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Abstract1

In this work, we develop a dynamic hybrid local/nonlocal continuum model to study wave propagations in a linear elastic

solid. The developed hybrid model couples, in the dynamic regime, a classical continuum mechanics model with a bond-based

peridynamic model using the Morphing coupling method that introduced in a previous study (Lubineau et al., J Mech Phys

Solids 60(6):1088–1102, 2012). The classical continuum mechanical model is known as a local continuum model, while the

peridynamic model is known as a nonlocal continuum model. This dynamic hybrid model aims to introduce the nonlocal

model into the key structural domain, in which the dispersions or crack nucleations may occur due to flaws, while applying

the local model to the rest of the structural domain. Both the local and nonlocal continuum domains are overlapped in the

coupled subdomain. We study the speeds and angular frequencies of the plane waves, with small and large wavenumbers

obtained by the hybrid model and compare them to purely local and purely nonlocal solutions. The error of the hybrid model

is discussed by analyzing the ghost forces, and the work done by the ghost forces is considered equivalent to the energy

of spurious reflections. One- and two-dimensional numerical examples illustrate the validity and accuracy of the proposed

approach. We show that this dynamic hybrid local/nonlocal continuum model can be successfully applied to simulate wave

propagations and crack nucleations induced by waves.
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1 Introduction16

Peridynamics is a recently developed nonlocal theory in solid17

mechanics [1]. The peridynamic model redefines mechanical18

problems by replacing the partial differential equations with19

integral equations, which can naturally handle discontinu-20

ous solutions generated by spatial discontinuities. In doing21

so, the peridynamic model is an interesting tool for studying22

cracks and how they propagate. In a peridynamic model, it is23

assumed that the equilibrium of a material point is attained by24

an integral of internal forces exerted by surrounding points25
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across a finite distance [2]. An internal force is defined 26

over the connection vector, called the “bond”, between pairs 27

of points. A bond is often set to break irreversibly when 28

it is stretched beyond its critical length [3]. As a result, 29

cracks are represented by domains that are crossed by bro- 30

ken bonds only. This definition of material flaws via broken 31

bonds permits crack initiation and evolution simultaneously 32

at multiple sites and along spontaneous paths, with a sim- 33

ple bond-breaking law rather than a traditional crack-growth 34

law. Thus, peridynamics is promising for the simulation of 35

micro-crack nucleation to macro-crack propagation [4–6], 36

particularly for the concurrence of multiple cracks [3]. This 37

theory’s potential has attracted considerable attention in the 38

last decade [7]. 39

However, applying the integral equations at each point 40

makes peridynamics significantly more computationally 41

expensive than classical continuum mechanics. Additionally, 42

the peridynamic method requires boundary conditions to be 43

applied over a thick layer and is not compatible with classical 44

traction-like boundary conditions, which are more standard 45

in routine engineering. Consequently, a reasonable strategy 46
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is to reserve the peridynamics for severely degraded parts of a47

structure in which dominant mechanisms strongly affect the48

solution, such as damage or fracture mechanisms. In contrast,49

local continuum mechanics is used for the rest of a structure to50

satisfy boundary conditions and preserve computational effi-51

ciency. The challenge then lies in how to efficiently couple52

the peridynamic model with the classical continuum mechan-53

ics model in a variety of situations (quasi-static, dynamics,54

linear, or non-linear material constitutive responses, etc.).55

In recent years, diverse coupling schemes have been56

proposed to couple the peridynamics with classical con-57

tinuum mechanics. A recent paper [8] reviewed these58

local-to-nonlocal coupling methods, such as the discrete-59

based coupling approaches [9–11], the variable-horizon60

approaches [12], the optimization-based approaches [13],61

and the continuum-based coupling approaches [14–16]. The62

continuum-based coupling schemes can be further sub-63

divided into the force-based coupling method [16], the64

Arlequin coupling method [14], and the Morphing coupling65

method [15]. The force-based coupling method derives a66

coupled force equilibrium equation, which blends the peri-67

dynamic and classical continuum models into a transition68

region by using a weighting function. Besides, the Arlequin69

coupling method belongs to the energy-based coupling strat-70

egy in which the coupling is performed at the energy level by71

using a partition-of-unity concept. By comparison, the Mor-72

phing coupling method constructs a single unified balance73

between constitutive parameters of the peridynamic model74

and the classical continuum model, using the equivalent75

energy density of both models. This constitutive constraint76

can automatically correct the local stiffness tensor to accom-77

modate the coupling function, to guarantee that both coupled78

models have the uniform effective stiffness that is key to79

successful coupling. Additionally, this simple balance con-80

straint has no additional parameters like Lagrange multiplies81

in the Arlequin method [14], which can easily accommodate82

more complex elasticity such as anisotropy. With the help of83

this single constraint, the coupling artifacts are analytically84

studied through estimating the ghost forces in both [15] and85

this paper, which helps to understand and control the cou-86

pling errors. Note that the Morphing coupling method leads87

to an overlapping domain that has a minimum of two hori-88

zons in the span of the domain. Moreover, the assumption89

of a homogeneous deformation over the neighborhood of the90

peridynamic point in the overlapping domain is needed for91

the current Morphing technique, which may face a challenge92

for the composite and heterogeneous materials.93

The Morphing coupling method presents a promising94

approach because it is simple and robust [15,17–21]. A95

new way to apply the peridynamics as a regularization tool96

to the classical continuum damage mechanics through the97

Morphing techniquehas has been recently developed, which98

produces a hybrid local/nonlocal continuum model for quasi-99

static damage and fracture behaviors [20]. However, the 100

proposed hybrid models are only used for static or quasi- 101

static problems. A hybrid local/nonlocal continuum model 102

for a dynamic problem still requires the extension of the Mor- 103

phing coupling method to this case. 104

This paper aims to develop a hybrid local/nonlocal con- 105

tinuum equation of motion based on the Morphing coupling 106

method. Using the dynamic hybrid local/nonlocal model, we 107

analyze the relations between the speed and angular fre- 108

quency of waves. Then, we apply this hybrid equation of 109

motion to simulate the wave propagation in a linear elastic 110

solid so we can focus on well-known artifacts in dynamic 111

problems, such as the false wave produced by the coupling 112

scheme. The dispersion of high-frequency waves (i.e., a 113

wave with large wavenumbers) occurs in the nonlocal peri- 114

dynamic model, but the dispersion does not occur in the 115

local classical continuum model. Consequently, the prop- 116

agation of high-frequency waves simulated by the hybrid 117

local/nonlocal models presents another interesting point. 118

Furthermore, using the advantages of peridynamics in sim- 119

ulating crack nucleation and propagation, we also apply the 120

hybrid model to simulate local failure caused by shock loads. 121

The remainder of this paper is organized as follows: Sect. 2 122

states the key formulation of the bond-based peridynamics, 123

and Sect. 3 derives the hybrid local/nonlocal equations of 124

motion through the Morphing coupling method. We esti- 125

mate the speeds of plane harmonic waves and analyze the 126

ghost force and its work in Sect. 4. We study and describe 127

one-dimensional (1D) and two-dimensional (2D) examples 128

in Sect. 5. Concluding remarks are provided in Sect. 6. 129

2 Bond-based peridynamic model 130

In this section, we will briefly introduce the bond-based peri- 131

dynamic model, which has been widely described in the 132

literature [1,2,22,23]. We consider a complete domain �. The 133

bond-based peridynamic equation of motion, which uses a 134

pairwise force function f to describe the interaction between 135

material points, is written as follows: 136

ρ(x)ü(x, t) =
∫

Hδ(x)

f (x′, x, t)dVx′ + b(x, t) ∀x ∈ �,

(1) 137

where t denotes the time, b is a prescribed body force density, 138

u is displacement, ρ is the material density, and Hδ(x) is a 139

neighborhood of the point x defined as 140

Hδ(x) :=
{

x′ ∈ R
d , d = 1, 2, or 3 :

∣

∣x′ − x
∣

∣ ≤ δ
}

, (2) 141
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(a) (b)

Fig. 1 a Continuum body � and neighborhood of x, Hδ(x). b Decom-

position of the pairwise force function, f , into partial interactions in the

spacial dimension

which denotes the action scope of x, and δ is referred to as the142

peridynamic horizon [1] (see Fig. 1). An interaction between143

x and another point that is outside of Hδ(x) is truncated.144

The pairwise force function is defined as (see [2])145

f (x′, x, t) = f̂ (x′, x, t) − f̂ (x, x′, t), (3)146

where f̂ (x′, x, t) is the partial interaction due to the action147

of the point x′ on the point x at time t , and f̂ (x, x′, t) is148

the partial interaction due to the action of the point x on the149

point x′ at time t . A possible constitutive model for linear150

elasticity and small deformations is (see [1,2])151

f̂ (x′, x, t) = 1

2
C(x, ξ){u(x′, t) − u(x, t)}, (4)152

where u is displacement, ξ = x′ − x is the relative posi-153

tion vector in the reference configuration, and C(x, ξ) is the154

second-order micromodulus tensor defined below [1]:155

C(x, ξ) = c(x, ξ)ξ ⊗ ξ , (5)156

where c(x, ξ) is the coefficient function.157

3 Dynamic hybrid local/nonlocal continuum158

model159

In this section, we develop a dynamic hybrid local/nonlocal160

continuum model using the Morphing coupling method,161

which has been employed to couple the peridynamic model162

with the classical continuum mechanics model for static or163

quasi-static problems [15,17,19].164

We divide this domain � into three subdomains: �1, �2165

and �m (see Fig. 2), i.e., � = �1 ∪�2 ∪�m , �1 ∩�2 = ∅,166

�1∩�m = ∅ and �2∩�m = ∅. Here, �2 is totally embedded167

within �m , and �m is totally embedded within �1, such that168

∂�2 ∩ ∂�1 = ∅ and ∂� ⊂ ∂�1. Therefore, �m becomes a169

transition domain between �1 and �2.170

Rather than using a peridynamic model in the whole �,171

we proposed a Morphing coupling method through which the172

peridynamic model is employed only where needed. Here, it173

Fig. 2 The whole domain � consists of �1, �2 and �m

is the subdomain �2 in which nonlocal effects, such as wave 174

dispersions or crack nucleations and propagations, need to 175

be simulated. The classical continuum model is prescribed 176

in the subdomain �1, where the deformation is considered to 177

be smooth. The morphing between these two models, i.e., the 178

hybrid local/nonlocal model, is constructed in the transition 179

domain �m . The displacement, u, is imposed on the part Ŵu 180

of ∂�, and the traction T is imposed on the complementary 181

part ŴT of ∂�. n is an outward unit normal. Also, the whole 182

domain � is subjected to body forces denoted by b. 183

The Morphing method begins with a unified system of 184

governing equations in�, which builds a hybrid local/nonlocal 185

continuum model as follows. The Morphing technique then 186

leads to a simple evolution of material properties for charac- 187

terizing each model. 188

� Kinematic admissibility and compatibility 189

ε(x, t) = 1

2

(

∇u(x, t) + (∇u)T(x, t)
)

