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Abstract Eigenvector computation, e.g., k-SVD for find-

ing top-k singular subspaces, is often of central impor-

tance to many scientific and engineering tasks. There

has been resurgent interest recently in analyzing rel-

evant methods in terms of singular value gap depen-

dence. Particularly, when the gap vanishes, the conver-

gence of k-SVD is considered to be capped by a gap-free

sub-linear rate. We argue in this work both theoret-

ically and empirically that this is not necessarily the

case, refreshing our understanding on this significant

problem. Specifically, we leverage the recently proposed

structured gap in a careful analysis to establish a uni-

fied linear convergence of k-SVD to one of the ground-

truth solutions, regardless of what target matrix and

how large target rank k are given. Theoretical results

are evaluated and verified by experiments on synthetic

or real data.
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1 Introduction

Eigenvector computation often plays central roles in

many scientific and engineering problems, such as elec-

tronic structure calculation [19], structural analysis [23],

dynamical control systems [13], combinatorial optimiza-

tion [14], as well as data mining and machine learn-

ing [7,16]. There has been resurgent interest recently

in proposing and analyzing new methods for this prob-

lem The state of the art is that there is a dichotomy

of theoretical convergence behaviors of the algorithms

in terms of the gap dependence, i.e., gap-dependent [3,

11,20,22,8,24,27] or gap-free convergence rate [15,21].

Gap-dependent rates are linear and depends on a pos-

itive gap at the target rank. Note that gap values are

defined by the forward difference between two consec-

utive singular values in descending order, and thus al-

ways non-negative. On the contrary, gap-free rates con-

cerning the worst-case performance are independent of

any gap and sub-linear. When the gap at the target

rank vanishes, it is expected that the convergence will

assume a sub-linear rate as in the gap-free case.

Given the great importance of eigenvector compu-

tation in many scientific fields, it would be always in-

structive to refresh our knowledge and deepen our un-

derstanding on this problem in one way or another.

Specifically, an interesting question here is:

Is a linear rate achievable even if the gap vanishes?

In this work, we aim to answer the question in the af-

firmative. That is, the sub-linear rate is not necessarily



2 Zhiqiang Xu et al.

true, and the true rate could be linear in some regimes.

This in turn leads to a unified linear convergence rate.

To this end, we take a view of Riemannian optimiza-

tion, more precisely the Riemannian ascent method, to

find a top-k left singular subspace of a given matrix.

In particular, we leverage the recently proposed struc-

tured gap [28] to carefully analyze the per-iteration

progress of the iterative procedure towards the solu-

tion space. As we consider the general case where the

optimal solutions may not be unique, the progress is

measured by distances between iterates and the solu-

tion space, i.e., distances between subspaces of different

dimensions. For the sake of global convergence [17] and

ease of analysis, we use the Martin distance between

subspaces of different dimensions. To achieve a unified

linear convergence, the key observation is that as a re-

sult of representing the chosen distance via the so-called

Schubert varieties of a subspace [29], near the solution

space if necessary, the Riemannian gradient norm can

be bounded by the distance of the current iterate to

the solution space. Schubert varieties offers us a natural

and intrinsic way to analyze the distance between sub-

spaces of different dimensions. In addition, to facilitate

the analysis, we choose the exponential map for retrac-

tion. However, due to a high computational cost as well

as non-negligible numerical errors with the exponential

map, the cheap polar decomposition based retraction is

used for empirical studies. To verify theoretical results,

three sets of synthetic data are generated in different

gap settings. We also find a real matrix with a van-

ishing gap at the target rank. Experimental results on

both kinds of data agree with the theory.

Our contributions are summarized as follows:

– We develop a unified linear convergence analysis for

the computation of k-SVD.

– We theoretically prove that the general convergence

rate is linear regardless of the input matrix and its

rank.

– We empirically verify our theoretical results on both

synthetic and real data.

The rest of the paper is organized as follows. Section

2 discusses the related work with a focus on compar-

ing theoretical convergence rates. Section 3 presents the

problem setup. Section 4 introduces basic knowledge on

matrix eigenstructure as well as Riemannian optimiza-

tion. Section 5 presents the analysis that shows how

we achieve a unified linear convergence rate. Section 6

conducts experiments to verify our theoretical results.

Section 7 concludes the paper.

2 Related Work

In this section, we review recent existing theoretical re-

sults on eigenvector computation and discuss their dif-

ferences compared to our results. Since we adopt a Rie-

mannian approach, we start from recent related works

from the perspective of Riemannian optimization.

