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ABSTRACT

Spatio-Temporal Statistical Modeling with Application to Wind Energy

Assessment in Saudi Arabia

Wanfang Chen

Saudi Arabia has been trying to change its long tradition of relying on fossil fuels

and seek renewable energy sources such as wind power. In this thesis, I firstly provide

a comprehensive assessment of wind energy resources and associated spatio-temporal

patterns over Saudi Arabia in both current and future climate conditions, based on a

Regional Climate Model output. A high wind energy potential exists and is likely to

persist at least until 2050 over a vast area of Western Saudi Arabia, particularly in the

region between Medina and the Red Sea coast and during Summer months. Since an

accurate assessment of wind extremes is crucial for risk management purposes, I then

present the first high-resolution risk assessment of wind extremes over Saudi Arabia.

Under the Bayesian framework, I measure the uncertainty of return levels and pro-

duce risk maps of wind extremes, which show that locations in the South of Saudi

Arabia and near the Red Sea and the Persian Gulf are at very high risk of disruption

of wind turbine operations. In order to perform spatial predictions of the bivariate

wind random field for efficient turbine control, I propose parametric variogram matrix

(function) models for cokriging, which have the advantage of allowing for a smooth

transition between a joint second-order and intrinsically stationary vector random

field. Under Gaussianity, the covariance function is central to spatio-temporal model-

ing, which is useful to understand the dynamics of winds in space and time. I review

the various space-time covariance structures and models, some of which are visualized

with animations, and associated tests. I also discuss inference issues and a case study
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based on a high-resolution wind-speed dataset. The Gaussian assumption commonly

made in statistics needs to be validated, and I show that tests for independently and

identically distributed data cannot be used directly for spatial data. I then propose a

new multivariate test for spatial data by accounting for the spatial dependence. The

new test is easy to compute, has a chi-square null distribution, and has a good control

of the type I error and a high empirical power.
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Chapter 1

Introduction

Wind energy is one of the fastest-growing energy sources in the world because it is

abundant, carbon-free, cost-effective, and sustainable. International agencies have

estimated that wind energy could supply 10–31% of electricity worldwide by 2050

(Wiser et al. 2011), and thus provides a unique opportunity to mitigate the impacts

of global warming induced by increased emissions of anthropogenic greenhouse gases

(Barthelmie and Pryor 2014). To sustain the constantly increasing energy demand

due to population growth and industrial development, Saudi Arabia has been seek-

ing to reduce its dependence on fossil fuel by diversifying its energy portfolio with

renewable energy sources. According to KA-CARE (2012), Saudi Arabia is planning

to build a capacity of 54 GW of renewable energy portfolio by 2032, of which 9 GW

are expected to come from wind power. The “Saudi Vision 2030”, issued by Crown

Prince Mohammad bin Salman in 2016, has established a comprehensive plan to re-

duce the country’s oil dependence, including the installation of 9.5 GW of renewable

energy by 2023 (Alturki and Alsheikh 2016). Initiated from this, the NEOM project

(https://www.neom.com/) aims to focus on advanced industries and technology, with

power being generated solely from wind and solar energy by building vast fields of

solar panels paired with wind turbines.

Investigating the spatial and temporal variabilities of near-surface wind speed is

essential to understand the historical evolution and variation of wind climatology, as

well as to make future projections in a warming world (Pryor et al. 2005; Rasmussen

et al. 2011). Moreover, characterizing wind speed spatio-temporal patterns is crucial
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to assess the associated energy potential and thus to develop infrastructures in re-

gions where these resources are most abundant. For regions such as Saudi Arabia with

sparse and difficult access to data from monitoring stations, spatio-temporal gridded

data simulated from reanalysis products, General Circulation Model (GCM) experi-

ments, Regional Climate Model (RCM) experiments or Numerical Weather Prediction

(NWP) models are usually exploited to infer global or regional wind climatology. Re-

analysis data and GCMs can only capture large-scale features of winds due to the

coarse spatial resolution (typically hundreds of kilometers) applied. RCMs are able

to reproduce the localized wind variabilities, with spatial resolutions of tens of kilo-

meters, and thus provide insights about where to harvest the highest wind power

potential. The Numerical Weather Prediction (NWP) models can generate data with

even higher spatial resolutions on the order of 1–10 kilometers.

In Chapter 2, I aim at presenting a comprehensive and extensive assessment of

wind energy resources and associated spatio-temporal patterns over the entire Ara-

bian Peninsula, based on evaluations using RCM outputs with both control runs and

projections. I investigate which climate settings and RCM runs best capture the

spatio-temporal patterns of near-surface wind speeds from reanalysis products, as as-

sessed by multiple statistical metrics. The RCM run with the highest skills are used

to quantify the wind energy potential in both current and future climates. Regions

and seasons of high wind power potential are identified, and possible changes in wind

resources as a result of climate change are investigated based on RCM projections.

A more accurate quantification of wind resources over the Arabian Peninsula may

be achieved by performing RCM or NWP simulations at high spatial and temporal

resolutions. For this purpose, the dataset newly developed by Professor Stenchikov’s

Atmospheric and Climate Modeling group at King Abdullah University of Science and

Technology (KAUST) can be used. This unique dataset was generated by a state-

of-the-art mesoscale NWP model, the Weather Research and Forecasting (WRF)
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model, with high spatial resolution (5 km) over the Arabian Peninsula, and thus

can better represent the regional features of wind climatology (Yip 2018). However,

extreme wind speeds with high uncertainty resulting from its intermittent nature

can be destructive to the integrity of wind turbines, or force their shutdowns, thus

bringing a threat to the stability of wind power production. Therefore, an accurate

assessment of wind extremes is crucial for risk management purposes. In Chapter 3, I

aim at providing the first high-resolution risk assessment of disruption of wind turbine

operations in Saudi Arabia by modeling the spatial extremes of wind speeds using

the new WRF dataset. A Bayesian hierarchical modeling approach is adopted, which

yields the uncertainty of wind extremes from the posterior Markov chain Monto Carlo

(MCMC) samples, and produces risk maps of disruptions of wind-turbine operations.

High-risk regions are identified, as well as the potentially “best” locations for launching

wind farms that could generate high wind power persistently with low risk of being

disrupted from operations.

In Chapter 2 and Chapter 3, wind speed plays an important role for the amount of

power generated by wind turbines, which is proportional to the cube of wind speed,

and extreme wind speed brings potential risks of wind turbine disruptions. Wind

direction is another important factor for efficient turbine control for getting the most

power with a given wind speed. Based on the forecasts on wind direction, it would

be possible to align the turbine with the wind direction to get the most energy out-

put (Erdem and Shi 2011). The wind vector, which indicates both wind direction

and speed, can be expressed in terms of orthogonal velocity components, U and V ,

where U is the zonal velocity (i.e., eastward wind), and V is the meridional veloc-

ity (i.e., northward wind). Therefore, the wind vector can be used for analysis to

better understand the wind climatology. One application is to perform spatial pre-

dictions of vector random fields, also called cokriging, with bivariate wind vectors of

U and V components for predicting values at unobserved locations. The variogram



21

matrix (function), with direct and cross variogram values, is an important tool in

environmental sciences applications for cokriging. When it is unclear whether the

vector random field is joint second-order or intrinsically stationary, a variogram ma-

trix model that spans from one to the other is advantageous. In Chapter 4, I aim

at constructing several such parametric models for both traditional and pseudo vari-

ogram matrices, where the off-diagonal elements are the traditional cross variograms

and pseudo cross variograms, respectively, and the diagonal elements are the direct

variograms. Specifically, the entries in the parametric variogram matrix allow for a

smooth transition between boundedness and unboundedness by changing the values

of parameters, and thus bridge between joint second-order and intrinsically station-

ary vector random fields, or between multivariate geometric Gaussian processes and

multivariate Brown-Resnick processes in spatial extreme analysis.

Spatio-temporal variability is important to statistical analyses for dynamic pro-

cesses in environmental science and geophysics, such as winds. In recent years, interest

has grown in modeling spatio-temporal data that have become prevalent from, e.g.,

climate models. In geostatistics, the observations are typically modeled by a Gaus-

sian random process, and the space-time covariance function plays an important role

in describing dependence in the data and predicting realizations at unobserved sites

(also called kriging) or future time points. In Chapter 5, I provide a comprehensive

review of recent advances in the literature on space-time covariance structures, in

which simplified assumptions, such as separability and full symmetry, are made to

facilitate computation, and associated tests intended to validate these structures. I

also review recent developments on constructing space-time covariance models, which

can be separable or nonseparable, fully symmetric or asymmetric, stationary or non-

stationary, univariate or multivariate, and in Euclidean spaces or on the sphere. I

visualize some of the structures and models with visuanimations, and discuss inference

for fitting space-time covariance models. A case study for wind-speed data is given
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to illustrate the process of assessing the underlying space-time covariance structure,

choosing appropriate models and performing inference.

For simplicity, multivariate and spatial data analysis is often based on the Gaus-

sian assumption, which nevertheless is sometimes unrealistic for many types of envi-

ronmental data. The skewness and kurtosis are useful measures in testing normality of

the underlying distribution. However, these tests are typically based on the assump-

tion that the observations in the sample are independently and identically distributed

(i.i.d.). In Chapter 6, I first provide a synopsis on the recent advances of multivariate

normality tests for i.i.d data, with emphasis on the skewness and kurtosis approaches.

I show through simulation studies that some of these tests cannot be used directly for

testing normality of spatial data, since the multivariate sample skewness and kurtosis

measures proposed by, e.g., Mardia (1970), deviate from their theoretical values under

Gaussianity due to dependence, and some related tests exhibit inflated type I error,

especially when the spatial dependence gets stronger. I then propose a new multi-

variate normality test for spatial data by accounting for the spatial dependence of

the observations in the test statistic, which is easy to compute, without any smooth-

ing involved, and it is asymptotically χ2
2p under normality, where p is the number of

variables. I show that the new test has a good control of the type I error and a high

empirical power, especially for large sample sizes.

Finally, I draw conclusions on the contributions of this thesis and discuss possible

future work directions for each chapter in Chapter 7.
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Chapter 2

Current and Future Estimates of Wind Energy Potential over

Saudi Arabia

2.1 Chapter Overview

Investigating the spatial and temporal variabilities of near-surface wind speed is es-

sential to understand the historical evolution and variation of wind climatology, as

well as to make future projections in a warming world (Pryor et al. 2005; Rasmussen

et al. 2011). Moreover, characterizing wind speed spatio-temporal patterns is crucial

to assess the associated energy potential and thus to develop infrastructures in re-

gions where these resources are most abundant. Global or regional wind climatology,

extremes and wind energy potential have been mostly inferred from Earth System

Model (ESM) ensembles and Regional Climate Model experiments. For example,

Lu et al. (2009) integrated direct observations of wind speeds and profiles (when-

ever available), into the Goddard Earth Observing System Data Assimilation System

(GEOS-5 DAS) ESM which was run globally at a spatial resolution of 0.50°×0.67°

(latitude×longitude) for a specific year of interest. However, their estimates and

model performance were not evaluated against observations. Zhou et al. (2012) esti-

mated the energy potential of global onshore wind using the Climate Forecast System

Reanalysis data from NCEP (Saha et al. 2010), available at higher spatial resolution

(0.31° latitude/longitude) for the years 1980–2009. Lu et al. (2009) provided an

improved quantification of global wind energy potential, but their estimates are neg-

atively biased in comparison with those derived from high resolution data sets (New

et al. 2002) or regional model simulations (Pryor et al. 2012a), which more accurately
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capture regional variabilities and thus provide insights about where to harvest the

highest wind speeds.

Saudi Arabia has mostly relied on fossil fuels for its energy needs, but this is

changing due to the rising demand in energy resulting from industrial development,

urbanization and growth of its population. Saudi Arabia has a very large underused

potential of renewable energy, and it is planning to build a capacity of 54 GW by

2032, of which 9 GW are expected to come from wind power (KA-CARE 2012). Due

to the country’s sparse and difficult access to data from monitoring stations, most

studies evaluating Saudi Arabia’s wind potential have focused on a few locations

only, including five coastal sites (Rehman and Ahmad 2004), and a few others in the

Rafha area (Rehman et al. 2007) and the Western province of Saudi Arabia (Shaahid

et al. 2014). To overcome the challenge associated with the observational spatial

and temporal coverage, Yip et al. (2016) assessed the wind energy potential over the

Arabian Peninsula during the period 1979–2014 using data from the Modern Era

Retrospective-Analysis for Research and Applications data set (MERRA, Rienecker

et al. (2011)), which has a spatial resolution of 0.5°×0.67° (latitude×longitude). They

found more abundant wind resources over the Western mountains than most of the

coastal areas of the Red Sea, as well as persistent winds along the Arabian Gulf

coasts.

The International Coordinated Regional Climate Downscaling Experiment (CORDEX,

Jones et al. (2011)), sponsored by the World Climate Research Program, is responsible

for the global coordination of regional climate downscaling to improve regional climate

change adaptation and impact assessment. In this chapter, we focus on the Middle

East North Africa (MENA) CORDEX Program, which is a branch of the CORDEX

initiative and includes the Arabian Peninsula, the focus area of our research. Our

objectives are:

• to investigate the spatio-temporal patterns of near-surface wind speeds for cur-
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rent climate conditions (years 1980–2005) based on the MENA CORDEX runs;

• to investigate the sources of variability in wind speed resources relative to mul-

tiple reanalysis products;

• to quantify wind power density and associated spatio-temporal patterns for

current and future climates.

We evaluate the degree of agreement between climate model outputs and reanaly-

sis data by computing multiple statistical metrics, including wind speed magnitudes

(means and quantiles), historical trends, return periods, temporal (inter-annual and

intra-annual) variabilities, spatial patterns, extremal behavior and multi-decadal fu-

ture trends. Discrepancies between simulated and observed wind speed patterns are

investigated by comparing the skills of different MENA CORDEX ensemble members

as a function of spatial resolution, and initial/lateral boundary conditions.

The remainder of this chapter is organized as follows. In Section 2.2, we describe

the wind data from MENA CORDEX and the reanalysis products, as well as the

preprocessing required to homogenize the spatial and temporal resolution of the ana-

lyzed data sets. In Section 2.3, we introduce the statistical metrics and methods used

to assess model performance and define Wind Power Density (WPD). In Sections 2.4,

2.5 and 2.6, we assess the performance of the five MENA CORDEX runs in simulat-

ing wind speeds over Saudi Arabia relative to the reanalyses. The statistical metrics

are computed to investigate the spatially averaged annual cycle/seasonality, tempo-

ral variabilities, spatial fields of the mean, standard deviation, quantiles and return

levels of wind speeds, and wind speed variabilities over six regions in Saudi Arabia.

In Section 2.7, we quantify the wind energy potential, by computing WPD from both

MERRA-2 and the MENA CORDEX run with highest performance. We then in-

vestigate possible sources of model bias (Section 2.8), and draw some conclusions in

Section 2.9.
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2.2 Data

In this chapter, we focus on the Arabian Peninsula, bounded approximately by lon-

gitudes 34–56°E and latitudes 16–33°N. The domain of our study also includes the

Red Sea, the Persian Gulf, parts of the Arabian Sea, Iraq, Iran, Egypt and Sudan.

We investigate the daily 2D near-surface (i.e., 10 meters above surface) wind speed

using the five simulated historical runs performed by the Swedish Meteorological

and Hydrological Institute, from the publicly available MENA CORDEX data set

published via the Earth System Grid Federation. The historical ensemble runs are

ESM-driven simulations forced with data from the Coupled Model Intercomparison

Project (CMIP5, Taylor et al. (2012)) historical experiments. We also analyze wind

speed projections from the two CORDEX runs with the highest skills in capturing

spatio-temporal variability of reanalysis data. Both runs adopt the Representative

Concentration Pathways 8.5 scenario until 2100 (van Vuuren et al. 2011). In addi-

tion, in order to investigate the effect of lateral boundary conditions on model bias

and variability in the historical MENA CORDEX runs, we perform an additional

comparison against two MENA CORDEX runs forced by ERA-Interim (Dee et al.

2011).

Since direct observations of wind speed over Saudi Arabia are sparse and not

publicly available (Yip et al. 2016), we consider the recently released Version 2 of

MERRA (i.e., MERRA-2, Gelaro et al. (2017)) reanalysis data set as the “reference”

for comparison with MENA CORDEX. MERRA was a product of NASA’s Global

Modeling and Assimilation Office (GMAO), which placed observations from its Earth

Observing System (EOS) satellites into climate context, and MERRA-2 was recently

introduced to replace the MERRA data set, in response to the advances made in

the assimilation system. Further, we perform an additional evaluation relative to

the ERA-Interim reanalysis produced by ECMWF (European Centre for Medium-
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Range Weather Forecasts) to investigate the presence of a possible regional bias in

the MERRA-2 data set.

Table 2.1 summarizes the key characteristics of the data sets used in this chapter.

The last two columns of Table 2.1 indicate the ESM models providing initial and

lateral boundary conditions for each MENA CORDEX run, and the institutes pro-

ducing those ESMs, respectively. All of the nine MENA CORDEX runs analyzed are

based on the same RCM, i.e., the Rossby Centre regional atmospheric model (RCA4,

Kupiainen et al. (2011)), thus differences in model output are dictated by the differ-

ent spatial resolution at which RCA4 is applied and to the different lateral boundary

conditions.

Table 2.1: Key characteristics of the MENA CORDEX simulations, MERRA-2 and
ERA-Interim reanalysis products used in this chapter.

Model run Driving
experiment

Spatial resolution
(latitude×longitude)

Temporal
resolution Years Driving model Institute

CORDEX-1 historical 0.44°× 0.44° daily 1950-2005 CNRM-CM5 CNRM-CERFACS
CORDEX-2 historical 0.44°× 0.44° daily 1950-2005 EC-EARTH ICHEC
CORDEX-3 historical 0.44°× 0.44° daily 1950-2005 GFDL-ESM2M NOAA-GFDL
CORDEX-4 historical 0.22°× 0.22° daily 1950-2005 GFDL-ESM2M NOAA-GFDL
CORDEX-5 historical 0.22°× 0.22° daily 1950-2005 EC-EARTH ICHEC
CORDEX22 evaluation 0.22°× 0.22° daily 1980-2010 ERAINT ECMWF
CORDEX44 evaluation 0.44°× 0.44° daily 1980-2010 ERAINT ECMWF
CORDEX-2 rcp85 0.44°× 0.44° daily 2006-2100 EC-EARTH ICHEC
CORDEX-4 rcp85 0.22°× 0.22° daily 2006-2100 GFDL-ESM2M NOAA-GFDL
MERRA-2 historical 0.50°× 0.625° hourly 1979-2017 reanalysis NASA-GMAO

ERA-Interim historical 0.75°× 0.75° 6-hourly 1979-2017 reanalysis ECMWF

Since only hourly U (zonal velocity) and V (meridional velocity) wind speed com-

ponents at 10 meters above the displacement height (U10M and V10M, respectively)

are available from the 2D atmospheric single-level diagnostics MERRA-2 files, we

reconstruct the near-surface wind speed as:

10 m wind speed =
√
U10M2 + V10M2. (2.1)

We then compute the MERRA-2 daily average winds from hourly wind speeds. For

consistency, we also reconstruct the daily near-surface wind speeds from ERA-Interim

and MENA CORDEX based on the U and V components. In this chapter, we focus
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on onshore winds, thus all statistical metrics reported are computed based on land

areas only.

In this chapter, we focus on the January 1, 1980 to December 31, 2005 period (26

years), which is the overlapping period between the MENA CORDEX, MERRA-2

and ERA-Interim data sets. Spatial fields of reconstructed wind speed from MENA

CORDEX runs with a spatial resolution of 0.22°×0.22° or 0.44°×0.44° are interpo-

lated to a common 0.50°× 0.625° (latitude×longitude) grid to match the one used in

MERRA-2 by applying a simple neighborhood-averaging method. Analogous meth-

ods are used for re-gridding data from CORDEX to ERA-Interim spatial resolution

to evaluate model runs against that reanalysis product. The final data consist of

35× 35 = 1, 225 spatial locations in MERRA-2 spatial resolution and 31× 24 = 744

locations in ERA-Interim spatial resolution, over a period of 9,497 days.

In order to examine the wind spatial variability over regions with different to-

pographies and high energy potentials, we focus on six circular regions (referred to

as R1–R6, Figure 2.1) with a radius of 1 degree latitude/longitude, similar to those

proposed in Tagle et al. (2017). The elevation data are retrieved from Google Maps

Elevation API (Google Developers 2017). Region 1 (R1) is located between Tabuk

and Yanbu, whereas Region 3 (R3) is located between Yanbu and Mecca, both are

close to the Red Sea; Region 2 (R2) comprises the city of Sakaka in the North; Region

4 (R4) is close to the city of Wadi ad-Dawasir, East of the Asir Mountains; Region 5

(R5) is on a flatland in the Southern part of Riyadh; Region 6 (R6) is in the Northeast

and close to the Persian Gulf. The far eastern part of Saudi Arabia is not represented

within the region selection because of the substantially lower wind speeds over that

area throughout the year from both MERRA-2 and CORDEX. Given that major

interest is in areas of high energy potentials, that part of Saudi Arabia is discarded

from further analyses.
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Figure 2.1: Analyzed domain and location of the six regions (i.e., R1–R6) in Saudi
Arabia. The color shading indicates terrain elevation (in meters).

2.3 Methods

In this section, we illustrate some of the methods and metrics used in our research.

2.3.1 Taylor Diagram

The Taylor diagram (Taylor 2001) is a graphical tool designed to summarize the

following three statistical metrics used to quantify the similarity in spatial patterns

between model simulations and direct observations (or a reference): 1) the Pear-

son correlation, 2) the standard deviation, and 3) the Root-Mean-Squared Difference

(RMSD). The Taylor diagram has been widely used to provide a comparative assess-

ment of climate models in simulating global climate in relation to observational data

(Schmidt et al. 2006; Ebert et al. 2007; Haidvogel et al. 2008; Gleckler et al. 2008;

Chen et al. 2012; Pryor et al. 2012a). Specifically, in the Taylor diagram, the Pearson

correlation coefficient is represented by the azimuthal angle, the ratio of standard de-
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viations by the radial distance from the origin, and the RMSD is proportional to the

distance to a reference point on the x axis where the ratio of the standard deviations

is equal to 1 (Taylor 2001). Model simulations that lie closest to this reference point

on the x axis have the highest degree of agreement with the reference data, since

they have a high correlation, a similar standard deviation and a low RMSD relative

to observations.

In this chapter, we use the Taylor diagram to visually display the similarities of the

five MENA CORDEX simulations in relation to a reference reanalysis product based

on the three aforementioned statistical metrics. Model performances are assessed in

terms of temporal trends (such as the spatially averaged monthly mean wind speeds,

Section 2.4), spatial patterns (Section 2.5) and spatio-temporal patterns (Section 2.6)

of wind speeds.

2.3.2 Functional Boxplots

The functional boxplot (Sun and Genton 2011), an extension of the classical box-

plot, is an informative exploratory tool for visualizing data that continuously vary

in space and time. The classical boxplot can be created by simply ordering one-

dimensional observations from the smallest to the largest value. For functional data,

each observation is a function (e.g., a curve or an image), and all the observations

are center-outward ordered based on the concept of band depth (López-Pintado and

Romo 2009) or other notions of depth. Based on the ranking, a functional boxplot is

able to display three descriptive statistics: the median curve, the envelope of the 50%

central region, and the maximum non-outlying envelope (Sun and Genton 2011). Out-

liers are detected as exceeding 1.5 times the 50% central region, similarly to classical

boxplots.

In this chapter, we use functional boxplots to compare the spatio-temporal wind

speed and WPD patterns from both MENA CORDEX and MERRA-2, for current
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or future periods over the six selected regions introduced in Section 2.2.

2.3.3 Return Levels

High speed near-surface winds can be destructive to the integrity of infrastructures

(e.g., the electricity distribution networks). Therefore, an accurate assessment of

extreme wind speeds is crucial for engineering and risk management purposes (Cook

1986; Kunz et al. 2010). In this chapter, we estimate the extreme wind speeds from

both MENA CORDEX and MERRA-2 based on the M -year return level, defined as

an extreme event that, on average, occurs once everyM years. Following the standard

univariate extreme value theory (Davison and Smith 1990; Davison and Huser 2015),

we can model the wind speed variable Y over a high threshold u by the Generalized

Pareto Distribution GPD(τ, ξ) (Pickands 1975; Davison and Smith 1990):

Y − u | Y > u ∼̇H(y) =


1− (1 + ξ y

τ
)
−1/ξ
+ ,

1− exp(− y
τ
),

ξ 6= 0,

ξ = 0,

(2.2)

where (x)+ = max(x, 0), and ξ and τ > 0 are shape and scale parameters, respectively.

Hence, the distribution of Y is given by

P(Y ≤ y) = G(y) =


1− ζu

(
1 + ξ y−u

τ

)−1/ξ

+
,

1− ζu exp(−y−u
τ

),

ξ 6= 0,

ξ = 0,

y > u, (2.3)

where ζu = P(Y > u) is the probability of exceedance. The M -observation return

level z1/M (with return period M) of Y is simply

z1/M = G−1(1− 1/M). (2.4)

For dependent data (which is the case in our study where the temporal dependence

of wind speeds in summer is found to be strong in some locations), one has

P(Y ≤ y) ≈ {G(y)}nyearθ, y > u, (2.5)
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where θ is the extremal index that measures the degree of dependence in the data,

and nyear is the number of observations per year. We use an interval estimator (Ferro

and Segers 2003) for estimating θ. Hence, the M -year return level of wind speed is

given by

1− 1/M = {G(z1/M)}nyearθ ≈

{
1− ζu

(
1 + ξ

z1/M − u
τ

)−1/ξ

+

}nyearθ

(2.6)

⇒ z1/M ≈ u+
τ

ξ

{
(nyearMθζu)

ξ − 1
}
, ξ 6= 0. (2.7)

To avoid modeling complex spatio-temporal (seasonal) patterns, we restrict our at-

tention to the three Summer months, i.e., June, July and August (JJA), characterized

by the strongest wind regimes of the year.

2.3.4 Wind Power Density (WPD)

The wind power density (WPD) is an important measure for assessing the potential

of wind energy (Emeis 2013). It is defined as:

WPD =
1

2
ρw3, (2.8)

where w is the wind speed at a given measurement height or adjusted-to-hub height

(i.e., the traditional turbine operational height which we assume to be 80m), and ρ is

the air density. WPD is a measurement of the wind power that is available per unit

turbine area. There are several methods commonly used to extrapolate near-surface

wind speed measurements to the hub height. One is to use the power law method

(Emeis 2005), which assumes that wind speed at a certain height z is approximated

by:

w(z) = w(zr)

(
z

zr

)α
, (2.9)

where zr is the reference height, w(zr) is the wind speed at zr and α is the power

law exponent. In our case, we use the reconstructed near-surface wind speeds at 10

m from both MENA CORDEX and MERRA-2 as the reference height wind speeds,
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and assume that α = 1/7, as it is appropriate over open land surfaces and used

in prior studies on wind in Saudi Arabia (Tagle et al. 2017; Rehman et al. 2007).

Further, we assume that the air density at MENA CORDEX locations situated in

the neighborhood of a MERRA-2 location is equal to the air density at this MERRA-2

location. Using the interpolated air density, we compute WPDs at the finer CORDEX

spatial resolution to investigate in more details the regional behavior of wind power

potential in Saudi Arabia. We compute projected WPDs over the period 2025–2050

(26 years) based on the interpolated air density from the current 26-year period (i.e.,

1980–2005), even though minor changes in air density might occur due to regional

warming.

2.4 Temporal Variability of Spatially Averaged Wind Speeds

Here, we focus on the time series of spatially averaged daily wind speeds over land.

To analyze the variability in the annual cycle, we compute daily mean wind speeds

(Figure A.1) and monthly mean wind speeds (Figure 2.2(a)) over the 26-years period

1980–2005, from the five CORDEX runs and three reanalysis products (i.e. MERRA,

MERRA-2 and ERA-Interim). CORDEX simulations exhibit a significant negative

bias in wind speeds when compared to MERRA and ERA-Interim, but a much smaller

bias when compared to MERRA-2 during all months except for July and November

when MERRA-2 and ERA-Interim present comparable monthly mean wind speeds.

Analyses of the regional wind speed spatial and spatio-temporal patterns, shown in

the next paragraphs, also reveal that CORDEX is more similar to MERRA-2 than

to ERA-interim. Because of the higher degree of agreement between MERRA-2 and

MENA CORDEX outputs – likely as a result of the advancements in data assimila-

tion with respect to MERRA and ERA-Interim – we use MERRA-2 as the reference

in all our evaluation analyses. The mean of spatially averaged wind speed calculated

from MERRA-2 is approximately 3.5 ms−1, while the one from the five ensemble
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runs of MENA CORDEX varies between 2.8 ms−1 and 3.1 ms−1. Nevertheless, all

five CORDEX simulations capture the seasonality or annual cycle patterns and het-

eroskedasticity in MERRA-2, showing a higher variability of wind speeds in Winter

and Spring than in Summer and Fall.
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Figure 2.2: (a) Annual cycle of monthly mean wind speed (ms−1); Taylor diagrams of
(b) monthly mean and (c) seasonal mean wind speeds (ms−1) from spatially averaged
data for MERRA, ERA-interim, MERRA-2, and the five CORDEX runs, temporally
averaged during 1980–2005. In the Taylor diagrams, MERRA-2 is used as the ref-
erence. (d) Inter- and intra-annual variabilities of wind speed from MERRA-2 and
the five CORDEX runs during 1980–2005. The dashed lines represent metrics for
MERRA-2.

To examine which CORDEX run performs the best against MERRA-2 mean

wind speeds, we apply Taylor diagrams to spatially averaged monthly mean and
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seasonal mean wind speeds from the two data sets (Figure 2.2(b)–(c)). In both cases,

CORDEX-2 shows the highest agreement with MERRA-2, having a similar stan-

dard deviation, the highest correlation coefficient (> 0.97), and the lowest RMSD.

CORDEX-2 is simulated by applying RCA4, and is driven by the EC-EARTH model

setting a spatial resolution of 0.44° (latitude/longitude).

Wind fields fluctuate on different time scales such as daily, monthly, seasonally

and yearly. Thus, besides assessing their climatology, it is also important to quantify

their temporal variability. We first assess the inter- and intra-annual variabilities

of spatially averaged wind speeds from MENA CORDEX and MERRA-2 over land

areas for the period 1980–2005. The inter-annual variability is defined as the standard

deviation of annual mean wind speed among different years, and the intra-annual

variability is defined as the standard deviation of monthly mean wind speed among

different months (Chen et al. 2012; Pryor et al. 2012a). As we can see from Figure

2.2(d), all MENA CORDEX simulations, except for CORDEX-2, underestimate the

intra-annual (or monthly) variability, compared to MERRA-2. CORDEX-2 shows

the smallest distance to MERRA-2, which implies that it best captures MERRA-2’s

temporal variability. For wind power considerations, it is also important to reproduce

the extreme winds (e.g., 95% quantile) in addition to the mean wind fields. However,

since the extreme winds present higher uncertainties and variabilities over the study

region with such a complex topography, averaging over the whole domain will neglect

the significant regional variability. In fact, the Taylor diagram of 95% quantile wind

speed averaged over land areas indicates that the five CORDEX runs perform almost

equally poorly when comparing to MERRA-2. This issue from averaging over space

is not that severe for the monthly mean and seasonal mean wind speeds (as shown

in Figure 2.2(b)–(c)) due to the inherent seasonality of the wind climate. Instead,

we have investigated the extreme winds (1-year, 5-year, 10-year and 30-year return

levels) over the six selected regions (see Section 2.5) in order to examine the ability
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of CORDEX runs in capturing regional extreme wind climatology.

Finally, the comparison among three different reanalysis data —MERRA, MERRA-

2 and ERA-Interim (Figure 2.2(a)) — also implies that the biases are more likely to be

negative biases in the CORDEX model results and that the bias is higher when com-

paring to ERA-Interim and MERRA than MERRA-2. A more thorough evaluation

is limited due to the lack of direct observations over the study region.

2.5 Spatial Variability of Wind Speed Mean, Variance, Quan-

tiles and Return levels

We compute the mean, standard deviation and quantiles of the wind speed time

series from MERRA-2 and CORDEX, for the period 1980–2005 at each location in

the region of interest. The mean wind speeds are highly consistent within the five

CORDEX runs (Figure A.2), and show a negative bias for all locations except for the

regions adjacent to the Red Sea. For these regions, we find the bias to be close to

zero, whereas the bias is positive over most sea areas and Western Iran (Figure 2.3).

Similar results are found for the standard deviation (Figure A.3), the median (or 50%

quantile), and the 95% quantile of wind speeds (not reported).

