsurface fractures are most likely to be partially sealed,

and they cannot form a spanning cluster; second, real subsurface fractures can form

locally connected open clusters, and the clusters are small in size. These conclusions

can provide answers to the questions posed in the Introduction.
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8.4.1 Q1 and Q2: Why do non-critically stressed fractures

usually show non-hydraulic responses, and what are

the possible reasons for the occurrence of any excep-

tions?

Under the current stress state, critically stressed fractures contribute to fluid flow

no matter if they are entirely sealed or open before sliding, and they show good

hydraulic responses. Fractures with non-critical orientations are mechanically stable

and do not slip. One possible reason for why they show non-hydraulic responses is

that they are partially or completely sealed. If the orthogonal fracture network (with

non-vertical dips) shown in Fig. 8.14 (b) exists in the subsurface formation and if a well

intersects this fracture network, the well is most likely to encounter sealed fractures

or small locally connected clusters of open fractures. None of these fractures provide

large enough flow to exhibit significant hydraulic responses. However, if the well

encounters a local cluster that is large enough, it is still possible to have a hydraulic

response. This possibility explains the exceptions occurring in Fig. 8.1, where a few

hydraulically conductive fractures have their stress mapping points far away from the

failure line in the Mohr diagram.

8.4.2 Q3: Importance of non-critically stressed and partially

sealed fractures

In this section, we demonstrate the importance of critically-stressed fractures and

emphasize the importance of non-critically stressed and partially sealed fractures. In

a hydraulic fracturing process, the former fractures generate the stimulated reservoir

volume (SRV), while the latter fractures enlarge the SRV and contribute to produc-

tion.

We assume a stable strike-slip stress state (Shmin ≤ Sv ≤ Shmax) in a given sub-

surface formation. Fig. 8.15 shows the map view of the formation and the stress state
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of any location (the blue element, for example) in the formation is shown in the Mohr

diagram (blue circle). All fractures in this formation are in a non-critically stressed

τ/Sv
μ=0.6

(Sn-Pp)/Sv

Initial state

After hydraulic fracturing

Combine poroelastic effect

Primary hydraulic fracture (100m)

Wellbore 

Increased pore pressure

Figure 8.15: Map view of a subsurface formation. The Mohr diagram shows the stress
state of the blue element at the initial state (blue), after considering the changes
of principal stresses caused by the hydraulic fracturing (red), after considering the
poroelastic effect (green) and after considering the high fluid pressure transmitted
through natural fractures (purple).

state, and they are partially or completely sealed over geological time. However, if

there is a significant stress perturbation, such as hydraulic fracturing, the stress state

close to the hydraulic fracture will change. Hydraulic fracturing is essential for the

exploitation of unconventional reservoirs because it generates the SRV or the com-

plex fracture network that surrounds the hydrofracture and contributes to production

[185].

In the formations with low permeability, natural fractures play an important role

in forming the SRV. Here, we consider a conceptual model with only one hydraulic

stage with one perforation cluster to demonstrate the importance of natural fractures.

The hydraulic fracture that originates from the perforation is denoted as the primary
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hydraulic fracture. We assume that the fluid pressure is uniform along the primary

hydraulic fracture. From the simulation and analysis of Warpinski et al. [276, 274],

the principal stresses near the hydraulic fracture increase because of the high fluid

pressure in the hydraulic fracture. The increase in the principal stresses declines

sharply with increasing distance from the hydraulic fracture. The red Mohr’s circle

in Fig. 8.15 shows the stress state of the blue element after hydraulic fracturing. The

Mohr’s circle shrinks and moves rightward, which means that the increase in the

principal stresses stifles any possible microseismicity from occurring in this region.

Due to the poroelastic effect, the increase of stresses can also cause an increase in

pore pressure. If we assume that the system is water-saturated and in an undrained

condition, the increase in pore pressure can be estimated as the mean increase of the

three principal stresses [38]:

∆Pp =
1

3
(∆σ1 + ∆σ2 + ∆σ3). (8.6)

The green Mohr’s circle shows the stress state after considering the poroelastic

effect. The poroelastic effect is not important for low-permeable formations [274],

and it cannot cause natural fractures to slide because the Mohr’s circle is still far

away from the failure line. One possibility is that the fluid pressure in the primary

hydraulic fracture can be transmitted to the neighboring region through natural frac-

tures (purple fracture between the blue element and the primary hydraulic fracture).

The corresponding Mohr’s circle is shown in purple in Fig. 8.15. Natural fractures

with a wide range of orientations can slide or even experience tensile failure under

this stress state.

With the elevated pore pressure, natural fractures in critical orientations can reach

critically stressed state and form the SRV. To visualize the SRV composed of critically

stressed fractures is almost impossible because we do not have a detailed configuration
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of the real fracture network in the subsurface. With the DFN modelling software

(Chapter 2), we further construct a conceptual reservoir model with background

fractures to demonstrate the importance of both critically and non-critically stressed

fractures.