[25] proposed a new retraction based on Cayley-

transform for the Riemannian gradient method and ap-

plied to eigenvector computation with only convergence

to critical points. Note that every subspace spanned by

k left singular vectors constitutes a critical points to

our problem (See Equation 1). It thus has no theoret-

ical guarantee of convergence to an optimal solution,

i.e., a top-k left singular subspace, but it is guaran-

teed in our results. [28] initialized the structured gap-

dependent analysis1, which achieves linear rates when

∆k is positive and k-th gap free2 sub-linear rates if

∆k = 0, as stated in their Theorems 4.1 and 4.2. Con-

trastingly, our analysis achieves a unified linear rates

even if ∆k = 0. Global convergence of Riemannian gra-

dient for eigenvector computation was only established

for k = 1 initially [6,4], which was generalized to any

high rank k > 1 in [17]. However, major differences ex-

ist from ours. For the potential function, it uses the

Fubini-Study distance, which is not as easy to handle

as the Martin distance, with the geodesic form

Xt+1 =
(
Xt X⊥t

)
exp{ αt

(
0 Zt
−Z>t 0

)
} In×k,

where

Zt = ∇̃f(Xt)
>X⊥t and In×k =

(
Ik×k 0k×(n−k)

)>
,

for moving on the Grassmann manifold in the direction

of negative gradients. The key is that it uses an in-

finitesimal step-size such that the retraction operation

can be ignored, which in turns make it unable to figure

out the convergence rate. Our work can be seen as a

significant extension of [17] to conduct a rate analysis.

There exist a large body of recent analyses on eigen-

vector computation from other perspective as well. [3]

presented a gap-dependent sub-linear rate O( 1
∆2

1ε
) of

Oja’s algorithm for principal component analysis (PCA).

The provided rate is for k = 1, i.e., 1-PCA, and thus re-

quires ∆1 > 0. [22] proved a gap-dependent and linear

rateO( 1
∆2

k
log 1

ε ) of the VR-PCA algorithm. [21] studied

stochastic gradient descent for 1-PCA and established

its sub-linear convergence rates O( 1
∆1ε

) and O( 1
ε2 ) in

1 They use a different term “generalized gap-dependent
analysis”.
2 The k-th gap freeness, which does not depend on the k-th

gap but still depends on a certain gap, is different from the
gap freeness which does not depend on any gap.
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gap-dependent and gap-free regimes, respectively. [8]

found a robust analysis of the shift-and-invert precon-

ditioned power method for 1-PCA and achieved con-

vergence rates of optimal type, i.e., Õ( 1√
∆1

) and Õ( 1√
ε
)

for gap-dependent and gap-free cases, respectively. [2]

extended this work to k > 1. [24] improved the gap-

dependent analysis and achieved a gap-dependent rate

O( 1√
∆1

log 1√
ε
) for 1-SVD. [10,26] extended random-

ized algorithms for k-SVD of a matrix A which con-

verge at rates O( 1
∆k

log 1
ε ) and Õ(nnz(A)

ε ) corresponding

to gap-dependent and gap-free settings, respectively.

[15] proved rates of randomized block Krylov meth-

ods, i.e., O( 1√
∆k

log 1
ε ) and Õ(nnz(A)√

ε
+ n

ε + 1
ε
√
ε
) in

gap-dependent and gap-free regimes, respectively, for

k-SVD. [12] provided a new robust convergence analy-

sis that achieves a gap-dependent rate O( 1
∆k

log 1
ε ) with

high probability for power iterations in a noise setting.

[27] showed that accelerated power method can achieve

a gap-dependent rate O( 1√
∆k

log 1
ε ). We can see that

all the gap-dependent rates above requires a positive

gap at the target rank, i.e., ∆k > 0. Once the rates are

gap-free, they become sub-linear.

In summary, there has been no unified linear conver-

gence rates for eigenvector computation for k ≥ 1 thus

far. However, such a rate indeed exists as we demon-

strate both theoretically and experimentally in this work.

For ease of comparison, Table 1 lists the main differ-

ences from existing work.

3 Problem Setup

We follow the work [22] to consider the optimization

problem:

max
X∈Rn×k:X>X=I

f(X) = ‖X>A‖2F , (1)

where I represents the identity matrix of appropriate

size and A ∈ Rn×N is the given matrix. Problem (1)

is equivalent to the low-rank approximation problem

considered in the work [17]:

min
X∈Rn×k:X>X=I

min
Y∈Rm×k

‖A−XY>‖2F ,

as the inner minimization is attained at ‖A‖2F−‖X>A‖2F
with the optimal Y? = A>X. Thus, ground-truth so-

lutions are given by a top-k left singular subspace of A

[9]. Note that f(X) = f(XQ) holds for any X satisfy-

ing X>X = I and any orthogonal Q ∈ Rk×k. It means

that f(X) can be defined on equivalence classes of the

form [X] = {XQ : QQ> = I} over all X satisfying

X>X = I. [X] essentially represents the k-dimensional

subspace spanned by X, while X is one of its bases.

In fact, the set of equivalence classes constitutes the

so-called Grassmann manifold [5], i.e.,

Gr(n, k) = {[X] : X>X = I,X ∈ Rn×k},

which is a Riemannian quotient manifold [1].

With a bit abuse of notation, [X] and X are used

interchangeably hereafter. We thus have the equivalent

problem max
X∈Gr(n,k)

f(X).