∀x ∈ �\�2, (6) 190

η(x′, x, t) = u(x′, t) − u(x, t) ∀x, x′ ∈ �\�1, (7) 191

u(x, t) = u(x, t) ∀x ∈ Ŵu. (8) 192

� Static admissibility 193

ρ(x)ü(x, t) = div σ (x, t) +
∫

Hδ (x)

f (x′, x, t)dVx′ + b(x, t) ∀x ∈ �,

(9)

194

σ (x, t)n(x, t) = T (x, t) ∀x ∈ ŴT . (10) 195

� Constitutive equations 196

σ (x, t) = E(x) : ε(x, t) ∀x ∈ �\�2, (11) 197

f (x′, x, t) = 1

2

(

C(x, ξ) + C(x′, ξ)
)

η(x′, x, t) ∀x, x′ ∈ �\�1,

(12)

198

where ε and σ are the small strain and Cauchy stress tensor, 199

respectively. η is the vector of relative displacements. In Eq. 200
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(11), E(x) is the stiffness tensor of the classical continuum201

model at the point x. In Eq. (12), C(x, ξ) is the micromodulus202

tensor redefined as follows [23]:203

C(x, ξ) = α(x)c0(ξ)ξ ⊗ ξ , (13)204

where α(x) is a Morphing function (0 ≤ α(x) ≤ 1, ∀x ∈205

�), and c0(ξ) is a scalar-valued function as in the references.206

Comparing Eq. (5) with Eq. (13), we know that c(x, ξ) =207

α(x)c0(ξ). C(x′, ξ) has the same definition with respect to208

x′ and ξ . Note that both the stiffness E and micromodulus209

C as material properties are independent of time t .210

Taking account of Eqs. (9), (11), (12) and (13), we find211

that both functions α(x) and E(x) can drive the morphing212

between the classical continuum model and the peridynamic213

model at a given time t over an internal subdomain �0 in214

which we can avoid an incomplete neighborhood of points215

when the peridynamic model is used near the boundary of216

�. This subdomain, �0, is exactly defined as �0 = {x ∈ � :217

Hδ(x) ⊂ �} [1]. Now let us consider the exact model at a218

point x (x ∈ �0) and any time t [15,22,23]:219

• If and only if E(x) = E0 and α(x′) = 0, ∀x′ ∈ Hδ(x),220

then the model at this point, x, is restricted to the clas-221

sical continuum model. The strain energy density can be222

written as223

W (x, t) = 1

2
ε(x, t) : E0 : ε(x, t). (14)224

• If and only if E(x) = 0 and α(x′) = 1, ∀x′ ∈ Hδ(x),225

then the model at this point, x, is restricted to the peri-226

dynamic model. The elastic energy density at this point227

can be written as (see [14,23])228

W (x, t) = 1

4

∫

Hδ(x)

c0(ξ)
(

ξ · η(x′, x, t)
)2

dVx′ . (15)229

• If and only if E(x) �= 0 and ∃x′ ∈ Hδ(x), such that230

0 < α(x′) < 1, then we can say the model at this point,231

x, is a hybrid model. The elastic energy density at this232

point can be written as (see [15])233

W (x, t) = 1

2
ε(x, t) : E(x) : ε(x, t)234

+1

4

∫

Hδ(x)

c0(ξ)
α(x) + α(x′)

2

(

ξ · η(x′, x, t)
)2

dVx′ .235

(16)236

If the material properties in � is homogeneous and the237

body, �, is under homogeneous deformation at any time t , the238

elastic energy density should be independent of the Morphing239

function α. This means that the elastic energy density is the240

same at some point x whatever the model is. Thus, (14) is 241

equal to (15), i.e., 242

1

2
ε(x, t) : E0 : ε(x, t) 243

= 1

4

∫

Hδ(x)

c0(ξ)
(

ξ · η(x′, x, t)
)2

dVx′ . (17) 244

Let us consider an infinitesimal homogeneous transformation 245

over the small neighborhood of point x such that 246

ε(x′, t) ⋍ ε(x, t) = ε(t) and η(x′, x, t) 247

= ε(t) · ξ , ∀x′ ∈ Hδ(x). (18) 248

Based on (18), (17) yields 249

E0 = 1

2

∫

Hδ(x)

c0(ξ)ξ ⊗ ξ ⊗ ξ ⊗ ξdVx′ . (19) 250

Similarly, an equivalence also exists between (14) and 251

(16), and considering (18) and (19), we have 252

E(x) = E0−1

2

∫

Hδ(x)

c0(ξ)
α(x) + α(x′)

2
ξ⊗ξ⊗ξ⊗ξdVx′ .

(20) 253

The resulting Eqs. (19) and (20) illustrate the stiffness ten- 254

sor is independent of the time. Finally, we obtain the hybrid 255

local/nonlocal continuum model (i.e., Eqs. 6–13 and Eq. 20) 256

for dynamic problems. 257

Remark Weighting functions are commonly chosen to be 258

used in coupling techniques [14,15,24,25]. These weight- 259

ing functions can usually be different shapes such as a linear 260

function, a cubic function, or a Heaviside function. In the 261

Morphing method, the coupling errors (i.e., the so-called 262

ghost forces) with the cubic weighting function is smaller 263

than the errors with the linear or Heaviside function; this has 264

been analytically proved in [15] and also in this paper. More- 265

over, note that no additional parameters, such as Lagrange 266

multipliers, are induced by the Morphing method. 267

4 Theoretical analysis 268

4.1 Harmonic wave solution in hybrid local/nonlocal 269

continuummodel 270

Let us consider a homogeneous body, �, which is composed 271

of the linearly elastic material described above. In order to 272

facilitate theoretical analysis without loss of generality, we 273

only consider isotropic materials in this section, i.e., the coef- 274

ficient function of the micromodulus tensor c0(ξ) = c0(|ξ |). 275
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In the internal subregion �0 of �, we then investigate the276

propagation of plane harmonic waves:277

u(x, t) = aeiκ(g·x−vt), (21)278

where a is the amplitude vector, i =
√

−1, κ is the positive279

wavenumber, g = [g1, g2, g3] is a unit vector that gives the280

direction of propagation, v is the wave speed and v = ω/κ ,281

where ω is the angular frequency. The components of a may282

be complex, but only the real part of the right hand side of283

Eq. (21) represents a physical displacement [1].284

Substituting Eq. (21) into the left-hand side of Eq. (9)285

yields286

ρ ü(x, t) = −ρκ2v2eiκ(g·x−vt)a, (22)287

where the density ρ is assumed to be constant. We then sub-288

stitute Eqs. (6) and (11) into the first term of the right-hand289

side of Eq. (9), yielding290

div σ (x, t) = ∇ ·
{

E(x) : 1

2

(

∇u(x, t) + (∇u)T(x, t)
)

}

.

(23)291

After that, substituting Eq. (21) into Eq. (23) and consider-292

ing the symmetry of stiffness tensor E(x), Eq. (23) can be293

rewritten in the form of a matrix as follows294

[div σ ] =
{

−κ2eiκ(g·x−vt) BT(g) [E(x)] B(g)295

+iκeiκ(g·x−vt) HT [E(x)] B(g)
}

a, (24)296

where [div σ ] is a vector defined by the divergence of the297

stress tensor, [E(x)] denotes a stiffness matrix correspond-298

ing to the fourth-order tensor E(x) at the point x, B and299

H are matrices of direction vector and differential operator,300

respectively, defined as follows:301

B(g) =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

g1 0 0

0 g2 0

0 0 g3

g2 g1 0

0 g3 g2

g3 0 g1

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, H =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

∂
∂x1

0 0

0 ∂
∂x2

0

0 0 ∂
∂x3

∂
∂x2

∂
∂x1

0

0 ∂
∂x3

∂
∂x2

∂
∂x3

0 ∂
∂x1

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

. (25)302

Substituting Eqs. (7), (12), (13), and (21) into the second303

term on the right-hand side of Eq. (9) yields304

∫

Hδ(x)

f (x′, x, t)dVx′305

=
[∫

Hδ(x)

c0(|ξ |)α(x) + α(x′)

2
306

(

eiκ(g·x′−vt) − eiκ(g·x−vt)
)

ξ ⊗ ξ dVx′
]

a. (26) 307

Now, we substitute Eqs. (22), (24) and (26) into Eq. (9). 308

Then, the new equation can be shown as follows (ignoring 309

the body force): 310

−ρκ2v2eiκ(g·x−vt)a =
{

−κ2eiκ(g·x−vt) BT(g) [E(x)] B(g) 311

+iκeiκ(g·x−vt) HT [E(x)] B(g)
}

a 312

+
[∫

Hδ(x)

c0(|ξ |)α(x) + α(x′)

2

(

eiκ(g·x′−vt)
313

− eiκ(g·x−vt)
)

ξ ⊗ ξ dVx′
]

a. (27) 314

After that, the real part of Eq. (27) yields the following eigen- 315

value problem, which involves the equation of wave speed. 316

ρv2a = D (g, x, κ) a, (28) 317

where D is a matrix given by 318

D (g, x, κ) = BT(g) [E(x)] B(g) 319

+
[

1

κ2

∫

Hδ(x)

c0(|ξ |) α(x) + α(x′)

2
(1 − cos (κ g · ξ)) ξ ⊗ ξ dVx′

]

, 320

(29) 321

where we used the Euler’s formula. eiκ g·ξ = cos (κ g · ξ) + 322

i sin (κ g · ξ), and E(x) can be calculated by Eq. (20). Note 323

that the imaginary part of Eq. (27) has been removed from Eq. 324

(29), although its coefficient does not vanish for any nonzero 325

vector a when the stiffness tensor E isn’t constant. Here, 326

this imaginary part can be ignored because it doesn’t affect 327

the solution of the speed wave. Indeed, the imaginary part of 328

Eq. (27) is derived from the expression of displacement in 329

Eq. (21), which is written as a complex exponential function, 330

eiκ(g·x−vt), only for the sake of calculation. 331

4.2 Dispersion analysis of wave propagation 332

So far, we have derived the above eigenvalue problem, i.e., 333

Eq. (28), which provides us with the speed and amplitude of 334

plane harmonic waves. Now, we use the strategy proposed 335

in [1] to estimate the wave speeds using Eq. (28). The fol- 336

lowing Sects. 4.2.1 and 4.2.2 reproduce these formulations 337

to provide the complete statement in this paper. 338

For a plane wave in the linearly elastic, isotropic material, 339

we fix the direction of wave propagation, g, by defining an 340

orthonormal basis {e1, e2, e3}, such that e1 = g. We then 341

derive the expressions of wave speed by considering the exact 342

form of Eq. (29) at a point, x (x ∈ �0). We can see below 343

that the form of Eq. (29) is determined by the values of both 344

α(x) and E(x). 345
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4.2.1 In the domain of classical continuummodel346