We assume that the formation has a background fracture network, shown in

Fig. 8.16. The fracture orientations follow a uniform distribution between 0 and π

because fractures may have random orientations from complex stress changes over a

long geological period. Fracture center positions follow a uniform distribution. Aper-

tures are constant, and 50% of fractures are sealed with a segment length of 1 m. The

fracture lengths follow a power-law distribution with an exponent of 3.0, which makes

most fractures short (1 to 3 m). From the observations of microseismicity induced

by hydraulic fracturing, most microearthquakes have a degree of -2 [165], which cor-

responds to a fault patch size of 1 to 2 meters [303]. The fracture network is well

connected by adding more fractures after the formation of the spanning cluster. If

Np is the number of fractures required to form the spanning cluster in the system, we

generate 1.0 ∼ 2.5 Np fractures to ensure good connectivity of the fracture network.

Fig. 8.17 shows the critically stressed fractures located away from the primary

hydraulic fracture. Green and red fractures are in critical orientations, while red

fractures are connected to the primary hydraulic fracture either directly or indirectly.

Only red fractures are critically stressed because they have connected pathways for

the transmission of high-pressure fluid. Since the fluid pressure dissipates as it travels

through natural fractures, the effective stresses increase when the fractures are far

away from the primary hydraulic fracture. In Fig. 8.17, we show the stress state at

four different locations. The corresponding range of critical orientations shrinks (the

red arcs in Fig. 8.17), and the fracture intensity decreases accordingly. When the

Mohr’s circle is tangent to the failure line, no natural fractures can slide. Note that

not all critically stressed fractures can trigger a microearthquake. Most of them slide
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slowly and stably and are thus undetectable [65].

Wellbore 

Background fractures 

Figure 8.16: Map view of a subsurface formation with background fractures (blue:
sealed; green: open). The red line segment is the primary hydraulic fracture; 50% of
the background fractures is sealed.

In Fig. 8.17, only fractures with critical orientations are presented. However,

non-critically stressed fractures can also contribute to fluid flow, because they are

partially sealed and form locally connected open clusters. Fig. 8.18 shows a connected

open fracture network after including the non-critically stressed and partially sealed

fractures. The size of the open fracture cluster connected to the primary hydraulic

fracture is significantly enlarged. In the linear flow scenario, the flux from the matrix

to the fractures is proportional to the fracture area [27], suggesting that partially

sealed fractures can increase reservoir production by enlarging the stimulated reservoir

volume. We test fracture networks with different amounts of additional fractures,

and list the contribution of non-critically stressed and partially sealed fractures in

Table 8.2. The increase of fracture length by non-critically stressed, and partially

sealed fractures can be significant. The more fractures in the system, the better the

connectivity of natural fractures. The corresponding increase in fracture length is
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μ=0.6
τ/Sv

(Sn-Pp)/Sv

Wellbore

Primary hydraulic fracture

Critically-stressed fractures

Shmin

1

2

3

4

1 2 3 4

Figure 8.17: Map view of a subsurface formation. The green and red fractures are in
critical orientations; the red fractures are connected to the primary hydraulic fracture
either directly or indirectly. The Mohr diagram shows the stress states of elements at
different locations. The red arcs indicate the possible ranges of orientations to cause
failure (either tensile or shear failure)

Wellbore 

Critically-stressed plus locally connected open fractures

LSRV

Figure 8.18: Map view of a subsurface formation. The green and red fractures are in
critical orientations or locally open; the red fractures are connected to the primary
hydraulic fracture either directly or indirectly.

also more significant.
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Table 8.2: Contribution of non-critically stressed and partially sealed fractures

Nf
a Lc,[m]b Lb,[m]c Increase, %

1.00×Np 1,952 2,236 15
1.25×Np 3,825 4,624 21
1.50×Np 7,211 9,141 27
1.75×Np 7,576 9,840 30
2.00×Np 10,396 14,001 35
2.50×Np 177,66 25,561 44

a
the number of fractures in the system and Np is the number of fractures needed to form a spanning cluster.

b the total length of all connected critically stressed fractures
c the total length of fractures including both connected critically stressed fractures and non-critically stressed and
partially sealed fractures

8.4.3 Estimation of the stimulated reservoir volume in 2D

The stimulated reservoir volume (SRV) is usually estimated by the 3D volume of a

microseismicity cloud [185]. However, it is impossible to obtain the detailed structure

of the SRV with existing fracture mapping tools. Warpinski et al. [275], Fisher et al.

[90, 89, 89]and Mayerhofer et al. [184] assumed that an orthogonal fracture network

follows configuration of the SRV and investigated the importance of SRV on reservoir

production. From the analysis of the aforementioned Mohr diagrams, it is obvious

that natural fractures perpendicular to the primary hydraulic fracture are unlikely

to slide and that they are always in a mechanically stable state. Therefore, the

commonly adopted orthogonal configuration of SRV is generally not realistic.

In this section, we investigate the SRV structure in more detail and estimate

the SRV in a simple but physically meaningful way. In a 2D map view, the SRV

is determined by LSRV in Fig. 8.18, which indicates the farthest distance for the

occurrence of the fracture slippage. To estimate LSRV, we separate the distance into

two parts: the limiting distance of generating hydraulic fractures, ∆Lh, and the

limiting distance of making natural fractures slide, ∆Ls.

Raterman et al. [223] and Marder et al. [175] showed that multiple hydraulic

fractures besides the primary hydraulic fracture can be generated during the hydraulic
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fracturing process. The generated hydraulic fractures can originate from cracks near

the horizontal wellbore and along the primary hydraulic fractures or other forms of

weak planes. They can take most of the injected fluid. Fig. 8.19 shows the generation

of multiple hydraulic fractures.