4 Preliminaries

Generic eigenstructures To analyze the convergence be-

havior of the algorithm, it is crucial to conceptually

figure out the ground-truth solutions which ultimately

hinge on the eigenstructure of the given matrix. When

the k-th gap ∆k is zero, ground-truth solutions are

not unique any more. In fact, such solutions can be

fully characterized by two subspaces pertaining to the

multiplicity of the k-th largest singular value. Suppose

that the singular values at ranks crossing k from k′+ 1

to k′′ are the same, i.e., the multiplicity of the k-th

largest singular value is k′′ − k′ and the k′-th and k′′-

th gaps are positive. Then any subspace that contains

the unique top-k′ left singular subspace and meanwhile

is contained in the unique top-k′′ left singular sub-

space will be a ground-truth top-k left singular sub-

space. Therefore, to understand the convergence to ar-

bitrary one of such ground-truth solutions, it suffices for

us to analyze the convergence to the two unique singu-

lar subspaces. This inevitably needs to measure the dis-

tances between subspaces of different dimensions [29],

i.e., distances between the rank-k iterate and top-k′ left

singular subspace and distances between the rank-k it-

erate and top-k′′ left singular subspace. The above is

the basis for the structured gap-dependent analysis [28].

Formally, let A’s singular values be σ1 ≥ σ2 ≥
· · ·σr > 0 and corresponding left singular vectors

u1, · · · ,ur, where 1 ≤ k ≤ r ≤ min{n,N}, where sin-

gular values’ multiplicities are counted. AA>’s eigen-

values then are λi = σ2
i for i = 1, · · · , r and λi = 0 for

i = r + 1, · · · , n, and one can find ur+1, · · · ,un such

that u1, · · · ,un are corresponding eigenvectors. Denote

Uj = [u1, · · · ,uj ]. A top-j left singular subspace of A

(i.e., top-j eigenspace of AA>) then is [Uj ]. Define the

eigenvalue gap at j as ∆j = λj − λj+1. To be well-

defined in the sequel, let λ0 , +∞ and λn+1 , −∞.

Thus, ∆0 = +∞ and ∆n = +∞. Note that [9]

λ1 + · · ·+ λk = f(Uk) = max
X∈Gr(n,k)

f(X).

If ∆k = 0, it then holds as well that, for example,

f(Uk) = λ1 + · · ·+ λk−1 + λk+1 = f([Uk−1,uk+1]).
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Table 1 Comparison of convergence rates.

k = 1 k > 1

Work ∆k > 0 ∆k = 0 ∆k > 0 ∆k = 0

[28] O(log(1/ε)) O(1/ε) O(log(1/ε)) O(1/ε)

[3] O(1/ε) − − −

[20] O(log(1/ε)) − − −

[22] O(log(1/ε)) − O(log(1/ε)) −

[21] O(1/ε) O(1/ε2) − −

[8] O(log(1/ε)) O(1/
√
ε ) − −

[2] O(log(1/ε)) O(1/
√
ε) O(log(1/ε)) O(1/

√
ε)

[24] O(log(1/ε)) − − −

[26] O(log(1/ε)) O(1/ε) O(log(1/ε)) O(1/ε)

[15] O(log(1/ε)) O(1/ε3/2) O(log(1/ε)) O(1/ε3/2)

[12] O(log(1/ε)) − O(log(1/ε)) −

[27] O(log(1/ε)) − O(log(1/ε)) −

Ours O(log(1/ε)) O(log(1/ε)) O(log(1/ε)) O(log(1/ε))

In general, the structure of the k-th eigenvalue λk can

be fully categorized into the following cases:

a) k′ = k = k′′,

b) 0 = k′ < k < k′′ < n,

c) 0 < k′ < k < k′′ = n,

d) 0 < k′ < k < k′′ < n,

e) 0 = k′ < k < k′′ = n,

with two ranks k′ ≤ k′′ such that λk′ > λk′+1, λi = λk
for i = k′ + 1, · · · , k′′, and λk′′ > λk′′+1. Structure a)

is non-degenerate, while all other structures are degen-

erate. We now can have the space of the ground-truth

solutions uniformly represented as

U = {U ∈ Gr(n, k) : Uk′ ⊂ U ⊂ Uk′′}. (2)

It is easy to see that f(Uk) = f(U) for any U ∈ U .

When k′ = k = k′′, the ground-truth solution is the

unique Uk, otherwise it is not unique but Uk′ and Uk′′

are unique then. It is worth noting that structure e) is

trivial as f(X) then is a constant function.

The structured gap is defined as follows:

∆̃ = min{∆k′ , ∆k′′},

which is always positive.