Let us consider that a point x is restricted to the classical347

continuum model, i.e., x ∈ �1. As we mentioned above, it is348

true if and only if E(x) = E0 and α(x′) = 0, ∀x′ ∈ Hδ(x).349

In this case, the expression of D yields350

Dc (g) = BT(g)
[

E0
]

B(g). (30)351

Equation (28) can be recast as352

ρv2
c a = Dc (g) a, (31)353

where vc denotes the wave speeds in the domain of the354

classical continuum model. For the fixed direction of wave355

propagation, i.e., g = e1,356

Dc (e1) =

⎡

⎣

λ + 2µ 0 0

0 µ 0

0 0 µ

⎤

⎦ , (32)357

where λ is the first Lamé modulus and µ is the shear modulus.358

According to Eq. (31), the ρv2
c are the eigenvalues of Dc, and359

the wave speeds for dilatational and shear waves are given360

by361

v2
c,d = λ + 2µ

ρ
, v2

c,s = µ

ρ
, (33)362

where the subscripts d and s denote their dilatational and363

shear components, respectively. Both speeds in Eq. (33) are364

independent of frequency denoted by the wavenumber κ in365

this paper.366

4.2.2 In the domain of peridynamic model367

In another case, a point x is strictly belonging to the peri-368

dynamic domain, �2, where if and only if E(x) = 0 and369

α(x′) = 1, ∀x′ ∈ Hδ(x). Then, the expression of D yields370

D p (g, κ) =
[

1

κ2

∫

Hδ(0)

c0(|ξ |) (1 − cos (κ g · ξ)) ξ ⊗ ξ dVξ

]

.

(34)371

Equation (28) can be recast as372

ρv2
pa = D p (g, κ) a, (35)373

where vp denotes the wave speeds in the domain of the374

peridynamic model. We estimate the integration of Eq. (34)375

by using a spherical coordinate system [17]. The details of376

derivation can be found in [1]. According to Eq. (35), the377

wave speeds are the same as those calculated by Eq. (33)378

when κ → 0, which means the wave speeds are almost con- 379

stant when the wave with smaller wavenumber goes through 380

the peridynamic domain. 381

On the other hand, the speeds of a wave with larger 382

wavenumber in the peridynamic domain are completely 383

different from those in the classical continuum mechanics 384

domain. As long as κ → ∞, the wave speeds derived from 385

Eqs. (34) and (35) yield 386

v2
p,d = v2

p,s = 4π

3ρκ2

∫ δ

0

c0(r)r4 dr , (36) 387

where the subscripts d and s denote the dilatational and 388

shear components, respectively. Both speeds depend on the 389

wavenumber κ [1]. Furthermore, Eq. (36) shows that the 390

wave speeds have the same value in both dilatational and 391

shear waves, which is different from the smaller wavenum- 392

ber case estimated by Eq. (33) where the dilatational and 393

shear waves have different speeds of propagation. 394

4.2.3 In the domain of hybrid local/nonlocal continuum 395

model 396

Both the classical continuum model and the peridynamic 397

model coexist in the hybrid domain, �m , in which a point x 398

satisfies E(x) �= 0 and ∃x′ ∈ Hδ(x), such that 0 < α(x′) < 399

1. Then, the wave speeds in the hybrid domain can be accu- 400

rately calculated by Eq. (28). Additionally, we will discuss 401

the wave speeds of an ideal case in which no false wave is 402

reflected in the hybrid domain. 403

We apply a partition-of-unity concept using the Morphing 404

function in the hybrid domain. The left-hand side of Eq. (28) 405

yields 406

ρv2a = (1 − α(x))ρv2a + α(x)ρv2a (37) 407

We know that Eq. (37) still holds in both the classicial contin- 408

uum domain where α(x) = 0 and the peridynamic domain 409

where α(x) = 1. Consequently, Eq. (37) can be recast as 410

ρv2a = (1 − α(x))ρv2
c a + α(x)ρv2

pa 411

= (1 − α(x))Dc (g) a + α(x)D p (g, κ) a 412

= Dh (g, x, κ) a, (38) 413

where 414

Dh (g, x, κ) = (1 − α(x))BT(g)
[

E0
]

B(g) 415

+α(x)

κ2

[∫

Hδ(0)

c0(|ξ |) (1 − cos (κ g · ξ)) ξ ⊗ ξ dVξ

]

. 416

(39) 417

The second step of Eq. (38) is yielded by substituting Eqs. 418

(31) and (35). In fact, the eigenvalue Eq. (38) demonstrates 419
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Computational Mechanics

both local and nonlocal continuum models are assembled by a420

perfect partition of unity using a Morphing function. It makes421

an ideal way to couple classical continuum mechanics with422

peridynamics in the hybrid domain, by which the incoming423

waves will smoothly and completely pass through the hybrid424

domain from the classical continuum domain into the peri-425

dynamic domain, and vice versa. Consequently, according426

to Eqs. (38) and (39), we can obtain the same speed as Eq.427

(33) when κ → 0. On the other hand, for κ → ∞, the wave428

speeds yield as follows:429

v2
d = (1 − α(x))

λ + 2µ

ρ
+ α(x)

4π

3ρκ2

∫ δ

0

c0(r)r4 dr ,430

v2
s = (1 − α(x))

µ

ρ
+ α(x)

4π

3ρκ2

∫ δ

0

c0(r)r4 dr . (40)431

From Eq. (40), we can see that when α(x) → 0, the wave432

speeds are approximately independent of the wavenumber,433

while the wave trends to dispersion when α(x) → 1.434

Equation (38) or expression (40) represent an ideal wave435

transmission process in the hybrid domain, where the Mor-436

phing function α changes in the range [0, 1], that is to say,437

no false wave reflection occurs, which also indicates that438

non-physical effects (i.e., ghost forces) do not exist in this439

hybrid mode. Therefore, we can apply Eq. (38) as a refer-440

ence case (perfect coupling) and compare it with Eq. (28) to441

estimate ghost force and its work. We will discuss this further442

in Sect. 4.4. Before we discuss ghost force and its work, we443

plot and compare the ideal solutions with numerical results444

calculated by Eq. (28) in the following section, from which445

we can achieve an intuitive grasp of wave dispersion and the446

morphing effect.447

Remark Equation (38) is actually an approximation of Eq.448

(28); we can obtain Eq. (38) by replacing the function α(x +449

ξ)with its first-order Taylor approximation at x ∈ �m0 where450

�m0 = {x ∈ �m : Hδ(x) ⊂ �m} (i.e., α(x + ξ) = α(x) +451

∂α(x)
∂x

· ξ ) in the expression of D (i.e., Eq. 29), as long as the452

Morphing functionα is piecewise continuously differentiable453

over the hybrid domain. However, this does not prevent Eq.454

(38) from being an ideal coupling to serve as a reference455

configuration for the hybrid model. Note that in Sect. 4.4,456

we will apply the concept of ideal coupling as a reference,457

rather than an approximate solution, to estimate ghost force458

and the work it does.459

4.3 Numerical analysis of wave dispersion relations460

In this section, we display the dispersion relation of the461

wave and compare the angular frequency changes of the462

reference solution and the numerical solution on the hybrid463

local/nonlocal domain. A dispersion relation describes the464

effect of wave dispersion on the wave propagation within a465

medium. Usually, the dispersion relation is defined by the 466

angular frequency ω(κ), which is a function of wavenum- 467

ber κ . Furthermore, this function ω(κ) can be written as 468

ω(κ) = v(κ)κ . Here, the wavenumber, κ , is the spatial fre- 469

quency of a wave, measured in radians per unit distance. 470

Since the frequency of waves in a peridynamic model is 471

affected by the peridynamic horizon δ, we redefined the 472

wavenumber as q = κ/(2π/δ), which is the number of 473

wavelengths per horizon. Henceforth, q is called the peri- 474

dynamic wavenumber. Consequently, an expression of the 475

reference angular frequency can be written according to the 476

wave speeds in the ideal hybrid model for κ → ∞ (i.e., Eq. 477

40) as follows: 478

ω2
d = (1 − α(x))

4π2(λ + 2µ)

ρδ2
q2 + α(x)

4π

3ρ

∫ δ

0

c0(r)r4 dr , 479

ω2
s = (1 − α(x))

4π2µ

ρδ2
q2 + α(x)

4π

3ρ

∫ δ

0

c0(r)r4 dr , (41) 480

where the subscript d and s denote the dilatational and shear 481

waves, respectively. This hybrid expression of angular fre- 482

quency (i.e., Eq. 41) are still true for a purely peridynamic 483

model when α(x) = 1 and for a purely classical continuum 484

model when α(x) = 0. It does not mean, however, that the 485

dispersion relations of the classical continuum model depend 486

on δ, but because the following equation holds: 487

4π2(λ + 2µ)

ρδ2
q2 = (λ + 2µ)

ρ
κ2, 488

due to the wavenumber q as defined by κ/(2π/δ). 489

Then, we plot the angular frequencies ω of dilatational 490

and shear waves as functions of wavenumber q and refer- 491

ence location x along the direction of wave propagation, g. 492

Here we consider the simple case where the Morphing func- 493

tion α is a cubic function on the reference location x in the 494

domain, �m0 . In addition to plotting the reference dispersion 495

relations defined by Eq. (41), we also plot the numerical solu- 496

tions of angular frequencies ω based on the basic eigenvalue 497

equations, i.e., Eqs. (28) and (29). Then, we compare the 498

numerical solutions of the dispersion surfaces on the bound- 499

ary of the calculation domain with the reference solution 500

defined by Eq. (41). 501

Let the density for the material be ρ = 8000 kg/m3, and 502

the Young’s modulus E of this material be 200 GPa [1]. Let 503

� start from the origin and the length along the propagation 504

direction, g, be 2 m, and the domain, �m0 , be [0.6, 1.4] m. L 505

denotes the length of �m0 . A micro-modulus, c0(r), in power 506

function is assumed to be c0(r) = 9E/(πδ3r4), where the 507

horizon δ = 0.2 m. For the linear elastic, isotropic material 508

under homogeneously unidirectional deformations, we can 509

obtain the equivalent Lamé parameters, λ = µ = 2E/5; 510

refer to [1]. 511
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Computational Mechanics

