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ABSTRACT

Dynamic Programming Multi-Objective Combinatorial Optimization

In this dissertation, we consider extensions of dynamic programming for combina-

torial optimization. We introduce two exact multi-objective optimization algorithms:

the multi-stage optimization algorithm that optimizes the problem relative to the

ordered sequence of objectives (lexicographic optimization) and the bi-criteria opti-

mization algorithm that simultaneously optimizes the problem relative to two objec-

tives (Pareto optimization). We also introduce a counting algorithm to count optimal

solution before and after every optimization stage of multi-stage optimization.

We propose a fairly universal approach based on so-called circuits without repeti-

tions in which each element is generated exactly one time. Such circuits represent the

sets of elements under consideration (the sets of feasible solutions) and are used by

counting, multi-stage, and bi-criteria optimization algorithms. For a given optimiza-

tion problem, we should describe an appropriate circuit and cost functions. Then, we

can use the designed algorithms for which we already have proofs of their correctness

and ways to evaluate the required number of operations and the time.

We construct conventional (which work directly with elements) circuits without

repetitions for matrix chain multiplication, global sequence alignment, optimal paths

in directed graphs, binary search trees, convex polygon triangulation, line breaking

(text justification), one-dimensional clustering, optimal bitonic tour, and segmented

least squares. For these problems, we evaluate the number of operations and the

time required by the optimization and counting algorithms, and consider the results

of computational experiments.

If we cannot find a conventional circuit without repetitions for a problem, we can

either create custom algorithms for optimization and counting from scratch or can
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transform a circuit with repetitions into a so-called syntactical circuit, which is a cir-

cuit without repetitions that works not with elements but with formulas representing

these elements. We apply both approaches to the optimization of matchings in trees

and apply the second approach to the 0/1 knapsack problem.

We also briefly introduce our work in operation research with applications to

health care. This work extends our interest in the optimization field from developing

new methods included in this dissertation towards the practical application.
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Chapter 1

Introduction

Dynamic programming has been studied intensively from its development by Richard

Bellman in the 1950s [1] and applied to multiple domains such as control theory, eco-

nomics, or in general, to optimization field. In this dissertation, we consider dynamic

programming in the realm of multi-objective (multi-criteria) combinatorial optimiza-

tion. Our proposed algorithmic framework tackles two multi-objective optimization

approaches, a priori and a posteriori optimization methods. In the a priori method,

a combinatorial optimization problem is sequentially optimized with respect to sev-

eral objectives ordered according to their significance. We refer to this approach as

multi-stage optimization. It can be considered as a special case of lexicographic op-

timization. Contrarily, the a posteriori method provides an opportunity to revoke

an order of objectives resulting in simultaneous optimization relative to two criteria.

The aim is to find the set of Pareto optimal points related to the Pareto optimal

solutions, which cannot be improved without worsening at least one objective. We

refer to this approach as bi-criteria optimization.

The conventional dynamic programming algorithms for solving combinatorial op-

timization problems include a structure of subproblems of the initial problem, a way

to construct a solution to a subproblem from solutions to smaller subproblems, and

solutions to the smallest subproblems. Such algorithms return only one solution.

In this dissertation, we consider extensions of dynamic programming approach for

the study of multi-objective combinatorial optimization problems that allow us (i)

to perform multi-stage optimization relative to a sequence of criteria, (ii) to describe
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the whole set of solutions or its essential part, (iii) to count the described solutions,

and (iv) to construct the set of Pareto optimal points for a bi-criteria optimization

problem.

Earlier, the multi-stage and bi-criteria optimization algorithms were designed for

decision trees, decision rules, and element partition trees that are used for solving

partial differential equations—see book [2]. In the same book, authors considered

multi-stage optimization algorithms for four classic combinatorial optimization prob-

lems. Each problem was studied separately with its own problem-specific algorithms

and proofs.

In this dissertation, we consider a fairly universal approach to work with combina-

torial optimization problems based on the use of so-called circuits without repetitions

in which each element is generated exactly one time. These circuits were introduced

in [3]. Such circuits represent the sets of elements under consideration (the sets

of feasible solutions) and are used by counting, multi-stage optimization, and bicri-

teria optimization algorithms. For a given combinatorial optimization problem, we

should describe an appropriate circuit and cost functions. Then, the optimization and

counting algorithms can be applied. For these algorithms, our framework provides

the proofs of correctness and ways to evaluate the number of required operations and

the time complexity based on the description of the circuit and cost functions.

In the first part of the dissertation, we study circuits without repetitions, cost

functions for these circuits, and algorithms for counting elements represented by a

circuit and for optimization of these elements. Besides the conventional circuits that

work directly with elements, we also consider so-called syntactical circuits, which

work with formulas representing elements.

In the second part of the dissertation, we construct conventional circuits without

repetitions for nine known combinatorial optimization problems, evaluate the number

of operations and the time required by counting and optimization algorithms, and
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consider the results of experiments.

We could not find a conventional circuit without repetitions that describes the

whole set of elements under consideration (a set of feasible solutions) for each com-

binatorial optimization problem. One such problem is the optimization of matchings

in a tree. In the third part of this dissertation, we design algorithms for counting the

number of matchings, and for multi-stage and bi-criteria optimization of matchings,

analyze these algorithms, and consider the results of computational experiments.

In the fourth part of the dissertation, we consider another approach to work with

problems for which we could not find conventional circuits without repetitions. In this

case, we can transform a conventional circuit with repetitions into a corresponding

syntactical circuit. This syntactical circuit is a circuit without repetitions. We study

syntactical circuits for two problems: optimization of matchings in trees and 0/1

knapsack problem.

The appendix briefly introduces our work in operation research with applications

to health care. This work extends our interest in the optimization from developing

new methods included in this dissertation towards the practical application.

1.1 Circuits Without Repetitions and Combinatorial Opti-

mization Problems

In describing a single-criterion optimization problem, we usually define a set of ele-

ments (a set of feasible solutions) and a cost function on this set. Here, we approach

this description task by using the notion of a circuit [3]. Our circuit builds a set of el-

ements from one-element sets attached to input nodes. It uses the operation of union

of sets attached to unifying nodes and functional operations attached to functional

nodes. It is, in some sense, similar to the structure of subproblems in a traditional

dynamic programming algorithm. We will consider these circuits that work directly

with elements as conventional circuits.
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There is some similarity between the circuits considered in this dissertation and

combinatorial circuits that compute Boolean functions [4, 5, 6]. However, the circuits

studied in this dissertation are closer to {∪,∩, ,̄+,×}-circuits computing (represent-

ing) sets of natural numbers [7] or integers [8].

We assign a set of elements S(v) to each node v of a circuit S and define a cost

function Ψ on the union of these sets. The function Ψ corresponds to each element δ

a real number Ψ(δ)—the cost of δ. One of the nodes v∗ of the circuit S is considered

as its output. The set of elements S(v∗) (considered as the set of feasible solutions)

and the cost function Ψ form the optimization problem in which we minimize the cost

of elements from S(v∗) relative to the cost function Ψ. Elements from S(v∗) with the

minimum cost are called optimal in S(v∗) relative to Ψ.

We mainly study so-called circuits without repetitions in which sets of elements

corresponding to input and functional nodes are pairwise disjoint and in which func-

tions attached to functional nodes are injective. The use of such circuits guarantees

consistent cost for all elements (the same elements have the same cost) and simplifies

the counting of elements described by the circuit. We study for our circuits only the

increasing and strictly increasing cost functions.

We propose an optimization procedure (algorithm A1), which transforms the cir-

cuit S without repetitions into its subcircuit SΨ obtained from S by the removal of

some edges entering unifying nodes. This subcircuit is also a circuit without repeti-

tions. For strictly increasing cost functions, the set of elements SΨ(v∗) assigned to the

output v∗ of the subcircuit SΨ coincides with the set of elements from S(v∗), which

are optimal in S(v∗) relative to Ψ. With increasing cost functions, the set of elements

SΨ(v∗) is a nonempty subset of the set of elements from S(v∗), which are optimal in

S(v∗) relative to Ψ.

The algorithm A1 can be used for multi-stage optimization of elements from S(v∗)

relative to a sequence of increasing or strictly increasing cost functions Ψ1, . . . ,Ψt.
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We also propose an algorithm A2 for counting the cardinality of the set S(v∗) and

the sets SΨ1,...,Ψi(v∗) obtained after the ith step of optimization, i = 1, . . . , t.

We pay special attention to bi-criteria optimization problems relative to two in-

creasing cost functions. Our algorithm A4 introduced in [3] allows us to construct

the set of Pareto optimal points for such a problem. We can use this algorithm to

recognize the existence of an element from S(v∗) that is optimal relative to two in-

creasing cost functions Ψ1 and Ψ2 at the same time. We call such elements totally

optimal relative to Ψ1 and Ψ2. A totally optimal element exists if and only if there

is only one Pareto optimal point for the bi-criteria optimization problem relative to

Ψ1 and Ψ2.

The elements from the sets attached to the input nodes of a circuit and the

functions attached to the functional nodes of this circuit can be complicated. We

show that the algorithms A1, A2, and A4 can work not only with circuits but also

with schemes of circuits obtained from circuits by the removal of one-element sets

attached to input nodes, functions attached to functional nodes, and operations of

union attached to unifying nodes.

We tested our proposed approach on the following nine combinatorial optimization

problems: matrix chain multiplication [9], global sequence alignment [10], optimal

paths in directed graphs [11, 12], binary search trees [13], convex polygon triangu-

lation [14, 15], line breaking (text justification) [16], one-dimensional clustering [17],

optimal bitonic tour [18], and segmented least squares [19]. Multi-stage optimization

algorithms for the first four problems were developed earlier [20, 21, 22, 23], although

each problem was studied separately with its own problem-specific algorithms and

proofs.

Each of these problems has inherent dimensions—usually one or two natural num-

bers that describe the structure of problem instance. The problem instances include

polynomial in dimensions number of numeric parameters. For each of the considered
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problems, each problem dimension is at most the number of numeric parameters in

problem representation plus one.

For the problem of matrix chain multiplication, the dimension is the number of

matrices n and the numeric parameters are n + 1 natural numbers m0,m1, . . . ,mn

that define sizes m0×m1, m1×m2, . . . , mn−1×mn of these matrices. For the global

sequence alignment problem, the dimensions are the lengths m and n of sequences.

An instance of this problem has m + n + mn numeric parameters that describe the

costs of alignment of symbols and alignment of symbols and gaps.

For each of the considered problems, we describe the corresponding conventional

circuit without repetitions, evaluate the time complexity of this circuit construction,

discuss at least two increasing or strictly increasing cost functions, evaluate the num-

ber of operations (there are operations of the kind x+ y, x− y, x · y, x/y, min(x, y),

max(x, y),
√
x, dxe, bxc, |x|) and the time required by the algorithms A1, A2, and

A4, discuss an example, and provide results of experiments.

For each problem and each of the considered cost functions, the algorithms A1 and

A2 require polynomial number of operations depending on the problem dimensions.

In many cases, the algorithm A4 requires pseudo-polynomial number of operations

(a polynomial number of operations depending on the problem dimensions and some

numeric parameters of the problem). For example, for the matrix chain multipli-

cation problem, we use the numeric parameter max{m0,m1, . . . ,mn}. For optimal

paths in directed graphs, line breaking, one-dimensional clustering, convex polygon

triangulation, optimal bitonic tour, and segmented least squares for some pairs of

cost functions, the algorithm A4 requires polynomial number of operations.

Evaluating time complexity, we study two models of computation: the software

model and the integer model. The software model is closely related to the conventional

software when each of the considered operations requires a small constant number of

clock cycles and we can use both variables for integers and variables for floating-point
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numbers. This model assumes that we are working with finite sets of numbers, for

example, with single-precision (32-bit) floating-point numbers and 32-bit signed inte-

gers. For the software model, from the existence of polynomial or pseudo-polynomial

bounds on the number of operations, it follows that the considered algorithms have

polynomial or pseudo-polynomial time complexities, respectively. The obtained poly-

nomial bounds depend on the problem dimensions. The obtained pseudo-polynomial

bounds depend on the problem dimensions and some numeric parameters of the prob-

lem.

The integer model assumes that all inputs are integers of arbitrary size, and each

operation transforms a tuple of integers into an integer. In this case, the time com-

plexity of an operation depends on the maximum number of bits t in the binary

representation of integers at the operation inputs. For example, addition, subtrac-

tion, and comparison require O(t) and the multiplication requires O(t · log t · log log t)

time [24]. For the integer model for each of the considered cases when the prob-

lem instance is represented by integer parameters and we use so-called integer cost

functions, we can transform polynomial bounds on the number of operations into

polynomial bounds on the time complexity of algorithms depending on the length

of the problem representation. We also can transform pseudo-polynomial bounds on

the number of operations into pseudo-polynomial bounds on the time complexity of

algorithms (polynomial depending on the length of the problem representation and

some numeric parameters of the problem). This way to obtain bounds on the time

complexity of algorithms (evaluation of the number of operations and the size of used

integers) is close to the notion of strongly polynomial time [25].

1.2 Beyond Conventional Circuits Without Repetitions

We cannot construct a conventional circuit without repetitions for each combinatorial

optimization problem. For some problems, a solution to a subproblem may be a
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solution to the initial problem. A matching in a subtree of a tree is a matching in

the tree. It is also true in the general case for decision trees and decision rules. A

decision tree can be appropriate both for a decision table and its proper subtable.

The same situation is with decision rules. In this case, we should find a way to

describe all elements under consideration. Usually, it is a labeled directed acyclic

graph (DAG), which nodes are related to subproblems of the considered problem [2].

After that, we should design and analyze counting, multi-stage optimization, and

bi-criteria optimization algorithms based on this DAG.

We apply this approach to the problem of optimization of matchings in a tree

relative to weight functions that assign positive integers to edges of the tree. We

did not find a conventional circuit without repetitions that represents the set of all

matchings for an arbitrary tree. Instead of a circuit, we construct a labeled forest

to describe the set of matchings. We use this forest in multi-stage and bi-criteria

optimization of matchings and in counting matchings.

There is also another way to work with the case when we can construct only a

conventional circuit S with repetitions for a given problem. We transform this circuit

into a syntactical circuit Ŝ, which works with formulas representing elements. In

these formulas, we use element symbols instead of elements and functional symbols

instead of functions. The used symbols are pairwise different. The circuit Ŝ is a

circuit without repetitions. We can define cost functions for Ŝ. However, we should

make sure that different formulas from Ŝ(v∗) representing the same element have the

same cost. We can apply to this circuit the algorithms A1, A2, and A4. Note that

the algorithm A2 will return not the number of elements but the number of formulas

(the same element can have two or more formulas representing it).

We use syntactical circuits to study optimization of matchings in trees and 0/1

knapsack problem. For optimization of matchings in trees, the algorithms A1 and

A2 require polynomial number of operations, and the algorithm A4 requires pseudo-
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polynomial number of operations. For 0/1 knapsack problem, the algorithms A1, A2,

and A4 require pseudo-polynomial number of operations. As for the conventional

circuits without repetitions, we can transform the obtained bounds on the number

of operations into bounds on the time complexity of algorithms in the frameworks

of the two models of computation. The only exception is the time complexity of the

algorithm A2 in the framework of the integer model. We have no tools to evaluate

the number of formulas described by a syntactical circuit. As a result, we cannot

evaluate the size of numbers during the work of the algorithm A2.

1.3 Comparison with Other Investigations

Our results are related to the fast-growing study of multi-objective (multi-criteria)

optimization [26]. Multi-stage optimization belongs to the group of a priori methods

for solving multi-criteria optimization problems, where the order of criteria is prede-

fined. Multi-stage optimization can be considered as a special case of lexicographic

optimization. The essential feature of the latter approach is that the optimality for

the kth criterion is achieved once optimality for the first k−1 criteria is accomplished.

Bi-criteria optimization belongs to the group of a posteriori methods related to the

construction of Pareto optimal points and Pareto optimal solutions.

In this section, we compare our study (when it is possible) with other investiga-

tions. Sometimes, bounds on the time complexity obtained in this dissertation are

greater than the bounds obtained in special investigations of concrete problems. It is

understandable since our approach is fairly universal.

Earlier, a group at KAUST lead by Mikhail Moshkov worked on multi-stage opti-

mization of decision trees [27, 28] and designed algorithms for multi-stage optimization

of decision rules, decision rule systems, and inhibitory trees [2, 29]. Later, they also

looked at the relationships between different parameters of decision trees including

the construction of the set of Pareto optimal points [30, 31, 32]. The bi-criteria op-
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timization algorithms for the decision trees, rules, and rule systems can be found in

[2, 33]. They also studied multi-stage and bi-criteria optimization of element par-

tition trees that are used in finite element methods for solving partial differential

equations [2]. To the best of our knowledge, no other results related to multi-stage

and bi-criteria dynamic programming optimization of decision trees, rules and rule

systems, and element partition trees have been published.

The situation with classic combinatorial optimization problems is different. We

should mention here an Algebraic Dynamic Programming (ADP) approach, which

was created by Robert Giegerich and his colleagues mainly for bioinformatics appli-

cations [34, 35]. In this approach, the problem decomposition is described by a tree

grammar and the optimization criterion is given by an evaluation algebra satisfying

Bellman’s principle. Initially, ADP included optimization relative to one criterion.

Later, lexicographic optimization was added to ADP [36] (see also [37]). The con-

struction of the set of Pareto optimal points for bi-criteria optimization problems

was incorporated into ADP in [38, 39, 40]. Besides clear differences, ADP and our

approach have some common features.

Looking beyond ADP and conventional mathematical programming methods, it

is hard to find general frameworks designed for combinatorial lexicographic optimiza-

tion. Volgenant [41] proposed a fairly broad approach to lexicographic optimization of

certain graph theory problems such as shortest path, minimum spanning tree, and lin-

ear assignment. For multiple combinatorial optimization problems, problem-specific

lexicographic optimization algorithms have been developed, including problems such

as Steiner tree [42], network flow [43, 44], location [45, 46], or cutting stock [47].

Earlier, Moshkov and colleagues proposed multi-stage optimization algorithms for

the following four combinatorial optimization problems: matrix chain multiplication,

global sequence alignment, optimal paths in directed graphs, and binary search trees

[20, 21, 22, 23]. We were not able to find other publications related to multi-stage
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optimization of ten out of 11 combinatorial optimization problems considered in this

dissertation. The only exception is the problem of optimal paths in directed graphs.

The bound on the time complexity O(n2) obtained in [41] is better than the bound

O(mn2) considered in Sect. 7.2, where n is the number of nodes and m is the number

of edges in the graph. Both bounds are obtained in the framework of the software

model of computation.

In [3], we proposed bi-criteria optimization algorithms for the following three com-

binatorial optimization problems: matrix chain multiplication, binary search trees,

and optimal paths in directed graphs. We did not find other publications related

to the algorithms for multi-criteria optimization of matrix chain multiplication, bi-

nary search trees, convex polygon triangulations, one-dimensional clusterings, bitonic

tours, segmented least squares, and matchings in trees that construct the whole set

of Pareto optimal points. However, such publications exist for the optimization of

sequence alignments, paths in directed graphs, line breakings, and solutions to 0/1

knapsack problem.

For bi-criteria optimization of sequence alignments, the polynomial time dynamic

programming algorithm to generate all Pareto optimal points was introduced in [48]

and improved in [49]. We can compare only results obtained in the framework of

the software model of computation for the case when one of the cost functions is the

number of indels (matches of letters and gaps). The bound O(mn(m+ n)) obtained

in [49] is better than the bound O(mn(m + n) log(m + n)) from Sect. 6.2, where m

and n are the lengths of the considered sequences.

The paper [50] contains complexity analysis for ten bi-objective optimization prob-

lems related to the paths in directed graphs. For each problem, the aim is to construct

a minimum set of paths for which pairs of values of the considered cost functions form

the set of Pareto optimal points. These problems include, in some sense, all problems

considered in Chap. 7. We obtained similar results: the algorithm A4 is polynomial
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in the cases when the paper [50] shows the existence of polynomial algorithms, and it

is pseudo-polynomial when the paper [50] shows the existence of pseudo-polynomial

algorithms only since the cardinality of the set of Pareto optimal points can be expo-

nential in the length of the input. However, the bounds on the number of operations

obtained in [50] are less than the bounds obtained in Sect. 7.2 (see a discussion of

bounds in this section). A comparison of different approaches to solve bi-objective

shortest path problems can be found in [51].

Holkner [52] studied multi-objective line breaking problems and a dynamic pro-

gramming algorithm that constructs the sets of Pareto optimal points for these prob-

lems. The time complexity of the algorithm was not reported.

The methods presented in [53] were early attempts to apply dynamic program-

ming to the multi-objective knapsack problem. Certain improvements in the dynamic

programming approach were achieved by using dominance relations to discard some

partial solutions [54]. Dynamic programming was also used in [55, 56, 57]. Captivo

et al. [58] transformed the knapsack problem into a bi-objective shortest path prob-

lem that was solved using a labeling algorithm. Another method commonly used

is a branch and bound [59], sometimes incorporated into the second phase of the

two-phases method to solve the bi-objective knapsack problem [60].

1.4 Contents of the Dissertation

This dissertation includes an introduction, four parts consisting of 18 chapters, con-

cluding remarks, and appendices.

1.4.1 Part I. Circuits Without Repetitions. Main Tools

In the first part, we consider notions and tools that are common for all chapters in

Parts II and IV. The first part contains three chapters.

In Chap. 2, we discuss four basic notions: the notion of a circuit, the notion of a
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circuit without repetitions, the notion of a cost function for a circuit, and the notion

of a syntactical circuit corresponding to a given circuit. We also consider four topics

related to the algorithms over circuits: schemes of circuits, adaptive cost functions,

bounds on the number of operations, and bounds on the time complexity.

In Chap. 3, we propose an algorithm A1, which can be used for multi-stage

optimization of elements relative to a sequence of cost functions, and an algorithm

A2 for finding the cardinalities of the sets of elements described by the initial circuit

and its subcircuits obtained during the process of multi-stage optimization.

In Chap. 4, we consider some tools for the study of Pareto optimal points (POPs),

and design an algorithm A4 for the construction of the set of POPs for a bi-criteria

optimization problem.

1.4.2 Part II. Combinatorial Optimization Problems. Con-

ventional Circuits

In the second part, we study nine combinatorial optimization problems. For each

problem, we construct a conventional circuit without repetitions that represents all

elements under consideration (the set of feasible solutions), describe at least two

increasing or strictly increasing cost functions for this circuit, evaluate the number

of operations and the time required by the algorithms A1, A2, and A4, consider an

example of the problem instance, and discuss the results of experiments with randomly

generated instances of the problem. This part contains nine chapters.

In Chap. 5, we study the problem of matrix chain multiplication.

In Chap. 6, we consider the global sequence alignment problem.

In Chap. 7, we discuss the problem of optimal paths in directed graphs.

In Chap. 8, we consider the binary search tree problem.

In Chap. 9, we study the problem of convex polygon triangulation.

In Chap. 10, we discuss the line breaking (text justification) problem.



35

In Chap. 11, we study the problem of one-dimensional clustering.

In Chap. 12, we consider the optimal bitonic tour problem.

In Chap. 13, we study the problem of segmented least squares.

1.4.3 Part III. Multi-Stage and Bi-Criteria Optimization of

Matchings in Trees

In the third part, we propose an algorithm for counting matchings and algorithms

for multi-stage and bi-criteria optimization of matchings relative to different weight

functions that assign positive integers (weights) to edges of the tree. We did not find

a conventional circuit without repetitions that represents the set of all matchings for

an arbitrary tree. Instead of a circuit, we construct a labeled forest that describes

the set of matchings, and design algorithms of matching optimization and counting

based on the forest. We restrict ourselves to considering only bounds on the number

of operations and do not consider the time complexity of the algorithms. The third

part contains four chapters.

In Chap. 14, we discuss the problem of optimization of matchings in a tree and

consider a labeled forest that describes the set of matchings.

In Chap. 15, we propose an algorithm for counting matchings and an algorithm

for the optimization of matchings relative to a weight function.

In Chap. 16, we describe an additional tool for the study of Pareto optimal

points (fusion of sets of POPs), propose an algorithm for bi-criteria optimization of

matchings relative to two weight functions, and discuss the notion of totally optimal

matching.

In Chap. 17, we consider an example of a tree and its matching optimization and

discuss results of computer experiments with randomly generated trees and weight

functions.
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1.4.4 Part IV. Combinatorial Optimization Problems. Syn-

tactical Circuits

In the fourth part, we study two combinatorial optimization problems for which we

could not find conventional circuits without repetitions: optimization of matchings

in trees and 0/1 knapsack problem. For each problem, we construct a conventional

circuit with repetitions, transform this circuit into a syntactical circuit without repe-

titions, and define at least two increasing or strictly increasing cost functions for the

syntactical circuit. We evaluate the number of operations and the time required by

the algorithms A1, A2, and A4, consider an example of the problem instance, and

discuss the results of experiments with randomly generated instances of the problem.

In Chap. 18, we study the problem of optimization of matchings in trees.

In Chap. 19, we consider the 0/1 knapsack problem.

1.4.5 Appendices

The appendices contain a description of the additional contribution to the opera-

tion research focused on organ transplantations along with published and submitted

papers, and conference presentations.

Appendix A contains three parts. In A.1, we provide a short overview on kidney

paired donation problem. Section A.2 describes the new organ allocation scheme with

the aim to accelerate kidney placement. The project devoted to the optimization of

liver distribution in the US is discussed in Sect. A.3.

Appendix B contains three parts. Section B.1 describes published papers, Sect.

B.2—submitted papers, and Sect. B.3—conference presentations.
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1.5 Software Development

To demonstrate and validate our combinatorial optimization framework, the ded-

icated software has been developed. Most of the code has been implemented in

Python, with supporting libraries partially written in C++. The software includes

all algorithms introduced in this dissertation, in particular, multi-stage optimization,

counting elements described by the circuit, and bi-criteria optimization. The op-

timization software is implemented using the object-oriented approach. The main

classes define the structure and elements of the circuit as well as they define opti-

mization and supporting algorithms. There are problem-specific classes which inherit

structure from one general class that defines basic functionality and structure of prob-

lems. For each combinatorial optimization problem, the recursion to build the circuit,

cost functions, and input elements need to be defined independently. Additionally,

the software includes classes used for experiments, in particular, plotting Pareto op-

timal points for bi-criteria optimization and parallel execution of multiple trails of

optimization procedures.

Although our software uses only one thread to process a circuit, it is possible to

consider multi-threading, multi-processing, or even distributed computing to process

a single circuit. The circuit has a form of DAG, which makes it suitable for par-

allelization. Without detailed consideration of multiple types and levels of software

concurrency, in general, each worker needs to be assigned to some initial node to keep

a part of DAG and to operate within his sub-DAG only. In case the worker requires

data from another node beyond its sub-DAG, the workers need to be able to commu-

nicate with each other. They should keep their addresses and route messages between

them within the network. Such code parallelization enables consideration of larger

inputs and might be especially helpful with bi-criteria optimization for problems with

a large number of Pareto optimal points.
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1.6 Contributions

The main contribution of this thesis is the framework for multi-objective combina-

torial optimization based on the notion of a circuit without repetitions. Within the

framework, we can distinguish three algorithms:

� Multi-stage optimization, where for a given cost function, we can construct

the set of all optimal elements relative to this cost function or its essential part.

The optimization procedure might be done in multiple stages in some order of

cost functions.

� Counting algorithm provides a tool for counting the number of elements

described by a circuit before or after any stage of multi-stage optimization.

� Bi-criteria optimization allows to build the set of all Pareto optimal points

for two cost functions.

Another contribution is the set of tools to work with problems where the conven-

tional circuit without repetitions could not have been found. For such problems, we

can transform a circuit with repetitions into a so-called syntactical circuit, which is

a circuit without repetitions that works not with elements but with formulas repre-

senting these elements.

Alternatively to the use of syntactical circuits, we designed tailored algorithms for

counting as well as multi-stage and bi-criteria optimization of matchings in trees.

The concluding contribution that links all introduced algorithms and tools for

optimization and counting is the application of our framework to 11 known combi-

natorial optimization problems. For each problem, we showed how to construct the

circuit, studied at least two cost functions, analyzed time complexity of algorithms,

introduced an example, and discussed the results of computational experiments.
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Part I

Circuits Without Repetitions.

Main Tools
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In this part, we consider notions and tools that are common for all chapters in Parts

II and IV.

In Chap. 2, we discuss four basic notions: the notion of a circuit, the notion of a

circuit without repetitions, the notion of a cost function for a circuit, and the notion

of a syntactical circuit corresponding to a given circuit. We also consider four topics

related to the algorithms over circuits: schemes of circuits, adaptive cost functions,

bounds on the number of operations, and bounds on the time complexity.

In Chap. 3, we propose an algorithm A1, which can be used for multi-stage

optimization of elements relative to a sequence of cost functions, and an algorithm

A2 for finding the cardinalities of the sets of elements described by the initial circuit

and its subcircuits obtained during the process of multi-stage optimization.

In Chap. 4, we consider some tools for the study of Pareto optimal points (POPs),

and design an algorithm A4 for the construction of the set of POPs for a bi-criteria

optimization problem.
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Chapter 2

Circuits and Cost Functions

In this chapter, we consider the notion of a circuit and the notion of a cost function for

this circuit. The circuit builds a set of elements for the optimization (a set of feasible

solutions) from one-element sets attached to input nodes using the operation of union

of sets attached to unifying nodes and functional operations attached to functional

nodes. The cost function associates a real number (a cost) to each element. Our goal

is to minimize the cost.

We mainly study so-called circuits without repetitions in which sets of elements

corresponding to input and functional nodes are pairwise disjoint, and functions at-

tached to functional nodes are injective. We consider only so-called increasing and

strictly increasing cost functions for such circuits. Among these functions, we high-

light the nonnegative and nonpositive integer cost functions. We also define the

notions of an optimal element and a strongly optimal element, and prove that, for

strictly increasing cost functions, these notions are equivalent.

We could not find for every problem a circuit without repetitions, which works

directly with elements (we call such circuits conventional). Besides conventional cir-

cuits, we also consider so-called syntactical circuits that work with formulas represent-

ing elements. The syntactical circuits are circuits without repetitions. All algorithms

considered in the next two chapters are applicable to the syntactical circuits. These

algorithms are described on elements, while for the syntactical circuits, we need to

interchange elements with formulas, which represent elements.

The algorithms for optimization and counting of elements considered in the next
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two chapters can work not only with circuits but also with schemes of circuits, ob-

tained from circuits by the removal of one-element sets attached to input nodes,

functions attached to functional nodes, and operations of union attached to unifying

nodes. They usually work with so-called adapted cost functions given by formulas

over a set of simple elementary operations. We can derive bounds on the number

of elementary operations required by algorithms from the description of circuits and

cost functions. We can transform the obtained bounds on the number of operations

into bounds on the time complexity in the frameworks of the software and integer

models of computation.

Note that the labeled directed acyclic graphs used in the book [2] for the repre-

sentation and optimization of decision trees and decision rules can be transformed

into circuits similar to ones studied in this chapter.

There is some similarity between the circuits considered in this chapter and com-

binatorial circuits that compute Boolean functions [4, 5, 6]. However, the circuits

studied in this chapter are closer to {∪,∩, ,̄+,×}-circuits computing (representing)

sets of natural numbers [7] or integers [8]. This chapter is partially based on [3, 61].

2.1 Circuits

Let U be a finite set. A circuit S over U is a labeled directed acyclic graph (DAG)

with three kinds of nodes:

� Input node v is a node without entering edges. It is labeled with a set {av},

where av is an element from U .

� Functional node v is a node with k = k(v) ≥ 1 entering edges e1, . . . , ek, which

are labeled with numbers 1, . . . , k, respectively. This node is labeled with a

function with k variables fv(x1, . . . , xk) from Dv(S) to U , where Dv(S) ⊆ Uk.

For i = 1, . . . , k, the entering edge with the number i corresponds to the variable



43

xi. We define the domain Dv(S) of the function fv later.

� Unifying node v is labeled with the symbol ∪. This node has m ≥ 1 entering

edges, which leave m pairwise different input or functional nodes. The number

of entering edges can be different for different unifying nodes.

Some node of the circuit S is labeled with the symbol ∗ and is considered as the

output of S.

For any node v of the circuit S, we define the set of elements S(v) ⊆ U and, at

the same time, define the domain Dv(S) of the function fv for each functional node

v of S:

� If v is an input node of S, then S(v) = {av}.

� If v is a functional node of S with k = k(v) entering edges e1, . . . , ek, which

are labeled with numbers 1, . . . , k and leave nodes v1, . . . , vk, respectively, then

S(v) = {fv(δ1, . . . , δk) : δ1 ∈ S(v1), . . . , δk ∈ S(vk)}, where fv is a function from

Dv(S) = S(v1)× · · · × S(vk) to U .

� If v is a unifying node of S with m entering edges e1, . . . , em, which leave nodes

v1, . . . , vm, respectively, then S(v) = S(v1) ∪ · · · ∪ S(vm).

We denote V (S) the set of nodes of S, Vi(S)—the set of input nodes of S, Vf (S)—

the set of functional nodes of S, and Vu(S)—the set of unifying nodes of S. Set

U(S) =
⋃
v∈V (S) S(v). The function fv, v ∈ Vf (S), is called injective if fv(α) 6= fv(β)

for any α, β ∈ Dv(S) such that α 6= β.

We say that S is a circuit without repetitions if it satisfies the following conditions:

� S(v1) ∩ S(v2) = ∅ for any nodes v1, v2 ∈ Vi(S) ∪ Vf (S) such that v1 6= v2.

� The function fv is injective for any functional node v of S.
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Let S be a circuit without repetitions, v be a functional node of S with k = k(v)

entering edges e1, . . . , ek, which are labeled with numbers 1, . . . , k and leave nodes

v1, . . . , vk, and δ be an element from the set S(v). Since the function fv is injective,

there exists only one tuple of elements (δ1, . . . , δk) ∈ Dv(S) = S(v1) × · · · × S(vk)

such that δ = fv(δ1, . . . , δk). We call the expression fv(δ1, . . . , δk) the representation

of the element δ. Let now v be a unifying node of S with m entering edges e1, . . . , em,

which leave nodes v1, . . . , vm, and δ be an element from the set S(v). Then there is

exactly one i ∈ {1, . . . ,m} such that δ ∈ S(vi).

The set S(v∗), where v∗ is the output of S, will be considered as the set of elements

for the definition of an optimization problem (the set of feasible solutions). The notion

of a cost function will be defined in the next section.

2.2 Cost Functions

We now define the notion of a cost function Ψ for a circuit S without repetitions that

corresponds to each element δ ∈ U(S) a real number Ψ(δ), which is considered as

the cost of δ. The function Ψ is given by the function ψ, which corresponds to each

element av, where v is an input node of S, a real number ψ(av) and by functions

ψv : Rk(v) → R, v ∈ Vf (S). Here R is the set of real numbers.

The value of Ψ(δ) for an element δ ∈ U(S) is defined by induction:

� If δ = av, where v is an input node of S, then Ψ(δ) = ψ(av).

� If δ = fv(δ1, . . . , δk(v)) ∈ S(v), where v is a functional node of S and fv(δ1, . . . , δk)

is the representation of δ, then Ψ(δ) = ψv(Ψ(δ1), . . . ,Ψ(δk(v))).

The function Ψ is called integer if the function ψ corresponds to each element av,

where v is an input node of S, an integer ψ(av) and each function ψv, v ∈ Vf (S), has

integer value if its inputs are integers.
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We now define a partial order ≤ on the set Rk. Let α = (α1, . . . , αk), β =

(β1, . . . , βk) ∈ Rk. Then α ≤ β if α1 ≤ β1, . . . , αk ≤ βk. We write α < β if

α ≤ β and α 6= β. Let ϕ be a function from Rk to R. We say that ϕ is increasing if

ϕ(α) ≤ ϕ(β) for any α, β ∈ Rk such that α ≤ β. We say that ϕ is strictly increasing

if ϕ(α) < ϕ(β) for any α, β ∈ Rk such that α < β. It is clear that if ϕ is strictly

increasing, then ϕ is increasing.

We say that a cost function Ψ is increasing if, for any functional node v of S,

the function ψv is increasing. We say that a cost function Ψ is strictly increasing if,

for any functional node v of S, the function ψv is strictly increasing. We say that

an integer cost function Ψ is a nonnegative integer cost function if, for any element

δ ∈ U(S), the value of Ψ(δ) is a nonnegative integer. We say that an integer cost

function Ψ is a nonpositive integer cost function if, for any element δ ∈ U(S), the

value of Ψ(δ) is a nonpositive integer.

For each node v of S, we denote ΨS(v) = min{Ψ(δ) : δ ∈ S(v)}. Let v ∈ V (S)

and δ ∈ S(v). We say that δ is optimal in S(v) relative to Ψ if Ψ(δ) = ΨS(v). Note

that if v is an input node, then the only element av from S(v) is optimal in S(v)

relative to Ψ.

We define the notion of an element from S(v), which is strongly optimal in S(v)

relative to Ψ by induction:

� Let v be an input node. Then the only element av from S(v) is strongly optimal

in S(v) relative to Ψ.

� Let v be a functional node of S with k = k(v) entering edges e1, . . . , ek, which are

labeled with numbers 1, . . . , k and leave nodes v1, . . . , vk, δ be an element from

the set S(v), and fv(δ1, . . . , δk) be the representation of δ. Then the element δ

is strongly optimal in S(v) relative to Ψ if δ is optimal in S(v) relative to Ψ

and, for i = 1, . . . , k, the element δi is strongly optimal in S(vi) relative to Ψ.
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� Let v be a unifying node of S withm entering edges e1, . . . , em, which leave nodes

v1, . . . , vm, δ be an element from the set S(v), i ∈ {1, . . . ,m}, and δ ∈ S(vi).

Then the element δ is strongly optimal in S(v) relative to Ψ if δ is optimal in

S(v) relative to Ψ and the element δ is strongly optimal in S(vi) relative to Ψ.

For each node v of S, we denote by SoptΨ (v) the set of elements from S(v), which are

optimal in S(v) relative to Ψ. We denote by Ss−optΨ (v) the set of elements from S(v)

that are strongly optimal in S(v) relative to Ψ. It is clear that Ss−optΨ (v) ⊆ SoptΨ (v)

for any node v of S. Note that Ss−optΨ (v) = {av} = SoptΨ (v) for any input node v of S.

Proposition 1. Let S be a circuit without repetitions and Ψ be a strictly increasing

cost function for S. Then Ss−optΨ (v) = SoptΨ (v) for any node v of S.

Proof. We know that Ss−optΨ (v) ⊆ SoptΨ (v) for any node v of S. We now show by

induction on nodes of S that SoptΨ (v) ⊆ Ss−optΨ (v) for any node v of S. It is clear that

SoptΨ (v) ⊆ Ss−optΨ (v) for any input node v of S.

Let v be a functional node of S with k = k(v) entering edges e1, . . . , ek, which

are labeled with numbers 1, . . . , k and leave nodes v1, . . . , vk such that SoptΨ (vi) ⊆

Ss−optΨ (vi) for i = 1, . . . , k. Let δ ∈ SoptΨ (v) and fv(δ1, . . . , δk) be the represen-

tation of δ. We now show that δi ∈ SoptΨ (vi) for i = 1, . . . , k. Let us assume

the contrary: there exists i ∈ {1, . . . , k} such that δi /∈ SoptΨ (vi). Then there is

an element δ
′
i ∈ SoptΨ (vi) for which Ψ(δ′i) < Ψ(δi). It is clear that the element

δ′ = fv(δ1, . . . , δi−1, δ
′
i, δi+1, . . . , δk) belongs to S(v). Since Ψ is strictly increasing,

Ψ(δ′) = ψv(Ψ(δ1), . . . ,Ψ(δi−1),Ψ(δ
′

i),Ψ(δi+1), . . . ,Ψ(δk))

< ψv(Ψ(δ1), . . . ,Ψ(δi−1),Ψ(δi),Ψ(δi+1), . . . ,Ψ(δk))

= Ψ(δ) ,

but this is impossible because δ ∈ SoptΨ (v). Therefore, δi ∈ SoptΨ (vi) for i = 1, . . . , k
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and, by the inductive hypothesis, δi ∈ Ss−optΨ (vi) for i = 1, . . . , k. Taking into account

that δ ∈ SoptΨ (v), we obtain δ ∈ Ss−optΨ (v). Therefore, SoptΨ (v) ⊆ Ss−optΨ (v).

Let v be a unifying node of S with m entering edges e1, . . . , em, which leave nodes

v1, . . . , vm such that SoptΨ (vi) ⊆ Ss−optΨ (vi) for i = 1, . . . ,m. Let δ be an element from

SoptΨ (v), i ∈ {1, . . . ,m}, and δ ∈ S(vi). Since δ ∈ SoptΨ (v), δ ∈ SoptΨ (vi). By the

inductive hypothesis, δ ∈ Ss−optΨ (vi). Taking into account that δ ∈ SoptΨ (v), we obtain

δ ∈ Ss−optΨ (v). Therefore, SoptΨ (v) ⊆ Ss−optΨ (v).

As a result, we have SoptΨ (v) = Ss−optΨ (v) for any node v of S.

An edge-preserving subcircuit of a circuit S over U is a circuit T obtained from S

by the removal of some edges entering unifying nodes such that each unifying node

keeps at least one entering edge. By definition, S is an edge-preserving subcircuit of

S. It is clear that T (v) ⊆ S(v) for any node v of S, U(T ) ⊆ U(S) and, for any cost

function for S, its restriction to U(T ) is a cost function for T . It is clear also that

each edge-preserving subcircuit of a circuit without repetitions is a circuit without

repetitions.

2.3 Syntactical Circuits

For some problems, we cannot find conventional (that work directly with elements)

circuits without repetitions. Let S be an arbitrary circuit (with repetitions or without

repetitions). We correspond to S so-called syntactical circuit Ŝ, which is a circuit

without repetitions. The circuit S describes a set of elements S(v∗). The circuit Ŝ

describes a set of formulas Ŝ(v∗) representing the same set of elements S(v∗).

We correspond to each element av, v ∈ Vi(S), an element symbol âv such that

âv1 6= âv2 for different input nodes v1 and v2. We correspond to each function fv,

v ∈ Vf (S), a functional symbol f̂v such that f̂v1 6= f̂v2 for different functional nodes

v1 and v2. We also assume that the sets {âv : v ∈ Vi(S)} and {f̂v : v ∈ Vf (S)} are

disjoint.
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The circuit Ŝ is the same DAG as S but with different labels:

� If v is an input node of S labeled with the set {av}, then the corresponding

node v of Ŝ is an input node of Ŝ labeled with the set {âv}.

� If v is a functional node of S labeled with the function fv(x1, . . . , xk), then the

corresponding node v of Ŝ is a functional node of Ŝ labeled with a function

f̂v(x1, . . . , xk) described later.

� If v is a unifying node of S, then the corresponding node v of Ŝ is a unifying

node of Ŝ.

� If v is the output of S labeled with the symbol ∗, then the corresponding node

v of Ŝ is the output of Ŝ labeled with the symbol ∗.

For any node v of the circuit Ŝ, we define the set of formulas Ŝ(v) and, in the

same time, define the domain Dv(Ŝ) of the function f̂v and the function f̂v itself for

each functional node v of Ŝ:

� If v is an input node of Ŝ, then Ŝ(v) = {âv}.

� Let v be a functional node of Ŝ with k = k(v) entering edges e1, . . . , ek, which

are labeled with numbers 1, . . . , k and leave nodes v1, . . . , vk, respectively. Then

f̂v is a function defined on the set Dv(Ŝ) = Ŝ(v1) × · · · × Ŝ(vk). For any

formulas δ1 ∈ Ŝ(v1), . . . , δk ∈ Ŝ(vk), the value of the function f̂v is the formula

f̂v(δ1, . . . , δk). Set Ŝ(v) = {f̂v(δ1, . . . , δk) : δ1 ∈ Ŝ(v1), . . . , δk ∈ Ŝ(vk)}.

� If v is a unifying node of Ŝ with m entering edges e1, . . . , em, which leave nodes

v1, . . . , vm, respectively, then Ŝ(v) = Ŝ(v1) ∪ · · · ∪ Ŝ(vm).

The circuit Ŝ is a circuit over the set of formulas
⋃
v∈V (Ŝ) Ŝ(v). We know that

symbols âv1 , âv2 , f̂v3 , f̂v4 are pairwise different for different nodes v1, v2 ∈ Vi(Ŝ)
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and v3, v4 ∈ Vf (Ŝ). Therefore, Ŝ(v1) ∩ Ŝ(v2) = ∅ for any nodes v1, v2 ∈ Vi(Ŝ) ∪

Vf (Ŝ) such that v1 6= v2. It is clear that, for any two tuples of formulas (δ1, . . . , δk)

and (σ1, . . . , σk) such that (δ1, . . . , δk) 6= (σ1, . . . , σk), the formulas f̂v(δ1, . . . , δk) and

f̂v(σ1, . . . , σk) are different. Therefore, the function f̂v is injective for any functional

node v of Ŝ. Thus, the circuit Ŝ is a circuit without repetitions.

Let Ψ be a cost function for the circuit Ŝ given by the function ψ, which corre-

sponds to each symbol of element âv, where v is an input node of Ŝ, a real number

ψ(âv), and by functions ψv : Rk(v) → R, v ∈ Vf (Ŝ).

The value of Ψ(δ) for a formula δ ∈
⋃
v∈V (Ŝ) Ŝ(v) is defined by induction in the

usual way:

� If δ = âv, where v is an input node of Ŝ, then Ψ(δ) = ψ(âv).

� If δ = f̂v(δ1, . . . , δk(v)) ∈ Ŝ(v), where v is a functional node of Ŝ, then Ψ(δ) =

ψv(Ψ(δ1), . . . ,Ψ(δk(v))).

Let δ be a formula from
⋃
v∈V (Ŝ) Ŝ(v). If in this formula we set av instead of âv for

each v ∈ Vi(Ŝ) and fv instead of f̂v for each v ∈ Vf (Ŝ), we obtain a formula, which

represents an element from the set
⋃
v∈V (S) S(v). We denote this element a(δ). One

can show that {a(δ) : δ ∈ Ŝ(v)} = S(v) for any node v of the circuit Ŝ.

In this book, for syntactical circuits, we consider only cost functions such that

Ψ(δ1) = Ψ(δ2) for any formulas δ1 and δ2 from Ŝ(v∗) for which a(δ1) = a(δ2). We

call such cost functions proper cost functions for the circuit Ŝ relative to the circuit

S. For proper cost functions, instead of multi-stage or bi-criteria optimization on the

set S(v∗) we can consider multi-stage or bi-criteria optimization on the set Ŝ(v∗). To

this end, we can use algorithms A1 (see Chap. 3) and A4 (see Chap. 4). In the

description of these algorithms we say about elements. For the syntactical circuits,

elements are formulas. The same situation is with the algorithm A2 (see Chap. 3),

which allows us to count the number of formulas in the set Ŝ(v∗). Note that in the
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general case the cardinality of the set Ŝ(v∗) is greater than the cardinality of the set

S(v∗).

We do not use in this book the possibility to have a different cost for different

formulas in Ŝ(v∗) representing the same element from S(v∗). However, this possibility

is vital in applications for which the cost of elements can depend on their represen-

tations.

2.4 Algorithms Over Circuits

2.4.1 Schemes of Circuits

In the next two chapters, we consider algorithms A1, A2, and A4 for optimization,

counting, and bi-criteria optimization of elements, which work with circuits without

repetitions. Let S be such a circuit. The elements av from the sets attached to the

input nodes v of S and the functions fv attached to the functional nodes v of S can

be complicated. Fortunately, the algorithms A1, A2, and A4 do not use the functions

fv and do not use the elements av directly.

We remove the sets {av} attached to the input nodes v of S, the functions fv

attached to the functional nodes v of S, and the symbols ∪ attached to the unifying

nodes of S. We will not remove natural numbers attached to the edges of the scheme

S. We label each node of S with its type (a letter from the set {i, f, u}, where i

means an input node, f means a functional node, and u means a unifying node) and

its unique name. As a result, we obtain a labeled directed acyclic graph, which will

be called the scheme of the circuit S.

The algorithm A2 for counting elements described by the circuit S does not use

elements av and functions fv. It will work correctly when we use the scheme of S

instead of the circuit S.

Let Ψ be a cost function for the circuit S given by the function ψ, which corre-

sponds to each element av, where v is an input node of S, a real number ψ(av) and



51

by functions ψv : Rk(v) → R, v ∈ Vf (S).

The algorithm A1 for the optimization of elements described by the circuit S

relative to the cost function Ψ does not use functions fv. This algorithm does not use

elements av directly, but only values ψ(av). It will work correctly when we use the

scheme of S instead of the circuit S and can describe the values ψ(av), v ∈ Vi(S).

Let Ψ, Φ be cost functions for S given, respectively, by the functions ψ, ψv and

ϕ, ϕv, v ∈ Vf (S).

The algorithm A4 for bi-criteria optimization of elements described by the circuit

S relative to the cost functions Ψ, Φ does not use functions fv. This algorithm does

not use elements av directly, but only values ψ(av) and ϕ(av). It will work correctly

when we use the scheme of S instead of the circuit S and can describe the values

ψ(av) and ϕ(av), v ∈ Vi(S).

The scheme of the circuit S can be given by the array of all nodes of S. Each node

in this array is represented by pair (name, type) when the name is unique for every

node. Let v be a node of S with m entering edges e1, . . . , em leaving nodes v1, . . . , vm,

respectively. The node v in the considered array has a list (name of node v1, q1), ...,

(name of node vm, qm) associated with it. For i = 1, . . . ,m, qi is equal to the natural

number attached to the edge ei. If the edge ei is not labeled, then qi = λ.

Usually, the time complexity of scheme construction is linear depending on the

number of its nodes and edges. We will mention special cases when we need to take

additional steps to construct the scheme. In particular, when it is necessary to check

if the considered node or edge belongs to the scheme.

2.4.2 Adapted Cost Functions

Let Ψ be a cost function for the circuit S given by the function ψ and by functions

ψv, v ∈ Vf (S).

In all the cases considered in this book, the functions ψv for the functional nodes
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v of the circuit S are either equal to variables, i.e., ψv(x) = x (in this case, we do not

need any operations to compute the value of ψv), or represented by enough simple

formulas over a set of elementary operations B using variables and some numeric

parameters of the problem. Elementary operations from the set B are of the kind

addition x+y, subtraction x−y, multiplication x·y, division x/y, minimum min(x, y),

maximum max(x, y), square root
√
x, ceiling dxe, floor bxc, absolute value |x|. The

values ψ(av) for the input nodes v of the circuit S are either given directly, for example,

ψ(av) = 0 (in this case, we do not need any operations to compute the value of ψ), or

represented by enough simple formulas over the set of elementary operations B using

some numeric parameters of the problem. We will call such cost functions adapted

cost functions.

An adapted cost function can be given by the array of input nodes v with constants

or formulas representing the values ψ(av), and by the array of functional nodes v with

variables or formulas representing functions ψv.