Riemannian optimization The Riemannian ascent pro-

cedure [1] on a Riemannian manifold M is of the fol-

lowing form

Xt+1 = R(Xt, αt∇̃f(Xt)), (3)

where ∇̃f(Xt) represents the Riemannian gradient of

f(Xt) lying in the tangent space of M at Xt (i.e.,

TXM), αt represents step-size, and R(Xt, ·) stands for

a retraction operator at Xt that maps a tangent vec-

tor from TXt
M to M. For our problem, it holds that

∇̃f(Xt) = (I−XtX
>
t )AA>Xt, and we use the follow-

ing exponential map retraction for analysis:

Xt+1 = XtQt cos(αtΛt) + Pt sin(αtΛt),

where we have used the rank-k SVD of Riemannian

gradient, i.e., ∇̃f(Xt) = PtΛtQ
>
t , and the factor Q>t

on the right hand side is omitted due to the quotient

structure. Despite the convenience of the exponential

map to analysis, it causes computational burden due to

the trigonometric functions as well as non-negligible nu-

merical errors. Thus, in experiments, we use the simple

polar decomposition based retraction:

R(X, ξ) = (X + ξ)(I + ξ>ξ)−1/2,

for ξ ∈ TXGr(n, k). Note that other cheap retractions

are applicable as well.

The pseudo code of the algorithm is given in Algo-

rithm 1.

5 Analysis

We start from presenting a few definitions and then

state the main results and key lemmas. As noted in

the introduction, we need to handle distances between

subspaces of different dimensions. For ease of related
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Algorithm 1 Riemannian k-SVD
1: Input: matrix A, rank k, iteration number T , initial iter-

ate X0, step-size scheme αt

2: for t = 0, 1, · · · , T − 1 do

3: ∇̃f(Xt) = (I−XtX>t )AA>Xt

4: Xt+1 = R(Xt, αt∇̃f(Xt))

5: end for

notation, we generalize the matrix determinant from

square matrices to rectangular ones. For any matrix

G ∈ Rl×s, define its determinant as

Det(G) ,

{
det((GG>)1/2), l ≤ s
det((G>G)1/2), else

.

Given the characterization of the space of the ground-

truth solutions in Equation (2), the closeness of iterates

Xt to U can be determined by the maximum of dis-

tances of Xt to two unique subspaces, Uk′ and Uk′′ , in

certain proper distance function d(X,Y) between sub-

spaces of different dimensions. Thus, we can define our

potential function as

ψd(Xt,U) = max{d2(Xt,Uk′), d
2(Xt,Uk′′)}.

To be well-defined for all the eigenstructures aforemen-

tioned, define d(Xt,U0) , 0. Specifically, two distance

functions are used:

Martin: m(Xt,Uj) = (−2 log Det(X>t Uj))
1/2,

Binet-Cauchy: b(Xt,Uj) = (1−Det2(X>t Uj))
1/2.

Note that we have b(Xt,Uj) ≤ m(Xt,Uj). It is easy to

see that it suffices to monitor one squared distance in

the potential for structures a)-c) and e).

Our unified linear convergence result is stated as

follows.

Theorem 1 If ψm(X0,U) < +∞, i.e., X0 is neither

a saddle point nor a minimizer of Problem (1), then for

any matrix , any rank k, and any 0 < ε� 1, Algorithm

1 can converge to one of the ground-truth solutions to

Problem (1), i.e., ψm(XT ,U) < ε, with overall com-

plexity T = O((
λ1

∆̃
)2 log 1

ε ).

A few remarks on the theorem are in order. First, the

initial condition that X0 is neither a saddle point nor a

minimizer of Problem (1) means that X0 is not a sub-

space spanned by k eigenvectors. If X0 is such a point

then the gradient vanishes, i.e., ∇̃f(X0) = 0, and thus

no progress can be made. Second, Theorem 1 essentially

results from the following two theorems.

Theorem 2 Starting from X0 = W(W>W)−1/2 with

W = [wij ] ∈ Rn×k and wij being i.i.d. standard normal

samples, for a matrix with one of structures a)-c) and

e), any rank k and any ε ∈ (0, 1), Algorithm 1 with

constant step-sizes αt ≡ O( ∆̃
λ2
1
) will converge after T =

O((
λ1

∆̃
)2 log ψm(X0,U)

ε ) iterations, almost surely.

Theorem 3 Starting from X0 satisfying ψd(X0,U) =

min
U∈U

d2(X0,U), for a matrix with structure d), any rank

k and any ε ∈ (0, 1), Algorithm 1 with αt ≡ O( ∆̃
λ2
1
) will

converge after T = O((
λ1

∆̃
)2 log ψm(X0,U)

ε ) iterations.

Theorem 2 indicates that the convergence is global

and globally linear in that case. Note that the condi-

tion in Theorem 3 is a local condition (See Lemma 5),

which can be guaranteed by Algorithm 1 with a dimin-

ishing step-size scheme. See the end of the proof of the

theorems for more details.

Last, strictly speaking, the aforementioned linear

convergence rates hold only if the relative structured

gap is sufficiently large, i.e., (
λ1

∆̃
)2 = O(1). In this

regime, they, rather than sub-linear rates given by pre-

vious gap-free analyses, reflect the true convergence be-

haviors for a matrix with one of structures b)-e).

To prove the theorems, we need the following im-

portant lemmas.