Wellbore

Figure 8.19: Map view of a subsurface formation to demonstrate the generation of
hydraulic fractures from natural fractures. The red line segments indicate the hy-
draulic fractures originating from the cracks near the wellbore and along the primary
hydraulic fracture. The green line segments are natural fractures in critical orienta-
tions. The Mohr diagram shows a typical stress state of a green fracture plane. The
red arc in the Mohr’s circle indicates the potential orientations for green fractures to
form a hydraulic fracture.

To generate a hydraulic fracture, the pore pressure has to be larger than Shmin.

However, the fluid pressure dissipates when the fluid flows farther away from the

primary hydraulic fracture. Beyond a certain distance, the pore pressure will be

insufficient to break rocks and form hydraulic fractures (blue line in Fig. 8.20), but

it is still large enough to cause slipping of natural fractures and to generate more

complex fracture networks. To estimate the limiting distance to create hydraulic

fractures, we consider the simple architecture of a natural fracture network shown in

Fig. 8.20.

Several assumptions are required:

� The primary hydraulic fracture has a half-length of 100 m and a height of 100

m;
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Primary hydraulic fracture (100m)
Wellbore

/Sv
=0.6

(Sn-Pp)/Sv Limit of generating hydraulic fractures

Lh Intermediate position

Figure 8.20: Map view to demonstrate the limit of generating hydraulic fractures.
The natural fractures form a conjugate fracture network and are marked in green
and red alternatively to show that each fracture has a length of 1 m. The Mohr
diagram shows the stress state of elements at different locations (green: the primary
hydraulic fracture; yellow: intermediate position; blue: limit of generating hydraulic
fractures). The red arcs on the Mohr’s circles indicate the possible orientations of
natural fractures to generate mode-1 hydraulic fractures since the effective normal
stress is in the tensile region. The possible orientations are close to the primary
hydraulic fracture. The blue dashed line is the modified limit of generating hydraulic
fractures, where the pore pressure in the primary hydraulic fracture declines towards
the toe.

� The fluid pressure along the primary hydraulic fracture is uniform and 500 psi

(3.44 MPa) higher than the Shmin;

� Natural fractures are square plates with the length and height of 1 m. Once

the pore pressure is large enough to open the fracture, the height of the natural

fracture changes to 100 m and propagates in the direction of Shmax.

� The injection rate is 0.1 m3/s in each direction and remains constant. Eighty

per cent of fluid goes to the hydraulic fractures initiating from natural frac-

tures. The total flow rate in those natural fractures on one side of the primary

hydraulic fracture is thus 0.04 m3/s.

� The natural fractures form a conjugate system, also shown in Fig. 8.20, because
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natural fractures are assumed to have uniform orientations from 0 to π, and the

stress tensor is symmetrical.

� The average strike angle, θ, is 15◦. In Fig. 8.20, the red arcs indicate stress

mapping points of possible fractures to initiate new hydraulic fractures. They

have orientations close to the primary hydraulic fracture and decrease with

increasing distance.

� The pore pressure at the blue line in Fig. 8.20 is equal to Shmin. Therefore,

beyond the blue line, no more hydraulic fractures can be generated.

� The apertures of the hydraulically open fractures are proportional to the net

pressure. The average aperture is assumed to be 2×10−4 m and the permeability

of fracture, k, follows the cubic law.

� Darcy’s law is applicable to fluid flow in the fractures.

� The viscosity, µ, of injected fluid is one cP.

Since the flow from any inlet at the primary hydraulic fracture to the corresponding

outlet at the limiting distance has the same boundary condition, we can apply Darcy’s

law along any flow path in Fig. 8.20:

Qf = −kA
µ

∆p

∆Lh/ sin(θ)
(8.7)

Qf =
0.1× 0.8× 0.5

N/(∆Lh/sin(θ))
, (8.8)

where A is the cross-sectional area [m2]; N is the number of fractures in a half

domain (one side of the primary hydraulic fracture) as shown in Fig 8.20; N
∆Lh/sin(θ)
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is the number of inlets that can be regarded as the number of hydraulic fractures

if each inlet fracture can form a hydraulic fracture. From Raterman et al. [223]’s

observations, there can be more than 100 hydraulic fractures formed in one stage.

Combining Eqs. (7) and (8), we have

∆Lh = −kA
µ

∆p× sin(θ)

Qf

(8.9)

� If N = 500, ∆Lh = 13.9 m and number of inlets is 9.

� If N = 1000, ∆Lh = 19.6 m and number of inlets is 13.

� If N = 5000, ∆Lh = 43.8 m and number of inlets is 30.

The limiting distance along the generating hydraulic fractures ranges from ten to

several tens of meters, and its value depends on the natural fracture intensity and their

geometries (size and aperture). In reality, the pressure distribution is not uniform

along the primary hydraulic fracture but decreases toward the toe [274], suggesting

that the limit of generating hydraulic fractures, the blue line in Fig. 8.20, should not

be horizontal but inclined toward the toe (dashed line in Fig. 8.20). The intensity of

hydraulic fractures should also be higher in the region close to the heel because of the

high fluid pressure there, which is consistent with the observation of Raterman et al.

[223].