Here again, we use the Taylor diagram to quantify the ability of each CORDEX

run to capture MERRA-2 spatial patterns. As indicated in Figure A.4, the skills

of MENA CORDEX in simulating MERRA-2 spatial fields of temporally averaged

mean, standard deviation, median and 95% quantile are quite similar. Since the

three statistical metrics in the Taylor diagram provide an overall assessment of model

skills at all locations within the study region, a higher model performance over spe-

cific regions might be offset and lead to an apparent similar performance of the five

CORDEX runs in relation to MERRA-2. Therefore, we assess the model’s perfor-

mance over the six regions selected in Section 2.2 (see Figure 2.4(a)-(b)). Although

no run shows a uniformly higher performance in capturing spatial patterns over all six
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Figure 2.3: Difference in mean wind speed (ms−1) between MERRA-2 and each of
the five MENA CORDEX runs during 1980–2005. Cold colors indicate a positive
bias in the model (i.e., the mean is larger for CORDEX than for MERRA-2); warm
colors show where the model is negatively biased in relation to MERRA-2. White
corresponds to 0 (i.e., no difference between MERRA-2 and CORDEX).

regions, CORDEX-4 appears to outperform the other runs. Specifically, CORDEX-4

has the highest skills in simulating mean wind speeds for regions R5 and R6, located

in the East part of Saudi Arabia, and in simulating wind speed variability for regions

R2, R4 and R5, located in the North, South and East, respectively. We should note

that CORDEX-5 has an ability to simulate mean wind speeds for R3 (located between

Yanbu and Mecca) and R4 (located east of the Asir Mountains) that is comparable to

CORDEX-4, and it outperforms CORDEX-4 in wind speed variability for R6 (located

near the Persian Gulf). All CORDEX runs exhibit a high ability to reproduce mean

wind speeds over the R3, R4 and R5 regions located in the South. Further, they

show good skills in capturing the wind speed variability for the R1 and R5 regions

located in the Northwest and East, respectively. In contrast, all five CORDEX runs

perform poorly in simulating winds over R2, located in the North, near the city of

Sakaka. Especially for wind speed standard deviations over R2 region, they exhibit
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low correlation coefficients (between 0.1 and 0.2), high standard deviation ratios and

proportional distances of RMSDs (both are between 2 and 3) in relation to MERRA-2

(not shown in the figure). With respect to the mean wind speeds, all CORDEX runs

present negative correlation coefficients with MERRA-2 in R1 (in the Northwest and

close to the Red Sea) and R2 (in the North).
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Figure 2.4: Taylor diagrams for the spatial fields of (a) mean wind speeds and (b)
wind speed standard deviations, over the six selected regions (indicated as R1–R6),
(c) monthly mean wind speed (with numbers indicating the corresponding month)
and (d) seasonal mean wind speed (with “wi”, “sp”, “su” and “fa” indicating Winter,
Spring, Summer and Fall, respectively) for the five CORDEX runs (in different colors).
MERRA-2 is used as the reference. Region 2 (R2) is not shown in (b) because its
values are significantly different from the others.

We also report the spatial fields of the 5-year return levels of near-surface wind
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speeds (Figure 2.5). The 5-year return levels that are computed from MERRA-2 are

higher than those computed from CORDEX simulations over most regions in Saudi

Arabia, except for the costal Red Sea region. One exception is CORDEX-4, which

exhibits higher values than those from MERRA-2 in the Southeast region of Saudi

Arabia between the Persian Gulf and Arabian Sea.
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(b) CORDEX−1 5−year log return level
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(c) CORDEX−2 5−year log return level
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(d) CORDEX−3 5−year log return level
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(e) CORDEX−4 5−year log return level

Longitude

La
tit

ud
e

1.0

1.5

2.0

2.5

Saudi Arabia
Red Sea

Persian Gulf

Arabian Sea

Iran
Iraq

Egypt

Sudan

R1

R2

R3

R4

R5

R6

35 40 45 50 55

20
25

30

(f) CORDEX−5 5−year log return level
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Figure 2.5: 5-year log return levels of wind speed (ms−1) from the five CORDEX runs
(b-f) and MERRA-2 (a).

To measure the degree of agreement between the five CORDEX runs and the

MERRA-2 return levels, we analyze the Taylor diagrams for their spatial fields over

the land areas in the whole study domain (Figure 2.6). For the 1-, 5- and 10-year

return levels, correlation coefficients between simulations and reanalysis are ∼ 0.35,

standard deviation ratios are close to 1, and the proportional distances of RMSDs are

between 1 and 1.5. Although the five CORDEX runs exhibit a similar performance,

CORDEX-4 shows slightly higher skills in reproducing MERRA-2 return levels. The

model performance worsens as the return period increases, due to a higher uncertainty

caused by a higher quantile of extreme wind speeds. We further investigate the model
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Figure 2.6: Taylor diagram of the spatial fields of (a) 1-year, (b) 5-year, (c) 10-year
and (d) 30-year wind speed return levels over the land areas in the whole study
domain for the five CORDEX runs (depicted by different colors), using MERRA-2 as
the reference.

performance in capturing wind speed return levels over the six regions (Figure 2.7).

CORDEX-4 outperforms the other runs in most cases, and CORDEX runs have the

highest skills in estimating return levels over R3, located inland the Red Sea coast,

between the cities of Yanbu and Mecca. Additionally, all CORDEX runs perform

poorly for the R2 region, located near the Northern city of Sakaka, and for R4,

located East of the Asir Mountains.

From the spatial analysis, we can conclude that the five CORDEX simulations
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Figure 2.7: Taylor diagram of the spatial fields of (a) 1-year, (b) 5-year, (c) 10-year
and (d) 30-year wind speed return levels over the six selected regions (indicated as
R1-R6) for the five CORDEX runs (depicted by different colors), using MERRA-2 as
the reference.

exhibit a negative bias – relative to MERRA-2 – in mean, standard deviations, median

and 95% quantile of wind speeds, as well as the 1-, 5-, 10- and 30-year return levels,

for almost all locations in Saudi Arabia, except the region near the coastline of the

Red Sea (where it is close to zero). The bias is positive, however, for sea areas

including the Red Sea, the Persian Gulf and the Arabian Sea. Based on the Taylor

diagrams, we conclude that the five CORDEX runs have almost the same ability

to simulate wind speed spatial patterns over the whole domain of study in relation

to MERRA-2. CORDEX-4 (which is driven by the GFDL-ESM2M model under
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a spatial resolution of 0.22° latitude/longitude) appears to perform slightly better

than the other CORDEX runs. When considering regional performances over the six

selected regions, CORDEX-4 exhibits significantly higher skills than the other runs

in most cases, and CORDEX-5 (which is driven by the EC-EARTH model under

a spatial resolution of 0.22° latitude/longitude) presents comparable or even higher

skills than CORDEX-4 in a few cases only. The higher performance of CORDEX-4

and CORDEX-5 in capturing the spatial variability and regional behavior of wind

climatology may be the result of the applied finer spatial resolution in CORDEX-4

and CORDEX-5 than in the other runs.

For comparison, we conduct similar analyses on the spatial fields using ERA-

Interim as the reference (see Figures A.5, A.6 and A.7). Results from these analyses

indicate that the difference (in absolute value) in mean wind speed with CORDEX is

higher for ERA-Interim than for MERRA-2. Further, the wind speed standard devi-

ation from ERA-Interim (MERRA-2) is lower (higher) than that from the CORDEX

runs over most regions in Saudi Arabia, possibly due to the coarser spatial resolu-

tion of ERA-Interim. Further, the Taylor diagrams of the spatial fields of mean,

standard deviation and quantiles of wind speeds indicate that the agreement between

ERA-Interim and CORDEX is lower than the one between MERRA-2 and CORDEX.

2.6 Wind Spatio-temporal Patterns

2.6.1 Annual Cycle of Wind Speeds over Saudi Arabia

In order to examine the similarity between CORDEX simulations and MERRA-2 in

describing the spatio-temporal behavior of wind speeds over Saudi Arabia for the

1980–2005 period, we analyze the annual cycle and seasonality at each location or

region of interest, instead of considering the spatial averages, as done in Section

2.4. We compute the monthly and seasonal mean wind speeds over 26 years, at

each location, and then use the Taylor diagram to assess the level of agreement
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between each of the five CORDEX runs and MERRA-2 spatial fields (Figure 2.4(c)-

(d)). We find that CORDEX-4 performs the best in January, August, September and

December, whereas CORDEX-5 performs the best in February, April, May, October

and November, and that these two runs also outperform the other runs in March, June

and July. With respect to the seasonal mean wind speeds, CORDEX-4 outperforms

the other runs in Winter and Summer, while CORDEX-5 outperforms the other runs

in Spring and Fall. The five CORDEX runs have the highest skills during the Summer

months of June, July and August (JJA), when the correlation coefficients are between

0.5 and 0.6, the ratios of standard deviations close to one, and the RMSDs relatively

low. CORDEX runs exhibit lower skills in May, September and October, when the

correlation coefficients are quite low, the standard deviation ratios far from one, or

the RMSDs high.

2.6.2 Temporal Wind Speed Variability over Six Regions in

Saudi Arabia

We have identified CORDEX-2 as the run with the best performance in reproducing

MERRA-2 annual or seasonal wind speed patterns, and CORDEX-4 as the run with

the best performance in simulating MERRA-2 spatial and regional wind speed pat-

terns. Hence, in this section, we use CORDEX-2 and CORDEX-4 for analyzing the

temporal evolution of wind speeds over the six selected regions, using MERRA-2 as

the reference. We compute the monthly means of daily wind speeds for each of the

26 years over the 1980–2005 period, and display the results for the six regions using

functional boxplots (Figure 2.8). Note that in the functional boxplot, the central

curve represents the median, the shaded band is the 50% central region envelope,

the band bounded by the outer curves is the maximum non-outlying envelope, and

the dashed curves are potential outliers. This analysis highlights discrepancies in the

annual cycle patterns, over the six regions, between MERRA-2 and CORDEX-2/4.
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Figure 2.8: Functional boxplots for the 26 times series of monthly mean wind speeds
(ms−1) during 1980–2005 from MERRA-2 (left), CORDEX-2 (center) and CORDEX-
4 (right) for each of the six regions.

For example, winds in R1 (Northwest and close to the Red Sea) from MERRA-2

exhibit peaks in Summer and lows in Winter, a pattern also found in the R6 region

(North and close to the Persian Gulf) based on CORDEX-2/4. On the other hand,

R6 from MERRA-2 shows lower seasonal fluctuations, similarly to what we obtained

with CORDEX-2/4 for the R1 region. As for R2 (in the North), MERRA-2 shows

strong winds in middle Spring, whereas CORDEX-2/4 show a peak in December

(with CORDEX-4 wind speeds even higher than those from MERRA-2 during the

Winter). Furthermore, CORDEX-2 and CORDEX-4 exhibit different skills with re-

spect to MERRA-2, in specific regions. For instance, CORDEX-2 can better capture

the MERRA-2 temporal trends than CORDEX-4 in R3 (in the West and close to
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the Red Sea) where winds are strongest in Summer, but CORDEX-4 is able to re-

produce the wind temporal variability (shown by the band width of the 50% central

region) of MERRA-2 in R2 (Northern region). The comparison of spatio-temporal

wind patterns between CORDEX and ERA-Interim indicates that all CORDEX runs

have quite low degree of agreement with ERA-Interim, and no run performs uniformly

better than the others. Only CORDEX-2 shows higher skills in reproducing mean

wind speed over Regions 3 and 6.

2.7 Wind Energy Potential in Saudi Arabia

The analyses presented in Sections 2.4, 2.5 and 2.6 show that CORDEX-4, which has

higher spatial resolution, better captures MERRA-2’s wind spatial and regional pat-

terns than CORDEX-2; however, this apparent improvement is lost when performing

spatial aggregation. Furthermore, when analyzing spatio-temporal wind speed pat-

terns, CORDEX-2 and CORDEX-4 exhibit different performances depending on the

month or season of the year and the region considered. This suggests that different

CORDEX runs should be adopted to assess the wind power potential depending on

the research focus, i.e., WPD temporal, spatial or spatio-temporal patterns. In this

section, we compute WPDs over Saudi Arabia for the current period (i.e., 1980–2005),

based on both MERRA-2 and CORDEX-2/4 data sets to investigate whether or not

the wind resource characterization shows any significant discrepancy between the two

data sets. In addition, since projections are available from MENA CORDEX for the

2006–2100 period, we compute WPDs for the future 2025–2050 period to make in-

ference about potential changes in projected wind resources. Based on our previous

findings, we use CORDEX-4 to investigate the spatial patterns of WPDs and both

CORDEX-2 and CORDEX-4 to analyze the temporal variability of WPDs over the

six selected regions. These analyses can be instrumental in establishing where wind

farms should be built, at present and future times when high WPDs are expected to
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occur.

2.7.1 Current and Future WPD Estimates

Since CORDEX-4 has the highest skills in simulating wind speed spatial patterns,

we use its output to compute WPDs. We first interpolate the air density variable

available in MERRA-2 for the current period 1980–2005 to the finer spatial resolu-

tion of CORDEX-4 (0.22° latitude/longitude), as described in Section 2.3. Figure A.8

shows the spatial fields of the mean, median, 95% quantile, and standard deviation

of WPDs at 80 m, computed from MERRA-2 and CORDEX-4 for the period 1980–

2005. WPDs computed from CORDEX-4 are generally smaller than those derived

from MERRA-2. This is because CORDEX runs have a systematic negative bias of

wind speeds, as discussed in Sections 2.4, 2.5 and 2.6. Thus, in order to identify pos-

sible discrepancies in the spatial variabilities of WPDs only, we ignore the difference

in WPD magnitude and subtract the mean over space. The resulting residuals show a

significant difference in WPD spatial variability between MERRA-2 and CORDEX-4

(Figure 2.9). Results from WPD computations using MERRA-2 show an abundant

wind power potential over a vast region in the Southwest, roughly bounded by longi-

tude 41–45°E and latitude 21–24°N. In this region, the mean WPD is ∼ 150 Wm−2

and the 95% quantile can reach up to 500 Wm−2. These values are comparable to

those obtained by Yip et al. (2016). Wind energy potential can be also found in

areas adjacent to the Persian Gulf. However abundant wind power is identified by

CORDEX-4 at only a limited number of locations, mostly in areas close to the Red

Sea.

When comparing to ERA-Interim, the residual maps of mean, median, 95% quan-

tile and standard deviation of WPD (Figure A.9) imply that the spatial fields of

ERA-Interim WPD appear quite different from those of CORDEX-4: similarly to

MERRA-2, ERA-Interim exhibits high WPD over a vast area in West Saudi Ara-
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bia between Regions 3 and 4, but ERA-Interim differs more from CORDEX-4 by

exhibiting high WPD over North Saudi Arabia.
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Figure 2.9: Residuals of mean, median, 95% quantile and standard deviation of WPD
(Wm−2) at 80 m computed from MERRA-2 (left) and CORDEX-4 (right) using the
power law method during 1980–2005.
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We now quantify the wind energy resources in the future (years 2025–2050) to

detect possible changes in the wind power potential. In Figure 2.10, CORDEX-4

projections show abundant wind resources over West Saudi Arabia between R1 and

R4 in Winter, but only moderate resources over a vast region in the North during

Spring. The areas close to the Red Sea and surrounding R3 (between Yanbu and

Mecca) exhibit a high energy potential in Summer, and the wind resource is the least

abundant in most areas during Fall. Based on the 95% quantile of WPD, however,

Red Sea shores seem to have a high wind energy potential in all seasons except Spring,

during which moderate WPDs are identified mainly in the North. Wind is extremely

abundant in the Northwest, between R1 and R3 (in the West and close to the Red

Sea) during Winter, with a 95% quantile higher than 500 Wm−2. On the other hand,

only a limited number of locations in the West and close to the Red Sea exhibit a

high wind power potential during Summer and Fall. We also observe high WPDs in

Summer over R6, which is close to the Persian Gulf. By comparing WPD maps for

current and future periods, we find that WPD projections are highly consistent with

current estimates. Hence, building wind farms at locations with high wind power

potential for both current and future wind harvesting should be strongly considered.

To analyze the temporal behavior of WPD over the six regions, we use both

CORDEX-2 (Figure A.10) and CORDEX-4 (Figure 2.11). A threshold of 300 Wm−2

(Wind Class 3) for WPD was proposed to identify sites for commercial scale power

production in the Regional Energy Deployment System (ReEDS) model of the Na-

tional Renewable Energy Laboratory (NREL) (Short et al. 2011). Yip et al. (2016)

have adopted a lower threshold of 200 Wm−2 (Wind Class 2) to quantify wind power

availability, due to the recent developments in low-wind turbines. We also indicate

the 200 Wm−2 threshold in Figures A.10 and 2.11. The temporal variabilities of con-

temporary WPDs for MERRA-2 and the two CORDEX runs are quite different over

the selected regions. For example, in R1 (in the Northwest and close to the Red Sea),
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Figure 2.10: Median (the first two columns) and 95% quantile (last two columns) of
log WPD (Wm−2) by seasons (on different rows) for the current period (1980–2005,
first and third columns) and in the future (2025–2050, second and fourth columns)
from CORDEX-4.

MERRA-2 shows extremely abundant wind resources in Summer, but CORDEX-2/4

only indicate moderate WPDs (all below the threshold) in this region during the en-

tire year. In R2 (in the North), CORDEX-2/4 show the highest WPDs during late

Winter and early Spring, which are usually higher than those from MERRA-2. In

R6 (near the Persian Gulf), CORDEX-2/4 show abundant wind resources in Sum-

mer, but MERRA-2 presents less volatile WPDs that are all below the threshold.

Moreover, WPDs in R4 and R5 (in the East) indicate a systematic negative bias of

CORDEX-2/4 relative to MERRA-2 both in the magnitude and temporal variabili-

ties. In R3 (in the West and close to the Red Sea) and R5 (in the East), MERRA-2

reveals WPD above the threshold in July, whereas CORDEX-2/4 exhibit WPDs sig-

nificantly below the threshold. High wind energy potentials in CORDEX-2/4 over
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their respective regions tend to persist from current to future climates, as highlighted

by the functional boxplots of current and future mean WPDs.
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Figure 2.11: Functional boxplots for the 26 time series of monthly meanWPD (Wm−2)
from MERRA-2 (left) and CORDEX-4 (center), in the current period (1980–2005).
The right panel shows WPD from CORDEX-4 in the future period (2025–2050) for
each of the six regions. The dashed lines indicate the 200 Wm−2 WPD threshold.

2.8 Model Biases and Performance Discrepancies

Here we investigate possible sources of model biases and discrepancies against a target,

and discuss the associated implications for wind energy potential assessment. As

shown in Figure 2.2(a), the difference between CORDEX and MERRA-2 is as large as
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about 10% even for the best scenario. This bias will be augmented by a cubic growth

(as shown in Equation (2.8)) when estimating the WPD, which is not negligible.

In regional climate simulations, a regional model is often tuned to have an opti-

mal configuration over a specific spatial domain and thus to produce the most ac-

curate results with respect to some observed data set (Kalognomou et al. 2013).

Simulated results may be sensitive to the size and topography of the domain, the

choice of RCM, the initial conditions, the lateral boundary conditions or the choice

of driving ESMs, temporal/horizontal/vertical resolutions and physical parameteri-

zation schemes. There have been many diagnostic studies on how these factors can

introduce inter-model or intra-model variabilities as well as systematic biases of sim-

ulated climate variables in an RCM, such as precipitation and surface temperature

(see e.g., Crétat and Pohl (2012), Kalognomou et al. (2013), Zittis and Hadjinicolaou

(2017)). Some studies have sought to attribute the sources of bias in wind speeds from

regional climate simulations, although none of them focused on the MENA region.

Effects of initial/boundary conditions, spatial resolutions and adopted parameteriza-

tions on regionally simulated winds were investigated, for example, in Borge et al.

(2008), Carvalho et al. (2012), Chen et al. (2012), Pryor et al. (2012a), Pryor et al.

(2012b) and Carvalho et al. (2014).

In this chapter, we have assessed the influence of lateral boundary conditions and

spatial resolution on wind speeds from MENA CORDEX simulations by comparing

the original runs against two additional MENA CORDEX evaluation runs driven by

ERA-Interim. We have also included a comparison against ERA-Interim as additional

reanalysis product to investigate the magnitude of the model bias. Figure 2.12 shows

the annual cycle of monthly mean wind speed from spatially averaged data and the

temporal variabilities for MERRA, ERA-Interim, MERRA-2 and the CORDEX runs.

Panels (a) and (b) compare CORDEX runs adopting the same spatial resolution but

different boundary conditions and indicate that the magnitude of wind speeds from
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Figure 2.12: (a) Annual cycle of monthly mean wind speed from spatially averaged
data for MERRA (black dotted line), ERA-interim (black dashed line), MERRA-2
(black solid line) and the CORDEX runs with spatial resolution 0.22◦×0.22◦, (b) the
CORDEX runs with spatial resolution 0.44◦ × 0.44◦, (c) the CORDEX runs driven
by ERAINT, (d) the CORDEX runs driven by EC-EARTH, and (e) the CORDEX
runs driven by GFDL-ESM2M, temporally averaged during 1980–2005. (f) Inter- and
intra-annual variabilities of wind speeds from all data sets during 1980–2005. The
solid line, dashed line and dotted line represent metrics for MERRA-2, ERA-Interim
and MERRA, respectively.

CORDEX evaluation runs fluctuates more throughout the year than those from the

historical runs with the same spatial resolution. In this comparison the magnitude
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of the bias between CORDEX and the reanalysis product varies both depending on

the driving ESM and the time of the year. Panels (c)-(e) compare CORDEX runs

driven by the same ESM but adopting different spatial resolutions. Specifically, the

evaluation run with higher spatial resolution is less biased relative to the reanalysis

products throughout the year except for July and August, but the the historical run

driven by EC-EARTH with higher spatial resolution (CORDEX-4) is less biased than

the run with lower spatial resolution (CORDEX-2) only in March, and the historical

run driven by GFDL-ESM2M with higher spatial resolution (CORDEX-5) is much

more biased than the run with lower spatial resolution (CORDEX-3) throughout

the year. Also from (a)-(e), MERRA and ERA-Interim deviate even more from

the CORDEX runs, except during July and November when ERA-Interim shows

comparable monthly mean wind speeds with MERRA-2. From (f), the CORDEX

evaluation run with higher spatial resolution (CORDEX22) shows a much lower intra-

annual variability compared to the run with lower spatial resolution (CORDEX44),

and the five CORDEX historical runs are more concentrated around MERRA-2 than

around ERA-Interim or MERRA, with CORDEX-2 showing the best agreement with

MERRA-2. In conclusion, the bias between MENA CORDEX simulations and the

reanalysis data appears to be related to both the spatial resolutions applied and the

driving lateral boundary conditions. Additional possible sources of model bias relate

to the RCM and specific physical schemes choices. A more thorough assessment of

the sources of the bias of simulated wind speeds over the MENA domain, which is

characterized by a complex and diverse terrain and meteorology, including extended

mountainous and coastal areas, as well as wide deserts, is certainly a relevant topic

that will be part of future investigations in which higher resolution simulations will

be performed (e.g., by applying the Weather Research and Forecasting model).

To compensate for the systematic model biases, different approaches could be

applied depending on the analyzed wind statistics (e.g., mean, standard deviation,
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high quantiles, and return periods). Further, the bias will vary both in space and

time and additional uncertainties on the corrected WPD estimates will derive from

the reanalysis products themselves. Here we investigate the spatial variability in

model bias and quantify its impact on WPD estimates. For each of the six regions, we

compute the percentage biases for the mean, SD, median, 95% quantile of wind speeds

for the five CORDEX historical runs relative to MERRA-2 over the 26 years (i.e.,

1980–2005, see Figure 2.13). The biases for the mean wind speeds from CORDEX-2/4

are largest in regions of low winds (i.e., R5) and the absolute values of biases in regions

of high wind power potential (i.e., R3 and R4) are generally within 10% (Table 2.2).

These results suggest that the mean WPD estimates would also be inflated should a

bias correction be applied.
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Figure 2.13: Percentage biases between the five CORDEX historical runs (indicated
in different colors) and MERRA-2 in mean, standard deviation, median and 95%
quantile of wind speeds during 1980–2005, averaged over each of the six selected
regions (indicated by the symbols R1-R6). The dashed line indicates no bias and the
dotted lines represent the 10% percentage bias band.
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Table 2.2: Percentage biases for CORDEX-2/4 with respect to MERRA-2 in mean
wind speeds during 1980–2005, averaged over each of the six selected regions.

Model run Region 1 Region 2 Region 3 Region 4 Region 5 Region 6
CORDEX-2 −13.91 5.65 −1.46 −8.46 −26.06 −18.77
CORDEX-4 −11.51 8.84 −7.29 −14.39 −27.09 −19.44

2.9 Conclusion and Discussion

This chapter presents the first assessment of wind energy resources and associated

spatio-temporal patterns over the entire Arabian Peninsula, based on evaluations

using regional model runs from MENA CORDEX against the MERRA-2 reanalysis

product. Results from our study indicate that the MENA CORDEX runs:

• capture the spatially averaged temporal (monthly and seasonal) patterns iden-

tified by the reanalysis data (even though they tend to underestimate the intra-

annual variability), and that the highest wind speeds are identified during Sum-

mer (when the models also have highest skills) and Winter months;

• present a systematic negative bias in reproducing the reanalysis wind speed

magnitude over most of the Arabian Peninsula with the exception of the Red

Sea coastline that shows a bias close to zero;

• indicate similar spatial patterns, although the highest agreement with reanalysis

data is found when the model is run at higher spatial resolution;

• identify high wind power potentials for different months or seasons depending

on the region.

Saudi Arabia is characterized by regions of high wind power density potential,

mostly located along the Red Sea coast and over areas in the Southeast and adjacent

to the Persian Gulf. However, high wind energy potential can be also found in other

regions during specific seasons. The analysis of a regional climate model output

allows us to investigate possible changes in wind resources as a result of climate
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change. Specifically to Saudi Arabia, we establish that, in future decades (up to

2050), based on CORDEX projections, these areas will consistently show a high wind

power density and thus may be good locations for harvesting wind sources.

The publication related to this chapter is as follows:

Wanfang Chen, Stefano Castruccio, Marc G. Genton, and Paola Crippa (2018), “Cur-

rent and Future Estimates of Wind Energy Potential Over Saudi Arabia”, Journal of

Geophysical Research: Atmospheres, 123:6443–6459.
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Chapter 3

Assessing the Risk of Disruption of Wind Turbine Operations

in Saudi Arabia Using Bayesian Spatial Extremes

3.1 Chapter Overview

Facing the rising demand in energy resulting from the industrial development, urban-

ization and growth of its population, Saudi Arabia is seeking to change the heavy

reliance on fossil fuels for its energy needs by investing in its largely underused poten-

tial of renewable energy. According to KA-CARE (2012), Saudi Arabia is planning

to build a capacity of 54 GW of renewable energy portfolio by 2032, of which 9 GW

are expected to come from wind power. The NEOM project (The NEOM Project

2017), initiated from the Saudi Vision 2030 (Alturki and Alsheikh 2016), also aims at

pursuing a very large, self-sustainable city with a substantial reliance on wind energy.

Wind has an intermittent nature, and hence implies a high level of uncertainty

in assessing its intensity. Wind extremes are of particular interest as they can be

destructive to the integrity of wind turbines, or force their shutdowns, thus bringing

a threat to the stability of the production of wind power. Shutdowns on a large

number of wind turbines, even on a small number of wind farms, can result in a

deep and fast drop in wind power output, which can have a large impact on the local

electrical grid. Therefore, an accurate assessment of wind extremes is crucial for risk

management purposes. Recently, several studies have been carried out to evaluate the

wind power potential over Saudi Arabia (Rehman and Ahmad 2004; Rehman et al.

2007; Shaahid et al. 2014; Yip et al. 2016; Chen et al. 2018; Giani et al. 2020), yet little

work has focused on the risk assessment of extreme wind speeds. In this chapter, we
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aim to provide the first high-resolution risk assessment of disruption of wind turbine

operations in Saudi Arabia by modeling the spatial extremes of wind speeds. To do

so, we use a newly developed, unique data set generated by the Weather Research and

Forecasting (WRF) model with 5 km × 5 km spatial resolution over Saudi Arabia,

produced by Yip (2018).

Historically, the generalized extreme-value (GEV) distribution and generalized

Pareto distribution (GPD) in Extreme-Value Theory (EVT) have been used in the

statistical modeling of extremes at individual locations. Since the univariate extreme

value analysis typically only uses very limited observations in the tail, it is useful

to pool data from all locations to reduce the uncertainty of parameter estimates.

Furthermore, since extreme values are usually spatially correlated, it is important

to borrow information from neighboring locations. Recently, researchers have been

increasingly focusing on the modeling of spatial extremes, i.e., modeling the joint tail

behaviors of extremes in space by characterizing the spatial dependence of extremes

between locations. The classical methodologies for modeling spatial extremes can be

divided into three main classes: copula, max-stable and latent process models. The

copula and max-stable models directly apply a spatial model to the extreme values

to capture the spatial dependence, whereas the latent process models assume a la-

tent spatial process embedded into the parameters of the marginal distribution at

each location; see Davison et al. (2012) for a review and comparison of these three

approaches. More recently, Huser and Wadsworth (2020) reviewed the advances in

statistical modeling of spatial extremes, which includes the Pareto process models

and sub-asymptotic models. The so-called near-independence models (e.g., Ledford

and Tawn 1996, 1997; Heffernan and Tawn 2004; Ramos and Ledford 2009) for spa-

tial extremal data have also been developed to capture the decreasing dependence for

increasing rare events that classical models are not able to capture. For example, the

conditional extremes model of Heffernan and Tawn (2004) has been used in several
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studies on spatial extremes (e.g., Winter et al. 2016; Towe et al. 2019). An alterna-

tive method for modeling spatial extremes by borrowing strength across locations is

regional frequency analysis (RFA) by Hosking and Wallis (1997) as applied in Weiss

et al. (2014).

Many studies evaluating the wind extremes over a spatial domain have applied

the extreme-value theory to data from climate model outputs, but assumed that the

extreme values across locations are mutually independent (e.g., Kharin and Zwiers

2000; Nikulin et al. 2011; de Winter et al. 2013; Kumar et al. 2015). Some studies

have modeled the spatial dependence in the extremes based on max-stable processes

(e.g., Huser and Davison 2014) or copulas (e.g., Sang and Gelfand 2010), but the

implementation of these models in large dimensions, such as for the spatial domain of

a WRF model, can be very difficult. The latent process approach is most naturally

performed in a Bayesian setting due to the hierarchical modeling procedure involved,

where Markov chain Monte Carlo (MCMC) algorithms can be used to quantify the

uncertainty (e.g., Banerjee et al. 2014). Davison et al. (2012) concluded that Bayesian

hierarchical models are well suited for computing marginal properties such as return

levels, which are often used to analyze the extreme behaviors of climate variables.

Therefore, the latent process approach is retained in the present chapter for assessing

the wind speed return levels based on the large WRF data set. We do not adopt the

RFA for our application since it does not provide a satisfactory method of uncertainty

quantification as stated in Cooley et al. (2007), who presented the first use of Bayesian

hierarchical models to produce a map characterizing precipitation extremes across a

geographic region with data from 56 stations. Later on, Cooley and Sain (2010)

developed a spatial hierarchical model for extreme precipitation data from a Regional

Climate Model (RCM) at 2, 464 locations. Other similar applications, either using

station data or gridded data from climate models, include Gaetan and Grigoletto

(2007), Sang and Gelfand (2009), Turkman et al. (2010), Jalbert et al. (2017) and
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Castro-Camilo et al. (2019).

To our knowledge, Cooley and Sain (2010) performed the first study on spa-

tial hierarchical modeling of extremes for gridded data from an RCM. The spatial

non-stationarity was captured by modeling the spatially varying parameters of the

marginal extreme value distribution with latent Gaussian processes. Geophysically-

based covariates, such as the longitude, latitude and elevation, were incorporated into

the extremes modeling. The hierarchical procedure was implemented in a Bayesian

framework, and inference was based on the MCMC posterior samples.

One limitation of the model presented by Cooley and Sain (2010) is that it can

only be applied to small data sets, and is therefore not computationally feasible to

our much larger data set over the climatologically more diverse spatial domain. In

this study, we apply a novel hierarchical spatial extremes model to wind speed data

in the new high-resolution WRF data set from Yip (2018). Our main contributions

can be summarized as follows:

1. we provide smooth estimates of the spatial parameters by performing inference

with neighboring spatial clusters;

2. we provide computationally affordable inference by means of appropriately-

divided subregions and parallelization, instead of focusing on a full spatial anal-

ysis;

3. we provide the first high-resolution risk assessment of wind extremes over Saudi

Arabia, with uncertainty quantified in the Bayesian framework;

4. we provide evidence for the inadequacy of using a proper multivariate condi-

tional autoregressive (CAR) model to capture the spatial random effects in high

spatial-resolution data sets, and we demonstrate that the improper multivariate

intrinsic autoregressive (IAR) specification in the Bayesian framework is more

appropriate for capturing the irregular and strong spatial dependence.
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The remainder of this chapter is organized as follows. In Section 3.2, we describe

the new WRF data set, as well as the preprocessing required to apply the spatial

extremes model. In Section 3.3, we introduce the methodologies used in this chapter,

including the univariate extreme value analysis, the spatial clustering method and the

spatial extremes model. Section 3.4 provides the computational details. In Section

3.5, we summarize the main results for parameter and return level estimations, and

analyze the risk of disruption of wind turbine operations in Saudi Arabia. We then

draw some conclusions in Section 3.6.

3.2 Data

Wind turbines operate at hub heights ranging from 50 to 140 meters and are highly

sensitive to the local surface topography. Hence, assessing the near-surface wind re-

sources and managing the risk of wind extremes require high-resolution data with

detailed local surface information. For regions such as Saudi Arabia, with sparse and

difficult access to data from monitoring stations, spatio-temporal gridded data sim-

ulated from General Circulation Model (GCM) experiments and Regional Climate

Model (RCM) experiments are usually used to infer global or regional wind climatol-

ogy. GCMs can only capture large-scale features of winds, due to the coarse spatial

resolution (typically hundreds of kilometers) applied. RCMs are able to reproduce

the localized wind variabilities, with spatial resolutions of tens of kilometers.