(a) (b)

Fig. 3 The numerical dispersion surfaces: the angular frequencies of a dilatational wave and b shear wave, which are functions of the wavenumber

in a horizon and position along the propagation direction g

(a) (b)

Fig. 4 a The angular frequencies of dilatational and shear waves as

functions of wavenumber in a horizon are estimated by the classical

continuum model (CCM) and the peridynamic model (PDM). b The

angular frequencies at x = 2 estimated by PDM are converging to the

analytical limit, i.e., Eq. (41) where α = 1, when wavenumber q → 10,

where q = κ/(2π/δ)

The numerical dispersion surfaces are shown in Fig. 3a512

for a dilatational wave and Fig. 3b for a shear wave, respec-513

tively. We can see the relations between angular frequency514

and peridynamic wavenumber q at different locations. When515

the value of location x is near to 0, where it is in the domain516

of the purely classical continuum model, the angular fre-517

quency is a linear function of wavenumber, which means518

that no wave dispersion occurs. When the value of location x519

is close to 2, where it is in the domain of purely peridynamic520

model, the angular frequency displays a nonlinear function521

of wavenumber, which means that wave dispersion occurs.522

Moreover, when the peridynamic wavenumber is larger than523

1, the angular frequency for the purely peridynamic model 524

becomes an approximated constant, which means the speed 525

of a wave with a larger wavenumber approaches zero in the 526

domain of a purely peridynamic model. 527

Figure 4a shows the angular frequencies of dilatational 528

and shear waves as functions of wavenumber per horizon, 529

whose curves are plotted by numerical solutions of the purely 530

classical continuum model and the peridynamic model. From 531

Fig. 4a, we can see that the angular frequencies of dilatational 532

and shear waves are linear functions of wavenumber by the 533

classical continuum model, while the angular frequencies 534

estimated by the peridynamic model are nonlinear functions 535
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Computational Mechanics

Fig. 5 The angular frequencies of waves with larger wavenumber

(q = 2) as functions of location are compared between the numeri-

cal solutions and analytical solutions. �m0 = [0.6, 1.4] m

of wavenumber. These results confirm our statement that the536

nondispersive wave is predicted by the classical continuum537

model while the dispersive wave is predicted by the peridy-538

namic model.539

Figure 4b shows that the angular frequencies of dilata-540

tional and shear waves converge to the analytical limit, i.e.,541

Eq. (41) with α(x) = 1, when the wavenumber q increases.542

Here, q ∈ [0, 10]. By comparison, the angular frequency of543

the dilatational wave converges more quickly than that of the544

shear wave.545

Figure 5 shows that the angular frequencies of dilatational546

and shear waves with a larger wavenumber (i.e., q = 2) vary547

in the whole structure. According to Eq. (41), we plot the548

reference solutions, which represent the ideal case. On the549

other hand, we recalculate the speed of the harmonic wave550

along the propagation direction g by directly solving Eq.551

(28) in a numerical way. The numerical results of angular552

frequencies of dilatational and shear waves are also shown in553

Fig. 5. We found that significant errors occur near the bound-554

ary region between �m and �2 for the dilatational wave. For555

the shear wave, the significant error occurs in the domain556

of the peridynamics model because the angular frequency557

doesn’t converge to the analytical limit when q = 2 (see558

Fig. 4b). Nevertheless, the angular frequency of the dilata-559

tional wave converges to the analytical limit when q = 2,560

which can also be seen from Fig. 4b.561

4.4 Discussion of the coupling quality562

Based on the assumption of infinitesimal homogeneous trans-563

formation (i.e., Eq. 18) and the equivalence condition of564

elastic energy density (i.e., Eq. 17), the constraint between565

local stiffness and nonlocal micromodulus (i.e., Eq. 20) 566

ensures that the hybrid model is energetically equivalent to 567

the purely local continuum model or the purely peridynamic 568

model. However, this constraint does not guarantee that per- 569

fect force equivalents can also be achieved at the same time. 570

Consequently, the non-physical (spurious) effects arise due to 571

approximate force equilibrium caused when addressing the 572

local/non-local interface in the hybrid domain. These spu- 573

rious effects are often referred to as “ghost forces” by the 574

academic community. Ghost forces are a well-known con- 575

cept in atomistic-to-continuum coupling [26]. In the present 576

study, an approximate, but not precise, force equilibrium is 577

not capable of achieving perfect wave transmission, result- 578

ing in spurious reflection. Therefore, we can make further 579

inferences, i.e., ghost force is the root cause of the spuri- 580

ous reflection, and the work done by ghost force directly 581

determines the energy of reflection. By estimating the ghost 582

force and its work, therefore, we can understand the influence 583

of coupling parameters on the spurious reflection. For our 584

hybrid local/nonlocal model, the ghost forces can be evalu- 585

ated by solving an inverse problem in which the wave speed 586

is prescribed to smoothly transit without reflections in the 587

whole domain, i.e., the speed is the solutions of the reference 588

Eq. (38). The details of derivation about the ghost force and 589

its work are stated as follows. 590

4.4.1 Ghost forces evaluation 591

Let us designate ghost forces by f̃ g(x, t). As mentioned 592

before, f̃ g(x, t) are the residual of the equilibrium equation 593

of forces under the energetically equivalent constraint. There- 594

fore, the equilibrium equation, i.e., Eq. (9), can be recast as 595

follows, ignoring the external body forces: 596

ρ ü(x, t) = div σ (x, t)+
∫

Hδ(x)

f (x′, x, t)dVx′ + f̃ g(x, t).

(42) 597

Equation (42) is a general model prescribed to the whole 598

computational domain including the classical continuum 599

domain, the peridynamic domain, and the hybrid local/nonlocal 600

domain. Then, the ghost forces can be further written as fol- 601

lows by substituting the expression of the plane harmonic 602

wave (i.e., Eq. (21)): 603

f̃ g(x, t) = −κ2eiκ(g·x−vt)
(

ρv2 I − D (g, x, κ)

)

a. (43) 604

To evaluate f̃ g(x, t), we prescribe that the wave speeds are 605

the solutions of the ideal hybrid model (i.e., Eq. (38)), that 606

is, spurious reflection is absent in the whole domain. Substi- 607

tuting Eq. (38), Eq. (43) yields as 608
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Computational Mechanics

f̃ g(x, t) = −κ2eiκ(g·x−vt) (Dh (g, x, κ) − D (g, x, κ)) a.

(44)609

Let us analyze f̃ g(x, t) on each domain separately as fol-610

lows:611

• In the domain of the classical continuum model: The612

model is purely local and α(x) = 0. As a consequence,613

f̃ g(x, t) = 0 according to Eq. (44).614

• In the domain of the peridynamic model: This model is615

purely nonlocal and α(x) = 1. As a result, f̃ g(x, t) = 0616

according to Eq. (44).617

• In the domain of the hybrid local/nonlocal continuum618

model: This model is hybrid and ∃x′ ∈ Hδ(x), such that619

0 < α(x′) < 1. Then, the ghost forces can be further620

written as follows by substituting Eqs. (20), (29), and621

(39):622

f̃ g(x, t) = −κ2eiκ(g·x−vt)
(

−α(x)Dc (g) + α(x)D p (g, κ)623

+Dα (g, x, κ)) a, (45)624

where625

Dα (g, x, κ) = BT(g)

[

1

2

∫

Hδ(x)

c0(|ξ |)α(x) + α(x′)

2
626

ξ ⊗ ξ ⊗ ξ ⊗ ξdVx′

]

B(g)627

−
[

1

κ2

∫

Hδ(x)

c0(|ξ |)α(x) + α(x′)

2
(1628

− cos (κ g · ξ)) ξ ⊗ ξ dVx′

]

.629

4.4.2 Ghost forces in the one-dimensional case630

In this section, we derive the precise expressions of errors. As631

shown in from Figs. 4 and 5, the errors of angular frequency632

(similar to those of speed) are related to the wavenumber633

q, the Morphing function α, and the length L of �m0 . We634

propose here to estimate the influences of these selections on635

the coupling errors, i.e., ghost forces f̃ g(x, t).636

Here, we limit ourselves to a 1D case for the sake of anal-637

ysis and discussion. For a 1D bar with unit cross-sectional638

area, let both the Young’s modulus E0 and the corresponding639

peridynamic micromodulus c0 be constant. According to Eq.640

(19), the following equation holds for a 1D homogeneous bar641

with unit cross-sectional area:642

c0 = 5E0/δ5. (46)643

Substituting Eq. (46) into the 1D formulation of Eq. (45), 644

yields: 645

f̃g(x, t)

ρ ¨̃uc(x, t)
= p(x) = −α(x) + 5

2δ5

∫ +δ

−δ

α(x) + α(x + ξ)

2
ξ4dξ 646

+α(x)
5

κ2δ5

∫ +δ

−δ

[1 − cos (κξ)] ξ2 dξ 647

− 5

κ2δ5

∫ +δ

−δ

α(x) + α(x + ξ)

2
648

× [1 − cos (κξ)] ξ2 dξ, (47) 649

where ũc denotes the displacement field of a 1D homoge- 650

neous bar described by the purely classical continuum model 651

and the following equations are employed according to the 652

1D formulation of Eqs. (31) and (22), i.e., 653

− E0κ2eiκ(x−vt)a = −ρκ2v2
c eiκ(x−vt)a = ρ ¨̃uc(x, t). (48) 654

Here we discuss the ghost forces via Eq. (47). We first sim- 655

plify the problem of wave propagation by focusing on half 656

of the coupling domain (see Fig. 6). Indeed, it is sufficient to 657

represent the ghost forces in the whole domain as these are 658

symmetric over the coupling domain. For the sake of ana- 659

lytical evaluation of the ghost forces, we redefine the origin 660

of coordinates x̃ to be the transition point between �m1 and 661

�m0 (see Fig. 6), where �m0 = {x ∈ �m : Hδ(x) ⊂ �m}, 662

�m1 = {x ∈ �m : Hδ(x) ∩ �1 �= ∅}. When solving this 663

analytical equation for a Morphing function, four intervals 664

must be considered and defined as follows: 665

IA = {x̃ |x̃ < −δ} , IB = [−δ, 0] , IC = [0, δ] , ID = [δ, L/2] .