When the fluid travels beyond the limiting distance along the generating hydraulic

fractures, the fluid pressure is still sufficient enough to cause natural fractures to slide

and to create more complex fracture networks. Apertures associated with sliding are

enlarged by shear displacement, and they are considerably smaller than the apertures

induced by tensile failures. At the limiting distance where no more natural frac-

tures can slide, the Mohr’s circle is tangent to the failure line. Fig. 8.21 includes a

sketch map of fracture networks formed by sliding natural fractures. A few different

assumptions are made for this case:
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μ=0.6

τ/Sv

Natural fractures 

Limit of generating hydraulic fractures 

Limit of sliding natural fractures

Intermediate positionΔLs

Wellbore

(Sn-Pp)/Sv

θ

Figure 8.21: Map view to demonstrate the limit of sliding natural fractures. The
natural fractures form a conjugate fracture network and are marked in green and red
alternatively to show that each fracture has a length of 1 m. The Mohr diagram shows
the stress state of elements at different locations (green: limit of generating hydraulic
fractures; yellow: intermediate position; blue: limit of sliding natural fractures). The
red arcs on the Mohr’s circles indicate the possible orientations of natural fractures
that cause sliding. The blue dashed line is the modified limit of sliding natural
fractures because the limit of generating hydraulic fractures inclines towards the toe.

� The difference between Shmin and reservoir pressure is set as 10 MPa.

� Natural fractures are rectangular plates with the length and height of 1 m.

Natural fractures do not propagate after sliding.

� The θ value is larger in the sliding cases as we observe from the Mohr diagram

in Fig. 8.21. The average θ value is set at 40 degrees.

� Ten per cent of injected fluid goes to the sliding fracture network. Since natural

fractures do not propagate after sliding, the fluid has to be stored in the volume

of natural fractures. If we assume that 400 m3 of water is injected in one stage

per direction, the corresponding number of natural fractures in the half domain

is N = 400× 10%/2/(a× 1× 1).
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With the same formula as Eq. (9), we have

� If a = 3.5× 10−6 m, ∆Ls = 4.1 m, and N = 5.7× 106

� If a = 1.0× 10−5 m, ∆Ls = 11.7 m, and N = 2.0× 106

� If a = 2.0× 10−5 m, ∆Ls = 23.5 m, and N = 1.0× 106

The limiting distance of making natural fractures slide ranges from ten to several

tens of meters, and its value is sensitive to the permeability of the natural fractures.

Since the limit of generating hydraulic fractures is inclined towards the toe, the limit

of sliding natural fracture should also be inclined (dashed line in Fig. 8.21).

Combining ∆Lh and ∆Ls leads to LSRV , and its value varies between 20 to 70 m

depending on the intensity of natural fractures and the permeability they have after

the stimulation. The elongated shape of SRV is consistent with patterns found in

microseismicity cloud maps [223, 246].

8.5 Conclusions

In this chapter, we simulate sealing in 2D and 3D orthogonal fracture networks and

investigate the impact of such sealing on the percolation state of the fracture network.

Furthermore, we utilize the simulation results to answer fundamental questions en-

countered in reality, specifically about the hydraulic fracturing process. Several im-

portant conclusions are drawn:

� A small amount of sealing can prevent the formation of spanning clusters in 2D

and 3D fracture networks.

� Fractures are most likely to be partially sealed, and they can form locally con-

nected open clusters, which are small in size.

� Without significant stress perturbations, most fractures are partially sealed and

non-critically stressed, and they usually do not contribute much to fluid flow.
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However, under a significant stress perturbation, such as hydraulic fracturing,

well-connected and critically oriented fractures become critically stressed and

slide because of the elevated pore pressure, whereas partially sealed and non-

critically stressed fractures can also contribute to the flow by enlarging the

stimulated reservoir volume.

� Estimation of the stimulated reservoir volume can be divided into two parts.

One is the limiting distance along the generating hydraulic fractures, ∆Lh, and

the other is the limiting distance of making natural fractures slide, ∆Ls. A

rough estimation yields an elongated shape of the SRV, which is consistent

with observations from microseismicity cloud maps.
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Chapter 9

Conclusions

Fractures in the subsurface are of significant interest because of their invisibility and

considerable contributions to many engineering fields. In this thesis, we started by

constructing the purely stochastic fracture networks with an in-house developed code,

HatchFrac (Chapter 2). Then, we constrained the fracture networks with geolog-

ical data and geomechanics principles. We investigated the connectivity of fracture

networks with the percolation theory and the graph theory, to understand the im-

portance of fracture geometries and topological structures. We also studied fractures

at different scales, such as detailed fault geometries at km-scale and the impact of

fracture sealing at mm-scale. Detailed algorithms, methods, and reviews have been

covered to investigate different aspects of fracture networks in the subsurface.

9.1 Construction and constraints of fracture networks

We developed efficient DFN modeling software, HatchFrac (Chapter 2), and inves-

tigated as many fractures as possible. We implemented different stochastic distribu-

tions to describe fracture geometries, such as fracture lengths, orientations, apertures

and positions of fracture centers. By extending the Newman–Ziff algorithm in fracture

networks combined with the block method, the computational efficiency was signif-

icantly enhanced. We applied the multilayer perceptron (MLP) method combined

with the inverse CDF method to generate random variables following any sampling

distribution. The software can construct stochastic fracture networks in 2D, 3D and
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also 4D by mimicking the fracture growth process.