In this chapter, we use a newly obtained data set with high spatial resolution

over Saudi Arabia, produced by Yip (2018) in the Atmospheric and Climate Model-

ing group at KAUST. This new data set was produced using the Weather Research

and Forecasting (WRF) model (specifically, WRF-ARW version 3.9.1), a state-of-

the-art mesoscale Numerical Weather Prediction (NWP) model developed at the

National Center for Atmospheric Research (NCAR) Mesoscale and Microscale Me-

teorology Laboratory. The initial and boundary conditions are from the Integrated
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Forecasting System (IFS) analysis data set at the European Center for Medium-range

Weather Forecasting (ECMWF). The data set is validated for various aspects of wind

characteristics (the mean and variability of wind speed and wind power generation,

mean episode length, etc.), using the Modern Era Retrospective-Analysis for Re-

search and Applications (MERRA) reanalysis data set as the reference. The original

WRF data are provided on a spatial resolution of approximately 5 km × 5 km with

769× 659 = 506, 771 locations covering the Arabian Peninsula, over a period ranging

from 2009 to 2014, with hourly temporal resolution. The temporal dimension is lim-

ited to six years, due to the high computational demands of performing a numerical

simulation at such a fine spatial resolution. In this chapter, we focus on Saudi Arabia,

with 83, 981 gridded spatial locations, bounded approximately by longitudes 34–56°E

and latitudes 15.5–33°N. In order to avoid modeling the complex non-stationarity

over time due to seasonality, we restrict our attention to the three Summer months,

June, July and August (JJA), characterized by the strongest wind regimes of the year

(Yip et al. 2016; Tagle et al. 2019). Finally, we extrapolate the wind speed to the

hub height of 140 meters, a reference height for the latest generation of turbines (Yip

et al. 2016). For this, we adopt the commonly used power law method (Emeis 2005),

which assumes that wind speed at a certain height z is approximated by:

w(z) = w(zr)

(
z

zr

)α
,

where zr is the reference height, w(zr) is the wind speed at zr and α is the power law

exponent. We assume that α = 1/7, a condition implying a stable boundary layer, an

appropriate condition over open land surfaces (Pryor and Barthelmie 2011) that has

been used in previous studies on wind in Saudi Arabia (Rehman et al. 2007; Tagle

et al. 2019; Chen et al. 2018).
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3.3 Methodology

In this section, we illustrate the statistical methodology used in this chapter. First,

we introduce the approaches for univariate extreme value analysis. One of these (the

point process approach) is used as the first level of our hierarchical spatial extremes

model. We then illustrate how the domain is divided into smaller regions with clus-

tering. Lastly, we demonstrate how we can perform inference with our hierarchical

model.

3.3.1 Univariate Extreme-Value Analysis

Extreme-Value Theory (EVT) (Fisher and Tippett 1928; Resnick 1987; Coles 2001;

de Haan and Ferreira 2006) has played an important role in univariate extreme value

analysis. For statistical modeling of extremes based on EVT, one approach relies on

the limiting distribution families for sample block-maxima that satisfy the property

of max-stability. Suppose Z1, Z2, . . . is a sequence of i.i.d. continuous scalar random

variables and let Mn = max{Z1, . . . , Zn}. The Extremal Types Theorem (Fisher and

Tippett 1928; Gnedenko 1943) states that if there exist sequences of constants an > 0

and bn such that, as n→∞, P{(Mn − bn)/an ≤ z} → G(z) for some non-degenerate

distribution G, then G can only have the following generalized extreme-value (GEV)

distributional form:

G(z) =


exp

{
−
(
1 + ξ z−µ

σ

)−1/ξ

+

}
, ξ 6= 0,

exp
{
− exp

(
− z−µ

σ

)}
, ξ = 0,

where a+ = max(0, a), µ is the location parameter, σ > 0 is the scale parameter, and

ξ is the shape parameter determining the rate of tail decay, with ξ > 0 giving the

heavy-tailed (Fréchet) case, ξ = 0 giving the light-tailed (Gumbel) case, and ξ < 0

giving the short-tailed (reversed Weibull) case.

Another approach for modeling extremes is to investigate the exceedances over
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a given threshold. Suppose that the block maxima Mn = max{Z1, . . . , Zn} are ap-

proximately GEV(µ, σ, ξ). Denote an arbitrary term in Z1, Z2, . . . as Z. We can

then approximate the distribution of Z exceeding a well-chosen high threshold u by

GPD(τ, ξ), which is also defined in Equation 2.2:

P(Z − u < z | Z > u) =


1− (1 + ξ z

τ
)
−1/ξ
+ ,

1− exp(− z
τ
),

ξ 6= 0,

ξ = 0,

where ξ and τ > 0 are shape and scale parameters, respectively.

An alternative to the GPD approach for modeling threshold exceedances is the

Point Process (PP) approach (Smith 1989). Suppose that we observe ny (where y

is shorthand for years) block maxima, which are approximately GEV(µ, σ, ξ). Then

the point process
{(

i
n+1

, Zi−bn
an

)
; i = 1, . . . , n

}
is well approximated above some high

threshold u by a Poisson point process with mean measure

Λ([t1, t2]× (z,∞)) = ny(t2 − t1){1 + ξ(z − µ)/σ}−1/ξ
+ , z > u, 0 ≤ t1 < t2 ≤ 1.

Let u be a high threshold ensuring that the points in [0, 1]× (u,∞) are well approx-

imated by a Poisson point process. The Poisson process likelihood is

L(µ, σ, ξ | z1, . . . , zn) ∝ exp

{
−ny

(
1 + ξ

u− µ
σ

)−1/ξ

+

}
Nu∏
i=1

{
1

σ

(
1 + ξ

z(i) − µ
σ

)−1/ξ−1

+

}
,

(3.1)

where z(1), . . . , z(Nu) are the Nu observations exceeding the threshold u.

3.3.2 Spatial Clustering

The main difficulty of applying a spatial extremes model to our large spatial domain

is the computational infeasibility. We choose to divide the study region into small

clusters and fit the model to the subregions instead of the whole Saudi Arabia. This

allows us to capture the locally stationary features of our model while also reducing

the computational burden with parallel computing.
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In this study, we use the simple and fast k-means clustering method that partitions

N observations of dimension p into k clusters in which each observation belongs to

the cluster with the nearest mean, serving as a prototype of the cluster. Specifically,

given a set of observations x1,x2, . . . ,xN , where each observation is a p-dimensional

real vector, k-means clustering aims to partition the N observations into k (k ≤ N)

sets, S = {S1, S2, . . . , Sk}, in order to minimize the within-cluster sum of squares; the

objective is to find

arg min
S

k∑
i=1

∑
x∈Si

‖x− µi‖2,

where µi is the mean of the points in Si.

Due to the large and climatologically diverse spatial domain of interest, a model

with a constant shape parameter ξ would not be adequate, neither would a simple

formula for characterizing the variability of ξ, such as a linear regression on the lati-

tude and longitude, be adequate. Therefore, we model ξ spatially, in addition to the

location parameter µ and the scale parameter σ. In order to characterize the spatial

variability of ξ, we use this property as our main factor for clustering. Specifically, we

use the marginal estimates for ξ, such as the maximum likelihood estimate (MLE),

obtained independently in each grid cell. However, empirical studies have shown that

absurd values for ξ can be generated by MLEs, especially in small samples. In order

to restrict ξ to a statistically and physically reasonable range, Martins and Stedinger

(2000) suggested to use the generalized MLE (GMLE), obtained by maximizing the

generalized log likelihood with a prior for ξ added to the log likelihood. We follow

Martins and Stedinger (2000) by using a beta density prior, but instead of using the

beta parameters (6, 9), as they did, we use the parameters (6, 4) which are better

adapted to the wind-speed application.

In the k-means clustering, we impose contiguous spatial clusters for better inter-

pretability, hence longitude and latitude are also included for clustering. We then
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choose the value for k and assign weights for the three clustering factors in order to

yield appropriate contiguous clusters that are 1) big enough for the identifiability of

model parameters, 2) small enough for computational feasibility for fitting the spatial

extremes model in each of the k cluster neighbors (whose definition will be introduced

later), and 3) similar in size for easier implementation of parallel computing. Exten-

sive sensitivity analysis on the spatial clustering reveals that the spatial patterns of

clusters are quite similar for different calibrated values of k and different assigned

weights that put more weight on ξ; see Figure B.1. Table B.1 shows the range of

cluster sizes for each of the selected settings. We find that a configuration of k = 200

with assigned weights (0.2, 0.2, 0.6) (for longitude, latitude and GMLEs of ξ, respec-

tively) achieves a reasonable compromise among the above noted considerations. The

choice of k = 250 with assigned weights (0.2, 0.2, 0.6) is a potential alternative, which

will be used for further sensitivity analysis on the end results from our Bayesian hi-

erarchical model in Section 3.5. Figure 3.1(a) depicts the mean of marginal GMLEs

for ξ within each cluster where k = 200 and the assigned weights are (0.2, 0.2, 0.6).

We can see a clear non-stationarity and a continuously varying pattern of the shape

parameter over the spatial clusters. Figure 3.1(b) provides a detailed representation

of one randomly selected spatial cluster with six locations in that cluster, which will

be used in Section 3.4.

Fitting the model to each of the k = 200 spatial clusters independently and com-

bining the results would produce discontinuities on the boundaries between clusters.

Instead, we fit the model independently to cluster neighbors (i.e., the locations in

each cluster as well as its neighboring clusters), and retain only the results for that

single cluster. Here we illustrate how this algorithm works in one randomly selected

cluster neighbor shown in Figure 3.2. In order to get the estimates for locations in the

central cluster in Figure 3.2, instead of fitting our model in that single cluster only, we

fit our model in its cluster neighbor (i.e., all the seven clusters shown), but only the
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Figure 3.1: (a) Cluster means for marginal GMLEs of the shape parameter ξ over
Saudi Arabia. (b) Zoom-in elevation (in meters) map for the randomly selected cluster
and six locations labeled as “+” and numbered as 1, 2, . . . , 6.

estimates in the central cluster are retained. By doing so, we can see in Section 3.5

that the boundary effect can be eliminated as there is no visible discontinuity on

the boundaries of clusters, and the maps can be greatly smoothed with information

borrowed from the neighboring clusters.
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Figure 3.2: Example for a cluster neighbor. Each color represents one single cluster,
and all the seven clusters represent the cluster neighbor of the central cluster in blue.
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3.3.3 The Hierarchical Spatial Extremes Model

In this section, we introduce the Bayesian hierarchical extremes model for each of the

subregions. This model consists of three levels: data, process and prior.

• Data level

The threshold exceedances at each location are assumed to follow the PP

model with the modified Martins and Stedinger (2000) prior, as described in

Section 3.3.2, and the observations are conditionally independent, given the

marginal PP parameters. Hence, the generalized likelihood function linked to

Equation (3.1) is given by

N∏
i=1

[
exp

{
−ny

(
1 + ξi

ui − µi
σi

)−1/ξi

+

} Nui∏
k=1

{
1

σi

(
1 + ξi

zi,k − µi
σi

)−1−1/ξi

+

}

× Γ(10)

Γ(6)Γ(4)
(0.5 + ξi)

5(0.5− ξi)3

]
,

where N is the number of grid cells in the spatial domain of interest (i.e., each

of the aforementioned cluster neighbors), ny is the number of years of observa-

tions at each location, and zi,k, k = 1, . . . , Nui , are the observations exceeding

the threshold ui in grid cell i, i = 1, . . . , N . In this study, the range for N

(the number of grid cells in each of the 200 cluster neighbors) is [963, 4063],

and ny = 6 (the number of years of wind speed data at each location) for all

the cluster neighbors. To set the thresholds ui, i = 1, . . . , N , one fast way is

by using a rule of thumb to choose the r largest observations, where the 90%

quantile is commonly used (DuMouchel 1983; Scarrott and MacDonald 2012).

In this study, since the amount of data is large (hourly wind speeds in Summer

with 13, 248 time points at each location), we choose a higher quantile, i.e.,

the 95% quantile as the threshold. The QQ-plots for marginal GPD fitting at

9 randomly selected locations (see Figure B.2) show that the 95% quantile is

sufficiently high for the GPD to adequately model the exceedances. Graphical
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approaches for choosing a threshold, such as the mean residual life plot (Davi-

son and Smith 1990) and parameter stability plot, are far more time-consuming

than using a rule of thumb, especially for our large data set. We further de-

cluster the threshold exceedances and only the cluster maxima are used with a

common length of the cluster interval of 24 hours (Smith 1985). The resulting

time series (i.e., the cluster maxima), at each location, exhibit lengths rang-

ing from 39 to 162 (i.e., Nui ∈ [39, 162], i = 1, . . . , N), and are found to be

stationary, based on simple diagnostics such as the Auto-Correlation Function

(ACF) plots, the Augmented Dickey-Fuller test and Ljung-Box test. To provide

quantitative justification for using 95% quantile rather than 90% quantile as the

threshold, we compare the values of threshold and goodness of fit for the GPD

model used for marginal extremes based on the KL divergence at each location;

see Figure B.3. The thresholds are much lower and the KL divergences are

much higher for most of the locations using 90% quantile than those using 95%

quantile, which indicates that the common choice of 90% quantile may not be

adequate here. A higher quantile than 95% could be chosen, but it would result

in fewer exceedances and thus lead to higher uncertainty in the parameter es-

timates. In addition to the marginal fitting, the choice of threshold would also

influence the end results of applying our spatial extremes hierarchical model,

which will be discussed in Section 3.5.

• Process level

The three PP parameters are assumed to be spatially varying and modeled with

latent Gaussian processes:

µi ∼ N (X>i βµ + φi,µ, 1/τ
2
µ), i = 1, . . . , N,

log(σi) ∼ N (X>i βσ + φi,σ, 1/τ
2
σ), i = 1, . . . , N,

ξi ∼ N (X>i βξ + φi,ξ, 1/τ
2
ξ ), i = 1, . . . , N,
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where Xi is a vector of covariate information for location i, and βθ (θ =

µ, σ or ξ) is the vector of regression coefficients. We incorporate some geophysically-

based covariates, i.e., longitude, latitude and elevation, all rescaled to a range

of [0, 1]. Here τ 2
θ (θ = µ, σ or ξ) is a fixed precision, and φ = (φ>1 , φ

>
2 , . . . , φ

>
N)>

(φi = (φi,µ, φi,σ, φi,ξ)
>, i = 1, 2, . . . , N) is the spatial random effect.

The spatial random effects φ can be modeled with a proper multivariate condi-

tional autoregressive (CAR) prior or an improper multivariate intrinsic autore-

gressive (IAR) prior (Besag et al. 1995; Besag and Kooperberg 1995; Gelfand

and Vounatsou 2003; Kavanagh et al. 2016). There have been discussions on

whether the proper or improper CAR (referred to as IAR) specification should

be used in practice (e.g., Besag et al. (1995), Besag and Kooperberg (1995),

Gelfand and Vounatsou (2003) and Banerjee et al. (2014)). As Besag et al.

(1995) showed, the marginal maximal bivariate correlation that can be cap-

tured with a proper Gaussian field is around 0.6. Besag and Kooperberg (1995)

pointed out a common disadvantage of a proper CAR that appreciable correla-

tions between the spatial random effects at neighboring sites require parameter

values extremely close to a particular boundary of the parameter space. Gelfand

and Vounatsou (2003) demonstrated that IAR is analogous to the nonstation-

ary or random walk case in familiar autoregressive time series models and can

be advantageous in accommodating more irregular spatial behaviors. Banerjee

et al. (2014) also claimed that the breadth of spatial patterns may be too limited

if the proper CAR is used, and the improper IAR choice may actually enable a

wider scope for posterior spatial patterns.

We first implement our hierarchical model with the proper CAR prior used for

the spatial random effects φ to see if it is adequate for characterizing the spatial

dependence in our data. The multivariate CAR model (Kavanagh et al. 2016)
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we used is given by:

φ ∼ N3N

(
0, [Q(W, ρ)⊗Σ−1]−1

)
,

where Q(W, ρ) = ρ[diag(W1)−W] + (1− ρ)I (1 is the N × 1 vector of ones,

I is the N × N identity matrix) is the N × N precision matrix for the joint

distribution corresponding to the CAR prior proposed by Leroux et al. (2000),

while Σ is a 3 × 3 cross-variables covariance matrix. The matrix Q(W, ρ)

controls the spatial autocorrelation structure of the random effects, and is based

on a non-negative symmetric N × N neighborhood (or adjacency) matrix W,

and a spatial dependence parameter ρ. We use the common binary specification

for W, where its entry wij = 1 if the grid cells i and j are adjacent, and is zero

otherwise. The parameter ρ is a spatial autoregressive parameter, with ρ close

to one corresponding to strong spatial dependence and ρ = 0 corresponding

to independence in space. The correlation structure is specified via the full

conditionals:

(φi | φ−i,W,Σ, ρ) ∼ N3

(
ρ
∑N

k=1wkiφi

ρ
∑N

k=1wki + 1− ρ
,

Σ

ρ
∑N

k=1wki + 1− ρ

)
,

where φ−i denotes the set of spatial random effects except those at the ith lo-

cation. With the choice of the matrix W, the conditional expectation of spatial

random effect at one location is a weighted average of the random effects in its

adjacent locations, and the covariance is weighted by the number of adjacent

locations.

When ρ = 1, we obtain the multivariate IAR model. A sum-to-zero constraint

can be imposed on φ as a remedy for the impropriety. The correlation structure

is specified via the full conditionals, which are computationally convenient when

using Gibbs sampling for drawing posteriors:

(φi | φ−i,W,Σ) ∼ N3

(∑N
k=1wkiφi∑N
k=1wki

,
Σ∑N

k=1 wki

)
,
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where φ−i denotes the set of spatial random effects except those at the ith loca-

tion, W = (wij) is the adjacency matrix, and Σ is the cross-variables covariance

matrix. We use the common binary specification for W, where its entry wij = 1

if the grid cells i and j are adjacent, and is zero otherwise.

• Prior level

Each of the intercepts β0,θ (θ = µ, σ, or ξ) is assigned an independent and con-

jugate Gaussian prior distribution, with mean being GMLEs for each parameter

θ and with variance 100. For each regression coefficient βk,θ (θ = µ, σ, or ξ),

we assign a conjugate zero-mean Gaussian prior with variance 10. A conjugate

inverse Wishart prior with 4 degrees of freedom is assigned to the matrix Σ, as

suggested by Lee (2013), with mean being the diagonal matrix with main diag-

onal (var(µ̂), var(log(σ̂)), var(ξ̂)), which corresponds to the respective empirical

variabilities in the marginal GMLEs of the three PP parameters; here we use the

data from the neighboring cluster for specifying the hyperparameters in Σ to

avoid using the data twice in a given cluster. Lastly, the fixed precisions in the

regressions are set to be (τ 2
µ, τ

2
σ , τ

2
ξ ) = (4, 200, 500), which reflect the difference

in scale between the three PP parameters, but are also chosen so that most of

the variability would have to be explained by the spatial random effects φ.

In the CAR model, a Uniform[0, 1] prior is assigned to the spatial autoregressive

parameter ρ, as the negative spatial autocorrelation is rarely seen in practice

in spatial areal unit data (Tobler 1970), and ρ ∈ [0, 1) is a sufficient condition

for the covariance matrix of the joint distribution to be nonsingular (Banerjee

et al. 2014).

3.4 Computational Details

In this section, we provide computational details for inference, using our data and

the hierarchical spatial extremes model. For drawing posterior samples of the pa-
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rameters, we adopt a Gibbs sampling scheme with Metropolis Hastings (MH) steps

for the conditional distributions that do not have a closed form. Specifically, the

parameters µi, σi, ξi, i = 1, . . . , N , are updated with the MH algorithm, where the

candidates for the three PP parameters are drawn as a block for each location from

a uniform distribution centered at current values. The parameters in β and φ are

updated as a block by sampling from the posterior multivariate normal distributions,

using the methods depicted in Rue and Held (2005) (see their page 35 for the algo-

rithm of sampling from a Gaussian Markov random field defined from its canonical

representation). The parameters in Σ are updated as a block by sampling from the

posterior inverse Wishart distribution. In addition, the starting values for the three

PP parameters are set to be the marginal GMLEs because they may serve as a good

guess and lead to faster convergence. In the CAR model, the parameter ρ is updated

with the MH algorithm, where the candidate for ρ is drawn from a truncated normal

distribution in the unit interval so as to bound ρ in [0, 1).

The procedure of fitting the model to each of the k = 200 cluster neighbors

independently can be performed in parallel, using multi-cores; this greatly improves

the computational efficiency. Trace plot diagnostics show a good convergence of all

parameters after a burn-in period of 5,000 iterations. We then use the subsequent

5, 000 iterations as posterior samples for inference purposes. For illustration, we

randomly select one spatial cluster and six locations in that cluster, as shown in

Figure 3.1(b). In Figure 3.3, only those for the three PP parameters at the six

locations within that cluster are represented.

3.5 Results

Our results in Figures B.4 and B.5 show that the posterior density from MCMC

samples for ρ is peaked near ρ = 1 for all subregions if we use the proper CAR model,

suggesting that there is more spatial dependence in the data than the model can
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Figure 3.3: Trace plots of 10, 000 MCMC iterations for the three PP parameters at
six randomly selected locations.

capture. Therefore, we replace the multivariate CAR with the multivariate IAR in

order to capture the irregular and strong spatial dependence in our high-resolution

data. Although the IAR is improper, we are only using it as a prior; the posterior will

still emerge as proper, so Bayesian inference can still proceed. On the other hand,

we can impose a sum-to-zero constraint on φ as a remedy of impropriety, which is

numerically convenient in the MCMC sampling procedure.

In this section, we show the results of the model in Section 3.3.3 with the WRF

wind data set in Saudi Arabia. In Figure 3.4, the posterior means of the three

PP parameters from our spatial extremes modeling are shown on the right, and the

marginal GMLEs are shown on the left for comparison. The estimations from spatial
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fitting are close to those from marginal fitting, while the former are smoother than

the latter, especially for the shape parameter.

Figure 3.4: Left: GMLEs of the three PP parameters over Saudi Arabia from marginal
fitting; Right: posterior means of the three PP parameters from MCMC samples with
Bayesian hierarchical spatial extremes modeling.

With the posterior distributions from MCMC samples for the three PP param-

eters, the inference on the wind extremes can then be made to assess the risk of

disruption of wind turbine operations over Saudi Arabia. Extremal behaviors are

usually summarized by return levels. The M -year return level is often described in-
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formally as an extreme event that would be expected to occur once inM years. More

precisely, the M -year return level is the level which is exceeded in any one year with

probability 1/M , which is simply the 1− 1/M quantile of the fitted PP. Specifically,

the M -year return level at each location is given by

R̂i = µ̂i +
σ̂i

ξ̂i

[
{− log(1− 1/M)}−ξ̂i − 1

]
, i = 1, . . . , B,

where µ̂i, σ̂i, ξ̂i, i = 1, . . . , B, are the posterior samples for the PP parameters from the

Bayesian hierarchical spatial extremes model. In this chapter, we are interested in the

risk of disruption of wind turbine operations within its lifetime, which is typically 30

years. Hence, we compute the 30-year return levels from the posterior samples of the

three PP parameters, and perform the inference based on the posterior distributions

of return levels. Figure 3.5 represents the posterior mean, median, 5% quantile and

95% quantile of 30-year log return levels from MCMC samples.

Figure 3.6(a) shows the map of probability of the 30-year return levels that exceed

a general cut-out wind speed from MCMC samples, or the probability of wind speed

exceeding the cut-out speed at least once in 30 years, at each location, reflecting the

risk of disruption of wind turbine operations within their lifetime. The cut-out wind

speed denotes the speed at which the turbine shuts down by some sort of stalling

or braking mechanism to avoid damage from further operation in high winds. The

general cut-out wind speed is 25 m/s for a typical modern wind turbine, as well as for

some of the most promising turbines for the study of sustainability in Saudi Arabia,

such as the GE Energy 3.4-137 turbine, the Nordex N117/3000 turbine and the Nordex

N131/3600 turbine, whose power curves are shown in Figure 3.7. The wind usually has

to return to a much lower speed, called the cut-back-in wind speed, which is typically

20 m/s at which the blades are reverted to move in the wind, for a certain amount of

time before the turbine will restart to generate power. Figure 3.6(a) indicates a large

area over Saudi Arabia that would suffer from high risks of disruptions of wind turbine

operations, mostly located in the South, and near the Red Sea and the Persian Gulf.
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Figure 3.5: Posterior mean, median, 5% quantile and 95% quantile of 30-year re-
turn levels (m/s) from MCMC samples with Bayesian hierarchical spatial extremes
modeling over Saudi Arabia. Maps are plotted in log scale.

To site a wind farm and improve the stability of wind power generation, one must

take into account the risk of shutdowns of wind turbines over a possibly long period

of time. Figure 3.6(b) shows the map of probabilities of the Summer wind speeds that

exceed 9 m/s, at which the aforementioned three representative wind turbines would

operate with at least half of the maximum power rate (called the rated output power).

It shows that the west coastal regions exhibit high winds in Summer. These locations

were also identified by Yip et al. (2016) and Chen et al. (2018) as having a high

wind power potential. Saudi Arabia is planning to build its first wind farm at Dumat

Al Jandal (labeled as “∗” in Figure 3.6) with an installed capacity of 400-megawatts

(MW) (Dumat Al Jandal wind farm 2017). The probability of disruption of wind

turbine operations at this location is very low (0.72%) albeit with an average mean
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Figure 3.6: (a) Probability map over Saudi Arabia showing the risk of disruption
of wind turbine operations from MCMC samples with Bayesian hierarchical spatial
extremes modeling, using 25 m/s as the cut-out wind speed. (b) Probability map of
the Summer wind speeds that exceed 9 m/s. “prob” stands for “probability”. The
location of the first wind farm at Dumat Al-Jandal in Saudi Arabia is labeled as “∗”.
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Figure 3.7: Power curves for the three representative wind turbines.

wind speed in Summer that is not too high (about 6 m/s). Hence, the country’s first

wind farm would ensure stability of operations, and choosing appropriate turbines is

important in order to increase the power production (e.g., choosing turbines that have

smaller cut-in speed at which the turbines first start to rotate and generate power).

Figure 3.8 highlights the 375 grid cells over Saudi Arabia where the wind speeds
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Figure 3.8: Potential best locations for siting wind farms over Saudi Arabia where
the wind speeds exceed 9 m/s for at least half of the time in Summer, and the risk of
disruption of wind turbine operations is lower than 1%. “prob” stands for “probability
of the 30-year return levels that exceed 25 m/s”.

exceed 9 m/s for at least half of the time in Summer, and the risk of disruption of

wind turbine operations is lower than 1%. These locations may be potentially best

sites to launch wind farms that could generate high wind power persistently with low

risk of being disrupted from operations.

As we have mentioned in Sections 3.3.2 and 3.3.3, here we present a sensitivity

analysis on the choices of k and the threshold. We compare the performance of the

Bayesian hierarchical model in four scenarios with different choices of k (i.e., k = 200

and k = 250) and threshold (i.e., 90% and 95% quantiles) based on the deviance

information criterion (DIC) defined as DIC= 2D(θ)−D(θ), where θ is the vector of

the three GPD parameters and D(θ) = −2 log p(z|θ) + C is the deviance function,

where C is a constant that cancels out when comparing different models. Based on

the posterior MCMC samples, D(θ) is calculated as the average of D(θ) over the

samples of θ, and D(θ) is the value of D(θ) evaluated at the average of the samples of

θ. The scaled DIC (i.e., total DIC divided by 83, 981, the number of grid cells) and

the total computation time (with 25 cores on a cluster of 2.4 GHz processors) for each

of the four scenarios is shown in Table 3.1. Interestingly, the total computation time
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is about the same for the four scenarios. Based on DIC, the choice of k = 200 and

95% quantile as the threshold yields the lowest DIC, though the set-up of k = 250

and threshold at 95% quantile performs comparatively well. For the end results of the

“best” locations with high Summer winds and low risk of disruption of wind turbine

operations, these two settings have identified 324 common locations, which consist of

approximately 87% of the total number of the “best” locations (Figure B.6).

Table 3.1: DIC and computation time for the Bayesian hierarchical model using
different values of k and thresholds. The lowest DIC is in bold.

Scenarios DIC Computation time
k = 200, Threshold= 90% quantile 143.5 6.7 hours
k = 200, Threshold= 95% quantile −144.2 6.5 hours
k = 250, Threshold= 90% quantile 129.9 8.2 hours
k = 250, Threshold= 95% quantile −141.0 6.1 hours

3.6 Conclusion and Discussion

In this chapter, we assessed the risk of disruption of wind turbine operations over

Saudi Arabia, using a hierarchical spatial extremes model in a Bayesian setting. We

used hourly wind speed data from a unique WRF data set with high spatial resolution

(i.e., 83, 981 grid cells). For computational feasibility, we divided our study region

into subregions, using the spatial clustering method, and then fitted the model to

each subregion. Instead of fitting the model to one single spatial cluster at a time, we

borrowed information from the neighboring spatial clusters for the purpose of spatial

smoothing. The computational efficiency was largely improved by parallel computing

on the subregions. Lastly, we showed the inadequacy of using a multivariate CAR

prior for capturing the strong dependence in spatial random effects, and that the

multivariate IAR appears to be more appropriate for our high-resolution data. The

risk maps show that a large area over Saudi Arabia would suffer from high risks of

disruptions of wind turbine operations, mostly in the South and near the Red Sea
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and Persian Gulf. We also identified locations with high winds in Summer and a low

risk of turbine disruptions, which can be potentially good locations for harvesting a

persistent wind energy.

One limitation for our methodology is that the uncertainty due to the clustering

as well as the conditional independence assumption was not taken into account. Re-

ich and Shaby (2019) proposed a method for areal extremes that accounts for spatial

dependence using latent clustering of neighboring regions. However, there the spatial

dependence parameter φ in the Potts model for the cluster labels is difficult to esti-

mate even for moderate sample size. Reich and Shaby (2019) proposed an informal

way to estimate φ, which is largely uncertain, and then fixed it for their remaining

analysis. Methods to estimate φ, such as MCMC or cross-validation, are cumbersome

to implement for large data sets. Another restriction of the method in Reich and

Shaby (2019) is that the uncertainty for the number of possible clusters, k, is not

quantified; instead, k fixed (as the number of grid cells) for simplicity, which may be

inappropriate especially for data (such as our high-resolution WRF data) with strong

spatial dependence where a far smaller number of possible clusters is sufficient. Fur-

thermore, including the clustering method of Reich and Shaby (2019) into our model

would largely increase the computation complexity and is almost infeasible for our

large data set. For one subregion (i.e., the NEOM region) in the northwest of Saudi

Arabia with 2, 254 locations in our data set where we have tried to fit our model with

the clustering included and k is fixed at a small value (i.e., k = 50), it takes around 3

hours per 1, 000 iterations. Therefore, we decided to choose the value of k for spatial

clustering prior to the Bayesian hierarchical modeling. However, it may still be nec-

essary to account for the uncertainty of the clustering in a more sophisticated way

than the sensitivity analyses done in this chapter.

Another limitation is that the spatial clustering is performed using the marginal

shape estimates ξ, which in practice, are largely uncertain, and this may influ-
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ence the clustering result. Since the accuracy for a marginal estimate ξi at loca-

tion i is negatively correlated with the length, Nui , of the temporal cluster maxima

(Nui ∈ [39, 162]) used to fit the GPD model marginally, we redid the clustering where

locations with Nui < 50 (i.e., with highly uncertain shape estimates) are removed.

Figure B.7 indicates that the clustering results are quite similar with or without those

locations with highly uncertain marginal ξ estimates. In order to take the uncertainty

of marginal ξ estimates into account in a more comprehensive way, clustering meth-

ods for uncertain data, such as those in Kriegel and Pfeifle (2005a,b), could be used,

but they are computationally cumbersome for our large data set. Since we are not

directly interested in the clustering, and as we can see from our sensitivity analyses

that the clustering result would not largely affect the end results for applying our

model, we think that this is a minor issue in our study.

Finally, given only 6 years of data, there is a concern that many large-scale climate

drivers (e.g., NAO, AMO) that would have some impact on the region of Saudi

Arabia work on larger time scales (e.g., AMO works on a 60-year time scale), and

therefore it is quite likely that the simulated WRF data are only from a particular

regime. A more accurate quantification of wind extremes over Saudi Arabia may

be achieved by combining the high spatial-resolution data with long-term climate

simulations (e.g., the simulations from general circulation models (GCMs) running for

centuries at relatively coarse spatial resolutions) which are able to capture the large-

scale dynamics of the atmosphere. However, Mann et al. (2020) found no evidence

of internal multidecadal and interdecadal oscillations, such as an AMO, in climate

model simulations, and they claimed that the only dynamic signal distinguishable

from background noise was ENSO, which typically occurs every 2 to 7 years. These

findings may provide justifications for our study based on only 6 years of data.
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Supplementary R codes

The date sets generated and/or analyzed in this chapter were used under license,

and so are not publicly available. Data are available however from the corresponding

author upon reasonable request. The R codes related to this article can be found

online at the github repository:

https://github.com/wanruofenfang123/Bayesian-Hierarchical-Spatial-Extremes.