The work of the algorithms A1, A2, and A4 for optimization, counting, and bi-

criteria optimization of elements is described for the circuits without repetitions and

for arbitrary cost functions for these circuits.

However, for each of the combinatorial optimization problems considered in the

book, the algorithms A1, A2, and A4 really work with the schemes of circuits instead

of the circuits and with adapted cost functions.

2.4.3 Bounds on Number of Operations

Each of the considered in the book problems has inherent dimensions—one or two nat-

ural numbers that describe the structure of problem instance. The problem instance

includes polynomial in dimensions number of numeric parameters. Each problem

dimension is at most the number of such parameters plus one. For the problem of

matrix chain multiplication, the dimension is the number n of matrices and the nu-
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meric parameters are n+1 natural numbers m0,m1, . . . ,mn that define sizes m0×m1,

m1×m2, . . . , mn−1×mn of these matrices. For the global sequence alignment prob-

lem, the dimensions are the lengths m and n of sequences. An instance of this problem

has m+n+mn numeric parameters that describe the costs of alignment for symbols

and alignment for symbols and gaps.

Theorems 1, 2, and 3 give upper bounds on the number of operations made by the

algorithms A1, A2, and A4, respectively. For A1, the operations are computations of

values of ψ and ψv, v ∈ Vf (S), and comparisons. For A2, the operations are additions

and multiplications. For A4, the operations are computations of values of ψ, ϕ, ϕv,

and ψv, v ∈ Vf (S), and comparisons. The operation of comparison x : y has three

values x < y, x = y, and x > y. This operation allows us to find values min(x, y),

max(x, y), to check if x > y or x ≥ y, etc.

For adapted cost functions, we deal with formulas over a set of elementary opera-

tions B and we can recalculate the upper bounds given by Theorems 1, 2, and 3 into

upper bounds on the number of elementary operations from a set B+, which contains

all operations from B, the operation of comparison x : y, and some operations from

the set {x+ y, x · y}.

As a result, we obtain two kinds of upper bounds on the number of operations from

B+: polynomial depending on the problem dimensions and polynomial depending on

the problem dimensions and some numeric parameters of the problem (for example,

the maximum weight of an edge in the problem of optimization of matching in trees,

or max{m0,m1, . . . ,mn} for the problem of matrix chain multiplication). In the first

case, we say about the polynomial number of operations, in the second case—about

the pseudo-polynomial number of operations.
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2.4.4 Bounds on Time Complexity

To derive bounds on the time complexity of the considered algorithms from bounds

on the number of operations, we need to fix a model of computation. We study two

such models: the software model and the integer model [3, 61].

The software model is closely related to the conventional software when each of

the considered operations requires a small constant number of clock cycles and we can

use both variables for integers and variables for floating-point numbers. This model

assumes that we are working with finite sets of numbers, for example, with single-

precision (32-bit) floating-point numbers and 32-bit signed integers. In particular,

for one of the Intel’s processors of Broadwell architecture, single-precision operations

x+y, x−y, x·y, min(x, y), and max(x, y) require three clock cycles each, x/y requires

13–17, and
√
x requires 19–35 clock cycles. For 32-bit signed integers, operations x+y

and x−y require one clock cycle each, and the operation x·y requires ten clock cycles.

For the software model, from the existence of polynomial or pseudo-polynomial

bounds on the number of operations, it follows that the considered algorithms have

polynomial or pseudo-polynomial time complexities. For the algorithm A4, to keep

upper bounds true, we need to use variables for integers when we deal with nonneg-

ative integer and nonpositive integer cost functions. If we have an upper bound A

on the number of operations for an algorithm, then O(A) is the upper bound on the

time complexity of the algorithm in the framework of the software model of com-

putation. All obtained bounds depend on problem dimensions and (in the case of

pseudo-polynomial bounds) on some numeric parameters of the problem.

The integer model assumes that all inputs are integers of arbitrary size, and each

operation transforms a tuple of integers into an integer. In this case, the time com-

plexity of an operation depends on the maximum number of bits t in the binary rep-

resentation of integers at the operation inputs. For example, minimum, maximum,

comparison, addition, and subtraction require O(t) and the multiplication requires
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O(t · log t · log log t) time [24].

For the integer model for each of the considered cases with an exception described

later, when the instance of a problem is given by integer parameters in binary rep-

resentation and we use integer cost functions, we will transform polynomial bounds

on the number of operations depending on the problem dimensions into polynomial

bounds on the time complexity of algorithms depending on the length of the problem

representation. We will also transform pseudo-polynomial bounds on the number of

operations (polynomial depending on the problem dimensions and some numeric pa-

rameters of the problem) into pseudo-polynomial bounds on the time complexity of

algorithms (polynomial depending on the length of the problem representation and

some numeric parameters of the problem). Note that for each of the considered prob-

lems, the problem dimensions are at most the length of the problem representation.

To obtain bounds on the time complexity, it will be necessary for us to evaluate

the maximum absolute value of numbers used during the work of the algorithms

A1, A2, A4, and the modification of the algorithm A4. The ways how to evaluate

the maximum absolute value of the used numbers are described in Remarks 2, 4, 9,

and 10 for the algorithms A1, A2, A4, and the modification of the algorithm A4,

respectively. In some cases, we need an additional study related to the processing

of input and functional nodes and the calculation of so-called prefix sum sequences.

The only issue is with the evaluation of the time complexity of the algorithm A2

for syntactical circuits. In this case, we cannot find reasonable upper bounds on the

number of formulas described by circuits. As a result, we cannot evaluate the size of

numbers during the work of the algorithm A2.

If we have an upper bound A on the number of operations of comparison, mini-

mum, maximum, multiplication, addition, and subtraction required by an algorithm,

and m is an upper bound on the absolute values of numbers used during the work

of the algorithm, then O(A · t · log t · log log t), where t = log2m, is the upper bound
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on the time complexity of the considered algorithm in the framework of the integer

model of computation. If we do not use the operation of multiplication, then O(A · t)

is the upper bound on the time complexity of the considered algorithm.

This way to obtain bounds on the time complexity of algorithms (evaluation of the

number of operations and the size of used integers) is close to the notion of strongly

polynomial time [25].
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Chapter 3

Multi-Stage Optimization and Counting Optimal Elements

In this chapter, we propose an optimization procedure (an algorithm A1), which for

a given circuit without repetitions and cost function for this circuit, transforms the

circuit into its subcircuit. For strictly increasing cost functions, the set of elements

described by the subcircuit coincides with the set of optimal elements relative to the

considered cost function. For increasing cost functions, the set of elements described

by the subcircuit is a nonempty subset of the set of optimal elements.

The algorithm A1 can be used for multi-stage optimization of elements relative

to a sequence of cost functions. We also propose an algorithm A2 for finding the

cardinalities of the sets of elements described by the initial circuit and its subcircuits

obtained during the process of multi-stage optimization.

In a sense, similar algorithms were considered in [2, 62] for multi-stage optimiza-

tion of decision and inhibitory trees, decision rules, decision rule systems, element

partition trees, parenthesizations for matrix chain multiplication, global sequence

alignments, paths in directed graphs, and binary search trees. Note that each prob-

lem was studied separately with its own problem-specific algorithms and proofs.

One of the applications of the created techniques is the study of the existence

of elements that are optimal relative to several cost functions at the same time.

We call such elements totally optimal relative to the considered cost functions and

investigate their existence for various combinatorial optimization problems. Totally

optimal decision trees, decision rules, decision rule systems, and element partition

trees were studied earlier in [2, 63, 64]. This chapter is based on [61].
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3.1 Algorithm for Optimization of Elements

Let S be a circuit without repetitions and Ψ be an increasing cost function for S.

We now describe a procedure for optimization of elements described by S relative to

the cost function Ψ—the algorithm A1. This algorithm assigns to each node v of S

the number c(v) = ΨS(v) = min{Ψ(δ) : δ ∈ S(v)} and removes some edges entering

unifying nodes of S. As a result, we obtain an edge-preserving subcircuit SΨ of S

such that SΨ(v) = Ss−optΨ (v) for any node v of S.

Algorithm A1 (procedure of optimization of elements).

Input : A circuit S without repetitions and an increasing cost function Ψ for S

given by functions ψ and ψv, v ∈ Vf (S).

Output : An edge-preserving subcircuit SΨ of S with a number c(v) assigned to

each node v.

1. If all nodes of S are processed, then return the obtained circuit as SΨ.

2. Otherwise, choose a node v of S that is not processed yet and which is either

an input node or a node for which all parents are processed.

3. If v is an input node, then assign to it the number c(v) = ψ(av), label it as

processed, and proceed to step 1.

4. If v is a functional node with k = k(v) entering edges, which are labeled with

numbers 1, . . . , k and leave the nodes v1, . . . , vk, respectively, then assign to v

the number c(v) = ψv(c(v1), . . . , c(vk)), label v as processed, and proceed to

step 1.

5. If v is a unifying node with m entering edges e1, . . . , em leaving the nodes

v1, . . . , vm, respectively, then assign to v the number c(v) = min{c(v1), . . . ,

c(vm)} and remove all edges ei, i ∈ {1, . . . ,m}, for which c(vi) > c(v). Label v

as processed and proceed to step 1.
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Remark 1. Note that the algorithm A1 can work with the schemes of circuits instead

of the circuits and with adapted cost functions (see Sect. 2.4). In this case, the output

of the algorithm A1 is the scheme of an edge-preserving subcircuit of the initial circuit.

Remark 2. Let S be a circuit without repetitions and Ψ be an increasing integer cost

function for S given by functions ψ and ψv, v ∈ Vf (S). Denote NΨ(S) = max{|Ψ(δ)| :

δ ∈ U(S)}, where U(S) =
⋃
v∈V (S) S(v). It is clear that, for each node v of S, the

absolute value of the number c(v) = ΨS(v) = min{Ψ(δ) : δ ∈ S(v)} is at most NΨ(S).

Therefore, for the algorithm A1, the number NΨ(S) is an upper bound on the absolute

values of the numbers at the inputs of operations ψv related to the functional nodes and

at the inputs of comparisons related to the unifying nodes. When a function ψv is given

by a formula containing more than one elementary operation, we need to evaluate the

absolute values of the numbers at the inputs of each elementary operation. For all

cases studied in this book, it is easy to show that these absolute values are also at most

NΨ(S) or are at most some upper bound on NΨ(S) considered in the corresponding

chapter. In particular, let the values of the function ψ be nonnegative and functions

ψv be given by formulas containing only operations x+ y,max(x, y) and nonnegative

numeric parameters. Let us assume that the absolute value of at least one number at

an input of an elementary operation from the formula for ψv is greater than NΨ(S).

Then the absolute value of this formula is greater than NΨ(S), which is impossible.

The same situation is in the case when values of the function ψ are nonpositive and

functions ψv are given by formulas containing only operations x + y,min(x, y) and

nonpositive numeric parameters. The elementary operations related to the input nodes

should be considered separately and only in the case when values of ψ are represented

not by constants, but by formulas.

Theorem 1. Let S be a circuit without repetitions and Ψ be an increasing cost func-

tion for S given by functions ψ and ψv, v ∈ Vf (S). Then, for any node v of S,

c(v) = ΨS(v) and SΨ(v) = Ss−optΨ (v). For any node v of S, the algorithm A1 com-
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putes one time a value of ψ if v is an input node, computes one time a value of ψv

if v is a functional node, and makes at most 2m − 1 comparisons if v is a unifying

node with m entering edges.

Proof. First, we prove by induction on nodes of S that c(v) = ΨS(v) for any node v of

S. Let v be an input node. Then S(v) = {av} and, evidently, c(v) = ψ(av) = ΨS(v).

Let v be a functional node with k = k(v) entering edges e1, . . . , ek, which are labeled

with numbers 1, . . . , k and leave nodes v1, . . . , vk such that c(v1) = ΨS(v1), . . . , c(vk) =

ΨS(vk). Since Ψ is an increasing cost function,

ΨS(v) = ψv(Ψ
S(v1), . . . ,ΨS(vk)) .

Using the inductive hypothesis, we obtain that c(v) = ΨS(v). Let v be a unifying

node with m entering edges e1, . . . , em leaving nodes v1, . . . , vm such that c(v1) =

ΨS(v1), . . . , c(vm) = ΨS(vm). It is clear that ΨS(v) = min{ΨS(v1), . . . ,ΨS(vm)}.

Using the inductive hypothesis, we obtain that c(v) = ΨS(v).

We now prove by induction on nodes of S that SΨ(v) = Ss−optΨ (v) for any node v

of S. Let v be an input node of S. Then SΨ(v) = {av} = Ss−optΨ (v).

Let v be a functional node with k = k(v) entering edges e1, . . . , ek, which are

labeled with numbers 1, . . . , k and leave nodes v1, . . . , vk such that

SΨ(v1) = Ss−optΨ (v1), . . . , SΨ(vk) = Ss−optΨ (vk) .

By definition, SΨ(v) = {fv(δ1, . . . , δk) : δ1 ∈ SΨ(v1), . . . , δk ∈ SΨ(vk)}. Let us consider

an arbitrary element δ from SΨ(v) with the representation fv(δ1, . . . , δk). Using the

inductive hypothesis and the fact that Ψ is increasing, we obtain that δ is optimal in

S(v) relative to Ψ and, hence, is strongly optimal in S(v) relative to Ψ. Therefore,

SΨ(v) ⊆ Ss−optΨ (v). Let δ ∈ Ss−optΨ (v). Then δ = fv(δ1, . . . , δk), where δi ∈ S(vi) for

i = 1, . . . , k. Since δ ∈ Ss−optΨ (v), δi ∈ Ss−optΨ (vi) and, by the inductive hypothesis,
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δi ∈ SΨ(vi) for i = 1, . . . , k. Therefore, δ ∈ SΨ(v), Ss−optΨ (v) ⊆ SΨ(v), and Ss−optΨ (v) =

SΨ(v).

Let v be a unifying node with m entering edges e1, . . . , em leaving nodes v1, . . . , vm

such that SΨ(v1) = Ss−optΨ (v1), . . . , SΨ(vm) = Ss−optΨ (vm). It is clear that SΨ(v) =⋃
i=1,...,m

ΨS(vi)=ΨS(v)

SΨ(vi). Let δ ∈ SΨ(v). According to the inductive hypothesis, δ is

optimal in S(v) relative to Ψ and δ is strongly optimal in S(vi) relative to Ψ for

some i ∈ {1, . . . ,m} such that ΨS(vi) = ΨS(v). Therefore, δ ∈ Ss−optΨ (v). Let

δ ∈ Ss−optΨ (v). Then Ψ(δ) = ΨS(v) and δ ∈ Ss−optΨ (vi) for some i ∈ {1, . . . ,m}. We

have ΨS(vi) = Ψ(δ) = ΨS(v). According to the inductive hypothesis, δ ∈ SΨ(vi).

Therefore, δ ∈ SΨ(v) and SΨ(v) = Ss−optΨ (v).

A simple analysis of the algorithm A1 shows that, for any node v of S, the algo-

rithm A1 computes one time a value of ψ if v is an input node, computes one time a

value of ψv if v is a functional node, and makes at most 2m− 1 comparisons if v is a

unifying node with m entering edges.

The next statement follows immediately from Proposition 1 and Theorem 1.

Corollary 1. Let S be a circuit without repetitions and Ψ be a strictly increasing cost

function for S. Then SΨ(v) = SoptΨ (v) for any node v of S.

3.2 Multi-Stage Optimization and Totally Optimal Elements

Let S be a circuit without repetitions and v∗ be the output of S. The algorithm A1

can be used for multi-stage optimization of elements from S(v∗) relative to a sequence

of strictly increasing cost functions Ψ1,Ψ2, . . ..

First, we apply the algorithm A1 to the circuit S and the cost function Ψ1. As a

result, we obtain an edge-preserving subcircuit SΨ1 of the circuit S. From Corollary

1 it follows that SΨ1(v∗) = SoptΨ1
(v∗), i.e., the set SΨ1(v∗) coincides with the set of all

elements from S(v∗) that are optimal in S(v∗) relative to Ψ1. Next, we apply the
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algorithm A1 to the circuit SΨ1 and the cost function Ψ2. As a result, we obtain an

edge-preserving subcircuit SΨ1,Ψ2 of the circuit SΨ1 . From Corollary 1 it follows that

SΨ1,Ψ2(v∗) = (SΨ1)optΨ2
(v∗), i.e., the set SΨ1,Ψ2(v∗) coincides with the set of all elements

from SΨ1(v∗) that are optimal in SΨ1(v∗) relative to Ψ2, etc.

If one of the cost functions Ψi, i > 1, is increasing and not strictly increasing,

then, by Theorem 1, the set SΨ1,...,Ψi(v∗) coincides with the set (SΨ1,...,Ψi−1)s−optΨi
(v∗)

of all elements from SΨ1,...,Ψi−1(v∗) that are strongly optimal in SΨ1,...,Ψi−1(v∗) relative

to Ψi. In the general case, this set is a subset of the set (SΨ1,...,Ψi−1)optΨi
(v∗) of all

elements from SΨ1,...,Ψi−1(v∗) that are optimal in SΨ1,...,Ψi−1(v∗) relative to Ψi.

Let Ψ1, . . . ,Ψm be cost functions for S and δ be an element from the set S(v∗).

We say that δ is totally optimal in S(v∗) relative to Ψ1, . . . ,Ψm if Ψi(δ) = ΨS
i (v∗) =

min{Ψi(δ
′) : δ ∈ S(v∗)} for i = 1, . . . ,m, i.e., δ is optimal in S(v∗) relative to

Ψ1, . . . ,Ψm simultaneously.

Assume that Ψ1, . . . ,Ψm−1 are strictly increasing cost functions and Ψm is in-

creasing or strictly increasing. We now describe how to recognize the existence of an

element from S(v∗), which is totally optimal in S(v∗) relative to Ψ1, . . . ,Ψm.

For i = 1, . . . ,m, we apply the algorithm A1 to the circuit S and the cost

function Ψi. As a result, we obtain for i = 1, . . . ,m the edge-preserving subcir-

cuit SΨi of the circuit S and the number ΨS
i (v∗) assigned to the node v∗ of the

circuit SΨi . Next, we apply to S sequentially the procedure of optimization (the

algorithm A1) relative to the cost functions Ψ1, . . . ,Ψm. As a result, we obtain cir-

cuits SΨ1 , SΨ1,Ψ2 , . . . , SΨ1,...,Ψm and numbers ϕ1, ϕ2, . . . , ϕm assigned to the node v∗

of these circuits. From Theorem 1 it follows that ϕ1 = min{Ψ1(δ) : δ ∈ S(v∗)} and

ϕi = min{Ψi(δ) : δ ∈ SΨ1,...,Ψi−1(v∗)} for i = 2, . . . ,m. One can show that an element

from S(v∗), which is totally optimal in S(v∗) relative to Ψ1, . . . ,Ψm exists if and only

if ΨS
i (v∗) = ϕi for i = 1, . . . ,m.
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3.3 Algorithm for Counting Elements

Let S be a circuit without repetitions. We now describe an algorithm A2, which

assigns to each node v of S the number C(v) = |S(v)|.

Algorithm A2 (counting elements)

Input : A circuit S without repetitions.

Output : The circuit S with a number C(v) assigned to each node v of S.

1. If all nodes of S are processed, then return the obtained circuit.

2. Otherwise, choose a node v of S that is not processed yet and which is either

an input node or a node for which all parents are processed.

3. If v is an input node, then assign to it the number C(v) = 1, label it as processed,

and proceed to step 1.

4. If v is a functional node with k = k(v) entering edges leaving the nodes

v1, . . . , vk, respectively, then assign to v the number C(v) = C(v1) · . . . · C(vk),

label v as processed, and proceed to step 1.

5. If v is a unifying node with m entering edges leaving the nodes v1, . . . , vm,

respectively, then assign to v the number C(v) = C(v1) + · · · + C(vm), label v

as processed, and proceed to step 1.

Remark 3. Note that the algorithm A2 can work with the schemes of circuits instead

of the circuits (see Sect. 2.4).

Remark 4. We say that a circuit S is reachable if, for any node v of S, there is

a directed path from v to the output v∗ of S. Let S be a reachable circuit without

repetitions and T be an edge-preserving subcircuit of S. Then the number |S(v∗)| is
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an upper bound on the absolute values of the numbers at the inputs of operations (ad-

ditions and multiplications) of the algorithm A2 processing T . Assume the contrary.

In this case, it is easy to show that C(v∗) > |S(v∗)|, which contradicts Theorem 2.

Remark 5. Later we will use the following way to transform a circuit into a reachable

one. Let S be a circuit and S ′ be a circuit obtained from S by the removal of all nodes

such that there is no directed path from the considered node to the output. We also

remove all edges that are incident to the removed nodes. One can show that, for any

node v of S ′, S ′(v) = S(v). In particular, S ′(v∗) = S(v∗).

Theorem 2. Let S be a circuit without repetitions. Then, for any node v of S, C(v) =

|S(v)|. For any input node of S, the algorithm A2 does not make any operations.

For any functional node of S with k entering edges, the algorithm A2 makes k − 1

multiplications. For any unifying node of S with m entering edges, the algorithm A2

makes m− 1 additions.

Proof. We prove by induction on nodes of S that C(v) = |S(v)| for any node v of S.

Let v be an input node. Then S(v) = {av} and, evidently, C(v) = 1 = |S(v)|. To

compute the value C(v) = 1, the algorithm A2 does not make any operations.

Let v be a functional node with k = k(v) entering edges e1, . . . , ek, which are

labeled with numbers 1, . . . , k and leave the nodes v1, . . . , vk such that C(v1) =

|S(v1)| , . . . , C(vk) = |S(vk)|. By definition,

S(v) = {fv(δ1, . . . , δk) : δ1 ∈ S(v1), . . . , δk ∈ S(vk)} .

Let δ′1, δ
′′
1 ∈ S(v1), . . . , δ′k, δ

′′
k ∈ S(vk) and (δ′1, . . . , δ

′
k) 6= (δ′′1 , . . . , δ

′′
k). Since fv is injec-

tive, the elements fv(δ
′
1, . . . , δ

′
k) and fv(δ

′′
1 , . . . , δ

′′
k) are different. Therefore, |S(v)| =

|S(v1)| · . . . · |S(vk)|. Using the inductive hypothesis, we obtain that C(v) = |S(v)|.

To compute the value C(v) = C(v1) · . . . · C(vk), the algorithm A2 makes k − 1

multiplications.
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Let v be a unifying node with m entering edges e1, . . . , em, which leave the nodes

v1, . . . , vm such that C(v1) = |S(v1)| , . . . , C(vm) = |S(vm)|. By definition, S(v) =

S(v1)∪ · · ·∪S(vm). Since S is a circuit without repetitions, the sets S(v1), . . . , S(vm)

are pairwise disjoint. Therefore, |S(v)| = |S(v1)|+ · · ·+ |S(vm)|. Using the inductive

hypothesis, we obtain that C(v) = |S(v)|. To compute the value C(v) = C(v1) +

· · ·+ C(vm), the algorithm A2 makes m− 1 additions.
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Chapter 4

Bi-Criteria Optimization of Elements

In this chapter, we take special attention to bi-criteria optimization problems relative

to two increasing cost functions, and propose an algorithm A4 for the construction of

the set of Pareto optimal points for such a problem.

First, we consider some tools for the study of Pareto optimal points. After that,

we design and study the algorithm A4. Next, we discuss some possibility of decreasing

the number of operations made by this algorithm in the case when functional nodes

in the circuit can have many entering edges. In the end, we show how the set of

Pareto optimal points can be transformed into the graphs of functions that describe

the relationships between the considered cost functions.

We can use the algorithm A4 to recognize the existence of an element, which is

optimal relative to two increasing cost functions at the same time (a totally optimal

element). Such an element exists if and only if there is only one Pareto optimal point

for bi-criteria optimization problem relative to the considered cost functions.

Algorithms similar in some sense to the algorithm A4 were considered in [33, 2]

for bi-criteria optimization of decision trees, decision rules, decision rule systems,

and element partition trees. These problems were studied separately with their own

algorithms and proofs. The first two sections of this chapter are based on [3].
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4.1 Tools for Study of Pareto Optimal Points

To study a bi-criteria optimization problem, we correspond to each element a point,

which coordinates are values of the two considered cost functions for the given element.

We aim to construct for this problem all Pareto optimal points (nondominated points).

It is easy to do if the number of elements under consideration is reasonable. However,

if the number of elements can be huge, we should use special algorithms, which are

based on the tools discussed in this section. For the sake of completeness, we provide

proofs of some statements considered in [2].

Let R2 be the set of pairs of real numbers (points). We consider a partial order

≤ on the set R2 (on the plane): (c, d) ≤ (a, b) if c ≤ a and d ≤ b. Two points α and

β are comparable if α ≤ β or β ≤ α. A subset of R2 in which no two different points

are comparable is called an antichain. We will write α < β if α ≤ β and α 6= β. If α

and β are comparable, then min(α, β) = α if α ≤ β and min(α, β) = β if α > β.

Let A be a nonempty finite subset of R2. A point α ∈ A is called a Pareto optimal

point (POP) for A if there is no a point β ∈ A such that β < α. We denote by Par(A)

the set of Pareto optimal points for A. It is clear that Par(A) is an antichain.

Lemma 1. [2] Let A be a nonempty finite subset of the set R2. Then, for any point

α ∈ A, there is a point β ∈ Par(A) such that β ≤ α.

Proof. Let β = (a, b) be a point from A such that (a, b) ≤ α and a+ b = min{c+ d :

(c, d) ∈ A, (c, d) ≤ α}. Then (a, b) ∈ Par(A).

Lemma 2. [2] Let A be a nonempty finite subset of R2, B ⊆ A, and Par(A) ⊆ B.

Then Par(B) = Par(A).

Proof. It is clear that Par(A) ⊆ Par(B). Let us assume that, for some β, β ∈ Par(B)

and β /∈ Par(A). Then there exists α ∈ A such that α < β. By Lemma 1, there

exists γ ∈ Par(A) ⊆ B such that γ ≤ α. Therefore, γ < β and β /∈ Par(B). Hence,

Par(B) = Par(A).
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Lemma 3. [2] Let A1, . . . , Ak be nonempty finite subsets of R2. Then Par(A1∪ · · · ∪

Ak) ⊆ Par(A1) ∪ · · · ∪ Par(Ak).

Proof. Let α ∈ (A1∪· · ·∪Ak)\(Par(A1)∪· · ·∪Par(Ak)). Then there is i ∈ {1, . . . , k}

such that α ∈ Ai but α /∈ Par(Ai). Therefore, there is β ∈ Ai such that β < α. Hence,

α /∈ Par(A1 ∪ · · · ∪Ak), and Par(A1 ∪ · · · ∪Ak) ⊆ Par(A1)∪ · · · ∪Par(Ak).

Proposition 2. Let A1, . . . , Ak be nonempty finite subsets of R2. Then Par(A1 ∪

· · · ∪ Ak) = Par(Par(A1) ∪ · · · ∪ Par(Ak)).

Proof. The considered statement follows from Lemmas 3 and 2.

Let f, g be increasing functions from Rk to R, and A1, . . . , Ak be nonempty finite

subsets of the set R2. We denote by Jf,g(A1, . . . , Ak) the set

{(f(a1, . . . , ak), g(b1, . . . , bk)) : (a1, b1) ∈ A1, . . . , (ak, bk) ∈ Ak} .

Lemma 4. Let A1, . . . , Ak be nonempty finite subsets of R2, and f, g be increasing

functions from Rk to R. Then Par(Jf,g(A1, . . . , Ak)) ⊆ Jf,g(Par(A1), . . . , Par(Ak)).

Proof. Let β ∈ Par(Jf,g(A1, . . . , Ak)) and β = (f(a1, . . . , ak), g(b1, . . . , bk)), where

(a1, b1) ∈ A1, . . . , (ak, bk) ∈ Ak. Using Lemma 1, we obtain that, for i = 1, . . . , k,

there exists (a′i, b
′
i) ∈ Par(Ai) such that (a′i, b

′
i) ≤ (ai, bi). Since f and g are increasing

functions, α = (f(a′1, . . . , a
′
k), g(b′1, . . . , b

′
k)) ≤ (f(a1, . . . , ak), g(b1, . . . , bk)) = β. It is

clear that α ∈ Jf,g(Par(A1), . . . , Par(Ak)). Taking into account that

β ∈ Par(Jf,g(A1, . . . , Ak)) ,

we obtain β = α. Therefore, Par(Jf,g(A1, . . . , Ak)) ⊆ Jf,g(Par(A1), . . . , Par(Ak)).
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Proposition 3. Let A1, . . . , Ak be nonempty finite subsets of R2, and f, g be increas-

ing functions from Rk to R. Then

Par(Jf,g(A1, . . . , Ak)) = Par(Jf,g(Par(A1), . . . , Par(Ak))) .

Proof. The considered statement follows from Lemmas 4 and 2.

Points from Par(A) can be ordered in the following way: (a1, b1), . . . , (at, bt),

where a1 < · · · < at. Since points from Par(A) are incomparable, b1 > · · · > bt. We

will refer to the sequence (a1, b1), . . . , (at, bt) as the normal representation of the set

Par(A).

It is well known (see [65]) that there exists an algorithm, which for a given set A,

constructs the set Par(A) and makes O(|A| log |A|) comparisons.

For the sake of completeness, we describe an algorithm, which for a given nonempty

finite subset A of the set R2, constructs the normal representation of the set Par(A).

We assume that A is a multiset containing, possibly, repeating elements. The cardi-

nality |A| of A is the total number of elements in A.

Algorithm A3 (construction of normal representation for the set of POPs).

Input : A nonempty finite subset A of the set R2 containing, possibly, repeating

elements (multiset).

Output : Normal representation P of the set Par(A) of Pareto optimal points for A.

1. Set P equal to the empty sequence.

2. Using the merge sort (see [66]), construct a sequence B of all points from A

ordered according to the first coordinate in the ascending order.

3. If there is only one point in the sequence B, then add this point to the end

of the sequence P , return P , and finish the work of the algorithm. Otherwise,
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choose the first α = (α1, α2) and the second β = (β1, β2) points from B.

4. If α and β are comparable, then remove α and β from B, add the point min(α, β)

to the beginning of B, and proceed to step 3.

5. If α and β are not comparable (in this case α1 < β1 and α2 > β2), then remove

α from B, add the point α to the end of P , and proceed to step 3.

Proposition 4. Let A be a nonempty finite subset of the set R2 containing, possibly,

repeating elements (multiset). Then the algorithm A3 returns the normal representa-

tion of the set Par(A) of Pareto optimal points for A and makes at most 4 |A| log2 |A|

comparisons.

Proof. In step 2, we use the merge sort, which requires at most 2 |A| log2 |A| + 1

comparisons (see [66]). Each call to step 3 (with the exception of the last one,

where the algorithm does not make comparisons) leads to two comparisons. The

number of calls to step 3 is equal to |A|. Therefore, the algorithm A3 makes at

most 2 |A| log2 |A| + 1 + 2(|A| − 1) < 2 |A| log2 |A| + 2 |A| comparisons. If |A| =

1, then the algorithm A3 makes 0 = 4 |A| log2 |A| comparisons. If |A| ≥ 2, then

2 |A| log2 |A|+ 2 |A| ≤ 4 |A| log2 |A|.

Let the output sequence P be equal to (a1, b1), . . . , (at, bt) and let us set Q =

{(a1, b1), . . . , (at, bt)}. It is clear that a1 < · · · < at, b1 > · · · > bt and, for any α ∈ A,

α /∈ Q, there exists β ∈ Q such that β < α. From here it follows that Par(A) ⊆ Q

and Q is an antichain. Let us assume that there exists γ ∈ Q, which does not belong

to Par(A). Then there exists α ∈ A such that α < γ. Since Q is an antichain, α /∈ Q.

In this case, there exists β ∈ Q such that β < α. This results in two different points

β and γ from Q being comparable, which is impossible. Therefore, Q = Par(A) and

P is the normal representation of the set Par(A).
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Lemma 5. [2] Let A be a nonempty finite subset of R2. Then

|Par(A)| ≤ min
(∣∣A(1)

∣∣ , ∣∣A(2)
∣∣) ,

where A(1) = {a : (a, b) ∈ A} and A(2) = {b : (a, b) ∈ A}.

Proof. Let (a, b), (c, d) ∈ Par(A) and (a, b) 6= (c, d). Then a 6= c and b 6= d (otherwise,

(a, b) and (c, d) are comparable). Therefore, |Par(A)| ≤ min
(∣∣A(1)

∣∣ , ∣∣A(2)
∣∣) .

Let A be a nonempty finite subset of R2. We correspond to A a partial function

FA : R→ R defined in the following way: FA(x) = min{b : (a, b) ∈ A, a ≤ x} for any

x ∈ R.

Lemma 6. [2] Let A be a nonempty finite subset of R2, and (a1, b1), . . . , (at, bt) be

the normal representation of the set Par(A). Then, for any x ∈ R, FA(x) = F(x),

where

F(x) =



undefined , x < a1

b1, a1 ≤ x < a2

... ...

bt−1, at−1 ≤ x < at

bt, at ≤ x

.

Proof. One can show that a1 = min{a : (a, b) ∈ A}. Therefore, the value FA(x) is

undefined if x < a1. Let x ≥ a1. Then both values F(x) and FA(x) are defined. It

is easy to check that F(x) = FPar(A)(x). Since Par(A) ⊆ A, we have FA(x) ≤ F(x).

By Lemma 1, for any point (a, b) ∈ A, there is a point (ai, bi) ∈ Par(A) such that

(ai, bi) ≤ (a, b). Therefore, F(x) ≤ FA(x) and FA(x) = F(x).

Remark 6. [2] Let A be a nonempty finite subset of R2, (a1, b1), . . . , (at, bt) be the

normal representation of the set Par(A), and rev(A) = {(b, a) : (a, b) ∈ A}. Then

Par(rev(A)) = rev(Par(A)) and (bt, at), . . . , (b1, a1) is the normal representation of

the set Par(rev(A)).
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Remark 7. [2] We can consider not only function FA but also function Frev(A) : R→

R defined in the following way:

Frev(A)(x) = min{a : (b, a) ∈ rev(A), b ≤ x} = min{a : (a, b) ∈ A, b ≤ x} .

From Remark 6 and Lemma 6 it follows that

Frev(A)(x) =



undefined , x < bt

at, bt ≤ x < bt−1

... ...

a2, b2 ≤ x < b1

a1, b1 ≤ x

.

4.2 Bi-Criteria Optimization of Elements

Let S be a circuit without repetitions and Ψ, Φ be increasing cost functions for S

given, respectively, by the functions ψ, ψv and ϕ, ϕv, v ∈ Vf (S). For each node v of

the circuit S, we denote tΨ,Φ(S, v) = {(Ψ(δ),Φ(δ)) : δ ∈ S(v)}.

It is easy to describe the set tΨ,Φ(S, v) for each node v of S in an inductive way:

� If v is an input node of S, then tΨ,Φ(S, v) = {(ψ(av), ϕ(av))}.

� If v is a functional node of S with k = k(v) entering edges e1, . . . , ek, which are

labeled with numbers 1, . . . , k and leave nodes v1, . . . , vk, respectively, then

tΨ,Φ(S, v) = Jψv ,ϕv(tΨ,Φ(S, v1), . . . , tΨ,Φ(S, vk))

= {(ψv(a1, . . . , ak), ϕv(b1, . . . , bk))

: (a1, b1) ∈ tΨ,Φ(S, v1), . . . , (ak, bk) ∈ tΨ,Φ(S, vk)} .

� If v is a unifying node of S with m entering edges e1, . . . , em, which leave nodes
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v1, . . . , vm, respectively, then tΨ,Φ(S, v) = tΨ,Φ(S, v1) ∪ · · · ∪ tΨ,Φ(S, vm).

We denote by Par(tΨ,Φ(S, v)) the set of Pareto optimal points for the set tΨ,Φ(S, v).

We now describe an algorithm A4, which constructs the set Par(tΨ,Φ(S, v∗)), where

v∗ is the output of S. In fact, this algorithm constructs, for each node v of the circuit

S, the set B(v) = Par(tΨ,Φ(S, v)).

Algorithm A4 (bi-criteria optimization of elements).

Input : Circuit S without repetitions and increasing cost functions Ψ, Φ for S given,

respectively, by the functions ψ, ψv and ϕ, ϕv, v ∈ Vf (S).

Output : The set Par(tΨ,Φ(S, v∗)) of Pareto optimal points for the set of pairs tΨ,Φ(S, v∗) =

{(Ψ(δ),Φ(δ)) : δ ∈ S(v∗)}, where v∗ is the output of S.

1. If all nodes of S are processed, then return the set B(v∗). Otherwise, choose a

node v in the circuit S, which is not processed yet and which is either an input

node of S or a node v of S for which all parents are already processed, i.e., the

set B(vi) is already constructed for each parent vi of the node v.

2. If v is an input node, then set B(v) = {(ψ(av), ϕ(av))}. Mark the node v as

processed and proceed to step 1.

3. If v is a functional node with k = k(v) entering edges, which are labeled with

numbers 1, . . . , k and leave nodes v1, . . . , vk, respectively, then construct the

multisetE(v) = {(ψv(a1, . . . , ak), ϕv(b1, . . . , bk)) : (a1, b1) ∈ B(v1), . . . , (ak, bk) ∈

B(vk)} by computation of values ψv(a1, . . . , ak) and ϕv(b1, . . . , bk) for all pairs

(a1, b1) ∈ B(v1), . . . , (ak, bk) ∈ B(vk). Apply to E(v) the algorithm A3, which

constructs the set Par(E(v)). Set B(v) = Par(E(v)). Mark the node v as

processed and proceed to step 1.
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4. If v is a unifying node with m entering edges e1, . . . , em leaving nodes v1, . . . , vm,

respectively, then construct the multiset D(v) = B(v1) ∪ · · · ∪ B(vm) by tran-

scription of pairs from the sets B(v1), . . . , B(vm). Apply to D(v) the algorithm

A3, which constructs the set Par(D(v)). Set B(v) = Par(D(v)). Mark the

node v as processed and proceed to step 1.

Remark 8. Note that the algorithm A4 can work with the schemes of circuits instead

of the circuits and with adapted cost functions (see Sect. 2.4).

Remark 9. Let S be a circuit without repetitions and Ψ, Φ be increasing integer

cost functions for S given, respectively, by the functions ψ, ψv and ϕ, ϕv, v ∈ Vf (S).

Denote NΨ(S) = max{|Ψ(δ)| : δ ∈ U(S)} and NΦ(S) = max{|Φ(δ)| : δ ∈ U(S)},

where U(S) =
⋃
v∈V (S) S(v). Simple analysis of the algorithm A4 shows that the

number max(NΨ(S), NΦ(S)) is an upper bound on the absolute values of the numbers

at the inputs of operations ψv and ϕv related to the functional nodes and at the inputs

of comparisons related to the functional and unifying nodes of S. When a function

ψv or a function ϕv is given by a formula containing more than one elementary

operation, we need to evaluate the absolute values of the numbers at the inputs of

each elementary operation. For all cases studied in this book, it is easy to show that

these absolute values are also at most max(NΨ(S), NΦ(S)) or are at most some upper

bound on max(NΨ(S), NΦ(S)) considered in the corresponding chapter. In particular,

let the values of the function ψ be nonnegative and functions ψv be given by formulas

containing only operations x+y,max(x, y) and nonnegative numeric parameters. Let

us assume that the absolute value of at least one number at an input of an elementary

operation from the formula for ψv is greater than max(NΨ(S), NΦ(S)). Then the

absolute value of this formula is greater than NΨ(S), which is impossible. The same

situation is in the case when values of the function ψ are nonpositive and functions

ψv are given by formulas containing only operations x+ y,min(x, y) and nonpositive

numeric parameters. These considerations can be extended to the functions ϕv. The
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operations related to the input nodes of S should be considered separately and only

in the cases when values of the function ψ or the function ϕ are represented not by

constants, but by formulas.

Denote MΨ,Φ(S) = max{|Par(tΨ,Φ(S, v))| : v ∈ V (S)}.

Theorem 3. Let S be a circuit without repetitions and Ψ, Φ be increasing cost

functions for S given, respectively, by the functions ψ, ψv and ϕ, ϕv, v ∈ Vf (S).

Then, for each node v of the circuit S, the algorithm A4 constructs the set B(v) =

Par(tΨ,Φ(S, v)). For any input node of S, the algorithm A4 computes the values of

functions ψ and ϕ one time. For any functional node v of S with k entering edges,

the algorithm A4 computes the values of functions ψv and ϕv at most MΨ,Φ(S)k times

and makes at most 4kMΨ,Φ(S)k log2MΨ,Φ(S) comparisons. For any unifying node of S

with m entering edges, the algorithm A4 makes at most 4mMΨ,Φ(S) log2(mMΨ,Φ(S))

comparisons.

Proof. We prove by induction on nodes of S that B(v) = Par(tΨ,Φ(S, v)) for any

node v of S. Let v be an input node. Then S(v) = {av} and, evidently,

Par(tΨ,Φ(S, v)) = tΨ,Φ(S, v) = {(ψ(av), ϕ(av))} = B(v) .

To construct the set B(v), the algorithm A4 computes the values of functions ψ and

ϕ one time.

Let v be a functional node with k = k(v) entering edges e1, . . . , ek, which are

labeled with numbers 1, . . . , k and leave the nodes v1, . . . , vk such that B(v1) =

Par(tΨ,Φ(S, v1)), . . . , B(vk) = Par(tΨ,Φ(S, vk)). From the description of the algorithm

A4 it follows that B(v) = Par(Jψv ,ϕv(B(v1), . . . , B(vk))). By the inductive hypoth-

esis, B(v) = Par(Jψv ,ϕv(Par(tΨ,Φ(S, v1)), . . . , Par(tΨ,Φ(S, vk)))). Using Proposition 3
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we obtain

Par(Jψv ,ϕv(Par(tΨ,Φ(S, v1)), . . . , Par(tΨ,Φ(S, vk))))

= Par(Jψv ,ϕv(tΨ,Φ(S, v1), . . . , tΨ,Φ(S, vk))) .

Since tΨ,Φ(S, v) = Jψv ,ϕv(tΨ,Φ(S, v1), . . . , tΨ,Φ(S, vk)), B(v) = Par(tΨ,Φ(S, v)). It is

clear that |B(vi)| = |Par(tΨ,Φ(S, vi))| ≤ MΨ,Φ(S) for i = 1, . . . , k and |E(v)| ≤

MΨ,Φ(S)k. To construct the set E(v) = {(ψv(a1, . . . , ak), ϕv(b1, . . . , bk)) : (a1, b1) ∈

B(v1), . . . , (ak, bk) ∈ B(vk)}, the algorithm A4 computes the values of functions ψv

and ϕv at most MΨ,Φ(S)k times. From Proposition 4 it follows that, to construct the

set Par(E(v)), the algorithm A4 makes at most 4kMΨ,Φ(S)k log2MΨ,Φ(S) compar-

isons.

Let v be a unifying node with m entering edges e1, . . . , em, which leave the nodes

v1, . . . , vm such that B(v1) = Par(tΨ,Φ(S, v1)), . . . , B(vm) = Par(tΨ,Φ(S, vm)). From

the description of the algorithm A4 it follows that B(v) = Par(B(v1)∪ · · · ∪B(vm)).

Using the inductive hypothesis, we obtain that

B(v) = Par(Par(tΨ,Φ(S, v1)) ∪ · · · ∪ Par(tΨ,Φ(S, vm))) .

By Proposition 2,

Par(Par(tΨ,Φ(S, v1)) ∪ · · · ∪ Par(tΨ,Φ(S, vm)))

= Par(tΨ,Φ(S, v1) ∪ · · · ∪ tΨ,Φ(S, vm)) .

Since tΨ,Φ(S, v) = tΨ,Φ(S, v1) ∪ · · · ∪ tΨ,Φ(S, vm), B(v) = Par(tΨ,Φ(S, v)). It is clear

that |B(vi)| = |Par(tΨ,Φ(S, vi))| ≤MΨ,Φ(S) for i = 1, . . . ,m and |D(v)| ≤ mMΨ,Φ(S).

From Proposition 4 it follows that, to construct the set Par(D(v)), the algorithm A4

makes at most 4mMΨ,Φ(S) log2(mMΨ,Φ(S)) comparisons.



77

We now describe a way to evaluate the parameter

MΨ,Φ(S) = max{|Par(tΨ,Φ(S, v))| : v ∈ V (S)} ,

where tΨ,Φ(S, v) = {(Ψ(δ),Φ(δ)) : δ ∈ S(v)}. Let NΨ(S) = max{|Ψ(δ)| : δ ∈ U(S)},

where U(S) =
⋃

v∈V (S)

S(v).

Proposition 5. Let S be a circuit without repetitions and Ψ,Φ be cost functions for

S such that Ψ is either nonnegative integer or nonpositive integer cost function. Then

MΨ,Φ(S) ≤ NΨ(S) + 1.

Proof. Let v ∈ V (S) and tΨ,Φ(S, v)(1) = {a : (a, b) ∈ tΨ,Φ(S, v)} = {Ψ(δ) : δ ∈ S(v)}.

Then either tΨ,Φ(S, v)(1) ⊆ {0, 1, . . . , NΨ(S)} or

tΨ,Φ(S, v)(1) ⊆ {−NΨ(S), . . . ,−1, 0} .

Therefore, |tΨ,Φ(S, v)(1)| ≤ NΨ(S) + 1. Using Lemma 5 we obtain that

|Par(tΨ,Φ(S, v))| ≤ NΨ(S) + 1 .

Thus, MΨ,Φ(S) ≤ NΨ(S) + 1.

The following more general bound is used for the study of a number of problems.

Proposition 6. Let S be a circuit without repetitions and Ψ,Φ be cost functions for

S. Then MΨ,Φ(S) ≤ |{Ψ(δ) : δ ∈ U(S)}|.

Proof. Let v ∈ V (S) and tΨ,Φ(S, v)(1) = {a : (a, b) ∈ tΨ,Φ(S, v)} = {Ψ(δ) : δ ∈ S(v)}.

Then tΨ,Φ(S, v)(1) ⊆ {Ψ(δ) : δ ∈ U(S)}. Therefore,
∣∣tΨ,Φ(S, v)(1)

∣∣ ≤ |{Ψ(δ) : δ ∈

U(S)}|. Using Lemma 5 we obtain that

|Par(tΨ,Φ(S, v))| ≤ |{Ψ(δ) : δ ∈ U(S)}| .
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Thus, MΨ,Φ(S) ≤ |{Ψ(δ) : δ ∈ U(S)}|.

4.2.1 Totally Optimal Elements

Let Ψ and Φ be cost functions for S, and δ be an element from the set S(v∗). We

remind that δ is called totally optimal in S(v∗) relative to Ψ and Φ if δ is optimal in

S(v∗) relative to Ψ and Φ simultaneously.

Assume that Ψ and Φ are increasing cost functions. We now describe how to

recognize the existence of an element from S(v∗), which is totally optimal in S(v∗)

relative to Ψ and Φ. Using the algorithm A4, we construct the set Par(tΨ,Φ(S, v∗))

of Pareto optimal points for the set of pairs tΨ,Φ(S, v∗) = {(Ψ(δ),Φ(δ)) : δ ∈ S(v∗)}.

A totally optimal element exists if and only if the set Par(tΨ,Φ(S, v∗)) contains only

one Pareto optimal point.

4.3 Modification of the Algorithm A4: Processing of Func-

tional Nodes

Let S be a circuit without repetitions and Ψ, Φ be increasing cost functions for

S given, respectively, by the functions ψ, ψv and ϕ, ϕv, v ∈ Vf (S). We assume

that Ψ is either a nonnegative integer cost function (the first case) or a nonpositive

integer cost function (the second case). By Proposition 5, MΨ,Φ(S) ≤ NΨ(S) + 1,

where NΨ(S) = max{|Ψ(δ)| : δ ∈ U(S)}. Let v be a functional node of S with

k = k(v) ≥ 3 entering edges, which are labeled with numbers 1, . . . , k and leave nodes

v1, . . . , vk, respectively. During the processing of the node v, the algorithm A4, for

given sets Par(tΨ,Φ(S, v1)), . . . , Par(tΨ,Φ(S, vk)), constructs the set Par(tΨ,Φ(S, v)).

According to Theorem 3, to process the node v, the algorithm A4 computes the values

of functions ψv and ϕv at most MΨ,Φ(S)k ≤ (NΨ(S) + 1)k times and makes at most

4kMΨ,Φ(S)k log2MΨ,Φ(S) ≤ 4k(NΨ(S) + 1)k log2(NΨ(S) + 1) comparisons. In some

special cases, we can modify the way in which the algorithm A4 processes functional
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nodes and reduce these upper bounds.

Let f(x1, x2) be a function from R2 to R. For t = 2, 3, . . ., we define the func-

tion ft(x1, . . . , xt) from Rt to R in the following way: f2(x1, x2) = f(x1, x2) and

ft(x1, . . . , xt) = f(ft−1(x1, . . . , xt−1), xt) for t ≥ 3. One can show that, if f(x1, x2) is

increasing, then ft(x1, . . . , xt) is increasing for t = 2, 3, . . ..

We say that f(x1, x2) is a bounded nonnegative integer function if, for any nonneg-

ative integers x1 and x2, f(x1, x2) is a nonnegative integer and f(x1, x2) ≥ max(x1, x2).

For example, x1 + x2 and max(x1, x2) are increasing bounded nonnegative integer

functions.

We say that f(x1, x2) is a bounded nonpositive integer function if, for any nonposi-

tive integers x1 and x2, f(x1, x2) is a nonpositive integer and f(x1, x2) ≤ min(x1, x2).

For example, x1 + x2 and min(x1, x2) are increasing bounded nonpositive integer

functions.

The first case: Ψ is a nonnegative integer cost function, f(x1, x2) and g(x1, x2)

are increasing functions from R2 to R, f(x1, x2) is a bounded nonnegative integer

function, u is a nonnegative integer, and w is a real number.

Let

ψv(x1, . . . , xk) = fk(x1, . . . , xk), ϕv(x1, . . . , xk) = gk(x1, . . . , xk) . (4.1)

We now describe how the modified algorithm A4 processes the functional node v.

Denote A1 = tΨ,Φ(S, v1), . . . , Ak = tΨ,Φ(S, vk), B1 = A1, and Bi = Jf,g(Bi−1, Ai) for

i = 2, . . . , k. One can show that Bk = tΨ,Φ(S, v). Since Ψ is a nonnegative integer

cost function, each number from the sets A
(1)
1 , . . . , A

(1)
k , B

(1)
k is a nonnegative integer,

which is at most NΨ(S). Since f(x1, x2) is a bounded nonnegative integer function,

each number from the sets B
(1)
2 , . . . , B

(1)
k−1 is a nonnegative integer, which is at most

NΨ(S) (otherwise, the set B
(1)
k contains a number greater than NΨ(S) but this is



80

impossible). Denote N = NΨ(S) + 1. As in the proof of Proposition 5, we can prove

that the cardinality of each of the sets Par(A1), . . . , Par(Ak), Par(B1), . . . , Par(Bk)

is at most N .