(49) 666

For clarity and without loss of generality, we limit L ≥ 2δ, 667

which can be seen from the above setting of intervals. 668

Based on these four intervals, we discuss two cases with 669

different Morphing functions: the linear function and the 670

cubic function, 671

Case of a linear Morphing function 672

α(x̃) = 0 ∀x̃ ≤ 0, α(x̃) = x̃/L ∀x̃ ∈ [0, L] , α(x̃) = 1 ∀x̃ ≥ L.

(50) 673

Equation (47) then provides the exact analytical form of f̃g: 674

f̃g(x̃, t)

ρ ¨̃u(x̃, t)
= δ

L
Φl

(

x̃

δ
,

κδ

2π

)

, (51) 675
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Fig. 6 A schematic of half of a coupling zone with four intervals: IA , IB ,

IC and ID . A linear morphing function and a cubic morphing function

that are used for different cases, respectively

where676

Φl

(

x̃

δ
,

κδ

2π

)

=

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

0 ∀x̃ ∈ IA

ϕl
1

(

x̃
δ
, κδ

2π

)

∀x̃ ∈ IB

ϕl
1

(

x̃
δ
, κδ

2π

)

+ ϕl
2

(

x̃
δ
, κδ

2π

)

∀x̃ ∈ IC

0 ∀x̃ ∈ ID

(52)677

with678

ϕl
1(y, q) = 1

24

(

5 + 6y + y6
)

679

−
(

5

8 (2πq)2
− 5 sin (2πq)

2 (2πq)3
− 15 cos (2πq)

2 (2πq)4
680

+15 sin (2πq)

(2πq)5
+ 15 cos (2πq)

(2πq)6
− 15 cos (2πqy)

(2πq)6

)

681

−y

(

5

6 (2πq)2
− 5 sin (2πq)

2 (2πq)3
− 5 cos (2πq)

(2πq)4
682

+5 sin (2πq)

(2πq)5
− 10 sin (2πqy)

(2πq)5

)

683

−y2 5 cos (2πqy)

2 (2πq)4
− y4 5

24 (2πq)2
(53)684

and685

ϕl
2(y, q) = y

(

−1

2
+ 5

3 (2πq)2
− 5 sin (2πq)

(2πq)3
686

+ −10 cos (2πq)

(2πq)4

10 sin (2πq)

(2πq)5

)

, (54)687

where y = x̃/δ and q = κδ/(2π). q denotes the wavenumber688

in a peridynamic horizon. Then, we plot Φl(y, q) in Fig. 7.689

As can be seen from the figure, Φl is bounded on its domain690

and converges to the limit when q increases. As a result, we691

can conclude that
f̃g(x̃,t)

ρ ¨̃u(x̃,t)
= O

(

δ
L

)

using the linear Morphing692

function.693

Fig. 7 The function Φl on intervals IB ∪ IC , defined by Eq. (52)

Case of a cubic Morphing function 694

α(x̃) = 0 ∀x̃ ≤ 0, α(x̃) = −2(x̃/L)3 + 3(x̃/L)2 ∀x̃ ∈ [0, L] , 695

α(x̃) = 1 ∀x̃ ≥ L. (55) 696

Similar to the above case, Eq.(47) provides the exact analyt- 697

ical form of f̃g: 698

f̃g(x̃, t)

ρ ¨̃u(x̃, t)
= δ3

L3
Φc

1

(

x̃

δ
,

κδ

2π

)

+ δ2

L2
Φc

2

(

x̃

δ
,

κδ

2π

)

(56) 699

where 700

Φc
1

(

x̃

δ
,

κδ

2π

)

=

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

0 ∀x̃ ∈ IA

ϕc
11

(

x̃
δ
, κδ

2π

)

∀x̃ ∈ IB

ϕc
11

(

x̃
δ
, κδ

2π

)

+ ϕc
12

(

x̃
δ
, κδ

2π

)

∀x̃ ∈ IC

−2 x̃
δ
ψc

(

κδ
2π

)

∀x̃ ∈ ID

(57) 701

and 702

Φc
2

(

x̃

δ
,

κδ

2π

)

=

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

0 ∀x̃ ∈ IA

ϕc
21

(

x̃
δ
, κδ

2π

)

∀x̃ ∈ IB

ϕc
21

(

x̃
δ
, κδ

2π

)

+ ϕc
22

(

x̃
δ
, κδ

2π

)

∀x̃ ∈ IC

ψc
(

κδ
2π

)

∀x̃ ∈ ID

(58) 703

with 704

ϕc
11(y, q) = − 1

112

(

35 + 120y + 140y2 + 56y3 + y8
)

705

+
(

5

6(2πq)2
− 5 sin(2πq)

(2πq)3
− 25 cos(2πq)

(2πq)4
706

+100 sin(2πq)

(2πq)5
+ 300 cos(2πq)

(2πq)6
− 600 sin(2πq)

(2πq)7
707
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−600 cos(2πq)

(2πq)8
+ 600 cos(2πqy)

(2πq)8

)

708

+y

(

3

(2πq)2
− 15 sin(2πq)

(2πq)3
− 60 cos(2πq)

(2πq)4
709

+180 sin(2πq)

(2πq)5
+ 360 cos(2πq)

(2πq)6
710

−360 sin(2πq)

(2πq)7
+ 240 sin(2πqy)

(2πq)7

)

711

+y2

(

15

4(2πq)2
− 15 sin (2πq)

(2πq)3
− 45 cos (2πq)

(2πq)4
712

+90 sin (2πq)

(2πq)5
+ 90 cos (2πq)

(2πq)6
− 30 cos (2πqy)

(2πq)6

)

713

+y3

(

5

3(2πq)2
− 5 sin(2πq)

(2πq)3
− 10 cos(2πq)

(2πq)4
714

+10 sin(2πq)

(2πq)5

)

715

+y6 1

12(2πq)2
, (59)716

ϕc
12(y, q) = y3

(

1 − 10

3(2πq)2
+ 10 sin (2πq)

(2πq)3
+ 20 cos (2πq)

(2πq)4
717

−20 sin (2πq)

(2πq)5

)

, (60)718

ϕc
21(y, q) = 1

28

(

15 + 35y + 21y2 + y7
)

719

+
(

− 3

2(2πq)2
+ 15 sin(2πq)

2(2πq)3
+ 30 cos(2πq)

(2πq)4
720

−90 sin(2πq)

(2πq)5
− 180 cos(2πq)

(2πq)6
+721

180 sin(2πq)

(2πq)7
+ 180 sin(2πqy)

(2πq)7

)

722

+y

(

− 15

4(2πq)2
+ 15 sin(2πq)

(2πq)3
+ 45 cos(2πq)

(2πq)4
723

−90 sin(2πq)

(2πq)5
− 90 cos(2πq)

(2πq)6
− 90 cos(2πqy)

(2πq)6

)

724

+y2

(

− 5

2(2πq)2
+ 15 sin(2πq)

2(2πq)3
+ 15 cos(2πq)

(2πq)4
725

−15 sin(2πq)

(2πq)5
− 15 sin(2πqy)

(2πq)5

)

726

−y5 1

4(2πq)2
, (61)727

ϕc
22(y, q) = y2

(

−3

2
+ 5

(2πq)2
− 15 sin (2πq)

(2πq)3
− 30 cos (2πq)

(2πq)4
728

+30 sin (2πq)

(2πq)5

)

, (62)729

and730

ψc(q) = 15

14
− 3

(2πq)2
+ 15 sin(2πq)

(2πq)3
+ 60 cos(2πq)

(2πq)4
731

−180 sin(2πq)

(2πq)5
− 360 cos(2πq)

(2πq)6
+ 360 sin(2πq)

(2πq)7
,732

(63)733

where y = x̃/δ and the peridynamic wavenumber q = 734

κδ/(2π). 735

Similarly, the functions Φc
1 and Φc

2 in the range IB ∪ IC 736

are plotted in Fig. 8 and the function ψc is plotted in Fig. 9. 737

We can see from these figures that all functions are bounded 738

on their own domains and they are convergent for the large q. 739

Additionally, we consider f̃g(x̃, t) in the interval ID accord- 740

ing to Eq. (56) as follows. 741

f̃g(x̃, t)

ρ ¨̃u(x̃, t)
= δ2

L2

[

−2δ

L

x̃

δ
ψc

(

κδ

2π

)

+ ψc

(

κδ

2π

)]

. (64) 742

Because x̃ ∈ ID = [δ, L/2], we can conclude that 743

0 ≤ −2δ

L

x̃

δ
ψc

(

κδ

2π

)

+ ψc

(

κδ

2π

)

≤ ψc

(

κδ

2π

)

, (65) 744

where ψc
(

κδ
2π

)

≥ 0, referring to Fig. 9. As a result, we can 745

conclude that
f̃g(x̃,t)

ρ ¨̃u(x̃,t)
= O

(

δ2

L2

)

over the whole domain using 746

the cubic Morphing function. 747

According to the above equations, we can draw the fol- 748

lowing conclusions: 749

• Compared with the linear Morphing function, The mag- 750

nitude of the ghost force decreases when the cubic 751

Morphing function is used; 752

• The magnitude of the ghost force is driven by the ratio, 753

δ/L . When δ is given but nonzero, the coupling domain 754

must be sufficiently large and its dimensions can be used 755

to control the level of ghost forces; 756

• The ghost forces begin to vanish when δ trends towards 757

zero, because a peridynamic model converges towards a 758

classical continuum model in this case [27]. 759

4.4.3 Work done by ghost forces 760

Comparing with the ideal hybrid model, ghost forces are 761

the residuals of the force equilibrium, resulting in the spuri- 762

ous reflections of waves. Therefore, the energy carried by the 763

reflected waves should be equal to the work done by the ghost 764

forces. Since the energy of the entire system is conserved, the 765

work done by ghost forces can be estimated. Thus, we can 766

quantify and bound the drifting energy during wave propa- 767

gation, and therefore, we can assess the quality of the hybrid 768

local/nonlocal continuum model. 769

According to Eq. (42), the following integral equation 770

holds using the principle of virtual work: 771

∫

�

(ρ ü) · ud� =
∫

�

(div σ ) · ud� +
∫

�

∫

Hδ

f · udV d� 772

+
∫

�

f̃ g · ud�. (66) 773
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(a) (b)

Fig. 8 The functions a Φc
1 and b Φc

2 on intervals IB ∪ IC , are defined in Eqs. (57) and (58), respectively

Fig. 9 The function ψc on interval [0, 10], defined in Eq. (63)