The publication related to this chapter is as follows:

Wanfang Chen, Stefano Castruccio, and Marc G. Genton (2020), “Assessing the Risk

of Disruption of Wind Turbine Operations in Saudi Arabia Using Bayesian Spatial

Extremes”, Extremes, https://doi.org/10.1007/s10687-020-00384-1.
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Chapter 4

Parametric Variogram Matrices Incorporating Both Bounded

and Unbounded Functions

4.1 Chapter Overview

The variogram (Matheron 1963) is a function that quantifies the degree of spatial

dependence of a univariate random field. The variogram of a univariate random field,

Z(s), s ∈ Rd, d ≥ 1 is defined by the intrinsic stationarity hypothesis, which consists

of two assumptions about the increments (Wackernagel 2003):

(i) the mean of the increments, called the drift, is invariant for any translation of

a given vector h ∈ Rd: E{Z(s+ h)− Z(s)} = m(h) for all s, h ∈ Rd;

(ii) the variance of the increments, var{Z(s + h) − Z(s)}, exists for all s, h ∈ Rd

and is only a function of h for all s, h ∈ Rd.

These two properties of an intrinsically stationary random function yield the definition

for the (non-centered) theoretical variogram:

γ(h) =
1

2
var{Z(s+ h)− Z(s)}, s,h ∈ Rd.

In this chapter, we focus on the case of random fields with no drift, i.e., m(h) = 0,

which implies that γ(h) = 1
2
E [{Z(s+ h)− Z(s)}2]. The existence of expectation and

variance of the increments does not imply the existence of the first two moments of

the random function itself: an intrinsic random function can have an infinite variance

although the variance of its increments is finite for any vector h. An intrinsically

stationary random function does not need to have a constant mean or a constant
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variance. Hence, intrinsic stationarity is more general than second-order stationarity.

By definition, the variogram has the following properties:

(a) the value of the variogram at the origin is zero: γ(0) = 0;

(b) the values of the variogram are positive: γ(h) ≥ 0;

(c) the variogram is an even function: γ(−h) = γ(h);

(d) the variogram has less than quadratic growth: lim‖h‖→∞
γ(h)
‖h‖2 = 0 (as otherwise

the drift m(h) could not be assumed zero);

(e) the variogram is conditionally negative definite:
∑n

i=1

∑n
j=1 aiajγ(si − sj) ≤ 0,

for every integer n ≥ 2 and any ak ∈ R, k = 1, 2, . . . , n, such that
∑n

k=1 ak = 0.

The strict conditionally negative definiteness of the variogram is a sufficient condition

for the system of linear equations for kriging to have a unique solution (Myers 1992).

Note that although γ(h) = 1− cos(h) is conditionally negative definite and bounded,

it is not strictly conditionally negative definite.

A second-order stationary univariate random field can only be characterized by

a bounded variogram, whereas the variogram of an intrinsically stationary random

field might be unbounded. In spatial extreme value analysis, the Brown-Resnick pro-

cesses on Rd, originally introduced by Brown and Resnick (1977) and later extended

by Kabluchko et al. (2009), constitute a flexible class of max-stable random fields

that depends only on the variogram of an intrinsically stationary Gaussian process.

The Brown-Resnick process is non-ergodic if the underlying variogram is bounded,

while it is mixing if the variogram exhibits linear growth, and it is a mixed moving

maximum process on the real line if the variogram γ(h), h ∈ R, grows faster than

4 log |h| (Kabluchko et al. 2009; Wang and Stoev 2010; Kabluchko and Schlather

2010). The Brown-Resnick processes are important in modeling extreme events of

natural phenomena such as large floods, heat waves or windstorms. Non-ergodic

models are suitable for modeling spatially extended events (e.g., cyclonic rainfall),

whereas ergodicity can be assumed when the extremes are caused by local events (e.g.,
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storms). Most variogram models form distinct classes that can only characterize ei-

ther second-order stationarity or intrinsic stationarity of random fields (e.g., Cressie

(1991), Chilès and Delfiner (2012), Wackernagel (2003), Porcu et al. (2007b), Ma

(2005, 2009) and Porcu and Schilling (2011)), or that can characterize either ergodic

or non-ergodic Brown-Resnick processes (e.g., Thibaud et al. (2013) and Wadsworth

and Tawn (2013)). When the kind of underlying causative process is unclear, a

parametric model that allows for both bounded and unbounded variograms is advan-

tageous. Recently, Schlather and Moreva (2017) proposed a simple model that allows

for a smooth transition between a bounded and unbounded variogram:

γα,β(h) =


(1+‖h‖α)β/α−1

2β/α−1
,

log(1 + ‖h‖α)/ log 2,

β 6= 0,

β = 0,

(4.1)

where h ∈ Rd is the lag vector between two locations, and 0 < α ≤ 2, −∞ < β < 2.

The variogram γα,β is bounded if and only if β < 0. The normalizing constant is

chosen such that γα,β(1) = 1.

In this work, we aim at generalizing the univariate variogram model in Schlather

and Moreva (2017) to variogram matrices for vector random fields, preserving the flex-

ibility of varying between boundedness and unboundedness for the entries of the vari-

ogram matrix by changing the values of parameters in the model. Consider a p-variate

random field Z(s) = {Z1(s), . . . , Zp(s)}T defined on Rd, where Zi(s), i = 1, . . . , p is

the ith component at location s. The direct and (traditional) cross variograms (Math-

eron 1965), γij(h), are defined for p random functions as the natural generalization of

the univariate variogram in the context of a joint intrinsic hypothesis (Wackernagel

2003):

E{Zi(s + h)− Zi(s)} = 0 for all s,h ∈ Rd and all i = 1, . . . , p;

cov{Zi(s + h)− Zi(s), Zj(s + h)− Zj(s)} = 2γij(h)

for all s,h ∈ Rd and any pairs i, j = 1, . . . , p.
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The direct and (traditional) cross variograms are thus defined as

γij(h) =
1

2
E[{Zi(s+h)−Zi(s)}{Zj(s+h)−Zj(s)}], s,h ∈ Rd, i, j = 1, . . . , p. (4.2)

These functions are even and they satisfy the inequalities

|γij(h)|2 ≤ γii(h)γjj(h), h ∈ Rd, i, j = 1, . . . , p. (4.3)

Thus, according to the property (d) of a univariate variogram, the (traditional) cross

variogram also has less than quadratic growth: lim‖h‖→∞
γij(h)

‖h‖2 = 0.

A disadvantage of the above definition is that the measurements must be sited at

the same geographical location, which leads to practical problems when attempting to

estimate/model cross variograms, in particular the “undersampled” problem wherein

there are locations with data values for only some of the components. This motivates

another definition of cross variogram as proposed by Clark et al. (1989), and later

generalized by Myers (1991) who coined it as the “pseudo cross variogram”. Accord-

ing to Clark et al. (1989), the non-symmetric cross variograms assuming zero-mean

random functions can be defined as

νij(h) =
1

2
E[{Zi(s + h)− Zj(s)}2], s,h ∈ Rd, i, j = 1, . . . , p. (4.4)

Myers (1991) observed that the equation in (4.4) are equal to the variances of the

differences only if the random functions have constant and equal means. He therefore

generalized the definition for the direct and pseudo cross variograms as

νij(h) =
1

2
var{Zi(s + h)− Zj(s)}, s,h ∈ Rd, i, j = 1, . . . , p.

All entries of the pseudo variogram matrix are nonnegative, while it may not be

symmetric or positive definite.

Myers (1982) and Wackernagel (1988) have been early proponents of the cross

variogram given by (4.2). Myers (1991) showed how cokriging equations could be

written in terms of the pseudo cross variograms. The relationship and differences

between these two definitions of cross variograms as well as the cokriging equations
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have been fully discussed in Myers (1991) and others (e.g., Cressie and Wikle (1998),

Wackernagel (2003), Huang et al. (2009) and Genton and Kleiber (2015)).

Under joint second-order stationarity, that is, all the direct and cross covariance

functions exist and depend on the spatial lag h only, the traditional variogram matrix

and the cross covariance matrix are connected by (Wackernagel 2003)

γ(h) = C(0)− 1

2
{C(h) + C(−h)}, h ∈ Rd,

where γ(h) = [γij(h)], C(0) = [Cij(0)] = [cov{Zi(s), Zj(s)}] and C(h) = [Cij(h)] =

[cov{Zi(s+h), Zj(s)}]. Thus, under joint second-order stationarity, the entries in the

traditional variogram matrix are all bounded due to the Cauchy-Schwarz inequality:

|Cij(h)|2 ≤ Cii(0)Cjj(0), h ∈ Rd, i, j = 1, . . . , p. (4.5)

Similarly, the entries in a pseudo variogram matrix are all bounded under joint second-

order stationarity due to the relationship (Wackernagel 2003):

νij(h) =
1

2
{Cii(0) + Cjj(0)} − Cij(h), h ∈ Rd, i, j = 1, . . . , p.

Under joint intrinsic stationarity, however, the entries in the variogram matrices might

be unbounded. In the multivariate max-stable spatial processes (Genton et al. 2015b),

the multivariate Brown-Resnick process (Molchanov and Stucki 2013) is the multi-

variate geometric Gaussian process (Davison and Gholamrezaee 2012) if it is joint

second-order stationary. Thus, a variogram matrix model with the direct and cross

variograms that incorporate both boundedness and unboundedness can be advanta-

geous, for example, if it is unclear whether the multivariate max-stable process is a

multivariate geometric Gaussian or a Brown-Resnick process.

Both types of variogram matrix must satisfy the inequality
n∑
i=1

n∑
j=1

aTi γ(si, sj)aj ≤ 0, (4.6)

for every integer n ≥ 2 and any ak ∈ Rp, k = 1, 2, . . . , n, such that
∑n

k=1 ak = 0 (Ma

2011b). This reduces to the conditionally negative definite condition for a univariate
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variogram when p = 1.

It is often nontrivial to verify the inequality (4.6). Based on latent dimensions

(Apanasovich and Genton 2010), an approach to constructing a traditional variogram

matrix from existing univariate variograms was put forward by Ma (2011a). The key

idea of latent dimensions is to represent components of a vector in Rd as points in

Rq (1 ≤ q ≤ p, where p is the length of the vector). Then, based on these latent

dimensions, the direct and cross variograms become functions with arguments from

a higher dimension, Rd+q. Specifically, suppose each of the components of a p-variate

random field Z(s) = {Z1(s), . . . , Zp(s)}T , s ∈ Rd, can be represented as

Zi(s) = Z0(s;θi), i = 1, 2, . . . , p,

where {Z0(s;θ), s ∈ Rd,θ ∈ Rq} is a univariate random field with variogram γ0.

Then, the direct and cross variograms can be written as a linear combination of the

γ0s. Ma (2011a) used this approach to construct a class of (traditional) variogram

matrices (see the Theorems 4 and 5 therein) based on existing univariate variograms

proposed by Ma (2005).

In this chapter, we propose a class of valid parametric variogram matrices, both

traditional and pseudo, that is a combination and extension of the main results from

Ma (2011a) and Schlather and Moreva (2017), which are connected by the Bernstein

function. The entries of this new class of variogram matrices allow for both bounded

and unbounded variograms or cross variograms by changing the parameters in each

entry independently.

The remainder of this chapter is organized as follows. Sections 4.2 and 4.3 present

the parametric traditional and pseudo variogram matrix, respectively. In Section 4.4,

the variogram matrix models for a bivariate random field are presented as a special

case, with a visuanimation (Genton et al. 2015a) in the electronic supplementary ma-

terial showing the transition between the bounded and unbounded direct and cross

variograms. In Section 4.5, we propose a method for building parametric variogram
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matrices with different diagonal entries based on the Linear Model of Coregionaliza-

tion (LMC), in order to overcome a limitation of the previous models. Section 4.6

gives a discussion, in which the main results of this study are summarized and both

challenges and future works are discussed.

4.2 Parametric Traditional Variogram Matrix Models

In this section, we construct two types of valid traditional variogram matrix with

their entries varying between boundedness and unboundedness.

Consider a joint intrinsically stationary p-variate random fieldZ(s) = {Z1(s), . . . , Zp(s)}T

defined on Rd, where Zi(s), i = 1, . . . , p is the ith component at location s. The p×p

traditional variogram matrix function is

γ(h) =



γ11(h) γ12(h) · · · γ1p(h)

γ21(h) γ22(h) · · · γ2p(h)

...
... . . . ...

γp1(h) γp2(h) · · · γpp(h)


,

where h = s1 − s2 ∈ Rd. The diagonal entries are direct variograms and the off-

diagonal entries are the traditional cross variograms defined in (4.2).

Next, since any continuous, isotropic univariate variogram γ(h) in Rd can be

written in terms of a Bernstein function (Schoenberg 1938; Bochner 2005):

γ(h) = B(‖h‖2), h ∈ Rd,

where B(·) is a Bernstein function on [0,∞) with B(0) = 0, we choose the variogram

model in our Equation (4.1) from Schlather and Moreva (2017) as the Bernstein

function in Theorem 4 of Ma (2011a) (i.e., B(‖h‖2) = γα,β(h)). The traditional

variogram matrix γ(h) is then formulated as follows.

Model 1 Suppose that 0 < α ≤ 2, −∞ < β < 2, 0 < α1 < α2, and θij = ‖θi−θj‖2,

where θi,θj ∈ Rq, i, j = 1, . . . , p.
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(i) If
{

1− (α2/α1)(d+p)/2
}−1

≤ λ ≤ 1, then a matrix with the following entries:

γij(h) =
(

2β/α − 1
)−1
{
λ
(

[1 + {α1(‖h‖2 + θij)}α/2]β/α − {1 + (α1θij)
α/2}β/α

)
+ (1− λ)

(
[1 + {α2(‖h‖2 + θij)}α/2]β/α − {1 + (α2θij)

α/2}β/α
)}

,

h ∈ Rd, i, j = 1, . . . , p,

where β 6= 0, is a valid traditional variogram matrix for a p-variate random field

in Rd. Since θii = 0, i = 1, . . . , p, all the diagonal elements of γ(h) are the same:

γ11(h) = · · · = γpp(h). When β → 0, the limiting function is

γij(h) =
{

log(2)
}−1

{
λ
(

log[1 + {α1(‖h‖2 + θij)}α/2]− log{1 + (α1θij)
α/2}

)
+ (1− λ)

(
log[1 + {α2(‖h‖2 + θij)}α/2]− log{1 + (α2θij)

α/2}
)}

,

h ∈ Rd, i, j = 1, . . . , p.

If λ ∈ [0, 1], then all the direct and cross variograms in the traditional variogram

matrix γ(h) are univariate variograms.

(ii) If
{

1− (α2/α1)d+p
}−1

≤ λ ≤ (1− α1/α2)−1, then the traditional variogram

matrix model for a p-variate random field defined in Rd is the same as in (i) except

that the power of θij and ‖h‖2 + θij in the formula is α/4 instead of α/2.

According to Theorem 4 of Ma (2011a), Model 1 is a valid class of variogram

matrices for vector random fields because we choose a specific Bernstein function

B(·). Also, since B(·) is the variogram model in Schlather and Moreva (2017), the

entries in the variogram matrix can vary between boundedness and unboundedness.

Specifically, the direct and cross variograms γij(h), i, j = 1, . . . , p are bounded if and

only if β < 0.

If we choose the Bernstein functions from Theorem 5 of Ma (2011a) as B1(‖h‖2) =

γα1,β1(h) and B2(‖h‖2) = γα2,β2(h), where 0 < α1, α2 < 2, −∞ < β1, β2 < 2, then we
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can formulate another class of valid traditional variogram matrix as follows.

Model 2 Suppose that 0 < α1, α2 ≤ 2, −∞ < β1 < 2, −∞ < β2 < 2, and

θij = ‖θi − θj‖2, where θi,θj ∈ Rq, i, j = 1, . . . , p.

(i) If β1 6= 0, β2 6= 0, then a matrix with the following entries:

γij(h) =

([
{1 + (‖h‖2 + θij)

α1/4}β1/α1 − 1
][
{1 + (‖h‖2 + θij)

α2/4}β2/α2 − 1
]

−
{

(1 + θ
α1/4
ij )β1/α1 − 1

}{
(1 + θ

α2/4
ij )β2/α2 − 1

})/{
(2β1/α1 − 1)(2β2/α2 − 1)

}
,

h ∈ Rd, i, j = 1, . . . , p,

is a valid traditional variogram matrix for a p-variate random field defined in Rd.

Again, all the diagonal entries of the variogram matrix γ(h) are the same. (ii) If

β1 → 0, β2 6= 0, then

γij(h) =

(
log{1 + (‖h‖2 + θij)

α1/4}
[
{1 + (‖h‖2 + θij)

α2/4}β2/α2 − 1
]

− log(1 + θ
α1/4
ij )

{
(1 + θ

α2/4
ij )β2/α2 − 1

})/{
(2β2/α2 − 1) log(2)

}
,

h ∈ Rd, i, j = 1, . . . , p.

(iii) If β2 → 0, β1 6= 0, then

γij(h) =

([
{1 + (‖h‖2 + θij)

α1/4}β1/α1 − 1
]

log{1 + (‖h‖2 + θij)
α2/4}

−
{

(1 + θ
α1/4
ij )β1/α1 − 1

}
log(1 + θ

α2/4
ij )

)/{
(2β1/α1 − 1) log(2)

}
,

h ∈ Rd, i, j = 1, . . . , p.
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(iv) If β1 → 0, β2 → 0, then

γij(h) =

[
log{1 + (‖h‖2 + θij)

α1/4} log{1 + (‖h‖2 + θij)
α2/4}

− log(1 + θ
α1/4
ij ) log(1 + θ

α2/4
ij )

]/{
log(2)

}2

,

h ∈ Rd, i, j = 1, . . . , p.

According to Theorem 5 of Ma (2011a), Model 2 is a valid class of variogram matri-

ces for vector random fields because we choose specific Bernstein functions B1(·) and

B2(·). Also, since B1(·) and B2(·) are chosen to be the variogram model in Schlather

and Moreva (2017), the entries in the variogram matrix can vary between boundedness

and unboundedness. Specifically, the direct and cross variograms γij(h), i, j = 1, . . . , p

are bounded if and only if β1 < 0 and β2 < 0.

4.3 Parametric Pseudo Variogram Matrix Models

In this section, we propose a class of valid pseudo variogram matrix that are based

on latent dimensions and allow for boundedness and unboundedness in the entries of

the matrix.

Consider the pseudo variogram matrix for a joint intrinsically stationary p-variate

random field Z(s) = {Z1(s), . . . , Zp(s)}T , s ∈ Rd:

ν(h) =



ν11(h) ν12(h) · · · ν1p(h)

ν21(h) ν22(h) · · · ν2p(h)

...
... . . . ...

νp1(h) νp2(h) · · · νpp(h)


,

where h = s1 − s2 ∈ Rd. The diagonal entries are direct variograms and the off-

diagonal entries are the pseudo cross variograms defined in (4.4).

Following the idea of latent dimensions (Apanasovich and Genton 2010; Ma 2011a),
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we suppose that

Zi(s) = Z0(s;θi), i = 1, 2, . . . , p,

where {Z0(s;θ), s ∈ Rd,θ ∈ Rq} is a univariate random field with variogram γ0.

Then,

νij(h) =
1

2
var{Z0(s + h;θi)− Z0(s;θj)} = γ0(h;θi,θj).

Hence, a pseudo variogram matrix can be formed by directly inserting univariate

variograms into its entries. For example, if we use the valid univariate variograms

proposed by Ma (2005), where the Bernstein functions are chosen in the same way as

described in Section 4.2, then we can formulate a class of pseudo variogram matrix

with entries that brigde between bounded and unbounded direct or cross variograms.

Below, Model 3 is a class of pseudo variogram matrix based on linear combinations of

Bernstein functions, and Model 4 is another class of pseudo variogram matrix based

on the product of Bernstein functions.

Model 3 Suppose that 0 < α1 < α2, 0 < α ≤ 2, −∞ < β < 2, and θij = ‖θi−θj‖2,

where θi,θj ∈ Rq, i, j = 1, . . . , p.

(i) If
{

1− (α2/α1)(d+p)/2
}−1

≤ λ ≤ 1, then a matrix with the following entries:

νij(h) =

{
λ
(

[1 + {α1(‖h‖2 + θij)}α/2]β/α − 1
)

+ (1− λ)
(

[1 + {α2(‖h‖2 + θij)}α/2]β/α − 1
)}/(

2β/α − 1
)
,

h ∈ Rd, i, j = 1, . . . , p,

where h = s1 − s2 and β 6= 0, is a valid pseudo variogram matrix for a p-variate

random field defined in Rd. Again, since θii = 0, i = 1, . . . , p, all the diagonal entries

of the variogram matrix ν(h) are the same. When β → 0, the limiting function is

νij(h) =
{
λ log[1 + {α1(‖h‖2 + θij)}α/2] + (1− λ) log[1 + {α2(‖h‖2 + θij)}α/2]

}/
log(2),

h ∈ Rd, i, j = 1, . . . , p,
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(ii) If
{

1− (α2/α1)d+p
}−1

≤ λ ≤ (1 − α1/α2)−1, then the pseudo variogram matrix

model for a p-variate random field defined in Rd is the same as in (i) except that the

power of ‖h‖2 + θij in the formula is α/4 instead of α/2.

Model 4 Suppose that 0 < α1, α2 ≤ 2, −∞ < β1 < 2, −∞ < β2 < 2, and

θij = ‖θi − θj‖2, where θi,θj ∈ Rq, i, j = 1, . . . , p.

(i) If β1 6= 0, β2 6= 0, then a matrix with the following entries:

νij(h) =

{[
{1 + (‖h‖2 + θij)

α1/4}β1/α1 − 1
][
{1 + (‖h‖2 + θij)

α2/4}β2/α2 − 1
]}

/{
(2β1/α1 − 1)(2β2/α2 − 1)

}
,

h ∈ Rd, i, j = 1, . . . , p,

is a valid pseudo variogram matrix for a p-variate random field defined in Rd. Again,

all the diagonal entries of the variogram matrix ν(h) are the same.

(ii) If β1 → 0, β2 6= 0, then

νij(h) =

{
log[1 + (‖h‖2 + θij)

α1/4]
[
{1 + (‖h‖2 + θij)

α2/4}β2/α2 − 1
]}

/{
(2β2/α2 − 1) log(2)

}
,

h ∈ Rd, i, j = 1, . . . , p.

(iii) If β2 → 0, β1 6= 0, then

νij(h) =

{[
{1 + (‖h‖2 + θij)

α1/4}β1/α1 − 1
]

log[1 + (‖h‖2 + θij)
α2/4]

}
/{

(2β1/α1 − 1) log(2)
}
,

h ∈ Rd, i, j = 1, . . . , p.

(iv) If β1 → 0, β2 → 0, then

νij(h) =
{

log[1 + (‖h‖2 + θij)
α1/4] log[1 + (‖h‖2 + θij)

α2/4]
}/{

log(2)
}2

,

h ∈ Rd, i, j = 1, . . . , p.
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Similar to Section 4.2, these models are valid pseudo variogram matrices. Interest-

ingly, the differences between the corresponding entries in the proposed traditional

and pseudo variogram matrix are constant with respect to h for any fixed combina-

tions of parameters, whether we compare Model 1 to Model 3, or Model 2 to Model

4.

4.4 The Bivariate Case

To better understand how the variogram matrices proposed in Sections 4.2 and 4.3

allow for both bounded and unbounded direct variograms or cross variograms in their

entries, we consider the bivariate case (i.e., p = 2). It is straightforward to see that

both the traditional and pseudo variogram matrices are symmetric, and they share

the same diagonal entries, which are the direct variograms. Specifically, the two kinds

of variogram matrix for the bivariate random field, Z(s) = {Z1(s), Z2(s)}T , where

s ∈ Rd, are:

γ(h) =

γ11(h) γ12(h)

γ21(h) γ22(h)

 , and ν(h) =

ν11(h) ν12(h)

ν21(h) ν22(h)

 ,

where h = s1 − s2, and γ11(h) = γ22(h) = ν11(h) = ν22(h), γ12(h) = γ21(h), ν12(h) =

ν21(h). In addition, the difference between γ12(h)(= γ21(h)) and ν12(h)(= ν21(h)) is

a constant with respect to ‖h‖ for any combinations of parameters in the models.

Motivated by Genton et al. (2015a), we use visuanimations to dynamically display

how the direct and cross variograms, as functions of ‖h‖, transit smoothly from

boundedness to unboundedness by changing the parameters in the model. Movie 4.1

shows visuanimations of the direct variograms, γ11(h)(= γ22(h) = ν11(h) = ν22(h)),

and the cross variograms, γ12(h)(=γ21(h)) and ν12(h)(=ν21(h)), from Models 1 and

3. Movie 4.2 shows the same from Models 2 and 4. We fix some of the parameters,

α1 = 1, α2 = 2, θ12 = θ21 = 1, and θ = 0.8, and change the values of α and β according

to α ∈ {0.04, 0.136, . . . , 1.96} and β ∈ {−1.96,−1.862, . . . , 1.96}, which is the same
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Movie 4.1: Visuanimations of the direct variograms (center), cross variograms in the
variogram matrix from Models 1 and 3 (right), and the corresponding parameter
values (left).

Movie 4.2: Visuanimations of the direct variograms (center), cross variograms in the
variogram matrix from Models 2 and 4 (right), and the corresponding parameter
values (left).

setting as the one in Schlather and Moreva (2017). From the visuanimations, we see

that the direct and cross variograms are bounded if and only if β < 0 in Models 1

and 3 (Movie 4.1), or if and only if β1 < 0 and β2 < 0 in Models 2 and 4 (Movie

4.2). Because all of the entries are univariate variograms in the traditional variogram

matrix (since θ = 0.8 ∈ [0, 1]) and in the pseudo variogram matrix, the direct and
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cross variograms from the four models should be less than quadratic growth, which

can be seen from the visuanimations.

4.5 Variogram Matrix Models with Different Diagonal Entries

One disadvantage of the models proposed in Sections 4.2 and 4.3 is that the diagonal

entries in the variogram matrix are the same, that is, the variables Zi(s), i = 1, . . . , p,

all share the same direct variogram, which is too restrictive in practice. In this section,

we propose a method of constructing parametric variogram matrices that possess

different direct variograms and can vary between boundedness and unboundedness

based on the linear model of coregionalization (LMC) (Journel and Huijbregts 1978).

The LMC represents a vector random field as a linear combination of independent

(or at least uncorrelated) univariate random fields. Specifically, we model the p-

variate random field Z(s) = {Z1(s), . . . , Zp(s)}T , s ∈ Rd, as

Zi(s) =
L∑
l=1

ailWl(s), i = 1, . . . , p, (4.7)

where Wl(s), l = 1, . . . , L are independent univariate random fields defined on Rd.

Then, the entries in the traditional variogram matrix γ(h) are given by

γij(h) =
1

2
cov{Zi(s + h)− Zi(s), Zj(s + h)− Zj(s)}

=
1

2
cov

[
L∑
l=1

ail{Wl(s + h)−Wl(s)},
L∑
l=1

ajl{Wl(s + h)−Wl(s)}

]

=
L∑
l=1

ailajl
1

2
var{Wl(s + h)−Wl(s)}

=
L∑
l=1

ailajl γl(h), s,h ∈ Rd, i, j = 1, . . . , p,

where γl(h), l = 1, . . . , L, is the univariate variogram ofWl(s). The same results have

been derived in Bourgault and Marcotte (1991). Hence, the diagonal entries of the
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variogram matrix γ(h) are

γii(h) =
L∑
l=1

a2
il γl(h), i, j = 1, . . . , p,

and can be varied by choosing different coefficients ail, i = 1, . . . , p, l = 1, . . . , L.

By construction, a variogram matrix with the above entries is valid. If we choose

the univariate variogram model (4.1) for Wl(s), l = 1, . . . , L, that is, γαl,βl(h), where

0 < αl ≤ 2,−∞ < βl ≤ 2, l = 1, . . . , L, then the direct and cross variograms,

γij(h), i, j = 1, . . . , p, can vary between boundedness and unboundedness by altering

the appropriate parameters βl, l = 1, . . . , L and the coefficients ail, i = 1, . . . , p, l =

1, . . . , L. To illustrate this, we look at the special case when p = 2, that is, the

bivariate case. Consider a joint intrinsically stationary bivariate random field Z(s) =

{Z1(s), Z2(s)}T , s ∈ Rd. Suppose that

Z1(s) = a11W1(s) + a12W2(s),

Z2(s) = a21W1(s) + a22W3(s),

where W1(s),W2(s) and W3(s) are three independent intrinsically stationary univari-

ate random fields defined on Rd. The traditional variogram matrix of the bivariate

random field, Z(s) = {Z1(s), Z2(s)}T , s ∈ Rd, is given by

γ(h) =

 a2
11γ1(h) + a2

12γ2(h) a11a21γ1(h)

a21a11γ1(h) a2
21γ1(h) + a2

22γ3(h)

 ,
where h = s1 − s2, and γ1(h), γ2(h) and γ3(h) are the univariate variograms of

W1(s),W2(s) and W3(s), respectively.

Then, we suppose that γ1(h), γ2(h) and γ3(h) are of the form (4.1), and hence can

vary between boundedness and unboundedness. If γ1, γ2 and γ3 are all bounded (i.e.,

β1 < 0, β2 < 0 and β3 < 0), then all the direct and cross variograms are bounded;

similarly, if γ1, γ2 and γ3 are all unbounded (i.e., β1 ≥ 0, β2 ≥ 0 and β3 ≥ 0), then all

the direct and cross variograms are unbounded. In two cases, the cross variograms

are bounded and one of the direct variograms is unbounded: when γ1 and γ2 are
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bounded, γ3 is unbounded, and a22 6= 0; and when γ1 and γ3 are bounded, γ2 is

unbounded, and a12 6= 0. On the other hand, the direct variograms are unbounded

and the cross variograms are bounded when γ1 is bounded, γ2 and γ3 are unbounded,

and a12 6= 0, a22 6= 0.

Therefore, this class of LMC-based bivariate variogram matrix incorporates the

following four situations:[
B B

B B

]
,

[
U U

U U

]
,

[
B B

B U

]
,

[
U B

B U

]
,

where “B” stands for a bounded entry and “U” for an unbounded entry.

Recall that according to (4.3), the following situation cannot exist:[
B U

U B

]
.

Therefore, the only case that is not covered by our model is[
B U

U U

]
.

Although this class of variogram matrix does not cover all the cases where direct

and cross variograms can vary between boundedness and unboundedness, it is more

flexible than Models 1 or 3 in the sense that the diagonal entries in the variogram

matrix can be different. Moreover, the direct variograms can have different growth

rates, which are controlled by the parameters βl, l = 1, . . . , L and the coefficients

ail, i = 1, . . . , p, l = 1, . . . , L.

Unfortunately, this LMC-based approach cannot be used to construct a pseudo

variogram matrix with different diagonal entries. Under the assumption of (4.7), the
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entries in the pseudo variogram matrix ν(h) are

νij(h) =
1

2
var{Zi(s + h)− Zj(s)}

=
1

2
var

{
L∑
l=1

ailWl(s + h)−
L∑
l=1

ajlWl(s)

}

=
L∑
l=1

1

2
var{ailWl(s + h)− ajlWl(s)}, s,h ∈ Rd, i, j = 1, . . . , p,

which cannot be expressed as functions of the univariate variograms γl(h) for Wls.

4.6 Discussion

In this chapter, we proposed several parametric models for both the traditional and

pseudo variogram matrices that can span from joint second-order to intrinsic station-

arity of a vector random field. Our models generalized the univariate variogram model

in Schlather and Moreva (2017) to variogram matrices for vector random fields, which

preserved the flexibility of varying between boundedness and unboundedness for the

entries of the variogram matrix. In addition, compared to other related similar work

such as Ma (2011a), we provided a simple and flexible class of parametric variogram

matrices, where the direct variograms in the diagonal entries and cross variograms in

the off-diagonal entries can vary between boundedness and unboundedness by chang-

ing the values of parameters in the model. Based on the method of latent dimension

for constructing variogram matrices in Ma (2011a), each entry of our variogram ma-

trix model is a linear combination of univariate variograms on a higher dimension,

each of these univariate variograms is a linear combination of Bernstein functions,

and each of the Bernstein functions is chosen as the univariate variogram model in

Schlather and Moreva (2017).

The variogram matrix model based on the method of latent dimensions has a re-

striction that all the variables share the same direct variogram. Hence, we proposed a

procedure based on the LMC for constructing a traditional variogram matrix that has
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different direct variograms with different degrees of boundedness and unboundedness,

by assigning the parameters in the univariate variogram models and the coefficients

in the linear combinations. This class of variogram matrix, however, does not cover

all the cases where the direct and cross variograms can vary between boundedness

and unboundedness, and one case is thus left as an open problem. An example of

this case (i.e., the [B U;U U] case) is presented in Arroyo and Emery (2017), and

Maleki and Emery (2017) presented a similar model corresponding to the [B B;B U]

case. Moreover, the LMC approach is not feasible for constructing pseudo variogram

matrices with different diagonal entries.

The models for variogram matrix we developed in this chapter could, for example,

be fitted to the wind vector with U and V components, and cokriging of the bivariate

wind random field could be further performed for predicting values at unobserved

locations. However, the fitting of such models is difficult since it involves estimating

many parameters and switching between different regimes of parameter combinations.