We know sets Par(A1), . . . , Par(Ak) and need to construct the set Par(Bk).

To this end, we construct step by step the sets Par(B2), . . . , Par(Bk). Note that

we already know the set Par(B1) = Par(A1). From Proposition 3 it follows that

Par(Bi) = Par(Jf,g(Par(Bi−1), Par(Ai))) for i = 2, . . . , k. Let i ∈ {2, . . . , k} and

the set Par(Bi−1) be already constructed. We construct the multiset

Jf,g(Par(Bi−1), Par(Ai))

= {(f(a1, a2), g(b1, b2)) : (a1, b1) ∈ Par(Bi−1), (a2, b2) ∈ Par(Ai)}

by computation of values f(a1, a2) and g(b1, b2) for all pairs (a1, b1) ∈ Par(Bi−1),

(a2, b2) ∈ Par(Ai). To this end, we need to compute the values of functions f and g

at most N2 times. The cardinality of the multiset

Jf,g(Par(Bi−1), Par(Ai))

is at most N2. We apply to this multiset the algorithm A3, which constructs the set

Par(Jf,g(Par(Bi−1), Par(Ai))) = Par(Bi). From Proposition 4 it follows that the

algorithm A3 makes at most 8N2 log2N comparisons. Therefore, to construct the

set Par(Bi) from the sets Par(Bi−1) and Par(Ai), we need to compute the values of

functions f and g at most N2 times and make at most 8N2 log2N comparisons.

As a result, for the functional node v, the modified algorithm A4 computes the

values of functions f and g at most (k − 1)(NΨ(S) + 1)2 times and makes at most

8(k − 1)(NΨ(S) + 1)2 log2(NΨ(S) + 1) comparisons.
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Let now

ψv(x1, . . . , xk) = fk+1(x1, . . . , xk, u), ϕv(x1, . . . , xk) = gk+1(x1, . . . , xk, w) . (4.2)

We now describe how the modified algorithm A4 processes the functional node

v. Denote A1 = tΨ,Φ(S, v1), . . . , Ak = tΨ,Φ(S, vk), Ak+1 = {(u,w)}, B1 = A1, and

Bi = Jf,g(Bi−1, Ai) for i = 2, . . . , k + 1. One can show that Bk+1 = tΨ,Φ(S, v).

We know sets Par(A1), . . . , Par(Ak), Par(Ak+1) = {(u,w)}, and need to con-

struct the set Par(Bk+1). To this end, we step by step construct the sets Par(B1) =

Par(A1), Par(B2), . . . , Par(Bk+1) in the same way as it was described earlier. It is

easy to show that the cardinality of each of the sets

Par(A1), . . . , Par(Ak+1), Par(B1), . . . , Par(Bk+1)

is at most NΨ(S) + 1. We can prove in the same way as it was done earlier that,

to process the functional node v, the modified algorithm A4 computes the values

of functions f and g at most k(NΨ(S) + 1)2 times and makes at most 8k(NΨ(S) +

1)2 log2(NΨ(S) + 1) comparisons.

The second case: Ψ is a nonpositive integer cost function, f(x1, x2) and g(x1, x2)

are increasing functions from R2 to R, f(x1, x2) is a bounded nonpositive integer

function, u is a nonpositive integer, and w is a real number.

For functions ψv and ϕv described by equations (4.1) or (4.2), we can modify the

work of the algorithm A4 in the same way as it was done in the first case. We can

prove the following upper bounds on the number of operations made by the modified

algorithm A4 during the processing of the functional node v.

For functions ψv and ϕv described by equations (4.1), the modified algorithm A4

computes the values of functions f and g at most (k − 1)(NΨ(S) + 1)2 times and

makes at most 8(k − 1)(NΨ(S) + 1)2 log2(NΨ(S) + 1) comparisons.
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For functions ψv and ϕv described by equations (4.2), the modified algorithm A4

computes the values of functions f and g at most k(NΨ(S) + 1)2 times and makes at

most 8k(NΨ(S) + 1)2 log2(NΨ(S) + 1) comparisons.

Note that the complexity of computation of functions f and g is usually less than

the complexity of computation of functions ψv and ϕv described by equations (4.1)

or (4.2). Note also that the modified algorithm A4 can work with the schemes of

circuits instead of the circuits and with adapted cost functions (see Sect. 2.4). The

considered approach is similar to the fusion of sets of POPs described in [2] (see also

Sect. 16.1).

Remark 10. Let each of the functions Ψ and Φ be either increasing nonnegative

or increasing nonpositive integer cost function, f = f(x1, x2) and g = g(x1, x2) be

correspondingly increasing bounded nonnegative or nonpositive integer functions (in

particular, if Ψ is nonnegative, then f is nonnegative), u and w be correspondingly

nonnegative or nonpositive integers (in particular, if Ψ is nonnegative, then u is

nonnegative), v be a functional node of S, and functions ψv and ϕv be described

by equations (4.1) or (4.2). One can show that the number max(NΨ(S), NΦ(S)) is

an upper bound on the absolute values of the numbers at the inputs of operations

(computations of the values of functions f and g, and comparisons) of the modified

algorithm A4 during the processing of the node v.

4.4 Relationships Between Two Cost Functions

Let S be a circuit without repetitions, v∗ be the output of S, and Ψ, Φ be increasing

cost functions for S. To study relationships between cost functions Ψ and Φ on the

set of elements S(v∗), we consider partial functions FΨ,Φ
S : R→ R and FΦ,Ψ

S : R→ R
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such that, for any x ∈ R,

FΨ,Φ
S (x) = min{Φ(δ) : δ ∈ S(v∗),Ψ(δ) ≤ x} ,

FΦ,Ψ
S (x) = min{Ψ(δ) : δ ∈ S(v∗),Φ(δ) ≤ x} .

Proposition 7. Let S be a circuit without repetitions, v∗ be the output of S, Ψ, Φ be

increasing cost functions for S, and (a1, b1), . . . , (ak, bk) be the normal representation

of the set Par(tΨ,Φ(S, v∗)), where a1 < · · · < ak and b1 > · · · > bk. Then, for any

x ∈ R,

FΨ,Φ
S (x) =



undefined , x < a1

b1, a1 ≤ x < a2

... ...

bk−1, ak−1 ≤ x < ak

bk, ak ≤ x

,

FΦ,Ψ
S (x) =



undefined , x < bk

ak, bk ≤ x < bk−1

... ...

a2, b2 ≤ x < b1

a1, b1 ≤ x

.

Proof. The considered statement follows from Lemma 6 and Remark 7.
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Part II

Combinatorial Optimization

Problems. Conventional Circuits
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In this part, we study nine combinatorial optimization problems. For each problem,

we construct a conventional circuit without repetitions that represents all elements

under consideration (the set of feasible solutions), describe at least two increasing or

strictly increasing cost functions for this circuit each of which is adapted (see Sect.

2.4), evaluate the number of operations and the time required by the algorithms A1,

A2, and A4, consider an example of the problem instance, and discuss the results of

experiments with randomly generated instances of the problem. For the considered

problems and cost functions, the algorithms A1, A2, and A4 work with the schemes

of circuits instead of the circuits (see Sect. 2.4).

In Chap. 5, we study the problem of matrix chain multiplication.

In Chap. 6, we consider the global sequence alignment problem.

In Chap. 7, we discuss the problem of optimal paths in directed graphs.

In Chap. 8, we consider the binary search tree problem.

In Chap. 9, we study the problem of convex polygon triangulation.

In Chap. 10, we discuss the line breaking (text justification) problem.

In Chap. 11, we study the problem of one-dimensional clustering.

In Chap. 12, we consider the optimal bitonic tour problem.

In Chap. 13, we study the problem of segmented least squares.
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Chapter 5

Matrix Chain Multiplication

Matrix chain multiplication is one of the classic optimization problems in computer

science. For a given sequence A1, A2, . . . , An of matrices, we need to compute the

product of these matrices using the minimum number of scalar multiplications on

a single processor machine. This problem was introduced by Godbole in [9], where

he proposed an O(n3) dynamic programming algorithm. Hu and Shing presented an

O(n log n) algorithm for this problem in [67, 68]. Other optimization scenarios are

also possible (some of the corresponding optimization criteria are discussed in this

chapter).

We want to compute the product A1×A2×· · ·×An. It is well known that matrix

multiplication is associative, i.e., A × (B × C) = (A × B) × C. The cost of multi-

plying a chain of n matrices depends on the order of multiplications. Each possible

ordering of multiplication of n matrices corresponds to a different parenthesization.

We consider three cost functions for parenthesizations. An algorithm for multi-stage

optimization of parenthesizations relative to a sequence of cost functions was pro-

posed in [22]. In this chapter, we design a conventional circuit without repetitions for

the representation of all parenthesizations for a given chain, and evaluate the number

of operations and the time required by the algorithms for multi-stage optimization

of parenthesizations, for counting optimal parenthesizations, and for bi-criteria opti-

mization of parenthesizations relative to two cost functions. This chapter is partially

based on [3].
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5.1 Definition of Circuit and Cost Functions

Let A1, A2, . . . , An, n ≥ 2, be matrices with sizes m0 × m1, m1 × m2, . . . , mn−1 ×

mn, respectively. The number n is the dimension of problems under consideration

related to the multiplication of these matrices. Binary representations of numbers

m0, . . . ,mn form the representation of the problem instance (later, we will omit the

word instance). Since n is at most the number of problem parameters, n is at most

the length of the problem representation.

We consider not only the whole chain M(1, n) = A1 × · · · × An of matrices but

also its subchains. For each i, j, 1 ≤ i ≤ j ≤ n, we denote by M(i, j) the subchain

Ai × Ai+1 × · · · × Aj. We describe inductively the set P (i, j) of parenthesizations

for M(i, j). We denote P (i, i) = {Ai} for i = 1, . . . , n. For i < j, we denote

P (i, j) =
⋃j−1
k=i P (i, k, j), where P (i, k, j) = {(p1×p2) : p1 ∈ P (i, k), p2 ∈ P (k+1, j)}.

Set U =
⋃

1≤i≤j≤n P (i, j).

We now define a circuit S without repetitions over the set U , which describes

the set P (1, n) of parenthesizations for M(1, n). For each i, 1 ≤ i ≤ n, this circuit

contains the input node v(i, i) labeled with the set {Ai}. For each i, j, 1 ≤ i <

j ≤ n, the circuit S contains the unifying node v(i, j) labeled with the symbol ∪.

For each i, k, j,1 ≤ i ≤ k < j ≤ n, the circuit S contains the functional node

v(i, k, j) labeled with the function %(x1, x2). For any two parenthesizations p1 and

p2, %(p1, p2) = (p1 × p2). The unifying node v(i, j) has j − i entering edges leaving

the nodes v(i, k, j), i ≤ k ≤ j − 1. The functional node v(i, k, j) has two entering

edges leaving the nodes v(i, k) and v(k+ 1, j). These edges are labeled with numbers

1 and 2, respectively (we omit these numbers in the example). The node v(1, n) is

the output of S and is labeled with ∗. One can show that S(v(i, k, j)) = P (i, k, j) for

any i, k, j,1 ≤ i ≤ k < j ≤ n, and S(v(i, j)) = P (i, j) for any i, j, 1 ≤ i ≤ j ≤ n.

The described circuit will be considered as the preliminary version of the circuit S.

The final version of S is obtained from the preliminary version of S by the removal of
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all nodes such that there is no directed path from the considered node to the output.

We also remove all edges that are incident to the removed nodes. Later, S without

mentioning the version denotes the final version of the circuit S.

The preliminary version of the circuit S contains n input nodes, at most n3 func-

tional nodes with two entering edges each, and at most n2 unifying nodes with at

most n entering edges each, i.e., this circuit contains at most n+ n2 + n3 nodes and

at most 3n3 edges.

We consider matrices Ai and Aj with different indices i and j as different matrices.

It is easy to check that in this case S(v1) ∩ S(v2) = ∅ for any nodes v1, v2 ∈ Vi(S) ∪

Vf (S) such that v1 6= v2, and the function %(x1, x2) is injective. Therefore S is a

circuit without repetitions.

We implement a parenthesization from P (1, n) using either one processor π or n

processors π1, π2, . . . , πn. In the latter case, initially, the processor πi contains the

matrix Ai, i = 1, . . . , n. Suppose we should compute (p1× p2), where p1 is computed

by the processor πt1 and p2 is computed by the processor πt2 . At this point, there are

two possibilities, i.e., either the processor πt1 sends the matrix corresponding to p1 to

the processor πt2 or vice versa, where the receiving processor computes the product

of matrices corresponding to p1 and p2.

For t = 1, 2, 3, we now describe a cost function Ψ(t), which associates to each

parenthesization p ∈ U a nonnegative integer Ψ(t)(p). The function Ψ(t) is given by the

function ψ(t) and the functions ψ
(t)
v(i,k,j), 1 ≤ i ≤ k < j ≤ n. For t = 1, 2, 3, ψ(t)(x) = 0

since when we have only one matrix Ai we not need to do any computations. We

will explain the considered definitions using a parenthesization p = (p1 × p2), where

p ∈ P (i, k, j), p1 ∈ P (i, k), and p2 ∈ P (k + 1, j), 1 ≤ i ≤ k < j ≤ n. Denote

B = {x+ y, x · y,min(x, y),max(x, y)} .
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1. Cost function Ψ(1), where ψ(1)(x) = 0 and ψ
(1)
v(i,k,j)(x1, x2) = x1 +x2 +mi−1mkmj

for any i, k, j, 1 ≤ i ≤ k < j ≤ n. Parenthesizations p1 and p2 represent matrices

of dimensions mi−1×mk and mk×mj, respectively. For multiplication of these

matrices we need to make mi−1mkmj scalar multiplications. So Ψ(1)(p) is the

total number of scalar multiplications required by one or n processors to com-

pute the product Ai× · · · ×Aj according to the parenthesization p = (p1× p2).

We should add that Ψ(1)(p) can be considered as the time complexity of compu-

tation of p (when we count only scalar multiplications) using one processor. To

compute ψ(1), we do not need any operations, while to compute ψ
(1)
v(i,k,j), we need

four operations from B. It is clear that Ψ(1) is a strictly increasing nonnegative

integer cost function.

2. Cost function Ψ(2), where ψ(2)(x) = 0 and ψ
(2)
v(i,k,j)(x1, x2) = max{x1, x2} +

mi−1mkmj for any i, k, j, 1 ≤ i ≤ k < j ≤ n. This cost function describes the

time complexity of computation of p (when we count only scalar multiplications)

using n processors. To compute ψ(2), we do not need any operations, while to

compute ψ
(2)
v(i,k,j), we need four operations from B. The cost function Ψ(2) is an

increasing nonnegative integer cost function.

3. Cost function Ψ(3), where ψ(3)(x) = 0 and

ψ
(3)
v(i,k,j)(x1, x2) = x1 + x2 + min{mi−1mk,mkmj}

for any i, k, j, 1 ≤ i ≤ k < j ≤ n. This cost function describes the total cost of

sending matrices between the processors when we compute p by n processors.

We have the following situation: either processor πt1 can send the mi−1 ×mk

matrix to πt2 , or πt2 can send the mk × mj matrix to πt1 . The number of

elements in the first matrix is equal to mi−1mk and the number of elements in

the second matrix is equal to mkmj. To minimize the number of elements that
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should be sent, we must choose the minimum between mi−1mk and mkmj. To

compute ψ(3), we do not need any operations, while to compute ψ
(3)
v(i,k,j), we need

five operations from B. It is clear that Ψ(3) is a strictly increasing nonnegative

integer cost function.

All these cost functions are adapted (see Sect. 2.4). They are described by

formulas over the set of elementary operations B.

5.2 Time Complexity of Algorithms

The algorithms A1, A2, and A4 work with the scheme of the circuit S (see Sect.

2.4). The preliminary version of the circuit S is completely described. Therefore, the

time complexity of the scheme of the preliminary version of S construction is linear

depending on the number of its nodes and edges, i.e., O(n3). Using breadth-first

search from the output node in the scheme of the preliminary version of S with the

reverse direction of the edges, we can find in the scheme of the preliminary version

of S all nodes such that there is no directed path from the considered node to the

output and construct the scheme of S in O(n3) time. In total, we need O(n3) time

to construct the scheme of S.

Note that the algorithms A1 and A2 can also work with the schemes of edge-

preserving subcircuits of S obtained as a result of the algorithmA1 work—see Remark

1.

Denote B+ = B ∪ {x : y}, where x : y is the operation of comparison with values

x < y, x = y, and x > y.

Let µ = max{m0,m1, . . . ,mn}. We now evaluate the parameter

NΨ(t)(S) = max{|Ψ(t)(p)| : p ∈ U(S)}

for t = 1, 2, 3. One can show that NΨ(t)(S) ≤ (n − 1)µ3 if t ∈ {1, 2} and NΨ(t)(S) ≤



91

(n − 1)µ2 if t = 3. It is clear that NΨ(t)(S) ≤ nµ3 for t = 1, 2, 3. Note that log2 µ is

at most the length of the problem representation.

We can use the algorithm A1 for multi-stage optimization of parenthesizations.

Using Theorem 1, we evaluate the number of operations from the set B+ that the

algorithm A1 makes when works with the scheme of an edge-preserving subcircuit T

of the circuit S and a cost function Ψ(t), t ∈ {1, 2, 3}. The scheme of T contains at

most n2 unifying nodes. Each such node has at most n entering edges. So, to treat all

unifying nodes, the algorithm A1 requires at most 2n3 comparisons. The scheme of T

contains at most n3 functional nodes. To treat a functional node v(i, k, j) (to compute

the value of ψ
(t)
v(i,k,j)(x1, x2)) the algorithm A1 requires at most five operations. So,

to treat all functional nodes, the algorithm A1 requires at most 5n3 operations. To

treat all input nodes, the algorithm A1 does not require any operations. Therefore,

the algorithm A1 requires at most 7n3 operations from the set B+, i.e., polynomial

number of operations depending on the problem dimension n.

In the software model of computation, for the considered scheme of the circuit and

cost function, the algorithm A1 has polynomial time complexity O(n3) depending on

the problem dimension n.

Using Remark 2, we obtain that, for the algorithm A1, the number nµ3 is an

upper bound on the absolute values of the numbers at the inputs of the operations

ψ
(t)
v related to the functional nodes v ∈ Vf (S) and at the inputs of comparisons related

to the unifying nodes v ∈ Vu(S). It is easy to check that, for the algorithm A1, the

number nµ3 is an upper bound on the absolute values of the numbers at the inputs of

operations from B in formulas for the functions ψ
(t)
v . Therefore, in the integer model

of computation, for the considered scheme of the circuit and the cost function Ψ(t),

the algorithm A1 has the time complexity O(n3 log(nµ) log log(nµ) log log log(nµ)),

which is polynomial depending on the length of the problem representation (n and

log2 µ are at most the length of the problem representation).
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We can use the algorithm A2 for counting the number of parenthesizations rep-

resented by the circuit S and its edge-preserving subcircuits. Using Theorem 2, we

evaluate the number of operations from B+ that the algorithm A2 makes when works

with the scheme of an edge-preserving subcircuit T of the circuit S. To treat all input

nodes, the algorithm A2 does not require any operations. The scheme of T contains

at most n2 unifying nodes. Each such node has at most n entering edges. So, to treat

all unifying nodes, the algorithm A2 requires at most n3 additions. The scheme of T

contains at most n3 functional nodes. Each such node has two entering edges. So,

to treat all functional nodes, the algorithm A2 requires at most n3 multiplications.

Therefore, the algorithm A2 requires at most 2n3 operations from the set B+, i.e.,

polynomial number of operations depending on the problem dimension n.

In the software model of computation, for the considered scheme of the circuit,

the algorithm A2 has polynomial time complexity O(n3) depending on the problem

dimension n.

We now evaluate the number |S(v(1, n))|, which is equal to the number of paren-

thesizations for M(1, n). This value is equal to the (n − 1)th Catalan number Cn−1

(see [69]), where Cn =
(

2n
n

)
/(n + 1) ≤ 22n (see [70]). It is clear that the circuit S

is reachable. Using Remark 4, we obtain that in the integer model of computation,

for the considered scheme of the circuit, the algorithm A2 has the time complexity

O(n4 · log n · log log n), which is polynomial depending on the length of the problem

representation.

We can use the algorithm A4 to find the set of Pareto optimal points for the

problem of bi-criteria optimization of parenthesizations relative to two cost functions

Ψ(t),Ψ(q), t, q ∈ {1, 2, 3}, t 6= q. By Proposition 5, MΨ(t),Ψ(q)(S) ≤ nµ3 if t ∈ {1, 2}

and MΨ(t),Ψ(q)(S) ≤ nµ2 if t = 3, where MΨ(t),Ψ(q)(S) = max{|Par(tΨ(t),Ψ(q)(S, v))| :

v ∈ V (S)}. Denote M = MΨ(t),Ψ(q)(S).

Using Theorem 3, we evaluate the number of operations from B+ that the algo-
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rithm A4 makes. To treat all input nodes, the algorithm A4 does not require any oper-

ations since ψ(t)(x) = 0 and ψ(q)(x) = 0. The scheme of S contains at most n2 unifying

nodes. Each such node has at most n entering edges. So, to treat all unifying nodes,

the algorithm A4 requires at most 4n3M log2(nM) comparisons. The scheme of S

contains at most n3 functional nodes. Each such node has two entering edges. To com-

pute the values of ψ
(t)
v(i,k,j)(x1, x2) and ψ

(q)
v(i,k,j)(x1, x2) for any functional node v(i, k, j)

of S we need at most 10 operations. So, to treat all functional nodes, the algorithm

A4 requires at most n3(10M2 + 8M2 log2M) operations. Therefore the algorithm A4

requires at most 4n3M log2(nM) + n3(10M2 + 8M2 log2M) ≤ 22n3M2 log2(nM) op-

erations. If t ∈ {1, 2}, then M ≤ nµ3 and 22n3M2 log2(nM) ≤ 22n5µ6 log2(n2µ3) ≤

66n5µ6 log2(nµ). If t = 3, then M ≤ nµ2 and

22n3M2 log2(nM) ≤ 22n5µ4 log2(n2µ2) ≤ 44n5µ4 log2(nµ) .

As a result, we obtain that the algorithm A4 requires at most 66n5µ6 log2(nµ) oper-

ations from the set B+ if t ∈ {1, 2} and at most 44n5µ4 log2(nµ) operations from the

set B+ if t = 3, i.e., pseudo-polynomial number of operations (polynomial depending

on the dimension n and the numeric parameter µ).

In the software model of computation, for the considered scheme of the circuit

and pair of cost functions, the algorithm A4 has the time complexity

O(n5µ6 log(nµ))

if t ∈ {1, 2} and O(n5µ4 log(nµ)) if t = 3, which is pseudo-polynomial (polynomial

depending on the dimension n and the numeric parameter µ).

We know that max(NΨ(t)(S), NΨ(q)(S)) ≤ nµ3. Using Remark 9 we obtain that,

for the algorithm A4, the number nµ3 is an upper bound on the absolute values

of the numbers at the inputs of the operations ψ
(t)
v , ψ

(q)
v related to the functional
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nodes and at the inputs of comparisons related to the functional and unifying nodes

of S. It is easy to check that, for the algorithm A4, the number nµ3 is an upper

bound on the absolute values of the numbers at the inputs of operations from B in

formulas for the functions ψ
(t)
v and ψ

(q)
v . In the integer model of computation, for the

considered scheme of the circuit and pair of cost functions, the algorithm A4 has the

time complexity O(n5µ6 log(nµ)2 log log(nµ) log log log(nµ)) if t ∈ {1, 2} and

O(n5µ4 log(nµ)2 log log(nµ) log log log(nµ))

if t = 3, which is pseudo-polynomial (polynomial depending on the length of the

problem representation and the numeric parameter µ).

5.3 Example

We consider an example of matrix chain multiplication. Let A1, A2, A3, and A4 be

four matrices with dimensions 4× 5, 5× 7, 7× 5, and 5× 4, respectively, i.e., m0 = 4,

m1 = 5, m2 = 7, m3 = 5, and m4 = 4.

The circuit SMCM , which describes all parenthesizations for this chain of matrices,

is presented in Fig. 5.1, where rectangles represent functional nodes and ovals rep-

resent input and unifying nodes. There are four input nodes v(1, 1), v(2, 2), v(3, 3),

and v(4, 4), which are labeled with sets {A1}, {A2}, {A3}, and {A4}, respectively.

Each unifying node is labeled with the symbol ∪, and each functional node is labeled

with the function %(x1, x2). The node v(1, 4) is the output of the circuit SMCM .

We will encounter circuits with similar structure when considering binary search

trees and convex polygon triangulations. These three types of objects are closely

related to each other [67].

We consider multi-stage optimization of parenthesizations relative to the cost func-

tions Ψ(1) and Ψ(3). If we remove from the circuit SMCM depicted in Fig. 5.1 all edges
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𝑣(1,1) 𝑣(2,2) 𝑣(3,3) 𝑣(4,4)

𝑣(1,2) 𝑣(2,3)

𝑣(2,4)𝑣(1,3)

𝑣(1,4)

𝑣(3,4)

𝑣(1,2,4)𝑣(1,1,4) 𝑣(1,3,4)

𝑣(2,2,4) 𝑣(2,3,4)

𝑣(1,1,2) 𝑣(3,3,4)

𝑣(1,1,3) 𝑣(1,2,3)

𝑣(2,2,3)

*

1 1

1

Figure 5.1: Circuit SMCM for matrix chain multiplication problem

labeled with the number 1, then we obtain the circuits SΨ(1)

MCM and SΨ(1),Ψ(3)

MCM , which

are equal. These circuits describe two parenthesizations:

(A1 × ((A2 × A3)× A4)) ,

((A1 × (A2 × A3))× A4) .

Results of bi-criteria optimization of parenthesizations relative to the cost func-

tions Ψ(1) and Ψ(3) can be found in Fig. 5.2, where we attached the corresponding

set of Pareto optimal points to each node of the circuit SMCM .

5.4 Experiments

We experimentally tested various optimization scenarios for parenthesizations for a

chain of matrices A1×A2×· · ·×An. We randomly generated dimensions m0, . . . ,mn

of these matrices from different intervals, for example, [1, 10] or [1, 100], with uniform

distribution.

Table 5.1 shows, for n = 10, 20, . . . , 100, the average number of parenthesizations
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*

{(140,20)}

{(0,0)} {(0,0)} {(0,0)} {(0,0)}

{(140,20)}{(175,35)}

{(280,48)}

{(140,20)} {(175,35)}

{(275,55)}

{(140,20)}

{(280,48)}

{ 355,75 ,
(360,68)}

{(275,55)}

{ 275,55 ,
(280,48)}

{ 355,75 ,
(360,68)}

{(392,68)}{ 355,75 ,
(360,68)}

{ 275,55 ,
(280,48)}

Figure 5.2: Circuit SMCM for matrix chain multiplication problem with the sets of
Pareto optimal points attached to nodes

described by the circuit before optimization, after optimization relative to Ψ(1), rel-

ative to Ψ(2), and relative to Ψ(3) with matrices dimensions from the intervals [1, 10]

or [1, 100]. With the increase of the matrices dimensions ([1, 10] versus [1, 100]), the

number of optimal parenthesizations decreased on average regardless of the cost func-

tion. For all scenarios, there were more optimal parenthesizations relative to Ψ(3) on

average than optimal relative to Ψ(1) or Ψ(2).

Table 5.2 shows, for n = 10, 20, . . . , 100, the average number of parenthesiza-

tions described by the circuit after optimization relative to Ψ(1),Ψ(2), relative to

Ψ(2),Ψ(1), relative to Ψ(1),Ψ(3), relative to Ψ(3),Ψ(1), relative to Ψ(2),Ψ(3), and rela-

tive to Ψ(3),Ψ(2) with matrices dimensions from the interval [1, 10]. The vast majority

of parenthesizations optimal relative to Ψ(1) also were optimal relative to Ψ(3). More

parenthesizations were optimal relative to Ψ(2),Ψ(3) on average than to Ψ(3),Ψ(2).

Table 5.3 shows the average value of Ψ(1) after optimization relative to Ψ(1) and

relative to Ψ(3),Ψ(1), and the average value of Ψ(3) after optimization relative to Ψ(3),

relative to Ψ(1),Ψ(3), and relative to Ψ(2),Ψ(3). The values in the columns Ψ(1) and
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Table 5.1: Average number of parenthesizations described by the circuit before opti-
mization ∅, after optimization relative to Ψ(1), relative to Ψ(2), and relative to Ψ(3)

with matrices dimensions from the intervals [1, 10] or [1, 100] among 100 trials

[1, 10] [1, 100]
n ∅ Ψ(1) Ψ(2) Ψ(3) Ψ(1) Ψ(2) Ψ(3)

10 4.86× 1003 1.27 1.21 17.61 1.00 1.00 1.62
20 1.77× 1009 3.51 1.98 1.89× 1004 1.00 1.00 7.21
30 1.00× 1015 10.79 2.80 3.06× 1006 1.02 1.08 54.73
40 6.80× 1020 64.16 5.32 2.29× 1009 1.05 1.09 463.61
50 5.10× 1026 336.74 9.59 3.45× 1011 1.07 1.16 1.38× 1003

60 4.06× 1032 2.33× 1003 19.72 1.38× 1014 1.15 1.20 3.42× 1003

70 3.37× 1038 1.26× 1004 28.65 6.40× 1016 1.18 1.20 1.14× 1004

80 2.89× 1044 1.69× 1005 42.90 3.10× 1019 1.17 1.27 1.78× 1004

90 2.54× 1050 7.32× 1005 62.77 2.08× 1022 1.13 1.29 4.59× 1004

100 2.28× 1056 7.82× 1007 138.11 1.13× 1026 1.15 1.48 8.07× 1004

Ψ(3),Ψ(1) are very similar. The same situation is with the columns Ψ(3) and Ψ(1),Ψ(3).

The values in the columns Ψ(3) and Ψ(2),Ψ(3) are noticeably different. It means that

the initial optimization relative to Ψ(2) significantly reduces the possibilities for the

optimization relative to Ψ(3).

We also consider bi-criteria optimization of parenthesizations. Table 5.4 shows

the minimum, maximum, and the average number of Pareto optimal points for bi-

criteria optimization problem relative to Ψ(1),Ψ(2) for n = 10, 15, . . . , 50 with matrices

dimensions from the interval [1, k], k = 5, 10, . . . , 25. Among 100 trials, there were

at most 655 and at least one Pareto optimal points relative to Ψ(1),Ψ(2), while on

average, there were at least 2.91 and at most 108.11 Pareto optimal points for all

scenarios.

Table 5.6 shows the number of cases with totally optimal parenthesizations relative

to Ψ(1) and Ψ(2) among 100 trials with matrices dimensions from the interval [1, k],

k = 5, 10, . . . , 25. For n = 10, there were at least 15 cases with totally optimal

parenthesizations (among 100 trials). For n = 50, there were three scenarios (k =

5, 15, 20) without any totally optimal parenthesizations. The set of Pareto optimal
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Table 5.2: Average number of parenthesizations described by the circuit after opti-
mization relative to Ψ(1),Ψ(2), relative to Ψ(2),Ψ(1), relative to Ψ(1),Ψ(3), relative to
Ψ(3),Ψ(1), relative to Ψ(2),Ψ(3), and relative to Ψ(3),Ψ(2) with matrices dimensions
from the interval [1, 10] among 100 trials

n Ψ(1),Ψ(2) Ψ(2),Ψ(1) Ψ(1),Ψ(3) Ψ(3),Ψ(1) Ψ(2),Ψ(3) Ψ(3),Ψ(2)

10 1.08 1.08 1.25 1.25 1.15 1.05
20 1.29 1.16 3.51 3.51 1.61 1.37
30 1.68 1.24 10.73 10.73 2.41 1.53
40 2.13 1.42 64.16 64.16 3.86 2.24
50 2.78 1.52 336.74 336.74 7.17 4.04
60 4.33 1.79 2.33× 1003 2.33× 1003 14.51 5.07
70 5.33 2.01 1.26× 1004 1.26× 1004 20.83 6.50
80 7.43 2.23 1.69× 1005 1.69× 1005 26.52 11.80
90 9.76 2.63 7.32× 1005 7.32× 1005 38.75 12.80
100 13.7 2.82 7.82× 1007 7.82× 1007 86.04 23.89

Table 5.3: Average value of Ψ(1) after optimization relative to Ψ(1) and relative to
Ψ(3),Ψ(1), and average value of Ψ(3) after optimization relative to Ψ(3), relative to
Ψ(1),Ψ(3), and relative to Ψ(2),Ψ(3) with matrices dimensions from the interval [1, 10]
among 100 trials

n Ψ(1) Ψ(3),Ψ(1) Ψ(3) Ψ(1),Ψ(3) Ψ(2),Ψ(3)

10 443.41 443.57 73.72 73.80 85.57
20 668.50 668.69 117.80 117.95 150.90
30 930.68 930.77 167.75 167.90 224.17
40 1.20× 1003 1.20× 1003 218.33 218.33 290.94
50 1.49× 1003 1.49× 1003 273.82 273.82 362.33
60 1.80× 1003 1.80× 1003 329.77 329.77 444.31
70 2.07× 1003 2.07× 1003 381.19 381.19 517.52
80 2.38× 1003 2.38× 1003 437.60 437.60 588.57
90 2.67× 1003 2.67× 1003 492.51 492.51 657.09
100 2.96× 1003 2.96× 1003 546.59 546.59 727.03
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points for a bi-criteria optimization of parenthesizations relative to Ψ(1) and Ψ(2)

(n = 70, dimensions are from [1, 10]) is depicted in Fig. 5.3.

Table 5.5 shows the minimum, maximum, and the average number of Pareto

optimal points for bi-criteria optimization problem relative to Ψ(1),Ψ(3) for n =

10, 15, . . . , 50 with matrices dimensions from the interval [1, k], k = 5, 10, . . . , 25. On

average, there were at most 1.15 Pareto optimal points, and the maximum number

of Pareto optimal points was six among all tested scenarios.

For each case with k = 5, there were totally optimal parenthesizations relative

to Ψ(1),Ψ(3) (see Table 5.7). The set of Pareto optimal points for a bi-criteria opti-

mization of parenthesizations relative to Ψ(1) and Ψ(3) (n = 70, dimensions are from

[1, 10]) is depicted in Fig. 5.4.

Table 5.4: Number of Pareto optimal points (in format minaveragemax among 100
trials) for bi-criteria optimization problem relative to Ψ(1),Ψ(2). Matrices dimensions
are from the interval [1, k]

k
5 10 15 20 25

10 13.018 13.3012 13.4412 13.0114 12.9111

15 15.2826 16.9825 15.9528 16.1819 16.4522

20 15.1817 112.8972 112.0247 113.7870 110.8851

25 29.0045 113.9965 120.72124 119.0696 118.1765

30 110.7692 221.5694 331.41176 128.85178 131.34205

35 113.3284 228.22146 141.20212 141.37200 144.11293

40 113.6877 137.97191 256.96273 167.39333 260.45375

45 114.6953 139.43207 258.25290 277.10365 585.32349

50 215.1269 141.93321 287.90428 387.48389 1108.11655
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Table 5.5: Number of Pareto optimal points (in format minaveragemax among 100
trials) for bi-criteria optimization problem relative to Ψ(1),Ψ(3). Matrices dimensions
are from the interval [1, k]

k
5 10 15 20 25

10 11.001 11.054 11.062 11.095 11.086

15 11.001 11.062 11.012 11.012 11.114

20 11.001 11.001 11.022 11.114 11.156

25 11.001 11.001 11.032 11.073 11.054

30 11.001 11.001 11.044 11.124 11.042

35 11.001 11.012 11.054 11.033 11.054

40 11.001 11.001 11.001 11.001 11.074

45 11.001 11.001 11.012 11.012 11.084

50 11.001 11.001 11.001 11.001 11.001

Table 5.6: Number of cases with to-
tally optimal parenthesizations rela-
tive to Ψ(1) and Ψ(2) among 100 tri-
als. Matrices dimensions are from the
interval [1, k]

k
n 5 10 15 20 25

10 15 21 20 29 27
15 9 6 14 9 13
20 5 4 7 6 9
25 0 1 4 2 4
30 2 0 0 1 2
35 1 0 2 1 1
40 1 3 0 1 0
45 2 1 0 0 0
50 0 2 0 0 1

Table 5.7: Number of cases with to-
tally optimal parenthesizations rela-
tive to Ψ(1) and Ψ(3) among 100 tri-
als. Matrices dimensions are from the
interval [1, k]

k
n 5 10 15 20 25

10 100 97 94 95 96
15 100 94 99 99 92
20 100 100 98 91 92
25 100 100 97 94 97
30 100 100 98 94 96
35 100 99 97 98 97
40 100 100 100 100 96
45 100 100 99 99 94
50 100 100 100 100 100
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Figure 5.3: Set of Pareto optimal
points for a bi-criteria optimization of
parenthesizations relative to Ψ(1) and
Ψ(2). Matrices dimensions are from
the interval [1, 10], n = 70
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Figure 5.4: Set of Pareto optimal
points for a bi-criteria optimization of
parenthesizations relative to Ψ(1) and
Ψ(3). Matrices dimensions are from
the interval [1, 10], n = 70
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Chapter 6

Global Sequence Alignment

The sequence alignment problem is a generalization of the edit distance problem (see

Levenshtein [71]), which measures the difference between two sequences by the mini-

mum number of removals, insertions, and substitutions of symbols required to obtain

one sequence from the another. The solution to the sequence alignment problem helps

to identify biological similarities in long sequences of DNA, RNA, and proteins.

There are two different approaches to sequence alignment: the global alignment

and the local alignment. The local alignment aims to align parts of two sequences

that are very long. On the other hand, global alignment techniques try to align the

whole sequences. Needleman and Wunsch [10], and Smith and Waterman [72] present

general dynamic programming algorithms for global and local alignment problems,

respectively. In general, the alignment problems are not limited to paring only two

sequences; the multiple sequence alignment is widely studied [73].

In this chapter, we study the global sequence alignment problem. We consider

a conventional circuit without repetitions for the representation of all alignments of

given sequences and define a class of cost functions for this circuit. We evaluate the

number of operations and time required by the algorithms for multi-stage optimization

of alignments, for counting the optimal alignments, and for bi-criteria optimization of

alignments. Note that an algorithm for multi-stage optimization of alignments relative

to a sequence of cost functions was proposed in [23]. We also consider an example and

show the results of computer experiments with randomly generated sequences. In the

example and experiments, we use two cost functions from the considered class: the
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number of indels—the number of matches of letters and gaps in an alignment and the

number of mismatches—the number of matches of different letters in an alignment

(we consider here the notion of gap in the same way as in [19]).

6.1 Definition of Circuit and Cost Functions

Let X = x1x2 · · ·xm, Y = y1y2 · · · yn be nonempty sequences (words) over a finite

alphabet Σ. The numbers m and n are the dimensions of the problems under consid-

eration related to the alignment of these sequences. To define a cost function Ψ for

the sequence alignment problem, we must specify mn + m + n nonnegative integers

wΨ(xi, ), wΨ( , yj), and wΨ(xi, yj), 1 ≤ i ≤ m, 1 ≤ j ≤ n that describe the costs of

alignment of symbols and alignment of symbols and gaps. To describe an instance of

the problem, we need one or two cost functions. Binary representations of mn+m+n

or 2(mn+m+n) numbers defining one or two cost functions form the representation

of the problem instance (later, we will omit the word instance). Since m and n are

at most the number of problem parameters, m and n are at most the length of the

problem representation.

For each i ∈ {0, 1, . . . ,m} and j ∈ {0, 1, . . . , n}, we define the set P (i, j) of

sequence alignments of prefixes Xi = x1 · · ·xi and Yj = y1 · · · yj of sequences X and

Y . If i = 0 and j = 0, then we have empty prefixes denoted by λ.

Each alignment (α, β) of Xi and Yj is a pair of sequences of equal length (the length

of alignment) obtained from prefixes Xi and Yj by insertion of gaps “ ” such that there

is no gap in the same position in both sequences. We have P (0, 0) = {(λ, λ)}, where λ

is the empty sequence, P (i, 0) = {(x1 · · ·xi, · · · )}, and P (0, j) = {( · · · , y1 · · · yj)}

for any i ∈ {1, . . . ,m} and j ∈ {1, . . . , n}. Furthermore, for any i ∈ {1, . . . ,m} and
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j ∈ {1, . . . , n},

P1(i, j) = {(αxi, β ) : (α, β) ∈ P (i− 1, j)} ,

P2(i, j) = {(α , βyj) : (α, β) ∈ P (i, j − 1)} ,

P3(i, j) = {(αxi, βyj) : (α, β) ∈ P (i− 1, j − 1)} .

(6.1)

Then P (i, j) = P1(i, j) ∪ P2(i, j) ∪ P3(i, j). Denote U =
⋃

0≤i≤m,0≤j≤n P (i, j).

We define a circuit S without repetitions over the set U , which describes the set

P (m,n) of sequence alignments of X and Y .

Let i ∈ {0, 1, . . . ,m} and j ∈ {0, 1, . . . , n}. We now define three types of con-

catenation functions. Let i > 0 and (α, β) ∈ P (i − 1, j). Then µ
(1)
i,j is a func-

tion from P (i − 1, j) to P (i, j) such that µ
(1)
i,j ((α, β)) = (αxi, β ). Let j > 0 and

(α, β) ∈ P (i, j − 1). Then µ
(2)
i,j is a function from P (i, j − 1) to P (i, j) such that

µ
(2)
i,j ((α, β)) = (α , βyj). Let i > 0, j > 0 and (α, β) ∈ P (i− 1, j − 1). Then µ

(3)
i,j is a

function from P (i− 1, j − 1) to P (i, j) such that µ
(3)
i,j ((α, β)) = (αxi, βyj).

The circuit S contains one input node v(0, 0) labeled with the set {(λ, λ)}.

For each i ∈ {0, 1, . . . ,m} and j ∈ {0, 1, . . . , n}, (i, j) 6= (0, 0), S contains the

unifying node v(i, j) labeled with the symbol ∪.

For each i ∈ {1, 2, . . . ,m}, j ∈ {1, 2, . . . , n}, and t ∈ {1, 2, 3}, the circuit S

contains a functional node vt(i, j) labeled with the function µ
(t)
i,j . The node v1(i, j)

has one entering edge leaving v(i − 1, j). The node v2(i, j) has one entering edge

leaving v(i, j − 1). The node v3(i, j) has one entering edge leaving v(i − 1, j − 1).

For each i ∈ {1, 2, . . . ,m}, the circuit S contains a functional node v1(i, 0) labeled

with the function µ
(1)
i,0 . This node has one entering edge leaving v(i− 1, 0). For each

j ∈ {1, 2, . . . , n}, the circuit S contains a functional node v2(0, j) labeled with the

function µ
(2)
0,j . This node has one entering edge leaving v(0, j − 1). The layout is

illustrated in Fig. 6.1.

For each i ∈ {1, 2, . . . ,m} and j ∈ {1, 2, . . . , n}, the unifying node v(i, j) has
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three entering edges leaving the functional nodes vt(i, j), t = 1, 2, 3. For each i ∈

{1, 2, . . . ,m}, the unifying node v(i, 0) has one entering edge leaving the functional

node v1(i, 0). For each j ∈ {1, 2, . . . , n}, the unifying node v(0, j) has one entering

edge leaving the functional node v2(0, j). The layout is illustrated in Fig. 6.1. The

node v(m,n) is considered as the output of S and is labeled with ∗.

One can show that S(v(i, j)) = P (i, j) for i = 0, . . . ,m and j = 0, . . . , n,

S(v1(i, j)) = P1(i, j), S(v2(i, j)) = P2(i, j), S(v3(i, j)) = P3(i, j)

for i = 1, . . . ,m and j = 1, . . . , n, S(v(i, 0)) = P (i, 0) for i = 1, . . . ,m, and

S(v(0, j)) = P (0, j) for j = 1, . . . , n.

The described circuit will be considered as the preliminary version of the circuit S.

The final version of S is obtained from the preliminary version of S by the removal of

all nodes such that there is no directed path from the considered node to the output.

We also remove all edges that are incident to the removed nodes. Later, S without

mentioning the version denotes the final version of the circuit S.

The preliminary version of the circuit S contains one input node, mn + m + n

unifying nodes (each of mn nodes has three entering edges and each of m+ n nodes

has one entering edge), and 3mn+m+ n functional nodes (each functional node has

one entering edge, and we will not label this edge with the number 1). Hence, the

preliminary version of S contains 4mn+2m+2n+1 nodes and 6mn+2m+2n edges.

We now prove that S is a circuit without repetitions. It is clear that the con-

catenation function µ
(t)
i,j is injective, t = 1, 2, 3. Let v1 and v2 be different nodes

from Vi(S) ∪ Vf (S). We now show that S(v1) ∩ S(v2) = ∅. Let v1 be the input

node and v2 be a functional node. Then S(v1) contains the only alignment of the

length zero, but S(v2) does not contain the alignment of the length zero. Let v1

and v2 be functional nodes, v1 = vt1(i1, j1), and v2 = vt2(i2, j2). If (i1, j1) = (i2, j2)
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and t1 6= t2, then the sets S(v1) and S(v2) cannot share common alignments, since

S(v1) = Pt1(i1, j1), S(v2) = Pt2(i1, j1), and Pt1(i1, j1) ∩ Pt2(i1, j1) = ∅ (see (6.1)).

Let (i1, j1) 6= (i2, j2). One can show that S(v1) ⊆ P (i1, j1), S(v2) ⊆ P (i2, j2) and,

evidently, P (i1, j1) ∩ P (i2, j2) = ∅.

𝑣 𝑖−1, 𝑗−1

𝑣 𝑖, 𝑗−1

𝑣 𝑖−1, 𝑗−1

𝑣 𝑖, 𝑗

𝑣3 𝑖, 𝑗

𝑣2 𝑖, 𝑗

𝑣1 𝑖, 𝑗 𝑣 0,0 𝑣2 0,1 𝑣 0,1

𝑣1 1,0

𝑣 1,0

Figure 6.1: Components of circuit S

We now define the notion of a cost function Ψ for the circuit S given by a function

ψ and function ψv for each v ∈ Vf (S). Let ψ((λ, λ)) = 0. The function ψv, v ∈ Vf (S),

is defined by nonnegative integers wΨ(xi, ), wΨ( , yj), and wΨ(xi, yj), 1 ≤ i ≤ m,

1 ≤ j ≤ n. If v = v1(i, j), then ψv(x) = x + wΨ(xi, ). If v = v2(i, j), then

ψv(x) = x+wΨ( , yj). If v = v3(i, j), then ψv(x) = x+wΨ(xi, yj). To compute ψ, we

do not need any operations, while to compute ψv, we need only one addition. It is

clear that Ψ is a strictly increasing nonnegative integer cost function. Changing the

parameters wΨ(xi, ), wΨ( , yj), and wΨ(xi, yj), 1 ≤ i ≤ m, 1 ≤ j ≤ n, we get a class

of cost functions for the circuit S.

Each cost function from this class is adapted (see Sect. 2.4). It is described by

formulas over the set of elementary operations B = {x+ y}.

For q = 1, 2, we describe a cost function Ψ(q) from the considered class, which is

defined by nonnegative integers wΨ(q)(xi, ), wΨ(q)( , yj), and wΨ(q)(xi, yj), 1 ≤ i ≤ m,

1 ≤ j ≤ n. We use functions Ψ(1) and Ψ(2) in the example and experiments.

1. Cost function Ψ(1) (the number of indels), where wΨ(1)(xi, ) = 1, wΨ(1)( , yj) =

1, and wΨ(1)(xi, yj) = 0, 1 ≤ i ≤ m, 1 ≤ j ≤ n.
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2. Cost function Ψ(2) (the number of mismatches), where

wΨ(2)(xi, ) = 0, wΨ(2)( , yj) = 0 ,

and

wΨ(2)(xi, yj) =


0, if xi = yj ,

1, otherwise ,

1 ≤ i ≤ m, 1 ≤ j ≤ n.

6.2 Time Complexity of Algorithms

The algorithms A1, A2, and A4 work with the scheme of the circuit S (see Sect.

2.4). The preliminary version of the circuit S is completely described. Therefore, the

time complexity of the scheme of the preliminary version of S construction is linear

depending on the number of its nodes and edges, i.e., O(mn). Using breadth-first

search from the output node in the scheme of the preliminary version of S with the

reverse direction of the edges, we can find in the scheme of the preliminary version

of S all nodes such that there is no directed path from the considered node to the

output and construct the scheme of S in O(mn) time. In total, we need O(mn) time

to construct the scheme of S.

Note that the algorithms A1 and A2 can also work with the schemes of edge-

preserving subcircuits of S obtained as a result of the algorithmA1 work—see Remark

1.

Denote B+ = B ∪ {x : y}, where x : y is the operation of comparison with values

x < y, x = y, and x > y.

Let Ψ be one of the considered cost functions specified by nonnegative inte-

gers wΨ(xi, yj), wΨ(xi, ), and wΨ( , yj), 1 ≤ i ≤ m, 1 ≤ j ≤ n. Denote νΨ =
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max {wΨ(xi, yj), wΨ(xi, ), wΨ( , yj) : 1 ≤ i ≤ m, 1 ≤ j ≤ n}. One can show that

NΨ(S) ≤ νΨ(m+ n) .

It is clear that log2 νΨ is at most the length of the problem representation if the

problem uses the cost function Ψ.

We can use the algorithm A1 for multi-stage optimization of sequence alignments.

Using Theorem 1, we evaluate the number of operations from B+ that the algorithm

A1 makes while working with the scheme of an edge-preserving subcircuit T of the

circuit S and the cost function Ψ for S. The scheme of T contains one input node.

We do not need any operations to process this node. The scheme of T contains

at most mn + m + n unifying nodes. For at most mn nodes with three entering

edges, the algorithm A1 makes at most 5mn comparisons. For at most m+ n nodes

with one entering edge, A1 makes at most m + n comparisons. In total, at most

5mn + m + n ≤ 7mn comparisons. The scheme contains at most 3mn + m + n

functional nodes. For each functional node v, it is enough to make one addition to

compute ψv. The total number of required additions is at most 3mn+m+n ≤ 5mn.

The total number of operations from B+ made by A1 is at most 12mn, i.e., it is

polynomial depending on the problem dimensions m and n.

In the software model of computation, for the considered scheme of the circuit

and the cost function Ψ, the algorithm A1 has polynomial time complexity O(mn)

depending on the problem dimensions m and n. Using Remark 2, we obtain that in

the integer model of computation, for the considered scheme of the circuit and cost

function, the algorithm A1 has the time complexity O(mn log(νΨ(m+ n))), which is

polynomial depending on the length of the problem representation (m, n, and log2 νΨ

are at most the length of the problem representation).

To count all possible sequence alignments described by T , we apply the algorithm
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A2. We use Theorem 2 to evaluate the number of operations from B+ made by A2.