Lemma 4 (Schubert varieties, Theorems 7 and 12 in

[29]) For certain distance d including Binet-Cauchy dis-

tance b and Martin distance m, it holds that

d(X,Uk′) = min
Y∈Ω+(Uk′ )

d(X,Y),

d(X,Uk′′) = min
Y∈Ω−(Uk′′ )

d(X,Y),

where

Ω+(Uk′) , {Y ∈ Gr(n, k) : Y ⊃ Uk′},
Ω−(Uk′′) , {Y ∈ Gr(n, k) : Y ⊂ Uk′′}.

Note that here Ω+(Uk′) and Ω−(Uk′′) are known as

the Schubert varieties of the subspace Uk′ and Uk′′ ,

respectively. They are important as they provide us

with representations of distances between subspaces of

different dimensions to the common distances between

subspaces of equal dimensions. This lemma is crucial

for us to achieve a unified linear convergence rate.

Lemma 5 (Bounds of Riemannian gradients)

1) ‖∇̃f(X)‖2F ≤ 4kλ21ψm(X,U) holds for a matrix with

one of structures a)-c) and e).

2) ‖∇̃f(X)‖2F ≤ 4kλ21ψm(X,U) holds for a matrix with

structure d) if the local condition in Theorem 3 holds

on X.
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Proof 1) For any U ∈ U , we can write

‖∇̃f(X)‖2F = (‖X>⊥(UΣkU
> + U⊥Σ⊥k U>⊥)X‖F )2

≤ (‖X>⊥UΣkU
>‖F + ‖U⊥Σ⊥k U>⊥X‖F )2

≤ (λ1‖X>⊥U‖F + λk+1‖U>⊥X‖F )2

≤ 4λ21‖X>⊥U‖2F = 4λ21(k − tr(X>UU>X))

≤ 4kλ21b
2(X,U) ≤ 4kλ21m

2(X,U),

where the second last inequality is by the generalized

mean inequality. Thus, it holds that

‖∇̃f(X)‖2F ≤ 4kλ21 min
U∈U

m2(X,U). (4)

For structure a), the conclusion holds naturally as

U = {U ∈ Gr(n, k) : Uk ⊂ U ⊂ Uk} ≡ {Uk}.

For structure b), by Lemma 4, it holds that

U = {U ∈ Gr(n, k) : U0 ⊂ U ⊂ Uk′′} ≡ Ω−(Uk′′).

We then get

ψm(X,U) = max{m2(Xt,U0),m2(Xt,Uk′′)}
= m2(Xt,Uk′′) (d(Xt,U0) , 0)

= min
U∈Ω−(Uk′′ )

m2(X,U) (Lemma 4)

= min
U∈U

m2(X,U)

For structure c), noting that Un = Rn, we have that

U = {U ∈ Gr(n, k) : Uk′ ⊂ U ⊂ Un} ≡ Ω+(Uk′)

and then

ψm(X,U) = max{m2(Xt,Uk′),m
2(Xt,Un)}

= m2(Xt,Uk′) (d(Xt,Un) = 0)

= min
U∈Ω+(Uk′ )

m2(X,U) (Lemma 4)

= min
U∈U

m2(X,U)

It is trivial for structure e) as

‖∇̃f(X)‖2F = ψm(X,U) = 0.

Therefore, we can write that

‖∇̃f(X)‖2F ≤ 4kλ21ψm(X,U).

2) First, Equation (4) still holds, and note that

U ⊂ Ω+(Uk′) ∩Ω−(Uk′′).

Suppose that X is sufficiently close to U such that

min
U∈U

m(X,U) < min
U∈Ω+(Uk′ )\U

m(X,U),

min
U∈U

m(X,U) < min
U∈Ω−(Uk′′ )\U

m(X,U).

We then have

m(X,Uk′) = min
U∈Ω+(Uk′ )

m(X,U) = min
U∈U

m(X,U),

m(X,Uk′′) = min
U∈Ω−(Uk′′ )

m(X,U) = min
U∈U

m(X,U),

which means that the local condition holds, i.e.,

ψm(X,U) = max{m2(Xt,Uk′),m
2(Xt,Uk′′)}

= min
U∈U

m(X,U).

Thus, we can write that

‖∇̃f(X)‖2F ≤ 4kλ21 min
U∈U

m2(X,U) = 4kλ21ψm(X,U).

The above lemma is the core of discovering a unified

linear convergence rate.

Lemma 6 (High probability of success) If X0 is set as

in Theorem 2, then

m2(X0,Uj) < −2k log
η√

k(
√
n+
√
k)

with probability at least 1− η for any η ≥ 0.

The above lemma shows that m2(X0,Uj) < +∞ al-

most surely, which establishes the eventual global con-

vergence as will be seen in the proof. Thus, X0 will be

neither a saddle point nor a minimizer almost surely.

Compared to the complicated success probability given

in [28], this one is much simpler and easier to under-

stand.

We now prove the main theorems. For brevity, de-

note ψd , ψd(X,U) and ψd,t , ψd(Xt,U).