Therefore, these issues were not explored further on wind-speed data and they are

left for future work.

The publication related to this chapter is as follows:

Wanfang Chen, and Marc G. Genton (2019), “Parametric Variogram Matrices Bridg-

ing Between Joint Second-Order and Intrinsically Stationary Vector Random Fields”,

Stochastic Environmental Research and Risk Assessment, 33:1669–1679.
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Chapter 5

Space-Time Covariance Structures and Models

5.1 Chapter Overview

Spatio-temporal variability is central to statistical analyses for dynamic processes in

environmental science and geophysics. In geostatistics, the observations are typically

modeled by a Gaussian random process, and the space-time covariance function plays

an important role in describing dependence in the data and predicting realizations

at unobserved sites (also called kriging) or future time points. Much progress has

been made since the reviews of Kyriakidis and Journel (1999), Christakos (2000),

Gneiting and Schlather (2002), Kolovos et al. (2004) and Gneiting et al. (2007). In

this chapter, we provide a comprehensive review of recent advances in the literature

on space-time covariance structures and models. A case study for wind-speed data

illustrates the process of assessing the underlying space-time covariance structure,

choosing appropriate models and performing inference.

Consider a space-time random process Z(s, t), where s ∈ Rd (d ≥ 1) denotes

a spatial location and t ∈ R denotes a time point. Henceforth, we assume that

second moments of Z(s, t) exist and are finite. Denote the N space-time coordi-

nates as (s1, t1), . . . , (sN , tN) ∈ Rd × R, and the covariance function of Z(s, t) by

C(s1, t1, s2, t2) = cov{Z(s1, t1), Z(s2, t2)}, where (s1, t1) and (s2, t2) in Rd × R are

space-time coordinates.

A necessary and sufficient condition for a function C to be a covariance is positive

definiteness (Yaglom 1987; De Iaco et al. 2011): C should satisfy
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N∑

i,j=1

cicjC(si, ti, sj, tj) ≥ 0, (5.1)

for all finite N , all (s1, t1), . . . , (sN , tN) ∈ Rd × R and all real c1, . . . , cN . This means

that the covariance matrix of the random vector {Z(s1, t1), . . . , Z(sN , tN)}>, denoted

by Σ, whose (i, j)th entry is σij = C(si, ti, sj, tj), is non-negative definite for all finite

collections of coordinates (s1, t1), . . . , (sN , tN) ∈ Rd × R. The covariance function C

is strictly positive definite if the left-hand side of Equation 5.1 is positive for any

choice of distinct coordinates and any non-zero vector (c1, . . . , cN)>. Strict positive

definiteness ensures the existence of a unique solution of the kriging system for spatial

or spatio-temporal prediction.

A main benefit of stationarity is the pooling of pairs of measurements separated

by the same space-time vector for use as a set of repetitions, which are never available

in practice, for statistical inference. Informally, stationarity means that certain sta-

tistical properties do not change over space and/or time. In this chapter, we discuss

covariance, or weak, stationarity for stochastic processes. Specifically, the covariance

function C is said to be spatially stationary if it depends on space only through the

spatial lag, and temporally stationary if it depends on time only through the temporal

lag. It is said to be stationary if it is both spatially and temporally stationary, where

there exists a permissible (in particular, positive definite) covariance function C de-

fined on Rd × R such that cov{Z(s1, t1), Z(s2, t2)} = C(h, u) for all (h, u) in Rd × R,

where h = s1 − s2 and u = t1 − t2. The restrictions C(·, 0) and C(0, ·) are purely

spatial and purely temporal covariance functions, respectively. A related notion is

that of spatial isotropy, where C(h, u) is restricted to be a function depending on the

Euclidean norm of h only.

A useful characterization of stationary space-time covariance functions is the spec-

tral representation, using Bochner’s theorem (Bochner 1955).

Theorem (Bochner) Suppose that C is a continuous and symmetric function



105

on Rd × R. Then C is a covariance function if and only if it is of the form

C(h, u) =

∫ ∫
eι(h

>ω+uτ)dF (ω, τ), (h, u) ∈ Rd × R, (5.2)

where ι =
√
−1, and F is a finite, non-negative and symmetric measure on Rd × R.

The function F in Equation (5.2) is called the spectral measure. If C is integrable,

the corresponding density with respect to the Lebesgue measure is

f(ω, τ) = (2π)−(d+1)

∫ ∫
e−ι(h

>ω+uτ)C(h, u)dhdu, (ω, τ) ∈ Rd × R,

and is called the spectral density. If f exists, then dF (ω, τ) = f(ω, τ)dωdτ in Equa-

tion (5.2).

In practice, a nugget effect (i.e., a discontinuity at the origin) is often included in

the fitted stationary space-time covariance functions. In the spatio-temporal context,

the nugget effect could be purely spatial, purely temporal or spatio-temporal, and

takes the general form

C(h, u) = δ1I{(h, u) = (0, 0)}+ δ2I{h = 0}+ δ3I{u = 0}, (h, u) ∈ Rd × R,

where δ1, δ2 and δ3 are non-negative constants, and I is an indicator function.

5.2 Space-Time Covariance Structures

5.2.1 Structures

The space-time covariance function C(s1, t1, s2, t2) generally depends on the space-

time coordinates (s1, t1) and (s2, t2). However, due to the large size of space-time

data, it is usually computationally expensive and sometimes infeasible to implement

traditional techniques, such as kriging, based on the general form of C. Simplify-

ing structures are often imposed on C, such as stationarity and spatial isotropy, as

introduced in Section 5.1, and full symmetry and separability, as introduced below.

The relationships among several space-time covariance structures were illustrated by

Gneiting et al. (2007).
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• Separability. One of the key difficulties of constructing space-time covariance

models is that it is in general nontrivial to check whether a function is positive definite.

One simple solution is to rely on the separability assumption:

C(s1, t1, s2, t2) = CS(s1, s2) · CT(t1, t2), (5.3)

for all (s1, t1) and (s2, t2) in Rd × R, where CS and CT are purely spatial and purely

temporal covariance functions, respectively. The separability of C eases the computa-

tion, because the space-time covariance matrix factorizes into the Kronecker product

of purely spatial and purely temporal covariance matrices. However, Equation (5.3)

assumes no interaction between space and time, which is often unrealistic for physical

processes.

• Stationarity and separability. A stationary space-time covariance function

C is separable if C(h, u) = CS(h) · CT(u) for all (h, u) in Rd × R, where CS and CT

are stationary purely spatial and purely temporal covariance functions, respectively.

Equivalently, the covariance function C is separable if it can be factorized in terms of

the joint process as

C(h, u) = C(h, 0) · C(0, u)/C(0, 0), (5.4)

for all (h, u) in Rd × R (Mitchell et al. 2005). In the spectral domain, a stationary

covariance function is separable if and only if the spectral measure factorizes as a

product of measures over the spatial and temporal domains. In particular, if the

spectral density exists, it factorizes as a product over the domains.

• Full symmetry. The space-time covariance function C is fully symmetric if

C(s1, t1, s2, t2) = C(s1, t2, s2, t1) for all (s1, t1) and (s2, t2) in Rd × R. Full symmetry

contains separability as a special case, so covariance structures that are not fully

symmetric are non-separable. There is often a lack of full symmetry for processes

in geoscience, meteorology, hydrology and ecology due to transport effects such as

prevailing air or water flows and atmosphere circulation.
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• Stationarity and full symmetry. A stationary space-time covariance func-

tion C is fully symmetric if

C(h, u) = C(h,−u) = C(−h, u) = C(−h,−u), (5.5)

for all (h, u) in Rd × R. In the purely spatial context, this property is also known as

axial symmetry (Scaccia and Martin 2005) or reflection symmetry (Lu and Zimmer-

man 2005b). A stationary and fully symmetric space-time covariance function can

also be characterized in terms of the spectral measure or spectral density by Bochner’s

theorem; see Theorem 4.3.2 and discussion in Gneiting et al. (2007).

• Stationarity and Taylor’s hypothesis. A stationary space-time covariance

function C satisfies Taylor’s hypothesis (Taylor 1938) if there exists a velocity vector

v ∈ Rd such that C(0, u) = C(vu, 0), u ∈ R. Qualitatively, this implies that the

process evolves slowly in time relative to the advective time scale, and it is often

referred to as the frozen field hypothesis. As a specific asymmetric covariance struc-

ture, Taylor’s hypothesis has gained wide interest in meteorology and hydrology, and

has been found to be plausible for various space-time covariance models (Gupta and

Waymire 1987; Cox and Isham 1988). Examples of covariance functions that admit

Taylor’s hypothesis exactly can be found in Gneiting et al. (2007).

5.2.2 Testing and Visualizing the Structure

The aforementioned various space-time covariance structures of stationarity, spatial

isotropy, separability, full symmetry and Taylor’s hypothesis are desirable from a

computational point of view. However, these assumptions are not always realistic;

see, e.g., the graphical evidence in Cressie and Huang (1999), Gneiting et al. (2007)

and Jun and Stein (2007). Formal testing procedures have been developed to restrict

the class of models one needs to investigate when modeling space-time data.

• Tests for stationarity. Tests for spatial stationarity have been proposed by

Fuentes (2005), who extended a test for stationarity for time series to spatial random
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fields, and Bandyopadhyay and Rao (2017), who used a spectral method for testing

stationarity for irregularly spaced spatial data, based on observing that the Fourier

transform of a stochastic process is nearly uncorrelated if the process is stationary

but correlated if it is non-stationary. Tests for spatio-temporal stationarity include

those in Jun and Genton (2012), which are based on the asymptotic normality of

the proposed test statistics that are functions of estimators of covariances at selected

spatial and temporal lags under spatial stationarity, and Bandyopadhyay et al. (2017),

who extended the method in Bandyopadhyay and Rao (2017) to space-time data over

discrete time and irregular spatial locations. A review of tests for spatial isotropy can

be found in Weller and Hoeting (2016).

• Tests for separability. Early tests for separability of spatio-temporal pro-

cesses were based on parametric models (Guo and Billard 1998; Brown et al. 2001).

Later researchers have focused on likelihood ratio tests (Roy and Khattree 2003,

2005a,b; Roy and Leiva 2008; Lu and Zimmerman 2005a; Mitchell et al. 2005, 2006;

Simpson 2010), and tests based on properties of the spectral representation (Scac-

cia and Martin 2002, 2005; Fuentes 2006; Crujeiras et al. 2010). Likelihood ratio

tests were developed in the context of multivariate repeated measures, and Mitchell

et al. (2005) adapted the test of Mitchell et al. (2006) to the spatio-temporal set-

ting. Bevilacqua et al. (2010) presented parametric tests based on weighted com-

posite likelihood estimates in situations where classical methods such as a likelihood

ratio test may fail. Aston et al. (2017), Liu et al. (2017) and Constantinou et al.

(2017) constructed nonparametric tests for separability of space-time functional pro-

cesses. Cappello et al. (2018) proposed a method for testing positive and negative

non-separabilities, whose definitions are given in Section 5.3.1.

• Tests for symmetry. For testing lack of symmetry for spatial processes,

Scaccia and Martin (2005) used spectral methods for assessing axial symmetry, and Lu

and Zimmerman (2005b) used two-dimensional spatial periodograms for assessing ax-
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ial symmetry and complete symmetry. For testing full symmetry in a spatio-temporal

setting, the nonparametric test of Park and Fuentes (2008) is based on the spectral

representation of spatio-temporal processes. Since full symmetry implies separability,

covariance structures that are not fully symmetric are non-separable, and hence tests

for full symmetry can be used to reject separability. In terms of testing the Taylor’s

hypothesis, Li et al. (2009) proposed a formal statistical testing procedure based on

the asymptotic joint normality of covariance estimators derived by Li et al. (2008a).

• Unified tests for separability and symmetry. Li et al. (2007) proposed

a unified nonparametric methodology for testing various assumptions (i.e., separabil-

ity, full symmetry, isotropy and Taylor’s hypothesis) based on the asymptotic joint

normality of sample space-time covariance estimators for a selected spatio-temporal

lag set, and Li et al. (2008b) extended the test to the multivariate space-time setting.

Shao and Li (2009) modified the tests in Li et al. (2007, 2008b) by employing an

inconsistent estimator of the asymptotic covariance matrix, with the advantage that

the test is free of any tuning parameters.

Huang and Sun (2019) proposed test functions for separability and full symmetry,

fh(u) = C(h, u)/C(h, 0)− C(0, u)/C(0, 0), gh(u) = C(h, u)− C(h,−u), (5.6)

respectively, as functions of the temporal lag u for any spatial lag h. The function

fh(u) (gh(u)) is 0 for any u and h if C is separable (fully symmetric); otherwise,

the test function will move away from zero. They then used functional boxplots

(Sun and Genton 2011) to visualize the functional median and variability of the test

functions. The degree of non-separability or asymmetry is indicated by the extent of

departure from zero at all temporal lags in the functional boxplot. The authors also

developed a rank-based nonparametric testing procedure to assess the significance of

the non-separability or asymmetry.
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5.3 Space-Time Covariance Models

Owing to their computational convenience, separable space-time covariance functions

have been applied to multivariate repeated measures or doubly repeated measures

(Chaganty and Naik 2002) and to spatio-temporal models (Huizenga et al. 2002;

Mitchell and Gumpertz 2003). Although separability is valuable, it does not allow

for space-time interaction in the covariance. Stein (2005a) pointed out that separable

models are not smoother away from the origin than they are at the origin, leading to

a kind of discontinuity in certain correlations that one might wish to avoid in some

circumstances. More detailed discussion of the shortcomings of separable models can

be found in Kyriakidis and Journel (1999) or Cressie and Huang (1999).

Recent studies have focused on constructing non-separable models, which are often

physically more realistic. The associated computational burden can be reduced in

some settings by using the separable approximation of the non-separable space-time

covariance matrix proposed by Genton (2007). Other techniques that allow for fast

inference on large space-time data sets are discussed in Section 5.4.

Non-separable space-time covariance models can be constructed from Fourier

transforms of permissible spectral densities, mixtures of separable models, and par-

tial differential equations representing physical laws. They can be fully symmetric

or asymmetric, stationary or non-stationary, univariate or multivariate, and in the

Euclidean space or on the sphere. We discuss these models in detail below.

5.3.1 Stationary and Fully Symmetric Covariance Models (SS-

CMs)

• SSCMs based on spectral methods. SSCMs can be constructed through

Fourier transforms of permissible spectral densities, based on the spectral representa-

tion, Equation (5.2), of covariance functions. A class of SSCMs has been characterized
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by Cressie and Huang (1999) through a closed-form Fourier inversion in Rd,

C(h, u) =

∫
eιh
>ωρ(ω, u)dω, (h, u) ∈ Rd × R,

where ρ(ω, u), u ∈ R, is a continuous positive-definite function for all ω ∈ Rd. This

approach is restricted to a small class of functions for which a closed-form solution

to a d-variate Fourier integral is known.

Gneiting (2002) proposed a more general class of SSCMs using the approach of

Cressie and Huang (1999) but without the Fourier integral limitation,

C(h, u) =
σ2

ψ(u2)d/2
ϕ

{
‖h‖2

ψ(u2)

}
, (h, u) ∈ Rd × R, (5.7)

where σ2 = C(0, 0), ϕ(r) ≥ 0, r ≥ 0, is a completely monotone function (i.e., it

possesses derivatives of all orders with alternating signs), and ψ(r) > 0, r ≥ 0, has a

completely monotone derivative (i.e., ψ is a Bernstein function).

Porcu et al. (2006) generalized the Gneiting (2002) class of covariance models to

Rd1×Rd2×Rd3×Rd4 , where di ∈ N, i = 1, 2, 3, 4, and built spatially component-wise

anisotropic and temporally symmetric SSCMs defined on R3 × R,

C(h1, h2, h3, u) =
σ2

ψ1(|h1|2)1/2ψ2(|u|2)1/2
×L

{
|h2|2

ψ1(|h1|2)
,
|h3|2

ψ2(|u|2)

}
, h1, h2, h3, u ∈ R,

(5.8)

where σ2 = C(0, 0, 0, 0), ψ1 and ψ2 are either Bernstein functions, variograms or in-

creasing and concave functions on [0,+∞), and L is defined as before. A similar con-

struction was proposed by Porcu et al. (2007a): C(h, u) = L
{∑d

i=1 ψi(|hi|), ψt(|u|)
}
,

(h, u) ∈ Rd × R, where h = (h1, . . . , hd)
>, and L and ψ are defined as above.

Stein (2005a) showed that similar to separable models, the SSCMs proposed by

Cressie and Huang (1999), Gneiting (2002) and De Iaco et al. (2001, 2002) (to be

discussed below) are not differentiable at the origin or along certain axes, which leads

to discontinuities of the autocorrelation function away from the origin. He proposed
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a parametric class of spectral densities of the form

f(ω, τ) = {P1(‖ω‖2) + P2(|τ |2)}−ν , (ω, τ) ∈ Rd × R,

where ν > 0, f is bounded, P1 and P2 are non-negative polynomials on [0,+∞) of

positive degrees α1 and α2, respectively, and d/(α1ν) + 1/(α2ν) < 2. The corre-

sponding space-time covariance function C can achieve any degree of differentiability

in space and in time away from the origin. Stein (2005a) also described a general

approach to constructing space-time covariance functions that are spatially isotropic

but asymmetric from symmetric models by taking derivatives.

Porcu et al. (2008) built spectral densities whose Fourier pair is infinitely differ-

entiable away from the origin. The new spectral density is a product of two spectral

densities, f1 and f2, under the condition of integrability,

f(ω, τ) = f1(a1|τ |α + b1‖ω‖β)f2(a2|τ |α + b2‖ω‖β), (ω, τ) ∈ Rd × R,

where a1, a2, b1, b2 are positive constants, and α, β ∈ N are even numbers. This general

class includes both the separable and non-separable cases in the spectral domain.

The Matérn class (Matérn 1986) is an important family of covariance functions

in spatial statistics. Its spectral density is f(ω) = γ(α2 + ‖ω‖2)−ν−d/2, ω ∈ Rd, where

γ > 0, α > 0 and ν > (d+1)/2 are the scale, spatial range and smoothness parameters,

respectively. Fuentes et al. (2008) extended the Matérn class to the spatio-temporal

setting, where the spectral density has the form

f(ω, τ) = γ(α2β2 + β2‖ω‖2 + α2τ 2 + ε‖ω‖2τ 2)−ν , (ω, τ) ∈ Rd × R, (5.9)

where β is the temporal range parameter, and ε ∈ [0, 1] is the non-separability pa-

rameter. If ε = 1, the corresponding covariance is separable, and both the spatial and

temporal components are Matérn-type covariances. If ε 6= 1 and ν < ∞, the corre-

sponding covariance is non-separable. Ip and Li (2017b) provided closed forms of the

covariance functions for ε = 1 and ε = 0; the closed form does not exist in general
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when ε ∈ (0, 1), in which case one must rely on a numerical Fourier transformation.

Horrell and Stein (2017) defined a half-spectral representation either in space

if only the integration over ω is performed in Equation 5.2, or in time if only the

integration over τ is performed. The models in Cressie and Huang (1999) and Gneiting

(2002) are half-spectral in space, and that in Stein (2005b) is half-spectral in time.

Horrell and Stein (2017) also developed a class of SSCMs that is half-spectral in time.

• SSCMs based on mixtures. SSCMs can also be constructed as mixtures

of separable covariances. As a result, the mixture models are fully symmetric.

De Iaco et al. (2001) proposed a simple product-sum SSCM,

C(h, u) = a0CS0(h)CT0(u) + a1CS1(h) + a2CT2(u), (h, u) ∈ Rd × R, (5.10)

where a0, a1 and a2 are non-negative constants, and CS0,CS1 and CT0,CT2 are station-

ary, purely spatial and purely temporal covariance functions, respectively. De Iaco

et al. (2002) extended Equation (5.10) as

C(h, u) =

∫
{a0CS(h; θ)CT(u; θ) + a1CS(h; θ) + a2CT(u; θ)}dµ(θ), (h, u) ∈ Rd × R,

under integrability conditions, where µ is a finite, non-negative measure on a non-

empty set Θ, CS(·; θ) and CT(·; θ) are stationary, purely spatial and purely temporal

covariance functions, respectively, for each θ ∈ Θ, and a0, a1 and a2 are non-negative

constants. When a1 = a2 = 0, this corresponds to an extension of the Cressie and

Huang (1999) model.

Ma (2002) constructed SSCMs by introducing a non-negative bivariate discrete

random vector (U, V )>, conditional on which the underlying space-time random pro-

cess Z possesses a separable covariance structure. Then the (unconditional) correla-

tion function of Z, defined as ρ(h, u) = C(h, u)/C(0, 0), has the form

ρ(h, u) =
∞∑
i=1

∞∑
j=1

ρS(h; i)ρT(u; j)pij, (h, u) ∈ Rd × R, (5.11)

where {pij, (i, j) ∈ Z2
+} is the probability mass function of (U, V )>, and conditional
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on (U, V ) = (i, j) ∈ Z2
+, ρS(·; i) and ρT(·; j) are stationary, purely spatial and purely

temporal correlation functions, respectively. A similar conditional method was used

in Ma (2003a,b). Ma (2005) derived SSCMs via linear combinations of space-time

covariance functions, which are formulated by using the cosine transform method in

Ma (2003b).

Porcu et al. (2008) joined several approaches from De Iaco et al. (2001), Gneit-

ing (2002) and Stein (2005a) to construct SSCMs while removing some undesirable

features of the previously proposed models. However, the level of differentiability in

their model cannot be determined analytically. This drawback is covered by their

second proposal based on the spectral method, which was discussed in the previous

bullet point.

• Measures of non-separability. Recent work on constructing valid SSCMs

has focused on different types and degrees of non-separability that characterize the

extent of space-time interaction, or the dependence between spatial and temporal

components of the process.

Based on the characterization of separability in Equation (5.4), Rodrigues and

Diggle (2010) proposed simple definitions for positive and negative non-separability

of space-time covariance functions, corresponding to the ratio

C(h, u)× C(0, 0)

C(h, 0)× C(0, u)

being larger or smaller than 1, respectively, for all (h, u) in Rd × R. They showed

that the SSCMs in Gneiting (2002) cannot accommodate negative non-separability,

those in De Iaco et al. (2001) cannot accommodate positive non-separability, and

those in Ma (2003a) accommodate non-separability but under the restriction that

the temporal correlation structure decays exponentially. They then proposed SSCMs

using a discretized convolution-based model with a non-separable kernel function,

within which negative, zero or positive non-separability can be achieved by changing

the value of a single parameter. The convolution-based model is shown to achieve
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substantial computational gains over the use of a Gaussian process with directly

specified covariance structure when the process being modeled is spatially smooth,

that is, when the correlation decays slowly with increasing spatial separation.

De Iaco and Posa (2013) pointed out that the definitions in Rodrigues and Diggle

(2010) did not account for the fact that a covariance function usually depends on a

vector of parameters θ ∈ Θ, and proposed a definition of uniformly positive and neg-

ative non-separability, corresponding to the same relationships as in Rodrigues and

Diggle (2010) but for all (h, u) ∈ Rd×R and all θ ∈ Θ. Thus, uniformly positive (neg-

ative) non-separability implies point-wise positive (negative) non-separability, but the

converse is false. They showed that the covariance models in Gneiting (2002) and Ma

(2002) are uniformly positive non-separable, and the model in De Iaco et al. (2001) is

uniformly negative non-separable. They also proposed wide classes of SSCMs based

on extensions of De Iaco et al. (2001), Ma (2002) and De Iaco et al. (2002), with

changing non-separability indexes.

Fonseca and Steel (2011a) suggested a measure of non-separability for their specific

proposed SSCM, formed by setting U = X0+X1 and V = X0+X2 in Ma (2002), where

X0, X1 and X2 are independent non-negative random variables with finite moment

generating functions M0,M1 and M2, respectively. Then the new SSCM is given by

C(h, u) = σ2M0{−γ1(h)− γ2(u)}M1{−γ1(h)}M2{−γ2(u)}, (h, u) ∈ Rd × R,

where γ1 and γ2 are purely spatial and purely temporal variograms, respectively. This

new SSCM allows for different degrees of smoothness across space and time and for

long-range dependence in time. The measure of non-separability is the correlation

between U and V as an indication of space-time interaction, which is always between

0 and 1, with 0 indicating separability and 1 meaning high dependence between space

and time. However, this model excludes negative non-separability in the sense of

Rodrigues and Diggle (2010).

Fonseca and Steel (2017) proposed a general measure of non-separability that can
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be applied to any class of non-separable covariance functions. Since negative non-

separability is uncommon in practice, they only considered positively non-separable

functions. They showed that some of the models proposed in the literature, such

as those in Cressie and Huang (1999), Gneiting (2002) and Rodrigues and Diggle

(2010), do not achieve strong non-separability and that the parameters do not always

have clear interpretations. They also illustrated how their proposal can be applied to

non-stationary processes.

5.3.2 Stationary and Asymmetric Covariance Models (SACMs)

• Lagrangian reference frame. Atmospheric and geophysical processes are often

asymmetric due to transport effects, such as prevailing air and water flows. To model

such processes, we can use the Lagrangian reference frame (May and Julien 1998)

to achieve asymmetry. Specifically, consider a spatial random field on Rd with a

stationary covariance function CS, and suppose that the entire field moves time-

forward with a random velocity vector V ∈ Rd. The resulting spatio-temporal random

process has the covariance

C(h, u) = E{CS(h−Vu)}, (h, u) ∈ Rd × R. (5.12)

Covariances of this form are generally asymmetric and satisfy Taylor’s hypothesis. Ma

(2003a), among others, proposed similar constructions, and established a theorem

that formalizes the validity of turning a purely spatial covariance function into a

space-time covariance function.

Various options can be physically justified for choosing the random velocity vector

V. For instance, in the context of atmospheric transport effects driven by prevailing

winds, the simplest case occurs when V = v is constant, which represents the mean

wind vector as determined from synoptic or local wind patterns. Gupta and Waymire

(1987) referred to this as the frozen field model. The non-frozen field model, proposed

by Cox and Isham (1988), offers more flexibility by treating V as random. Finally,
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the distribution of V could be updated dynamically according to the current state of

the atmosphere, which yields non-stationary, flow-dependent covariance structures.

The stationary frozen field model has been used to model winds (Gneiting et al.

2007; Ezzat et al. 2018), waves (Ailliot et al. 2011), solar irradiance (Inoue et al. 2012;

Lonij et al. 2013; Shinozaki et al. 2016), and disease (Christakos 2017). However, it is

isotropic for any u 6= 0. Stationary non-frozen field models, where the velocity vector

is not constant, can introduce anisotropy. Porcu et al. (2006) proposed an anisotropic

version of the model by partitioning h and V into smaller components,

C(h, u) = EV1EV2 [L{γ1(h1 −V1u), γ2(h2 −V2u)}], (h, u) ∈ Rd × R,

where γ1, γ2 are purely spatial variograms, and L is the bivariate Laplace transform

of a non-negative random vector. Schlather (2010) derived the explicit form of the

non-frozen field model for specific choices of CS and the distribution of V.

• Other physics-based SACMs. There is often a need for the covariance func-

tion to incorporate physical features of environmental variables. Covariance models

that satisfy Taylor’s hypothesis are also physically realistic, and the Lagrangian refer-

ence frame discussed above has its roots in physics. Many stationary and asymmetric

space-time covariance functions can be derived as solutions of diffusion equations or

stochastic partial differential equations. Related approaches have been discussed by

Heine (1955), Jones and Zhang (1997), Christakos and Hristopulos (1998), Christakos

(2000), Brown et al. (2000), Ma (2003a), and Kolovos et al. (2004).

5.3.3 Non-stationary Covariance Models (NSCMs)

There is an extensive literature on non-stationary spatial covariance models (e.g.,

Sampson and Guttorp 1992; Higdon et al. 1999; Fuentes and Smith 2001; Fuentes

2002; Nychka et al. 2002; Pintore and Holmes 2007). In this section, we focus on non-

stationary space-time covariance models, which can be non-stationary in space and

stationary in time, stationary in space and non-stationary in time, or non-stationary
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in both space and time.

Ma (2002) proposed non-separable NSCMs by scale mixtures in a similar way to

the positive power mixtures model in Equation 5.11. Kolovos et al. (2004) obtained

non-separable NSCMs from the generalized random field theory (Christakos 1991,

2004). Porcu et al. (2007a) generalized the Gneiting (2002) class to spatial non-

stationarity using non-stationary kernels. Fuentes et al. (2008) constructed non-

separable NSCMs based on a mixture of local stationary spectral densities of the

spatio-temporal Matérn-type as shown in Equation (5.9).

More sophisticated NSCMs have appeared recently. Ip and Li (2015) proposed

covariance models that allow the model parameters to vary over time. Shand and

Li (2017) formulated a spatio-temporal dimension expansion approach based on the

work of Bornn et al. (2012). Xu and Gardoni (2018) constructed NSCMs based on

the improved latent space approach.

5.3.4 Covariance Models on the Sphere (CMSPs)

Climate model outputs and remotely sensed networks have provided environmental,

geophysical, and atmospheric sciences with many data sets that are inherently global

and temporally evolving. Thus, related applications have increasingly focused on

modeling processes evolving temporally over a sphere, using, for example, global data

covering a large portion of the Earth. In principle, all the aforementioned methods in

the large literature on covariance models for flat surfaces using the Euclidean distance

can produce valid CMSPs using the chordal distance, since the chordal distance in

Sd−1
r , a sphere in Rd with radius r, is equivalent to the Euclidean distance in Rd (Jun

and Stein 2007). The chordal distance, dCH, is the length of the shortest straight line

between two locations on the sphere.

However, the chordal distance is not a valid metric for the description of spatial

dependence, since it does not respect the curvature of the sphere, and thus may result
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in physically unrealistic distortions (Gneiting 2013). In addition, it underestimates

the true distance between the points on the sphere, which has a non-negligible impact

on the estimation of the spatial scale (Porcu et al. 2016). Instead, the great circle

(geodesic) distance, dGC, defined as the shortest distance between any two points on a

sphere measured along a path on its surface, is the physically most natural metric for

processes on the surface of a sphere. Nevertheless, space-time covariances in Euclidean

spaces are generally not valid on the sphere if coupled with the geodesic distance

(Berg and Porcu 2017). For example, the Matérn model with the geodesic distance is

valid on the sphere only under a severe restriction on the smoothing parameter (not

smoother than the exponential covariance). This limitation is inherited for space-

time processes, and it has motivated researchers to either use the chordal distance

(North et al. 2011; Jeong and Jun 2015; Guinness and Fuentes 2016), or build new

CMSPs, which might not be valid for the Euclidean distance, based on positive definite

functions using the geodesic distance (Porcu et al. 2016; Berg and Porcu 2017; Alegría

et al. 2019).

More sophisticated non-stationary spatial or spatio-temporal CMSPs have been

proposed by Jun and Stein (2007, 2008), Hitczenko and Stein (2012) and Alegría

and Porcu (2017), among others. Gneiting (2013) and Jeong et al. (2017) provided

reviews on CMSPs in a spatial context. A thorough review on CMSPs on the sphere

in R3 representing our planet has been given in Porcu et al. (2018), and Salvaña and

Genton (2020) also included a review on spatial and spatio-temporal CMSPs.

5.3.5 Multivariate Cross-Covariance Models (MCCMs)

It is now common to monitor several geo-referenced variables evolving in time. Hence,

it is important to specify an MCCM able to capture both the spatio-temporal and

the cross-variable dependencies.

Consider a p-variate spatio-temporal random process Z(s, t) = {Z1(s, t), . . . , Zp(s, t)}>,
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(s, t) ∈ Rd × R. The corresponding matrix-valued cross-covariance function at two

spatio-temporal coordinates, (s1, t1), (s2, t2) ∈ Rd×R, is C(s1, t1, s2, t2) = {Cij(s1, t1, s2, t2)}pi,j=1,

where Cij(s1, t1, s2, t2) = cov{Zi(s1, t1), Zj(s2, t2)}, i, j = 1, . . . , p. The cross-covariance

matrix Σ ∈ RNp×Np of the random vector {Z(s1, t1)>, . . . ,Z(sN , tN)>}> ∈ RNp, with

N ×N block elements of p× p matrices C(sk, tk, sl, tl), k, l = 1, . . . , N , should satisfy

the condition of non-negative definiteness, i.e., a>Σa ≥ 0 for any integer N , any finite

set of coordinates (s1, t1), . . . , (sN , tN), and any vector a ∈ RNp.

The notions of stationarity and isotropy are defined in essentially the same way as

in the univariate case. Arguably, the easiest way to build stationary MCCMs is again

to rely on the assumption of (space-time) separability, where each Cij(h, u) can be

written as a product of a purely spatial cross-covariance Cij(h) and purely temporal

univariate covariance CT(u), (h, u) ∈ Rd × R, and this implies full symmetry, which

occurs when each Cij satisfies Equation 5.5. Alegría et al. (2019) defined the notion of

space-time p-separability and two related structures, and other notions of separability

have been discussed by Apanasovich and Genton (2010) based on latent dimensions,

and by De Iaco et al. (2019) based on the linear model of coregionalization (LMC).

Again, separability assumptions can be useful for both modeling and estimation pur-

poses since they alleviate the computational burdens, but are generally unrealistic.

The literature has thus focused on developing non-separable models.

In the purely spatial context, Genton and Kleiber (2015) provided a review on

MCCMs, including models built from univariate models based on LMC, convolution

methods and latent dimensions, and the multivariate Matérn model (Gneiting et al.