The scheme of T contains at most mn unifying nodes with three entering edges and

at most m + n with one entering edge. Therefore, we need at most 2mn additions.

To treat all functional nodes and the input node, we do not need any operations. The

total number of operations from B+ made by A2 is at most 2mn, i.e., it is polynomial

depending on the problem dimensions m and n.

In the software model of computation, for the considered scheme of the circuit,

the algorithm A2 has polynomial time complexity O(mn) depending on the problem

dimensions m and n.

We now evaluate the number |S(v(m,n))|, which is equal to the number of se-

quence alignments of X and Y . Each alignment (α, β) of X and Y is a pair of

sequences of equal length (the length of alignment) obtained from X and Y by in-

sertion of gaps “ ” such that there is no gap in the same position in both sequences.

Let (α, β) be an alignment with α = α1 · · ·αk and β = β1 · · · βk. It is clear that

k ≤ m + n. We correspond to the alignment (α, β) two tuples δ(α) = (δ1, . . . , δm+n)

and σ(β) = (σ1, . . . , σm+n) from {0, 1}m+n in the following way. For i = 1, . . . ,m+n,

δi is equal to 1 if and only if i ≤ k and αi is a letter from the alphabet Σ. In the

same way, σi is equal to 1 if and only if i ≤ k and βi is a letter from the alphabet Σ.

One can show that for different alignments (α′, β′) and (α′′, β′′), the pairs of tuples

(δ(α′), σ(β′)) and (δ(α′′), σ(β′′)) are different. Therefore, the number of alignments is

at most 22(m+n). It is clear that the circuit S is reachable. Using Remark 4, we obtain

that in the integer model of computation, for the considered scheme of the circuit, the

algorithm A2 has the time complexity O(mn(m+n)), which is polynomial depending

on the length of the problem representation.

For p = 1, 2, let Ψp be a nonnegative integer cost function from the considered

class given by function ψp and ψpv , v ∈ Vf (S). We can use the algorithm A4 to find the

set of Pareto optimal points for the problem of bi-criteria optimization of sequence
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alignments of X and Y relative to Ψ1 and Ψ2.

By Proposition 5, MΨ1,Ψ2(S) ≤ νΨ1(m+ n) + 1, where

MΨ1,Ψ2(S) = max{|Par(tΨ1,Ψ2(S, v))| : v ∈ V (S)} .

Denote M = MΨ1,Ψ2(S).

To evaluate the number of operations from B+ made by the algorithm A4, we

use Theorem 3. To treat the input node of the scheme of S, we do not need any

operations.

The scheme of S contains at most 3mn + m + n functional nodes. Each node

has one entering edge. It requires one addition to compute the value of the function

ψpvt(i,j), p = 1, 2. Therefore, the algorithm needs at most 2(3mn+m+n)M additions

and at most (3mn + m + n)4M log2M comparisons to process all functional nodes.

In is clear that 2(3mn+m+ n)M + (3mn+m+ n)4M log2M ≤ 30mnM log2(3M).

For each of at most mn unifying nodes with three entering edges, we make at

most 12M log2(3M) comparisons. For any of at most m+ n unifying nodes with one

entering edge, we make at most 4M log2M comparisons. Then, to process all unifying

nodes, we need at most 12mnM log2(3M) + 4(m+ n)M log2M ≤ 20mnM log2(3M)

comparisons.

Hence, the algorithm A4 makes at most 50mnM log2(3M) additions and compar-

isons.

Since M ≤ νΨ1(m + n) + 1, the algorithm A4 makes at most 50mn(νΨ1(m +

n) + 1)) log2(3νΨ1(m+ n) + 3)) operations from B+, i.e., pseudo-polynomial number

of operations (polynomial depending on the dimensions m and n and the numeric

parameter νΨ1).

In the software model of computation, for the considered scheme of the circuit

and pair of cost functions, the algorithm A4 has the time complexity O(mnνΨ1(m+
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n) log(νΨ1(m + n))), which is pseudo-polynomial (polynomial depending on the di-

mensions m and n and the numeric parameter νΨ1). Using Remark 9, we obtain

that in the integer model of computation, for the considered scheme of the circuit

and pair of cost functions, the algorithm A4 has the time complexity O(mnνΨ1(m+

n) log(max(νΨ1 , νΨ2)(m + n))2), which is pseudo-polynomial (polynomial depending

on the length of the problem representation and the numeric parameter νΨ1).

6.3 Example

We consider an example of two sequences X = AAT and Y = AT over the alphabet

Σ = {A, T}.

The circuit SSA, which describes all alignments of these two sequences, is presented

in Fig. 6.2, where rectangles represent functional nodes and ovals represent input and

unifying nodes. There is one input node v(0, 0), which is labeled with the set {(λ, λ)}.

Each unifying node is labeled with the symbol ∪, and each functional node vt(i, j) is

labeled with the function µ
(t)
i,j . The node v(3, 2) is the output of the circuit SSA and

is labeled with ∗.

We consider multi-stage optimization of alignments relative to the cost functions

Ψ(1) and Ψ(2). The circuit SΨ(1)

SA can be obtained from SSA (depicted in Fig. 6.2)

by the removal of all edges labeled with the number 1. The circuit SΨ(1),Ψ(2)

SA can be

obtained from SSA by the removal of all edges labeled with the numbers 1 and 2.

There are 25 possible alignments represented by the circuit SSA. The circuit

SΨ(1)

SA represents three alignments (AAT,A T ), (AAT,AT ), and (AAT, AT ) that

are optimal relative to Ψ(1), while the circuit SΨ(1),Ψ(2)

SA represents two alignments

(AAT,A T ) and (AAT, AT ).

Results of bi-criteria optimization of alignments relative to the cost functions Ψ(1)

and Ψ(2) can be found in Fig. 6.3, where we attached the corresponding set of Pareto

optimal points to each node of the circuit SSA.
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Figure 6.2: Circuit SSA for global sequence alignment
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Figure 6.3: Circuit SSA for global sequence alignment with sets of Pareto optimal
points attached to nodes

6.4 Experiments

We experimentally tested various optimization scenarios for global sequence align-

ments. We randomly generated two sequences of the lengths n and d1.1ne over an

alphabet with the fixed number of distinct characters with uniform distribution.

Table 6.1 shows, for n = 20, 25, . . . , 50, the average number of alignments de-

scribed by the circuit before optimization, after optimization relative to Ψ(1), relative

to Ψ(2), relative to Ψ(1),Ψ(2), and relative to Ψ(2),Ψ(1). Sequences were generated over

two alphabets with 4 (A) and 23 (B) distinct characters. Regardless of the alphabet,

there was identical number of alignments optimal relative to Ψ(1) for all tested scenar-

ios. Comparing A and B, for the alphabet with 4 distinct characters (A), there were
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more alignments optimal relative to Ψ(2) on average, but there were less alignments

optimal relative to Ψ(1),Ψ(2) and Ψ(2),Ψ(1).

Table 6.1: Average number of sequence alignments described by the circuit before op-
timization ∅, after optimization relative to Ψ(1), relative to Ψ(2), relative to Ψ(1),Ψ(2),
and relative to Ψ(2),Ψ(1) among 100 trials with number of characters in the alphabet
4 (A) and 23 (B)

A

n ∅ Ψ(1) Ψ(2) Ψ(1),Ψ(2) Ψ(2),Ψ(1)

20 1.39× 1015 231.00 5.51× 1012 11.61 2.39× 1004

25 1.91× 1019 3.28× 1003 1.92× 1016 29.21 1.19× 1005

30 1.20× 1023 5.46× 1003 3.20× 1019 36.19 3.02× 1006

35 1.71× 1027 8.23× 1004 1.08× 1023 66.26 1.51× 1007

40 1.10× 1031 1.36× 1005 1.82× 1026 98.37 2.41× 1007

45 1.59× 1035 2.12× 1006 6.61× 1029 238.71 5.65× 1008

50 1.04× 1039 3.48× 1006 1.14× 1033 238.93 1.29× 1010

B

n ∅ Ψ(1) Ψ(2) Ψ(1),Ψ(2) Ψ(2),Ψ(1)

20 1.39× 1015 231.00 8.30× 1011 63.31 6.72× 1006

25 1.91× 1019 3.28× 1003 1.64× 1015 273.53 1.19× 1008

30 1.20× 1023 5.46× 1003 1.66× 1018 444.84 1.38× 1010

35 1.71× 1027 8.23× 1004 3.32× 1021 2.51× 1003 4.69× 1010

40 1.10× 1031 1.36× 1005 3.69× 1024 3.25× 1003 1.42× 1012

45 1.59× 1035 2.12× 1006 7.69× 1027 1.34× 1004 1.27× 1014

50 1.04× 1039 3.48× 1006 8.67× 1030 2.74× 1004 2.06× 1015

Table 6.2 shows the average value of Ψ(1) after optimization relative to Ψ(1)

and Ψ(2),Ψ(1), and the average value of Ψ(2) after optimization relative to Ψ(2) and

Ψ(1),Ψ(2). In all tested scenarios, the value of Ψ(2) was 0 for sequence alignment

optimization relative to Ψ(2). The value of Ψ(2) decreased in B with comparison to A

for the optimization relative to Ψ(1),Ψ(2).

We also consider bi-criteria optimization of alignments. Table 6.3 shows the min-

imum, maximum, and the average number of Pareto optimal points for bi-criteria

optimization problem relative to Ψ(1),Ψ(2) for n = 20, 25, . . . , 50 with the number

of distinct characters in an alphabet k = 4, 8, 12, 16, 20, 24. There were at least six
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Table 6.2: Average value of Ψ(1) after optimization relative to Ψ(1) and Ψ(2),Ψ(1),
and average value of Ψ(2) after optimization relative to Ψ(2) and Ψ(1),Ψ(2) among 100
trials with number of characters in the alphabet 4 (A) and 23 (B)

A

n Ψ(1) Ψ(2),Ψ(1) Ψ(2) Ψ(1),Ψ(2)

20 2.00 30.60 0.00 17.87
25 3.00 38.26 0.00 21.86
30 3.00 45.62 0.00 26.68
35 4.00 53.20 0.00 30.94
40 4.00 59.70 0.00 35.44
45 5.00 67.40 0.00 39.42
50 5.00 73.96 0.00 43.95

B

n Ψ(1) Ψ(2),Ψ(1) Ψ(2) Ψ(1),Ψ(2)

20 2.00 18.06 0.00 12.11
25 3.00 22.16 0.00 14.33
30 3.00 25.82 0.00 17.79
35 4.00 29.70 0.00 19.52
40 4.00 33.56 0.00 23.38
45 5.00 37.76 0.00 25.02
50 5.00 41.58 0.00 28.58
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and at most 39 Pareto optimal points in all tested scenarios. Also, there were no

totally optimal alignments relative to Ψ(1) and Ψ(2) (see Table 6.4). The set of Pareto

optimal points for a bi-criteria optimization of alignments relative to Ψ(1) and Ψ(2)

for n = 50 and k = 4 is depicted in Fig. 6.4.

Table 6.3: Number of Pareto optimal points (in format minaveragemax among 100 tri-
als) for bi-criteria optimization problem relative to Ψ(1),Ψ(2). The number of distinct
characters in an alphabet k = 4, 8, 12, 16, 20, 24

k
n 4 8 12 16 20 24

20 69.2913 912.1215 1013.5716 1214.4619 1215.1019 1215.6718

25 710.5914 1014.3017 1216.3320 1517.7721 1518.4621 1518.9721

30 712.0516 1316.8921 1419.0423 1720.7423 1821.5025 1922.5226

35 913.8718 1619.3522 1921.7625 2023.4927 2224.9328 2125.7929

40 1115.8819 1921.6627 2124.9428 2326.7731 2428.2331 2628.8933

45 1117.4621 1924.0528 2327.4631 2529.6333 2831.2135 2732.2336

50 1519.1823 2226.5231 2630.4134 2932.9637 3134.3938 3335.9939

Table 6.4: Number of cases with totally optimal sequence alignments relative to
Ψ(1) and Ψ(2) among 100 trials. The number of distinct characters in an alphabet
k = 4, 8, 12, 16, 20, 24

k
n 4 8 12 16 20 24

20 0 0 0 0 0 0
25 0 0 0 0 0 0
30 0 0 0 0 0 0
35 0 0 0 0 0 0
40 0 0 0 0 0 0
45 0 0 0 0 0 0
50 0 0 0 0 0 0
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Figure 6.4: Set of Pareto optimal points for a bi-criteria optimization of global se-
quence alignments relative to Ψ(1) and Ψ(2) for n = 50 and k = 4
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Chapter 7

Optimal Paths in Directed Graphs

The problem of path length minimization in graphs is very well known. There are al-

gorithms solving this problem based on a greedy approach such as Dijkstra’s algorithm

[74], algorithms based on a dynamic programming approach such as Floyd-Warshall

algorithm [11, 12], etc.

In [20], an algorithm for multi-stage optimization of paths in a directed graph G

relative to two types of cost functions was presented. Let w1, w2 be weight functions

assigning nonnegative real weights to edges of G, and p be a directed path in G. Then

the cost function ψw1 of the first type is equal to the sum of weights of edges in p and

the cost function ϕw2 of the second type is equal to the minimum weight of an edge

in p. The cost functions of the first type should be minimized, and the cost functions

of the second type should be maximized.

Two interpretations of the graph G were considered in [20]. The first interpreta-

tion of the graph G is a road network. The nodes represent intersections and edges

represent roads between the intersections. The weight can be seen as the length or

pricing of a road, then ψw1 is the total length or cost of the path p. Moreover, if

weight represents a horizontal or vertical clearance, then ϕw2 defines the maximum

legal vehicle dimension in the path p. The second interpretation of the graph G is

a computer network. The cost functions ψw1 of the first type can be used for the

minimization of the delay or packet loss rate, where the cost functions ϕw2 of the

second type can be used for the maximization of the bit rate.

In this chapter, we design a conventional circuit without repetitions describing
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the set of paths under consideration and define cost functions of two types for this

circuit. We evaluate the number of operations and the time required by the algorithms

for multi-stage and bi-criteria optimization of paths relative to cost functions of two

types, and for counting the paths. We consider an example and discuss the results of

experiments with randomly generated graphs and weight functions. This chapter is

partially based on [3].

7.1 Definition of Circuit and Cost Functions

Let G = (V,E) be a directed graph without loops and multiple edges, where V is the

set of nodes and E is the set of edges of G. We denote n = |V | and m = |E|, and

assume that n ≥ 2 and m ≥ n− 1. The graph G is given by its adjacency list.

The numbers n and m are the dimensions of problems under consideration related

to the path optimization in graph G. To define a cost function for the path opti-

mization problem, we need to give m weights of edges. To describe an instance of

the problem, we need the adjacency list and one or two cost functions. Note that m

is at most the number of numeric parameters of the problem, and n is at most the

number of numeric parameters plus one.

If weights are nonnegative integers, then the adjacency list and the binary repre-

sentations of m or 2m numbers defining one or two cost functions form the represen-

tation of the problem instance (we will omit the word instance). It is clear that m

and n are at most the length of the problem representation.

A directed path in G is represented by a sequence of nodes u1, . . . , uk ∈ V such

that, for i = 1, . . . , k − 1, (ui, ui+1) ∈ E.

Let s, t be two nodes in G such that there exists a directed path from s to t. We

call s the source node, and t the target node.

We consider the problem of finding optimal paths in the graph G from s to t. The

optimization criteria are defined by cost functions.
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We study two types of cost functions. Each cost function assigns a cost to each

directed path in G. Let wt, t = 1, 2, be a weight function that assigns to each edge

(ui, uj) of G a weight wt(ui, uj), which is a nonnegative real number.

Let p = u1, u2, . . . , uk, uk+1 be a directed path in G. A cost function of the first

type ψw1 is defined as follows: ψw1(p) =
∑k

i=1w1(ui, ui+1). If k = 0, then ψw1(p) = 0.

We aim to minimize the value of this function. A cost function of the second type

ϕw2 is defined as follows: ϕw2(p) = min{w2(u1, u2), ..., w2(uk, uk+1)}. If k = 0, then

ϕw2(p) = +∞. We aim to maximize the value of this function.

Let p be a directed path in G from s to t. One can show that there exists a

directed path p′ from s to t in G, which can be obtained from p by the removal of

some nodes and edges such that it satisfies the following conditions:

(a) The length of p′ is at most |V | − 1,

(b) Both s and t appear exactly once in p′,

(c) ψw1(p′) ≤ ψw1(p),

(d) ϕw2(p′) ≥ ϕw2(p).

Therefore, later on, we will focus on the study of paths in G from s to t satisfying

the conditions (a) and (b). We denote by P (G) the set of all such paths.

We introduce a directed acyclic graph Γ0 = Γ0(G), which represents the set of

directed paths P (G) from s to t satisfying conditions (a) and (b).

Let V = {v1, . . . , vn}, where v1 = s and vn = t. The set of nodes of Γ0 is divided

into n layers. The first layer contains the only node v1
1. The last layer contains the

only node vnn. For k = 2, . . . , n − 1, the kth layer contains n − 2 nodes vk2 , . . . , v
k
n−1.

In total, we have at most n2 nodes in Γ0.

Let i, j ∈ {2, . . . , n − 1}. Then we have an edge from v1
1 to v2

j if and only if

(v1, vj) ∈ E. For k = 2, . . . , n − 2, we have an edge from vki to vk+1
j if and only if

(vi, vj) ∈ E.
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Let 2 ≤ j ≤ n− 1 and 2 ≤ k ≤ n− 1. Then we have an edge from vkj to vnn if and

only if (vj, vn) ∈ E. We have an edge from v1
1 to vnn if and only if (v1, vn) ∈ E. There

are no other edges in Γ0. In total, we have at most m(n− 1) ≤ mn edges in Γ0.

We denote by P (Γ0) the set of all directed paths in Γ0 from v1
1 to vnn. It is clear

that there is a one-to-one mapping from the set P (G) to the set P (Γ0). The path

p = v1, vj2 , . . . , vjt , vn from P (G) corresponds to the path p̃ = v1
1, v

2
j2
, . . . , vtjt , v

n
n from

P (Γ0).

We denote by Γ the graph obtained from Γ0 by the removal of all nodes that do

not belong to any directed path from v1
1 to vnn. We also remove all edges that are

incident to the removed nodes. We denote by P (Γ) the set of all directed paths in Γ

from v1
1 to vnn. It is clear that P (Γ) = P (Γ0).

For a node u from Γ, let P (u) be the set of all directed paths from v1
1 to u. Let

(u1, u2) be an edge from Γ. We denote by P (u1, u2) the set {µ(u1,u2)(p) : p ∈ P (u1)},

where µ(u1,u2) is a concatenation function defined on P (u1), which corresponds to each

path p ∈ P (u1) the path µ(u1,u2)(p) = p, u2.

We have P (v1
1) = {v1

1}, where v1
1 is the path of length 0. Let u be a node of Γ

with k entering edges e1, . . . , ek leaving the nodes u1, . . . , uk, k > 0. Then

P (u) =
k⋃
i=1

P (ui, u) .

Let U =
⋃
v∈V (Γ) P (u), where V (Γ) is the set of nodes of Γ. We now transform

the graph Γ into a circuit S without repetitions over the set U , which describes the

set P (Γ) of all directed paths from v1
1 to vnn in the graph Γ.

We transform the source node v1
1 of Γ into the only input node v1

1 of S, which is

labeled with the set {v1
1}. Despite node v1

1, each remaining node vki of Γ becomes a

unifying node vki of the circuit S labeled with the symbol ∪. Note that for each node

of Γ, the corresponding node in S has the same notation.
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We transform each edge (u1, u2) from Γ into a functional node v(u1,u2) of S labeled

with the concatenation function µ(u1,u2) that has one entering edge leaving u1 (we will

not label this edge with the number 1) and one leaving edge entering u2.

The node vnn is the output node for the circuit S and is labeled with ∗.

The circuit S contains one input node, at most n2 unifying nodes, and at most mn

functional nodes. Each functional node has exactly one entering edge. Each unifying

node with the exception of vnn has at most m entering edges. The unifying node vnn

has at most mn entering edges. Hence, the circuit S contains at most n2 + mn + 1

nodes and at most n2m+2mn edges. It is easy to check that the circuit S is reachable

(see Remark 4).

Let u be a node of Γ. One can show that S(u) = P (u), where P (u) is the set of

paths corresponding to the node u of Γ and S(u) is the set of paths corresponding

to the node u in S. Let (u1, u2) be an edge in Γ. One can show that S(v(u1,u2)) =

P (u1, u2).

We now prove that S is a circuit without repetitions. It is clear that the concate-

nation function µ(u1,u2) is injective for each edge (u1, u2) in Γ. Let u1 and u2 be two

different nodes from Vi(S) ∪ Vf (S). We now show that S(u1) ∩ S(u2) = ∅. Let u1 be

the input node and u2 be a functional node. Then S(u1) contains the only path of

the length zero, but S(u2) does not contain any path of the length zero. Let u1 and

u2 be two functional nodes corresponding to different edges e1 and e2 in Γ. Then the

last edge in each path from S(ui) is ei, i = 1, 2. Therefore, S(u1) ∩ S(u2) = ∅.

Let wt, t = 1, 2, be a weight function that assigns to each edge (vi, vj) of G a

weight wt(vi, vj), which is a nonnegative real number. These weight functions are

extended to Γ in a natural way: wt(v
k1
i , v

k2
j ) = wt(vi, vj) for t = 1, 2 if (vk1

i , v
k2
j ) is an

edge in Γ.

We now define two cost functions Ψw1 and Φw2 for the circuit S given by functions

ψw1 , ψw1
u and ϕw2 , ϕw2

u for each u ∈ Vf (S), respectively. Let ψw1(v1
1) = 0 and
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ϕw2(v1
1) = −∞. Let (u1, u2) be an edge in Γ. Then ψw1

v(u1,u2)
(x) = x + w1(u1, u2) and

ϕw2
v(u1,u2)

(x) = max{x,−w2(u1, u2)}.

These cost functions are adapted (see Sect. 2.4). They are described by formulas

over the set of elementary operations B = {x+y,max(x,−y)}. Note that to compute

the value of ψw1 or ϕw2 , we do not need any operations and to compute the value of

ψw1
v(u1,u2)

or ϕw2
v(u1,u2)

, we need only one operation from B.

It is clear that Ψw1 is a strictly increasing cost function and Φw2 is an increasing

cost function. If values of w1 and w2 are nonnegative integers, then Ψw1 is a strictly

increasing nonnegative integer cost function for S and Φw2 is an increasing nonpositive

integer cost function for S.

Let p ∈ P (G) and p̃ be the path in P (Γ) corresponding to p. One can show that

Ψw1(p̃) = ψw1(p) and Φw2(p̃) = −ϕw2(p).

We have no tools for the maximization of cost functions. So, instead of maxi-

mization of ϕw2 , we will minimize Φw2 . Later on, in algorithms of multi-stage and

bi-criteria optimization, we will use only cost functions of the kind Ψw1 or Φw2 .

7.2 Time Complexity of Algorithms

We assume that the directed graph G = (V,E) without loops and multiple edges, and

with n ≥ 2 nodes and m ≥ n − 1 edges is given by its adjacency list. The graph Γ0

with at most n2 nodes and at most mn edges can be obtained from G in O(n2 +mn)

time. Using breadth-first search two times (from the node v1
1 in the graph Γ0 and

from the node vnn in the graph Γ0 with the reverse direction of the edges), we can find

in the graph Γ0 all nodes that do not belong to any directed path from v1
1 to vnn and

construct the graph Γ in O(n2 + mn) time. The circuit S is fully described by the

graph Γ. It can be constructed from the graph Γ in time O(n2m). The total time to

construct the scheme of the circuit S is O(n2m).

The algorithms A1, A2, and A4 work with the scheme of the circuit S (see Sect.
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2.4). Note that the algorithms A1 and A2 can also work with the schemes of edge-

preserving subcircuits of S obtained as a result of the algorithmA1 work—see Remark

1.

Denote B+ = B ∪ {x : y}, where x : y is the operation of comparison with values

x < y, x = y, and x > y.

Let w be a weight function that has nonnegative integer values. Denote νw =

max {w(vi, vj) : (vi, vj) ∈ E}. Then NΨw(S) ≤ νw(n − 1) and NΦw(S) ≤ νw, where

NΨw(S) = max{|Ψw(δ)| : δ ∈ U(S)}, NΦw(S) = max{|Φw(δ)| : δ ∈ U(S)}, and

U(S) =
⋃
v∈V (S) S(v). It is clear that log2 νw is at most the length of the problem

representation if the problem uses at least one of the cost functions Ψw,Φw.

We can use the algorithmA1 for multi-stage optimization of paths. Using Theorem

1, we evaluate the number of operations from B+ that the algorithm A1 makes while

working with the scheme of an edge-preserving subcircuit T of the circuit S and a

cost function Θ for S of the kind Ψw or Φw.

The scheme of T contains one input node. We do not need any operations to

process this node. The scheme of T contains at most n2 unifying nodes. The unifying

node vnn has at most mn entering edges, where each of the remaining unifying nodes

has at most m entering edges. Then, the algorithm A1 makes at most (2m− 1)n2 +

2mn − 1 ≤ 4mn2 comparisons. The scheme contains at most mn functional nodes.

For each functional node, the algorithm A1 makes one operation from B+. To process

all functional nodes, it requires at most mn ≤ mn2 operations. The total number of

operations from the set B+ made by A1 is at most 4mn2 + mn2 ≤ 5mn2, i.e., it is

polynomial depending on the problem dimensions n and m.

In the software model of computation, for the considered scheme of the circuit and

cost function, the algorithm A1 has polynomial time complexity O(mn2) depending

on the problem dimensions n and m.

Let the weight function w specifying the cost function Θ have nonnegative integer
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values. Using Remark 2, we obtain that in the integer model of computation, for

the considered scheme of the circuit and cost function, the algorithm A1 has time

complexity O(mn2t), where t = log2(νwn) if Θ = Ψw and t = log2 νw if Θ = Φw,

which is polynomial depending on the length of the problem representation (n, m,

and log2 νw are at most the length of the problem representation).

To count all possible paths in the graph described by T , we apply the algorithm

A2. We use Theorem 2 to evaluate the number of operations from B+ made by

A2. Despite the unifying node vnn with at most mn entering edges, each of the

remaining unifying nodes has at most m entering edges. Therefore, we need at most

(m − 1)n2 + mn − 1 ≤ 2mn2 additions to process all unifying nodes. To treat all

functional nodes and the input node, we do not need any operations. The total

number of operations from B+ (additions) is at most 2mn2, i.e., it is polynomial

depending on the problem dimensions n and m.

In the software model of computation, for the considered scheme of the circuit,

the algorithm A2 has polynomial time complexity O(mn2) depending on the problem

dimensions n and m.

We now evaluate the number |S(vnn)|, which is equal to the number of directed

paths from v1
1 to vnn in the graph Γ. This number is equal to the number of paths

in the set P (G). Each path from P (G) is a sequence of edges e1, . . . , ek−1, ek from E

such that k < n. We correspond to this path the tuple (e1, . . . , ek−1, ek, . . . , ek) from

En. Since G does not contain loops, tuples corresponding to different paths from

P (G) are different. Therefore, the set P (G) contains at most mn paths. We know

that the circuit S is reachable. Using Remark 4, we obtain that in the integer model

of computation, for the considered scheme of the circuit, the algorithm A2 has the

time complexity O(mn3 logm), which is polynomial depending on the length of the

problem representation.

Let us consider two cost functions Θ(1), Θ(2) specified by the weight functions w1
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and w2, respectively. We can use the algorithm A4 to find the set of Pareto optimal

points for the problem of bi-criteria optimization of paths relative to Θ(1) and Θ(2).

We denote M = MΘ(1),Θ(2)(S), where

MΘ(1),Θ(2)(S) = max{|Par(tΘ(1),Θ(2)(S, v))| : v ∈ V (S)} .

To evaluate the number of operations of the algorithm A4, we use Theorem 3. To

treat the input node of the scheme of S, we do not need any operations.

The scheme of S contains at most mn functional nodes. Each node has one

entering edge. The algorithm needs at most 2mnM ≤ 2mn2M log2(2M) operations

from B and at most 4mnM log2M ≤ 4mn2M log2(2M) comparisons to process all

functional nodes. In total, it needs at most 6mn2M log2(2mnM) operations from B+.

For the node vnn with at most mn entering edges, the algorithm A4 makes at

most 4mnM log2(mnM) comparisons. For each of remaining at most n2 unifying

nodes with at most m entering edges, it makes at most 4mM log2(mM) comparisons.

Then, to process all unifying nodes, the algorithm needs at most 4mnM log2(mnM)+

4mn2M log2(mM) ≤ 8mn2M log2(2mnM) comparisons.

Hence, the algorithm A4 makes at most 14mn2M log2(2mnM) operations.

Let Θ(1) = Ψw1 and w1 have nonnegative integer values. Then NΨw1 (S) ≤ νw1(n−

1). By Proposition 5, MΘ(1),Θ(2)(S) ≤ νw1(n− 1) + 1. Since M ≤ νw1(n− 1) + 1, the

algorithm A4 makes at most

14mn2(νw1(n− 1) + 1) log2(2mn(νw1(n− 1) + 1))

≤ 28mn3(νw1 + 1) log2(2mn(νw1 + 1))

operations from B+, i.e., pseudo-polynomial number of operations (polynomial de-

pending on the dimensions n and m, and the numeric parameter νw1).

Let Θ(1) = Φw1 . It is clear that |{Φ(δ) : δ ∈ U(S)}| ≤ m. By Proposition 6,
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MΘ(1),Θ(2)(S) ≤ m. Since M ≤ m, the algorithm A4 makes at most

14m2n2 log2(2m2n)

operations from B+, i.e., polynomial number of operations depending on the dimen-

sions n and m.

In the software model of computation, for the considered circuit and pair of cost

functions, the algorithm A4 has the time complexity O(mn3νw1 log(mnνw1)) if Θ(1) =

Ψw1 , which is pseudo-polynomial (polynomial depending on the dimensions n and

m, and the numeric parameter νw1), and O(m2n2 log(mn)) if Θ(1) = Φw1 , which is

polynomial depending on the dimensions n and m.

Let us assume now that w1 and w2 have nonnegative integer values. Using Remark

9, we obtain that in the integer model of computation, for the considered circuit and

pair of cost functions, the algorithm A4 has the time complexity

O(mn3νw1 log(mnνw1) log(max(νw1 , νw2)n))

if Θ(1) = Ψw1 , which is pseudo-polynomial (polynomial depending on the length of

the problem representation and the numeric parameter νw1), and

O(m2n2 log(mn) log(max(νw1 , νw2)n))

if Θ(1) = Φw1 , which is polynomial depending on the length of the problem represen-

tation.

Algorithms from [50] mentioned in Sect. 1.3 require less number of operations. If

Θ(1) = Φw1 , then the required number of operations is O(m2 log n). Let Θ(1) = Ψw1 ,

Θ(2) = Ψw2 and νw1 ≤ νw2 . Then the required number of operations isO(nmνw1 log(nνw1)).
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7.3 Example

We consider a directed graph G = (V,E) (as depicted in Fig. 7.1), where s = v1 and

t = v4, and two weight functions w1 and w2 for this graph such as

w1(e) = 1 for all e ∈ E ,

and

w2(v1, v2) = 1, w2(v2, v4) = 4, w2(v1, v3) = 3 ,

w2(v3, v4) = 0, w2(v2, v3) = 4, w2(v3, v2) = 5 .

𝑣1 𝑣4

𝑣2

𝑣3

Figure 7.1: Graph G

𝑣1
1

𝑣4
4

𝑣2
2

𝑣3
2

𝑣2
3

𝑣3
3

Figure 7.2: Directed acyclic graph Γ0 = Γ

Initially, we create the graph Γ0 (see Fig. 7.2), note that Γ0 = Γ. Then we

transform Γ into a circuit SOP (see Fig. 7.3).

We apply the procedure of optimization relative to Ψw1 to the circuit SOP . As a

result, we have the subcircuit SΨw1

OP , which can be obtained from SOP by the removal

of edges labeled with 1 (see Fig.7.3). The set P (SΨw1

OP ) contains exactly two paths.

We apply the procedure of optimization relative to Φw2 to the circuit SΨw1

OP . As a

result, we have the circuit SΨw1 ,Φw2

OP , which can be obtained from SOP by the removal

of edges labeled with 1 and 2 (see Fig.7.3). The set P (SΨw1 ,Φw2

OP ) contains exactly one

path.

We apply the procedure of bi-criteria optimization relative to Ψw1 and Φw2 to the

circuit SOP . The set of Pareto optimal points for each node of SOP is depicted in Fig.

7.4.
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Figure 7.3: Circuit SOP

*{(0,-∞)}

{(1,-3)}

{(1,-1)}

{(2,-1)}

{(2,0)}

{(2,-1)}

{(2,-3)}

{(2,-1),
(3,-3)}

Figure 7.4: Circuit SOP with the sets of Pareto optimal points associated with each
node

7.4 Experiments

We experimentally tested different optimization scenarios for paths in directed graphs.

Each experiment was repeated ten times.

Let α ∈ {0.2, 0.4, 0.6, 0.8}. For a given n, we generated directed graphs without

loops and multiple edges that contain n nodes s = v1, . . . , vn = t. We randomly

generated a directed path from s to t and after that added randomly new edges until

the total number of edges is equal to dαn2e. For each edge, the integer values of

weight functions w1 and w2 were randomly generated with uniform distribution from

the interval [0, 100]. Denote Ψ = Ψw1 and Φ = Φw2 .

Table 7.1 shows, for n = 50, 60, . . . , 120, the average number of directed paths
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described by the circuit before optimization, after optimization relative to Ψ, relative

to Φ, relative to Ψ,Φ, and relative to Φ,Ψ. Graphs had n nodes and d0.2n2e edges in

A or d0.8n2e edges in B. Experiments resulted in many paths optimal relative to Φ

but in a few relative to Ψ. For all tested scenarios there were at most 1.1 (on average)

paths after the optimization relative to Ψ,Φ in A and B. The same situation is with

the optimization relative to Φ,Ψ.

Table 7.2 shows the average value of Ψ after optimization relative to Ψ and Φ,Ψ,

and the average value of Φ after optimization relative to Φ and Ψ,Φ. Graphs had n

nodes and d0.2n2e edges in A or d0.8n2e edges in B. With the increase in the number

of edges (we compare A and B), the values of Ψ and Φ decreased. For both cost

functions in A and B, the two-stage optimization impacted the value of the final

stage cost function. For instance, the value of Ψ in B increased from 6.8 to 187.4 for

n = 120 comparing optimizations relative to Ψ and Φ,Ψ.

We also consider bi-criteria optimization of paths. Table 7.3 shows the minimum,

maximum, and the average number of Pareto optimal points for bi-criteria optimiza-

tion problem relative to Ψ,Φ for graphs with n = 50, 60, . . . , 120 nodes and dαn2e,

α = 0.2, 0.4, 0.6, 0.8, edges. There were at most 22 Pareto optimal points. There

were no totally optimal paths relative to Ψ and Φ (see Table 7.4). The set of Pareto

optimal points for a bi-criteria optimization of paths relative to Ψ and Φ for n = 120

and α = 0.8 is depicted in Fig. 7.5.
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Table 7.1: Average number of directed paths described by the circuit before optimiza-
tion ∅, after optimization relative to Ψ, relative to Φ, relative to Ψ,Φ, and relative to
Φ,Ψ among 10 trials for graphs with n nodes and dαn2e edges, where α = 0.2 for A
and α = 0.8 for B

A

n ∅ Ψ Φ Ψ,Φ Φ,Ψ

50 9.17× 1047 1.00 3.35× 1015 1.00 1.10
60 7.76× 1061 1.10 2.26× 1012 1.00 1.00
70 1.25× 1077 1.20 9.65× 1028 1.00 1.00
80 2.18× 1093 1.00 4.72× 1049 1.00 1.00
90 6.26× 10109 1.10 1.92× 1034 1.00 1.00
100 1.29× 10127 1.20 1.42× 1058 1.00 1.00
110 2.33× 10144 1.10 1.79× 1080 1.10 1.00
120 1.31× 10162 1.20 2.03× 1098 1.10 1.00

B

n ∅ Ψ Φ Ψ,Φ Φ,Ψ

50 6.00× 1076 1.20 3.22× 1014 1.00 1.00
60 2.82× 1097 1.40 1.21× 1024 1.00 1.10
70 5.75× 10118 1.40 1.11× 1027 1.10 1.00
80 5.86× 10140 1.20 2.46× 1033 1.00 1.00
90 2.12× 10163 1.30 9.04× 1046 1.00 1.00
100 2.63× 10186 1.20 1.30× 1044 1.00 1.00
110 6.92× 10209 1.30 3.91× 1057 1.10 1.00
120 6.23× 10233 1.10 3.05× 1087 1.00 1.00

10 20 30 40 50 60 70

90

80

70

60

50

40

30

Figure 7.5: Set of Pareto optimal points for a bi-criteria optimization of paths relative
to Ψ and Φ, n = 120, α = 0.8
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Table 7.2: Average value of Ψ after optimization relative to Ψ and Φ,Ψ, and average
value of Φ after optimization relative to Φ and Ψ,Φ among 10 trials for graphs with
n nodes and dαn2e edges, where α = 0.2 for A and α = 0.8 for B

A

n Ψ Φ,Ψ Φ Ψ,Φ

50 47.40 227.30 −82.20 −33.70
60 39.20 256.80 −89.70 −15.40
70 30.30 302.00 −83.90 −20.50
80 32.30 311.40 −88.00 −20.50
90 29.60 388.80 −89.60 −24.40
100 26.10 400.60 −89.90 −30.60
110 32.60 361.10 −89.50 −31.50
120 25.90 337.70 −91.70 −22.40

B

n Ψ Φ,Ψ Φ Ψ,Φ

50 11.40 243.60 −96.10 −34.30
60 9.50 289.70 −97.30 −29.10
70 10.30 262.10 −96.80 −23.60
80 8.80 274.30 −97.60 −32.40
90 8.20 301.10 −97.40 −20.10
100 7.20 341.80 −98.40 −44.60
110 8.80 239.20 −97.80 −16.00
120 6.80 187.40 −98.10 −33.40

Table 7.3: Number of Pareto optimal points (in format minaveragemax among 10
trials) for bi-criteria optimization problem relative to Ψ,Φ. Graphs with n nodes and
dαn2e, α = 0.2, 0.4, 0.6, 0.8, edges

α
n 0.2 0.4 0.6 0.8

50 25.6011 79.4013 59.6019 510.0018

60 48.6012 47.8014 710.3013 58.2011

70 48.8012 710.7016 49.2014 79.4014

80 47.4011 69.7014 39.6015 510.8018

90 49.1013 711.6017 912.8019 49.4014

100 69.5016 210.0016 910.8013 811.5019

110 37.8014 812.2016 713.6022 912.3016

120 710.4018 812.7020 1115.5020 711.7014
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Table 7.4: Number of cases with totally optimal paths relative to Ψ and Φ among 10
trials. Graphs with n nodes and dαn2e, α = 0.2, 0.4, 0.6, 0.8, edges

α
n 0.2 0.4 0.6 0.8

50 0 0 0 0
60 0 0 0 0
70 0 0 0 0
80 0 0 0 0
90 0 0 0 0
100 0 0 0 0
110 0 0 0 0
120 0 0 0 0
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Chapter 8

Binary Search Trees

Knuth in [13] studied the problem of average depth minimization for binary search

trees with two kinds of keys related to successful and unsuccessful search with their

probabilities. In [21], this problem was generalized by associating a weight to each

successful key, which can correspond to a comparison cost of key and searching value

or to cost of memory access, e.g., some keys are stored in secondary memory with a

higher cost of access [75]. In the same paper [21], multi-stage optimization of binary

search trees related to the weighted depth and average weighted depth was considered.

In this chapter, we study multi-stage and bi-criteria optimization of binary search

trees using the optimization framework based on the consideration of a conventional

circuit without repetitions. We construct such a circuit, define two cost functions

for it, evaluate the number of operations and the time required by the algorithms,

consider an example, and discuss the results of computational experiments. This

chapter is partially based on [3].

8.1 Definition of Circuit and Cost Functions

First, we discuss the notion of a binary search tree described in [13] (see also [18],

Sect. 15.5).

Let us consider a sequence of n ≥ 1 distinct keys k1, k2, . . . , kn assuming k1 < k2 <

· · · < kn. We also have n+1 dummy keys d0, d1, . . . , dn such that, for i = 1, 2, . . . , n−1,

the dummy key di corresponds to all values between ki and ki+1 with d0 representing
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all values less than k1 and dn representing all values greater than kn.

For any i, j, 0 ≤ i ≤ j ≤ n, define the set T (i, j) of all binary search trees with

keys ki+1, . . . , kj and dummy keys di, . . . , dj. For i = j, the set T (i, i) contains exactly

one binary search tree tree(di) depicted in Fig. 8.1. Let i < j and i < r ≤ j. We

denote

T (i, r, j) = {TREE(kr, t1, t2) : t1 ∈ T (i, r − 1), t2 ∈ T (r, j)} ,

where the tree TREE(kr, t1, t2) is depicted in Fig. 8.2. Then

T (i, j) =

j⋃
r=i+1

T (i, r, j) .

The set T (0, n) is equal to the set of all binary search trees with keys k1, . . . , kn and

dummy keys d0, . . . , dn.

𝑑𝑖

Figure 8.1: Binary search tree tree(di)
𝑡1 𝑡2

𝑘𝑟

Figure 8.2: Binary search tree
TREE(kr, t1, t2)

The number n is the dimension of the problems under consideration related to

the optimization of binary search trees. To define a weighted depth for the binary

search trees, we must specify n positive integer weights of keys. To define an average

weighted depth for the binary search trees, we need to specify additionally 2n + 1

probabilities of keys and dummy keys, which are not integers in general. To describe

an instance of the problem, we need one or two cost functions. Note that n is at most

the number of numeric parameters of the problem.

If we consider the optimization of binary search trees relative to the weighted
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depth only, then the binary representations of n weights form the representation of

the problem instance (we will omit the word instance). It is clear that n is at most

the length of the problem representation.

Denote U =
⋃

0≤i≤j≤n T (i, j). We now define a circuit S without repetitions over

the set U , which describes the set T (0, n).

For each i, r, j, 0 ≤ i < r ≤ j ≤ n, we define a merging function µi,r,j from the

set T (i, r − 1)× T (r, j) to the set T (i, j). Let t1 ∈ T (i, r − 1) and t2 ∈ T (r, j). Then

µi,r,j(t1, t2) = TREE(kr, t1, t2).

For i = 0, . . . , n, the circuit S contains the input node v(i, i), which is labeled with

the set {tree(di)}. For any i, j, 0 ≤ i < j ≤ n, the circuit S contains the unifying

node v(i, j) labeled with the symbol ∪. For any i, r, j, 0 ≤ i < r ≤ j ≤ n, the circuit

S contains the functional node v(i, r, j) labeled with the merging function µi,r,j. The

unifying node v(0, n) is considered as the output of S and is labeled with ∗.

Each unifying node v(i, j), 0 ≤ i < j ≤ n, has j − i entering edges leaving

functional nodes v(i, r, j), where i < r ≤ j. Each functional node v(i, r, j), 0 ≤ i <

r ≤ j ≤ n, has two entering edges labeled with the numbers 1 and 2 (we omit these

numbers in the example), which leave the nodes v(i, r − 1) and v(r, j), respectively.

One can show that S(v(i, r, j)) = T (i, r, j) for any i, r, j, 0 ≤ i < r ≤ j ≤ n, and

S(v(i, j)) = T (i, j) for any i, j, 0 ≤ i < j ≤ n.

The described circuit will be considered as the preliminary version of the circuit S.

The final version of S is obtained from the preliminary version of S by the removal of

all nodes such that there is no directed path from the considered node to the output.

We also remove all edges that are incident to the removed nodes. Later, S without

mentioning the version denotes the final version of the circuit S.

The preliminary version of the circuit S contains n+1 input nodes, at most (n+1)3

functional nodes with two entering edges each, and at most (n + 1)2 unifying nodes

with at most n entering edges each, i.e., this circuit contains at most n + 1 + (n +
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1)2 + (n+ 1)3 nodes and at most 3(n+ 1)3 edges.

We now prove that S is a circuit without repetitions. It is clear that the considered

merging functions µi,r,j are injective. Let v1 and v2 be different nodes from Vi(S) ∪

Vf (S). We now show that S(v1) ∩ S(v2) = ∅. If v1 and v2 are input nodes, then,

evidently, S(v1) ∩ S(v2) = ∅. Let v1 be an input node and v2 be a functional node.

Then S(v1) contains the only tree with a single node of the depth zero, but S(v2)

does not contain any tree of the depth zero. Let v1 and v2 be functional nodes,

v1 = v(i1, r1, j1) and v2 = v(i2, r2, j2). If (i1, j1) = (i2, j2) and r1 6= r2, the sets S(v1)

and S(v2) cannot have a common tree, since S(v1) = T (i1, r1, j1), S(v2) = T (i1, r2, j1),

and T (i1, r1, j1)∩T (i1, r2, j1) = ∅—trees from these sets have different keys attached to

the roots. Let (i1, j1) 6= (i2, j2). One can show that S(v1) ⊆ T (i1, j1), S(v2) ⊆ T (i2, j2)

and, evidently, T (i1, j1)∩T (i2, j2) = ∅—trees from these sets use different sets of keys.

Let keys k1, k2, . . . , kn have probabilities p1, p2, . . . , pn, and dummy keys d0, d1,

. . . , dn have probabilities q0, q1, . . . , qn. The sum of probabilities is equal to one, i.e.,

Σn
i=1pi + Σn

i=0qi = 1. We associate a positive integer weight wi to each of the keys ki,

where i = 1, . . . , n.

We now define two cost functions Ψ and Φ for the circuit S. Denote

B = {x+ y, x− y, x · y,max(x, y)} .

The cost function Ψ (the weighted depth of a binary search tree) is given by the

functions ψ and ψv for each v ∈ Vf (S). We have ψ(tree(di)) = 0 for i = 0, . . . , n,

and ψv(i,r,j)(x, y) = wr + max{x, y} for any functional node v(i, r, j) from Vf (S). To

compute ψv(i,r,j), we need two operations from B.

For any i, j, 0 ≤ i < j ≤ n, let π(i, j) =
∑j

l=i+1 pl +
∑j

l=i ql. To calculate π(i, j),

we use prefix sum sequences P1 = P1(0), P1(1), . . . , P1(n), where P1(0) = 0 and, for

any a, 1 ≤ a ≤ n, P1(a) = P1(a − 1) + pa, and P2 = P2(−1), P2(0), . . . , P2(n),
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where P2(−1) = 0 and, for any b, 0 ≤ b ≤ n, P2(b) = P2(b − 1) + qb. To compute

the sequences P1 and P2, we need at most 2(n + 1) operations of addition. To

derive π(i, j) from P1 and P2, we need three operations of addition and subtraction

π(i, j) = (P1(j)− P1(i)) + (P2(j)− P2(i− 1)).

The cost function Φ (the average weighted depth of a binary search tree) is given by

the functions ϕ and ϕv for each v ∈ Vf (S). We have ϕ(tree(di)) = 0 for i = 0, . . . , n,

and ϕv(i,r,j)(x, y) = wrπ(i, j) + x+ y for any functional node v(i, r, j) from Vf (S). To

compute ϕv(i,r,j) knowing P1 and P2, we need six operations from B.

It is clear that Ψ is an increasing nonnegative integer cost function for S and Φ

is a strictly increasing cost function for S.

The considered cost functions are adapted (see Sect. 2.4). They are described by

formulas over the set of elementary operations B.

8.2 Time Complexity of Algorithms

The algorithms A1, A2, and A4 work with the scheme of the circuit S (see Sect.

2.4). The preliminary version of the circuit S is completely described. Therefore, the

time complexity of the scheme of the preliminary version of S construction is linear

depending on the number of its nodes and edges, i.e., O(n3). Using breadth-first

search from the output node in the scheme of the preliminary version of S with the

reverse direction of the edges, we can find in the scheme of the preliminary version

of S all nodes such that there is no directed path from the considered node to the

output and construct the scheme of S in O(n3) time. In total, we need O(n3) time

to construct the scheme of S.

Note that the algorithms A1 and A2 can also work with the schemes of edge-

preserving subcircuits of S obtained as a result of the algorithmA1 work—see Remark

1.

Denote B+ = B ∪ {x : y}, where x : y is the operation of comparison with values
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x < y, x = y, and x > y.

Let ν = max {wi : 1 ≤ i ≤ n} . One can show that NΨ(S) ≤ νn. It is clear that

log2 ν is at most the length of the problem representation if the problem uses the cost

function Ψ.

We can use the algorithm A1 for multi-stage optimization of binary search trees.

Using Theorem 1, we evaluate the number of operations that the algorithm A1 makes

when works with the scheme of an edge-preserving subcircuit T of the circuit S and

a cost function from the set {Ψ,Φ}.

The scheme of T contains at most n + 1 input nodes. We do not need any

operations to process these nodes.

The scheme of T contains at most (n + 1)2 unifying nodes. Each unifying node

has at most n entering edges. Then the algorithm A1 makes at most 2(n + 1)3

comparisons.

The scheme of T contains at most (n+ 1)3 functional nodes. For each functional

node v, the algorithm makes at most six operations from the set B+ to compute ψv

or ϕv. The number of operations to process all functional nodes is at most 6(n+ 1)3.

The total number of operations from the set B+ required by A1 is at most 8(n+ 1)3.

Note that if we consider the cost function Φ, we also need to compute at the beginning

the prefix sum sequences P1 and P2, which requires at most 2(n + 1) operations of

addition. The whole number of operations from the set B+ is polynomial depending

on the problem dimension n.

In the software model of computation, for the considered scheme of the circuit and

cost functions, the algorithm A1 has polynomial time complexity O(n3) depending

on the problem dimension n.

Let us consider the work of the algorithm A1 with the cost function Ψ. Using

Remark 2 we obtain that, for the algorithm A1, the number νn is an upper bound

on the absolute values of the numbers at the inputs of the operations ψv related to
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the functional nodes v ∈ Vf (S) and at the inputs of comparisons related to the uni-

fying nodes v ∈ Vu(S). It is easy to check that, for the algorithm A1, the number

νn is an upper bound on the absolute values of the numbers at the inputs of opera-

tions from B in formulas for the functions ψv. The algorithm A1 uses only additions

and comparisons. Therefore, in the integer model of computation, for the considered

scheme of the circuit and the cost function Ψ, the algorithm A1 has the time com-

plexity O(n3 log(νn)), which is polynomial depending on the length of the problem

representation (n and log2 ν are at most the length of the problem representation).

To count all possible binary search trees described by the circuit T , we apply

the algorithm A2. We use Theorem 2 to evaluate the number of operations required

by A2. The scheme of T contains at most (n + 1)2 unifying nodes with at most n

entering edges each. Therefore, we need at most (n+1)3 additions to treat all unifying

nodes. For each of at most (n + 1)3 functional nodes with two entering edges each,

we need one operation of multiplication. To treat all input nodes, we do not need

any operations. The total number of operations from the set B+ is at most 2(n+ 1)3,

i.e., it is polynomial depending on the dimension n.