Proof To see the per-iteration progress of ψm(Xt,U) =

ψm,t, we need to analyze both m2(X,Uk′) and

m2(X,Uk′′). As the analyses of m2(X,Uk′) and

m2(X,Uk′′) are analogous, we focus on the latter. First,

for brevity, we omit subscripts involving t and denote

Xt and Xt+1 as X and Y, respectively, until subscript

t is made explicit. Let

H(ς) = Y(ς)>Uk′′U
>
k′′Y(ς)

and h(ς) = − log detH(ς), where for ς ∈ [0, 1],

Y(ς) = XQ cos(αΛς) + P sin(αΛς).

We then have for certain ς̄ ∈ (0, 1) that

m2(Y,Uk′′) = h(1) = h(0) + h′(0) +
1

2
h′′(ς̄).

It is easy to see that h(0) = m2(X,Uk′′). To proceed,

we need to figure out first- and second-order derivatives

of h(ς):

h′(ς) = −tr(H−1(ς)H′(ς)),

h′′(ς) = tr((H−1(ς)H′(ς))2)− tr(H−1(ς)H′′(ς)),
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where we have used that

ddetB = det(B)tr(B−1dB), dB−1 = −B−1(dB)B−1,

for an invertible matrix B. Note that

H′(ς) = 2sym(Y(ς)>Uk′′U
>
k′′Y

′(ς)),

H′′(ς) = 2Y′(ς)>Uk′′U
>
k′′Y

′(ς) +

2sym(Y(ς)>Uk′′U
>
k′′Y

′′(ς)),

where sym(·) extracts the symmetric part of a matrix.

We then can write that

h′(0) = −tr(H−1(0)H′(0))

= −2α tr(Q>(X>Uk′′U
>
k′′X)−1X>Uk′′U

>
k′′PΛ)

= 2α tr((X>Uk′′U
>
k′′X)−1X>Uk′′U

>
k′′∇̃f(X))

= 2α(tr(Pk′′S
−1
k′′Q

>
k′′Σk′′Qk′′Sk′′P

>
k′′)− ‖X>A‖2F )

= 2α(f(Uk′′Qk′′)− f(X)) ≤ −2α∆k′′b
2(X,Uk′′)

≤ −2α∆̃b2(X,Uk′′),

where Σj , (λ1, · · · , λj), the fourth equality has used

X>Uk′′
SV D
== Pk′′Sk′′Q

>
k′′ , and the first inequality is by

Lemma 4.6 in [28]. For the second-order term, we have

that

h′′(ς) ≤ ‖H−1(ς)‖22‖H′(ς)‖2F + ‖H−1(ς)‖2‖H′′(ς)‖F
≤ 2‖H−1(ς)‖22(3‖Y′(ς)‖2F + ‖Y′′(ς)‖F ),

where the last inequality is due to that H(ς) 4 I and

thus ‖H−1(ς)‖2 ≥ 1. To upper bound ‖H−1(ς)‖2, we

semi-definite lower bound H(ς) as follows:

H(ς) < cos(αΛς)>H(0) cos(αΛς) + 2sym(

cos(αΛς)>Q>X>Uk′′U
>
k′′P sin(αΛς))

< H(0)− 2ςαsym(H(0)Λ sin(αΛς̃)) + 2sym(

cos(αΛς)>Q>X>Uk′′U
>
k′′P sin(αΛς))

< (detH(0)− 4α‖Λ‖2)I

< (1− b2(X,Uk′′)− 4αλ1)I

< (1− ψb − 4αλ1)I,

where the second inequality has used that

cos(αΛς) = 1− αΛς sin(αΛς̄)

for certain ς̄ ∈ [0, ς] by the mean value theorem, the

third inequality has used that ‖H(0)‖2 ≤ 1 and

‖ sin(αΛς)‖2 ≤ min{1, α‖Λ‖2}, and the last one has

used that

‖Λ‖2 = ‖ −P>∇f(X)Q‖2 ≤ λ1.

It is easy to see that

Y′(ς)‖F ≤ 2α‖Λ‖F , ‖Y′′(ς)‖F ≤ 4α2‖Λ‖2F .

We thus can write for any ς ∈ [0, 1] that if α < 1−ψb

8λ1

then

h′′(ς) ≤ 32α2‖Λ‖2F
(1− ψb − 4αλ1)2

≤ 128α2 ‖∇f(X)‖2F
(1− ψb)2

.

We then arrive at

m2(Y,Uk′′) ≤ m2(X,Uk′′)

−2α∆̃b2(X,Uk′′) + 128α2 ‖∇f(X)‖2F
(1− ψb)2

.

Applying the inequality x ≥ − log(1−x)
1−log(1−x) for x ∈ (0, 1) to

b2(X,Uk′′), we have that

b2(X,Uk′′) ≥
m2(X,Uk′′)

1 +m2(X,Uk′′)
≥ m2(X,Uk′′)

1 + ψm
.

Thus, one gets that

m2(Y,Uk′′) ≤ (1− 2α∆̃

1 + ψm
)m2(X,Uk′′)

+128α2 ‖∇f(X)‖2F
(1− ψb)2

.