Let F̃ g =
∫

�
f̃ g · ud� be the work done by ghost forces.774

Similar to the derivation from Eq. (42) to Eq. (45), Eq. (66)775

can be recast as776

F̃ g =
∫

�

−κ2ei2κ(g·x−vt)
(

−α(x)Dc (g) + α(x)D p (g, κ)777

+Dα (g, x, κ)) a2d�. (67)778

An evaluation in the one-dimensional case779

Considering the 1D case described above, we further eval-780

uate the work done by ghost force. Substituting Eqs. (46) into781

Eq. (67), it yields as follows:782

F̃g =
∫

�

p(x)
(

ρ ˙̃uc(x, t) ˙̃uc(x, t)
)

d�, (68)783

where the function p(x) is defined in Eq. (47) and the follow-784

ing equations are employed according to the 1D formulation785

of Eqs. (31) and (22), i.e.,786

− E0κ2ei2κ(x−vt)a2 = −ρκ2v2
c ei2κ(x−vt)a2

787

= ρ ˙̃uc(x, t) ˙̃uc(x, t), (69) 788

where ũc denotes the displacement field of a 1D homoge- 789

neous bar described by the purely classical continuum model. 790

Since ρ ˙̃uc(x, t) ˙̃uc(x, t) > 0, ∀x ∈ � and p(x) is a 791

continuous function on �, according to the general form of 792

the mean value theorem for integrals, we can ascertain that 793

∃x0 ∈ �, such that 794

F̃g = p(x0)

∫

�

(

ρ ˙̃uc(x, t) ˙̃uc(x, t)
)

d�. (70) 795

Since ũc denote the displacement field of a 1D homogeneous 796

bar described by the purely classical continuum model, the 797

value of
∫

�

(

ρ ˙̃uc(x, t) ˙̃uc(x, t)
)

d� is constant. Let K̃ = 798

∫

�

(

ρ ˙̃uc(x, t) ˙̃uc(x, t)
)

d� denote 2 times the kinetic energy 799

of plane wave propagation in the local continuum bar, Eq. 800

(70) can be recast as 801

F̃g = p(x0)K̃. (71) 802

Similar to the above error analysis, we redefine the origin 803

of coordinates x̃ to be the transition point between �m1 and 804

�m0, as shown in Fig. 6. The work of ghost forces can then 805

be rewritten as F̃g = p(x̃0)K̃. We further discuss the value 806

range of p(x̃0) for the hybrid models with different morphing 807

functions: 808

• For the case with a linear Morphing function discussed 809

above: 810

p(x̃0) = δ

L
Φl

(

x̃0

δ
,

κδ

2π

)

, (72) 811
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(a) (b)

Fig. 10 a The case with a linear morphing function and b the case with a cubic Morphing function

where the function Φl is defined by Eq. (52). Similar to812

ghost forces, F̃g = o
(

δ
L

)

due to K̃ is constant. By numer-813

ically analyzing on Eq. (52) and Fig. 7, the peak function814

of p(x̃0) is reached when L = 2δ and x̃0/δ = 0, which815

is plotted in Fig. 10a. As can be seen in Fig. 10a, p(x̃0)816

converges to 0.105 as q = κ/(2π/δ) becomes large. Con-817

sequently, we can obtain that 0 ≤ F̃g < 0.105K̃ when818

δ/L = 1/2.819

• For the case with a cubic Morphing function discussed820

above:821

p(x̃0) = δ3

L3
Φc

1

(

x̃0

δ
,

κδ

2π

)

+ δ2

L2
Φc

2

(

x̃0

δ
,

κδ

2π

)

, (73)822

where the functions Φc
1 and Φc

2 are defined by Eqs. (57)823

and (58), respectively. Similar to ghost forces, F̃g =824

o
(

δ2

L2

)

due to K̃ is constant. By numerically analyzing825

Eq. (56) and Figs. 8 and 9, the peak function of p(x̃0)826

is reached when L = 2δ and x̃0/δ = 0.2814, which is827

plotted in Fig. 10b. As can be seen in Fig. 10b, p(x̃0)828

converges to 0.12 as q = κ/(2π/δ) becomes large. Con-829

sequently, we can obtain that 0 ≤ F̃g < 0.12K̃ when830

δ/L = 1/2.831

It is worth noting that the maximum of work F̃g will be832

reduced with δ/L decreasing.833

5 Numerical examples and discussion834

We illustrate the effectiveness of the proposed coupling strat-835

egy with some 1D and 2D numerical examples. In Sect. 5.1,836

we define the ratio of energy drift to the initial energy of837

an incident wave to indicate the spurious reflections [28].838

Then, we use the ratio of energy drift as an indicator to show839

the effects of peridynamic influence functions [29] and the 840

numerical convergences with grid sizes. In Sect. 5.2, we sim- 841

ulate that an incident wave results in a fracture near a notch 842

in a 2D plate. Additionally, we implemented all examples, 843

including local and nonlocal continuum models, using finite 844

element analysis (see 1). We employ the explicit central dif- 845

ference scheme for time integration of the equation of motion 846

(see 1). We then state the procedure of numerical algorithm in 847

1. We apply the cubic Morphing function to all examples, and 848

have discussed its one-dimensional analysis of ghost forces 849

in Sect. 4.4.2. 850

5.1 1Dwave propagation 851

In this subsection, we analyze the problem of incident wave 852

propagation in a 1D bar. The geometry and domain partition 853

of this 1D case are shown in Fig. 11, where L tot = 80 m 854

denotes the total length of the studied domain, which consists 855

of three types of subdomains: �1 ∪�m1 , �m0 and �2 ∪�m2 , 856

where �m0 = {x ∈ �m : Hδ(x) ⊂ �m}, �m1 = {x ∈ �m : 857

Hδ(x) ∩ �1 �= ∅} and �m2 = {x ∈ �m : Hδ(x) ∩ �2 �= ∅}, 858

on which the Morphing function α = 0, 0 ≤ α ≤ 1 and 859

α = 1, respectively. Their lengths are L1 = 24 m, L = 6 m 860

and L2 = 20 m (see Fig. 11). We assume that the bar has a 861

constant cross-sectional area of 0.01 m2. The bar has material 862

parameters given as E = 200 GPa and ρ = 8000 kg/m3, and 863

the peridynamic horizon is selected as δ = 0.6 m. The initial 864

displacement field is given by 865

u(x) = a1e
−
(

x−a2
a3π

)2

, at t = 0 s, (74) 866

where a1 = 0.2 m and a2 = 0 m for all 1D examples below. 867

Eq. (74) refers to [28,30] with modified parameters. In these 868

1D examples, we only study the rightward traveling incident 869

pulse. 870
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Fig. 11 The subdomain descriptions of the 1D case and the cubic mor-

phing function prescribed on the domain

5.1.1 The spurious reflection and the ratio of energy drift871

In this example, we study an incident pulse propagating from872

the left-hand side towards the right-hand side. We assume that873

the peridynamic micromodulus is c0(ξ) = ĉe−|ξ |/l , where ĉ874

is the constant that can be effectively calculated according to875

the material stiffness [15,17], and l is a characteristic length876

that is assumed to be 0.12 m. We select the parameter of877

initial displacement defined in Eq. (74) for this wave to be878

a3 = 1.0 m, which leads to the peridynamic wavenumber of879

this pulse to be about q = 0.03. The peridynamic horizon880

is 0.6 m, as mentioned above, and the pulse width is about881

19 m (inset to Fig. 12a). In this example, the grid size for882

finite element analysis is �x = 0.1 m, and the time step of883

�t = 5 × 10−5 s.884

Figure 12 shows the snapshots of wave propagation885

at different times, calculated under the present hybrid886

local/nonlocal continuum model. As can be seen in Fig. 12a,887

an incident pulse is located in the purely classical continuum888

domain (left side) at t = 8 ms. The amplitude and width889

of the pulse are 0.1 m and 19 m, respectively. After that,890

Fig. 12b shows its profile in the other classical continuum891

domain (right side) at t = 43 ms, which illustrates that this892

pulse propagates through the coupling domain without sig-893

nificant wave reflections. Zooming in on the bottom of the894

pulse shows that the spurious reflection is very weak because895

we only see a few small humps in the peridynamic domain896

and the absolute values of their crest and trough are less than897

1.5 × 10−4 m.898

Here, we define a concept of the ratio of energy drift Red899

[28] to quantitatively estimate the amount of spurious reflec-900

tion, which demonstrates the performance of the coupling901

method. We firstly calculate the energy of pulse Ele f t in902

the domain [0, 24] m at t = 8 ms (see Fig. 12a), which903

includes the elastic deformation energy and kinetic energy904

of the pulse. Then, we calculate the energy of pulse Eright in905

the domain [56, 80] m at t = 43 ms (see Fig. 12b). Finally,906

the ratio of energy drift is calculated by Red = Ele f t −Eright

Ele f t
.907

In this example, the ratio of energy drift is 3.41 × 10−6.908

5.1.2 Effect of peridynamic influence function on coupling 909

In this study, we apply the different peridynamic influence 910

functions to the peridynamic model to analyze the effects of 911

the nonlocal response on the coupling. The computational 912

parameters including grid size, time step, and the initial dis- 913

placements are the same as those in Sect. 5.1.1. Here, four 914

influence functions are selected: constant, linear and expo- 915

nential functions with characteristic lengths l = 0.12 m and 916

l = 0.06 m, respectively denoted by “Exp012” and “Exp006” 917

in Fig. 13a. The shapes of these influence functions are plot- 918

ted in Fig. 13a. Figure 13b shows the corresponding ratios of 919

energy drift by these four functions. All the ratios are calcu- 920

lated using the same equation and times to those in the above 921

Sect. 5.1.1. As can been seen from Fig. 13b, all the ratios of 922

energy drift are negligible and less than 7 × 10−6. The ratio 923

using the constant function is largest due to the strongest non- 924

locality, and the ratio using the exponential function with the 925

characteristic length of 0.06 m is smallest due to the relatively 926

reduced horizon which leads to the weakest nonlocality. The 927

other two influence functions, i.e., linear function and expo- 928

nential function with l = 0.12 m, lead to the ratios of energy 929

drift in the middle ground. These results show that the mag- 930

nitude of the ratio of energy drift is positively correlated with 931

the strength of nonlocality.. 932

5.1.3 Convergence analysis on grid size 933

In this subsection, the ratio of energy drift is calcu- 934

lated with different grid sizes from �x = 0.2 m to 935

�x = 0.001 m. Correspondingly, we apply the decreas- 936

ing time step keeping pace proportionally with the grid 937

size to guarantee numerical stability. For instance, we use 938

the pairs of parameters
(

�x = 0.1 m, �t = 5 × 10−5 s
)