In the software model of computation, for the considered scheme of the circuit,

the algorithm A2 has polynomial time complexity O(n3) depending on the problem

dimension n.

We now evaluate the number |S(v(0, n))|, which is equal to the number of binary

search trees with n keys. One can show that this value is equal to the nth Catalan

number Cn (see, for example, [69]), where Cn =
(

2n
n

)
/(n + 1) ≤ 22n (see [70]). It is

clear that the circuit S is reachable. Using Remark 4, we obtain that in the integer

model of computation, for the considered scheme of the circuit, the algorithm A2 has

the time complexity O(n4 · log n · log log n), which is polynomial depending on the

length of the problem representation.

We can use the algorithm A4 to find the set of Pareto optimal points for the
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problem of bi-criteria optimization of binary search trees relative to Ψ and Φ.

By Proposition 5, MΨ,Φ(S) ≤ νn+ 1, where

MΨ,Φ(S) = max{|Par(tΨ,Φ(S, v))| : v ∈ V (S)} .

Denote M = MΨ,Φ(S).

To evaluate the number of operations of the algorithm A4, we use Theorem 3. To

treat the input nodes of the scheme of S, we do not need any operations.

The scheme of the circuit S contains at most (n + 1)3 functional nodes. Each

such node v has two entering edges. It requires at most eight operations to compute

the functions ψv and ϕv. Also, we need to compute the prefix sum sequences P1 and

P2, which requires at most 2(n+ 1) operations of addition. Therefore, the algorithm

needs at most 8(n+1)3M2 +2(n+1) ≤ 10(n+1)3M2 operations from B and at most

8(n+ 1)3M2 log2M comparisons to process all functional nodes. In total, we need at

most 10(n+ 1)3M2 + 8(n+ 1)3M2 log2M ≤ 18(n+ 1)3M2 log2(2nM) operations from

the set B+.

For each of at most (n + 1)2 unifying nodes with at most n entering edges, we

make at most 4nM log2(nM) comparisons. Then, to process all unifying nodes, we

need at most 4(n+ 1)3M log2(nM) ≤ 4(n+ 1)3M2 log2(2nM) comparisons.

Hence, the algorithm A4 makes at most 22(n+ 1)3M2 log2(2nM) operations from

the set B+.

Since M ≤ νn+ 1, the algorithm A4 makes at most 44(n+ 1)5ν2 log2(2(n+ 1)ν)

operations from the set B+, i.e., pseudo-polynomial number of operations (polynomial

depending on the dimension n and the numeric parameter ν).

In the software model of computation, for the considered scheme of the circuit

and pair of cost functions, the algorithm A4 has the time complexity

O(n5ν2 log(nν)) ,
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which is pseudo-polynomial (polynomial depending on the dimension n and the nu-

meric parameter ν).

We have only one integer cost function Ψ. Therefore, we cannot consider the

integer model of computation in the case of the algorithm A4.

8.3 Example

Let us consider an example of three keys k1, k2, k3 with associated weights w1 =

1, w2 = 2, w3 = 5 and four dummy keys d0, d1, d2, d3. The keys and dummy keys have

the probabilities p1 = 0.2, p2 = 0.2, p3 = 0.2 and q0 = 0.1, q1 = 0.1, q2 = 0.1, q3 = 0.1.

The set of all binary search trees for the considered example is described by the circuit

SBST depicted in Fig. 8.3.

First, we apply to the circuit SBST the optimization procedure (algorithm A1)

relative to the average weighted depth Φ. As a result, we construct the circuit SΦ
BST ,

which can be obtained from SBST by the removal of edges labeled with 1. The

binary search trees depicted in Fig. 8.4 correspond to the output node v(0, 3) of the

circuit SΦ
BST . These are the only two optimal binary search trees relative to Φ for the

considered example.

Next, we apply to the circuit SΦ
BST the procedure of optimization relative to the

weighted depth Ψ. As a result, we construct the circuit SΦ,Ψ
BST , which can be obtained

from SBST by the removal of edges labeled with 1 and 2. The circuit SΦ,Ψ
BST describes

the only one binary search tree (the right one in Fig. 8.4), which is optimal relative

to Ψ among all trees optimal relative to Φ.

We also apply the bi-criteria optimization procedure (algorithm A4) relative to Ψ

and Φ. As a result, we obtain the set of Pareto optimal points for each node of the

circuit SBST—see Fig. 8.5.
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Figure 8.3: Circuit SBST
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𝑑1

𝑘1
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𝑘3
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Figure 8.4: Binary search trees corresponding to node v(0, 3) of the circuit SΦ
BST

8.4 Experiments

We experimentally tested different optimization scenarios on binary search trees.

Each experiment was repeated 100 times.

The number of keys n was fixed for a random trial. The probabilities p1, p2, . . . , pn

and q0, q1, . . . , qn were obtained by generating 2n + 1 uniformly distributed integers

from 0 to 100. Then each of the random numbers was divided by the sum of all 2n+1

integers. Also, each key had randomly assigned a weight from 1 to some value.

Table 8.1 shows, for n = 10, 20, . . . , 100, the number of binary search trees de-
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Figure 8.5: Circuit SBST and corresponding sets of Pareto optimal points

scribed by the circuit before optimization, after optimization relative to Ψ, relative

to Φ, relative to Ψ,Φ, and relative to Φ,Ψ. In the subtable A, we consider weights

from 1 to 2, and in the subtable B, we consider weights from 1 to 100. Increasing the

maximum value of key weights from 2 to 100 resulted in a decrease in the number

of optimal binary search trees relative to Ψ. The number of optimal binary search

trees relative to Φ was one for each of the considered trials. It is expectable since the

values of Φ are floating-point numbers.

Table 8.2 shows the average value of the function Ψ after optimization relative to

Ψ, and relative to Φ,Ψ, and the average value of the function Φ after optimization

relative to Φ, and relative to Ψ,Φ. The two-stage optimization resulted in the increase

of average values in comparison with the one-stage optimization.

We also consider a bi-criteria optimization of binary search trees. Table 8.3 shows

the minimum, maximum, and the average number of Pareto optimal points for the

bi-criteria optimization problem relative to Φ and Ψ for n = 10, 20, . . . , 100 keys and

maximum weights 10, 30, . . . , 110.

With the increase in the number of keys and maximum weight, the average number

of Pareto optimal points increased in most of the cases. An example of the set of
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Table 8.1: Average number of binary search trees described by the circuit before
optimization ∅, after optimization relative to Ψ, relative to Φ, relative to Ψ, Φ, and
relative to Φ, Ψ among 100 trials with weights from 1 to 2 (A) and from 1 to 100 (B)

A

n ∅ Ψ Φ Ψ,Φ Φ,Ψ

10 1.68× 1004 26.08 1 1 1
20 6.56× 1009 1.35× 1003 1 1 1
30 3.81× 1015 7.26× 1004 1 1 1
40 2.62× 1021 4.96× 1006 1 1 1
50 1.98× 1027 3.62× 1008 1 1 1
60 1.58× 1033 3.69× 1010 1 1 1
70 1.32× 1039 2.30× 1012 1 1 1
80 1.14× 1045 6.85× 1013 1 1 1
90 1.00× 1051 5.90× 1015 1 1 1
100 8.97× 1056 2.96× 1017 1 1 1

B

n ∅ Ψ Φ Ψ,Φ Φ,Ψ

10 1.68× 1004 4.59 1 1 1
20 6.56× 1009 22.72 1 1 1
30 3.81× 1015 77.14 1 1 1
40 2.62× 1021 2.67× 1002 1 1 1
50 1.98× 1027 1.35× 1003 1 1 1
60 1.58× 1033 3.29× 1003 1 1 1
70 1.32× 1039 4.09× 1004 1 1 1
80 1.14× 1045 2.08× 1005 1 1 1
90 1.00× 1051 5.76× 1005 1 1 1
100 8.97× 1056 1.88× 1006 1 1 1
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Table 8.2: Average value of Ψ after optimization relative to Ψ and Φ,Ψ, and average
value of Φ after optimization relative to Φ and Ψ,Φ among 100 trials with weights
from 1 to 100

n Ψ Φ,Ψ Φ Ψ,Φ

10 2.02× 1002 2.36× 1002 1.14× 1002 1.35× 1002

20 2.36× 1002 2.86× 1002 1.28× 1002 1.58× 1002

30 2.51× 1002 3.10× 1002 1.35× 1002 1.66× 1002

40 2.61× 1002 3.30× 1002 1.40× 1002 1.73× 1002

50 2.69× 1002 3.38× 1002 1.43× 1002 1.75× 1002

60 2.74× 1002 3.48× 1002 1.44× 1002 1.80× 1002

70 2.78× 1002 3.56× 1002 1.46× 1002 1.82× 1002

80 2.81× 1002 3.58× 1002 1.48× 1002 1.85× 1002

90 2.82× 1002 3.62× 1002 1.48× 1002 1.87× 1002

100 2.85× 1002 3.66× 1002 1.48× 1002 1.88× 1002

Pareto optimal points for an optimization problem with 100 keys and weights from 1

to 100 is depicted in Fig. 8.6.

350 360 370 380 390 400

184

186

188

190

192

Figure 8.6: Set of Pareto optimal points for a bi-criteria optimization of binary search
trees with 100 keys and weights from 1 to 100

The number of totally optimal binary search trees relative to Φ and Ψ was zero

for most of the evaluated problems. Only for the problems with ten keys, there were

totally optimal binary search trees in each tested weighting scenario (see Table 8.4).
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Table 8.3: Number of Pareto optimal points (in format minaveragemax among 100
trials) for bi-criteria optimization problem relative to Φ and Ψ

maximum weight
n 10 30 50 70 90 110

10 12.716 13.2111 13.269 13.149 13.337 13.8415

20 14.2813 14.7811 25.5911 15.6214 25.8716 15.9220

30 15.049 26.5015 17.4319 16.8613 18.0627 17.7522

40 25.7111 37.9317 28.6624 19.0320 29.0122 310.7626

50 35.9414 28.9416 310.2619 210.1927 312.0428 210.6524

60 36.3711 29.7716 311.5025 412.1426 311.4123 412.9427

70 26.9113 410.1024 612.7428 513.6825 413.1728 414.6328

80 37.1112 411.6420 413.5528 613.9035 515.0138 515.2633

90 37.2912 511.9525 513.2924 415.2732 715.8834 416.2035

100 37.7516 512.3422 414.3129 414.9826 416.1027 417.6040

Table 8.4: Number of cases with totally optimal binary search trees relative to Φ and
Ψ among 100 trials

maximum weights
n 10 30 50 70 90 110

10 12 13 11 14 9 8
20 1 1 0 2 0 2
30 1 0 1 1 1 1
40 0 0 0 1 0 0
50 0 0 0 0 0 0
60 0 0 0 0 0 0
70 0 0 0 0 0 0
80 0 0 0 0 0 0
90 0 0 0 0 0 0
100 0 0 0 0 0 0
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Chapter 9

Convex Polygon Triangulation

A convex polygon triangulation is a decomposition of the polygon into a set of trian-

gles with pairwise non-intersecting interiors whose union is this polygon. We consider

only triangles in which vertices are vertices of the polygon.

A dynamic programming algorithm for the optimization of a convex polygon tri-

angulation was introduced independently by Gilbert in 1979 [14] and by Klincsek in

1980 [15]. Both authors considered the minimization of the sum of the lengths of

edges. Also, other well-known objectives were studied such as the min-max length

triangulation, which minimizes the length of the longest edge of triangles [76], and

the max-min area triangulation, which maximizes the minimum area of a triangle in

the triangulation [77].

In this chapter, we construct a conventional circuit without repetitions that rep-

resents all triangulations of a given polygon, describe three cost functions for this

circuit, evaluate the number of operations and the time required by the algorithms,

consider an example of a polygon, and discuss the results of experiments with the al-

gorithms A1, A2, and A4 for randomly generated polygons. This chapter is partially

based on [61].

9.1 Definition of Circuit and Cost Functions

Let P (1, n) be a convex polygon with the set of n+1 vertices V = {v0, v1, . . . , vn}, and

va, vb, vc be pairwise different vertices from V . We denote by4vavbvc the triangle with
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vertices va, vb, vc and edges (va, vb), (vb, vc), (vc, va). A triangulation of the polygon

P (1, n) is a set of triangles 4vavbvc, va, vb, vc ∈ V , with pairwise non-intersecting

interiors whose union is P (1, n).

The number n is the dimension of the problems under consideration related to the

optimization of convex polygon triangulations. To describe an instance of a problem,

we need to specify coordinates of n+ 1 vertices of a convex polygon, i.e., 2(n+ 1) real

numbers. Note that n is at most the number of numeric parameters of the problem.

Let us assume that the coordinates of all vertices are integers. The binary repre-

sentations of these 2(n+ 1) integers form the representation of the problem instance

(we will omit the word instance). It is clear that n is at most the length of the

problem representation.

For any nonempty sets of triangulations C and D, we denote C⊗D = {c∪d : c ∈

C, d ∈ D}. For any i, j, 1 ≤ i ≤ j ≤ n, we describe the set T (i, j) of all triangulations

of the polygon P (i, j), which is the convex hull of vertices vi−1, vi, . . . , vj. If i = j,

then P (i, i) is a 2-vertex polygon, which by definition, has only one triangulation ∅,

which is the empty set, i.e., T (i, i) = {∅}. Let i < j. Then T (i, j) =
⋃j−1
k=i T (i, k, j),

where

T (i, k, j) = (T (i, k)⊗ T (k + 1, j)) ∪ {4vi−1vkvj} .

Let U =
⋃

1≤i≤j≤n T (i, j). We define a circuit S without repetitions over the set

U , which describes the set T (1, n) of all triangulations of the polygon P (1, n).

For, i, k, j, 1 ≤ i ≤ k < j ≤ n, we define a concatenation function µi,k,j from the

set T (i, k)×T (k+1, j) to the set T (i, k, j) such that µi,k,j(t1, t2) = t1∪t2∪{4vi−1vkvj},

where t1 ∈ T (i, k) and t2 ∈ T (k + 1, j).

The circuit S contains one input node v(0, 0) labeled with {∅}. For each i, j,

1 ≤ i ≤ j ≤ n, the circuit S contains a unifying node v(i, j) labeled with the symbol

∪. For each i, k, j, 1 ≤ i ≤ k < j ≤ n, the circuit S contains a functional node

v(i, k, j) labeled with the function µi,k,j.
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For i = 1, . . . , n, the unifying node v(i, i) has one entering edge leaving the input

node v(0, 0). If i < j, the unifying node v(i, j) has j − i entering edges leaving the

nodes v(i, k, j), i ≤ k ≤ j − 1. The functional node v(i, k, j) has two entering edges

labeled with the numbers 1 and 2 (in the example, we omit these numbers), which

leave the nodes v(i, k) and v(k + 1, j). The node v(1, n) is the output of S labeled

with ∗. One can show that S(v(i, k, j)) = T (i, k, j) for any i, k, j,1 ≤ i ≤ k < j ≤ n,

and S(v(i, j)) = T (i, j) for any i, j, 1 ≤ i ≤ j ≤ n.

The described circuit will be considered as the preliminary version of the circuit S.

The final version of S is obtained from the preliminary version of S by the removal of

all nodes such that there is no directed path from the considered node to the output.

We also remove all edges that are incident to the removed nodes. Later, S without

mentioning the version denotes the final version of the circuit S.

There is one input node, at most n2 unifying nodes with at most n entering edges

each, and at most n3 functional nodes with two entering edges each in the preliminary

version of the circuit S. This circuit contains at most 1 + n2 + n3 nodes and at most

3n3 edges.

Let us show that S is a circuit without repetitions. It is clear that the functions

µi,k,j are injective. Let v1 and v2 be different nodes from Vi(S) ∪ Vf (S). We now

show that S(v1) ∩ S(v2) = ∅. Let v1 be the input node and v2 be a functional node.

Then S(v1) contains the only empty set, but S(v2) does not contain any empty set,

hence S(v1) ∩ S(v2) = ∅. Let v1 and v2 be functional nodes, v1 = v(i1, k1, j1) and

v2 = v(i2, k2, j2). If (i1, j1) = (i2, j2) and k1 6= k2, then 4vi1−1vk1vj1 ∈ t1 for each

t1 ∈ S(v1), but 4vi1−1vk1vj1 /∈ t2 for any t2 ∈ S(v2). It is clear that S(v1)∩S(v2) = ∅.

If (i1, j1) 6= (i2, j2), then S(v1) and S(v2) are sets of triangulations of two different

polygons. Evidently, S(v1) ∩ S(v2) = ∅.

We now define the notion of a cost function Ψ(t), t = 1, 2, 3, for the circuit S given
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by a function ψ(t) and function ψ
(t)
v for each v ∈ Vf (S). Denote

B = {x+ y, x− y, x · y, x/y,
√
x,max(x, y), |x|} .

Each vertex vi ∈ V is a point (ai, bi) in the two-dimensional Euclidean space.

The cost function Ψ(1) (length of the longest edge in a triangulation) is defined by

functions ψ(1)(∅) = 0 and

ψ
(1)
v(i,k,j)(x1, x2) = max{x1, x2, l(vi−1, vk), l(vk, vj), l(vj, vi−1)} ,

v(i, k, j) ∈ Vf (S), where l(vp, vq) is the length of the edge between nodes vp, vq. To

calculate l(vp, vq), we need six operations from B using the formula

√
(ap − aq)2 + (bp − bq)2 .

To compute the function ψ
(1)
v(i,k,j), we need 22 operations from B. The cost function

Ψ(1) is increasing.

The cost function Ψ(2) (sum of the lengths of edges of all triangles in a triangula-

tion) is defined by functions ψ(2)(∅) = 0 and ψ
(2)
v(i,k,j)(x1, x2) = x1 + x2 + l(vi−1, vk) +

l(vk, vj) + l(vj, vi−1), v(i, k, j) ∈ Vf (S). To compute the function ψ
(2)
v(i,k,j), we need 22

operations from B. The cost function Ψ(2) is strictly increasing.

Let A4vi−1vkvj be the area of the triangle 4vi−1vkvj. The cost function Ψ(3)

(negation of the minimum area of a triangle in a triangulation) is defined by functions

ψ(3)(∅) = −∞ and ψ
(3)
v(i,k,j)(x1, x2) = max{x1, x2,−A4vi−1vkvj}, v(i, k, j) ∈ Vf (S). To

calculate the area of a triangle, we use the formula

A4vi−1vkvj =
1

2
|ai−1(bk − bj) + ak(bj − bi−1) + aj(bi−1 − bk)| .
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To compute the function ψ
(3)
v(i,k,j), we need 13 operations from B. The cost function

Ψ(3) is increasing. We have no tools for the maximization of cost functions. So instead

of the maximization of the minimum area of a triangle in a triangulation, we minimize

the negation of the minimum area of a triangle in a triangulation.

All these cost functions are adapted (see Sect. 2.4). They are described by

formulas over the set of elementary operations B.

9.2 Time Complexity of Algorithms

The algorithms A1, A2, and A4 work with the scheme of the circuit S (see Sect.

2.4). The preliminary version of the circuit S is completely described. Therefore, the

time complexity of the scheme of the preliminary version of S construction is linear

depending on the number of its nodes and edges, i.e., O(n3). Using breadth-first

search from the output node in the scheme of the preliminary version of S with the

reverse direction of the edges, we can find in the scheme of the preliminary version

of S all nodes such that there is no directed path from the considered node to the

output and construct the scheme of S in O(n3) time. In total, we need O(n3) time

to construct the scheme of S.

Note that the algorithms A1 and A2 can also work with the schemes of edge-

preserving subcircuits of S obtained as a result of the algorithmA1 work—see Remark

1.

Denote B+ = B ∪ {x : y}, where x : y is the operation of comparison with values

x < y, x = y, and x > y.

Note that Ψ(1), Ψ(2), and Ψ(3) are not integer cost functions. So we will not

consider the integer model of computation for the algorithms A1 and A4.

We can use the algorithm A1 for multi-stage optimization of convex polygon trian-

gulations. Using Theorem 1, we evaluate the number of operations that the algorithm

A1 makes when works with the scheme of an edge-preserving subcircuit T of the cir-
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cuit S and a cost function Ψ(t) for S, where t ∈ {1, 2, 3}.

The scheme of T contains one input node. We do not need any operations to

process this node. The scheme of T contains at most n2 unifying nodes. Every

unifying node has at most n entering edges. The algorithm A1 makes at most 2n− 1

comparisons per node and at most (2n − 1)n2 ≤ 2n3 comparisons for all unifying

nodes.

The scheme of T contains at most n3 functional nodes. For each functional node

v, it is enough to make at most 22 operations from B to compute ψ
(t)
v . The number

of operations to treat all functional nodes is at most 22n3. The total number of

operations from the set B+ required by A1 is at most 24n3, i.e., it is polynomial

depending on the problem dimension n.

In the software model of computation, for the considered scheme of the circuit and

cost function, the algorithm A1 has polynomial time complexity O(n3) depending on

the problem dimension n.

To count all possible triangulations described by the circuit T , we apply the

algorithm A2. We use Theorem 2 to evaluate the number of operations required

by A2. The scheme of T contains at most n2 unifying nodes with at most n entering

edges each. Therefore, we need at most (n− 1)n2 ≤ n3 additions to treat all unifying

nodes. To process one functional node, it is enough to make one multiplication since

each functional node has two entering edges. To treat all functional nodes, we need

at most n3 multiplications. The input node does not require any operations. The

total number of operations from the set B+ required by A2 is at most 2n3, i.e., it is

polynomial depending on the problem dimension n.

In the software model of computation, for the considered scheme of the circuit,

the algorithm A2 has polynomial time complexity O(n3) depending on the problem

dimension n.

We now evaluate the number |S(v(1, n))|, which is equal to the number of all



153

triangulations of the polygon P (1, n). This value is equal to the (n − 1)th Catalan

number Cn−1 (see [69]), where Cn =
(

2n
n

)
/(n + 1) ≤ 22n (see [70]). It is clear that

the circuit S is reachable. Using Remark 4, we obtain that in the integer model of

computation, for the considered scheme of the circuit, the algorithm A2 has time

complexity O(n4 · log n · log log n), which is polynomial depending on the length of

the problem representation when the coordinates of all vertices are integers.

We can use the algorithm A4 to find the set of Pareto optimal points for the

problem of bi-criteria optimization of triangulations relative to cost functions Ψ(i)

and Ψ(j), i ∈ {1, 3}, j ∈ {1, 2, 3}, and i 6= j. Denote M = MΨ(i),Ψ(j)(S), where

MΨ(i),Ψ(j)(S) = max{|Par(tΨ(i),Ψ(j)(S, v))| : v ∈ V (S)}.

To evaluate the number of operations of the algorithm A4, we use Theorem 3. To

treat the input node of the scheme of S, we do not need any operations.

The scheme of the circuit S contains at most n3 functional nodes. Each such node

v has two entering edges. It requires at most 44 operations from B to compute the

functions ψ
(i)
v and ψ

(j)
v . Therefore, the algorithm needs at most 44n3M2 operations

from B and at most 8n3M2 log2M comparisons to process all functional nodes. In

total, we need at most 44n3M2 + 8n3M2 log2M ≤ 52n3M2 log2(nM) operations from

the set B+.

For each of at most n2 unifying nodes with at most n entering edges, we make at

most 4nM log2(nM) comparisons. Then, to process all unifying nodes, we need at

most 4n3M log2(nM) ≤ 4n3M2 log2(nM) comparisons.

Hence, the algorithm A4 makes at most 56n3M2 log2(nM) operations from the

set B+.

Let Ψ(i) = Ψ(1). Then |{Ψ(1)(δ) : δ ∈ U(S)}| ≤ (n + 1)2 since the number of

different edges in the triangulations of the polygon P (1, n) is at most (n + 1)2. By

Proposition 6, MΨ(i),Ψ(j)(S) ≤ (n+ 1)2. Since M ≤ (n+ 1)2, the algorithm A4 makes

at most 56n3(n + 1)4 log2(n(n + 1)2) ≤ 168(n + 1)7 log2(n + 1) operations from B+,
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i.e., polynomial number of operations depending on the dimension n.

Let Ψ(i) = Ψ(3). Then |{Ψ(3)(δ) : δ ∈ U(S)}| ≤ (n + 1)3 since the number of

different triangles in the triangulations of the polygon P (1, n) is at most (n+ 1)3. By

Proposition 6, MΨ(i),Ψ(j)(S) ≤ (n+ 1)3. Since M ≤ (n+ 1)3, the algorithm A4 makes

at most 56n3(n + 1)6 log2(n(n + 1)3) ≤ 224(n + 1)9 log2(n + 1) operations from B+,

i.e., polynomial number of operations depending on the dimension n.

In the software model of computation, for the considered scheme of the circuit

and pair of cost functions, the algorithm A4 has the time complexity O(n7 log n) if

Ψ(i) = Ψ(1) and O(n9 log n) if Ψ(i) = Ψ(3), which is polynomial depending on the

dimension n.

9.3 Example

We consider a polygon P (1, 4) with five vertices v0 = (0, 0), v1 = (1, 0), v2 = (2, 1), v3 =

(1, 2), and v4 = (0, 2)—see Fig. 9.1.

𝑣0 = (0,0) 𝑣1 = (1,0)

𝑣2 = (2,1)

𝑣3 = (1,2)𝑣4 = (0,2)

Figure 9.1: Polygon P (1, 4) with five vertices

The circuit SPT describes the set T (1, 4) of all triangulations of the polygon P (1, 4)

(see Fig. 9.2).

We apply to the circuit SPT the procedure of optimization relative to Ψ(1). As a

result, we obtain the circuit SΨ(1)

PT = SPT . Both circuits describe all five triangulations

of the polygon P (1, 4)—see Fig. 9.3.

Next, we apply to the circuit SΨ(1)

PT the procedure of optimization relative to Ψ(2).

As a result, we have the circuit SΨ(1),Ψ(2)

PT , which can be obtained from the circuit
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𝑣(1,1) 𝑣(2,2) 𝑣(3,3) 𝑣(4,4)

𝑣(1,2) 𝑣(2,3)

𝑣(2,4)𝑣(1,3)

𝑣(1,4)

𝑣(3,4)

𝑣(1,2,4)𝑣(1,1,4) 𝑣(1,3,4)

𝑣(2,2,4) 𝑣(2,3,4)

𝑣(1,1,2) 𝑣(3,3,4)

𝑣(1,1,3) 𝑣(1,2,3)

𝑣(2,2,3)

*

1

11

𝑣(0,0)

Figure 9.2: Circuit SPT for the polygon P (1, 4)

Figure 9.3: All triangulations of the polygon P (1, 4)

SPT (see Fig. 9.2) by the removal of edges labeled with the number 1. The circuit

SΨ(1),Ψ(2)

PT represents exactly two triangulations depicted in Fig. 9.4.

Figure 9.4: Triangulations represented by the circuit SΨ(1),Ψ(2)

PT

We also apply the procedure of bi-criteria optimization relative to Ψ(1) and Ψ(2)
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to the circuit SPT . For each node of SPT , we constructed the set of Pareto optimal

points (see Fig. 9.5).

*{(2.24,
15.30)}

{(2.24,
15.30)}

{(2.24,
10.06)}

{(2.24,
10.06)}

{(2.24,
10.54)}

{(2.24,
4.65)}

{(2.00,
4.83)}

{(0,0)} {(0,0)} {(0,0)} {(0,0)}

{(0,0)}

{(2.24,
15.30)}

{(2.24,
15.30)}

{(2.24,
10.06)}

{(2.24,
10.06)}

{(2.24,
10.54)}

{(2.24,
4.65)}

{(2.24,
4.65)}

{(2.24,
4.65)}

{(2.00,
4.83)}

Figure 9.5: Sets of Pareto optimal points for all nodes of the circuit SPT

9.4 Experiments

We experimentally tested various optimization scenarios for convex polygon triangu-

lations. Each experiment was repeated 10 or 100 times.

We randomly generated n+1 pairwise different points in the circle of radius 1 with

the center in the origin and considered these points as vertices of a convex polygon.

Table 9.1 shows for n = 10, 20, . . . , 100, the average number of triangulations de-

scribed by the circuit before optimization, after optimization relative to Ψ(1), relative

to Ψ(2), relative to Ψ(3), relative to Ψ(1), Ψ(3), and relative to Ψ(3), Ψ(1). The number

of optimal triangulations relative to Ψ(2) was one for all tested scenarios.

Table 9.2 shows the average value of Ψ(2) after optimization relative to Ψ(2) and

Ψ(3),Ψ(2), and average value of Ψ(3) after optimization relative to Ψ(3) and Ψ(2),Ψ(3).
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Table 9.1: Average number of polygon triangulations described by the circuit before
optimization ∅, after optimization relative to Ψ(1), relative to Ψ(2), relative to Ψ(3),
relative to Ψ(1), Ψ(3), and relative to Ψ(3), Ψ(1) among 100 trials

n ∅ Ψ(1) Ψ(2) Ψ(3) Ψ(1),Ψ(3) Ψ(3),Ψ(1)

10 4.86× 1003 2.19× 1003 1 24.43 12.54 22.11
20 1.77× 1009 2.64× 1008 1 7.37× 1004 7.66× 1003 1.77× 1004

30 1.00× 1015 7.08× 1013 1 1.07× 1008 4.87× 1006 5.28× 1007

40 6.80× 1020 2.88× 1019 1 6.68× 1011 5.27× 1010 1.61× 1011

50 5.10× 1026 7.89× 1024 1 2.05× 1015 7.01× 1015 5.97× 1014

60 4.06× 1032 3.09× 1030 1 1.61× 1020 1.11× 1021 6.40× 1019

70 3.37× 1038 1.20× 1036 1 5.40× 1024 8.30× 1025 1.89× 1024

80 2.89× 1044 4.66× 1041 1 6.89× 1028 3.45× 1030 1.71× 1028

90 2.54× 1050 1.56× 1047 1 1.99× 1033 1.25× 1035 2.56× 1032

100 2.28× 1056 4.18× 1052 1 3.23× 1037 1.01× 1039 5.44× 1036

We see a significant difference in the results of optimization relative to Ψ(3) and

Ψ(2),Ψ(3).

Table 9.2: Average value of Ψ(2) after optimization relative to Ψ(2) and Ψ(3),Ψ(2),
and average value of Ψ(3) after optimization relative to Ψ(3) and Ψ(2),Ψ(3) among 100
trials

n Ψ(2) Ψ(3),Ψ(2) Ψ(3) Ψ(2),Ψ(3)

10 2.40× 1002 3.93× 1002 −19.90 −0.13
20 4.52× 1002 7.91× 1002 −14.02 −0.03
30 6.82× 1002 1.14× 1003 −11.96 −5.39× 10−03

40 9.20× 1002 1.48× 1003 −6.83 −1.73× 10−03

50 1.14× 1003 1.81× 1003 −5.71 −1.44× 10−03

60 1.36× 1003 2.16× 1003 −4.68 −6.45× 10−04

70 1.60× 1003 2.48× 1003 −4.68 −3.62× 10−04

80 1.82× 1003 2.79× 1003 −3.92 −2.84× 10−04

90 2.05× 1003 3.11× 1003 −3.53 −2.46× 10−04

100 2.28× 1003 3.45× 1003 −3.57 −2.19× 10−04

We also consider bi-criteria optimization of convex polygon triangulations. Ta-

ble 9.3 shows the minimum, maximum, and the average number of Pareto optimal

points for bi-criteria optimization problem relative to Ψ(2),Ψ(3) and Ψ(1),Ψ(2) for

n = 10, 15, . . . , 70. In all cases, the number of Pareto optimal points was at least

five for bi-criteria optimization relative to Ψ(2) and Ψ(3). For bi-criteria optimization
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relative to Ψ(1) and Ψ(2), the number of Pareto optimal points was one for most of the

cases. There were no totally optimal triangulations relative to Ψ(2) and Ψ(3), while

for most of the cases there were totally optimal triangulations relative to Ψ(1) and

Ψ(2) (Table 9.4). The sets of Pareto optimal points for optimization problems with

n = 70 relative to Ψ(2) and Ψ(3) and relative to Ψ(1) and Ψ(2) are depicted in Fig. 9.6

and in Fig. 9.7.

Table 9.3: Number of Pareto opti-
mal points (in format minaveragemax
among 10 trials) for bi-criteria opti-
mization problem relative to Ψ(2),Ψ(3)

and Ψ(1),Ψ(2)

n Ψ(2),Ψ(3) Ψ(1),Ψ(2)

10 511.9019 11.001

15 1334.0053 11.001

20 729.3049 11.102

25 2148.8071 11.303

30 4576.20117 11.001

35 2557.5080 11.001

40 3688.80140 11.001

45 3074.80136 11.001

50 3688.10146 11.001

55 32129.50183 11.001

60 2280.20142 11.001

65 20132.00200 11.001

70 97147.80203 11.001

Table 9.4: Number of cases with to-
tally optimal triangulations relative to
Ψ(2),Ψ(3) and Ψ(1),Ψ(2) among 10 tri-
als

n Ψ(2),Ψ(3) Ψ(1),Ψ(2)

10 0 10
15 0 10
20 0 9
25 0 8
30 0 10
35 0 10
40 0 10
45 0 10
50 0 10
55 0 10
60 0 10
65 0 10
70 0 10
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Figure 9.6: Set of Pareto optimal
points for a bi-criteria optimization of
convex polygon triangulations (n =
70) relative to Ψ(2) and Ψ(3)
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Figure 9.7: Set of Pareto optimal
points for a bi-criteria optimization of
convex polygon triangulations (n =
70) relative to Ψ(1) and Ψ(2)
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Chapter 10

Line Breaking

Line breaking, word wrap, or text justification problem often relates to the task of

text justification into a page with a given width. Despite a type of text alignment

(left, right, justified), the text needs to be broken into lines such that any line does not

exceed a page width. We refer to this problem as the partitioning of a word sequence

into lines with length limit, where word splitting using hyphens is not permitted.

This is similar to the process of text left-aligning with ragged right margins. The

partitioning of the word sequence into lines is an optimization problem, where one of

the objectives is to minimize the sum of badnesses of all lines. The line badness is

either square or cube of the length of the remaining empty space at the end of the line.

The partitions might also be optimized relative to the number of lines in a partition

or to the total penalty for words that should not end the line. The similar version

of the line breaking problem with a dynamic programming algorithm for badness

minimization was considered in [78]. The extended version of this problem including

the dynamic programming algorithm for optimal line breaking in TEX was introduced

by Knuth and Plass [16].

In this chapter, we construct a conventional circuit without repetitions that rep-

resents all partitions for a given word sequence, describe four cost functions for this

circuit, evaluate the number of operations and the time required by the algorithms,

consider an example of a word sequence, and discuss the results of experiments with

the algorithms A1, A2, and A4 for randomly generated word sequences. This chapter

is partially based on [61].
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10.1 Definition of Circuit and Cost Functions

Let us have some alphabet A and nonempty words w1, w2, . . . , wn over A, n ≥ 1. We

consider partitions of this sequence of words into nonempty, non-overlapping, and

contiguous lines: (w1, . . . , wk) · · · (wm, . . . , wm+t) · · · (wp, . . . , wn). We denote by |wi|

the length of the word wi, i = 1, . . . , n, and assume that these lengths are given. The

length l(wm, . . . , wm+t) of the line (wm, . . . , wm+t) is equal to |wm|+ · · ·+ |wm+t|+ t,

where t stands for the number of gaps between words. Let L be a natural number.

We assume that |wi| ≤ L for i = 1, . . . , n and the length of each line in a partition is

at most L.

The number n is the dimension of the problems under consideration related to the

optimization of partitions. To describe an instance of a problem, we need to specify

the lengths of n words, the maximum possible length of lines L and, probably, 0 or 1

penalty for each word for the case, when this word is at the end of a line, i.e., n + 1

natural numbers and, probably, n numbers from the set {0, 1}. Note that n is at

most the number of numeric parameters of the problem.

The binary representations of n lengths of words and the threshold L and, prob-

ably, n penalties form the representation of the problem instance (we will omit the

word instance). It is clear that n and log2 L are at most the length of the problem

representation.

We denote by α⊗ β the concatenation αβ of the sequences of lines α and β. Let

λ be the empty line. We have λ⊗α = α for any sequence α. For a set C of sequences

of lines, we denote C ⊗ α = {β ⊗ α : β ∈ C}.

For i = 1, . . . , n, we denote by T (i) the set of all partitions of the sequence of

words w1, . . . , wi. Set T (0) = {λ}. One can show that, for i = 1, . . . , n,

T (i) =
⋃

j=0,...,i−1
l(wj+1,...,wi)≤L

T (j)⊗ (wj+1, . . . , wi) .
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Set U =
⋃

0≤i≤n T (i). We now describe a circuit S without repetitions over the

set U . We define a concatenation function µj,i, 0 ≤ j < i ≤ n, from T (j) to T (i) as

follows: µj,i(x) = x⊗ (wj+1, . . . , wi) for any x ∈ T (j).

The circuit S contains one input node v(0) labeled with {λ}. For any i, 1 ≤ i ≤ n,

the circuit S contains a unifying node v(i) labeled with ∪. For any i, j, 0 ≤ j < i ≤ n,

such that l(wj+1, . . . , wi) ≤ L the circuit S contains a functional node vj(i) labeled

with the function µj,i.

The unifying node v(i), i = 1, . . . , n, has at most i entering edges, which leave

the functional nodes vj(i) such that 0 ≤ j ≤ i − 1 and l(wj+1, . . . , wi) ≤ L. Each

functional node vj(i) has one entering edge, which leaves v(j). We will not label this

edge with the number 1.

One can show that S(v(i)) = T (i) for i = 1, . . . , n and

S(vj(i)) = T (j)⊗ (wj+1, . . . , wi)

for any functional node vj(i) of S. The node v(n) is the output of S labeled with ∗.

The described circuit will be considered as the preliminary version of the circuit S.

The final version of S is obtained from the preliminary version of S by the removal of

all nodes such that there is no directed path from the considered node to the output.

We also remove all edges that are incident to the removed nodes. Later, S without

mentioning the version denotes the final version of the circuit S.

The preliminary version of the circuit S contains one input node, n unifying nodes

with at most n entering edges each, and at most n2 functional nodes with one entering

edge each. Hence, it has at most n2 + n+ 1 nodes and at most 2n2 edges.

We now prove that S is a circuit without repetitions. It is clear that the concate-

nation functions µj,i are injective. Let v1 and v2 be different nodes from Vi(S)∪Vf (S).

We now show that S(v1)∩S(v2) = ∅. Let v1 be the input node and v2 be a functional
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node. It is clear that sets S(v1) and S(v2) do not contain common elements since

S(v1) contains the only empty line but S(v2) does not contain any empty line. Let v1

and v2 be functional nodes and v1 = vj1(i1), v2 = vj2(i2). If i1 6= i2, then S(vj1(i1))

contains only partitions of the sequence of words w1, . . . , wi1 and S(vj2(i2)) contains

only partitions of the sequence of words w1, . . . , wi2 . Therefore, S(v1)∩S(v2) = ∅. Let

i1 = i2 and j1 6= j2. Then the last line (wj1+1, . . . , wi1) in partitions from S(vj1(i1))

has a different number of words in comparison to the last line (wj2+1, . . . , wi2) in

partitions from S(vj2(i2)). Thus, S(v1) ∩ S(v2) = ∅.

We now define a cost function Ψ(t), t = 1, 2, 3, 4, for the circuit S given by a

function ψ(t) and function ψ
(t)
v for each v ∈ Vf (S). Denote

B = {x+ y, x− y, x · y} .

Each line has the length limit L. One notion of optimality of the partition is

the minimum badness. For a line (wm, . . . , wm+t), the badness is defined as (L −

l(wm, . . . , wm+t))
p, where p ∈ {2, 3}. The badness of a partition is the sum of bad-

nesses of all lines from this partition. The cost function Ψ(1) is defined by the functions

ψ(1)(λ) = 0 and ψ
(1)
vj(i)(x) = x + (L − l(wj+1, . . . , wi))

2, vj(i) ∈ Vf (S). Similarly, Ψ(2)

is defined by the functions ψ(2)(λ) = 0 and ψ
(2)
vj(i)(x) = x + (L − l(wj+1, . . . , wi))

3,

vj(i) ∈ Vf (S). To compute ψ
(t)
vj(i), t ∈ {1, 2}, knowing l(wj+1, . . . , wi), we need at

most four elementary operations from the set B.

To calculate, for any i, j, 0 ≤ j < i ≤ n, the value l(wj+1, . . . , wi) = |wj+1| +

· · ·+ |wi|+ i− j − 1, we use a prefix sum sequence P = P (0), P (1), . . . , P (n), where

P (0) = 0 and, for any a, 1 ≤ a ≤ n, P (a) = P (a−1)+ |wa|. To compute the sequence

P , we need at most n elementary operations from the set B. To derive l(wj+1, . . . , wi)

from P , we need four elementary operations from the set B: l(wj+1, . . . , wi) = P (i)−

P (j) + i− j − 1.
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Another objective of optimal partition is to minimize the number of lines that the

sequence of words is broken into. The cost function Ψ(3) is defined by the functions

ψ(3)(λ) = 0 and ψ
(3)
vj(i)(x) = x + 1, vj(i) ∈ Vf (S). To compute ψ

(3)
vj(i) we need one

elementary operation from the set B.

Some parts of speech should not end the line. Typography depends on the lan-

guage, but for instance, in English, it might not be recommended to end line with

the article (a, an, the). We assign to each wi, i = 1, 2, . . . , n, the line breaking

penalty pi ∈ {0, 1}. The cost function Ψ(4) is defined by the functions ψ(4)(λ) = 0

and ψ
(4)
vj(i)(x) = x + pi, vj(i) ∈ Vf (S). To compute ψ

(4)
vj(i) we need one elementary

operation from the set B.

It is clear that Ψ(t), t = 1, 2, 3, 4, is a strictly increasing nonnegative integer cost

function for S. The considered cost functions are adapted (see Sect. 2.4). They are

described by formulas over the set of elementary operations B.

10.2 Time Complexity of Algorithms

The algorithms A1, A2, and A4 work with the scheme of the circuit S (see Sect. 2.4).

To describe the scheme of the preliminary version of the circuit S completely, we need

to check for any i, j, 0 ≤ j < i ≤ n, if l(wj+1, . . . , wi) ≤ L.

First, we compute the prefix sum sequence P using at most n operations of ad-

dition. Then, for each i, j, 0 ≤ j < i ≤ n, we compute the value l(wj+1, . . . , wi)

and check if l(wj+1, . . . , wi) ≤ L. To do this, we need at most 4n2 operations of

addition and subtraction, and at most n2 comparisons. As a result, we obtain values

l(wj+1, . . . , wi), 0 ≤ j < i ≤ n, and completely describe the scheme of the preliminary

version of the circuit S. In total, we need at most n + 5n2 operations of addition,

subtraction, and comparison. The maximum absolute value of the integers at the

inputs of these operations is at most q = max(|w1|+ · · ·+ |wn|+n, L). The time com-

plexity of the considered operations is O(n2) in the software model of computation
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and O(n2 log q) in the integer model of computation.

Now the scheme of the preliminary version of the circuit S is completely described.

The time complexity of this scheme construction is linear depending on the number

of its nodes and edges, i.e., O(n2). Using breadth-first search from the output node

in the scheme of the preliminary version of S with the reverse direction of the edges,

we can find in the scheme of the preliminary version of S all nodes such that there is

no directed path from the considered node to the output and construct the scheme

of S in O(n2) time.

Note that the algorithms A1 and A2 can also work with the schemes of edge-

preserving subcircuits of S obtained as a result of the algorithmA1 work—see Remark

1.

Denote B+ = B ∪ {x : y}, where x : y is the operation of comparison with values

x < y, x = y, and x > y.

Denote ρ1 = L2, ρ2 = L3, ρ3 = 1, and ρ4 = Σn
i=1pi/n. One can show that,

for t = 1, 2, 3, 4, NΨ(t)(S) ≤ ρtn, where NΨ(t)(S) = max{|Ψ(t)(δ)| : δ ∈ U(S)} and

U(S) =
⋃
v∈V (S) S(v). Note that NΨ(t)(S) ≤ L3n for any t ∈ {1, 2, 3, 4}.

We can use the algorithm A1 for multi-stage optimization of partitions. Using

Theorem 1, we evaluate the number of operations from B+ made by the algorithm

A1 working with the scheme of an edge-preserving subcircuit T of the circuit S and

a cost function Ψ(t) for S, where t ∈ {1, 2, 3, 4}.

The scheme of T contains one input node. We do not need any operations to

process this node.

The scheme of T contains at most n unifying nodes. Each unifying node has at

most n entering edges. To treat all unifying nodes, the algorithm A1 makes at most

(2n− 1)n ≤ 2n2 comparisons.

The scheme of T contains at most n2 functional nodes. For each functional node

v, the algorithm makes at most four operations from B+ to compute ψ
(t)
v . For all
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functional nodes, the number of required operations is at most 4n2. The total number

of operations from B+ made by A1 is at most 6n2, i.e., it is polynomial depending on

the dimension n.

In the software model of computation, for the considered scheme of the circuit and

cost function, the algorithm A1 has polynomial time complexity O(n2) depending on

the problem dimension n.

Using Remark 2 we obtain that, for the algorithm A1, the number L3n is an

upper bound on the absolute values of the numbers at the inputs of the operations

ψ
(t)
v related to the functional nodes v ∈ Vf (S) and at the inputs of comparisons related

to the unifying nodes v ∈ Vu(S). It is easy to check that, for the algorithm A1, the

number L3n is an upper bound on the absolute values of the numbers at the inputs

of operations from B in formulas for the functions ψ
(t)
v (note that we do not need

to recalculate already known values l(wj+1, . . . , wi), and all these values used by the

algorithm A1 are at most L). Therefore, in the integer model of computation, for

the considered scheme of the circuit and the cost function Ψ(t), the algorithm A1 has

the time complexity O(n2 log(Ln) log log(Ln) log log log(Ln)), which is polynomial

depending on the length of the problem representation (n and log2 L are at most the

length of the problem representation).

To count all possible partitions described by T , we apply the algorithm A2. We

use Theorem 2 to evaluate the number of operations from B+ made by A2. The

scheme of T contains at most n unifying nodes, each with at most n entering edges.

Therefore, we need at most n2 additions to treat all unifying nodes. For each of at

most n2 functional nodes and the input node, we do not need any operations. The

total number of operations from B+ (additions) is at most n2, i.e., it is polynomial

depending on the dimension n.

In the software model of computation, for the considered scheme of the circuit,

the algorithm A2 has polynomial time complexity O(n2) depending on the problem
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dimension n.

We now evaluate the number |S(v(n))|, which is equal to the number of partitions

of the sequence of words w1, . . . , wn. One can show that this value is at most 2n−1:

there is a natural one-to-one mapping of partitions (without restrictions on the length

of each line in a partition) to tuples from {0, 1}n in which the first digit is equal to 1.

For example, the tuple (1, 1, 0, 0, 1) corresponds to the partition (w1, w2)(w3, w4)(w5).

It is clear that the circuit S is reachable. Using Remark 4, we obtain that in the

integer model of computation, for the considered scheme of the circuit, the algorithm

A2 has the time complexity O(n3), which is polynomial depending on the length of

the problem representation.

Let us consider two distinct cost functions Θ(1), Θ(2) ∈ {Ψ(t) : t = 1, 2, 3, 4}. We

can use the algorithm A4 to find the set of Pareto optimal points for the problem of

bi-criteria optimization of partitions relative to Θ(1) and Θ(2).

We denote M = MΘ(1),Θ(2)(S), where

MΘ(1),Θ(2)(S) = max{|Par(tΘ(1),Θ(2)(S, v))| : v ∈ V (S)} .

To evaluate the number of operations from B+ made by the algorithm A4, we

use Theorem 3. To treat the input node of the scheme of S, we do not need any

operations.

The scheme of S contains at most n2 functional nodes. Each node has one entering

edge. To process one functional node, the algorithm A4 makes at most 8M operations

from B and at most 4M log2M comparisons. Therefore, the algorithm needs at most

12n2M log2(2M) operations from B+ to process all functional nodes.

For each of at most n unifying nodes with at most n entering edges, the algorithm

A4 makes at most 4nM log2(nM) comparisons. Then, to process all unifying nodes,

it needs at most 4n2M log2(nM) comparisons.
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Hence, the algorithm A4 makes at most 16n2M log2(2nM) operations from B+.

Let Θ(1) = Ψ(k) and Θ(2) = Ψ(l) for k, l ∈ {1, 2, 3, 4}, k 6= l. By Proposition 5,

M ≤ ρkn+ 1. Then, the algorithm A4 makes at most

16n2(ρkn+ 1) log2(2n(ρkn+ 1))

operations from B+.

We know that max(NΨ(k)(S), NΨ(l)(S)) ≤ L3n. Using Remark 9 we obtain that,

for the algorithm A4, the number L3n is an upper bound on the absolute values of

the numbers at the inputs of the operations ψ
(k)
v , ψ

(l)
v related to the functional nodes

and at the inputs of comparisons related to the functional and unifying nodes of S.

It is easy to check that, for the algorithm A4, the number L3n is an upper bound on

the absolute values of the numbers at the inputs of operations from B in formulas for

the functions ψ
(k)
v and ψ

(l)
v (note that we do not need to recalculate already known

values l(wj+1, . . . , wi), and all these values used by the algorithm A4 are at most L).

Let k = 1. Then, the algorithm A4 makes at most 16n2(L2n + 1) log2(2n(L2n +

1)) operations from B+, i.e., pseudo-polynomial number of operations (polynomial

depending on the dimension n and the numeric parameter L). In the software model

of computation, for the considered scheme of the circuit and pair of cost functions, the

algorithm A4 has the time complexity O(n3L2 log(nL)), which is pseudo-polynomial

(polynomial depending on the dimension n and the numeric parameter L). In the

integer model of computation, for the considered circuit and pair of cost functions,

the algorithm A4 has the time complexity

O(n3L2 log(nL)2 log log(nL) log log log(nL)) ,

which is pseudo-polynomial (polynomial depending on the length of the problem

representation and the numeric parameter L).
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Let k = 2. Then, the algorithm A4 makes at most 16n2(L3n + 1) log2(2n(L3n +

1)) operations from B+, i.e., pseudo-polynomial number of operations (polynomial

depending on the dimension n and the numeric parameter L). In the software model

of computation, for the considered scheme of the circuit and pair of cost functions, the

algorithm A4 has the time complexity O(n3L3 log(nL)), which is pseudo-polynomial

(polynomial depending on the dimension n and the numeric parameter L). In the

integer model of computation, for the considered circuit and pair of cost functions,

the algorithm A4 has the time complexity

O(n3L3 log(nL)2 log log(nL) log log log(nL)) ,

which is pseudo-polynomial (polynomial depending on the length of the problem

representation and the numeric parameter L).