The above inequality can be similarly shown to hold for

m2(Y,Uk′) as well. Switching on subscript t now and

taking the maximum, one then has

ψm,t+1 ≤ (1− 2αt∆̃

1 + ψm,t
)ψm,t + 128α2

t

‖∇f(Xt)‖2F
(1− ψb,t)2

. (5)

To prove Theorem 2, we plug in bound 1) of ‖∇f(X)‖2F
in Lemma 5 to Equation (5), and then have that

ψm,t+1 ≤ (1− α 2∆̃

1 + ψm,t
)ψm,t +

512kα2λ21
(1− ψb,t)2

ψm,t.

It is worth stressing that our current setting is that the

matrix that is fed into Algorithm 1 bears one of struc-

tures a)-c) and e), meaning that the k-th gap vanishes,

i.e., ∆k = λk − λk+1 = 0. Surprisingly, we succeed in

having reached the inequality above. This inequality is

very important because it can easily lead to a constant

per-iteration decrease in the potential function, as long

as an appropriate step-size is chosen, and eventually

give rise to a linear rate, just as we can get in the usual

gap-dependent analysis where ∆k > 0. It thus breaks

through the sub-linear rate in this setting. To finish the

proof of a linear rate, we just need to set

αt <
∆̃(1− ψb,t)2

512k(1 + ψm,t)λ21
, βt <

1− ψb,t
8λ1

,

and then can get

ψm,t+1 ≤ (1− αt
2∆̃

1 + ψm,t
)ψm,t +

512kα2
tλ

2
1

(1− ψb,t)2
ψm,t

≤ (1− αt(
2∆̃

1 + ψm,t
− 512kαtλ

2
1

(1− ψb,t)2
))ψm,t

≤ (1− αt∆̃

1 + ψm,t
)ψm,t.
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Once α0 < β0, we have ψm,1 < ψm,0 and thus ψb,1 <

ψb,0 as well as β0 < β1. Consequently, if we choose

αt ≡ α < β0, it holds for all t that

ψm,t+1 ≤ (1− α∆̃

1 + ψm,0
)ψm,t.

We thus get that ψm,T ≤ (1− α∆̃
1+ψm,0

)Tψm,0 , Φ. Set-

ting Φ = ε yields that

T = O(
1

− log(1− α∆̃
1+ψm,0

)
log

ψm,0
ε

)

= O(
1

α∆̃
log

ψm,0
ε

) = O((
λ1

∆̃
)2 log

ψm,0
ε

).

Noting that ψm,0 < +∞ almost surely, by Lemma 6,

completes the proof of Theorem 2.

To prove Theorem 3, we can repeat the proof of

Theorem 2 above to make it, except for plugging in

bound 2) of ‖∇f(X)‖2F in Lemma 5 to Equation (5)

under the local condition. That is, Algorithm 1 then

converges at a local linear rate in this setting. Note that

the local condition can be guaranteed by the following

theorem:

Theorem 7 [28] Starting from X0 as in Theorem 2,

then for any matrix A and any rank k, Algorithm 1 with

diminishing step-sizes αt = c
τ+t for sufficiently large

constants c, τ > 0 will converge after T = O((
λ1

∆̃
)2 1
ε )

iterations, almost surely.

One can initially run Algorithm 1 as in Theorem 7 till

the local condition is met, and then run Algorithm 1

as in Theorem 2 or 3. The condition will remain to

hold in the later stage due to iterate being increasingly

close to U . The initial stage is independent of the fi-

nal accuracy and thus does not dominate the overall

complexity. Therefore, combining Theorems 2-3 and 7

yields Theorem 1.

Proof of Lemma 7

Proof m2(X0,Uj) ≤ m2(X0,Uk) ≤ −2k log σk(X>0 Uk),

by Lemma 4, where σk(·) represents the minimum sin-

gular value. Given X0 as in Theorem 2, one can write

σk(X>0 Uk) ≥ σk((W>W)−
1
2 )σk(W>Uk)

=
σk(W>Uk)

‖W‖2
.

Note that ‖W‖2 ∼ O(
√
n+
√
k) with high probability.

In addition, since wij are i.i.d. standard normal sam-

plers and Uk is orthonormal, entries of W>Uk are i.i.d.

standard normal samples as well. Applying Equation

(3.2) in the work [18], we get that σk(W>Uk) > η√
k

with probability at least 1− η, for any η ≥ 0. We thus

have that m2(X0,Uj) ≤ −2 log η√
k(
√
n+
√
k)

.
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Fig. 1 Synthetic data with structure a)

6 Experiments

We now verify the linear rate across different structures

by experiments on synthetic or real data.

Synthetic Data We follow the work [20] to generate

three sets of synthetic data with different structures us-

ing the full eigenvalue decomposition that A = UΛV>,

where U ∈ Rn×n, V ∈ RN×n are random orthonormal

matrices and can be set as with X0 in Theorem 2, and

Λ = diag(Λ1,Λ2) with Λ1 ∈ Rs×s,
Λ2 = diag( q1n , · · · ,

qn−s

n ) and qj ∼ N (0, 1). All syn-

thetic data is generated with n = 1000 and N = 2000.