2010). These models can be further adapted to the space-time context. For exam-

ple, Bourotte et al. (2016) and Ip and Li (2016, 2017a) provided several adaptations

of the multivariate purely spatial Matérn model to space-time, and Alegría et al.

(2019) extended the modified Gneiting class introduced by Porcu et al. (2016) to the

multivariate case, and also constructed an additional Gneiting type cross-covariance
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by adapting the latent dimension approach (Apanasovich and Genton 2010) to the

spherical context. Several studies discussed in previous sections, for example, Ro-

drigues and Diggle (2010), Ip and Li (2015) and Porcu et al. (2016), also tackled

the multivariate case. A more thorough review of MCCMs can be found in Salvaña

and Genton (2020), who proposed a class of non-stationary Lagrangian MCCMs too.

Spatio-temporal covariance models have also been discussed in Cressie and Wikle

(2011), Montero et al. (2015), Christakos (2017) and Wikle et al. (2019).

5.3.6 Illustrations

In this section, we illustrate various space-time covariance structures and realiza-

tions through visuanimations (Genton et al. 2015a). To illustrate non-separability,

we choose the stationary and fully symmetric convolution-based covariance model

proposed by Rodrigues and Diggle (2010), where negative, zero and positive non-

separability can be achieved by varying a single parameter. Specifically, suppose the

covariance function of a spatio-temporal process Z is given by

C(h, u) =

∫
Rd

∫
R
k(ω − h, τ − u)k(h, u)dωdτ, (h, u) ∈ Rd × R, (5.13)

where k is a square-integrable kernel function. Rodrigues and Diggle (2010) suggested

using

k(h, u) = ρ(u)exp{−ρ(u)β(‖h‖/a)2}, (h, u) ∈ Rd × R, (5.14)

where ρ(u) = exp(−|u|/b) is an exponential temporal correlation function with b > 0

as the temporal range parameter, a > 0 is the spatial range parameter, and β < 2 is

the non-separability parameter. When β = 0, Equation 5.13 reduces to the separable

case. Positive and negative values of β correspond to positive and negative non-

separability, respectively, whose definitions are given in Section 5.3.1. The general
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form of the covariance function corresponding to the kernel k in Equation (6.11) is

CRD(‖h‖, u) ∝
∫

ρ(t− u)ρ(t)

ρ(t− u)β + ρ(t)β
exp

{
− ρ(t− u)βρ(t)β

ρ(t− u)β + ρ(t)β

(
‖h‖
a

)2
}
dt, (h, u) ∈ Rd×R.

(5.15)

In the visuanimation, we choose values for the non-separability parameter, β ∈

{−1, 0, 1}, representing negative, zero and positive non-separability, respectively. In

addition, we choose values for the spatial and temporal range parameters a and b

corresponding to weak, medium and strong spatial and temporal dependences, mea-

sured by the respective effective ranges. The effective range is defined as the dis-

tance beyond which the correlation between observations is less than or equal to

0.05 (Irvine et al. 2007). In this section, we simulate at 15 × 15 locations in a unit

square [0, 1]2 in space and 10 points in a unit interval [0, 1] in time, and select lev-

els of the spatial effective range as a∗ ∈ {0.3, 0.7, 1.2}, and the temporal effective

range as b∗ ∈ {0.3, 0.6, 0.9}. Fixing β ∈ {−1, 0, 1}, the corresponding values for a

and b are computed by solving ρRD(0, b∗; a, b, β) = 0.05 and ρRD(a∗, 0; a, b, β) = 0.05,

respectively, where ρRD(‖h‖, u; a, b, β) = CRD(‖h‖, u)/CRD(0, 0) is the space-time cor-

relation function, ρRD(0, u; a, b, β) and ρRD(‖h‖, 0; a, b, β) are the purely temporal and

purely spatial correlation functions, respectively. The complicated integral in Equa-

tion (5.15) is evaluated numerically.

We display the visuanimations in Movie 5.1. For each combination of parameters

shown in panel (a), the contour plot of the correlation function is shown in (b), the

functional boxplot of the true separability test functions (see Equation (5.6)) defined

by Huang and Sun (2019) is shown in (c), where the degree of non-separability is

indicated by the extent of departure from zero at all temporal lags, and (d)–(f) show

spatial maps at three consecutive time points from realizations of a spatio-temporal

Gaussian process with zero mean, unit variance and the corresponding correlation

function. Movie 5.1 shows that the contour plots for all parameter combinations

are symmetric, and the spatial correlation decays quickly if the effective range a∗ is
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Movie 5.1: Visuanimations of the negative (β < 0), zero (β = 0) and positive (β > 0)
non-separability correlation structures. For each combination of parameters shown in
panel (a), the contour plot of the correlation function is shown in (b), the functional
boxplot of the true separability test functions (see Equation 5.6) is shown in (c),
where each curve is associated with a specific pair of spatial locations, the central black
curve represents the median, the magenta area is the 50% central region, and the band
bounded by the outer curves is the maximum non-outlying envelope, and (d)-(f) show
spatial maps at three consecutive time points from realizations of a spatio-temporal
Gaussian process with zero mean, unit variance and the corresponding correlation
function.

small, and decays slowly if a∗ is big. When β = 0, the separability test functions are

identically zero, and when β 6= 0, the test functions deviate from zero, or specifically,

they are all negative when β = −1 and all positive when β = 1. The realizations

show features that reflect the underlying correlation structures. When β = 0, i.e.,

in the separable case, the maps at the three consecutive time points do not interact,

although in a few cases some spatial patterns are retained as time evolves, due to
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the strong temporal dependence. When β 6= 0, space-time interactions exist, i.e., the

maps largely share spatial patterns at the three consecutive times, especially when

the spatial or temporal dependence is strong.

In order to illustrate the fully symmetric and asymmetric covariance structures, we

use a construction similar to that in Gneiting et al. (2007). Specifically, the correlation

model is a linear combination of ρRD used above, and a Lagrangian correlation function

ρLGR,

ρ(h, u) = (1− λ)ρRD(‖h‖, u) + λρLGR(h, u), (5.16)

where λ ∈ [0, 1] is the asymmetry parameter, with λ = 0 indicating full symmetry,

and

ρLGR(h, u) =

(
1− 1

2‖v‖
‖h− vu‖

)3/2

+

, (5.17)

where p+ = max(p, 0), h = (h1, h2)>, and v = (v1, v2)> is the vector of constant

velocities at the two directions h1 and h2, respectively. The Lagrangian correlation

function ρLGR is valid since in Equation 5.12, we set V = v as a constant vector, and

use the Askey function (Askey 1973), CS(h) = (1− ‖h‖/b)ν+, b > 0, which is positive

definite on R2 if ν > 3/2 (Zastavnyi and Trigub 2002); also, we set b = 2‖v‖ > 0.

For visuanimation, we fix the non-separability parameter β = 1, and choose dif-

ferent values for the asymmetry parameter, λ ∈ {0, 0.05, 0.1}. When λ = 0, the

covariance function reduces to the fully symmetric case, and it is isotropic, i.e., it de-

pends on the spatial and temporal lags only through their distances. When λ 6= 0, the

covariance function is anisotropic, so we cannot deduce the parameter settings that

correspond to specific configurations of effective ranges, as in the first illustration.

However, since here λ is small, the spatial and temporal dependences are affected by

the Lagrangian part only slightly. Hence, for λ = 0.05 or λ = 0.1, we use the same

parameter settings that are derived from the case where λ = 0. We use the same

configuration for simulation as above, and assume v1 = v2 = 1, i.e., the random field
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Movie 5.2: Visuanimations of the fully symmetric (λ = 0) and asymmetric (0 <
λ < 1) correlation structures. For each combination of parameters shown in panel
(a), the contour plot of the correlation function, with h2 fixed at zero, is shown in
(b), the functional boxplot of the full symmetry test functions (see Equation (5.6))
is shown in (c), and (d)–(f) show spatial maps at three consecutive time points from
realizations of a spatio-temporal Gaussian process with zero mean, unit variance and
the corresponding correlation function.

travels in the direction of 45°. The visuanimations is shown in Movie 5.2. Since the

correlation function relies on the temporal lag u and both components, h1 and h2, of

the spatial lag h, we fix h2 = 0, and draw the contours for different values of u and

h1. We see that when λ = 0, the contour plots in (b) are symmetric, and the full

symmetry test functions in (c) are identically zero; when λ > 0, the contour plots are

asymmetric, and the test functions deviate from zero, with the extent of asymmetry

and departure from zero getting larger as λ increases. In addition, when λ = 0, the

maps are the same as those in the case of β = 1 in Movie 5.1, since we use the same
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covariance model and the same seed in simulating the Gaussian random field. When

λ > 0, a transport effect is present in the direction of 45°, and becomes more obvious

as λ increases.

5.4 Fitting Space-Time Covariance Models

The estimation of covariance functions is important for applications of space-time

random processes, such as space-time prediction, or kriging. Covariance functions

can be estimated non-parametrically without assuming any covariance model. For

example, a stationary covariance function can be estimated empirically by

Ĉ(h, u) =

∑
s,s+h∈D

T−u∑
i=1

{
Z(s, i)− 1

T−u

T−u∑
j=1

Z(s, j)
}{

Z(s+ h, i+ u)− 1
T−u

T−u∑
j=1

Z(s+ h, j + u)
}

N(h)(T − u)
,

(5.18)

for u = 0, . . . , T−1, where T is the number of time points, N(h) is the number of pairs

of locations with spatial lag h, and D is the spatial domain of the observations. More

often, one selects from various parametric classes of covariance models and estimates

the parameters therein by fitting the models to the data. This allows one to learn the

properties of the covariance in the data, such as separability, full symmetry, and the

rates of decay of spatial and temporal correlations, from the estimated parameters.

Furthermore, stochastic weather generators (SWG, Wilks and Wilby 1999) based on

fast statistical simulations with the estimated parameters can be used to reproduce

the process, and spatio-temporal kriging can be performed to predict the process in

space and time.

After choosing a model, the parameters can be estimated by using an ordi-

nary, weighted or generalized least-squares approach based on empirical and fit-

ted variograms. Under the typical Gaussian assumptions, the maximum likelihood

(ML) approach is statistically most efficient for estimation. Suppose we have a vec-

tor of space-time observations Z = {Z(s1, t1), . . . , Z(sN , tN)}> with the mean re-

moved so that we focus on the estimation of the covariance. Assume that Z ∼
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NN(0,Σ(θ)), where θ is the vector of parameters in the covariance model, and

Σ(θ)ij = cov{Z(si, ti), Z(sj, tj)}, i, j = 1, . . . , N . The log-likelihood function is given

by

l(θ) ∝ −ln[det{Σ(θ)}]− Z>Σ−1(θ)Z. (5.19)

The ML estimator is then obtained by maximizing l(θ). However, exact ML estima-

tion is computationally infeasible for large data sets, since it requires the evaluation

of the determinant and inverse of an N × N matrix, which has a computational

complexity of O(N3).

This scalability issue has also been recognized in spatial statistics. To speed up

the computation, one estimation technique is based on computationally tractable

approximations of the covariance matrix. There are three common strategies in spa-

tial statistics: low rank, sparse and spectral approximations. The low rank method

approximates Σ with a matrix of smaller rank, m, reducing the computational com-

plexity to O(nm2), where n is the number of spatial locations. Basis function repre-

sentations are often used for this purpose; see, e.g., Cressie and Johannesson (2008)

and Katzfuss (2017a). The sparse method introduces sparsity in the full covariance

matrix through a compactly supported covariance representation, i.e., the covariance

shrinks to zero whenever the spatial and/or temporal distances are sufficiently large.

The covariance tapering method (Kaufman et al. 2008), for instance, belongs to this

category. The Gaussian Markov random field approximation (Rue and Tjelmeland

2002), on the other hand, introduces sparsity in the inverse of the covariance matrix

(also called the precision matrix). When the observations are located on a regular lat-

tice, the spectral representation of the Gaussian process allows one to develop spectral

constructions of the full covariance matrix. For example, Samo and Roberts (2015)

proposed generalized spectral kernels that can approximate any bounded kernel with

arbitrary precision.

Another strategy is to use a simplified version of the full likelihood, such as com-
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posite likelihood (CL) (Lindsay 1988); see Varin et al. (2011) for an overview. The

CL is a product of a collection of component likelihoods. If {A1, . . . ,AK} is a set of

marginal or conditional events with associated likelihoods Lk(θ) ∝ f(z ∈ Ak; θ), then

a CL is the weighted product: LC(θ) =
∏K

k=1 Lk(θ)ωk , where ωk’s are non-negative

weights to be chosen. In particular applications, unequal weights can be chosen to im-

prove the efficiency. Because each individual component is a conditional or marginal

density, the estimating equation obtained from the derivative of the CL is unbiased.

However, because the components are multiplied, whether or not they are indepen-

dent, the inference function has the properties of a likelihood from a misspecified

model.

It is expected that the methods discussed above can be extended to the spatio-

temporal case. However, additional challenges arise when analyzing spatio-temporal

data, due to the high dimensionality with the addition of time, and the distinct,

yet intricately involved, nature of space and time. To simplify the analysis, some

authors either separately model the spatial and temporal dependences (Sahu et al.

2007), or apply a separable space-time covariance function (Genton 2007). However,

these approaches ignore the crucial effect of space-time interaction. Paciorek et al.

(2009) attempted to capture the space-time interaction of PM10- and PM2.5-particles

by using monthly varying spatial surfaces, but assumed independence across spatial

residual surfaces at each time point, which limited their ability to quantify the space-

time interaction. Bai et al. (2012) developed an efficient CL approach for the joint

analysis of spatio-temporal processes. They first constructed three sets of estimating

functions from spatial, temporal and spatio-temporal cross-pairs, which result in over-

identified estimating functions, and then formed a joint inference function in a spirit

that is similar to the generalized method of moments (Hansen 1982). Bevilacqua et al.

(2012) proposed two estimation methods using the CL approach. The first relies

on the maximization of a weighted version of the CL function with cutoff weights
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based on the distance in space and in time. The second is based on the solution

of a weighted CL equation, where the weights are obtained by minimizing an upper

bound for the asymptotic variance of the estimator. Porcu et al. (2020) proposed

spatio-temporal covariance models with dynamical compact support, meaning that

the compact supports depend on the spatial and temporal lags. Their model brings

sparsity in the covariance matrix, and the sparsity changes at each iteration of the

maximization algorithm in the Gaussian likelihood computation.

Recently, software called ExaGeoStat (Abdulah et al. 2018) has been developed

for Gaussian spatial processes. It allows for exact ML estimation with dense full

covariance matrices, using high performance computations that employ the most ad-

vanced parallel architectures, combined with cutting edge dense linear algebra li-

braries. ExaGeoStat was also fine-tuned to work on the tile low-rank representation

of the dense full covariance matrix. Development of ExaGeoStat for spatio-temporal

settings, however, is ongoing.

The recent trend of using hierarchical models could also ease the computational

burden, but in a completely different way; see Cressie and Wikle (2011) for more

details. When there is strong evidence showing non-Gaussianity or non-stationarity,

one can refer to the methods in, e.g., de Luna and Genton (2005), Wikle and Royle

(2005) and Fonseca and Steel (2011b).

5.5 Space-Time Data Analysis

In this section, we analyze the space-time covariance structure of a wind data set,

which was produced by Yip (2018), using the Weather Research and Forecasting

(WRF) model. The original data consist of hourly wind speeds at a fine spatial

resolution of approximately 5 km × 5 km covering the Arabian Peninsula, over the

period 2009–2014. We select a subregion in the new mega-city, NEOM, of Saudi Ara-

bia (The NEOM Project 2017), bounded approximately by longitudes 35.49–35.67°E
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and latitudes 28.23–28.41°N. The NEOM project, initiated from the Saudi Vision

2030 (Alturki and Alsheikh 2016), envisages a very large, self-sustainable city with

a substantial reliance on wind energy. For the time domain, we analyze the hourly

winds in the week of August 20 to 26, 2014, characterized by one of the strongest

wind regimes of the year (Chen et al. 2018). The final spatio-temporal data set we

consider consists of wind speeds at n = 5 × 5 = 25 gridded spatial locations and

T = 24× 7 = 168 time points, yielding a total of nT = 4200 data points.

Following common practice in the literature (e.g., Gneiting et al. 2007), we apply

the square root transform to the wind speeds. This stabilizes the variance over both

space and time, and makes the marginal distributions approximately normal. We

then fit a time series model for each location, and remove the location-specific trend

and seasonality. The residuals, also called velocity measures, at the 25 locations are

denoted by Z = (Z11, Z21, . . . , Zn1, Z12, . . . , Zn2, . . . , Z1T , . . . , ZnT )>.

Next, we fit a spatio-temporal Gaussian process with zero mean and a space-time

covariance function to the velocity measures Z. Prior to choosing a covariance model,

we use the testing procedure developed in Huang and Sun (2019) to assess the sepa-

rability and full symmetry properties of the covariance function for Z, calculated by

Equation (5.18). Figure 5.3 shows the functional boxplots for the two test functions,

which clearly deviate from zero at all temporal lags, indicating non-separability and

asymmetry. The significance of non-separability and asymmetry can be assessed us-

ing the rank-based tests, which yield p-values of 0.003 and 0.025, respectively, based

on 1000 bootstrap replicates. These imply that the assumptions of separability and

full symmetry are violated.

Therefore, we use a stationary but not necessarily fully symmetric covariance

model similar to that used in Gneiting et al. (2007). The correlation model is a

linear combination of the Gneiting (2002) model and the frozen Lagrangian model in
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Figure 5.3: Functional boxplots for (a) the separability and (b) the full symmetry
test functions defined in Equation 5.6 for the velocity measures and the p-values of
the rank-based tests.

Equation (5.17),

ρ(h, u) =
1− λ

a|u|2ν + 1
exp

{
− b‖h‖

(a|u|2ν + 1)β/2

}
+λ

(
1− ‖h− vu‖

2‖v‖

)3/2

+

, (h, u) ∈ Rd×R,

(5.20)

where λ ∈ [0, 1] is the asymmetry parameter, a > 0 and b > 0 are temporal and

spatial range parameters, respectively, ν > 0 is the smoothness parameter, β ∈ [0, 1]

is the non-separability parameter, and v is the constant velocity vector. We also

consider a joint spatio-temporal nugget effect, δ, and a sill parameter σ2, so the full

parametric covariance model is

C∗(h, u) = σ2ρ(h, u) + δI{(h, u) = (0, 0)}, (h, u) ∈ Rd × R, (5.21)

where I is the indicator function, and ρ is given by Equation (5.20).

Under Gaussianity, we use the ML method to estimate the parameters. Since

the likelihood surface would be multimodal if we jointly estimate all the parameters,

we fix the asymmetry parameter at four levels, λ ∈ {0, 0.05, 0.1, 0.15}. Covariance

tapering is exploited to reduce the computational burden, with the empirical spatial

and temporal effective ranges used to determine the range of the compact support for

the taper functions. Since the empirical spatial correlations exceed 0.2 for all pairs of

locations, we do not use a spatial taper. The empirical temporal correlation reduces to
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0.05 when the temporal lag is 15 hours, so we use a temporal taper, CT, that belongs

to the Wendland class (Wendland 1995) of compactly supported covariance functions,

i.e., CT(u) = (1−|u|/θT)4
+(1+4|u|/θT), u ∈ R, where θT = 15 hours. Then the tapered

covariance matrix is obtained as C(h, u) = C∗(h, u)CT(u), (h, u) ∈ Rd ×R, where C∗

is given by Equation (5.21). The marginal temporal correlations are zero whenever

the temporal lag is greater than θT = 15 hours. This results in a proportion of 83.5%

zero values in the associated covariance matrix. Gaussian likelihood optimization

is then performed exploiting algorithms for sparse matrices as implemented in the

package spam (Furrer and Sain 2010) in R (R Core Team 2020). The estimated

parameters are shown in Table 5.1. Based on the Akaike information criterion (AIC),

the asymmetric model with λ = 0.1 gives the best fit. In addition, comparing â and

b̂ in the symmetric and asymmetric models, we see that the estimated spatial and

temporal dependences are stronger in the asymmetric model.

Table 5.1: ML estimates for the covariance parameters in a symmetric model (λ = 0)
and three asymmetric models (λ = 0.05, 0.1, 0.15). The standard errors based on the
Hessian matrix for the best fitting case are shown in brackets below the estimates.

β̂ â b̂ ν̂ v̂1 v̂2 σ̂2 δ̂ AIC
λ = 0 0.12 3.20 2.92 30.61 - - 0.14 0.08 −5, 322
λ = 0.05 0.20 0.85 0.97 22.91 15.02 −224.19 0.17 0.07 −9, 451
λ = 0.10 0.14 0.69 1.80 34.07 21.07 −293.26 0.09 0.03 −12, 587

(0.01) (0.04) (0.34) (8.27) (3.04) (25.30) (0.01) (0.002)
λ = 0.15 0.18 0.85 1.72 27.48 17.88 −315.17 0.09 0.05 −11, 758

We have chosen covariance tapering for illustration purposes. Other approxi-

mation methods are available for the likelihood computation. We did not perform

prediction for this application due to its complexity and it is left for future reser-

ach. R packages such as gstat (Pebesma 2004), spacetime (Pebesma 2012) and

CompRandFld (Padoan and Bevilacqua 2015) can be used for inference and predic-

tion, but only a limited number of classical covariance models, either separable or

non-separable, have been implemented, and none of them includes asymmetric mod-

els.
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5.6 Conclusion and Discussion

The important points from this review work are summarized as follows.

1. The positive definiteness condition for a function to be a covariance makes it

non-trivial to construct covariance models, especially in the space-time setting.

2. Simplified structures, including stationarity, isotropy, separability, full symme-

try and Taylor’s hypothesis, can be imposed on the space-time covariance for

the purposes of construction and computational efficiency.

3. Formal testing procedures can be used to validate these assumptions.

4. Separability does not allow for space-time interaction in the covariance, so there

is a major demand for non-separable models, which can be constructed from

Fourier transform of permissible spectral densities, mixtures of separable mod-

els, and partial differential equations representing physical laws.

5. The Lagrangian reference frame is useful for constructing asymmetric space-

time covariance models.

6. Geodesic distance is the physically most natural metric for processes on spheres.

The extension of covariance models using geodesic distance to spatio-temporal,

multivariate, non-stationary, or non-Gaussian cases is not well understood.

7. The scalability issue can be addressed by approximating the covariance matrix

using low rank, sparse and spectral techniques, or by using composite likelihood

methods.

The publication related to this chapter is as follows:

•Wanfang Chen, Marc G. Genton, and Ying Sun (2021) “Space-Time Covariance

Structures and Models”, Annual Review of Statistics and Its Application, 8:1–25.

https://doi.org/10.1146/annurev-statistics-042720-115603.
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Chapter 6

Are You All Normal? It Depends!

6.1 Chapter Overview

Normality is one of the most commonly made assumptions in the development and

use of statistical procedures, such as t-tests, tests for regression coefficients, the F-test

of homogeneity of variance, discriminant analysis and analysis of variance (ANOVA).

The performance of these procedures can be affected to various extents if the normality

assumption is violated (see, e.g., Pitman (1938), Geary (1947), Box (1953), Tukey

(1960), Subrahmaniam et al. (1975), D’Agostino and Lee (1977), and Looney (1995)).

Hence, the problem of testing whether a sample of observations comes from a normal

distribution or not has received much attention, and numerous methods for testing

for normality have been developed. There is now a very large body of literature

on tests for univariate normality; for a review of classical tests, see, e.g., Mardia

(1980), D’Agostino and Stephens (1986) and Thode (2002), and for comparative

studies on the power of selected normality tests, see, e.g., Shapiro et al. (1968),

Pearson et al. (1977), Keskin (2006), Öztuna et al. (2006), Farrell and Rogers-Stewart

(2006), Thadewald and Büning (2007), Yazici and Yolacan (2007), Romao et al.

(2010), Yap and Sim (2011), Noughabi and Arghami (2011), Ahmad and Khan (2015),

Islam (2017) and Sánchez-Espigares et al. (2019).

Relatively less work has been done in the field of testing for multivariate normality

(MVN) compared to that done for the univariate case, since there can be many

difficult cases for MVN, e.g., non-normal distributions that have all lower-dimensional
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marginals being normal (see, e.g., Dutta and Genton (2014)), and classical univariate

normality tests, such as the χ2-test, have limited applicability in higher dimensions.

Reviews on the tests for MVN have been given by Thode (2002), Henze (2002) and

Ebner and Henze (2020), with the last one emphasizing on several classes of the

weighted L2-statistics. Evaluation on the power of various tests for MVN is quite

sparse, and among the more comprehensive studies are those of Horswell and Looney

(1992), Romeu and Ozturk (1993), Mecklin and Mundfrom (2005), Farrell et al.

(2007), Joenssen and Vogel (2014) and Hanusz et al. (2018). The Jarque-Bera (JB)

type test (Jarque and Bera 1981), which combines the sample skewness and kurtosis

measures, is among one of the most commonly used tests due to its simplicity and

good power properties.

In spatial statistics applications, the Gaussian assumption is also widely used to

improve finite-sample inference and effectively employ Bayesian methods. Zimmer-

man and Stein (2010) and Gelfand and Schliep (2016) provided surveys of Gaussian

modeling in spatial statistics. Recent research has focused on applying spatial sta-

tistical methods based on the Gaussian assumption to large data sets and advancing

computational approaches; see, e.g., Nychka et al. (2015), Paciorek et al. (2015),

Katzfuss (2017b) and Guhaniyogi and Banerjee (2018). Despite the prevalence of the

Gaussian assumption made in spatial statistics, there appears to be very few signif-

icance tests that could be used to assess if it is reasonable to assume that a given

spatial data set can be treated as a realization of a Gaussian random field. All the

aforementioned tests cannot be directly used for spatial data, since they are designed

for examining the normality in a random sample (i.e., i.i.d. observations), so that the

conventional large-sample approximations to the null distributions of the test statis-

tics are either unknown or inaccurate under spatial dependence. In this chapter, we

show that the sample skewness and kurtosis deviate from their theoretical values in

the i.i.d. case as the degree of spatial dependence increases. Hence, the usual test
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of normality based on the sample skewness and kurtosis may be misleading if the

observations in the sample are actually dependent, as also indicated by the inflated

type I error from a further simulation study.

A review on univariate normality tests for data with serial dependence in time

series is given by Psaradakis and Vávra (2020), but these tests need to be justified,

extended or modified if they are to be applied to spatial data, and further general-

ized to the multivariate setting, which is not always possible. Pardo-Igúzquiza and

Dowd (2004) demonstrated a methodology for the application of standard univariate

normality tests, such as the Kolmogorov–Smirnov test, the chi-square test, and the

Shapiro–Wilks test, to spatially correlated data, using block kriging in de-clustering

to obtain unbiased estimates of the probability density function or the cumulative

density function. Olea and Pawlowsky-Glahn (2009) and Zheng (2019) investigated

the Kolmogorov-Smirnov test under spatial correlations, using bootstrap methods or

Monte Carlo procedures. However, these tests are either difficult to implement or

computationally intensive. Horváth et al. (2020) developed a JB-type test for spatial

data defined on a grid under the assumption of stationarity by accounting for the

spatial dependence of the observations. The test is easy to implement, shown to have

good empirical size and power, and can be justified asymptotically. To our knowledge,

no normality test for multivariate spatial data has been proposed yet.

The goal of this study is twofold. First, we aim at providing a comprehensive

review on recent MVN tests for i.i.d. data based on skewness and kurtosis approaches,

proposed since the review works by Thode (2002) and Henze (2002). Second, we

propose a MVN test for spatially correlated data by extending the test of Horváth

et al. (2020) to the multivariate setting to assess if a multivariate spatial dataset

can be assumed to be a realization from a multivariate Gaussian random field. We

consider the practically common case where the data to be tested are the zero-mean

residuals of regression and spatial models. The type I error and empirical power
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of the new test are assessed by simulation studies. In the title of our paper, the

“All” represents “multivariate”, and the answer to the question of testing multivariate

normality “depends” on the underlying dependence (in space or time).

6.2 Preliminaries, Terminologies and Notations

In this section, we describe the preliminaries, terminologies and notations that will

be used throughout this chapter.

The significance testing problem is formulated as follows. Let Xi ∈ Rp, i =

1, . . . , n, be observations (a random sample or spatially correlated data) from a p-

variate distribution with cumulative distribution function (CDF) FX. Let Np(µ,Σ)

denote the p-variate normal distribution with expectation µ and nonsingular covari-

ance matrix Σ, and let Np denote the class of all non-degenerate p-variate normal

distributions. Our interest is to test, based on the observations X1, . . . ,Xn, the hy-

pothesis

H0 : FX ∈ Np,

against general alternatives.

It is usually desired that the tests for MVN possess the properties of (a) affine

invariance and (b) universal consistency. Since the class Np is closed with respect

to full rank affine transformations, in order to ensure the same conclusion regarding

rejection or acceptance of H0 given the original data X1, . . . ,Xn and the transformed

data AX1 + b, . . . ,AXn + b, where A ∈ Rp×p is nonsingular and b ∈ Rp, any test

statistic Tn(X1, . . . ,Xn) should be affine invariant, i.e.,

Tn(AX1 + b, . . . ,AXn + b) = Tn(X1, . . . ,Xn).

The consistency class of a test statistic Tn for H0 is the set of probability distributions

P over Rp such that, if the underlying distribution is P , the probability of rejecting

H0 tends to one as the sample size n goes to infinity, when using the test statistic Tn.
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As the alternatives to normality are rarely known in practice, it is important that

the consistency class of a test for MVN is the set of all P /∈ Np, which implies that

the test is able to detect any non-normal alternative distribution, at least for large

samples. Here, we call a test to be universally consistent if it is consistent against

any fixed non-normal alternative distributions.

Since there are, in principle, an infinite number of alternatives to normal distribu-

tions, no uniformly most powerful test exists for MVN. Therefore, two types of tests

are developed tailored to the problem of interest. One type consists of omnibus tests

that are designed to cover all possible alternatives, usually with only reasonably high

and generally suboptimal powers. Most of the tests in the literature are omnibus

tests. The other type refers to directed tests that are highly powerful for some specific

classes of alternatives, at the cost of being blind to other types of alternatives. Com-

binations of directed tests have also been suggested as omnibus tests. Tests based on

measures of multivariate skewness and kurtosis are typically directed tests, and they

have certain diagnostic limitations as clarified by Henze (2002) and also mentioned

in Section 6.3. Nevertheless, one important role of directed tests is that they can be

used to detect types of departures from normality that are most dangerous in the

underlying problem. For example, the size of the Hotelling T 2 test (Hotelling 1931)

is much influenced by the asymmetry of the distribution, while symmetric departures

from normality are not so crucial (Mardia 1970). In addition, for restricted families

of alternatives that are closed under the action of some groups of transformations,

it may be possible to construct most powerful invariant (MPI) tests and thus set

benchmarks for assessing the performance of other invariant tests.

In what follows, let 0 denote the null vector of length p, Ip denote the identity

matrix of size p×p, ‖·‖ denote the Euclidean norm in Rp, and a superscript > denote

a transpose. Also, denote the sample mean vector and sample covariance matrix for
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the p-variate observations X1, . . . ,Xn as

X =
1

n

n∑
i=1

Xi and S =
1

n

n∑
i=1

(Xi −X)(Xi −X)>,

respectively, and S̃ = n
n−1

S is the unbiased sample covariance matrix. In addition,

assume that n ≥ p+1 so that S is invertible with probability one (Eaton and Perlman

1973). Denote by S−1/2 the unique symmetric square root of S, and define the scaled

residuals as Yi = S−1/2(Xi − X), i = 1, . . . , n, which are asymptotically Np(0, Ip)

under H0.

6.3 Recent Advances of MVN Tests Based on Skewness and

Kurtosis Approaches for I.I.D. Data

Recent work on MVN tests for i.i.d. data can be classified into five categories: 1)

skewness and kurtosis approaches, 2) chi-squared type tests, 3) BHEP-type tests

based on the empirical characteristic function, 4) other generalizations of univariate

normality tests, and 5) multiple testing procedures that combine multiple tests for

MVN. In this section, we review the first category, i.e., tests based on skewness and

kurtosis measures, and also present the review for the remaining four categories in

Section 6.7 for readers’ reference. We summarize some important properties (affine

invariance, universal consistency, explicit null distribution) for all the reviewed tests

as well as one classical test selected from each of the first three categories in Table 6.1.

In univariate statistics, the skewness and kurtosis of a random variable X, with

mean µ and variance σ2, are defined as

β1 = E

{(
X − µ
σ

)3
}

=
µ3

µ
3/2
2

, and β2 = E

{(
X − µ
σ

)4
}

=
µ4

µ2
2

,

respectively, where µi is the ith central moment of X. For a normal distribution,

β1 = 0 and β2 = 3. Hence, β2 − 3 is called excess kurtosis with respect to a normal

distribution. The skewness β1 = 0 for symmetric distributions and β1 > 0 (< 0)

for right (left)-asymmetric distributions, while the kurtosis β2 = 3 for the normal
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distribution, and β2 > 3 (< 3) for distributions that are heavier-tailed (lighter-tailed)

than the normal one.