Let k ∈ {3, 4}. Then, the algorithm A4 makes at most 16n2(n+1) log2(2n(n+1))

operations from B+, i.e., polynomial number of operations depending on the dimen-

sion n. In the software model of computation, for the considered scheme of the circuit

and pair of cost functions, the algorithm A4 has the time complexity O(n3 log n),

which is polynomial depending on the dimension n. In the integer model of com-

putation, for the considered circuit and pair of cost functions, the algorithm A4 has

the time complexity O(n3 log(nL)2 log log(nL) log log log(nL)), which is polynomial

depending on the length of the problem representation.

10.3 Example

Let us consider the sequence of words w1, w2, w3, w4, w5 from [78], where w1 = w2 =

w3 = w4 = blah and w5 = reallylongword. We assume that L = 16, p1 = 0, p2 =

0, p3 = 1, p4 = 0, and p5 = 0.

We construct the circuit SLB, which describes all partitions of this sequence—see
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Fig. 10.1. Apply to the circuit SLB the procedure of optimization relative to Ψ(1).

As a result, we have the circuit SΨ(1)

LB , which can be obtained from the circuit SLB

by the removal of edges labeled with the number 1. The circuit SΨ(1)

LB describes the

only partition (w1, w2)(w3, w4)(w5)—see Fig. 10.2. We apply to the circuit SΨ(1)

LB

the procedure of optimization relative to Ψ(4). As a result, we obtain the circuit

SΨ(1),Ψ(4)

LB = SΨ(1)

LB .

𝑣(0)

𝑣0(2)

𝑣0(1) 𝑣(1) 𝑣(2) 𝑣(3) 𝑣(4) 𝑣(5)𝑣1(2) 𝑣2(3) 𝑣3(4) 𝑣4(5)

𝑣2(4)

𝑣1(3)
𝑣0(3)

𝑣1(4)

1

11
1

1

*

Figure 10.1: Circuit SLB for the sequence w1, . . . , w5

blah blah
blah blah
reallylongword

Figure 10.2: Graphical representation of the partition (w1, w2)(w3, w4)(w5)

We also apply the procedure of bi-criteria optimization relative to Ψ(1) and Ψ(4)

to the circuit SLB. The set of Pareto optimal points for each node of SLB is depicted

in Fig. 10.3.

{ 0,0 } { 144,0 }

{ 49,0 }

{ 288,0 } { 49,0 } { 193,1 }

{ 193,1 }

{ 4,1 }

{ 4,1 } { 148,1 }

{ 98,0 }

{ 148,0 }

{ 98,0 } { 102,0 } { 102,0 }{ 144,0 }
*

Figure 10.3: Sets of Pareto optimal points for all nodes of the circuit SLB
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Table 10.1: Average number of partitions described by the circuit before optimization
∅, after optimization relative to Ψ(1), relative to Ψ(2), relative to Ψ(3), and relative to
Ψ(4) with L = 30 among 20 trials

n ∅ Ψ(1) Ψ(2) Ψ(3) Ψ(4)

200 2.52× 1058 10.10 8.40 1.03× 1008 6.88× 1044

250 2.11× 1073 9.40 9.10 1.21× 1009 8.28× 1055

300 1.37× 1088 9.35 7.55 1.12× 1011 2.01× 1067

350 6.61× 10102 10.40 10.60 1.42× 1015 7.96× 1078

400 3.89× 10117 30.65 32.80 1.59× 1015 1.49× 1090

450 1.01× 10132 27.15 23.00 6.13× 1017 5.44× 10101

500 4.43× 10146 38.90 35.25 7.33× 1018 6.53× 10112

10.4 Experiments

We experimentally tested various optimization scenarios of partitioning a sequence of

words into lines. Each experiment was repeated 20 times.

We randomly generated n lengths of words |w1|, . . . , |wn| from the range [2, 8]

with uniform distribution. We generated penalties p1, . . . , pn ∈ {0, 1} such that the

probability of pi = 1 is equal to 0.2. A line has the length limit L = 20, 30, 40, 50.

Table 10.1 shows for n = 200, 250, . . . , 500 and L = 30, the average number of

partitions described by the circuit before optimization, after optimization relative to

Ψ(1), relative to Ψ(2), relative to Ψ(3), and relative to Ψ(4). The experiments resulted in

a few numbers of optimal partitions relative to Ψ(1) and Ψ(2) (badness of the partition)

but in many optimal partitions relative to Ψ(3) and Ψ(4) (the number of lines and line

breaking penalty).

Table 10.2 shows for n = 200, 250, . . . , 500 and L = 30, the average number of

partitions described by the circuit after optimization relative to Ψ(1),Ψ(3), relative to

Ψ(3),Ψ(1), relative to Ψ(1),Ψ(4), relative to Ψ(4),Ψ(1), relative to Ψ(3),Ψ(4), and relative

to Ψ(4),Ψ(3). The average number of partitions relative to Ψ(1),Ψ(3) and relative to

Ψ(3),Ψ(1) was identical. Optimizing the circuit relative to Ψ(1) during the first or

second optimization stage resulted in at most 59.2 optimal partitions on average.
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Table 10.3 shows the average value of Ψ(1) after optimization relative to Ψ(1),

relative to Ψ(2),Ψ(1), relative to Ψ(3),Ψ(1), and relative to Ψ(4),Ψ(1), average value of

Ψ(3) after optimization relative to Ψ(3) and relative to Ψ(4),Ψ(3), and average value

of Ψ(4) after optimization relative to Ψ(4) and relative to Ψ(3),Ψ(4). The experiments

resulted in a significant increase in the value of Ψ(4) while comparing optimization

relative to Ψ(4) and relative to Ψ(3), Ψ(4). A similar situation is with the optimization

relative to Ψ(1) and relative to Ψ(4),Ψ(1).

We also consider bi-criteria optimization of partitions. Table 10.4 shows the min-

imum, maximum, and the average number of Pareto optimal points for bi-criteria

optimization problems relative to Ψ(1) and Ψ(4) for n = 200, 250, . . . , 500 and L =

20, 30, 40, 50. The minimum number of Pareto optimal points was two and the max-

imum number was 34 among all tested scenarios. None of the partitions were totally

optimal relative to Ψ(1) and Ψ(4)—see Table 10.6. The set of Pareto optimal points

for a bi-criteria optimization of partitions (n = 500, L = 30) relative to Ψ(1) and Ψ(4)

is depicted in Fig. 10.4.

Table 10.5 shows the minimum, maximum, and the average number of Pareto

optimal points for bi-criteria optimization problem relative to Ψ(1),Ψ(3) for n =

200, 250, . . . , 500 and L = 20, 30, 40, 50. The number of Pareto optimal points was

one in all tested scenarios. There was a totally optimal partition relative to Ψ(1),Ψ(3)

for each of the considered sequences of words—see Table 10.7. The set of Pareto

optimal points for a bi-criteria optimization of partitions (n = 500, L = 30) relative

to Ψ(1) and Ψ(3) is depicted in Fig. 10.5.
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Table 10.2: Average number of partitions described by the circuit after optimization
relative to Ψ(1),Ψ(3), relative to Ψ(3),Ψ(1), relative to Ψ(1),Ψ(4), relative to Ψ(4),Ψ(1),
relative to Ψ(3),Ψ(4), and relative to Ψ(4),Ψ(3) with L = 30 among 20 trials

n Ψ(1),Ψ(3) Ψ(3),Ψ(1) Ψ(1),Ψ(4) Ψ(4),Ψ(1) Ψ(3),Ψ(4) Ψ(4),Ψ(3)

200 18.00 18.00 4.10 3.50 9.84× 1004 4.10× 1010

250 13.50 13.50 6.20 3.20 4.57× 1005 4.49× 1011

300 13.30 13.30 5.60 7.40 5.99× 1005 5.85× 1012

350 13.40 13.40 7.10 8.10 9.65× 1007 6.55× 1016

400 53.60 53.60 9.10 5.50 3.04× 1006 7.26× 1018

450 37.80 37.80 7.90 9.00 1.33× 1009 4.69× 1020

500 59.20 59.20 16.10 37.10 3.11× 1010 2.17× 1023

Table 10.3: Average value of Ψ(1) after optimization relative to Ψ(1), relative to
Ψ(2),Ψ(1), relative to Ψ(3),Ψ(1), and relative to Ψ(4),Ψ(1), average value of Ψ(3) af-
ter optimization relative to Ψ(3) and relative to Ψ(4),Ψ(3), and average value of Ψ(4)

after optimization relative to Ψ(4) and relative to Ψ(3),Ψ(4) with L = 30 among 20
trials

n Ψ(1) Ψ(2),Ψ(1) Ψ(3),Ψ(1) Ψ(4),Ψ(1) Ψ(3) Ψ(4),Ψ(3) Ψ(4) Ψ(3),Ψ(4)

200 432.30 432.50 443.80 888.60 39.25 41.10 0.25 3.20
250 519.80 520.80 543.10 1.27× 1003 48.95 51.80 0.20 5.35
300 607.30 607.30 625.60 1.27× 1003 58.50 61.10 0.15 5.55
350 731.20 731.40 743.00 1.56× 1003 68.40 71.30 0.45 6.30
400 795.80 797.20 815.00 1.84× 1003 77.70 81.35 0.35 7.30
450 842.90 843.80 860.80 1.90× 1003 87.10 91.40 0.40 8.50
500 972.85 973.85 993.70 2.10× 1003 97.10 101.85 0.30 8.95

Table 10.4: Number of Pareto optimal points (in format minaveragemax among 20
trials) for bi-criteria optimization problem relative to Ψ(1),Ψ(4)

L
n 20 30 40 50

200 611.0016 57.6512 35.959 24.958

250 814.1521 610.1015 46.459 35.558

300 915.8021 711.5017 48.0513 26.159

350 1419.0027 813.0518 59.6015 57.6511

400 1621.0530 914.8021 911.3515 69.5516

450 1823.3532 1216.3520 812.4518 49.5013

500 2025.1034 1216.9022 1013.3020 69.9513
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Table 10.5: Number of Pareto optimal points (in format minaveragemax among 20
trials) for bi-criteria optimization problem relative to Ψ(1),Ψ(3)

L
n 20 30 40 50

200 11.001 11.001 11.001 11.001

250 11.001 11.001 11.001 11.001

300 11.001 11.001 11.001 11.001

350 11.001 11.001 11.001 11.001

400 11.001 11.001 11.001 11.001

450 11.001 11.001 11.001 11.001

500 11.001 11.001 11.001 11.001

Table 10.6: Number of cases with to-
tally optimal partitions relative to Ψ(1)

and Ψ(4) among 20 trials

L
n 20 30 40 50

200 0 0 0 0
250 0 0 0 0
300 0 0 0 0
350 0 0 0 0
400 0 0 0 0
450 0 0 0 0
500 0 0 0 0

Table 10.7: Number of cases with to-
tally optimal partitions relative to Ψ(1)

and Ψ(3) among 20 trials

L
n 20 30 40 50

200 20 20 20 20
250 20 20 20 20
300 20 20 20 20
350 20 20 20 20
400 20 20 20 20
450 20 20 20 20
500 20 20 20 20

1000 1200 1400 1600 1800 2000 2200
(1)

2.5

5.0

7.5

10.0

12.5

15.0

17.5

20.0

(4
)
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Chapter 11

One-Dimensional Clustering

The clustering is a task of grouping objects, which are similar with respect to some

metric. Clustering is a well-known problem in statistics, data mining, and machine

learning. There are multiple definitions and approaches to the clustering (see position

paper by Estivill-Castro [79]). Sometimes, clustering is a combinatorial optimization

problem of finding a partition of a set with the minimum cost.

We consider one-dimensional k-clustering of points from R and three cost func-

tions. The first one is the sum of squared Euclidean distances between points and

means of clusters to which the points belong. The second one is the sum of distances

between points and medians of corresponding clusters. The third cost function is the

maximum length of a cluster. The dynamic programming algorithms for the opti-

mization of k-clusterings for the first and the second cost functions were proposed in

[17] and [80], respectively.

In this chapter, we design a conventional circuit without repetitions for the prob-

lem of one-dimensional clustering, describe three cost functions for this circuit, eval-

uate the number of operations and the time required by the algorithms for the op-

timization and counting of clusterings, discuss an example, and show experimental

results. This chapter is partially based on [61].
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11.1 Definition of Circuit and Cost Functions

We consider a sequence a1 < a2 < · · · < an of n ≥ 1 nonnegative real numbers. For

natural k, 1 ≤ k ≤ n, k-clustering is a partition of this sequence into k nonempty,

non-overlapping, and contiguous clusters [a1, . . . , ap−1][ap, . . . , ap+t] · · · [aq, . . . , an].

The numbers n and k are the dimensions of the problems under consideration

related to the optimization of clusterings. To describe an instance of a problem, we

need to specify n numbers a1, . . . , an and the number k. Note that n and k are at

most the number of numeric parameters of the problem.

Let us assume that a1, . . . , an are integers. The binary representations of these

numbers and the number k form the representation of the problem instance (we will

omit the word instance). It is clear that n and k are at most the length of the problem

representation.

We denote by α ⊗ β the concatenation αβ of sequences of clusters α and β. For

a set A of sequences of clusters, we denote A⊗ β = {α⊗ β : α ∈ A}.

For 1 ≤ m ≤ k and m ≤ i ≤ n − k + m, we denote by T (i,m) the set of all

m-clusterings of the sequence a1, a2, . . . , ai. Then T (i, 1) = {[a1, . . . , ai]} for i =

1, 2, . . . , n− k + 1 . For 1 < m ≤ k and m ≤ i ≤ n− k +m, we have

T (i,m) =
⋃

m≤j≤i

T (j − 1,m− 1)⊗ [aj, . . . , ai] .

Set

U = T (n, k) ∪
⋃

1≤m<k
m≤i≤n−k+m

T (i,m) .

We define a circuit S without repetitions over the set U , which describes the set

T (n, k) of all k-clusterings of the sequence a1, . . . , an. Let µi,j,m, 1 < m ≤ k and

m ≤ j ≤ i ≤ n− k+m, be a concatenation function from T (j − 1,m− 1) to T (i,m)

such that µi,j,m(x) = x⊗ [aj, . . . , ai] for any x ∈ T (j − 1,m− 1).
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For i = 1, . . . , n− k + 1, the circuit S contains an input node v(i, 1) labeled with

the set {[a1, . . . , ai]}. For each m, i, 1 < m < k and m ≤ i ≤ n− k+m, the circuit S

contains a unifying node v(i,m) labeled with ∪. There is also a unifying node v(n, k)

labeled with ∪ and ∗, which is considered as the output of S. For each m, j, i such

that 1 < m < k, m ≤ i ≤ n − k + m, and m ≤ j ≤ i, the circuit S contains a

functional node v(i, j,m) labeled with the function µi,j,m. For each j, k ≤ j ≤ n, the

circuit S contains a functional node v(n, j, k) labeled with the function µk,j,n.

The unifying node v(p, q), v(p, q) ∈ Vu(S), has p− q+1 entering edges leaving the

functional nodes v(p, j, q), p ≤ j ≤ q. The functional node v(p, j, q), v(p, j, q) ∈ Vf (S),

has one entering edge leaving v(j − 1, q − 1). We will not label this edge with the

number 1.

One can show that S(v(i,m)) = T (i,m) for 1 ≤ m < k, m ≤ i ≤ n− k +m, and

S(v(i, j,m)) = T (j − 1,m − 1) ⊗ [aj, . . . , ai] for any functional node v(i, j,m) of S.

Also, S(v(n, k)) = T (n, k).

The described circuit will be considered as the preliminary version of the circuit S.

The final version of S is obtained from the preliminary version of S by the removal of

all nodes such that there is no directed path from the considered node to the output.

We also remove all edges that are incident to the removed nodes. Later, S without

mentioning the version denotes the final version of the circuit S.

The preliminary version of the circuit S contains at most n input nodes, at most

nk unifying nodes with at most n entering edges each, and at most n2k functional

nodes with one entering edge each. Hence, it contains at most n + nk + n2k nodes

and at most 2n2k edges.

Let us prove that S is a circuit without repetitions. It is clear that the concatena-

tion functions µi,j,m are injective. Let v1 and v2 be different nodes from Vi(S)∪Vf (S).

We now show that S(v1) ∩ S(v2) = ∅. Let v1 and v2 be any two different input

nodes from Vi(S). Then, for some i1 and i2, i1 6= i2, S(v1) = {[a1, . . . , ai1 ]} and
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S(v2) = {[a1, . . . , ai2 ]}. It is clear that S(v1) ∩ S(v2) = ∅. Let v1 be an input node

and v2 be a functional node. It is clear that sets S(v1) and S(v2) do not contain com-

mon elements since S(v1) contains only one clustering with one cluster (1-clustering)

but S(v2) does not contain any 1-clustering. Therefore, S(v1) ∩ S(v2) = ∅. Let v1

and v2 be functional nodes and v1 = v(i1, j1,m1), v2 = v(i2, j2,m2). If i1 6= i2,

then S(v(i1, j1,m1)) and S(v(i2, j2,m2)) describe clusterings of sequences with differ-

ent lengths. If m1 6= m2, then S(v(i1, j1,m1)) and S(v(i2, j2,m2)) describe clusterings

with a different number of clusters. If j1 6= j2, then S(v(i1, j1,m1)) and S(v(i2, j2,m2))

describe clusterings, where the last cluster in each clusterings starts with either aj1

or aj2 . Thus, S(v1) ∩ S(v2) = ∅.

We now define a cost function Ψ(t), t = 1, 2, 3, of the circuit S given by the

functions ψ(t) and ψ
(t)
v , v ∈ Vf (S). Denote

B = {x+ y, x− y, x · y, x/y,max(x, y), bxc, dxe, |x|} .

The k-means clustering is a clustering problem with the objective of minimizing

the sum of squared distances between points and means of corresponding clusters.

We define the mean ζj,i of a cluster [aj, . . . , ai] such that ζj,i = Σi
p=jap/(i − j + 1).

The cost function Ψ(1) is defined by the functions ψ(1) and ψ
(1)
v(i,j,m), v(i, j,m) ∈ Vf (S),

where ψ(1)([a1, . . . , ai]) =
∑i

p=1(ap−ζ1,i)
2 for i = 1, 2, . . . , n−k+1, and ψ

(1)
v(i,j,m)(x) =

x+
∑i

p=j(ap − ζj,i)2. Note that

i∑
p=j

(ap − ζj,i)2 =
i∑

p=j

(a2
p − 2apζj,i + ζ2

j,i)

= (i− j + 1)ζ2
j,i +

i∑
p=j

a2
p − 2ζj,i

i∑
p=j

ap .

The mean ζj,i and the sum
∑i

p=j(ap− ζj,i)2 can be calculated using the prefix sum
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sequence P1 = P1(0), P1(1), . . . , P1(n), where P1(0) = 0 and P1(b) = P1(b − 1) + ab

for b = 1, . . . , n, and the prefix sum sequence P2 = P2(0), P2(1), . . . , P2(n), where

P2(0) = 0 and P2(b) = P2(b − 1) + a2
b for b = 1, . . . , n. To compute the sequence

P1, we need n operations of addition, and to compute the sequence P2, we need

2n operations of addition and multiplication. To derive ζj,i from P1, we need four

operations from B: ζj,i = (P1(i)− P1(j − 1))/(i− j + 1). To derive
∑i

p=j(ap − ζj,i)2

from ζj,i, P1, and P2 we need 10 operations from B:
∑i

p=j(ap−ζj,i)2 = (i−j+1)ζ2
j,i+

(P2(i) − P2(j − 1)) − 2ζj,i(P1(i) − P1(j − 1)). Therefore, to compute the value of

ψ
(1)
v(i,j,m), knowing P1 and P2, we need 15 operations from the set B. We can show in

a similar way that, to compute the value of ψ(1), knowing P1 and P2, we need seven

operations from B. The cost function Ψ(1) is strictly increasing. This function is not

an integer cost function.

The k-medians clustering is a clustering problem with the objective to minimize

the sum of distances between points and medians of corresponding clusters. We define

the median ηj,i of a cluster [aj, . . . , ai] such that ηi,j = (abmj,ic + admj,ie)/2, where

mj,i = (i+ j)/2. The cost function Ψ(2) is defined by the functions ψ(2) and ψ
(2)
v(i,j,m),

v(i, j,m) ∈ Vf (S), where ψ(2)([a1, . . . , ai]) =
∑i

p=1 |ap− η1,i| for i = 1, 2, . . . , n− k+ 1

and ψ
(2)
v(i,j,m)(x) = x+

∑i
p=j |ap − ηj,i|. As in [80],

i∑
p=j

|ap − ηj,i| =
bmj,ic∑
p=j

(ηj,i − ap) +
i∑

p=1+bmj,ic

(ap − ηj,i)

=
i∑

p=1+bmj,ic

ap −
bmj,ic∑
p=j

ap + ηj,i(2bmj,ic − i− j + 1) .

To compute bmj,ic and ηj,i, we need six operations from B. To derive
∑i

p=j |ap −

ηj,i| from P1, bmj,ic, and ηj,i, we need nine operations from B:
∑i

p=j |ap − ηj,i| =

(P1(i)− P1(bmj,ic))− (P1(bmj,ic)− P1(j − 1)) + ηj,i(2bmj,ic − i− j + 1).
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To compute ψ
(2)
v(i,j,m) knowing prefix sum sequence P1, we need 16 operations from

B. We can show in a similar way that, to compute the value of ψ(2), knowing P1,

we need 12 operations from B. The cost function Ψ(2) is strictly increasing. This

function is not an integer cost function.

We also consider the minimization of the maximum length of a cluster. The length

of the cluster [aj, . . . , ai] is ai− aj. The cost function Ψ(3) is defined by the functions

ψ(3) and ψ
(3)
v(i,j,m), v(i, j,m) ∈ Vf (S), where ψ(3)([a1, . . . , ai]) = ai−a1 for i = 1, 2, . . . , n

and ψ
(3)
v(i,j,m)(x) = max(x, ai − aj). To compute ψ(3), we need one operation from B,

and to compute ψ
(3)
v(i,j,m) we need two operations from B. The cost function Ψ(3) is an

increasing nonnegative integer cost function.

All these cost functions are adapted (see Sect. 2.4). They are described by

formulas over the set of elementary operations B.

11.2 Time Complexity of Algorithms

The algorithms A1, A2, and A4 work with the scheme of the circuit S (see Sect.

2.4). The preliminary version of the circuit S is completely described. Therefore, the

time complexity of the scheme of the preliminary version of S construction is linear

depending on the number of its nodes and edges, i.e., O(n2k) (or O(n3) since k ≤ n).

Using breadth-first search from the output node in the scheme of the preliminary

version of S with the reverse direction of the edges, we can find in the scheme of

the preliminary version of S all nodes such that there is no directed path from the

considered node to the output and construct the scheme of S in O(n3) time. In total,

we need O(n3) time to construct the scheme of S.

Note that the algorithms A1 and A2 can also work with the schemes of edge-

preserving subcircuits of S obtained as a result of the algorithmA1 work—see Remark

1.

Denote B+ = B ∪ {x : y}, where x : y is the operation of comparison with values
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x < y, x = y, and x > y.

Before the use of the algorithms A1 and A4 with at least one of the cost functions

Ψ(1),Ψ(2), we compute the prefix sum sequences P1 and P2, which requires 3n opera-

tions of addition and multiplication. In the software model of computation, this step

requires O(n) time.

We can use the algorithm A1 for multi-stage optimization of clusterings. Using

Theorem 1, we evaluate the number of operations required by the algorithm A1

working with the scheme of an edge-preserving subcircuit T of the circuit S and a

cost function Ψ(t) for S, where t ∈ {1, 2, 3}.

The scheme of the circuit T contains at most n input nodes. To process one

input node, we need at most 12 operations from B. Therefore, we need at most 12n

operations from the set B+ to treat all input nodes.

The scheme of T contains at most nk unifying nodes. Each unifying node has at

most n entering edges. To treat all unifying nodes, the algorithm A1 makes at most

(2n− 1)nk ≤ 2n2k comparisons.

The scheme of T contains at most n2k functional nodes. For each functional node

v, the algorithm makes at most 16 operations from B to compute ψ
(t)
v . The number

of operations to treat all functional nodes is at most 16n2k. The total number of

operations from the set B+ required by A1 is at most 30n2k, i.e., it is polynomial

depending on the dimensions n and k.

In the software model of computation, for the considered scheme of the circuit and

cost function, the algorithm A1 has polynomial time complexity O(n2k) depending

on the problem dimensions n and k.

Let t = 3 and a1, . . . , an be integers. One can show that NΨ(3)(S) ≤ an, where

NΨ(3)(S) = max{|Ψ(3)(δ)| : δ ∈ U(S)} and U(S) =
⋃
v∈V (S) S(v). Note that log2 an is

at most the length of the problem representation. Using Remark 2 we obtain that,

for the algorithm A1, the number an is an upper bound on the absolute values of the
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numbers at the inputs of the operations ψ
(3)
v related to the functional nodes v ∈ Vf (S)

and at the inputs of comparisons related to the unifying nodes v ∈ Vu(S). It is easy

to check that, for the algorithm A1, the number an is an upper bound on the absolute

values of the numbers at the inputs of operations from B in formulas for the functions

ψ
(3)
v and in formulas for the function ψ(3). The algorithm A1 uses only the operations

of comparison and subtraction. Therefore, in the integer model of computation, for

the considered scheme of the circuit and the cost function Ψ(3), the algorithm A1 has

the time complexity O(n2k log an), which is polynomial depending on the length of

the problem representation (n, k, and log2 an are at most the length of the problem

representation).

To count all possible clusterings described by the circuit T , we apply the algorithm

A2. We use Theorem 2 to evaluate the number of operations required by A2. The

scheme of T contains at most nk unifying nodes, each with at most n entering edges.

Therefore, we need at most n2k additions to treat all unifying nodes. For each of at

most n2k functional nodes, and each of at most n input nodes, we do not need any

operations. The total number of operations from B+ (additions) is at most n2k, i.e.,

it is polynomial depending on the dimensions n and k.

In the software model of computation, for the considered scheme of the circuit,

the algorithm A2 has polynomial time complexity O(n2k) depending on the problem

dimensions n and k.

We now evaluate the number |S(v(n, k))|, which is equal to the number of all

k-clusterings of the sequence a1, . . . , an. One can show that this value is at most

2n−1: there is a natural one-to-one mapping of all clusterings (not only k-clusterings)

to tuples from {0, 1}n in which the first digit is equal to 1. For example, the tuple

(1, 1, 0, 0, 1) corresponds to the clustering [a1, a2][a3, a4][a5]. It is clear that the circuit

S is reachable. Using Remark 4, we obtain that in the integer model of computation,

for the considered scheme of the circuit, the algorithmA2 has time complexity O(n3k),
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which is polynomial depending on the length of the problem representation.

We consider two distinct cost functions Θ(1) = Ψ(3) and Θ(2) ∈ {Ψ(t) : t = 1, 2}.

We can use the algorithm A4 to find the set of Pareto optimal points for the problem

of bi-criteria optimization of clusterings relative to Θ(1) and Θ(2).

We denote M = MΘ(1),Θ(2)(S), where

MΘ(1),Θ(2)(S) = max{|Par(tΘ(1),Θ(2)(S, v))| : v ∈ V (S)} .

To evaluate the number of operations required by the algorithm A4, we use The-

orem 3. To treat at most n input nodes of the scheme of S, we need at most 13n

operations from B.

The scheme of the circuit S contains at most n2k functional nodes. Each func-

tional node has one entering edge. To process all functional nodes, the algorithm A4

makes at most 18n2kM operations from B and at most 4n2kM log2M comparisons.

Therefore, the algorithm requires at most 22n2kM log2(2M) operations from B+ to

treat all functional nodes.

For each of nk unifying nodes with at most n entering edges, the algorithm A4

makes at most 4nkM log2(nM) comparisons. Then, to process all unifying nodes, we

need at most 4n2kM log2(nM) comparisons.

Hence, the algorithm A4 makes at most 39n2kM log2(2nM) operations from the

set B+.

It is clear that |{Ψ(3)(δ) : δ ∈ U(S)}| ≤ n2: the length of a cluster can have at

most n2 different values. By Proposition 6, MΘ(1),Θ(2)(S) ≤ n2. Since M ≤ n2, the

algorithm A4 makes at most 39n4k log2(2n3) operations from B+, i.e., polynomial

number of operations depending on the dimensions n and k.

In the software model of computation, for the considered scheme of the circuit

and pair of cost functions, the algorithm A4 has the time complexity O(n4k log n),
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which is polynomial depending on the dimensions n and k.

We have only one integer cost function Ψ(3). Therefore, we cannot consider the

integer model of computation in the case of the algorithm A4.

11.3 Example

Let us consider the problem of the 3-clustering of the sequence a1, . . . , a5, where

a1 = 0, a2 = 1, a3 = 2, a4 = 4, a5 = 5 (see Fig. 11.1).

0 1 2 4 5

| | | | | |

𝑎1 𝑎2 𝑎3 𝑎4 𝑎5

Figure 11.1: Sequence a1, . . . , a5

We construct the circuit S1DC , which describes all 3-clusterings of this sequence

(see Fig. 11.2). Apply to the circuit S1DC the procedure of optimization relative to

Ψ(2) (k-medians). As a result, we have the circuit SΨ(2)

1DC , which can be obtained from

the circuit S1DC by the removal of edges labeled with the number 1. The circuit SΨ(2)

1DC

describes three clusterings:

[a1][a2, a3][a4, a5] ,

[a1, a2][a3][a4, a5] ,

[a1, a2, a3][a4][a5] .

We apply to the circuit SΨ(2)

1DC the procedure of optimization relative to Ψ(3). As a

result, we have the circuit SΨ(2),Ψ(3)

1DC , which can be obtained from the circuit S1DC by

the removal of edges labeled with the numbers 1 and 2 (see Fig. 11.2). The circuit

SΨ(2),Ψ(3)

1DC describes two clusterings:
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Figure 11.2: Circuit S1DC for the 3-clustering of the sequence a1, . . . , a5

[a1][a2, a3][a4, a5] ,

[a1, a2][a3][a4, a5] .

We also apply the procedure of bi-criteria optimization relative to Ψ(2) and Ψ(3) to

the circuit S1DC . For each node of S1DC , the set of Pareto optimal points is depicted

in Fig. 11.3.

11.4 Experiments

We experimentally tested different optimization scenarios for k-clustering of sorted

sequences of integers. Each experiment was repeated 100 times. Each number in the

sequence was randomly selected from the interval [0, 100] with uniform distribution.

Table 11.1 shows, for n = 50, 100, . . . , 350, the average number of 5-clusterings de-
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Figure 11.3: Sets of Pareto optimal points for all nodes of the circuit S1DC

scribed by the circuit before optimization, after optimization relative to Ψ(1), relative

to Ψ(2), and relative to Ψ(3). Among tested scenarios, there was always one optimal

clustering relative to Ψ(1), while there were at least 2.07 optimal 5-clusterings relative

to Ψ(2) and at least 3.58 optimal 5-clusterings relative to Ψ(3) on average.

Table 11.2 shows, for n = 50, 100, . . . , 350, the average value of Ψ(1) after opti-

mization relative to Ψ(1) and relative to Ψ(2),Ψ(1), the average value of Ψ(2) after

optimization relative to Ψ(2) and relative to Ψ(1),Ψ(2), and the average value of Ψ(3)

after optimization relative to Ψ(3), relative to Ψ(1),Ψ(3), and relative to Ψ(2),Ψ(3) for

5-clustering of the sequence. The length of the longest cluster increased on average

when comparing the optimization relative to Ψ(3) with the optimization relative to

Ψ(1),Ψ(3), and then with the optimization relative to Ψ(2),Ψ(3).

We also considered bi-criteria optimization of k-clusterings. Table 11.3 shows

the minimum, maximum, and the average number of Pareto optimal points for bi-

criteria optimization problems relative to Ψ(1) and Ψ(2) for n = 50, 100, . . . , 250 and
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Table 11.1: Average number of 5-clusterings described by the circuit before optimiza-
tion ∅, after optimization relative to Ψ(1), relative to Ψ(2), and relative to Ψ(3) among
100 trials; points from [0, 100]

n ∅ Ψ(1) Ψ(2) Ψ(3)

50 2.12× 1005 1 2.07 5.40
100 3.76× 1006 1 3.20 11.80
150 1.97× 1007 1 5.62 12.70
200 6.34× 1007 1 6.49 8.35
250 1.56× 1008 1 8.05 7.24
300 3.26× 1008 1 11.90 5.10
350 6.08× 1008 1 17.73 3.58

Table 11.2: Average value of Ψ(1) after optimization relative to Ψ(1) and relative
to Ψ(2),Ψ(1), average value of Ψ(2) after optimization relative to Ψ(2) and relative
to Ψ(1),Ψ(2), and average value of Ψ(3) after optimization relative to Ψ(3), relative to
Ψ(1),Ψ(3), and relative to Ψ(2),Ψ(3) among 100 trials, points from [0, 100], 5-clustering

n Ψ(1) Ψ(2),Ψ(1) Ψ(2) Ψ(1),Ψ(2) Ψ(3) Ψ(1),Ψ(3) Ψ(2),Ψ(3)

50 1.30× 1003 1.33× 1003 205.33 207.84 17.64 19.56 20.51
100 2.94× 1003 2.99× 1003 448.32 452.99 18.69 20.72 21.95
150 4.56× 1003 4.63× 1003 691.85 698.22 18.94 20.89 21.83
200 6.24× 1003 6.32× 1003 940.91 948.23 18.99 21.17 22.08
250 7.87× 1003 7.97× 1003 1.19× 1003 1.20× 1003 19.00 21.15 22.05
300 9.56× 1003 9.68× 1003 1.44× 1003 1.45× 1003 19.00 21.06 21.92
350 1.12× 1004 1.13× 1004 1.69× 1003 1.70× 1003 19.00 20.99 21.67
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k = 5, 10, 15. The maximum number of Pareto optimal points was 20 among all tested

scenarios. Table 11.4 shows the number of cases with totally optimal k-clusterings

relative to Ψ(1) and Ψ(2). For 15-clustering, there were at least 6 cases with totally

optimal clusterings among all testes scenarios. The set of Pareto optimal points for

a bi-criteria optimization of 15-clusterings relative to Ψ(1) and Ψ(2) for n = 250 is

depicted in Fig. 11.4.

Table 11.5 shows the minimum, maximum, and the average number of Pareto

optimal points for bi-criteria optimization problems relative to Ψ(2) and Ψ(3) for n =

50, 100, . . . , 250 and k = 5, 10, 15. The maximum number of Pareto optimal points

was 10 among all tested scenarios. Table 11.6 shows the number of cases with totally

optimal k-clusterings relative to Ψ(2) and Ψ(3). None of the clusterings were totally

optimal relative to Ψ(2) and Ψ(3) for n = 250 and k = 5, 10. The set of Pareto

optimal points for a bi-criteria optimization of 15-clusterings relative to Ψ(2) and Ψ(3)

for n = 250 is depicted in Fig. 11.5.

Table 11.3: Number of Pareto optimal points (in
format minaveragemax among 100 trials) for bi-
criteria optimization problem relative to Ψ(1) and
Ψ(2), numbers from [0, 100]

k
n 5 10 15

50 12.026 12.167 12.096

100 12.8913 12.9513 12.888

150 14.0913 13.8211 13.037

200 14.7220 13.7410 13.5610

250 14.7219 13.5612 13.799

Table 11.4: Number of
cases with totally opti-
mal k-clusterings relative
to Ψ(1) and Ψ(2) among
100 trials, numbers from
[0, 100]

k
n 5 10 15

50 49 33 34
100 27 22 27
150 18 11 16
200 21 11 14
250 13 12 6
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Table 11.5: Number of Pareto optimal points (in
format minaveragemax among 100 trials) for bi-
criteria optimization problem relative to Ψ(2) and
Ψ(3), numbers from [0, 100]

k
n 5 10 15

50 13.078 12.295 11.883

100 13.648 12.585 12.334

150 14.0110 13.046 12.194

200 13.548 13.246 12.324

250 23.938 22.986 12.384

Table 11.6: Number of
cases with totally opti-
mal k-clusterings relative
to Ψ(2) and Ψ(3) among
100 trials, numbers from
[0, 100]

k
n 5 10 15

50 13 19 32
100 5 12 12
150 5 4 16
200 3 1 10
250 0 0 7

736 738 740 742 744
(1)

347

348

349

350

351

352

(2
)

Figure 11.4: Set of Pareto optimal
points for a bi-criteria optimization of
15-clusterings relative to Ψ(1) and Ψ(2),
n = 250

358 359 360 361 362 363 364
(2)

6.00

6.25

6.50

6.75

7.00

7.25

7.50

7.75

8.00

(3
)

Figure 11.5: Set of Pareto optimal
points for a bi-criteria optimization of
15-clusterings relative to Ψ(2) and Ψ(3),
n = 250
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Chapter 12

Optimal Bitonic Tour

The optimal bitonic tour problem is a restricted variant of the Euclidean traveling

salesman problem introduced by J. L. Bentley. This problem can be solved by a

dynamic programming algorithm in polynomial time [18]. A bitonic tour starts from

the rightmost point, and it goes strictly right to left to the leftmost point, and then

goes strictly left to right to the rightmost point. This tour passes through all given

points (with the exception of the rightmost point) exactly one time. We consider

a problem of finding bitonic tours with minimum length (relative to Euclidean or

Manhattan distance), and a problem of finding tours, which minimize the maximum

Euclidean distance between two consecutive points.

In this chapter, we design a conventional circuit without repetitions for the prob-

lem of the optimal bitonic tour, describe three cost functions for this circuit, evaluate

the number of operations and the time required by the algorithms for the optimization

and counting of bitonic tours, discuss an example, and show experimental results.

12.1 Definition of Circuit and Cost Functions

Let us consider a sequence p1, p2, . . . , pn of n, n ≥ 2, distinct points in two-dimensional

Euclidean space. Each point pk has corresponding nonnegative real coordinates

(ak, bk), k = 1, 2, . . . , n, such that a1 < a2 < · · · < an (points are sorted from

left to right). A path is a nonempty sequence of points from the set {p1, p2, . . . , pn}.

Let 1 ≤ i < j ≤ n. An (i, j)-bitonic path pi · · · p1 · · · pj is a path that starts from the
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point pi and goes strictly left (ai > · · · > a1) to the point p1 and then goes strictly

right (a1 < · · · < aj) to the point pj. This path contains all points p1, p2, . . . , pj

exactly one time.

For any path α and for an arbitrary point pk, we denote α ⊗ pk = αpk, and for

a set of paths A, we denote A ⊗ pk = {αpk : α ∈ A}. Also, for an arbitrary path

π = pl · · · pm we denote ∼ π = pm · · · pl (path with the reversed order of points), and

for the set A, we denote ∼ A = {∼ α : α ∈ A}. We denote by Π(i, j) the set of all

(i, j)-bitonic paths. We have Π(1, 2) = {p1p2} and, for 1 ≤ i < j ≤ n, j 6= 2,

Π(i, j) = Π(i, j − 1)⊗ pj, if i < j − 1 ,

Π(i, j) =
⋃

1≤k<j−1

((∼ Π(k, j − 1))⊗ pj), if i = j − 1 .

The set of all bitonic tours under consideration is defined by Π(n, n) = (∼ Π(n−

1, n))⊗pn. Among two bitonic tours π and ∼ π, the set Π(n, n) contains the only one

in which two last points are pn−1 and pn. We will consider bitonic tours as a special

case of bitonic paths starting and ending in pn.

The number n is the dimension of the problems under consideration related to

the optimization of bitonic tours. To describe an instance of a problem, we need to

specify coordinates of n points p1, . . . , pn, i.e., 2n real numbers. Note that n is at

most the number of numeric parameters of the problem.

Let us assume that the coordinates of the points p1, . . . , pn are integers. The

binary representations of these 2n coordinates form the representation of the problem

instance (we will omit the word instance). It is clear that n is at most the length of

the problem representation.

Set U = Π(n, n) ∪
⋃

1≤i<j≤n Π(i, j). We now describe a circuit S without rep-

etitions over the set U . For 1 ≤ i < j ≤ n and i < j − 1, we define a concate-
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nation function µi,j−1,j, from Π(i, j − 1) to Π(i, j), such that µi,j−1,j = x ⊗ pj. For

1 ≤ i < j ≤ n, i = j − 1, and 1 ≤ k < j − 1, we define a concatenation function µi,k,j

from Π(k, j−1) to Π(i, j), such that µi,k,j = (∼ x)⊗pj. There is also a concatenation

function µn,n−1,n, from Π(n− 1, n) to Π(n, n) such that µn,n−1,n = (∼ x)⊗ pn.

The circuit S contains one input node v(1, 2) labeled with {p1p2}. Let 1 ≤ i <

j ≤ n. If i < j − 1 and j < n, the circuit S contains a unifying node v(i, j)

labeled with ∪ and a functional node v(i, j − 1, j) labeled with µi,j−1,j. If i = j − 1,

1 ≤ k < j − 1, and j 6= 2, the circuit S contains a unifying node v(i, j) labeled with

∪ and a functional node v(i, k, j) labeled with µi,k,j. The circuit S also contains one

unifying node v(n, n) labeled with ∪ and ∗, which is considered as the output, and

one functional node v(n, n− 1, n) labeled with the function µn,n−1,n.

Let 1 ≤ i < j ≤ n. If i < j − 1 and j < n, the unifying node v(i, j) has one

entering edge, which leaves the node v(i, j−1, j), and the functional node v(i, j−1, j)

has one entering edge, which leaves the node v(i, j − 1). If i = j − 1, 1 ≤ k < j − 1,

and j 6= 2, the unifying node v(i, j) has j − 2 entering edges, which leave the nodes

v(i, k, j), k = 1, . . . , j − 2, and the functional node v(i, k, j) has one entering edge,

which leaves the node v(k, j − 1). Also, the unifying node v(n, n) has one entering

edge, which leaves the node v(n, n− 1, n), and the functional node v(n, n− 1, n) has

one entering edge, which leaves the node v(n− 1, n). We will not label edges, which

enter functional nodes, with the number 1.

Let 1 ≤ i < j ≤ n. One can show that for any node v(i, j), S(v(i, j)) = Π(i, j).

If i < j − 1 and j < n, then S(v(i, j − 1, j)) = Π(i, j − 1) ⊗ pj. If i = j − 1 and

1 ≤ k < j − 1, then S(v(i, k, j)) = (∼ Π(k, j − 1)) ⊗ pj. Also, S(v(n, n)) = Π(n, n)

and S(v(n, n− 1, n)) = (∼ Π(n− 1, n))⊗ pn.

The described circuit will be considered as the preliminary version of the circuit S.

The final version of S is obtained from the preliminary version of S by the removal of

all nodes such that there is no directed path from the considered node to the output.
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We also remove all edges that are incident to the removed nodes. Later, S without

mentioning the version denotes the final version of the circuit S.

The preliminary version of the circuit S contains one input node, at most n unify-

ing nodes with at most n entering edges, at most n2 unifying nodes with one entering

edge, and at most 2n2 functional nodes with one entering edge. Hence, this circuit

has at most 1 + n+ 3n2 nodes and at most 4n2 edges.

We now prove that S is a circuit without repetitions. It is clear that all considered

concatenation functions µi,j−1,j, µi,k,j, and µn,n−1,n are injective. Let v1 and v2 be

different nodes from Vi(S) ∪ Vf (S). We now show that S(v1) ∩ S(v2) = ∅. Let v1

be the input node and v2 be a functional node. It is clear that sets S(v1) and S(v2)

do not contain common elements since S(v1) contains the only bitonic path p1p2 but

S(v2) does not contain any path starting at p1 and ending in p2. Let v1 and v2 be

functional nodes and v1 = v(i1, k1, j1), v2 = v(i2, k2, j2). If i1 6= i2, then S(v(i1, k1, j1))

contains only bitonic paths starting at pi1 , where S(v(i2, k2, j2)) contains only bitonic

paths starting at pi2 , thus S(v1)∩S(v2) = ∅. Similarly, if j1 6= j2, then S(v(i1, k1, j1))

contains only bitonic paths ending at pj1 , where S(v(i2, k2, j2)) contains only bitonic

paths ending at pj2 , thus S(v1) ∩ S(v2) = ∅. If k1 6= k2, then S(v(i1, k1, j1)) contains

only bitonic paths with a penultimate point pk1 , where S(v(i2, k2, j2)) contains only

bitonic paths with a penultimate point pk2 . Therefore, S(v1) ∩ S(v2) = ∅.

We now define a cost function Ψ(t), t = 1, 2, 3, for the circuit S given by a function

ψ(t) and function ψ
(t)
v for each v ∈ Vf (S). Denote

B = {x+ y, x− y, x · y,max(x, y), |x|,
√
x} .

One of the notions of optimality is to find the shortest bitonic path. For arbitrary

points pi and pj with coordinates (ai, bi) and (aj, bj), we define Euclidean distance

by d(pi, pj) =
√

(ai − aj)2 + (bi − bj)2 and Manhattan distance by d1(pi, pj) = |ai −
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aj|+ |bi− bj|. The cost function Ψ(1) is defined by the functions ψ(1)(p1p2) = d(p1, p2)

and ψ
(1)
v(i,k,j)(x) = x + d(pk, pj), v(i, k, j) ∈ Vf (S). Similarly, Ψ(2) is defined by the

functions ψ(2)(p1p2) = d1(p1, p2) and ψ
(2)
v(i,k,j)(x) = x + d1(pk, pj), v(i, k, j) ∈ Vf (S).

The cost functions Ψ(1) and Ψ(2) are strictly increasing. To compute ψ
(1)
v(i,k,j) we need

seven operations from the set B while to compute ψ(1) we need six operations from

B. To compute ψ
(2)
v(i,k,j) we need six operations from B while to compute ψ(2) we need

five operations from B. If all coordinates of the points p1, . . . , pn are integers, then

Ψ(2) is a strictly increasing nonnegative integer cost function for S.

We also consider a variant of the bottleneck bitonic tour problem, where we aim to

minimize the longest Euclidean distance between two consecutive points on the bitonic

path. The cost function Ψ(3) is defined by the functions ψ(3)(p1p2) = d(p1, p2) and

ψ
(3)
v(i,k,j)(x) = max(x, d(pk, pj)), v(i, k, j) ∈ Vf (S). The cost function Ψ(3) is increasing.

To compute ψ
(3)
v(i,k,j), we need seven operations from B while to compute ψ(3) we need

six operations from B.

All these cost functions are adapted (see Sect. 2.4). They are described by

formulas over the set of elementary operations B.

12.2 Time Complexity of Algorithms

The algorithms A1, A2, and A4 work with the scheme of the circuit S (see Sect.

2.4). The preliminary version of the circuit S is completely described. Therefore, the

time complexity of the scheme of the preliminary version of S construction is linear

depending on the number of its nodes and edges, i.e., O(n2). Using breadth-first

search from the output node in the scheme of the preliminary version of S with the

reverse direction of the edges, we can find in the scheme of the preliminary version

of S all nodes such that there is no directed path from the considered node to the

output and construct the scheme of S in O(n2) time. In total, we need O(n2) time

to construct the scheme of S.
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Note that the algorithms A1 and A2 can also work with the schemes of edge-

preserving subcircuits of S obtained as a result of the algorithmA1 work—see Remark

1.

Denote B+ = B ∪ {x : y}, where x : y is the operation of comparison with values

x < y, x = y, and x > y.

Let the coordinates of all points p1, . . . , pn be integers. Denote

ρ = an + max{b1, . . . , bn} .

One can show that NΨ(2)(S) ≤ ρn, where NΨ(2)(S) = max{|Ψ(2)(δ)| : δ ∈ U(S)} and

U(S) =
⋃
v∈V (S) S(v). One can also show that log2 ρ is at most the length of the

problem representation.

We can use the algorithm A1 for multi-stage optimization of bitonic tours. Using

Theorem 1, we evaluate the number of operations required by the algorithm A1

working with the scheme of an edge-preserving subcircuit T of the circuit S and a

cost function Ψ(t) for S, where t ∈ {1, 2, 3}.

The scheme of the circuit T contains one input node. We need at most six oper-

ations from B to process this node.

The scheme of T contains at most n unifying nodes with at most n entering edges.

To treat these nodes, the algorithm A1 makes at most (2n− 1)n ≤ 2n2 comparisons.

Also, the scheme contains at most n2 unifying nodes with one entering edge. To treat

these nodes the algorithm A1 makes at most n2 comparisons.

The scheme of T contains at most 2n2 functional nodes. For each functional

node v, the algorithm makes at most seven operations from B to compute ψ
(t)
v . The

number of operations from B for all functional nodes is at most 14n2. The total

number of operations from the set B+ made by A1 is at most 17n2 + 6 ≤ 19n2, i.e.,

it is polynomial depending on the dimension n.
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In the software model of computation, for the considered scheme of the circuit and

cost function, the algorithm A1 has polynomial time complexity O(n2) depending on

the problem dimension n.

Let t = 2 and coordinates of all points p1, . . . , pn be integers. Using Remark 2 we

obtain that, for the algorithm A1, the number ρn is an upper bound on the absolute

values of the numbers at the inputs of the operations ψ
(2)
v related to the functional

nodes and at the inputs of comparisons related to the unifying nodes of S. It is

easy to check that, for the algorithm A1, the number ρn is an upper bound on the

absolute values of the numbers at the inputs of operations from B in formulas for the

functions ψ
(2)
v and for the function ψ(2). The algorithm A1 uses only the operations

x + y, x − y, |x|, and comparisons. Therefore, in the integer model of computation,

for the considered scheme of the circuit and the cost function Ψ(2), the algorithm A1

has the time complexity O(n2 log(ρn)), which is polynomial depending on the length

of the problem representation (n and log2 ρ are at most the length of the problem

representation).

To count all possible bitonic tours described by the circuit T , we apply the algo-

rithm A2. We use Theorem 2 to evaluate the number of operations required by A2.

The scheme of T contains at most n unifying nodes with at most n entering edges

each. Therefore, we need at most n2 additions to treat these unifying nodes. For each

of at most 2n2 functional and at most n2 unifying nodes with one entering edge, we

do not need any operations. To treat the input node, we do not need any operations.

Thus, the total number of operations from B+ (additions) made by A2 is at most n2,

i.e., it is polynomial depending on the dimension n.

In the software model of computation, for the considered scheme of the circuit,

the algorithm A2 has polynomial time complexity O(n2) depending on the problem

dimension n.

We now evaluate the number |S(v(n, n))|, which is equal to the number of bitonic



197

tours in the set Π(n, n). One can show that it is at most 2n−2: to specify a bitonic tour,

it is enough to describe a set of points in the tour between pn and p1, i.e., to describe

a subset of the set {p2, . . . , pn−1}. It is clear that the circuit S is reachable. Using

Remark 4, we obtain that in the integer model of computation, for the considered

scheme of the circuit, the algorithm A2 has the time complexity O(n3), which is

polynomial depending on the length of the problem representation.