For structure a), we set k = 6 and

Λ2
1 = diag(1, 1− η, 1− 1.1η, 1− 1.2η, 1− 1.3η, 1− 1.4η),

where η ∈ {0.1, 0.2, 0.3}. Quality measures we used are

relative function error f(Uk)−f(Xt)
f(Uk)

and squared Binet-

Cauchy distance b2(Xt,Uk). Convergence curves are

plotted in Figure 1 in terms of two measures, with vary-

ing ∆̃ = ∆k = λk−λk+1 > 0 shown in the legend. Con-

stant step-sizes α are coarse-to-fine tuned and included

in the legend as well. Observations are as follows: 1)

convergence is global; 2) convergence is initially sub-

linear and shortly turns linear; 3) larger ∆̃ yields faster

convergence.
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Fig. 2 Synthetic data with structure d) in setting I

For structure d), we generate data with k′ = 2, k =

4, k′′ = 6, η ∈ {0.6, 0.7, 0.8} and two settings of Λ1:

I) Λ2
1 = diag(1, η, 0.5, 0.5, 0.5, 0.5),

II) Λ2
1 = diag(1, η, η − 0.5, η − 0.5, η − 0.5, η − 0.5).

Let ∆′ , ∆k′ , ∆
′′ , ∆k′′ . We then ∆̃ = ∆′ in Setting

I) and ∆̃ = ∆′′ in Setting II). Accordingly, b2(Xt,Uk′)

and b2(Xt,Uk′′) are used in place of b2(Xt,Uk) to mea-

sure progress. They are convergent as we have that

b2(Xt,Uj) ≤ m2(Xt,Uj) ≤ ψm(Xt,U)

for j = k′, k′′. Figure 2 depicts the convergence be-

haviors for the first setting with varying ∆′, where it
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Fig. 3 Synthetic data with structure d) in setting II

turns out that the coarse-to-fine tuned constant step-

size αt = 1.57 works uniformly well. We notice that

convergence behaviors in terms of the relative objec-

tive error are almost the same as those in terms of

the squared Binet-Cauchy distance, and both converge

more slowly than that in terms of b2(Xt,Uk′′). This is

because ∆′ < ∆′′ and thus convergence is controlled by

the smaller ∆′, by Theorem 1. To further see if conver-

gence will be controlled by ∆′′ when it is smaller than

∆′, we plot the convergence curves for the second set-

ting with varying ∆′′ in Figure 3, where the constant

step-size is set to αt = 1.50 uniformly. Convergence in
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Fig. 4 Real data - ch7

terms of the relative objective error3 indeed exhibits

quite a similar trend to that in terms of b2(Xt,Uk′′),

and both converge more slowly than b2(Xt,Uk′). Both

settings verify that convergence is characterized by the

minimum of ∆′ and ∆′′. The most important is that

convergence in both settings is linear, especially for

cases of a large relative structured gap.

Real Data Real dataset, ch7 of size 17640× 1512 with

52920 nonzero entries is downloaded from the sparse

matrix collection4. We set k = 4 and two step-size

schemes are used: diminishing step-sizes and constant

step-sizes. Diminishing step-sizes are of the form c
t+τ

with τ = 10. The ground-truth information is obtained

using matlab’s eigs function for benchmarking. Figure

4 shows convergence curves on this dataset. Sub-linear

convergence is observed with diminishing step-sizes, while

it is linear with constant step-sizes. It turns out that the

data has structure b) with k′ = 0 and k′′ = 15.

3 Minor fluctuations occur in the convergence curves under
setting II with ∆′′ = 0.30. We believe that they are due to
the relatively large step size compared to the small errors
at the scale of 10−15. Nevertheless, the overall trend of the
convergence curves still concurs with our theoretical results.
4 www.cise.ufl.edu/research/sparse/matrices/

In summary, experiments on both synthetic and real

data demonstrate the linear convergence of Riemannian

eigenvector computation on data with different struc-

tures.

7 Conclusion

We investigated convergence behaviors of finding a top-

k singular subspace via Riemannian optimization.

Broadly speaking, the state-of-the-art theoretical con-

vergence rate is sub-linear, due to the fact that the case

of a vanishing gap currently can only achieve such a

sub-linear rate by the gap-free analysis. We show in

this work that the general convergence rate actually is

linear, no matter what matrix and what rank are given.

The key to this breakthrough is the observation that in

a structured gap-dependent analysis the norm of Rie-

mannian gradients can be bounded properly in terms

of the chosen potential function, by leveraging Schu-

bert varieties of target subspaces of possibly different

dimensions. When the relative structured gap is suffi-

ciently large, convergence will be truly linear. Experi-

mental studies have verified our theoretical results. We

conjecture that the unified linear convergence is the na-

ture of the problem of eigenvector computation, though

our discovery is built upon the first-order Riemannian

optimization. We leave the investigation of this issue

base on other methods (e.g., power iterations) or other

settings (e.g., stochastic) to our future work.
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