Purely stochastic fracture networks are not representative of real fracture net-

works. Therefore, available fracture data, such as well logs, outcrops and seismic

maps, should be integrated to constrain fracture networks and make them closer to

reality. Outcrop maps are the most abundant resources to explore fracture geom-

etry. However, a significant human effort is required to interpret a large number

of fractures from the raw outcrop images. We developed an automatic interpreta-

tion method, which implements the U-net architecture to recognize fractures from

the raw outcrop images, and a pixel-based algorithm to detect fractures from the

binary images achieved from the U-net (Chapter 5). The automatic interpretation

method shortens the manual time significantly and provides abundant resources to

study fracture intensities, lengths, orientations, and generations.

Geomechanics is another aspect which constrains the formation and development

of fractures. By constraining the stochastic fracture networks with outcrop observa-

tions and simple geomechanics principles, we investigated the correlation of fracture

intensities with different dimensionalities (Chapter 6). We found that sampling direc-

tion impacts the correlation between 2D and 3D parameters, and samples parallel to

the principal stresses yield better correlations. These conclusions are helpful to guide

the sampling process in the field. The 2D intensity parameters, such as I2D, P20 and

P21, have good correlations with the 3D intensity parameters, such as I3D, P32 and

P30, if the number of samples is larger than 20. The 1D intensity parameter, P10,

does not have a strong correlation with 3D intensity parameters. The 3D intensity

parameters can also be predicted from one or more 3D intensity parameters of small

cube samples. However, the size of the cube sample should be larger than 10 per

cent of the underlying fracture network, and the minimum number of cube samples

should be larger than 60. This indicates that it is impossible to develop a correct

understanding of the subsurface structures from taking core samples. In brief, it is
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not practical to estimate accurate 3D intensity parameters from taking 1D, 2D or 3D

samples because usually, we cannot have sufficient independent samples. The alter-

native is to understand the mechanism of fracture formation and propagation in the

subsurface and constrain fracture models with available geomechanics and geological

data.

9.2 Connectivity of fracture networks

In low permeability formations, the connectivity of fractures determines the overall

hydraulic diffusivity and measures the potential for fluid flow through the fracture

network. In Chapter 3, we investigated the applicability of three quantities, Atex,

Atsd and Ipf , as the percolation parameter. It is apparent that, for simple fractures

with uniform distribution of fracture centers, orientations, and constant length, all

three parameters are valid percolation parameters and thus can be used to predict

the formation of the spanning cluster in the system. However, for fracture networks

with variable fracture lengths and non-uniform positions of fracture centers, all three

parameters are not percolation parameters. Through digitizing outcrop maps, we also

found that real fracture networks have clustering effects and length distributions that

follow a power-law distribution with 2 ≤ a ≤ 3.

In Chapter 4, we adopted the concept of global efficiency from the graph theory

to quantify the connectivity of the fracture network. With global efficiency, we are

also able to investigate the impact of fracture geometries, such as fracture lengths,

apertures, positions of fracture centers, and their topological structures on the connec-

tivity. It turns out that variable apertures can reduce the global efficiency severalfold

and their influence is more significant in networks dominated by large fractures. Frac-

ture clustering reduces global efficiency both in 2D and 3D fracture networks, while

3D networks are less sensitive to the clustering effects. Fracture lengths also have a

significant impact on global efficiency, and a large number of small fractures lowers
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the connectivity of the fracture network.

9.3 Large-scale faults and their complex geometry

Large-scale faults and associated damage zones are essential for subsurface fluid flow.

The spatial distribution of the associated damage zone depends on the geometry of

fault segments. From seismic interpretations, the fault geometry is dramatically sim-

plified because of the limited resolution of the technique. In Chapter 7, we proposed

a method to generate fault segments from an imprecise fault trace on a seismic map.

The generated segments have geometry consistent with natural fault segments, recov-

ering a) the hierarchical self-similar architecture, and b) the segment lengths follow

approximately a log-normal distribution. We also proposed a modified algorithm to

calculate the fractal dimension of the fault segments. Our algorithm can cover the

target set more accurately, and it improves on Okubo and Aki [202]’s method. Af-

ter calculating and comparing the fractal dimensions of the generated and real fault

segments, we found that all of these fractal dimensions range between 1.2 and 1.4,

which supports the validity of our approach from a fractal dimension perspective.

9.4 Small-scale sealing and its impact on the hydraulic con-

ductivity

Over geological time, compression and cementation can cause the closure and sealing

of fractures, and significantly reduce their permeability. The sealing of fractures

happens at micro-scale; however, it has a significant macro-scale impact on the fluid

flow. We systematically investigated the impact of sealing on the percolation of

subsurface fracture networks (Chapter 8). We showed that a small amount of sealing

can prevent the formation of the spanning cluster in 2D and 3D fracture networks.

Fractures are most likely to be partially sealed, and they can form locally connected

open clusters, which are small in size. These conclusions explain the phenomenon
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that non-critically stressed fractures usually do not show hydraulic responses because

the local open fracture clusters are not large enough to provide significant fluid flow.