Tests based on the univariate sample skewness and kurtosis are among the earliest

procedures for assessing univariate normality. Due to their popularity and good power

properties, some of the first tests for MVN are based on extensions of the notion of

skewness and kurtosis to the multivariate setting. The Mardia’s tests (Mardia 1970,

1974) are perhaps the most often referenced tests for MVN. Mardia (1970) firstly

extended the measures of skewness and kurtosis of a p-dimensional random vector

X = (X1, X2, . . . , Xp)
>, with mean vector µ and covariance matrix Σ, as

β1,p = E
[{

(X− µ)>Σ−1(Y − µ)
}3
]
,

β2,p = E
[{

(X− µ)>Σ−1(X− µ)
}2
]
,

respectively, where X and Y are independently and identically distributed random

vectors. For a p-variate normal distribution, β1,p = 0 and β2,p = p(p + 2). For all

distributions, β1,p ≥ 0, and for p = 1, β1,p reduces to the square of the univariate

skewness. The sample measures are also defined for i.i.d. samples, Xi, i = 1, . . . , n,

as

b1,p =
1

n2

n∑
i=1

n∑
j=1

{
(Xi − X̄)>S−1(Xj − X̄)

}3
=

1

n2

n∑
j,k=1

(Y>j Yk)
3,

b2,p =
1

n

n∑
i=1

{
(Xi − X̄)>S−1(Xi − X̄)

}2
=

1

n

n∑
j=1

(Y>j Yj)
2.

Mardia (1970) then proposed tests based on b1,p and b2,p as:

MS = nb1,p/6, MK = {b2,p − p(p+ 2)}/{8p(p+ 2)/n}1/2, (6.1)

which are asymptotically χ2
p(p+1)(p+2)/6 and N (0, 1) under H0. Other classical mea-

sures of multivariate skewness and kurtosis and related tests for MVN have been pro-

posed by, for example, Malkovich and Afifi (1973), Isogai (1982), Srivastava (1984),

Koziol (1987) and Móri et al. (1994).
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Univariate normality tests often use classical measures of asymmetry based on

the standardized distance between two separate location parameters, and measures

of kurtosis based on the ratios of two scale measures, such as the classical standard-

ized fourth moment. Motivated by these facts, Kankainen et al. (2007) proposed a

measure of multivariate skewness based on the Mahalanobis distance between two

multivariate location vector estimates, and a measure of multivariate kurtosis based

on the (matrix) distance between two scatter matrix estimates (see Section 2 in their

paper for the definitions of location vectors and scatter matrices). Then, the test

statistic for MVN (to detect skewness) is given by

U = (T1 −T2)>C−1(T1 −T2),

where T1 and T2 are two separate location vectors and C is a scatter matrix, and

the kurtosis test statistic is given by

W = ‖C−1
1 C2 − Ip‖2 =

[
tr{(C−1

1 C2)2} − 1

p
tr2(C−1

1 C2)
]

+
1

p

{
tr(C−1

1 C2)− p
}2
,

where ‖ ·‖2 = tr(·>·), and C1 and C2 are two separate scatter matrices. Using special

choices of location and scatter estimators, it is possible to obtain generalizations of

classical Mardia’s measures of multivariate skewness and kurtosis.

Thulin (2014) proposed a measure of multivariate skewness in a way that re-

sembles the construction in Mardia (1970). For the sample X1, . . . ,Xn, write X =

(X1, . . . , Xp)
>, S = {Sij}, and u = (S11, . . . , Spp, S12, . . . , S1p, . . . , S2p, . . . , Sp−1,p)

>.

It is well known that X and u are independent under H0. Denote the covariance

matrix of X and u by

Cov(X,u) =

Λ11 Λ12

Λ21 Λ22

 ,
where Λ11 is the covariance matrix of X and so on. The canonical correlations,

λ1, . . . , λp, of X and u are the square roots of the eigenvalues of Λ−1
11 Λ12Λ

−1
22 Λ21, and

they are all equal to zero under H0. The measure of multivariate skewness proposed
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by Mardia (1970) is based on the sum of the squared canonical correlations:

β1,p = 2

p∑
i=1

λ2
i = 2 tr(Λ−1

11 Λ12Λ
−1
22 Λ21), (6.2)

under the assumption that the cumulants of order higher than 3 of X are negligible.

The sample counterpart of β1,p can be used to construct tests for MVN. Thulin (2014)

derived explicit expressions for the elements of Cov(X,u) in terms of the moments

of (X1, . . . , Xp) (see his Theorem 1), and proposed a new test, ZHL
2,p , based on the

sample counterpart of Cov(X,u) (see his Equation (12)). The author constructed

another test based on the fact that X and v = (S111, S112, . . . , Sp,p,(p−1), Sppp)
> are

also independent under H0, where

Sijk =
n

(n− 1)(n− 2)

n∑
r=1

(Xr,i −X i)(Xr,j −Xj)(Xr,k −Xk).

He further constructed tests based on three other functions of the squared canonical

correlations. Yamada et al. (2015) generalized Mardia’s multivariate kurtosis for

testing MVN for the case when the data consist of a random sample of two-step

monotone incomplete observations.

One disadvantage of the above tests is that they only consider departures from

multivariate normality revealed by skewness and kurtosis, and failure to reject the null

hypothesis leaves open the question of whether there are departures from normality

in other ways. Consequently, these tests are not universally consistent. For example,

the test based on multivariate kurtosis in the sense of Malkovich and Afifi (1973)

is inconsistent against spherically symmetric alternative distributions with normal

marginal kurtosis, 3. Furthermore, these tests rely only on asymptotic properties,

that is, they require large samples to achieve both reasonably accurate control of

type I error and high power.

The omnibus Jarque-Bera (JB)-type tests address the above issue by combining

the skewness and kurtosis measures. The univariate JB test (Jarque and Bera 1981),
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based on a univariate random sample Xi ∈ R, i = 1, . . . , n, is given by

JB =
nb2

1

6
+
n(b2 − 3)2

24
,

where b1 and b2 are the sample skewness and kurtosis, respectively, given by b1 =
√
n(n−1)

n−2
m3

m
3/2
2

and b2 = m4

m2
2
, where mk = 1

n

∑n
i=1

(
Xi − 1

n

∑n
j=1Xj

)k
. Under univariate

normality, the JB statistic is asymptotically χ2
2. The simplest way to construct mul-

tivariate JB-type tests, based on the sample X1, . . . ,Xn, is to aggregate individual

(univariate) skewness and kurtosis as

LM =

p∑
i=1

nb2
1(i)

6
+

p∑
i=1

n(b2(i) − 3)2

24
,

where b1(i) and b2(i) denote the sample skewness and kurtosis of component i, respec-

tively. LM is asymptotically distributed as χ2
2p under H0 (see, e.g., Lütkepohl (2005)).

However, for both JB and LM, the sample skewness and kurtosis are not independent

in finite samples, and using the asymptotic distribution leads to under-rejection. To

remedy this problem, Doornik and Hansen (2008) proposed to use transformed skew-

ness and kurtosis, where the transformation creates statistics that are much closer

to standard normal, based on the work of Bowman and Shenton (1975). Specifically,

the test statistic is

JBDH = B>1 B1 + B>2 B2, (6.3)

where B1 = (b11, . . . , b1p)
> and B2 = (b21, . . . , b2p)

> are the transformed vectors of

skewness and kurtosis, respectively. JBDH is asymptotically χ2
2p under H0. Jönsson

(2011) further noticed that there is a pattern of downward size distortions to the test

based on LM; see his Figure 1. He suggested using the test statistic that pools the

individual p-values:

L̃M = −2

p∑
i=1

ln(πi),

where πi is the p-value of the univariate JB test for the ith component. L̃M has

an asymptotic χ2
2p distribution under H0, and simulation studies showed that the
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previous poor size properties are eliminated (see his Figure 2) without loss of power.

The calculation of L̃M is somewhat more convenient than using the transformation

approach proposed by Doornik and Hansen (2008). Kim (2016) proposed to aggregate

the univariate JB-type statistics based on transformed data. Suppose the random

sample X1, . . . ,Xn is from Np(µ,Σ). Then the standardized data,

Zi = S∗>(Xi −X), i = 1, . . . , n,

follow a Np(0, I) asymptotically under H0, where S∗ is defined by S∗>SS∗ = Ip.

The multivariate test statistics are then formed by adding up the univariate JB-type

statistics for each coordinate of the transformed vectors.

Another way to construct multivariate JB-type tests is to combine multivariate

skewness and kurtosis measures (see, e.g., Mardia and Foster (1983), Bera and John

(1983) and Mardia and Kent (1991)). Koizumi et al. (2009) proposed two JB-type

tests based on the sample measures of multivariate skewness and kurtosis of Srivastava

(1984). For the sample X1, . . . ,Xn, let S = HDωH
>, where H = (h1 . . .hp) is an

orthogonal matrix and Dω = diag(ω1, . . . , ωp). The sample measures of multivariate

skewness and kurtosis given by Srivastava (1984) are:

b̃1,p =
1

p

p∑
i=1

(
m3i

m
3/2
2i

)2

, b̃2,p =
1

p

p∑
i=1

m4i

m2
2i

, (6.4)

respectively, where mki = 1
n

∑n
j=1(Yij − Y i)

k, with Yij = h>i Xj and Y i = 1
n

∑n
j=1 Yij,

i = 1, . . . , p, j = 1, . . . , n. The two JB-type statistics based on b̃1,p and b̃2,p are:

M1 = np

{
b̃1,p

6
+

(̃b2,p − 3)2

24

}
, (6.5)

M2 =
pb̃1,p

E(̃b1,p)
+
{b̃2,p − E(̃b2,p)}2

V(̃b2,p)
, (6.6)

which are both asymptotically χ2
p+1 under H0, with E(̃b1,p) = 6(n−2)

(n+1)(n+3)
, E(̃b2,p) =

3(n−1)
n+1

, and V(̃b2,p) = 24n(n−2)(n−3)
p(n+1)2(n+3)(n+5)

under H0. Enomoto et al. (2012) noticed a

difference between the upper percentiles of the distributions of M2 and the χ2 distri-
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bution for small n. To mitigate the difference, they proposed a new test statistic by

using the variance of M2:

M3 = cM2 + (1− c)(p+ 1),

which is also asymptotically χ2
p+1 under H0, with c =

{
2p(p+1)
V(M2)

}2

, and V(M2) is

derived as their Equation (3.1). Koizumi et al. (2014) suggested two other improved

tests ofM1 andM2. First, they noticed that inM1, the skewness term asymptotically

dominates the kurtosis term for large p, so that the omnibus test becomes a directional

test for the skewness only. Therefore, they proposed the following test statistic:

MJB2 = z2
WH +

np

24
(̃b2,p − 3)2,

where zWH = (z1/p)1/3−1+2/(9p)√
2/(9p)

is the Wilson-Hilferty transform (Wilson and Hilferty

1931) of z1 = npb̃1,p/6. When both p and n go to infinity, MJB2 is asymptotically χ2
2

under H0, which does not depend on the dimensionality p, and hence the omnibus

property of the test is maintained even for large p. However, their simulation study

showed that the MJB2 test has poor performance in terms of type I error. They further

improved MJB2 by a normalizing transform of the sample kurtosis as suggested in

Seo and Ariga (2011):

mMJB = z2
WH + z2

NT ,

where zNT =
√

np
24
{−e−(̃b2,p−3) + 1 + 6

n
+ 12

np
}. mMJB is asymptotically χ2

2 under H0,

and proved to have a more stable behavior in small samples. They further studied the

F -approximation for mMJB which is shown to be better than the χ2 approximation,

and therefore can be recommended for testing MVN in both small and large samples.

6.4 Simulation Study

In this section, we investigate the influence of spatial dependence on the measures of

skewness and kurtosis for multivariate Gaussian random fields through Monte Carlo
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simulation studies. The results reveal that the sample skewness and kurtosis deviate

from their theoretical values in the i.i.d. case as the degree of spatial dependence

increases. This indicates that the usual test of normality based on the sample skew-

ness and kurtosis may be misleading if the observations in the sample are actually

dependent.

For a multivariate random field, the cross-covariances measure the spatial de-

pendences within individual variables as well as between distinct variables. For a

p-variate random field Z(s) = (Z1(s), Z2(s), . . . , Zp(s))>, s ∈ Rd, the matrix-valued

cross-covariance function of Z(s) at two locations, s1 ∈ Rd and s2 ∈ Rd, is defined as

C(s1, s2) = {Cij(s1, s2)}pi,j=1, where Cij(s1, s2) = cov{Zi(s1), Zj(s2)}, i, j = 1, . . . , p.

The covariance matrix Σ = {C(si, sj)}ni,j=1 should satisfy the nonnegative definite

condition: a>Σa ≥ 0 for any vector a ∈ Rnp, any spatial locations s1, . . . , sn, and

any integer n. Various valid cross-covariance models have been built (see Genton

and Kleiber (2015) for a review), and the multivariate Matérn model (Gneiting et al.

2010) has received a great deal of attention. In particular, the parsimonious Matérn

model for a stationary bivariate random field, where the cross-covariances depend on

the spatial lags only, is given by

C11(h) = σ2
1M(h|ν1, β), C22(h) = σ2

2M(h|ν2, β), (6.7)

and

C12(h) = C21(h) = ρ12σ1σ2M
(
h|1

2
(ν1 + ν2), β

)
, (6.8)

where σ2
1 and σ2

2 are the marginal variances, and M(h|ν, β) = 21−ν

Γ(ν)

(
‖h‖
β

)ν
Kν
(
‖h‖
β

)
,

with ν > 0 is the smoothness parameter, β > 0 is the spatial range parameter, and Kν

is a modified Bessel function of the second kind of order ν. The colocated correlation

coefficient ρ12 should satisfy the following condition for the model to be valid:

|ρ12| ≤
Γ(ν1 + d

2
)1/2

Γ(ν1)1/2

Γ(ν2 + d
2
)1/2

Γ(ν2)1/2

Γ{1
2
(ν1 + ν2)}

Γ{1
2
(ν1 + ν2) + d

2
}
. (6.9)
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In this section, we simulate bivariate random fields defined on [0, 1] × [0, 1] ⊂

R2 with certain cross-covariance structures, and examine the behaviors of sample

skewness and kurtosis as a function of the degree of spatial dependence specified

in the cross-covariance function. Specifically, we use the bivariate Matérn model

(6.7) and (6.8) with smoothness parameters ν1 = ν2 = 0.5 (Exponential) or ν1 =

ν2 = 1 (Whittle), and the colocated correlation coefficient ρ can be either positive

(e.g., 0.5) or negative (e.g., −0.5) as long as it satisfies the inequality (6.9). Both

marginal variances are set to 1 for simplicity. Further, the spatial dependence can be

characterized by the effective range h∗, which is defined as the distance beyond which

the correlation between observations is less than or equal to 0.05 (Irvine et al. 2007).

We simulate the random fields at 15×15 regular grid of locations over the unit square

[0, 1] × [0, 1] ⊂ R2, set the effective range h∗ ∈ {0.1, 0.12, 0.14, . . . , 0.88, 0.9}, which

implies an increasing degree of spatial dependence of the random field, and solve the

following equations:

R(h∗) = exp

(
h∗

β

)
= 0.05 (Exponential) or R(h∗) =

h∗

β
K1

(
h∗

β

)
= 0.05 (Whittle)

(6.10)

to get the values of the spatial range parameter β. We simulate 200 times for each

combination of parameters. In order to see the pure effect of spatial dependence

determined by h∗ or the induced parameter β, in each simulation we simulate a

standard multi-normal random vector e and fix it, and then impose the covariance

matrix on it. Specifically, to simulate a bivariate random field Z(s) = (Z1(s), Z2(s))>

at a regular grid of n locations, we first stack the variables in a long vector Z =

(Z>1 ,Z
>
2 )> = (Z1(s1), . . . , Z1(sn), Z2(s1), . . . , Z2(sn))>, then simulate and fix a stan-

dard multi-normal random vector e ∈ R2n, and get the values of Z by

Z = Σ1/2(θ(h∗))e ∈ R2n,

for each combination of parameters θ that depends on the effective range h∗, where
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Σ1/2 is the square root of Σ =

Σ11 Σ12

Σ21 Σ22

, the covariance matrix of Z, with Σ11

and Σ22 being the auto-covariance matrices for Z1 and Z2, respectively, and Σ12 =

Σ>21 being the cross-covariance matrix between Z1 and Z2. By doing this, we can

eliminate the effect of randomness coming from e and isolate the effect of changing the

parameters, particularly changing the degree of spatial dependence, in the covariance

function.

Following these procedures, we thus have 200 sample skewness and kurtosis for

each level of spatial dependence (i.e., the effective range h∗ or the correlation parame-

ter ρ) that is specified in the covariance structure. We then summarize the 200 curves

of sample skewness and kurtosis as a function of h∗ or ρ by functional boxplot (Sun

and Genton 2011), which is an extension of the classical boxplot for visualizing data

that continuously vary in space and time. The classical boxplot can be created by

simply ordering one-dimensional observations from the smallest to the largest value.

For functional data, each observation is a function (e.g., a curve or an image), and

all the observations are center-outward ordered based on the concept of band depth

(López-Pintado and Romo 2009) or other notions of depth. Based on the ranking, a

functional boxplot is able to display three descriptive statistics: the median curve, the

envelope of the 50% central region, and the maximum non-outlying envelope (Sun and

Genton 2011). Outliers are detected as exceeding 1.5 times the 50% central region,

similarly to classical boxplots.

Figure 6.1 shows the functional boxplots of the Mardia’s sample skewness and

kurtosis of the bivariate Gaussian random field on R2 as a function of the effective

range h∗. Recall that Mardia’s measure of multivariate skewness is always positive.

We can find that the sample skewness and kurtosis increase as the effective range

increases, and the smoother the field, the larger the influence from spatial dependence.

The difference between the cases where ρ12 = 0.5 > 0 and where ρ12 = −0.5 < 0 is
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small if we compare, e.g., (a) with (c) or (b) with (d).

6.5 The New Test for MVN Under Spatial Dependence

6.5.1 Construction of the New Test

The results from the simulation study in the previous section suggest that the depen-

dence in spatial data should be appropriately accounted for in the tests for MVN based

on sample skewness and kurtosis measures; otherwise, the un-adjusted tests may lead

to conservative decisions on assessing the Gaussianity in the data. Horváth et al.

(2020) proposed a JB-type test to address this problem for the univariate case. As-

sume that the spatial data set {X(s1), X(s2), . . . , X(sn)}, where {s1, s2, . . . , sn} ∈ Zd

are locations in the d-dimensional space with integer coordinates, is from a strictly

stationary Gaussian spatial moving average process under the H0:

X(s) = µ+
∑
t∈Zd

a(t)ε(s− t), s ∈ Zd,

where the innovations ε(s), s ∈ Zd are i.i.d. from N (0, 1), and the constants a(s), s ∈

Zd, satisfy
∑

s∈Zd |a(s)|2 <∞. The JB-type test statistic is

JB =
S2
n

φ̂2
S

+
K2
n

φ̂2
K

,

where Sn and Kn are sample skewness and kurtosis of the standardized observations,

respectively, and φ̂2
S and φ̂2

K are consistent estimators of the asymptotic variances of

Sn and Kn, respectively. Horváth et al. (2020) defined the non-parametric kernel

estimators, φ̂2
S and φ̂2

K, as

φ̂2
S = 6

∑
h

ωb(h)γ̂3(h) := 6
d∑
l=1

∑
|hl|≤bl

{
d∏
l=1

K

(
hl
bl

)}
γ̂3(h1, . . . , hd),

φ̂2
K = 24

∑
h

ωb(h)γ̂4(h) := 24
d∑
l=1

∑
|hl|≤bl

{
d∏
l=1

K

(
hl
bl

)}
γ̂4(h1, . . . , hd),

where γ̂(h) is the sample auto-covariance function for the standardized observations

with spatial lag h = (h1, . . . , hd)
>; K is a univariate kernel and {b1, . . . , bd} are
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(a) Bivariate skewness (Exponential, ρ12 = 0.5)
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(b) Bivariate kurtosis (Exponential, ρ12 = 0.5)
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(c) Bivariate skewness (Exponential, ρ12 = − 0.5)

Effective range (h*)

M
ar

di
a'

s 
sk

ew
ne

ss

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

6
8

10
12

(d) Bivariate kurtosis (Exponential, ρ12 = − 0.5)
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(e) Bivariate skewness (Whittle, ρ12 = 0.5)
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(f) Bivariate kurtosis (Whittle, ρ12 = 0.5)
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(g) Bivariate skewness (Whittle, ρ12 = − 0.5)
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(h) Bivariate kurtosis (Whittle, ρ12 = − 0.5)
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Figure 6.1: Functional boxplot of the Mardia’s sample skewness and kurtosis of the
bivariate Gaussian random field in [0, 1] × [0, 1] as a function of the effective range
h∗ for (a)-(d) the Exponential and (e)-(h) the Whittle covariance functions. The
green line is the point-wise mean curve, the black line is the median curve, the purple
shaded region is the envelope of the 50% central region, the outer blue lines represent
the maximum non-outlying envelope, and the red dashed lines are detected outliers.
The theoretical values of Mardia’s measures of skewness (i.e., β1,2 = 0) and kurtosis
(i.e., β2,2 = 8) for a bivariate normal distribution are indicated by gray dashed lines.
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smoothing bandwidths, satisfying some regularity conditions. The spatial dependence

in the data is accounted for in γ̂(h), and the kernel smoothing method is used to

establish consistency of the asymptotic variance estimators. Under H0, the statistic

JB is asymptotically χ2
2.

To generalize the univariate test of Horváth et al. (2020) to the multivariate set-

ting, we adopt the idea in Kim (2016) of aggregating the univariate JB-type statistics

for individual variables based on transformed multivariate data. Specifically, sup-

pose we have a p-variate spatial data set X = {X(s1),X(s2), . . . ,X(sn)}, where

{s1, s2, . . . , sn} ∈ Zd are n spatial locations, X(si) = (X1(si), X2(si), . . . , Xp(si))
>

is the vector of p variables at location si, i = 1, . . . , n. We assume that under H0,

the observations follow a multivariate Gaussian spatial moving average (or kernel

convolution) process (Gelfand and Banerjee 2010):

Xl(s) = µl + σl
∑
t∈Zd

kl(s− t)ω(t), s ∈ Zd, l = 1, . . . , p, (6.11)

where µl is the unknown mean, kl(·), l = 1, . . . , p, is a set of p square integrable kernel

functions on Zd with kl(0) = 1, and ω(·) is a mean 0, variance 1 Gaussian random

field on Zd with certain correlation function ρ. The kernel convolution technique is a

well-known approach for creating rich classes of stationary processes (Bernardo et al.

2003). Under H0, X is thus from a stationary multivariate Gaussian random field

with the associated p×p matrix-valued cross-covariance function C(s, s′) having (l, l′)

entry

(C(s, s′))ll′ = σlσl′
∑
t∈Zd

∑
t′∈Zd

kl(s− t)kl′(s
′ − t′)ρ(t− t′).

We then standardize the observations to obtain the scaled residuals as

Y(si) = S−1/2{X(si)−X}, i = 1, . . . , n,

where X = 1
n

∑n
i=1 X(si) is the sample mean and S = 1

n

∑n
i=1{X(si)−X}{X(si)−X}>

is the sample covariance matrix. For each si, i = 1, . . . , n, Y(si) is distributed
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asymptotically as Np(0, Ip) under H0. For each variable, we compute the sample

skewness and excess kurtosis for the scaled residuals as

Sn,l = µ̂3,lµ̂
−3/2
2,l , Kn,l = µ̂4,lµ̂

−2
2,l − 3, l = 1, . . . , p,

where µ̂k,l = 1
n

∑n
i=1(Yl(si)− Y l)

k is the kth sample moment with Y l = 1
n

∑n
i=1 Yl(si)

being the sample mean of the lth variable. The consistent estimators, φ̂2
Sn,l

and φ̂2
Kn,l

of Sn,l and Kn,l, respectively, can be obtained using the kernel smoothing method in

Horváth et al. (2020), but the statistical inference can be very sensitive to the selection

of the user-chosen kernels and bandwidth. Therefore, we adopt the approximation

method in Lobato and Velasco (2004) that does not require any smoothing and obtain

the estimators:

φ̂2
Sn,l

=
∑
h

γ̂3
l (h), φ̂2

Kn,l
=
∑
h

γ̂4
l (h), l = 1, . . . , p, (6.12)

where γ̂l(·) is the sample auto-covariance function for the lth variable based on the

scaled residuals, i.e.,

γ̂l(h) =
1

N(h)

∑
s,s+h∈D

{Yl(s)− Y l}{Yl(s + h)− Y l}, l = 1, . . . , p,

where N(h) is the number of pairs of locations with spatial lag h, and D is the spatial

domain of the observations. The estimators in Equation (6.12) are consistent based

on the same argument in Lobato and Velasco (2004) that the powers of the sample

auto-covariances provide the stochastic dampening factors. To further reduce the

computational burden, the auto-covariances can be estimated using the truncation

method:

γ̂l(h) =
1

N∗(h)

∑
s,s+h∈D, ‖h‖≤h∗

{Yl(s)− Y l}{Yl(s + h)− Y l}, l = 1, . . . , p,

where h∗ is the effective range, and N∗(h) is the number of pairs of locations separated

by h such that ‖h‖ ≤ h∗. The corresponding estimators in Equation (6.12) are

still consistent since the correlations of the observations with distance beyond h∗ are

restricted to zero in the sample auto-covariances. Finally, the new JB-type test for
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MVN based on the multivariate spatial data set X = {X(s1),X(s2), . . . ,X(sn)} is

given by

JB∗ =

p∑
l=1

S2
n,l

φ̂2
Sn,l

+

p∑
l=1

K2
n,l

φ̂2
Kn,l

. (6.13)

Since the scaled residuals are independent underH0, and both Sn,l/φ̂Sn,l andKn,l/φ̂Kn,l

converge to a standard normal distribution according to Horváth et al. (2020), the

test statistic JB∗ is asymptotically χ2
2p under H0. In addition, since the new test is

a JB-type test, it is affine invariant and universally consistent.

6.5.2 Type I Error and Empirical Power of the New Test

In this section, we assess the type I error and empirical power of the new test via

Monte-Carlo simulations for various configurations of the sample size and the degree

of spatial dependence.

To assess the type I error (or empirical size) of the new test, we first simulate

a zero-mean p-variate Gaussian random field on Z2 (i.e., d = 2, most commonly

encountered in applications) from the spatial moving average (kernel convolution)

process of Equation (6.11). Specifically, each variable is generated from the spatial

moving average model defined in Haining (1978), located on the points of a rectangular

square lattice Z2:

Xl(i, j) = θl{e(i−1, j)+e(i+1, j)+e(i, j−1)+e(i, j+1)}+e(i, j), l = 1, . . . , p, (6.14)

where i and j are integers satisfying 1 ≤ i ≤ M and 1 ≤ j ≤ N , e(·, ·) is a zero-

mean, unit-variance Gaussian process on Z2 with some correlation function ρ, and

e(i, 0) = e(0, j) = e(0, 0) = 0 for all 1 ≤ i ≤M and 1 ≤ j ≤ N . When |θl| ≤ 1/4, this

model is invertible to the following first-order quadrilateral autoregressive random

field:

Xl(i, j) = θl{X(i−1, j)+X(i+1, j)+X(i, j−1)+X(i, j+1)}+e(i, j), l = 1, . . . , p,
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which has been a preoccupation for the study of finite random fields within geography

as a model for spatial dependence (Haining 1978). Equation (6.14) is a special case

of the spatial kernel convolution process of Equation (6.11), where the kernels are

functions taking the form of a constant height over a bounded rectangle and zero

outside. To investigate the performance of the new test for different degrees of spatial

dependence, we set the correlation function ρ of the process e(·, ·) as the exponential

correlation that has been used in Section 6.4, with varying effective ranges.

Based on the above settings, we first consider the bivariate case (i.e., p = 2), set

θ1 = 1/5, θ2 = −1/5, simulate the random field at anM×N regular grid of locations

over the unit square [0, 1]2, and vary the effective ranges, h∗, of the process e(·, ·) in

[0.1, 0.9] by steps of 0.02. For each level of the spatial dependence indicated by h∗,

we use 1, 000 replications for the data generating and testing procedure, and the type

I error is approximated by the relative frequency of null hypothesis rejection. The

null hypothesis, H0, is rejected when the p-value given by the test is smaller than the

nominal significance level, α. For comparison, we also apply several tests for MVN

that do not account for the spatial dependence in the data, i.e., 1) Mardia’s tests,

MS and MK, defined in Equation (6.1), 2) the test of Doornik and Hansen (2008),

JBDH, defined in Equation (6.3), and 3) a JB-type test based on Bowman and Shenton

(1975), JBBS, defined by replacing the estimators φ̂2
Sn,l

and φ̂2
Kn,l

, l = 1, . . . , p, in our

new test of Equation (6.13) with un-adjusted variances, 6 and 24, respectively.

To assess the empirical power of the new test, we simulate data from the non-

Gaussian sinh-arcsinh (SAS) transformed multivariate Matérn random field defined

in Yan et al. (2020). Specifically, we obtain the non-Gaussian data using the element-

wise and inverse SAS transformation (Jones and Pewsey 2009) on the data from

Gaussian random fields, i.e., the data used above for assessing the type I error. The

corresponding transformation parameter setting used for the first variable is (0.5, 0.5),

which indicates positive skewness and lighter tail than the normal distribution. The
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parameter setting used for the second variable is (0, 1), meaning that no transforma-

tion is performed, i.e., the second marginal distribution of the bivariate non-Gaussian

random field is Gaussian. Again, we use 1, 000 replications for the data generating

and testing procedure, and the empirical power is approximated by the proportion of

null hypothesis rejection.

Figure 6.2: Top: Type I error (empirical size) of the new test for MVN under spatial
dependence and four MVN tests for i.i.d. data and bottom: empirical power of the
new test for the nominal significance level of α = 5%. JB∗ represents our new test,
JBBS represents the modified test of Bowman and Shenton (1975), JBDH represents
the test of Doornik and Hansen (2008), and MS and MK represent the tests of Mardia
(1970).

The results for M = N = 15 and M = N = 30 are shown in Figure 6.2. The

top panels show the type I error (empirical size) of the new test for MVN under

spatial dependence, compared with four MVN tests for i.i.d. data, for the nominal

significance level of α = 5%. The probability of the type I error should, by any

statistical test, be bounded upwards by the nominal level of significance; otherwise,

the test cannot be used for the given purpose. On the other hand, a type I error
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far smaller than a chosen α is indicative of a test with low power, but does not

disqualify the procedure for testing. The simulation results imply that when the

sample size is small, the type I error of our new test is bounded by and not too far

from α = 0.05 until the effective range gets beyond 0.3, i.e., when the data exhibit

medium to strong spatial dependence. The performance of the new test improves as

the sample size increases; when M = N = 30, our test can be used for data with

weak to medium spatial dependence. This indicates that our new test has a good

large-sample empirical size, and it may become problematic only when dealing with

data with strong dependence. All four MVN tests for i.i.d data have inflated type I

error for all levels of spatial dependence, providing evidence that these tests cannot be

used for spatially correlated data. The bottom panels of Figure 6.2 show the empirical

power of the new test for α = 5%. We can see that the empirical power decreases as

the spatial dependence increases, but all at a high level that is near 100%; again, the

performance improves as the sample size increases.

6.6 Conclusion and Discussion

In this chapter, we reviewed the recent development of tests for multivariate normality

for i.i.d. data, with emphasis on the skewness and kurtosis approaches. Based on

simulation studies, we showed that when there exists spatial dependence in the data,

the multivariate sample skewness and kurtosis measures proposed by Mardia (1970)

deviate from their theoretical values under Gaussianity due to dependence, and some

of the tests designed for i.i.d. data exhibit inflated type I error; the deviation and

type I error increases as the spatial dependence increases. Extending the work of

Horváth et al. (2020) to the multivariate case, we then proposed a new JB-type test

for multivariate normality for spatially correlated data, by aggregating univariate JB

statistics for individual variables. The new test statistic is asymptotically χ2
2p under

H0, where p is the number of variables. The spatial dependence is accounted for in
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the asymptotic variances of skewness and kurtosis in the JB test statistic. Easy-to-

compute and consistent estimators of the asymptotic variances are constructed for

finite samples. The new test has a good control of the type I error, especially for

large sample sizes, and it is inappropriate only when the spatial dependence in the

data is very strong. In addition, the new test has a high power for finite samples at

all levels of spatial dependence, and it has very high power for large sample sizes.

6.7 Review of Other Recent Tests for MVN

6.7.1 Chi-squared Type Tests

The χ2 test, proposed by Karl Pearson in 1900 (Pearson 1900), is among the most

useful goodness-of-fit tests. For the univariate case, the range of the n observations is

divided into k mutually exclusive classes; Oi = ni is the observed frequency in class

i, and pi is the probability that an observation will fall into class i under the null

hypothesis, so that Ei = npi is the expected frequency in class i. The χ2 statistic is

then given by

χ2 =
k∑
i=1

(ni − npi)2

npi
=

k∑
i=1

(Oi − Ei)2

Ei
, (6.15)

which is asymptotically χ2
k−1 under any null distribution. One disadvantage of the χ2

test is that the testing results can be substantially affected by the number and size

of the k classes chosen (see Section 5.2 in Thode (2002) for more details). The χ2

test is, however, not recommended as a test for univariate normality (Moore 1986),

mostly because of its lack of power relative to other tests for normality. However, the

test is easily adaptable to any null distribution, including those that are multivariate

in nature, so that it can be used for testing MVN rather than other tests that are

much more difficult to implement. As in the univariate case, the sample space is

required to be partitioned into mutually exclusive classes; hence, the same problem

must still be addressed, i.e., the class size and number of classes. In addition, the
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problem of choosing class intervals becomes much more difficult as the dimension

of the sample space increases, and even in the multivariate normal case, calculating

expected frequencies can be extremely difficult. Early attempts to develop extensions

of χ2 test for MVN include Kowalski (1970), Moore and Stubblebine (1981) and

Mason and Young (1985), and a few recent studies, presented below, also focused on

the chi-squared type tests for MVN.