, 939

(

�x = 0.008 m, �t = 4 × 10−6 s
)

and (�x = 0.001 m, �t 940

= 5 × 10−7 s) for the simulations. Apart from these parame- 941

ters, all others, including the influence function, are the same 942

as those used in Sect. 5.1.1. As a result, Fig. 14 shows a clear 943

convergence of the ratio of energy drift with the grid size, 944

and the ratio converges to 3 × 10−6. 945

5.1.4 The propagation of wave with large wavenumber 946

The last example in Sect. 5.1 is the simulation of an inci- 947

dent pulse with a large wavenumber propagating through 948

the hybrid local/nonlocal continuum model. The computa- 949

tional parameters selected here are the same as those used 950

in Sect. 5.1.1, except that a3 in the initial displacement Eq. 951

(74) is set to 0.01 m, which results in a very narrow pulse 952

shown in Fig. 15a. The width of this incident pulse at 8 ms is 953

measured to be only 0.21 m (see the inset to Fig. 15a). There- 954

fore, the consequent grid size and time step are selected to be 955

�x = 0.001 m and �t = 5 × 10−7 s respectively. Since the 956
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(a) (b)

Fig. 12 The snapshots of an incident pulse propagating from left to right at different times, calculated under the hybrid local/nonlocal continuum

model (unit of length: m)

(a) (b)

Fig. 13 a the shapes of peridynamic influence functions and b the ratio of energy drift for different influence functions

peridynamic horizon is 0.6 m, the peridynamic wavenumber957

of this pulse is estimated from Fig. 15a to be about q = 2.86,958

where q = κ/(2π/δ). With the help of Fig. 4b, we can see that959

the angular frequency estimated by the peridynamic model960

is almost equal to the limit value when q = 2.86. That means961

the wave with peridynamic wavenumber 2.86 will strongly962

disperse at the peridynamic domain, as shown in Fig. 15b,963

c-A at 30 ms. When the incident pulse travels into the purely964

peridynamics domain, strong dispersion takes place. Never-965

theless, the present coupling method still works well. From966

the zoom-in Fig. 15c-B, we can see the false waves are very967

small, the absolute values of their crest and trough are less968

than 3 × 10−6 m, compared with the peak of the initial pulse969

in Fig. 15a, which is 0.1 m. Unfortunately, it is impossible to970

accurately estimate the ratio of energy drift, due to the strong 971

dispersions and extremely narrow widths of waves. 972

5.2 2Dwave propagation on a notched plate 973

In this section, we numerically study the wave propagation 974

on a 2D elastic plate with an inner notch. The right end of the 975

rectangular 2D elastic plate is shown in Fig. 16 and the left 976

side is set to extend infinitely. The thickness of the plate is 977

assumed to be 0.01 m. As shown in Fig. 16, the width of plate 978

is PW = 40 m, o denotes the origin and the length from o to 979

the right edge is PL = 80 m. Both the circular area �2 ∪�m2 980

and the circle ring �m0 are in the center of the display area, 981

i.e., (x, y) = (40, 20). In addition, there exists a narrow notch 982

at the center of the circular area, where the radii are la = 10 m 983
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Fig. 14 The ratio of energy drift versus the grid size (unit of length: m)

and lb = 13.6 m. The width and length of the notch are nw = 984

0.4 m and nl = 6 m, respectively. The angle of notch with the 985

horizontal direction is denoted by θ . Two cases including θ = 986

0 (i.e., horizontal notch) and θ = π/2 (i.e., vertical notch), 987

are studied in this paper. The boundary conditions are also 988

shown in Fig. 16; the displacements along vertical direction 989

are constrained for both the horizontal edges while on the 990

right vertical edge the displacements along the horizontal 991

direction are fixed [31]. 992

Here a plane stress assumption is considered, and the 993

plate has an anisotropic material stiffness of Young’s mod- 994

uli Ex = 200 GPa and Ey = 100 GPa and Poisson’s ratio 995

ν = 1/3. The material density is ρ = 8000 kg/m3. Let’s 996

consider an exponential function that is the same as that in 997

Sect. 5.1.1 for micromodulus expression. In addition, for an 998

anisotropic material, the micromodulus coefficient function 999

c0(ξ) is also a function of the angles between the bond ξ 1000

and the coordinate axes, refer to [17] for a more detailed dis- 1001

(a) (b)

(c)

Fig. 15 The snapshots of a propagating pulse with large wavenumber, calculated under the hybrid local/nonlocal continuum model (unit of length:

m)
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Fig. 16 The geometry and

subdomain descriptions of a 2D

plate for dynamic simulations

(unit of length: m)

cussion. The characteristic length l is assumed to be 0.12 m1002

and the peridynamic horizon is δ = 0.6 m. The plate is dis-1003

cretized by bilinear quadrilateral finite elements (BQFEs)1004

with the size of 0.2 m. Those BQFEs for discretizing the1005

purely peridynamic domain, i.e., �2 ∪ �m2 (see Fig. 16) are1006

set as the discontinuous Galerkin finite elements (DGFEs)1007

[18,19] in all simulations below. Beyond that, the initial dis-1008

placement field is defined by1009

{

ux (x, y) = a1e
−
(

x−a2
a3π

)2

u y(x, y) = 0
, at t = 0 s, (75)1010

where a1 = 0.1 m, a2 = 0 m, and a3 = 1.0 m. The time step1011

of �t = 1 × 10−4 s. Similar to the examples in Sect. 5.1, we1012

only study the rightward traveling incident wave.1013

Figure 17 shows the displacement fields, ux , of the wave1014

propagation at the time t = 45 ms on the plate with a ver-1015

tical notch (see Fig. 17a, b) or with a horizontal notch (see1016

Fig. 17c, d), which are calculated by the hybrid local/nonlocal1017

continuum model (see Fig. 17a, c) and by the purely clas-1018

sical continuum model (see Fig. 17b, d). For the sake of1019

comparison, we do not consider bond failures in the current1020

pecirdynamic simulations. As can be seen in Fig. 17, the sim-1021

ulation results of the hybrid model agree with those of the1022

purely classical continuum model, both when the plate has1023

a vertical or horizontal notch. This illustrates that the hybrid1024

model proposed in this paper can also correctly solve the1025

wave propagation problem for 2D anisotropic plates, even1026

with an inner notch.1027

However, when the bond breaks are considered by using a1028

bond failure criterion, this hybrid local/nonlocal continuum1029

model can further simulate the process of nucleation and1030

propagation of cracks around a notch caused by wave prop-1031

agations. These simulation results are shown as follows, in1032

which the critical stretch of a bond [3] is set to 2%. Figure 181033

shows the displacement fields, ux , of wave propagation and1034

the damage contours near the notch, respectively, at the time1035

t = 45 ms on the plate with a vertical notch (see Fig. 18a, b)1036

or with a horizontal notch (see Fig. 18c, d). Compared with1037

Fig. 17a, c, respectively, Fig. 18a, c shows the same displace-1038

ment fields at the right end of the plate, which represents the1039

wave pattern of the incident pulse at the time t = 45 ms, but 1040

at the left part of the plate, especially near the notch, the dis- 1041

placement fields are distinctly different. This is because the 1042

wave propagation causes some bonds near the notch to break, 1043

which results in the local damage of the material, which fur- 1044

ther affects the simulation results of the displacement field. 1045

The zoomed-in damage contours at the time t = 45 ms near 1046

the notches are shown in Fig. 18b, d, respectively. By com- 1047

paring Fig. 18a, c, we can see that when a bar-shaped notch is 1048

perpendicular to the propagation direction of the plane wave, 1049

the long side of the notch as a free boundary reflects more 1050

incident waves. In contrast, when the bar-shaped notch is 1051

parallel to the propagation direction of the plane wave, the 1052

short side of the notch reflects fewer incident waves, result- 1053

ing in little change in the plane wave after passing through 1054

the notch. Moreover, as shown in Figs. 18b, d, when the bar- 1055

shaped notch is perpendicular to the propagation direction of 1056

the plane wave, a severe and large area of damage appears 1057

before the notch. However, when the bar-shaped notch is par- 1058

allel to the direction of wave propagation, minor damage is 1059

caused near both ends of the notch only. 1060

We are interested in how this damage occurs during the 1061

propagation of waves. We first study case when the plane 1062

wave is passing through the vertical notch. Figure 19a, b 1063

shows the snapshots of displacement field ux and damage 1064

contour, respectively, at the time t = 26 ms around the ver- 1065

tical notch. Figure 19b shows that two long parallel cracks 1066

appear in the damaged area before the bar-shaped notch. This 1067

type of long parallel crack is considered to be a common pat- 1068

tern of dynamic tensile damage (spallation) caused by shock 1069

loading [12,32,33]. From Fig. 19a, indicates that mode of 1070

failure is the reflection of the compression shock wave (i.e., 1071

the incident wave) from the left free edge of the notch that 1072

results in a rarefaction wave, which interacts with the tail part 1073

of the incident shock wave (also a rarefaction wave) to form 1074

tensile load, which then leads to the formation of cracks. 1075

Then, we study another case when the plane wave is 1076

passing through the horizontal notch. Figure 20 shows the 1077

snapshots of displacement fields ux and damage contours 1078

around the horizontal notch at the times t = 26 ms and 1079

t = 29.5 ms, respectively. Compared with Fig. 19, the dam- 1080
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(a) (b)

(c) (d)

Fig. 17 The displacement fields of wave propagation at 45 ms for the different models: a, c the hybrid local/nonlocal continuum model without

using bond failure criterion, b, c the purely classical continuum model (unit of length and displacement: m)

(a) (b)

(c) (d)

Fig. 18 The snapshots of wave propagation at 45 ms for the hybrid local/nonlocal continuum model using the bond failure criterion: a, c are the

displacement fields, b, d are the zoomed-in damage contours around notch (unit of length and displacement: m)
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(a) (b)

Fig. 19 The snapshots of wave propagation at 26 ms around vertical notch for the hybrid local/nonlocal continuum model using a bond failure

criterion: a the zoomed-in displacement fields, b the zoomed-in damage contours (unit of length and displacement: m)

(a) (b)

(d)(c)