Let us consider two distinct cost functions Θ(1),Θ(2) ∈ {Ψ(t) : t = 1, 2, 3}. We

can use the algorithm A4 to find the set of Pareto optimal points for the problem of

bi-criteria optimization of bitonic tours relative to Θ(1) and Θ(2).

We denote

M = MΘ(1),Θ(2)(S) = max{|Par(tΘ(1),Θ(2)(S, v))| : v ∈ V (S)} .

To evaluate the number of operations of the algorithm A4, we use Theorem 3. To

treat the input node of the scheme of S, we need at most 12 operations from B.

The scheme of S contains at most 2n2 functional nodes with one entering edge

each. To process one functional node, the algorithm A4 makes at most 14M opera-

tions from B and at most 4M log2M comparisons. Therefore, the algorithm needs

at most 36n2M log2M operations from B+ to process all functional nodes.

For all at most n unifying nodes with at most n entering edges each, the algo-

rithm A4 makes at most 4n2M log2(nM) comparisons. For all at most n2 unifying

nodes with one entering edge each, the algorithm A4 makes at most 4n2M log2M

comparisons. Then, to process all unifying nodes, the algorithm needs at most

8n2M log2(nM) comparisons.

Hence, the algorithm A4 requires at most 44n2M log2(nM) operations from B+.

Let the coordinates of all points p1, . . . , pn be integers and Θ(1) = Ψ(2). By

Proposition 5, M ≤ ρn + 1. Then, the algorithm A4 requires at most 44n2(ρn +



198

1) log2(n(ρn+ 1)) operations from the set B+, i.e., pseudo-polynomial number of op-

erations (polynomial depending on the dimension n and the numeric parameter ρ). In

the software model of computation, for the considered scheme of the circuit and pair

of cost functions, the algorithm A4 has the time complexity O(n3ρ log(nρ)), which

is pseudo-polynomial (polynomial depending on the dimension n and the numeric

parameter ρ).

Let Θ(1) = Ψ(3). Then |{Ψ(3)(δ) : δ ∈ U(S)}| ≤ n2 since the number of different

pairs of points is at most n2. By Proposition 6, MΘ(1),Θ(2)(S) ≤ n2. Since M ≤ n2, the

algorithmA4 makes at most 132n4 log2 n operations from B+, i.e., polynomial number

of operations depending on the dimension n. In the software model of computation,

for the considered scheme of the circuit and pair of cost functions, the algorithm A4

has polynomial time complexity O(n4 log n) depending on the dimension n.

When coordinates of the points p1, . . . , pn are integers, we have only one integer

cost function Ψ(2). Therefore, we cannot consider the integer model of computation

in the case of the algorithm A4.

12.3 Example

We consider five points p1 = (0, 1), p2 = (1, 0), p3 = (2, 0), p4 = (3, 2), p5 = (4, 1) in

the Euclidean plane—see Fig. 12.1.

𝑝1 = (0,1)

𝑝2 = (1,0) 𝑝3 = (2,0)

𝑝4 = (3,2)

𝑝5 = (4,1)

Figure 12.1: Points p1, . . . , p5
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We construct the circuit SOBT , which describes all bitonic tours for the considered

points that are finished by p4p5 (Fig. 12.2). We apply to the circuit SOBT the

procedure of optimization relative to Ψ(2). As a result, we have the circuit SΨ(2)

OBT ,

which can be obtained from the circuit SOBT by the removal of edges labeled with

the number 1. The circuit SΨ(2)

OBT describes the two bitonic tours: p5p1p2p3p4p5 and

p5p3p2p1p4p5. We apply to the circuit SΨ(2)

OBT the procedure of optimization relative

to Ψ(1). As a result, we have the circuit SΨ(2),Ψ(1)

OBT , which can be obtained from the

circuit SOBT by the removal of edges labeled with the numbers 1 and 2. The circuit

SΨ(2),Ψ(1)

OBT describes the only one tour p5p3p2p1p4p5.

𝑣(5,5)

𝑣(1,2,3)𝑣(1,2)

*

𝑣(1,3) 𝑣(1,3,4) 𝑣(1,4)

𝑣(2,3) 𝑣(2,3,4) 𝑣(2,4)

𝑣(3,4)

𝑣(3,1,4)

𝑣(5,4,5)

𝑣(4,5)

𝑣(4,1,5)

𝑣(4,2,5)

𝑣(4,3,5)

1

1

2

Figure 12.2: Circuit SOBT for the sequence p1, . . . , p5

We also apply the procedure of bi-criteria optimization relative to Ψ(2) and Ψ(1) to

the circuit SOBT . The set of Pareto optimal points for each node of SOBT is depicted

in Fig. 12.3.
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(12,9.2)

(3,2.4)(2,1.4)

*

(3,2.4) (6,4.7) (6,4.7)

{(5,3.7)} {(8,5.9)} (8,5.9)

(7,5.6)

(7,5.6)

(12,9.2)

(10,7.8)

{ 10,8.7)

(12,9.0)

(10,7.8)

Figure 12.3: Sets of Pareto optimal points for all nodes of the circuit SOBT

12.4 Experiments

We experimentally tested various scenarios for optimization of bitonic tours. Each

experiment was repeated 100 times.

We randomly generated n points p1, p2, . . . , pn with nonnegative integer coordi-

nates (xi, yi), i = 1, 2, . . . , n, where xi ∈ [0, xmax] and yi ∈ [0, ymax].

Table 12.1 shows for n = 50, 100, . . . , 300 and xmax = ymax = 1000, the average

number of bitonic tours described by the circuit before optimization, after optimiza-

tion relative to Ψ(1), relative to Ψ(2), and relative to Ψ(3). There was always one

optimal bitonic tour relative to Ψ(1), while there were many optimal bitonic tours

relative to Ψ(3).

Table 12.2 shows the average value of Ψ(1) after optimization relative to Ψ(1) and

relative to Ψ(2),Ψ(1), average value of Ψ(2) after optimization relative to Ψ(2) and

relative to Ψ(1),Ψ(2), and average value of Ψ(3) after optimization relative to Ψ(3) and

relative to Ψ(1),Ψ(3). For all tested n, the average value of Ψ(3) increases noticeably
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Table 12.1: Average number of bitonic tours described by the circuit before optimiza-
tion ∅, after optimization relative to Ψ(1), relative to Ψ(2), and relative to Ψ(3) with
xmax = ymax = 1000 among 100 trials

n ∅ Ψ(1) Ψ(2) Ψ(3)

50 1.41× 1014 1 1.67 2.97× 1012

100 1.58× 1029 1 2.24 1.04× 1027

150 1.78× 1044 1 2.82 1.34× 1042

200 2.01× 1059 1 3.95 6.18× 1055

250 2.26× 1074 1 5.24 3.59× 1069

300 2.55× 1089 1 6.06 8.95× 1084

Table 12.2: Average value of Ψ(1) after optimization relative to Ψ(1) and relative to
Ψ(2),Ψ(1), average value of Ψ(2) after optimization relative to Ψ(2) and relative to
Ψ(1),Ψ(2), and average value of Ψ(3) after optimization relative to Ψ(3) and relative to
Ψ(1),Ψ(3) with xmax = ymax = 1000 among 100 trials

n Ψ(1) Ψ(2),Ψ(1) Ψ(2) Ψ(1),Ψ(2) Ψ(3) Ψ(1),Ψ(3)

50 8.67× 1003 8.68× 1003 9.95× 1003 9.96× 1003 583.09 604.66
100 1.60× 1004 1.60× 1004 1.76× 1004 1.76× 1004 562.61 593.68
150 2.34× 1004 2.34× 1004 2.50× 1004 2.50× 1004 603.31 640.06
200 3.09× 1004 3.09× 1004 3.26× 1004 3.26× 1004 583.10 638.45
250 3.83× 1004 3.83× 1004 4.00× 1004 4.00× 1004 580.38 633.78
300 4.56× 1004 4.56× 1004 4.74× 1004 4.74× 1004 580.88 637.93

while comparing bitonic tours optimal relative to Ψ(3) and relative to Ψ(1),Ψ(3).

We also consider bi-criteria optimization of bitonic tours. Table 12.3 shows the

minimum, maximum, and the average number of Pareto optimal points for bi-criteria

optimization problems relative to Ψ(1) and Ψ(2) for n = 50, 100, . . . , 300, xmax = 1000,

and ymax = 500, 1000, . . . , 3000. The minimum number of Pareto optimal points

was one and the maximum number was nine among all tested scenarios. For all

experiments, there were at least 63 (among 100) cases with totally optimal bitonic

tours relative to Ψ(1) and Ψ(2)—see Table 12.4. The set of Pareto optimal points for a

bi-criteria optimization of bitonic tours (n = 300, xmax = 1000, ymax = 3000) relative

to Ψ(1) and Ψ(2) is depicted in Fig. 12.4.

Table 12.5 shows the minimum, maximum, and the average number of Pareto
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Table 12.3: Number of Pareto optimal points (in format minaveragemax among 100
trials) for bi-criteria optimization problem relative to Ψ(1),Ψ(2), xmax = 1000

ymax
n 500 1000 1500 2000 2500 3000

50 11.465 11.379 11.365 11.233 11.344 11.444

100 11.356 11.283 11.344 11.334 11.223 11.408

150 11.233 11.336 11.374 11.304 11.357 11.344

200 11.204 11.314 11.232 11.142 11.264 11.192

250 11.216 11.212 11.154 11.194 11.173 11.182

300 11.144 11.182 11.204 11.112 11.233 11.243

Table 12.4: Number of cases with totally optimal bitonic tours relative to Ψ(1) and
Ψ(2) among 100 trials, xmax = 1000

ymax
n 500 1000 1500 2000 2500 3000

50 67 76 73 80 69 63
100 75 74 72 72 80 74
150 79 77 71 77 72 71
200 84 76 77 86 79 81
250 86 79 87 83 84 82
300 88 82 82 89 78 77

optimal points for bi-criteria optimization problems relative to Ψ(1) and Ψ(3) for

n = 50, 100, . . . , 300, xmax = 1000, and ymax = 500, 1000, . . . , 3000. The minimum

number of Pareto optimal points was one and the maximum number was 16 among

all tested scenarios. For all experiments, there were at least 40 (among 100) cases

with totally optimal bitonic tours relative to Ψ(1) and Ψ(3)—see Table 12.6. The

set of Pareto optimal points for a bi-criteria optimization of bitonic tours (n = 300,

xmax = 1000, ymax = 3000) relative to Ψ(1) and Ψ(3) is depicted in Fig. 12.5.
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Table 12.5: Number of Pareto optimal points (in format minaveragemax among 100
trials) for bi-criteria optimization problem relative to Ψ(1),Ψ(3), xmax = 1000

ymax
n 500 1000 1500 2000 2500 3000

50 11.426 11.495 11.585 11.425 11.545 11.474

100 12.009 11.758 11.826 12.098 12.026 11.918

150 12.337 12.388 12.389 12.569 12.559 12.628

200 12.6811 12.7410 12.8311 12.8610 12.7213 13.049

250 13.2211 13.2511 12.9010 13.4212 13.1410 13.3212

300 13.7812 13.3614 12.8911 13.3812 13.5016 12.9212

Table 12.6: Number of cases with totally optimal bitonic tours relative to Ψ(1) and
Ψ(3) among 100 trials, xmax = 1000

ymax
n 500 1000 1500 2000 2500 3000

50 74 71 64 73 66 70
100 59 60 65 53 54 54
150 53 53 43 46 49 44
200 52 44 46 40 42 44
250 43 43 48 35 44 42
300 45 40 53 43 40 48

44000 45000 46000 47000 48000
(1)

45000

46000

47000

48000

49000

(2
)

Figure 12.4: Set of Pareto optimal
points for a bi-criteria optimization of
bitonic tours (n = 300, xmax = 1000
and ymax = 3000) relative to Ψ(1) and
Ψ(2)

43500 44000 44500 45000 45500 46000 46500 47000
(1)

500

520

540

560

580

600

620

640

660

(3
)

Figure 12.5: Set of Pareto optimal
points for a bi-criteria optimization of
bitonic tours (n = 300, xmax = 1000
and ymax = 3000) relative to Ψ(1) and
Ψ(3)
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Chapter 13

Segmented Least Squares

The least squares method is widely used in statistics with common application to

regression. The aim is to fit a linear function to set of points that minimizes the sum

of the squares of the residuals. In some cases, fitting a linear function with a relatively

small error is impossible. Keeping the linear character of approximation, the data

points can be split into a sequence of segments, where to each of the segments the

line given by a linear function is fitted. The optimization objectives for this problem

is to minimize the total least squares error for all segments and to minimize the

number of segments used. We refer to such a problem as segmented least squares.

The problem and its dynamic programming solution were proposed in [19], where

authors considered a single objective, which is a sum of two objectives: the total

least squares error and the number of lines used multiplied by the constant weight.

We consider these objectives separately. Note that different variants of the problem of

points fitting by segmented straight lines along with dynamic programming solutions

were considered earlier in [81].

In this chapter, we design a conventional circuit without repetitions for the prob-

lem of segmented least squares, describe two cost functions for this circuit, evaluate

the number of operations and the time required by the algorithms for the optimization

and counting of segmentations, discuss an example, and show experimental results.
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13.1 Definition of Circuit and Cost Functions

Let us consider a sequence p1, p2, . . . , pn of n, n ≥ 2, distinct points in two-dimensional

Euclidean space. Each point pk has corresponding coordinates (xk, yk), k = 1, 2, . . . , n,

such that x1 < x2 < · · · < xn (points are sorted from left to right). Let us consider

segmentations of a sequence p1, p2, . . . , pn into nonempty, non-overlapping, and con-

tiguous segments

[p1, . . . , pk] · · · [pl, . . . , pl+t] · · · [pm, . . . , pn] .

The number n is the dimension of the problems under consideration related to

the optimization of segmentations. To describe an instance of a problem, we need

to specify coordinates of n points p1, . . . , pn, i.e., 2n real numbers. Note that n is at

most the number of numeric parameters of the problem.

Let us assume that the coordinates of the points p1, . . . , pn are integers. The

binary representations of these 2n coordinates form the representation of the problem

instance (we will omit the word instance). It is clear that n is at most the length of

the problem representation.

We denote by α⊗ β the concatenation αβ of the sequences of segments α and β.

Let λ be the empty sequence of segments. We have λ ⊗ α = α for any sequence α.

For a set D of sequences of segments, we denote D ⊗ α = {δ ⊗ α : δ ∈ D}.

For i = 1, . . . , n, we denote by T (i) the set of all sequences of segments for the

points p1, . . . , pi. Set T (0) = {λ}. One can show that, for i = 1, . . . , n,

T (i) =
⋃

j=0,...,i−1

T (j)⊗ [pj+1, . . . , pi] .

Set U =
⋃

0≤i≤n T (i). We now describe a circuit S without repetitions over the

set U . We define a concatenation function µj,i, 0 ≤ j < i ≤ n, from T (j) to T (i) as
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follows: µj,i(x) = x⊗ [pj+1, . . . , pi] for any x ∈ T (j).

The circuit S contains one input node v(0) labeled with {λ}. For any i, 1 ≤ i ≤ n,

the circuit S contains a unifying node v(i) labeled with ∪. For any i, j, 0 ≤ j < i ≤ n,

the circuit S contains a functional node vj(i) labeled with the function µj,i.

The unifying node v(i), i = 1, . . . , n, has i entering edges, which leave the func-

tional nodes vj(i) such that 0 ≤ j ≤ i−1. Each functional node vj(i) has one entering

edge, which leaves v(j). We will not label this edge with the number 1.

One can show that S(v(i)) = T (i) for i = 1, . . . , n and

S(vj(i)) = T (j)⊗ [pj+1, . . . , pi]

for any functional node vj(i) of S. The node v(n) is the output of S labeled with ∗.

The described circuit will be considered as the preliminary version of the circuit S.

The final version of S is obtained from the preliminary version of S by the removal of

all nodes such that there is no directed path from the considered node to the output.

We also remove all edges that are incident to the removed nodes. Later, S without

mentioning the version denotes the final version of the circuit S.

The preliminary version of the circuit S contains one input node, n unifying nodes

with at most n entering edges each, and at most n2 functional nodes with one entering

edge each. Hence, it has at most n2 + n+ 1 nodes and at most 2n2 edges.

We now prove that S is a circuit without repetitions. It is clear that the concate-

nation functions µj,i are injective. Let v1 and v2 be different nodes from Vi(S)∪Vf (S).

We now show that S(v1)∩S(v2) = ∅. Let v1 be the input node and v2 be a functional

node. It is clear that sets S(v1) and S(v2) do not contain common elements since

S(v1) contains the only empty sequence of segments but S(v2) does not contain any

empty sequence of segments. Let v1 and v2 be functional nodes and v1 = vj1(i1),

v2 = vj2(i2). If i1 6= i2, then S(vj1(i1)) contains only segmentations of the sequence of
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points p1, . . . , pi1 and S(vj2(i2)) contains only segmentations of the sequence of points

p1, . . . , pi2 . Therefore, S(v1) ∩ S(v2) = ∅. Let i1 = i2 and j1 6= j2. Then the last

segment in segmentations from S(vj1(i1)) contains a different number of points than

the last segment in segmentations from S(vj2(i2)). Thus, S(v1) ∩ S(v2) = ∅.

We now define a cost function Ψ(t), t = 1, 2, for the circuit S given by a function

ψ(t) and function ψ
(t)
v for each v ∈ Vf (S). Denote

B = {x+ y, x− y, x · y, x/y} .

For a segment [pj, . . . , pi], denote err([pj, . . . , pi]) =
∑i

k=j(yk − axk − b)2, where

a =
(i− j + 1)

∑i
k=j xkyk − (

∑i
k=j xk)(

∑i
k=j yk)

(i− j + 1)
∑i

k=j x
2
k − (

∑i
k=j xk)

2
, b =

∑i
k=j yk − a

∑i
k=j xk

j − i+ 1
.

This is the minimum error of a line with respect to the set of points {pj, . . . , pi} [19].

If (i− j + 1) ≤ 2, then err([pj, . . . , pi]) = 0.

The cost function Ψ(1) is defined by the functions ψ(1)(λ) = 0 and ψ
(1)
vj(i)(x) =

x+err([pj, . . . , pi]), vj(i) ∈ Vf (S). To compute ψ
(1)
vj(i), we need at most 16n elementary

operations from the set B. The cost function Ψ(1) is strictly increasing.

Besides minimizing the least squares error, we also consider the minimization of

the number of segments used. The cost function Ψ(2) is defined by the functions

ψ(2)(λ) = 0 and ψ
(2)
vj(i)(x) = x + 1, vj(i) ∈ Vf (S). To compute ψ

(2)
vj(i), we need one

elementary operation from the set B. The cost function Ψ(2) is a strictly increasing

nonnegative integer cost function.

All these cost functions are adapted (see Sect. 2.4). They are described by

formulas over the set of elementary operations B.
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13.2 Time Complexity of Algorithms

The algorithms A1, A2, and A4 work with the scheme of the circuit S (see Sect.

2.4). The preliminary version of the circuit S is completely described. Therefore, the

time complexity of the scheme of the preliminary version of S construction is linear

depending on the number of its nodes and edges, i.e., O(n2). Using breadth-first

search from the output node in the scheme of the preliminary version of S with the

reverse direction of the edges, we can find in the scheme of the preliminary version

of S all nodes such that there is no directed path from the considered node to the

output and construct the scheme of S in O(n2) time. In total, we need O(n2) time

to construct the scheme of S.

Note that the algorithms A1 and A2 can also work with the schemes of edge-

preserving subcircuits of S obtained as a result of the algorithmA1 work—see Remark

1.

Denote B+ = B ∪ {x : y}, where x : y is the operation of comparison with values

x < y, x = y, and x > y.

One can show that NΨ(2)(S) ≤ n, where NΨ(2)(S) = max{|Ψ(2)(δ)| : δ ∈ U(S)}

and U(S) =
⋃
v∈V (S) S(v).

We can use the algorithm A1 for multi-stage optimization of segmentations. Using

Theorem 1, we evaluate the number of operations from B+ made by the algorithm

A1 working with the scheme of an edge-preserving subcircuit T of the circuit S and

a cost function Ψ(t) for S, where t ∈ {1, 2}.

The scheme of T contains one input node. We do not need any operations to

process this node.

The scheme of T contains at most n unifying nodes. Each unifying node has at

most n entering edges. To treat all unifying nodes, the algorithm A1 makes at most

(2n− 1)n ≤ 2n2 comparisons.

The scheme of T contains at most n2 functional nodes. For each functional node
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v, to compute ψ
(t)
v , the algorithm makes at most 16n operations from B+ if t = 1

and one operation from B+ if t = 2. For all functional nodes, the number of required

operations is at most 16n3 if t = 1 and at most n2 if t = 2. The total number of

operations from B+ made by A1 is at most 18n3 if t = 1 and at most 3n2 if t = 2,

i.e., it is polynomial depending on the dimension n.

In the software model of computation, for the considered scheme of the circuit

and cost function, the algorithm A1 has polynomial time complexity depending on

the problem dimension n: O(n3) if t = 1 and O(n2) if t = 2.

Let t = 2 and coordinates of all points p1, . . . , pn be integers. Using Remark 2,

we obtain that n is an upper bound on the absolute values of the numbers at the

inputs of operations of the algorithm A1. The algorithm uses only the operations of

addition and comparison. Therefore, in the integer model of computation, for the

considered scheme of the circuit and the cost function Ψ(2), the algorithm A1 has

the time complexity O(n2 log n), which is polynomial depending on the length of the

problem representation (n is at most the length of the problem representation).

To count all possible segmentations described by T , we apply the algorithm A2.

We use Theorem 2 to evaluate the number of operations from B+ made by A2. The

scheme of T contains at most n unifying nodes, each with at most n entering edges.

Therefore, we need at most n2 additions to treat all unifying nodes. For each of at

most n2 functional nodes and the input node, we do not need any operations. The

total number of operations from B+ (additions) is at most n2.

In the software model of computation, for the considered scheme of the circuit,

the algorithm A2 has polynomial time complexity O(n2) depending on the problem

dimension n.

We now evaluate the number |S(v(n))|, which is equal to the number of all seg-

mentations of the sequence of points p1, . . . , pn. One can show that this value is equal

to 2n−1: there is a natural one-to-one mapping of segmentations to tuples from {0, 1}n
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in which the first digit is equal to 1. For example, the tuple (1, 1, 0, 0, 1) corresponds

to the segmentation [p1, p2][p3, p4][p5]. It is clear that the circuit S is reachable. Using

Remark 4, we obtain that in the integer model of computation, for the considered

scheme of the circuit, the algorithm A2 has the time complexity O(n3), which is

polynomial depending on the length of the problem representation.

We can use the algorithm A4 to find the set of Pareto optimal points for the

problem of bi-criteria optimization of segmentations relative to Ψ(1) and Ψ(2).

We denote M = MΨ(2),Ψ(1)(S), where

MΨ(2),Ψ(1)(S) = max{|Par(tΨ(2),Ψ(1)(S, v))| : v ∈ V (S)} .

To evaluate the number of operations from B+ of the algorithm A4, we use The-

orem 3. To treat the input node of the scheme of S, we do not need any operations.

The scheme of S contains at most n2 functional nodes. Each node has one en-

tering edge. To process one functional node, the algorithm A4 makes at most 17nM

operations from B and at most 4M log2M comparisons. Therefore, the algorithm

needs at most 21n3M log2(2M) operations from B+ to process all functional nodes.

For each of n unifying nodes with at most n entering edges, the algorithm A4

makes at most 4nM log2(nM) comparisons. Then, to process all unifying nodes, it

needs at most 4n2M log2(nM) comparisons.

Hence, the algorithm A4 makes at most 25n3M log2(2nM) operations from B+.

By Proposition 5, M ≤ n+ 1. Then, the algorithm A4 makes at most

25n3(n+ 1) log2(2n(n+ 1)) ≤ 50(n+ 1)4 log2(2(n+ 1))

operations from B+.

In the software model of computation, for the considered scheme of the circuit and

pair of cost functions, the algorithm A4 has polynomial time complexity O(n4 log n)
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depending on the dimension n.

When coordinates of the points p1, . . . , pn are integers, we have only one integer

cost function Ψ(2). Therefore, we cannot consider the integer model of computation

in the case of the algorithm A4.

13.3 Example

Let us consider the sequence of points p1 = (0, 0), p2 = (1, 0), p3 = (2, 1), p4 = (3, 2)

depicted in Fig. 13.1.

Figure 13.1: Sequence of points p1, p2, p3, p4

𝑣(0)

𝑣 (2)

𝑣 (1) 𝑣(1) 𝑣(2) 𝑣(3) 𝑣(4)𝑣 (2) 𝑣 (3) 𝑣 (4)

𝑣 (4)

𝑣 (3)
𝑣 (3)

𝑣 (4)

*

𝑣 (4)
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Figure 13.2: Circuit SSLS for the sequence p1 = (0, 0), p2 = (1, 0), p3 = (2, 1), p4 =
(3, 2)

We construct the circuit SSLS, which describes all segmentations of this sequence

(see Fig. 13.2). Apply to the circuit SSLS the procedure of optimization relative to

Ψ(1) (minimizing least squares error). As a result, we have the circuit SΨ(1)

SLS , which can



212

{ 0,0 }

{ 0,1 }

{ 0,1 } { 0,1 } { 0,1 }
{ 0,2 ,
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Figure 13.3: Sets of Pareto optimal points for all nodes of the circuit SSLS

be obtained from the circuit SSLS by the removal of edges labeled with the number 1.

The circuit SΨ(1)

SLS describes six segmentations with minimum total least squares error:

[p1][p2][p3][p4], [p1][p2][p3, p4] ,

[p1, p2][p3][p4], [p1][p2, p3][p4] ,

[p1, p2][p3, p4], [p1][p2, p3, p4] .

We apply to the circuit SΨ(1)

SLS the procedure of optimization relative to Ψ(2). As a

result, we have the circuit SΨ(1),Ψ(2)

SLS , which can be obtained from the circuit SSLS by

the removal of edges labeled with the numbers 1 and 2. The circuit SΨ(1),Ψ(2)

SLS describes

two segmentations [p1, p2][p3, p4] and [p1][p2, p3, p4] that use the minimum number of

segments among segmentations with the minimum total least squares error.

We also apply to the circuit SSLS the procedure of bi-criteria optimization relative

to Ψ(1) and Ψ(2). The set of Pareto optimal points for each node of SSLS is depicted

in Fig. 13.3.

13.4 Experiments

We experimentally tested various optimization scenarios of partitioning a sequence of

points into segments. Each experiment was repeated 100 times.

We randomly generated n points (xi, yi) in two-dimensional Euclidean space,
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where xi coordinates are generated with uniform distribution from the range [1, 7]

and yi is derived from the equation yi = 0.05x2
i + ei or yi = −63 + (2144xi)/15 −

(5348x2
i )/45+48x3

i −(91x4
i )/9+(16x5

i )/15−(2x6
i )/45+ei , where ei is a random num-

ber from N (0, σ2). The first equation describes the polynomial of degree two and the

second equation describes the Lagrange polynomial of degree six that passes through

the points: (1, 0), (2, 1), (3, 0), (4, 1), (5, 0), (6, 1), (7, 0). Both polynomials are noised

by the error ei derived from the normal distribution. See examples of generated points

in Figs. 13.4, 13.5, 13.6, 13.7.

Table 13.1 shows for n = 100, 120, . . . , 200 points given by the polynomial of

degree two, the average number of segmentations described by the circuit before

optimization, after optimization relative to Ψ(1), and relative to Ψ(2). Since Ψ(1) (total

least squares error) equals zero for each segment containing only one or two points,

there are many optimal segmentations relative to Ψ(1). Considering optimization

relative to Ψ(2) (number of segments) there is always one optimal solution when one

segment contains all points, thus the number of such segmentations will always be

one.

We also consider bi-criteria optimization relative to Ψ(2) and Ψ(1) of segmentations

of points given by a polynomial of degree two and six. Regardless of the points

distributions, the total number of Pareto optimal points for this problem is at most

(and often exactly) dn/2e since each segment of two points has the total least squares

error equals zero. Thus, we omitted experiments analyzing the number of Pareto

optimal points and number of totally optimal segmentations. Only when all the

points lie on the straight line, there will be a totally optimal segmentation. We

analyzed the set of POPs for points with (Figs. 13.5, 13.7) and without (Figs. 13.4,

13.6) noise given by a polynomial of degree two and six. In each case, our experiments

(n = 100) resulted in 50 Pareto optimal points. For problems of points without the

noise (Figs. 13.8, 13.10) most of the Pareto optimal points had least squares error
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value close to zero after reaching the number of segments greater than the degree

of polynomial. While using more segments, the further decrease of the error was

negligible. After adding noise to the points, more segments were needed (Figs. 13.9,

13.11) to minimize the least squares error and the Pareto optimal points are more

evenly spread in the range of the Ψ(1).

1 2 3 4 5 6 7

0.0

0.5

1.0

1.5

2.0

2.5

Figure 13.4: Sequence of 100 points
given by a polynomial of degree six
without error noise

1 2 3 4 5 6 7
1

0

1

2

3

Figure 13.5: Sequence of 100 points
given by a polynomial of degree six
with error noise ei from N (0, 0.5)
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Figure 13.6: Sequence of 100 points
given by a polynomial of degree two
without error noise
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Figure 13.7: Sequence of 100 points
given by a polynomial of degree two
with error noise ei from N (0, 0.5)
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Table 13.1: Average number of segmentations described by the circuit before opti-
mization ∅, after optimization relative to Ψ(1), and relative to Ψ(2) among 100 trials

n ∅ Ψ(1) Ψ(2)

100 6.34× 1029 5.73× 1020 1
120 6.65× 1035 8.67× 1024 1
140 6.97× 1041 1.31× 1029 1
160 7.31× 1047 1.98× 1033 1
180 7.66× 1053 3.00× 1037 1
200 8.03× 1059 4.54× 1041 1
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Figure 13.8: Set of Pareto optimal
points for a bi-criteria optimization of
sequence of 100 points given by a poly-
nomial of degree six (see Fig. 13.4)
relative to Ψ(2) and Ψ(1)
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Figure 13.9: Set of Pareto optimal
points for a bi-criteria optimization of
sequence of 100 points given by a poly-
nomial of degree six with error noise ei
from N (0, 0.5) (see Fig. 13.5) relative
to Ψ(2) and Ψ(1)
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Figure 13.10: Set of Pareto optimal
points for a bi-criteria optimization of
sequence of 100 points given by a poly-
nomial of degree two (see Fig. 13.6)
relative to Ψ(2) and Ψ(1)
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Figure 13.11: Set of Pareto optimal
points for a bi-criteria optimization of
sequence of 100 points given by a poly-
nomial of degree two with error noise
ei from N (0, 0.5) (see Fig. 13.7) rela-
tive to Ψ(2) and Ψ(1)
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Part III

Multi-Stage and Bi-Criteria

Optimization of Matchings in Trees
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In this part, we propose an algorithm for counting matchings, and algorithms for

multi-stage and bi-criteria optimization of matchings relative to different weight func-

tions that assign positive integers (weights) to edges of the tree. We did not find a

conventional circuit without repetitions that represents the set of all matchings in

an arbitrary tree. Instead of a circuit, we construct a labeled forest that describes

the set of matchings, and design algorithms of matching optimization and counting

based on the forest. We restrict ourselves to considering only bounds on the number

of operations and do not consider the time complexity of the algorithms. This part

contains four chapters.

In Chap. 14, we discuss the problem of optimization of matchings in a tree and

consider a labeled forest that describes the set of matchings.

In Chap. 15, we propose an algorithm for counting matchings and an algorithm

for the optimization of matchings relative to a weight function.

In Chap. 16, we describe an additional tool for the study of Pareto optimal

points (fusion of sets of POPs), propose an algorithm for bi-criteria optimization of

matchings relative to two weight functions, and discuss the notion of a totally optimal

matching.

In Chap. 17, we consider an example of a tree and its matching optimization, and

discuss results of computer experiments with randomly generated trees and weight

functions.
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Chapter 14

Discussion of Matching Optimization Problem and

Representation of Matchings

In this chapter, we discuss the problem of optimization of matchings in trees including

its relation to the kidney paired donation. We did not find a conventional circuit

without repetitions that represents the set of all matchings for an arbitrary tree.

Instead of a circuit, we construct a labeled forest to describe the set of matchings

[82]. We use this forest in multi-stage and bi-criteria optimization and counting

matchings.

14.1 Discussion of Matching Optimization Problem

Let G be an undirected graph in which edges and nodes have positive weights. A

matching in G is a set of edges without common nodes. We consider three optimiza-

tion problems related to matchings: (c) maximization of the cardinality of matching,

(n) maximization of the sum of weights of nodes in matching, and (e) maximization

of the sum of weights of edges in matching. The considered problems can be solved

in polynomial time [83, 84]. A linear time algorithm for the maximization of the

cardinality of a matching in a tree can be found in [85].

It is known [86, 87, 88] that each solution to the problem (n) is also a solution to

the problem (c). The situation with the problem (e) is different: it is possible that a

solution to the problem (e) is not a solution to the problem (c) (see Fig. 14.1).

In such a situation, it is reasonable to consider multi-stage optimization of match-
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(a)

1 13

(b)

1 13

Figure 14.1: Matching with the maximum weight of edges (a) and matching with the
maximum cardinality (b)

ings relative to different criteria, for example, to describe all matchings with the max-

imum cardinality and later to describe among these matchings all matchings with the

maximum total weight of edges. We can also describe the whole set of matchings

with the maximum total weight of nodes and after that can describe among these

matchings all matchings with the maximum total weight of edges.

Another possibility is to consider bi-criteria optimization of matchings relative to

the cardinality of matching and the sum of weights of edges in matching. We can also

consider the sum of weights of edges in matching and the sum of weights of nodes in

matching. All these criteria should be maximized.

The result of bi-criteria optimization is the set of Pareto optimal points (POPs).

If we consider bi-criteria optimization relative to the cardinality of matching and the

sum of weights of nodes in matching, we will have only one POP that corresponds

to matchings with the maximum sum of weights of nodes and with the maximum

cardinality (it follows from results mentioned in [86, 87, 88]). We call such matchings,

which are optimal relative to two or more criteria simultaneously, totally optimal

matchings relative to these criteria.

In the case of bi-criteria optimization relative to the cardinality of matching and

the sum of weights of edges in matching, we can have more than one POP. For

example, for the problem presented in Fig. 14.1, there are exactly two POPs (1, 3)

and (2, 2) corresponding to matchings (a) and (b), respectively. The first coordinate

is the cardinality of matching, and the second one—the sum of weights of edges in

matching.

The problem (c) can be formulated as the problem (e) when the weight of each
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edge is equal to 1. The problem (n) can be formulated as the problem (e) when the

weight of each edge is equal to the sum of weights of its ends. So we can consider

multi-stage optimization of matchings relative to several weight functions each of

which assigns a positive integer (weight) to each edge of the graph G. The same

situation is with bi-criteria optimization of matchings.

In this part, we create dynamic programming algorithms (i) for counting the

matchings in trees before and after optimization, (ii) for multi-stage optimization

of matchings in trees relative to a sequence of weight functions, and (iii) for the

bi-criteria optimization of matchings in trees relative to two weight functions. The

algorithms (i) and (ii) require a linear number of arithmetical operations depending

on the number of nodes in the tree. The algorithm (iii) requires a polynomial number

of arithmetical operations depending on the number of nodes in the tree and the

maximum weight of an edge in the tree for the first weight function.

We implemented the considered algorithms and made computer experiments to

evaluate the number of matchings before and after optimization, to compare the

maximum cardinality of matchings before and after optimization related to a weight

function, to evaluate the number of POPs, and to study the existence of totally

optimal matchings relative to the cardinality of matching and to the total weight of

edges in matching.

To the best of our knowledge, there are no previously created polynomial exact

algorithms for multi-stage and bi-criteria optimization of matchings for trees and

more general classes of graphs, which outcome all possible optimal solutions in each

stage of optimization or create the set of Pareto optimal points.

This part is an essentially extended version of conference papers [82] and [89]

describing multi-stage and bi-criteria optimization of matchings in trees. These two

papers were inspired by problems of matching optimization related to kidney paired

donation [86, 90, 88, 91]. This is a novel alternative for living, incompatible (donor,
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recipient) pairs to get an organ by matching with another incompatible pair.

Let G be an undirected graph in which edges and nodes have positive weights.

Nodes of this graph are pairs (donor, recipient) and two nodes A = (a1, a2) and

B = (b1, b2) are connected by an edge if the donor a1 can donate a kidney to the

recipient b2, and the donor b1 can donate a kidney to the recipient a2. The weight of

a node A is the importance of the transplantation for the recipient from the pair A.

The weight of an edge connecting nodes A and B is the compatibility of the exchange

of kidneys between the pairs A and B.

Each solution to the problem (c) for the graph G allows us to help the maxi-

mum number of patients. As we already mentioned, each solution to the problem

(n)—maximization of total importance of transplantations—is also a solution to the

problem (c). However, it is possible that a solution to the problem (e)—maximization

of the total compatibility of exchanges—is not a solution to the problem (c). This

part shows possible ways to deal with this issue in the case when the graph G is a

tree. To apply to real kidney paired donation problems, the considered approaches

should be extended to arbitrary undirected graphs.

14.2 Representation of Matchings in Trees

Let G be a tree. A matching in G is a set of edges without common nodes. We choose

a node r in the tree G as the root. It will be useful for us to consider G as a directed

graph with the orientation of edges from the root r. Now each node v in G defines a

subtree G(v) of G in which v is the root.

We now describe a graph D(G) (labeled forest), which will be used to describe the

set of matchings in G and to optimize these matchings. It contains the main nodes

from G and auxiliary nodes corresponding to the main ones.

Let v be a terminal node of G—see Fig. 14.2 (a). Then in the graph D(G), there

are two nodes v (main) and v(∅) (auxiliary) corresponding to v, which are connected
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by an edge leaving v and entering v(∅)—see Fig. 14.2 (b).

(a) (b)

𝑣

𝑣(∅)

𝑣

Figure 14.2: Nodes and edge in D(G) (b) corresponding to terminal node v of G (a)

Let v be a nonterminal node of G, which has k leaving edges e1, . . . , ek entering

nodes v1, . . . , vk, respectively—see Fig. 14.3 (a). Then in D(G) there are the main

node v, k + 1 auxiliary nodes v(e1), . . . , v(ek), v(∅), and k + 1 edges leaving v and

entering these auxiliary nodes—see Fig. 14.3 (b).

(a) (b)

𝑣

𝑣(∅)𝑣(𝑒1) 𝑣(𝑒𝑘). . .𝑣1 𝑣𝑘. . .

𝑣

𝑒1 𝑒𝑘

Figure 14.3: Nodes and edges in D(G) (b) corresponding to nonterminal node v of G
(a)

An edge-preserving subgraph ∆ of the graph D(G) is a graph obtained from D(G)

by the removal of some edges such that each main node in ∆ has at least one leaving

edge. Let v be the main node in D(G) with children v(e1), . . . , v(ek), v(∅). We denote

by E∆(v) the set of all σ ∈ {e1, . . . , ek, ∅} such that there is an edge in ∆ from v to

v(σ). We assume that D(G) is an edge-preserving subgraph of D(G). Edge-preserving

subgraphs of the graph D(G) can be obtained as results of optimization of matchings

in G relative to weight functions.

Let ∆ be an edge-preserving subgraph of the graph D(G). We correspond a set

M∆(u) of matchings in G to each node u of ∆. Let C and D be nonempty sets of

matchings in G. We denote C ⊗D = {c ∪ d : c ∈ C, d ∈ D}.
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Let v be a terminal node of G. Then

M∆(v) = M∆(v(∅)) = {λ} , (14.1)

where λ is the empty matching. Let v be a nonterminal node of G, which has k

leaving edges e1, . . . , ek entering nodes v1, . . . , vk, respectively. Then, for i = 1, . . . , k,

M∆(v(∅)) =
⊗

j∈{1,...,k}

M∆(vj) , (14.2)

M∆(v(ei)) =

 ⊗
j∈{1,...,k}\{i}

M∆(vj)

⊗M∆(vi(∅))⊗ {{ei}} , (14.3)

M∆(v) =
⋃

σ∈E∆(v)

M∆(v(σ)) . (14.4)

Let G contain n nodes and, therefore, n−1 edges. Then the graph D(G) contains

3n − 1 nodes and 2n − 1 edges. It is clear that the graph D(G) can be constructed

in linear time depending on n.

One can prove the following statement related to the case when ∆ = D(G).

Proposition 8. Let G be a tree with root. Then, for any node v of G, MD(G)(v) is

the set of all matchings in G(v) and MD(G)(v(∅)) is the set of all matchings in G(v),

which have no edges with the end v. For any nonterminal node v of G and for any

edge e leaving v, MD(G)(v(e)) is the set of all matchings in G(v) containing the edge

e.

Let G be a tree and A, B be nonempty sets of matchings in G. We will say that

A and B are disjoint if A ∩B = ∅. We will say that A and B are strongly disjoint if

a ∩ b = ∅ for any a ∈ A and b ∈ B.

Lemma 7. Let G be a tree with root and ∆ be an edge-preserving subgraph of the graph

D(G). Let v be a nonterminal node of G, which has k leaving edges e1, . . . , ek enter-

ing nodes v1, . . . , vk, respectively and, for j = 1, . . . , k, Aj ∈ {M∆(vj), M∆(vj(∅))}.
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Then the sets A1, . . . , Ak are pairwise strongly disjoint and the sets M∆(v(e1)), . . . ,

M∆(v(ek)),M∆(v(∅)) are pairwise disjoint.

Proof. Let i, j ∈ {1, . . . , k}, i 6= j, ai ∈ Ai and aj ∈ Aj. Then ai is a matching in the

subtree G(vi) and aj is a matching in the subtree G(vj) of the tree G. It is clear that

these subtrees have no common edges. Therefore, ai ∩ aj = ∅ and sets Ai and Aj are

strongly disjoint. Hence, the sets A1, . . . , Ak are pairwise strongly disjoint.

Let i, j ∈ {1, . . . , k}, i 6= j, ai ∈ M∆(v(ei)), aj ∈ M∆(v(ej)), and a0 ∈ M∆(v(∅)).

It is clear that ai contains the edge ei but aj and a0 do not contain ei. Therefore, ai 6=

aj and ai 6= a0. From here, it follows that the setsM∆(v(e1)), . . . ,M∆(v(ek)),M∆(v(∅))

are pairwise disjoint.
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Chapter 15

Counting Matchings and Multi-Stage Optimization of

Matchings

In this chapter, we consider the algorithm A5 for counting matchings and the algo-

rithm A6 for optimization of matchings relative to a weight function. The algorithm

of optimization A6 can be used for multi-stage optimization of matchings relative

to a sequence of weight functions, and the algorithm A5 can be used for counting

the optimal matchings after each step of optimization. This chapter contains some

revised results from the conference paper [82].

15.1 Counting Matchings

Let G be a tree with the root r and ∆ be an edge-preserving subgraph of the graph

D(G). The graph ∆ contains main nodes from G and auxiliary nodes corresponding

to the main ones. We corresponded a set M∆(u) of matchings in G to each node u of

∆. We now describe an algorithm, which computes, for each node u of the graph ∆,

the cardinality C(u) of the set M∆(u), and returns the number C(r) = |M∆(r)|.

Algorithm A5 (counting matchings)

Input : A tree G with the root r and an edge-preserving subgraph ∆ of the graph

D(G).

Output : The number C(r).

1. If all main nodes of the graph ∆ are processed, then return the number C(r)

and finish the work of the algorithm. Otherwise, choose a main node v of the
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graph ∆, which is not processed yet and which is either a terminal node of G

or a nonterminal node of G such that all children of v in G are processed.

2. Let v be a terminal node of G. Then set

C(v) = C(v(∅)) = 1 , (15.1)

mark the node v as processed, and proceed to step 1.

3. Let v be a nonterminal node of G, which has k leaving edges e1, . . . , ek entering

nodes v1, . . . , vk, respectively. Then, for i = 1, . . . , k, set

C(v(∅)) =
∏

j∈{1,...,k}

C(vj) , (15.2)

C(v(ei)) =

 ∏
j∈{1,...,k}\{i}

C(vj)

 · C(vi(∅))

=
C(v(∅)) · C(vi(∅))

C(vi)
, (15.3)

C(v) =
∑

σ∈E∆(v)

C(v(σ)) , (15.4)

mark the node v as processed, and proceed to step 1.

First, we prove the following auxiliary statement.

Lemma 8. Let G be a tree and A1, . . . , Ak be nonempty sets of matchings in G. If

Ak, . . . , Ak are pairwise disjoint, then |A1 ∪ · · · ∪ Ak| = |A1|+· · ·+|Ak|. If Ak, . . . , Ak

are pairwise strongly disjoint, then |A1 ⊗ · · · ⊗ Ak| = |A1| · . . . · |Ak|.

Proof. The first statement is trivial. Let us prove the second one. Let a1, b1 ∈

A1, . . . , ak, bk ∈ Ak and, for some i ∈ {1, . . . , k}, ai 6= bi. It is clear that there is an

edge e ∈ ai ∪ bi such that e /∈ ai ∩ bi. Since A1, . . . , Ak are pairwise strongly disjoint,
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e /∈
⋃
j∈{1,...,k}\{i}(aj ∪ bj). Therefore, a1 ∪ · · · ∪ ak 6= b1 ∪ · · · ∪ bk. Using this fact, it

is easy to show that |A1 ⊗ · · · ⊗ Ak| = |A1| · . . . · |Ak|.

We now prove the correctness of the algorithm A5 and analyze its time complexity.

Theorem 4. Let G be a tree with the root r containing n nodes and ∆ be an edge-

preserving subgraph of the graph D(G). Then the algorithm A5 returns the number

C(r) = |M∆(r)| and makes O(n) operations of addition, multiplication, and division.

Proof. We prove by induction on the nodes of ∆ that C(u) = |M∆(u)| for each node

u of ∆. Let v be a terminal node of G. Then by (14.1), M∆(v) = M∆(v(∅)) = {λ}

and |M∆(v)| = |M∆(v(∅))| = 1. Using (15.1) we obtain that the considered statement

holds for v and v(∅).

Let now v be a nonterminal node of G, which has k leaving edges e1, . . . , ek

entering nodes v1, . . . , vk, respectively, and, for nodes v1, . . . , vk, v1(∅), . . . , vk(∅), the

considered statement hold. Let us show that, for i = 1, . . . , k,

|M∆(v(∅))| =
∏

j∈{1,...,k}

|M∆(vj)| , (15.5)

|M∆(v(ei))| =

 ∏
j∈{1,...,k}\{i}

|M∆(vj)|

 · |M∆(vi(∅))|

=
|M∆(v(∅))| · |M∆(vi(∅))|

|M∆(vi)|
, (15.6)

|M∆(v)| =
∑

σ∈E∆(v)

|M∆(v(σ))| . (15.7)

From (14.2) and Lemmas 7 and 8 it follows that the equality (15.5) holds. Using

(14.3) we obtain

|M∆(v(ei))| =

∣∣∣∣∣∣
 ⊗
j∈{1,...,k}\{i}

M∆(vj)

⊗M∆(vi(∅))

∣∣∣∣∣∣ .
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By Lemmas 7 and 8,

|M∆(v(ei))| =

 ∏
j∈{1,...,k}\{i}

|M∆(vj)|

 · |M∆(vi(∅))| .

From here and from (15.5) it follows that the equality (15.6) holds. The equality

(15.7) follows from Lemmas 7 and 8.

By the inductive hypothesis, C(vi) = |M∆(vi))| and C(vi(∅)) = |M∆(vi(∅)))|

for i = 1, . . . , k. Using (15.2)–(15.4) and (15.5)–(15.7) we obtain that C(v(∅)) =

|M∆(v(∅))|, C(v(ei)) = |M∆(v(ei))| for i = 1, . . . , k, and C(v) = |M∆(v)|. Hence,

the considered statement holds for v, v(∅), v(e1), . . . , v(ek). We proved that C(u) =

|M∆(u)| for any node u of the graph D(G). From here, it follows that C(r) = |M∆(r)|,

and the algorithm A5 returns the cardinality of the set M∆(r).

Since G is a tree, the number of edges in G is equal to n − 1. For a terminal

node v of the tree G, we do not need arithmetical operations to find values of C(v)

and C(v(∅))—see (15.1). Let v be a nonterminal node of G, which has k leaving

edges e1, . . . , ek entering nodes v1, . . . , vk, respectively. We need k− 1 multiplications

to compute the value C(v(∅)), 2k multiplications and divisions to compute the val-

ues C(v(e1)), . . . , C(v(ek)), and at most k additions to compute the value C(v)—see

(15.2)–(15.4). As a result, for the node v, the considered algorithm makes at most 4k

arithmetical operations. To process the tree G, the algorithm A5 makes at most 4n

operations of addition, multiplication, and division.

15.2 Multi-Stage Optimization of Matchings

Let G be a tree with the root r, ∆ be an edge-preserving subgraph of the graph D(G),

and w be a weight function, which assigns a positive integer (weight) w(e) to each

edge e of G. We now describe the procedure of optimization of matchings represented

by ∆ relative to the weight function w. During the work of this procedure, we attach
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a number g(u) to each node u of ∆ and, maybe, remove some edges from ∆. As a

result, we obtain an edge-preserving subgraph ∆w of the graph ∆. It is clear that ∆w

is also an edge-preserving subgraph of the graph D(G). We will show that, for each

node u of the graph ∆, the number g(u) is the maximum total weight of edges in a

matching from M∆(u) relative to the weight function w, and the set M∆w(u) is the

set of all matchings from M∆(u) that have the total weight of edges g(u) relative to

the weight function w.

Algorithm A6 (procedure of matching optimization)

Input : A tree G with root, an edge-preserving subgraph ∆ of the graph D(G),

and a weight function w.

Output : The edge-preserving subgraph ∆w of the graph ∆.

1. If all main nodes of the graph ∆ are processed, then return the obtained graph

as ∆w and finish the work of the algorithm. Otherwise, choose a main node v

of the graph ∆, which is not processed yet and which is either a terminal node

of G or a nonterminal node of G such that all children of v in G are processed.

2. Let v be a terminal node of G. Then set

g(v) = g(v(∅)) = 0 , (15.8)

mark node v as processed and proceed to step 1.

3. Let v be a nonterminal node of G, which has k leaving edges e1, . . . , ek entering
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nodes v1, . . . , vk, respectively. Then, for i = 1, . . . , k, set

g(v(∅)) =
∑

j∈{1,...,k}

g(vj) , (15.9)

g(v(ei)) =

 ∑
j∈{1,...,k}\{i}

g(vj)

+ g(vi(∅)) + w(ei)

= g(v(∅))− g(vi) + g(vi(∅)) + w(ei) , (15.10)

g(v) = max{g(v(σ)) : σ ∈ E∆(v)} . (15.11)

For each σ ∈ E∆(v) such that g(v(σ)) < g(v), remove the edge connecting nodes

v and v(σ) from the graph ∆. Mark the node v as processed and proceed to

step 1.