However, a few exceptions are possible if the well encounters large local clusters. Non-

critically stressed fractures are usually neglected for fluid flow. However, they can still

be useful under a significant stress perturbation, such as hydraulic fracturing. Under

the hydraulic fracturing, critically orientated fractures become critically stressed, and

slide because of the elevated pore pressure, while the partially sealed and non-critically

stressed fractures can also contribute to the flow by enlarging the stimulated reservoir

volume.

9.5 Future Research Work

The work presented in this thesis can be extended in the following directions:

� Deepen the application of the automatic interpretation algorithm, so as to ana-

lyze different generations/sets of fracture automatically involving more geolog-

ical insights;

� Investigate the impact of fault geometry on the hydraulic connectivity of the

fault damage zone;

� Study the impact of the fault damage zone on the fluid flow in the subsurface;

� Explore a physically meaningful approach to upscale multiscale fracture-matrix

system and study the impact of fractures on the reservoir-scale fluid production.
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A Appendix A: Generating variables following different

distributions

In this section, we introduce methods and detailed procedures to generate random

variables following a power-law, exponential, log-normal, gamma, and von Mises–

Fisher distribution. Two main methods are introduced: the inverse CDF method and

the acceptance–rejection method. The C++ code for generating these distributions

are available online (https://github.com/jacnilZhu/Different_Distributions).

The inverse CDF method for generating a random sample is premised on the

fact that a continuous cumulative distribution function, φ, is a one-to-one mapping

of the CDF domain into the interval (0,1). Therefore, if u is a random variable

uniformly distributed on (0,1), then x = φ−1(u) has the distribution p(x), where

p(x) is the corresponding probability distribution of φ. The inverse CDF method key

point is to calculate the inverse of the cumulative distribution function, which we

can derive for power-law, exponential and log-normal distribution. In the following

section, we derive the procedures to generate random variables following the three

aforementioned distributions by applying the inverse CDF method. We also derive

the truncated version for each of them since the real fracture parameters are all finite

and fall in a truncated range.

A.1 Power-law distribution (truncated)

If a random variable x (x ≥ 0) follows a power-law distribution, the probability dis-

tribution function is

p(x) = αx−a (A.1)

https://github.com/jacnilZhu/Different_Distributions


207

The cumulative distribution function is

φ(x) =

∫ x

0

p(x)dx =
α

1− a
x1−a (A.2)

Apply the inverse CDF method, which assumes the cumulative distribution function

φ(x) is a random variable, u, uniformly distributed in [0,1], and we can get the random

variable following a power-law distribution

x =
((1− a)

α
u
) 1

1−a (A.3)

If the random variable follows a truncated power-law distribution, which means

the xmin and xmax are known, we have the following probability distribution function

according to conditional probability

p(x | truncated) =
p(x, truncated)

p(truncated)
(A.4)

Therefore, we have the cumulative distribution function of the truncated power-law

distribution as

φ(x | truncated) =

∫ x

xmin

p(x)dx
/∫ xmax

xmin

p(x)dx =
φ(x)− φ(xmin)

φ(xmax)− φ(xmin)
(A.5)

Applying the same idea of the inverse CDF method, which means φ(x | truncated)

is the random variable, ut, uniformly distributed on [0, 1], we can have the random

variable x follow a truncated power-law distribution.

x =
((1− a)

α
u
) 1

1−a (A.6)
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where u is replaced with

u =
(
φ(xmax)− φ(xmin)

)
× ut + φ(xmin) (A.7)

where φ(x) is shown in Eq. A2.

A.2 Exponential law (truncated)

The same steps derived before can be applied in generating variables following an

exponential distribution as well, which is listed hereafter:

1. The probability distribution of exponential distribution

p(x) = λe−λx (A.8)

2. The corresponding cumulative distribution function

φ(x) = 1− e−λx (A.9)

3. Apply the inverse CDF method, and assume that u is a random variable uni-

formly distributed on [0,1].

x =
ln(1− u)

−λ
(A.10)

4. Replace u with Eq. A11, we can have a random variable following a truncated

exponential distribution.

u =
(
φ(xmax)− φ(xmin)

)
× ut + φ(xmin) (A.11)

where φ(x) is shown in Eq. A9 and ut is a random variable uniformly distributed

on [0,1].
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A.3 Log-normal distribution(truncated)

If a random variable x follows a log-normal distribution, which means ln(x) follows a

normal distribution N(µ, σ2). The same steps apply.

1. The probability distribution of log-normal distribution

p(x | µ, σ2) =
1

x
√

2πσ2
e
−(

ln(x)−µ√
2σ

)2
(A.12)

2. The corresponding cumulative distribution function

φ(x) =

∫ x

−∞
p(x | µ, σ2) =

1

2
[1 + erf(

ln(x)− µ
σ
√

2
)] (A.13)

where erf() is the error function

erf(x) =
2√
π

∫ x

0

e−t
2

dt (A.14)

3. Apply the inverse CDF method, and assume that u is a random variable uni-

formly distributed on [0,1].

x = exp
(
erf−1(2× u− 1)× σ

√
2 + µ

)
(A.15)

where erf−1() is the inverse function of the error function.

4. Replace u with Eq. A16, we can have a random variable following a truncated

log-normal distribution.

u =
(
φ(xmax)− φ(xmin)

)
× ut + φ(xmin) (A.16)

where φ(x) is shown in Eq. A13 and ut is a random variable uniformly dis-
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tributed on [0,1].