Cardoso de Oliveira and Ferreira (2010) proposed a multivariate χ2 test for MVN

based on the fact that the statistics

Bi =
n

(n− 1)2
(Xi −X)>S̃−1(Xi −X), i = 1, . . . , n, (6.16)

where S̃ is the unbiased sample covariance matrix, are each distributed exactly as

Beta(p/2, (n−p−1)/2) under H0 (Gnanadesikan and Kettenring 1972). The authors

defined k equal-sized classes based on the empirical rule

k ≈


√
n, if n ≤ 100,

5 log10(n), if n > 100.

The class intervals in the sample space of B1, . . . , Bn correspond to regions partitioned

from the original p-dimensional sample space of X1, . . . ,Xn. Now, let qi be the upper

(k − i)/k × 100% quantile of the Beta(p/2, (n − p − 1)/2) distribution, then the ith

class is defined by {q|qi−1 < q ≤ qi} for i = 1, . . . , k, where q0 = 0 and qk = 1. The

observed frequency Oi of the ith class is the number of values for B1, . . . , Bn that

fall within the class limit (qi−1, qi], and the expected frequency is simply Ei = n/k,

i = 1, . . . , k. The test statistic is then calculated using Equation (6.15), which is

asymptotically distributed as χ2
k−1 under H0.

Noticing that the above testing procedure was in fact a k-dimensional multinomial

goodness-of-fit test, and Pearson’s χ2 statistic was used to measure the discrepancy

between the observed and expected proportions, Batsidis et al. (2013) proposed a

broader class of tests based on the power divergence family of statistics (Cressie and



159

Read 1984; Read and Cressie 2012):

Z(λ) =



2
λ(λ+1)

∑k
i=1Oi

{(
Oi
Ei

)λ
− 1

}
, when λ ∈ R, λ 6= −1, 0,

2
∑k

i=1Ei log Ei
Oi
, when λ = −1,

2
∑k

i=1Oi log Oi
Ei
, when λ = 0,

which includes as a specific case the Pearson’s χ2 statistic, Equation (6.15), when

λ = 1. Z(λ) is also aymptotically χ2
k−1 under H0, where Oi and Ei are calculated in

the same way as in Cardoso de Oliveira and Ferreira (2010).

Apart from formal testing procedures for MVN with explicitly defined test statis-

tics, subjective graphical methods based on quantiles have also been proposed, such as

Small (1978), who assessed MVN based on the plot of the points (B(i), Di), i = 1, . . . , n

with the line y = x, where B(i)’s are the ordered statistics of Bi’s defined in Equa-

tion (6.16), and Di’s are Beta order statistics using Blom’s general plotting position

(Blom 1958):

i− α
n− α− β + 1

, i = 1, . . . , n,

with α = (p − 2)/(2p) and β = 0.5 − (n − p − 1)−1. Another graphical method

was proposed by Srivastava (1984). Hanusz and Tarasińska (2012) formalized both

graphical methods using explicit test statistics. For example, they formalized the

testing procedure of Small (1978) by constructing a geometric test statistic, SmG,

that measures the departure of empirical points from the line y = x, i.e., the sum

of the areas between the points (B(i), Di), i = 1, . . . , n and the line y = x, as shown

in their Figure 1. Large values of the statistic lead to rejection of MVN of the data.

Madukaife and Okafor (2019) pointed out that some areas in the above test statistic

may be irregular in shape, and thus may not be easily computed without the use of

special computer programs. They therefore proposed a more tractable statistic based
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on the distances between an ordered set of the transformed observations

Zi = (Xi −X)>S̃−1(Xi −X), i = 1, . . . , n,

which are asymptotically distributed as χ2
p under H0, and the set of the population

quantiles of the χ2
p distribution. Specifically, the test statistic is

G =
n∑
i=1

(Z(i) − Ci)2,

where Z(i)’s are the ordered statistics of Zi’s, and Ci’s are the corresponding approx-

imate expected order statistics, i.e., the quantiles of the χ2
p distribution. Again, large

values of G will lead to rejection of MVN of the data.

Voinov et al. (2016) found that the χ2 test statistic for MVN, i.e., the Nikulin-Rao-

Robson (NRR) statistic, proposed in Moore and Stubblebine (1981) is asymptotically

chi-square distributed under H0 if and only if the covariance matrix Σ is a diagonal

matrix. They derived the forms of the NRR statistic, Y 2
n , as well as its decomposition,

Y 2
n = U2

n + S2
n, for any diagonal covariance matrix of any dimensionality p (see their

equations (6), (9) and (10)) and suggested a procedure for testing MVN: 1) produce

the Karhunen-Loève transformation of the sample data, which will diagonalize the

sample covariance matrix, and 2) compute the statistics Y 2
n , U2

n and S2
n according

to their equations (6), (9) and (10), respectively, based on the transformed data.

Since U2
n and S2

n are asymptotically independent under H0, they can be used as test

statistics independently from each other.

6.7.2 BHEP-Type Tests

The BHEP (Baringhaus-Henze-Epps-Pulley) tests, coined by Csörgő (1989), is a class

of affine invariant and universally consistent tests for MVN based on the empirical

characteristic function (CF). Epps and Pulley (1983) provided a test for univariate

normality based on the empirical CF, and Baringhaus and Henze (1988) generalized

their idea to the multivariate case. Henze and Zirkler (1990) studied the test in a



161

more general setting to gain more flexibility with respect to the power of the test

against specific alternatives. The BHEP statistic is given by

Tn,β = n

∫
Rp
|Ψn(t)−Ψ(t)|2 ψβ(t)dt, (6.17)

where β > 0 is the smoothing parameter, Ψn(t) = 1
n

∑n
j=1 exp(it>Yj) is the empirical

CF of the scaled residuals Yj, j = 1, . . . , n, Ψ(t) = exp (−‖t‖2/2) is the CF of

Np(0, Ip), and the weighting function ψβ(t) = (2πβ2)−p/2 exp
(
−‖t‖

2

2β2

)
is the density of

Np(0, β2Ip). Theoretical properties of the statistic Tn,β and alternative test statistics

based on the empirical CF using other functional distances have been studied by

Baringhaus and Henze (1988), Csörgő (1989), Henze and Zirkler (1990), Henze (1990),

Henze (1997), Henze and Wagner (1997) and Epps (1999) (see Section 6 in Henze

(2002) and the references therein). Continuous interest has been shown in developing

BHEP-type tests since the review paper of Henze (2002), as discussed below.

Pudełko (2005) proposed a test statistic based on the weighted supremum distance:

Tn,r =
√
n sup
‖t‖<r

|Wn(t)|,

where r > 0 and

Wn(t) =


Ψn(t)−Ψ(t)
‖t‖ , t 6= 0,

0, t = 0,

where Ψn(t) and Ψ(t) are defined as above. The asymptotic null distribution is

derived as the distribution of the supremum norm of a non-stationary complex-valued

d-dimensional Gaussian random process.

Arcones (2007) proposed two BHEP-type tests based on the Lévy characterization

of the normal distribution (Loève 1977) and its variant. The test statistics, however,

are rather complicated to compute. For example, the first test statistic is given by

D̂n,m =

∫
Rp

∣∣∣ψ̂n,m(t)−Ψ(t)
∣∣∣2 ψβ(t)dt,
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where

ψ̂n,m(t) :=
(n−m)!

n!

∑
(j1,...,jm)∈Inm

exp

[
im−1/2t>

{
m∑
k=1

Σ̂−1/2
n (Xjk − µ̂n)

}]
,

µ̂n and Σ̂n are estimators of µFX and ΣFX , respectively, and Inm = {(j1, . . . , jm) ∈

Nm : 1 ≤ jk ≤ n, jk 6= jl if k 6= l}. If m = 1, µ̂n = X, and Σ̂n = S, then D̂n,m agrees

with Tn,β in Equation (6.17).

Henze and Jiménez-Gamero (2018) constructed a “moment generating function

(MGF) analogue” to the BHEP statistic Tn,β. The test statistic is given by

T̃n,β = n

∫
Rp
{Mn(t)−m(t)}2ωβ(t)dt,

where Mn(t) = 1
n

∑n
j=1 exp(t>Yj) is the empirical MGF of the scaled residuals

Yj, j = 1, . . . , n,m(t) = exp(‖t‖2/2) is the MGF ofNp(0, Ip), and ωβ(t) = exp(−β‖t‖2)

with β > 1 is the weighting function, which leads to a representation of T̃n,β (see their

Equation (1.4)) that is amendable to computational purposes. The authors showed

that after a suitable scaling, T̃n,β approaches a linear combination of sample mea-

sures of multivariate skewness in the sense of Mardia (1970) and Móri et al. (1994),

as β →∞ (see their Theorem 2.1). They also showed that T̃n,β has a non-degenerate

asymptotic null distribution only when β > 2.

Henze et al. (2019) constructed a class of tests based on both the CF and the

MGF. The authors generalized a characterization of univariate normal distributions

in Volkmer (2014) to the multivariate case (see their Proposition 2.1), and showed

that X ∈ Rp is zero-mean normal distributed if and only if RX(t)MX(t) − 1 = 0,

where RX(t) = Re{φX(t)} is the real part of the CF, φX(t), and MX(t) is the MGF

of X. Let Rn(t) = 1
n

∑n
j=1 cos(t>Yj) be the empirical cosine transform, Mn(t) =

1
n

∑n
j=1 exp(t>Yj) be the empirical MGF of the scaled residuals Yj, j = 1, . . . , n, and

Un(t) =
√
n{Rn(t)Mn(t)− 1}. The test statistic is given by

Tn,γ =

∫
Rp
U2
n(t)ωγ(t)dt = n

∫
Rp
{Rn(t)Mn(t)− 1}2ωγ(t)dt,



163

where ωγ(t) = exp(−γ‖t‖2) with γ > 0 is the weighting function, which leads to a

computationally feasible form of Tn,γ (see their Equation (3.7)). They found a simpler

form if the test statistic if defined by T̃n,γ =
∫
Rp Un(t)ωγ(t)dt:

T̃n,γ =

(
π

γ

)p/2√
n

{
1

n2

n∑
j,k=1

exp

(
‖Yj‖2 − ‖Yk‖2

4γ

)
cos

(
Y>j Yk

2γ

)
− 1

}
.

The asymptotic null distribution of T̃n,γ is N (0, σ2), where σ2 = 2πp(γ2− 0.25)−p/2 +

2πp(γ2 + 0.25)−p/2 − 4πpγ−p.

6.7.3 Other Generalizations of Univariate Normality Tests

The above testing procedures for MVN are all extensions of univariate techniques.

In this section, we present four other recent generalizations that cannot be classified

into any of the above groups.

Székely and Rizzo (2005) proposed a class of multivariate goodness-of-fit tests

based on Euclidean distance between sample elements, and applied the tests for as-

sessing MVN. The goodness-of-fit test statistic is defined by

δn,p = n

(
2

n

n∑
j=1

E(‖Xj −X‖)− E(‖X−X′‖)− 1

n2

n∑
j,k=1

‖Xj −Xk‖

)
,

where X and X′ are i.i.d. random vectors from the null distribution. δn,p/n is actually

a von-Mises-statistic, or simply V -statistic (von Mises 1947; Hoeffding et al. 1948):

δn,p/n = 1
n2

∑n
j,k=1 h(Xj,Xk), with kernel

h(x,y) = E(‖x−X‖) + E(‖y −X‖)− E(‖X−X′‖)− ‖x− y‖, x,y ∈ Rp.

Since the kernel h(x,y) for p = 1 is closely related to the Cramér-von Mises distance

(see their Equation (17)), this test is a multivariate version of a Cramér-von Mises

type test. If the null distribution is Np(µ,Σ), the test statistic for MVN is given by

δn,p = n

(
2

n

n∑
j=1

E(‖Yj − Z‖)− E(‖Z− Z′‖)− 1

n2

n∑
j,k=1

‖Yj −Yk‖

)
,



164

where Yj, j = 1, . . . , n are the scaled residuals, and Z and Z′ are i.i.d. random vectors

from Np(0, Ip). The explicit form of δn,p is given by their Equation (8).

Villasenor et al. (2009) proposed a generalization of Shapiro–Wilk’s test for MVN.

Suppose Z = (Z1, . . . , Zn)> is the set of order statistics from a standard normal

random sample, and E(Z) = m and cov(Z) = V. If a set of ordered sample,

X∗ = (X1, . . . , Xn)>, comes from a normal distribution N (µ, σ2), then on a normal

probability plot, Xi = µ+σZi, i = 1, . . . , n. Hence, the best linear unbiased estimates

of µ and σ are the generalized least square estimates that minimize the quadratic form

(X∗−µ1−σm)>V−1(X∗−µ1−σm), where 1 is the vector of ones of length n; that

is, µ̂ = X and σ̂ = (m>V−1m)−1m>V−1X∗. Let s2 = 1
n−1

∑n
i=1(Xi − X)2 be the

unbiased estimate of σ2. The Shapiro-Wilk test statistic is defined by

W =
R4σ̂2

(n− 1)C2s2
=

b2

(n− 1)s2
=

(a>X∗)2

(n− 1)s2
=

(
∑n

i=1 aiXi)
2∑n

i=1(Xi −X)2
, (6.18)

where R2 = m>V−1m, C2 = m>V−1V−1m, a> = (m>V−1V−1m)−1/2m>V−1 and

b = R2σ̂/C. W is close to one under normality. For the multivariate random sample

X1, . . . ,Xn, using the fact that under H0, the scaled residuals Yj, j = 1, . . . , n have

a distribution close to Np(0, Ip), which means that the coordinates of Yj, denoted by

Y1j, . . . , Ypj, are approximately i.i.d. random variables from N (0, 1), Villasenor et al.

(2009) proposed a test statistic for assessing MVN:

W ∗ =
1

p

p∑
i=1

WYi ,

where WYi is the Shapiro–Wilk’s test statistic evaluated on the ith coordinate of the

transformed observations, Yi1, . . . , Yin, i = 1, . . . , p.

Majerski and Szkutnik (2010) derived some approximations to the most power-

ful invariant (MPI) tests for MVN. Exact MPI tests for univariate normality have

been well studied for some specific alternatives, such as uniform, double exponen-

tial, exponential, and Cauchy (Uthoff 1970; Uthoff et al. 1973; Franck 1981). Exact,

but computationally cumbersome, MPI tests for binomality have been developed by
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Szkutnik et al. (1988) for two specific alternatives only, i.e., bivariate uniform and

bivariate exponential, and MPI tests for p > 2 have not been studied so far. Majerski

and Szkutnik (2010) constructed approximations to the tests presented by Szkutnik

et al. (1988) using the Laplace expansion for integrals, and showed that the approx-

imations are asymptotically equivalent to the likelihood ratio (LR) tests, as is the

case in the univariate setting. Furthermore, the authors extended their results to the

cases of p > 2, which are, however, limited to low-dimensional cases, due to the com-

putational accuracy and complexity of numerical integration approximations for high

dimensions. By showing in simulation studies that the MPI tests have practically the

same powers as the LR tests, they provided a strong motivation for using the simple

and fast LR test procedures for higher dimensions.

Kim and Park (2018) presented extensions of the univariate omnibus LR tests,

which are based on empirical distribution functions (EDF), to the tests for MVN.

Zhang (2002) proposed a goodness-of-fit LR test statistic based on the univariate

observations X1, . . . , Xn:

ZA = −
n∑
i=1

[
logF0(X(i))

n− i+ 1/2
+

log{1− F0(X(i))}
i− 1/2

]
,

where F0(·) is the null distribution function, and X(i)’s are the order statistics. For

the multivariate sample X1, . . . ,Xn, the scaled residuals Yj, j = 1, . . . , n, are approx-

imately Np(0, Ip), which indicates that the coordinates of Yj, denoted by Y1j, . . . , Ypj,

and furthermore, all the elements Yij, i = 1, . . . , p, j = 1, . . . , n, are approximately

i.i.d. random variables from N (0, 1). Kim and Park (2018) thus suggested the test

statistic using the coordinate-wise characterization as

Z∗A =
1

p

p∑
i=1

Z
(i)
A = −1

p

p∑
i=1

n∑
j=1

[
log Φ(Yi(j))

n− i+ 1/2
+

log{1− Φ(Yi(j))}
i− 1/2

]
,

where Z(i)
A , i = 1, . . . , p, is the univariate LR statistic for the ith component, Yi(j) is

the jth order statistic of Yi1, . . . , Yin, and Φ(·) is the cumulative distribution function

(CDF) of N (0, 1). The second test statistic based on the element-wise characteriza-
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tion is given by

Z∗∗A = −
m∑
i=1

[
log Φ(Y(i))

m− i+ 1/2
+

log{1− Φ(Y(i))}
i− 1/2

]
,

where Y(i) is the ith order statistic of vec{(Y1, . . . ,Yn)>}, and m = np.

6.7.4 Multiple Test Procedures

In this section, we present two recent testing procedures that combine multiple tests

for MVN.

Tenreiro (2011) proposed a multiple test procedure that combines a finite set of

affine invariant test statistics for MVN through an improved Bonferroni method. The

test statistic is

Tn(u) = max
h∈H
{Th − cn,h(u)}, (6.19)

where u ∈ [0, 1], Th, h ∈ H, is any finite family of affine invariant test statistics for

MVN, and cn,h(u) is the quantile of order 1−u of Th under H0. For a significance level

α ∈ [0, 1], the multiple test procedure rejects the null hypothesis of MVN whenever

Tn(un,α) > 0, where un,α = sup{u ∈ [0, 1] : Pφ{Tn(u)} > 0 ≤ α}, and φ is the

density for Np(0, Ip). The usefulness of such an approach is illustrated by a multiple

test combining some of the most recommended tests, i.e., the Mardia’s skewness and

kurtosis tests (Mardia 1970, 1974) (the former performs well for skewed or long-tailed

alternatives, and the latter for short-tailed alternatives), and the BHEP tests with

two choices of the tuning parameter β in the statistic Tn,β:

βS = 0.448 + 0.026p and βL = 0.928 + 0.049p, (6.20)

which depend on the dimension p for 2 ≤ p ≤ 15, and are identified from simulation

studies by Tenreiro (2009) based on their distinct behavior patterns for the empirical

power of BHEP tests as a function of β. βS is shown to be suitable for short-tailed

or high-moment alternatives, while βL is appropriate for long-tailed or moderately



167

skewed alternative distributions. The multiple test procedure was further studied in

Tenreiro (2017), who combined BHEP tests with four different values of β in the

statistic Tn,β: two non-extreme choices, where β = βS and β = βL as defined in

Equation (6.20), and two extreme cases, where β → 0 and β →∞.

Zhou and Shao (2014) proposed a test that combines the univariate Shapiro-Wilk

test for projected data and Mardia’s multivariate kurtosis test. The Shapiro-Wilk

test statistic W , given by Equation (6.18), can be used to detect non-normality in

univariate projections of the scaled residuals Yj, j = 1, . . . , n, in the direction θ:

Gn(θ) = W (θ>Y1, . . . , θ
>Yn).

While Fattorini (1986) considered a test for detecting non-normality of multivariate

data projected in the most “extreme” direction among ‖Yj‖−1Yj, j = 1, . . . , n, cor-

responding to the smallest Gn value, Zhou and Shao (2014) considered the p most

“extreme” directions corresponding to the p smallest Gn values evaluated at the same

random directions, denoted by Θ1. They also consider the p unit vector directions

ej = (0, . . . , 0, 1, 0, . . . , 0)>, j = 1, . . . , p, denoted by Θ2, which project the multivari-

ate data to the p marginal variates that are also normal under H0. The new test

statistic, incorperating Mardia’s multivariate kurtosis statistic, is defined as

Tn,c = 1− 1

2p

∑
θ∈Θ1∪Θ2

Gn(θ)IA

where A = {c1 ≤ MK ≤ c2} with c1 and c2 being certain percentiles (e.g., 1% and

99%, respectively) of the MK statistic given by Equation (6.1), and IA is the indicator

function with a value of 1 if A is true and 0 otherwise.



168
Table 6.1: Properties of the recent tests and classical tests for MVN for i.i.d. data.

Test Affine invariance Universal consistency Known null distribution Reference
1. Skewness and kurtosis approaches

MS, MK X x X Mardia (1974)
U,W X x X Kankainen et al. (2007)
ZHL

2,p X x x Thulin (2014)
b2,p,q X x X Yamada et al. (2015)
JBBS X X X Bowman and Shenton (1975)
JBBS X X X Doornik and Hansen (2008)
L̃M X X X Jönsson (2011)

JBM , RJBM , RTM , JBTM X X X Kim (2016)
M1,M2 X X X Koizumi et al. (2009)
M3 X X X Enomoto et al. (2012)

MJB2, mMJB X X X Koizumi et al. (2014)
2. Chi-squared type tests

NRR X x X Moore and Stubblebine (1981)
χ2 X x X Cardoso de Oliveira and Ferreira (2010)
Z(λ) X x X Batsidis et al. (2013)
SmG X x x Hanusz and Tarasińska (2012)
G X X x Madukaife and Okafor (2019)

Y 2
n , U

2
n, S

2
n X X X Voinov et al. (2016)

3. BHEP-type tests
Tn,β X X X Henze and Zirkler (1990)
Tn,r X X X Pudełko (2005)
D̂n,m X X X Arcones (2007)
T̃n,β X X X Henze and Jiménez-Gamero (2018)

Tn,γ, T̃n,γ X X X Henze et al. (2019)
4. Other generalizations of univariate normality test

δn,p X X x Székely and Rizzo (2005)
W ∗ X X x Villasenor et al. (2009)
MPI x x x Majerski and Szkutnik (2010)
Z∗A, Z

∗∗
A X X x Kim and Park (2018)

5. Multiple test procedures
Tn(u) X X x Tenreiro (2011, 2017)
Tn,c X X x Zhou and Shao (2014)

Supplementary R codes

The R codes related to this chapter can be found online at the github repository:

https://github.com/wanruofenfang123/MVNtest_SpatialDependence

The research paper related to this chapter has been submitted and is currently

under review. It has also been submitted to arXiv: https://arxiv.org/abs/2008.10957.
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Chapter 7

Concluding Remarks and Future Work Directions

This thesis focuses on the spatio-temporal statistical modeling with applications to

the wind energy assessment in Saudi Arabia. Research from this thesis has important

implications in various aspects.

Chapter 2 presented the first comprehensive assessment of wind energy resources

and associated spatio-temporal patterns over the entire Arabian Peninsula. Chapter 3

investigated the high-resolution risk assessment of wind extremes over Saudi Arabia.

The results from these two chapters can provide valuable insights on where to launch

wind farms that can potentially harvest high wind power persistently with low risk

of getting disruptions of wind turbine operations.

Chapters 2 and 3 belong to univariate data analyses. In order to better understand

the wind climatology, which can be affected by multiple environmental factors and

is dynamically involving in both space and time, multivariate and spatio-temporal

data analyses are useful. However, these can be very difficult because of the complex

dependence structure in the data and the computational burden due to the big data

size. In Chapter 4, simple and flexible parametric models of variogram matrices were

proposed, which are able to vary between boundedness and unboundedness by chang-

ing the values of parameters in the model. These models are advantageous for spatial

prediction (or co-kriging) when it is unclear whether the underlying vector random

field is joint second-order or intrinsically stationary. Chapter 5 focused on the space-

time covariance function, which is central to spatio-temporal modeling, inference and

prediction under Gaussianity. Simplified structures, such as separability and full sym-
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metry, were discussed, and various models for applications were reviewed. Effective

strategies and algorithms, such as the covariance tapering technique and compos-

ite likelihood methods, for fast inference and predictions with space-time covariance

models for large datasets were described.

The assumption of normality has underlain much of the statistical research, in-

cluding that in the previous chapters in this thesis, and validation of this assumption

prior to applying any statistical models is essential. For this purpose, recent advances

of multivariate normality tests for i.i.d data were reviewed extensively in Chapter 6 for

readers’ reference. Furthermore, since these tests cannot be used directly for spatial

data due to the either unknown or inaccurate large-sample approximations to the null

distributions of the test statistics under spatial dependence, a new test was proposed

particularly for multivariate spatial data by accounting for the spatial dependence.

Research from this thesis also motivates multiple future work directions in various

related topics. Chapter 2 represents a first and important step towards a comprehen-

sive and extensive quantification of wind energy resources, based on regional climate

model simulations, which is of particular value for countries lacking continuous, de-

tailed and accessible observational data. This study also emphasizes the potential of

using such models to infer spatio-temporal variations of wind resources under current

and future climate conditions. Results from this study suggest that current regional

simulations do not accurately reproduce the magnitude of wind speeds compared to

reanalysis data, and that inter-model variability exists. A more accurate quantifica-

tion of wind resources over the Arabian Peninsula may be achieved by performing

regional model simulations at high spatial and temporal resolutions; see, for exam-

ple, Giani et al. (2020). Future investigations will be also directed to further explore

sources of model variability, including sensitivity on the adopted spatial resolution

and boundary layer parameterizations which could significantly impact near-surface

wind speeds.
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Future research for Chapter 3 could provide information about the duration of

wind extremes events that would be helpful to understand how long a wind turbine

will be out of operation. Methods such as that in Telesca et al. (2018) could be used

to analyze the temporal properties of wind extremes. A subsequent problem is an

estimation of the economic loss due to the disruption of wind turbines in the electrical

grid, using the power curves associated with individual turbines. Additionally, based

on Zhu et al. (2014) and Xie et al. (2014) who incorporated advanced space-time wind

forecasts into electric power system scheduling, we may include wind extremes in the

power system dispatch problem. In addition to wind speed, many other environmen-

tal factors, such as temperature, air pressure, turbulence intensity, wind shear and

humidity, can potentially disrupt wind turbine operations. Therefore, it would be

valuable to provide a risk assessment of wind turbine operations, using a multivariate

spatial extremes model that incorporates multiple environmental factors.

In Chapter 4, a visuanimation was presented to illustrate the new variogram ma-

trix models allowing for bounded and unbounded direct and cross variograms in the

bivariate case. In future work, it would be interesting to simulate a bivariate ran-

dom field and its corresponding direct and cross variograms. However, simulation of

a vector random field is difficult and time consuming when the field is intrinsically

stationary but not second-order stationary, because the direct and cross variograms

might be unbounded and the cross-covariance matrix is not well defined. Several ex-

act and approximate simulation methods have been proposed, for example, circulant

embedding (Stein 2002; Danudirdjo and Hirose 2011), spectral representations (Ar-

royo and Emery 2017) and turning bands (Emery 2008). More recently, Moreva and

Schlather (2018) proposed extensions of the cut-off circulant embedding approach

for fast and exact simulation of univariate and bivariate Gaussian random fields.

The readers are referred to Chilès and Delfiner (1999), Lantuéjoul (2002), Arroyo and

Emery (2017) and the references therein for more details. Another direction for study
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would be to construct a pseudo variogram matrix with different diagonal entries.

Future issues related to Chapter 5 include (1) developing flexible space-time covari-

ance models for multivariate, non-stationary, non-Gaussian, and spherical processes

based on the geodesic distance; (2) proposing tractable measures of non-separability

and covariance models that can achieve weak to strong degrees of non-separability;

(3) developing easy-to-use software for inference from large spatio-temporal datasets

with implementations of various covariance models, including non-separable, asym-

metric, non-stationary and multivariate models, as well as on the sphere; and (4)

proposing more effective strategies and algorithms for fast inference and predictions

with space-time covariance models for large datasets.

One limitation of the new test in Chapter 6 is that it can only be used for mul-

tivariate spatial data on a regular grid. Tests for data at irregular spatial locations

need to be developed, but this can be challenging because the tests would be difficult

to be justified asymptotically. The proposed test can be used in various applications

based on the abundant gridded data simulated from reanalysis products, GCM and

RCM experiments or NWP models. As we have mentioned in Section 6.3, besides ag-

gregating individual JB test statistics, another way to construct multivariate JB-type

tests is to combine multivariate skewness and kurtosis measures. Therefore, it would

be an interesting topic to propose a JB-type test for MVN under spatial dependence

that combines Mardia’s multivariate skewness and kurtosis measures. Simulations in

this study show that the un-adjusted tests based on Mardia’s measures are mislead-

ing if applied to a spatial dataset. To account for the spatial dependence, we need

to derive the asymptotic variances of the multivariate skewness and kurtosis of the

scaled residuals under some kind of dependence structure, which is a non-trivial task.

In addition, we need to construct consistent estimators of the asymptotic variances,

and establish the asymptotic properties (limiting null distribution, etc.) of the new

test.
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APPENDICES

A Appendix for Chapter 2
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Figure A.1: Spatially averaged daily mean wind speed during 1980-2005 for MERRA,
MERRA-2, ERA-Interim and the five CORDEX runs.
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(f) CORDEX−5 mean wind speed
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Figure A.2: Mean wind speed (ms−1) from MERRA-2 and the five CORDEX runs
during 1980-2005.
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Figure A.3: Difference in standard deviations (SD) of wind speed (ms−1) between
MERRA-2 and each of the five CORDEX runs during 1980-2005. Cold and warm
colors indicate a larger and a smaller SD in CORDEX relative to MERRA-2, respec-
tively. The white corresponds to 0 difference in SD.
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Figure A.4: Taylor diagram of the spatial fields of (a) mean, (b) standard deviation,
(c) median and (d) 95% quantile of wind speeds during 1980-2005 for each of the five
CORDEX runs, using MERRA-2 as the reference.
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Figure A.5: Difference in mean wind speed (ms−1) between ERA-Interim and each
of the five MENA CORDEX runs during 1980-2005. Cold colors indicate a positive
bias in the model (i.e., the mean is larger for CORDEX than for ERA-Interim); warm
colors show where the model is negatively biased in relation to ERA-Interim. White
corresponds to 0 (i.e., no difference between ERA-Interim and CORDEX).
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Figure A.6: Taylor diagrams for the spatial fields of (a) mean wind speeds and (b)
wind speed standard deviations, over the six selected regions (indicated as R1-R6), (c)
monthly mean wind speed (with numbers indicating the corresponding month) and
(d) seasonal mean wind speed (with “wi”, “sp”, “su” and “fa” indicating Winter, Spring,
Summer and Fall, respectively) for the five CORDEX runs (in different colors). ERA-
Interim is used as the reference. Region 2 (R2) is not shown in (b) because its values
are significantly different from the others.
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Figure A.7: 5-year return levels of wind speed (ms−1) from the five CORDEX runs
(b-f) and ERA-Interim (a).
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Figure A.8: Mean, median, 95% quantile and standard deviation of the WPD (Wm−2)
at 80 m computed from MERRA-2 (left) and CORDEX-4 (right) using the power law
method.
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Figure A.9: Residuals of mean, median, 95% quantile and standard deviation of WPD
(Wm−2) at 80 m computed from ERA-Interim (left) and CORDEX-4 (right) using
the power law method during 1980-2005.
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Figure A.10: Functional boxplots for the 26 times series of monthly mean WPD
(Wm−2) from MERRA-2 (left) and CORDEX-2 (center) in the current period 1980-
2005. The right panel shows WPD from CORDEX-2 in the future period 2025-2050
for each of the six regions.
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B Appendix for Chapter 3

B.1: Supplementary figures and tables

Figure B.1: Cluster means for GMLEs of the shape parameter ξ with different val-
ues of k and different assigned weights for longitude, latitude and GMLEs for ξ,
respectively.
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Table B.1: Range of cluster sizes with different values of k and different weights. The
two “best” configurations are in bold.

k
Weights Range of cluster sizeslongitude latitude ξ

150 0.2 0.2 0.6 [283,1035]
200 0.2 0.2 0.6 [242,695]
250 0.2 0.2 0.6 [190,560]
150 0.1 0.1 0.8 [286,1006]
200 0.1 0.1 0.8 [153,862]
250 0.1 0.1 0.8 [154,673]
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Figure B.2: QQ-plots of marginal GPD fitting for 9 randomly selected locations, using
95% quantile as the threshold.
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Figure B.3: Values of threshold and KL divergence for marginal extremes using 90%
(top) and 95% (bottom) quantile, respectively, as a rule of thumb in the GPD model.
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Figure B.4: Trace plot of 10, 000 MCMC iterations for the parameter ρ in the MCAR
model in a random spatial cluster as selected in Figure 3.1 in the main text.
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Figure B.5: Posterior mean of the spatial autoregressive parameter ρ in the MCAR
model from MCMC samples with Bayesian hierarchical spatial extremes modeling.
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Figure B.6: Potential best locations for siting wind farms over Saudi Arabia where
the wind speeds exceed 9 m/s for at least half of the time in Summer, and the risk of
disruption of wind turbine operations is lower than 1% for the setting of (a) k = 200,
Threshold=95% quantile and (b) k = 250, Threshold=95% quantile. “prob” stands
for “probability of the 30-year return levels that exceed 25 m/s”.
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Figure B.7: Cluster means of shape GMLEs with (a) all data and (b) locations with
highly uncertain marginal shape estimates (i.e., where the length of temporal cluster
maxima, Nui , is less than 50) removed.
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