Fig. 20 The snapshots of wave propagation around a horizontal notch for the hybrid local/nonlocal continuum model using a bond failure criterion:

a, c are the zoomed-in displacement fields, b, d are the zoomed-in damage contours (unit of length and displacement: m)

age mode in Fig. 20b, d is quite different from that in Fig. 19b.1081

In Fig. 20, the two long free edges of the notch is parallel to1082

the direction of incident wave propagation. The damage is1083

caused by reflected rarefaction waves only near the corners1084

of the notch (i.e., the ends of the notch). Besides, the gradi-1085

ents of the displacement field near the notch are smaller than1086

those in Fig. 19a. The resulting tensile load is much smaller.1087

Thus, the damage is minor and its regions are smaller.1088

6 Conclusion 1089

Here, we developed a dynamic hybrid local/nonlocal con- 1090

tinuum model based on the Morphing coupling method. We 1091

used this hybrid model to analyze and simulate wave propa- 1092

gation that may result in dispersions or cracks. The theoretical 1093

analysis for a plane harmonic wave derives the coupling 1094

errors caused by ghost forces, which helps to understand 1095

the effects of coupling parameters on the spurious reflection. 1096

The energy of the reflected wave is considered equal to the 1097

work of the ghost force. The ghost force and its work are 1098
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driven in the 1D case by the ratio of the peridynamic hori-1099

zon to the size of the overlapping domain. The ghost force1100

decreases while using a higher order of Morphing function.1101

The work done by the ghost force is much smaller than the1102

kinetic energy of the incident plane wave in the local con-1103

tinuum model. The numerical results demonstrate that the1104

ratio of energy drift, which represents the intensity of spuri-1105

ous reflection, is negligible and convergent with the grid size.1106

The wave dispersions become violent when waves with large1107

wavenumber (i.e., high-frequency wave) travel in the peridy-1108

namic domain. At that time, however, the spurious reflection1109

is still small. When a wave propagates near a notch in the 2D1110

plate, it may cause dynamic tensile damages like spallation,1111

if bond breakage is considered in the simulation.1112
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Appendix A: Numerical discretization and1122

algorithm procedure1123

The numerical discretization and algorithm procedure for1124

the hybrid equations of motion (i.e., Eqs. (6)–(13)) is stated1125

below. We consider the spatial and temporal variables sep-1126

arately. The equations are first discretized on the spatial1127

dimension by the finite element method. The approach is the1128

same as for the static analysis. Then, the resulting equation,1129

which involves the second derivative of displacement with1130

respect to time, is discretized on the temporal dimension by1131

the finite difference method. Finally, we list the algorithm1132

procedures to solve the hybrid equation of motion.1133

Appendix A.1: The spatial discretization by finite1134

element method1135

We divide the whole domain, �, by a finite number of1136

elements, Vi , i = 1, 2, . . . , n, where n is the number of1137

elements. These elements are nonoverlapping, but common1138

vertices, called “mesh nodes”, are shared between adjacent1139

elements. Thus, we can write that � = V1 ∪ V2 ∪ · · · ∪ Vn .1140

Because it is defined in Sect. 3 that � = �1 ∪ �m ∪ �2,1141

�1 ∩ �2 = ∅, �1 ∩ �m = ∅ and �2 ∩ �m = ∅, we assume1142

for definiteness and without a loss of generality that �1 =1143

V1∪V2 ∪· · ·∪Vn′ , �m = Vn′+1∪Vn′+2 ∪· · ·∪Vn′′ and �2 =1144

Vn′′+1∪Vn′′+2∪· · ·∪Vn , for 1 < n′ < n′′ < n. In addition, we1145

define the divisions of the neighborhood of any point x (i.e.,1146

Hδ(x) ∩ �). Indeed, there exists a minimal set of elements, 1147

Ax , which is defined by Ax = {V 1
x , V 2

x , . . . , V
h(x)
x } ⊂ 1148

{V1, V2, . . . , Vn}, such that (Hδ(x)∩�) ⊂ Bx, ∀x ∈ �\�1, 1149

where Bx = V 1
x ∪V 2

x · · ·∪V
h(x)
x and h(x) denotes the num- 1150

ber of elements in Ax . By reassigning a value of 0 to c0(|ξ |), 1151

where ξ = x′ − x, for x′ ∈ Bx\Hδ(x), the coefficient func- 1152

tion of micromodulus c0(|ξ |) is extended to the whole domain 1153

Bx . Then, a virtual work equation corresponding to Eqs. (6)– 1154

(13) can be written by replacing the subdomain (Hδ(x)∩�) 1155

with the subdomain Bx for integration. That is 1156

∫

�

P (u, t) d� +
∫

�

Wc (ε, t) d� +
∫

�

Wp (η, t) d� 1157

=
∫

�

Qb (u, t) d� +
∫

ŴT

QT (u, t) d S, (A.1) 1158

where 1159

P (u, t) = u(x, t) · (ρ(x)ü(x, t)) , 1160

Wc (ε, t) = 1

2
ε (x, t) : E (x) : ε (x, t) , 1161

Wp (η, t) = 1

4

∫

Bx

c0(|ξ |)α(x) + α(x′)

2

(

ξ · η(x′, x, t)
)2

dVx′ , 1162

Qb (u, t) = u(x, t) · b(x, t), and 1163

QT (u, t) = u(x, t) · T (x, t). 1164

The displacement solution can be approximately expressed 1165

in the finite element scheme using piecewise interpolation 1166

techniques. Let ui denote the displacement solution over the 1167

element Vi , which is given by 1168

ui (x, t) = N i (x)di (t), ∀i = 1, 2, . . . , n, (A.2) 1169

where N i is the matrix of shape functions and di is the nodal 1170

displacement. Furthermore, let the number of mesh nodes in 1171

the global discretized domain be m, then all nodal displace- 1172

ments can be denoted as dT = {d1, d2, . . . , dm}. Thus, for 1173

the nodal displacement di in any element Vi , we know that 1174

di ⊂ d, ∀i = 1, 2, . . . , n. Moreover, one can define that 1175

di (t) = Ri d(t), ∀i = 1, 2, . . . , n, (A.3) 1176

where Ri is a diagonal matrix in which the diagonal entries 1177

may be 0 or 1, depending on the nodes of element Vi . Sub- 1178

stituting Eq. (A.3) into the Eq. (A.2), it yields 1179

ui (x, t) = N i (x)Ri d(t), ∀i = 1, 2, . . . , n. (A.4) 1180

Then, we use the variational method to Eq. (A.1) and, by 1181

substituting Eq. (A.4), it can be recast as follows: 1182

Md̈(t) + K d(t) = F(t), (A.5) 1183
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where d̈ denotes the nodal acceleration, M, K , and F(t) are1184

the mass matrix, stiffness matrix, and loading vector, respec-1185

tively, which have the following expressions:1186

M =
n

∑

i=1

∫

Vi

ρ(x) [N i (x)Ri ]
T [N i (x)Ri ] dVx ,1187

K =
n

∑

i=1

∫

Vi

[H N i (x)Ri ]
T [E (x)] [H N i (x)Ri ] dVx1188

+ 1

2

n
∑

i=1

h(x)
∑

j=1

∫

Vi

∫

V
j

x

c0(|ξ |) α(x) + α(x′)

2

[

N j (x′)R j − N i (x)Ri

]T
1189

[

ξ ⊗ ξ
] [

N j (x′)R j − N i (x)Ri

]

dVx′ dVx and1190

F(t) =
n

∑

i=1

∫

Vi

[N i (x)Ri ]
T {b(x, t)}dVx1191

+
n

∑

i=1

∫

Si

[N i (x)Ri ]
T {T (x, t)}d Sx .1192

where H denotes a matrix of differential operators (see Eq1193

(25)), the notations [·] and {·} denote a matrix and a vector,1194

respectively, and Si is the boundary of Vi .1195

Appendix A.2: The temporal discretization by finite1196

differencemethod1197

Here, the central difference method is employed. The nodal1198

acceleration d̈(t) can be approximated by the displacements,1199

that is1200

d̈(t) = 1

�t2
[d(t − �t) − 2d(t) + d(t + �t)] , (A.6)1201

where �t denotes the time step. Substituting the approxima-1202

tion of the acceleration, (i.e., Eq. (A.6)) into Eq. (A.5) yields1203

1204

M

�t2
d(t +�t) = F(t)−

(

K − 2M

�t2

)

d(t)− M

�t2
d(t −�t).

(A.7)1205

According to the above Yes, we have explained that it is1206

an approximation, but in order to facilitate the derivation1207

subsequently, we still use the expression of equality., the dis-1208

placement solution at time t + �t can be solved once the1209

displacements at the last two steps, i.e., d(t) and d(t − �t),1210

have been obtained.1211

Note that we need to consider the initial conditions for1212

Eq. (A.7). That is, when t = 0, we need both an initial dis-1213

placement d(0) and a value of d(−�t) in order to calculate1214

the next step displacement d(�t). According to the central1215

difference approximation, a nodal velocity can be expressed1216

as follows:1217

ḋ(t) = 1

2�t
[−d(t − �t) + d(t + �t)] . (A.8)1218

Considering both Eqs. (A.6) and (A.8), when t = 0, the 1219

following equation holds: 1220

d(−�t) = d(0) − �t ḋ(0) + �t2

2
d̈(0), (A.9) 1221

where d̈(0) can be calculated via Eq. (A.5) when t = 0, i.e., 1222

d̈(0) = M−1 [F(0) − K d(0)] . (A.10) 1223

Consequently, the initial velocity ḋ(0) is necessary to replace 1224

the value d(−�t) when t = 0. Thus, both displacement d(0) 1225

and velocity ḋ(0) are the initial conditions for Eq. (A.7). 11226

Appendix A.3: Numerical algorithm procedure 1227

We rewrite Eq. (A.7) into a form of linear equation as follows: 1228

1229

M̂d t+�t = Ft , (A.11) 1230

where M̂ = M/�t2, d t+�t = d(t + �t), and Ft = 1231

F(t)−
(

K − 2M̂
)

d(t)− M̂d(t −�t). Then, the algorithm 1232

procedure to solve the hybrid equation of motion is stated as 1233

follows: 1234

1. Assemble mass matrix M and stiffness matrix K . 1235

2. Set the initial displacement d(0), velocity ḋ(0), and exter- 1236

nal force F(0). 1237

3. Calculate the initial acceleration d̈(0) in terms of Eq. 1238

(A.10). 1239

4. Select the time step �t , satisfying �t < �tc, where 1240

�tc denotes the critical value to ensure the stability of 1241

solution. 1242

5. Calculate d(−�t) in terms of Eq. (A.9). 1243

6. Calculate M̂ = M/�t2. 1244

7. For every time step (t = 0,�t, 2�t, · · · ), calculate 1245

the effective loading Ft = F(t) −
(

K − 2M̂
)

d(t) − 1246

M̂d(t − �t). 1247

8. Solve the linear equation Eq. (A.11), to get the displace- 1248

ment solution d t+�t at time t + �t . 1249

9. If needed, calculate acceleration d̈(t) and velocity ḋ(t) 1250

at time t in terms of Eqs. (A.6) and (A.8). 1251

10. If t is less than the final time, then t = t + �t and return 1252

to the step 7. Otherwise, end the calculation. 1253
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