Note that the expectation and variance of a log-normal distribution are different from

µ and σ2.

Instead, the mean is

E(x) = eµ+σ2

2 (A.17)

and the variance is

V (x) = (eσ
2 − 1)(e2µ+σ2

) (A.18)

Therefore, if the random variable x has a mean and variance A and B respectively,

the corresponding µ and σ2 in a log-normal distribution are

σ2 = ln(eln(B)−2 ln(A) + 1) = ln(
B

A2
+ 1) (A.19)

µ = ln(A)− 1

2
σ2 (A.20)

For gamma distribution and von Mises–Fisher distribution discussed below, the

inverse of the cumulative distribution function is not easy to obtain, and the inverse

CDF method is not applicable. The acceptance–rejection method is effective in deal-

ing with this complex situation. The logic behind the acceptance–rejection method

is to find a simpler distribution, s(x), if the original distribution p(x) is too complex

and ensure that s(x) > p(x). Then we generate a random variable x′ following the

simper distribution s(x) and a random number u uniformly distributed on [0,1]. If

u ≤ p(x′)/s(x′), accept x = x′, otherwise reject x′ and regenerate x′ and u. The key

for the acceptance–rejection method is to find a proper distribution s(x) that is close

to p(x) so that the acceptance rate will be high and the method will be efficient. The

optimal distribution function is the supremum function of p(x) theoretically; however,

it is difficult to achieve the supremum function in most cases. Generating random

variables following a gamma distribution and von Mises-Fisher distribution itself is a
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research problem. We are not going to propose new methods to realize the generation,

but to introduce a few efficient and stable methods and provide the C++ program of

it (https://github.com/jacnilZhu/Different_Distributions).

A.4 Gamma distribution

The choice of a suitable distribution function s(x) for the gamma law distribution is

nontrivial. If a random variable follows a gamma law distribution, the corresponding

probability distribution function is

p(x | α, β) =
βαxα−1e−βx

Γ(α)
(A.21)

where α is called a shape parameter and β is called a rate parameter, and its inverse is

called a scale parameter. The gamma distribution has a scaling characteristic, which

means if x follows a gamma distribution, x ∼ Γ(α, β), then cx also follows a gamma

distribution with a rate factor equal to β/c, cx ∼ Γ(α, β/c). Therefore, we can always

generate a random variable following a Γ(α, 1) and then multiply the variable with

1/β to make the variable follow the distribution Γ(α, β). For the case where the shape

parameter α ≤ 1, we adopt the method proposed by [147]. It has a lower rejection

probability than the popular Ahrens-Dieter or Best method. For the scenario where

α > 1, we adopt the approach proposed by [178], which uses another gamma density

as the replacement distribution. It turns out to be simple and extremely efficient.

Interested readers can find the details of the method in the papers mentioned, and

the program is available online.

https://github.com/jacnilZhu/Different_Distributions
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A.5 von Mises–Fisher distribution

If a random D-dimensional vector ~x follows a von Mises–Fisher distribution, the

corresponding probability distribution function is:

p(~x | ~µ, κ) = CDexp(κ~µ
T~x) (A.22)

where CD(κ) is

CD(κ) =
κD/2−1

2πD/2ID/2−1(κ)
(A.23)

where Iν denotes the modified Bessel function of the first kind at the order of ν; The

parameters ~µ and κ are the mean direction and concentration parameter respectively.

κ controls the concentration degree of the distribution around the mean direction ~µ.

When κ = 0, the von Mises–Fisher distribution degenerates to a uniform distribution.

When κ is large, the distribution becomes very concentrated around the angle ~µ.

For our software, we only consider the vector ~x in 2D or 3D spaces. In two dimen-

sional cases, the distribution becomes von Mises distribution, which is a probability

distribution on the unit circle. When κ is large, the distribution is approximate to a

normal distribution, and 1/κ is analogous to σ2. We adopted the program proposed

by [29], which is the algorithm used in the Matlab toolbox, CircStat. In three di-

mensional cases, the distribution is also called Fisher distribution and is a probability

distribution on the unit sphere. We adopt the method proposed by [148], which can

be used to generate von Mises–Fisher distribution for any of the dimensions. However,

we consider the special case of D = 3, where we can use the inverse CDF method

instead of the acceptance–rejection method. Since the inverse CDF method is ana-

lytical, it is much more efficient than the acceptance–rejection method. Interested

readers can find the details of the method in the papers mentioned, and the program

is available online. To obtain the rotation matrix concerning the default mean direc-

tion, a C++ template library specialized for linear algebra, Eigen[100], is used to
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implement the QR decomposition. An example of von Mises–Fisher distribution on

the unit sphere with different values of κ is shown in Fig. A.1.

=1

=10

=30

Figure A.1: Illustration of the von Mises–Fisher distribution on a unit sphere. The
mean direction of the red and blue dots is (1,0,0), and the mean direction of the green
dots is (0,0,1). κ controls the concentration degree of the distribution. The larger κ
is, the more concentrated the distribution is
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B Appendix B: Derivation of the largest covering circle

B.1 Derivation of the largest covering circle

Two cover scenarios are shown in Figs. B.1 and B.2. The distance = h between the

line segments l1 and l2 is known, the radius of the circle is R, and the length of O1M

is unknown and denoted by a. Here, we prove that for a given h, no matter how a

changes, scenario 2 will yield a longer covered length.

In Fig. B.1, the covered length is L1 = AX + BY . It is simple to prove that

4ANO2 is equal to 4BMO1, because the following equations hold


∠ANO2 = ∠BMO1 = π/2

AO2 = BO1 = R

∠NAO2 = ∠MBO1

(B.1)

Therefore, NO2 = MO1 = a and L1 is

L1 = 2(
√
R2 − a2 +

√
R2 − (h− a)2) (B.2)

In Fig. B.2, ∠ADN = π/2 because AN is the diameter of circle O2. 4O1CF and

4ACD are similar, because the following equations (Equ. B.3) hold:

 ∠ACD = ∠ACD

∠O1FC = ∠ADC = π/2
(B.3)
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Thus, we have

O1F

AD
=
O1C

AC
→ O1F

AD
=

O1C

O1C +R
→ a

h
=

O1C

O1C +R
→ O1C =

Ra

h− a
(B.4)

Since 
∠AO1E = ∠ACE + ∠O1EC

∠O1EA = (π − ∠AO1E)/2

∠AEC = π − ∠O1AE − ∠ACE

(B.5)

we also have

∠AEC =
π

2
+

∠O1EC

2
− ∠ACE

2
(B.6)

Since ED = h/ tan(∠AEC), we have

ED = x = h tan(
∠ACE

2
− ∠O1EC

2
) (B.7)

Denote ∠AEC = α and ∠O1EC = β. Then

ED = x = h tan(
α

2
− β

2
) (B.8)

From 4O1CF and 4AED, we also know that:

 cosα = O1F
OC

= a(h−a)
Ra

= h−a
R

sin β = a
R

(B.9)

By denoting ∠O2AN = θ, we calculate the covered length in scenario 2:

L2 = 4R cos θ − x = 4R cos θ − h tan(α/2− β/2) (B.10)
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The difference between L1 and L2 is denoted as f

f = f(a) = L1 − L2 (B.11)

Take the derivative of f with respect to a

df

da
=
dL1

da
− dL2

da
(B.12)

dL1/da is trivial:

X1 =
dL1

da
=

−2a√
R2 − a2

+
2(h− a)√

R2 − (h− a)2
(B.13)

It is easy to see then that if a < h/2 and X1 > 0, dL2/da is non-trivial:

dL2

da
=
d(4R cos θ)

da
− d(h tan(α/2− β/2))

da
(B.14)

The first term is simple, because θ is independent of a:

d(4R cos θ)

da
= 0 (B.15)

Based on the chain rule, we calculate

d(h tan(α/2− β/2))

da
= h

d(tan(α/2− β/2))

d(α/2− β/2)

d(α/2− β/2)

da
(B.16)

The left hand term in Eq. B.16 is

d(tan(α/2− β/2))

d(α/2− β/2)
= 1 + tan2(α/2− β/2) =

1

cos2(α/2− β/2)
=

2

cos(α− β) + 1

(B.17)
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Combined with Eq. B.9, we have:

cos(α− β) =
h− a
R2

√
R2 − a2 +

a

R2

√
R2 − (h− a)2 (B.18)

Therefore, the left term in Eq. B.16 is:

X2 =
hd(tan(α/2− β/2))

d(α/2− β/2)
=

2h
h−a
R2

√
R2 − a2 + a

R2

√
R2 − (h− a)2 + 1

(B.19)

It is obvious that X2 in Eq. B.19 is positive

The right term in Eq. B.16 is

d(α/2− β/2)

da
=

1

2

dα

da
− 1

2

dβ

da
(B.20)

The left term in Eq. B.20 is

1

2

dα

da
=

1

2

d(arccos h−a
R

)

da
=

−1

2
√

1− (h−a
R

)2

−1

R
=

1

2(R2 − (h− a)2)
(B.21)

The right term in Eq. B.20 is

1

2

dβ

da
=

1

2

d(arcsin a
R

)

da
=

1

2
√

1− ( a
R

)2

1

R
=

1

2(R2 − a2)
(B.22)

Therefore, Eq. B.20 becomes

X3 =
d(α/2− β/2)

da
=

1

2
(

1

R2 − (h− a)2
− 1

R2 − a2
) (B.23)

If a < h/2, X3 in Eq. B.23 is positive.

Therefore, the derivative of f(a), Eq. B.15, is

df

da
= X1 +X2 ×X3 > 0 (B.24)
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f(a) is a monotonically increasing function for a ≤ h/2. When a = h/2, f has the

maximum value, which is 0. If a > h/2, it is easy to see that X1 < 0, X2 > 0,

and X3 < 0. Therefore, f(a) is a monotonically decreasing function with respect to

a > h/2 and the maximum value is still 0 when a = h/2. When a 6= h/2, f < 0,

which means that scenario 2 always covers more segment length than scenario 1.

A

B

Figure B.1: A sketch map of scenario 1, where for a fixed red circle, the next circle is
blue, and it passes through the two intersection points, A and B.

A B

Figure B.2: A sketch map of scenario 2, where for a fixed red circle, the next circle is
green, and it is obtained by rotating the blue circle with respect to the intersection
point A until point N is on the segment l2 (AN is the circle diameter).
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