Note that in the obtained edge-preserving subgraph ∆w of the graph D(G), for

each nonterminal node v of the tree G,

E∆w(v) = {σ : σ ∈ E∆(v), g(v(σ)) = g(v)} . (15.12)

Let a be a matching in the graph G and A be a nonempty set of matchings in

G. We denote w(a) =
∑

e∈aw(e) (in particular, w(λ) = 0, where λ is the empty

matching), wopt(A) = max{w(a) : a ∈ A} and Optw(A) = {a ∈ A : w(a) = wopt(A)}.

It is not difficult to prove the following statement.

Lemma 9. Let G be a tree with root, A1, . . . , Ak be nonempty sets of matchings

in G, and A = A1 ∪ · · · ∪ Ak. Then wopt(A) = max{wopt(A1), . . . , wopt(Ak)} and

Optw(A) =
⋃

i∈{1,...,k},
wopt(Ai)=w

opt(A)

Optw(Ai).

Lemma 10. Let G be a tree with root, A1, . . . , Ak be pairwise strongly disjoint

nonempty sets of matchings in G, and A = A1⊗· · ·⊗Ak. Then wopt(A) = wopt(A1)+

· · ·+ wopt(Ak) and Optw(A) = Optw(A1)⊗ · · · ⊗Optw(Ak).
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Proof. Let a1 ∈ A1, . . . , ak ∈ Ak. It is clear that w(a1∪· · ·∪ak) = w(a1)+ · · ·+w(ak).

Using this fact it is easy to show that wopt(A) = wopt(A1) + · · · + wopt(Ak) and

Optw(A) = Optw(A1)⊗ · · · ⊗Optw(Ak).

Theorem 5. Let G be a tree with root containing n nodes, ∆ be an edge-preserving

subgraph of the graph D(G), and w be a weight function. Then the algorithm A6 re-

turns the edge-preserving subgraph ∆w of the graph ∆ such that g(u) = wopt(M∆(u))

and M∆w(u) = Optw(M∆(u)) for any node u of the graph ∆, and makes O(n) addi-

tions, subtractions, and comparisons.

Proof. We prove by induction on the nodes of ∆ that g(u) = wopt(M∆(u)) and

M∆w(u) = Optw(M∆(u)) for each node u of ∆. Let v be a terminal node of G.

Using (14.1) we obtain that M∆(v) = M∆(v(∅)) = M∆w(v) = M∆w(v(∅)) = {λ},

wopt(M∆(v)) = wopt(M∆(v(∅))) = 0, and Optw(M∆(v)) = Optw(M∆(v(∅))) = {λ}.

From these equalities and from (15.8) it follows that the considered statement holds

for v and v(∅).

Let now v be a nonterminal node of G, which has k leaving edges e1, . . . , ek

entering nodes v1, . . . , vk, respectively, and, for nodes v1, . . . , vk, v1(∅), . . . , vk(∅), the

considered statement hold. Let us show that, for i = 1, . . . , k,

wopt(M∆(v(∅))) =
∑

j∈{1,...,k}

wopt(M∆(vj)) , (15.13)

wopt(M∆(v(ei))) =

 ∑
j∈{1,...,k}\{i}

wopt(M∆(vj))


+wopt(M∆(vi(∅))) + w(ei)

= wopt(M∆(v(∅)))− wopt(M∆(vi))

+wopt(M∆(vi(∅))) + w(ei) , (15.14)

wopt(M∆(v)) = max{wopt(M∆(v(σ))) : σ ∈ E∆(v)} . (15.15)
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The equality (15.13) follows from (14.2) and Lemmas 7 and 10. Using Lemmas 7

and 10 we obtain that

wopt

 ⊗
j∈{1,...,k}\{i}

M∆(vj)

⊗M∆(vi(∅))


=

 ∑
j∈{1,...,k}\{i}

wopt(M∆(vj))

+ wopt(M∆(vi(∅))) .

Using this equality and equalities (14.3) and (15.13) one can show that the equality

(15.14) holds. The equality (15.15) follows from the equality (14.4) and Lemma

9. By the inductive hypothesis, g(v1) = wopt(M∆(v1)), . . . , g(vk) = wopt(M∆(vk)) ,

g(v1(∅)) = wopt(M∆(v1(∅))), . . . , g(vk(∅)) = wopt(M∆(vk(∅)). Using the equalities

(15.9)–(15.11) and (15.13)–(15.15) we obtain g(v(∅)) = wopt(M∆(v(∅))), g(v(ei)) =

wopt(M∆(v(ei))) for i = 1, . . . , k, and g(v) = wopt(M∆(v)).

Let us show that, for i = 1, . . . , k,

Optw(M∆(v(∅))) =
⊗

j∈{1,...,k}

Optw(M∆(vj)) , (15.16)

Optw(M∆(v(ei))) =

 ⊗
j∈{1,...,k}\{i}

Optw(M∆(vj))


⊗Optw(M∆(vi(∅)))⊗ {{ei}} , (15.17)

Optw(M∆(v)) =
⋃

σ∈E∆(v),
wopt(M∆(v(σ)))=wopt(M∆(v))

Optw(M∆(v(σ))) . (15.18)

The equality (15.16) follows from the equality (14.2) and Lemmas 7 and 10. Using

Lemma 7 one can show that the sets

M∆(v1), . . . ,M∆(vi−1),M∆(vi(∅)),M∆(vi+1), . . . ,M∆(vk), {{ei}}

are pairwise strongly disjoint. It is clear that Optw({{ei}}) = {{ei}}. From here,
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from (14.3), and from Lemma 10 it follows that the equality (15.17) holds. The

equality (15.18) follows from (14.4) and Lemma 9.

By the inductive hypothesis, M∆w(u) = Optw(M∆(u)) for any

u ∈ {v1, . . . , vk, v1(∅), . . . , vk(∅)} .

Using (15.16)–(15.18) we obtain that, for i = 1, . . . , k,

Optw(M∆(v(∅))) =
⊗

j∈{1,...,k}

M∆w(vj) , (15.19)

Optw(M∆(v(ei))) =

 ⊗
j∈{1,...,k}\{i}

M∆w(vj)

⊗M∆w(vi(∅))

⊗{{ei}} , (15.20)

Optw(M∆(v)) =
⋃

σ∈E∆(v),
wopt(M∆(v(σ)))=wopt(M∆(v))

M∆w(v(σ)) . (15.21)

We know (see (14.2)–(14.4)) that, for i = 1, . . . , k,

M∆w(v(∅)) =
⊗

j∈{1,...,k}

M∆w(vj) , (15.22)

M∆w(v(ei)) =

 ⊗
j∈{1,...,k}\{i}

M∆w(vj)

⊗M∆w(vi(∅))⊗ {{ei}} , (15.23)

M∆w(v) =
⋃

σ∈E∆w (v)

M∆w(v(σ)) . (15.24)

From (15.19) and (15.22) it follows that Optw(M∆(v(∅))) = M∆w(v(∅)). From

(15.20) and (15.23) it follows that Optw(M∆(v(ei))) = M∆w(v(ei)) for i = 1, . . . , k.

We proved that wopt(M∆(v(σ))) = g(v(σ)) for any σ ∈ E∆(v) and wopt(M∆(v)) =

g(v). From here, (15.12) and equalities (15.21), (15.24) it follows Optw(M∆(v)) =

M∆w(v). Therefore, the considered statement holds also for nodes v(∅), v(e1), . . . ,

v(ek), v. Hence, g(u) = wopt(M∆(u)) and M∆w(u) = Optw(M∆(u)) for any node u of
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the graph ∆.

The tree G contains n− 1 edges. For a terminal node v of the tree G, we do not

need arithmetical operations to find values of g(v) and g(v(∅)) (see (15.8)). Let v be a

nonterminal node of G, which has k leaving edges e1, . . . , ek entering nodes v1, . . . , vk,

respectively. We need k− 1 additions to compute the value g(v(∅)), 3k additions and

subtractions to compute the values g(v(e1)), . . . , g(v(ek)), at most k comparisons to

compute the value g(v), and at most k+1 comparisons to determine edges starting in

v that should be removed—see (15.9)–(15.11) and the last part of step 3. As a result,

for the node v, the considered algorithm makes at most 6k arithmetical operations.

To process the tree G, the algorithm A6 makes at most 6n arithmetical operations

(additions, subtractions, and comparisons).

We can use the considered procedure (algorithm A6) for multi-stage optimization

of matchings. Let us have a tree G and weight functions w1, w2, . . ., which assign

positive integers (weights) to the edges of G. We choose a node r of G as the root

and construct the graph ∆ = D(G). We know that the set M∆(r) corresponding to

the node r of ∆ is equal to the set of all matchings in G.

We apply to the graph ∆ the procedure of optimization relative to the weight

function w1. As a result, we obtain an edge-preserving subgraph ∆w1 of the graph

D(G). The set M∆w1 (r) corresponding to the node r of ∆w1 is equal to the set of

all matchings from M∆(r), which have the maximum total weight of edges relative to

the weight function w1.

We apply to the graph ∆w1 the procedure of optimization relative to the weight

function w2. As a result, we obtain an edge-preserving subgraph ∆w1,w2 of the graph

D(G). The set of matchings M∆w1,w2 (r) corresponding to the node r of ∆w1,w2 is equal

to the set of all matchings from M∆w1 (v), which have the maximum total weight of

edges relative to the weight function w2, etc.

In particular, we can maximize the cardinality of matchings and after that among
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all matchings with the maximum cardinality, we can choose all matchings with the

maximum total compatibility [82].
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Chapter 16

Bi-Criteria Optimization of Matchings

In this chapter, we describe an additional tool for the study of Pareto optimal points

(POPs) in comparison to ones considered in Sect. 4.1: the algorithm A7 for the

fusion of sets of POPs [2]. We also propose the algorithm A8, which constructs the

set of POPs for bi-criteria optimization of matchings in trees relative to two weight

functions. In the end of the chapter, we discuss the notion of a totally optimal

matching (optimal relative to two weight functions simultaneously) and show how

we can recognize the existence of totally optimal matchings using multi-stage and

bi-criteria optimization algorithms. This chapter contains some revised results from

the conference paper [89].

16.1 Fusion of Sets of Pareto Optimal Points

Let A,B be nonempty finite subsets of the set R2. We denote by A ⊕ B the set

{(a + c, b + d) : (a, b) ∈ A, (c, d) ∈ B}. Note that A ⊕ B = Jf,g(A,B), where

f = g = x1 + x2 (see Sect. 4.1).

Let P1, . . . , Pt be nonempty finite subsets of R2, Q1 = P1, and, for i = 2, . . . , t,

Qi = Qi−1 ⊕ Pi. We assume that, for i = 1, . . . , t, the sets Par(P1), . . . , Par(Pt)

are already constructed. We now describe an algorithm that constructs the sets

Par(Q1), . . . , Par(Qt) and returns Par(Qt) = Par(P1 ⊕ · · · ⊕ Pt). This algorithm is

a special case of a more general algorithm considered in [2].

Algorithm A7 (fusion of sets of POPs).
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Input : Sets Par(P1), . . . , Par(Pt) for some nonempty finite subsets P1, . . . , Pt of

R2.

Output : The set Par(Qt), where Q1 = P1, and, for i = 2, . . . , t, Qi = Qi−1 ⊕ Pi,

i.e., Qt = P1 ⊕ · · · ⊕ Pt.

1. Set B1 = Par(P1) and set i = 2.

2. Construct the multiset

Ai = Bi−1 ⊕ Par(Pi) = {(a+ c, b+ d)) : (a, b) ∈ Bi−1, (c, d) ∈ Par(Pi)}

(we will not remove equal pairs from the constructed set).

3. Using algorithm A3, construct the set Bi = Par(Ai).

4. If i = t, then return Bi and finish the work of the algorithm. Otherwise, set

i = i+ 1 and proceed to step 2.

Proposition 9. [2] Let P1, . . . , Pt be nonempty finite subsets of R2, Q1 = P1, and,

for i = 2, . . . , t, Qi = Qi−1 ⊕ Pi. Then the algorithm A7 returns the set Par(Qt) =

Par(P1 ⊕ · · · ⊕ Pt).

Proposition 10. [2] Let P1, . . . , Pt be nonempty finite subsets of R2, Q1 = P1, and,

for i = 2, . . . , t, Qi = Qi−1 ⊕ Pi. Let P
(1)
i = {a : (a, b) ∈ Pi} for i = 1, . . . , t, m

be a natural number, and P
(1)
i ⊆ {0,−1, . . . ,−m} for i = 1, . . . , t. Then, during the

construction of the set Par(Qt), the algorithm A7 makes O(t2m2 log(tm)) additions

and comparisons.

16.2 Bi-Criteria Optimization of Matchings

We consider the problem of minimization of the total weight of edges in matchings

instead of the problem of maximization of total weight. To this end, instead of positive

integers (weights), we attach to edges additive inverse of weights.
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Let G be a tree with the root r. A weight function w for G assigns a negative

integer w(e) to each edge e of the tree G. Let a be a matching in G. The value

w(a) =
∑

e∈aw(e) is called the weight of matching a relative to the weight function

w. If a = λ = ∅, then w(a) = 0. Let w1 and w2 be weight functions for G. For any

nonempty set A of matchings in G, we denote Pw1,w2(A) = {(w1(a), w2(a)) : a ∈ A}.

Lemma 11. Let G be a tree, w1 and w2 be weight functions for G, and A1, . . . , Ak

be pairwise strongly disjoint nonempty sets of matchings in G. Then

Pw1,w2(A1 ⊗ · · · ⊗ Ak) = Pw1,w2(A1)⊕ · · · ⊕ Pw1,w2(Ak) .

Proof. Let a1 ∈ A1, . . . , ak ∈ Ak. Since A1, . . . , Ak are pairwise strongly disjoint,

w1(a1∪· · ·∪ak) = w1(a1)+ · · ·+w1(ak) and w2(a1∪· · ·∪ak) = w2(a1)+ · · ·+w2(ak).

Using these facts, it is easy to show that Pw1,w2(A1 ⊗ · · · ⊗Ak) = Pw1,w2(A1)⊕ · · · ⊕

Pw1,w2(Ak).

We corresponded a set MD(G)(u) of matchings in G to each node u of the graph

D(G) (see (14.1)–(14.4) for the case ∆ = D(G)). We correspond to each node u

of D(G) the set of pairs of nonpositive integers Pw1,w2

D(G) (u) = {(w1(a), w2(a)) : a ∈

MD(G)(u)}.

Let v be a terminal node of G. Then, using (14.1) we obtain

Pw1,w2

D(G) (v) = Pw1,w2

D(G) (v(∅)) = {(0, 0)} . (16.1)

Let v be a nonterminal node of G, which has k leaving edges e1, . . . , ek entering

nodes v1, . . . , vk, respectively.
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Using Lemmas 7 and 11 and (14.2)–(14.4), we obtain that, for i = 1, . . . , k,

Pw1,w2

D(G) (v(∅)) =
⊕

j∈{1,...,k}

Pw1,w2

D(G) (vj) , (16.2)

Pw1,w2

D(G) (v(ei)) =

 ⊕
j∈{1,...,k}\{i}

Pw1,w2

D(G) (vj)

⊕ Pw1,w2

D(G) (vi(∅))

⊕{(w1(ei), w2(ei))} , (16.3)

Pw1,w2

D(G) (v) =
⋃

σ∈{e1,...,ek,∅}

Pw1,w2

D(G) (v(σ)) . (16.4)

Let G contain n nodes. We denote by E(G) the set of edges of G and m = nW ,

where W = max{|w1(e)| : e ∈ E(G)}. It is clear that, for any matching a in G,

w1(a) ∈ {0,−1, . . . ,−m} . (16.5)

We now describe the algorithm A8 for bi-criteria optimization of matchings in G,

which constructs the set Par(Pw1,w2

D(G) (r)). In fact, this algorithm constructs, for each

node u of D(G), the set B(u) = Par(Pw1,w2

D(G) (u)) of Pareto optimal points for the set

of pairs Pw1,w2

D(G) (u).

Algorithm A8 (construction of POPs for matchings)

Input : A tree G with the root r, the graph D(G), and weight functions w1 and

w2 for G.

Output : The set Par(Pw1,w2

D(G) (r)) of Pareto optimal points for the set of pairs

Pw1,w2

D(G) (r) = {(w1(a), w2(a)) : a ∈MD(G)(r)}.

1. If all nodes in G are processed, then return the set B(r). Otherwise, choose a

node v in the tree G, which is not processed yet and which is either a terminal

node of G or a nonterminal node of G such that all children of v in G are

processed.
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2. If v is a terminal node of G, then set B(v) = B(v(∅)) = {(0, 0)}. Mark the

node v as processed and proceed to step 1.

3. Let v be a nonterminal node of G, which has k leaving edges e1, . . . , ek entering

nodes v1, . . . , vk, respectively. Apply the algorithm A7 to sets B(v1), . . . , B(vk).

Set B(v(∅)) the output of the algorithm A7. Then, for i = 1, . . . , k, apply the

algorithm A7 to the sets

B(v1), . . . , B(vi−1), B(vi(∅)), B(vi+1), . . . , B(vk), {(w1(ei), w2(ei))}.

Set B(v(ei)) the output of the algorithm A7. Construct the multiset A(v) =⋃
σ∈{e1,...,ek,∅}B(v(σ)) by simple transcription of elements from sets B(v(σ)),

σ ∈ {e1, . . . , ek, ∅}. Apply to the obtained multiset A(v) the algorithm A3,

which constructs the set Par(A(v)). Set B(v) = Par(A(v)). Mark the node v

as processed and proceed to step 1.

Theorem 6. Let G be a tree with the root r, n nodes, and the set of edges E(G),

and w1, w2 be weight functions for G. Then, for each node u of the graph D(G),

the algorithm A8 constructs the set B(u) = Par(Pw1,w2

D(G) (u)). To construct the set

B(r) = Par(Pw1,w2

D(G) (r)), the algorithm A8 makes O(n6W 2 log(nW )) comparisons and

additions, where W = max{|w1(e)| : e ∈ E(G)}.

Proof. We will prove that B(u) = Par(Pw1,w2

D(G) (u)) for any node u of D(G) by induc-

tion on nodes of G. At the same time, we will evaluate the number of arithmetical

operations made by the algorithm A8.

Let v be a terminal node of G. From (16.1) it follows that

Par(Pw1,w2

D(G) (v)) = Par(Pw1,w2

D(G) (v(∅))) = {(0, 0)} .

Therefore, B(u) = Par(Pw1,w2

D(G) (u)) for any u ∈ {v, v(∅)}. We do not need arith-
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metical operations to construct the sets of Pareto optimal points for the sets of pairs

corresponding to v and v(∅).

Let v be a nonterminal node of G, which has k leaving edges e1, . . . , ek entering

nodes v1, . . . , vk, respectively, and B(u) = Par(Pw1,w2

D(G) (u)) for any

u ∈ {v1, . . . , vk, v1(∅), . . . , vk(∅)} .

We now show that B(u) = Par(Pw1,w2

D(G) (u)) for any u ∈ {v, v(∅), v(e1) . . . , v(ek)}.

The equality B(v(∅)) = Par(Pw1,w2

D(G) (v(∅)) follows from the inductive hypothesis,

equality (16.2) and Proposition 9. Using (16.5) and Proposition 10, we obtain that

the construction of the set Par(Pw1,w2

D(G) (v(∅))) requires O(k2m2 log(km)) additions and

comparisons, where m = nW .

Let i ∈ {1, . . . , k}. The equality B(v(ei)) = Par(Pw1,w2

D(G) (v(ei)) follows from the

inductive hypothesis, equality (16.3), Proposition 9, and the fact that

Par({(w1(ei), w2(ei))}) = {(w1(ei), w2(ei))} .

By (16.5) and Proposition 10, the construction of the set Par(Pw1,w2

D(G) (v(ei))) requires

O(k2m2 log(km)) additions and comparisons. To construct the set

Par(Pw1,w2

D(G) (v(ei)))

for each i ∈ {1, . . . , k}, we need O(k3m2 log(km)) additions and comparisons.

From equality (16.4) and Lemma 3 it follows that

Par(Pw1,w2

D(G) (v)) ⊆
⋃

σ∈{e1,...,ek,∅}

Par(Pw1,w2

D(G) (v(σ))) .
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By Lemma 2,

Par(Pw1,w2

D(G) (v)) = Par

 ⋃
σ∈{e1,...,ek,∅}

Par(Pw1,w2

D(G) (v(σ)))

 .

The equality B(v) = Par(Pw1,w2

D(G) (v)) follows from this equality and the equalities

B(v(σ)) = Par(Pw1,w2

D(G) (v(σ))), σ ∈ {e1, . . . , ek, ∅}. We construct the set A(v) =⋃
σ∈{e1,...,ek,∅} Par(P

w1,w2

D(G) (v(σ))), which cardinality is, by (16.5) and Lemma 5, at most

(k + 1)(m + 1), and apply to it the algorithm A3. As a result, we obtain the set

Par(Pw1,w2

D(G) (v)) using O(km log(km)) comparisons—see Proposition 4. We proved

that B(u) = Par(Pw1,w2

D(G) (u)) for any u ∈ {v, v(∅), v(e1) . . . , v(ek)}. Therefore, B(u) =

Par(Pw1,w2

D(G) (u)) for any node u of the graph D(G).

To process a nonterminal node v of G with k children and all auxiliary nodes

of D(G) corresponding to v, we make O(k3m2 log(km)) comparisons and additions.

The number of nonterminal nodes is at most n. It is clear that k ≤ n. There-

fore, to construct the sets of POPs corresponding to all nodes of D(G) we make

O(n4m2 log(nm)) comparisons and additions, where m = nW . Then the algorithm

A5 makes O(n6W 2 log(nW )) comparisons and additions.

16.3 Totally Optimal Matchings

Let G be a tree with the root r and w be a weight function for G that assigns to each

edge in G a positive integer (weight). We denote by w(G) the maximum total weight

of edges in a matching in G, i.e., w(G) = wopt(MD(G)(r)). Let w1 and w2 be weight

functions for G and a be a matching in G. We will say that the matching a is totally

optimal relative to w1 and w2 if w1(a) = w1(G) and w2(a) = w2(G).

There are two ways to recognize experimentally the existence of a totally optimal

matching in G relative to w1 and w2.

The first one is based on the use of a multi-stage optimization technique. We
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construct the graph D(G). For i = 1, 2, we apply to D(G) the procedure of matching

optimization (algorithm A6) relative to wi. As a result, we obtain the graphs D(G)w1

and D(G)w2 , and numbers w1(G) and w2(G) attached to the node r of these graphs,

respectively (see Theorem 5). Next, we apply to D(G) sequentially the procedures

of matching optimization relative to w1 and w2. As a result, we obtain the graph

D(G)w1,w2 and a number g(r) attached to the node r of this graph. From Theorem 5

it follows that g(r) = max{w2(a) : a ∈ Optw1(MD(G)(r))}, i.e., g(r) is the maximum

w2-weight of a matching among all matchings with the maximum w1-weight (here

wi-weight of a matching a is wi(a)). One can show that a totally optimal matching

in G relative to w1 and w2 exists if and only if g(r) = w2(G).

The second way is to construct the set Par(Pw1,w2

D(G) (r)) of all POPs for the bi-

criteria optimization problem for matchings in G relative to w1 and w2. A totally

optimal matching inG relative to w1 and w2 exists if and only if the set Par(Pw1,w2

D(G) (r))

contains only one POP.

There are some theoretical results regarding totally optimal matchings relative

to c and w, where c is the weight function, which assigns to each edge the weight 1

and w is a weight function satisfying some special conditions. Note that c(G) is the

maximum cardinality of a matching in G.

Let κ be a function that assigns positive integers (weights) to nodes of the tree

G. We correspond to κ a weight function wκ, which assigns to each edge e = (u, v)

of the tree G the weight wκ(e) = κ(u) + κ(v). Let a be a matching in G. It is

known [86, 87, 88] that if wκ(a) = wκ(G), then c(a) = c(G), i.e., each matching with

the maximum wκ-weight has the maximum cardinality. It means that there exists a

totally optimal matching in G relative to wκ and c.

Let G have n nodes, E(G) be the set of edges in G, and w be a weight function

for G. We denote h = min{w(e) : e ∈ E(G)} and H = max{w(e) : e ∈ E(G)}. Let

H > h and H
H−h >

⌊
n
2

⌋
. In this case, for each matching a in G, if w(a) = w(G),
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then c(a) = c(G), i.e., each matching with the maximum w-weight has the maximum

cardinality [86]. It means that there exists a totally optimal matching in G relative

to w and c.

In the next chapter, we study experimentally the existence of totally optimal

matchings relative to c and a randomly generated weight function w.
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Chapter 17

Example and Experimental Results

In this chapter, we consider an example of multi-stage and bi-criteria optimization

of matchings for a tree with five nodes [82, 89]. We also discuss the results of com-

putational experiments with the algorithms A5, A6, and A8 for randomly generated

trees and weight functions. We compare the number of matchings before and after

optimization, compare the maximum cardinality of matchings before and after opti-

mization relative to a randomly generated weight function, consider the number of

POPs for bi-criteria optimization of matchings relative to the cardinality and a weight

function, and study the existence of totally optimal matchings.

17.1 Example

We consider an example of multi-stage and bi-criteria optimization of matchings for a

tree G with the root v1 depicted in Fig. 17.1 (a), which has five nodes v1, v2, v3, v4, v5

and four edges e1, e2, e3, e4.

We study two weight functions. The first weight function w1 corresponds the

weight 1 to each edge (we maximize the cardinality of matching). The second weight

function w2 corresponds weights 2, 5, 1, 2 to edges e1, e2, e3, e4, respectively (we max-

imize the weight of matching relative to this function)—see Fig. 17.1 (a).

There are two matchings with the maximum cardinality {e1, e3} and {e1, e4}, and

one matching {e2} with the maximum total edge weight relative to w2.

Our first aim is to find all matchings with the maximum total edge weight among



246

𝑣1(𝑒1) 𝑣1(𝑒2) 𝑣1(∅)

𝑣1

𝑣3(𝑒3) 𝑣3(𝑒4) 𝑣3(∅)

𝑣3

𝑣2(∅)

𝑣2

𝑣4(∅)

𝑣4

𝑣5(∅)

𝑣5

𝑣2

𝑣1

𝑣3

𝑣5𝑣4

𝑒1 𝑒2

𝑒3 𝑒4

(a) (b)

1

2 5

2

Figure 17.1: Graph D(G) (b) corresponding to tree G (a)

all matchings with the maximum cardinality.

We construct the graph D(G) (see Fig. 17.1 (b)) and apply to it the procedure

of optimization (algorithm A6) relative to the weight function w1. As a result, we

obtain the edge-preserving subgraph D(G)w1 of the graph D(G) (see Fig. 17.2 (a)).

It is easy to see that MD(G)w1 (v1) = {{e1, e3} , {e1, e4}}. This is exactly the set of all

matchings in G with the maximum cardinality.

We apply to the graph D(G)w1 the procedure of optimization (algorithm A6)

relative to the weight function w2.
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Figure 17.2: Graph D(G)w1 (a) and graph D(G)w1,w2 (b)
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Figure 17.3: Sets of POPs attached to nodes of D(G)

As a result, we obtain the edge-preserving subgraph D(G)w1,w2 of the graph D(G)
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(see Fig. 17.2 (b)). The set MD(G)w1,w2 (v1) = {{e1, e4}} contains the only match-

ing with the maximum total edge weight among all matchings with the maximum

cardinality.

Our second aim is to construct all POPs for the problem of bi-criteria optimization

of matchings relative to the weight functions w1 and w2.

We apply to the graph D(G) the procedure of bi-criteria optimization (algorithm

A8) relative to the weight functions w1 and w2. As a result, each node of D(G) is

labeled with the set of POPs corresponding to the set of matchings associated with

this node (see Fig. 17.3). In particular, the whole set of matchings (it is associated

with the node v1) has two POPs (1, 5) and (2, 4).

17.2 Experimental Results

To evaluate created methods and to clarify some aspects of the matching optimization

problems, we conduct computational experiments with randomly generated rooted

trees, with randomly generated weight function w and with the weight function c,

which assigns the weight 1 to each edge of the tree. We repeat each experiment

100 times. For each trial, we construct a tree and a weight function w for it using

the following random procedure. First, we define the range of a possible number of

children “# children” and the range of a possible edge weight “weights”. Both ranges

are given in the form 1-m, where m is a natural number.
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Table 17.1: Average number of matchings in the initial tree ∅, after optimization
relative to c (c), after optimization relative to w (w), after optimization relative to c
and w (c, w), and after optimization relative to w and c (w, c) among 100 trials; #
children 1-2; weights 1-10

average number of matchings
# nodes ∅ c w c, w w, c

10 7.1× 101 4.7 1.4 1.2 1.2
30 6.1× 105 1.4× 102 2.1 1.6 1.8
50 5.1× 109 2.3× 103 4.0 2.1 2.4
70 4.2× 1013 7.6× 104 5.6 3.4 4.1
90 3.6× 1017 7.8× 105 7.0 3.4 4.0
110 2.8× 1021 1.2× 107 1.5× 101 6.6 8.0
130 2.7× 1025 4.1× 108 1.7× 101 6.4 8.0
150 2.3× 1029 1.7× 1010 3.2× 101 6.7 10.1
170 1.8× 1033 7.5× 1010 5.6× 101 10.6 15.6
190 1.6× 1037 1.6× 1012 8.7× 101 14.8 23.2
210 1.4× 1041 2.3× 1013 2.0× 102 19.2 46.8
230 1.1× 1045 1.2× 1014 2.4× 102 28.2 48.5

Table 17.2: Average number of matchings in the initial tree ∅, after optimization
relative to c (c), after optimization relative to w (w), after optimization relative to c
and w (c, w), and after optimization relative to w and c (w, c) among 100 trials; #
children 1-15; weights 1-100

average number of matchings
# nodes ∅ c w c, w w, c

10 3.1× 101 7.8 1.0 1.0 1.0
30 5.3× 103 6.6× 102 1.2 1.2 1.2
50 1.1× 106 6.1× 104 1.2 1.2 1.2
70 1.2× 108 4.8× 106 1.3 1.3 1.3
90 2.4× 1010 4.0× 108 1.6 1.6 1.6
110 4.1× 1012 3.2× 1010 1.5 1.5 1.5
130 4.8× 1014 2.8× 1012 1.7 1.7 1.7
150 7.7× 1016 1.9× 1014 1.6 1.6 1.6
170 1.8× 1019 1.3× 1016 2.0 2.0 2.0
190 1.5× 1022 1.5× 1018 2.0 2.0 2.0
210 2.7× 1023 1.0× 1020 2.3 2.3 2.3
230 3.4× 1026 1.0× 1022 2.9 2.9 2.9

For the root node, we generate a random number of children in the given range “#

children”, add edges connecting the root node with the children, and assign weights
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randomly in the given range “weights” to these edges. Then from all terminal nodes of

the constructed tree, we randomly choose one and add children to this node, etc. The

procedure terminates when the total number of nodes in the constructed tree is equal

to the given limit “# nodes”. In all random processes, we use uniform distributions.

In Tables 17.1 and 17.2, we show the average number of matchings in the initial

tree (column “∅”), after optimization relative to c (column “c”), after optimization

relative to w (column “w”), after optimization relative to c and w (column “c, w”),

and after optimization relative to w and c (column “w, c”) among 100 trials. In Table

17.1, we consider ranges # children 1-2 and weights 1-10, and in Table 17.2—ranges

# children 1-15 and weights 1-100.
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Table 17.3: Maximum cardinality of matchings (in format minaveragemax) before and
after optimization relative to w among 100 trials

maximum matching cardinality
# nodes # children weights before optimization after optimization

10 1-2 1-10 44.375 34.125

30 1-2 1-10 1113.2215 1112.5714

50 1-2 1-10 2022.0224 1820.7823

70 1-2 1-10 2830.8233 2628.9631

90 1-2 1-10 3639.9743 3237.7742

110 1-2 1-10 4648.3552 4245.8549

130 1-2 1-10 5557.7461 5054.6259

150 1-2 1-10 6266.3371 5762.6967

170 1-2 1-10 7275.6981 6571.3376

190 1-2 1-10 7984.4090 7479.7186

210 1-2 1-10 8993.3398 8287.9893

230 1-2 1-10 98102.22106 9096.40101

10 1-15 1-100 12.645 12.615

30 1-15 1-100 25.138 25.128

50 1-15 1-100 47.5913 47.5213

70 1-15 1-100 79.5314 79.4714

90 1-15 1-100 812.2918 812.2018

110 1-15 1-100 1114.8420 1114.7520

130 1-15 1-100 1217.3323 1217.2723

150 1-15 1-100 1519.6626 1519.6426

170 1-15 1-100 1722.4031 1722.3031

190 1-15 1-100 1825.0235 1824.9235

210 1-15 1-100 1927.1233 1927.0333

230 1-15 1-100 2230.2239 2230.1339

We see that the initial number of matchings and the number of matchings with

the maximum cardinality are large, but the number of matchings after optimization

relative to w is relatively small. We also see the following trends: in Table 17.2 in

comparison with Table 17.1, the initial number of matchings in trees is decreasing,

the number of matchings after optimization relative to c is increasing, and the number

of matchings after any sequence of optimizations containing w is decreasing.

In Table 17.3, we compare the maximum cardinality of matchings before and

after optimization relative to w among 100 trials. In this table, we use format
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minaveragemax. We see that the optimization relative to w, as the first step, will

not lead to a considerable decrease in the average of the maximum cardinality of

matchings. With the increase in the number of children and weight ranges, the maxi-

mum cardinality of matchings before and after optimization relative to w is decreasing

on average.

Table 17.4: Number of Pareto optimal points (in format minaveragemax) for bi-criteria
optimization problem relative to c and w with weights 1-10 among 100 trials

# nodes
# children 30 70 110 150 190 230

1-2 11.723 12.605 13.497 14.7110 15.5012 26.2211

1-4 11.222 11.826 12.245 12.526 12.926 13.568

1-6 11.163 11.443 11.544 11.704 11.894 11.927

1-8 11.042 11.123 11.234 11.244 11.414 11.404

1-10 11.022 11.082 11.143 11.122 11.254 11.183

1-12 11.022 11.062 11.103 11.062 11.112 11.073

1-14 11.022 11.042 11.032 11.032 11.042 11.022

1-16 11.042 11.022 11.012 11.072 11.042 11.032

1-18 11.012 11.022 11.001 11.001 11.032 11.032

1-20 11.032 11.012 11.012 11.012 11.022 11.012

580 585 590 595 600 605 610
w

97

98

99

100
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105

c

Figure 17.4: Pareto optimal points for a bi-criteria optimization problem with pa-
rameters # nodes 230, # children 1-2, and weights 1-10

In Table 17.4, we consider the number of Pareto optimal points (POPs) (in format

minaveragemax) for problem of bi-criteria optimization of matchings relative to c and w

with weights 1-10 among 100 trials. The most interesting result of these experiments



253

is the small number of POPs—at most 12 (Fig. 17.4 shows all nine POPs for one

of the considered problems). The minimum number of POPs in each series of 100

trials except one case is one. It means that in these series, there are trees with totally

optimal matchings relative to c and w. In two series, the maximum number of POPs is

equal to one. It means that each tree from these series has a totally optimal matching

relative to c and w.

In Table 17.5, we show the number of trees with totally optimal matchings relative

to c and w with weights 1-10 among 100 trials. In many series, the number of trees

with totally optimal matchings is close to 100.

Table 17.5: Number of trees with totally optimal matchings relative to c and w with
weights 1-10 among 100 trials

# nodes
# children 30 70 110 150 190 230

1-2 39 14 2 1 1 0
1-4 78 42 29 20 13 4
1-6 86 60 57 50 39 36
1-8 96 89 81 78 66 69
1-10 98 92 87 88 82 85
1-12 98 94 91 94 89 94
1-14 98 96 97 97 96 98
1-16 96 98 99 93 96 97
1-18 99 98 100 100 97 97
1-20 97 99 99 99 98 99
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Part IV

Combinatorial Optimization

Problems. Syntactical Circuits
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In this part, we study two combinatorial optimization problems for which we cannot

find conventional circuits without repetitions: optimization of matchings in trees and

0/1 knapsack problem. For each problem, we construct a conventional circuit with

repetitions, transform this circuit into a syntactical circuit without repetitions, and

define at least two increasing or strictly increasing cost functions for the syntactical

circuit each of which is adapted (see Sect. 2.4). We evaluate the number of operations

and the time required by the algorithms A1, A2, and A4, consider an example of the

problem instance, and discuss the results of experiments with randomly generated

instances of the problem. For the considered problems and cost functions, the algo-

rithms A1, A2, and A4 work with the schemes of circuits instead of the circuits (see

Sect. 2.4).

In Chap. 18, we study the problem of optimization of matchings in trees.

In Chap. 19, we consider the 0/1 knapsack problem.
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Chapter 18

Optimization of Matchings in Trees

18.1 Definition of Circuit and Cost Functions

Let G be a tree with n ≥ 1 nodes and n − 1 edges. We choose a node r in the tree

G as the root. It will be useful for us to consider G as a directed graph with the

orientation of edges from the root r. The tree G is given by its adjacency list. A

matching in G is a set of edges without common nodes.

The number n is the dimension of the problems under consideration related to

the optimization of matchings in trees. To define a cost function for a matching

optimization problem, we need to give n − 1 positive integer weights of edges. To

describe an instance of the problem, we need the adjacency list and one or two cost

functions. Note that n is at most the number of numeric parameters of the problem

plus one.

The adjacency list and the binary representations of n − 1 or 2n − 2 numbers

defining one or two cost functions form the representation of the problem instance

(we will omit the word instance). It is clear that n is at most the length of the

problem representation.

Each node y in G defines a subtree G(y) of G in which y is the root. We denote by

MG(y) the set of matchings in G(y) and by MG(y(∅)) we denote the set of matchings

in G(y), which do not contain edges that are incident to the node y. Let C and D be

nonempty sets of matchings in G. We denote C ⊗ D = {c ∪ d : c ∈ C, d ∈ D}. We
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now describe the set MG(r). Let y be a terminal node of G. Then

MG(y) = MG(y(∅)) = {λ} ,

where λ is the empty matching.

Let y be a nonterminal node of G, which has k leaving edges e1, . . . , ek entering

nodes y1, . . . , yk, respectively. Then, for i = 1, . . . , k,

MG(y(∅)) =
⊗

j∈{1,...,k}

MG(yj) ,

MG(y(ei)) =

 ⊗
j∈{1,...,k}\{i}

MG(yj)

⊗MG(yi(∅))⊗ {{ei}} ,

MG(y) =
⋃

σ∈{e1,...,ek,∅}

MG(y(σ)) ,

where MG(y(ei)) is the set of matchings in G(y) containing the edge ei.

Set U =
⋃
y∈V (G) MG(y), where V (G) is the set of all nodes of G. We now describe

a circuit S over the set U , which represents the set MG(r).

For each terminal node y from G, the circuit S contains two input nodes v(y)

and v(y, ∅) labeled with {λy} and {λy,∅}, respectively. Both, λy and λy,∅, denote the

empty matching λ. For each nonterminal node y from G, the circuit S contains one

unifying node v(y) labeled with the symbol ∪. The unifying node v(r) is considered

as the output and is labeled with ∗.

For each nonterminal node y from G with k leaving edges e1, . . . , ek entering nodes

y1, . . . , yk, the circuit S contains a functional node v(y, ei), i = 1, . . . , k, labeled with

the function

µy,ei(x1, . . . , xk) =

 ⋃
j∈{1,...,k}\{i}

xj

 ∪ xi ∪ {ei}
from

∏
j=1,...,i−1MG(yj)×MG(yi(∅))×

∏
j=i+1,...,kMG(yj) to MG(y(ei)). Additionally,

for the same nonterminal node y, the circuit S contains one functional node v(y, ∅)
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labeled with the function µy,∅(x1, . . . , xk) =
⋃
j∈{1,...,k} xj from

∏
j=1,...,k

MG(yj)

to MG(y(∅)).

For each nonterminal node y from G with k leaving edges e1, . . . , ek entering

nodes y1, . . . , yk, the unifying node v(y) has k entering edges leaving the nodes

v(y, ei), i = 1, . . . , k, and one entering edge from the node v(y, ∅). For the con-

sidered node y, each functional node v(y, ei) has k entering edges leaving the nodes

v(y1), . . . , v(yi−1), v(yi, ∅), v(yi+1), . . . , v(yk). We label these edges with the numbers

1, 2, . . . , k (we will not show these numbers in the example). For the considered

node y, the functional node v(y, ∅) has k entering edges leaving the unifying nodes

v(y1), . . . , v(yk). We label these edges with the numbers 1, 2, . . . , k (we will not show

these numbers in the example).

One can show that, for any node v(y) ∈ Vi(S)∪Vu(S), S(v(y)) = MG(y). For any

node v(y, ∅) ∈ Vi(S) ∪ Vf (S), S(v(y, ∅)) = MG(y(∅)) and, for any v(y, ei) ∈ Vf (S),

S(v(y, ei)) = MG(y(ei)).

The circuit S contains at most 2n input nodes, at most n unifying nodes with at

most n entering edges each, and at most 2n functional nodes with at most n entering

edges each. Hence, it contains at most 5n nodes and at most 3n2 edges.

The circuit S is not a circuit without repetitions: both input and functional nodes

might share some of the elements. We correspond to S the syntactical circuit Ŝ, which

is a circuit without repetitions (see Sect. 2.3).

Let y be a terminal node of G. In the syntactical circuit Ŝ, we use element

symbols λ̂y and λ̂y,∅ instead of the elements (empty matchings) λy and λy,∅. Let y

be a nonterminal node of G, which has k leaving edges e1, . . . , ek. In the syntactical

circuit Ŝ, we use functional symbols (and functions) µ̂y,ei , i = 1, 2, . . . , k and µ̂y,∅
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instead of functions µy,ei , i = 1, 2, . . . , k, and µy,∅.

Let w be a weight function, which assigns positive integers (weights) to edges of

the tree G. We now define a cost function Ψw for the circuit Ŝ given by the functions

ψw and ψwv , v ∈ Vf (Ŝ). For any terminal node y of G, ψw(λ̂y,∅) = ψw(λ̂y) = 0. Let y

be a nonterminal node of G with k leaving edges e1, . . . , ek. Then ψwv(y,∅)(x1, . . . , xk) =

x1 + · · ·+ xk and ψwv(y,ei)
(x1, . . . , xk) = x1 + · · ·+ xk + (−w(ei)) for i = 1, . . . , k.

This cost function is adapted (see Sect. 2.4). It is described by formulas over the

set of elementary operations B = {x+y}—we assume that already have value −w(e)

for each edge e of the tree G.

To compute ψw, we do not need any operations, while to compute ψwv , v ∈ Vf (Ŝ)

we need at most k(v) operations from B.

The function Ψw is a strictly increasing nonpositive integer cost function. Denote

f(x1, x2) = x1 + x2. For k = 2, 3, . . ., we define the function fk(x1, . . . , xk) in the

following way: f2(x1, x2) = f(x1, x2) and fk(x1, . . . , xk) = f(fk−1(x1, . . . , xk−1), xk)

for k ≥ 3. Then x1 + · · ·+ xk = fk(x1, . . . , xk) and

x1 + · · ·+ xk + (−w(ei)) = fk+1(x1, . . . , xk,−w(ei)) .

Note that f(x1, x2) is an increasing bounded nonpositive integer function. It means,

we can use the modification of the algorithms A4 described in Sect. 4.3 to process

functional nodes of Ŝ.

Let δ be a formula from Ŝ(v∗). Then the element a(δ) from S(v∗) represented

by δ is a matching. It is easy to see that Ψw(δ) = −Σe∈a(δ)w(e). Therefore, Ψw is a

proper cost function for the circuit Ŝ relative to the circuit S.
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18.2 Time Complexity of Algorithms

The algorithms A1 and A2, and the modification of the algorithm A4 work with the

scheme of the circuit Ŝ (see Sect. 2.4). The circuit Ŝ is completely described by the

tree G. Therefore, the time complexity of the scheme of the circuit Ŝ construction is

linear depending on the number of its nodes and edges, i.e., O(n2).

Note that the algorithms A1 and A2 can also work with the schemes of edge-

preserving subcircuits of Ŝ obtained as a result of the algorithmA1 work—see Remark

1.

Denote B+ = B ∪ {x · y, x : y}, where x : y is the operation of comparison with

values x < y, x = y, and x > y.

Let w be a weight function for G. We denote W (w) = max{w(e) : e ∈ E(G)},

where E(G) is the set of edges of G. One can show that NΨw(Ŝ) ≤ (n − 1)W (w) ≤

nW (w)− 1, where NΨw(Ŝ) = max{|Ψw(δ)| : δ ∈ U(Ŝ)} and U(Ŝ) =
⋃
v∈V (Ŝ) Ŝ(v). It

is clear that log2W (w) is at most the length of the representation of a problem that

uses the cost function Ψw.

We can use the algorithm A1 for multi-stage optimization of formulas (matchings).

Using Theorem 1, we evaluate the number of operations from B+ required by the

algorithm A1 working with the scheme of an edge-preserving subcircuit T of the

circuit Ŝ and a cost function Ψw for Ŝ, where w is a weight function for G.

The scheme of T contains at most 2n input nodes. We do not need any operations

to process these nodes.

The scheme of T contains at most n unifying nodes with at most n entering

edges each. To treat these nodes, the algorithm A1 makes at most (2n − 1)n ≤ 2n2

comparisons.

The scheme of T contains at most 2n functional nodes with at most n entering

edges each. For each functional node v, the algorithm makes at most n operations

from B (additions) to compute ψwv . The total number of operations for all functional
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nodes is at most 2n2. The overall number of operations from B+ (comparisons and

additions) made by A1 is at most 2n2 + 2n2 ≤ 4n2, i.e., it is polynomial depending

on the dimension n.

In the software model of computation, for the considered scheme of the circuit and

cost function, the algorithm A1 has polynomial time complexity O(n2) depending on

the problem dimension n.

Using Remark 2 we obtain that, for the algorithm A1, the number nW (w) is an

upper bound on the absolute values of the numbers at the inputs of the operations

ψwv related to the functional nodes and at the inputs of comparisons related to the

unifying nodes of S. It is easy to check (see Remark 2) that, for the algorithm A1,

the number nW (w) is an upper bound on the absolute values of the numbers at the

inputs of operations from B in formulas for the functions ψwv . The algorithm uses

only the operations of addition and comparison. Therefore, in the integer model of

computation, for the considered scheme of the circuit and the cost function, the algo-

rithm A1 has the time complexity O(n2 log(nW (w))), which is polynomial depending

on the length of the problem representation (n and log2W (w) are at most the length

of the problem representation).

To count all formulas described by T , we apply the algorithmA2. We use Theorem

2 to evaluate the number of operations required by A2. The scheme of T contains

at most n unifying nodes with at most n entering edges each. Therefore, we need at

most n2 additions to treat these unifying nodes. For all of at most 2n functional nodes

with at most n entering edges each, we need at most 2n2 operations of multiplication.

To treat the input nodes, we do not need any operations. Thus, the total number of

operations from B+ made by A2 is at most 3n2.

In the software model of computation, for the considered scheme of the circuit,

the algorithm A2 has polynomial time complexity O(n2) depending on the problem

dimension n.
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We will not consider the time complexity of the algorithm A2 in the integer model

of computation since we cannot find reasonable upper bounds on the number of

formulas described by the circuit Ŝ.

Let w1 and w2 be two weight functions for G. We consider two cost functions Ψw1

and Ψw2 for the circuit Ŝ. We can use the modified algorithm A4 (see Sect. 4.3) to

find the set of Pareto optimal points for the problem of bi-criteria optimization of

formulas (matchings) relative to Ψw1 and Ψw2 .

Let M = MΨw1 ,Ψw2 (Ŝ) = max{|Par(tΨw1 ,Ψw2 (Ŝ, v))| : v ∈ V (Ŝ)}. By Proposition

5, M ≤ NΨw1 (Ŝ) + 1 ≤ nW (w1). Denote W = W (w1).

To evaluate the number of operations required by the modified algorithm A4, we

use Theorem 3 when considering input and unifying nodes, and results from Sect. 4.3

when considering functional nodes.

To treat all input nodes of the scheme of Ŝ, we do not need any operations. For all

at most n unifying nodes with at most n entering edges each, the modified algorithm

A4 makes at most 4n3W log2(n2W ) ≤ 8n3W log2(nW ) comparisons.

The scheme of the circuit Ŝ contains at most 2n functional nodes with at most

n entering edges each. To process one functional node, the modified algorithm A4

makes at most 2n3W 2 additions and at most 8n3W 2 log2(nW ) comparisons. In total,

the algorithm needs at most 20n4W 2 log2(2nW ) operations to process all functional

nodes.

Hence, the modified algorithm A4 requires at most 28n4W (w1)2 log2(2nW (w1))

operations from B+ (additions and comparisons), i.e., pseudo-polynomial number of

operations (polynomial depending on the dimension n and the numeric parameter

W (w1)).

In the software model of computation, for the considered scheme of the circuit

and pair of cost functions, the modified algorithm A4 has pseudo-polynomial time

complexity O(n4W (w1)2 log(nW (w1))) (polynomial depending on the length of the
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problem representation and the numeric parameter W (w(1)).

Using Remarks 9 and 10 we obtain that the number max(NΨw1 (S), NΨw2 (S))

is an upper bound on the absolute values of the numbers at the inputs of oper-

ations from B+ (additions and comparisons) of the modified algorithm A4. We

know that max(NΨw1 (S), NΨw2 (S)) ≤ nmax(W (w1),W (w2)). Therefore, in the in-

teger model of computation, for the considered scheme of the circuit and pair of

cost functions, the modified algorithm A4 has pseudo-polynomial time complexity

O(n4W (w1)2 log(nW (w1)) log(nmax(W (w1),W (w2)))) (polynomial depending on the

length of the problem representation and the numeric parameter W (w1)).

18.3 Example

We consider an example (introduced in Part III) of multi-stage and bi-criteria opti-

mization of matchings for the tree G with the root y1 depicted in Fig. 18.1 (a), which

has five nodes y1, y2, y3, y4, y5 and four edges e1, e2, e3, e4.

𝑦1

𝑦2 𝑦3

𝑒1

1

𝑦5𝑦4

𝑒3 𝑒4

(a) (b)

𝑣(𝑦1)

𝑣(𝑦2) 𝑣(𝑦3)

𝑣(𝑦5)𝑣(𝑦4) 𝑣(𝑦4, ∅) 𝑣(𝑦5, ∅)

𝑣(𝑦3, 𝑒3) 𝑣(𝑦3, 𝑒4)

𝑣(𝑦3, ∅)𝑣(𝑦2, ∅)

𝑣(𝑦1, 𝑒1) 𝑣(𝑦1, 𝑒2)

𝑣(𝑦1, ∅)
*

𝑒2

1

1

2

Figure 18.1: Syntactical circuit ŜM (b) corresponding to tree G (a)

We study two weight functions. The first weight function w1 corresponds the

weight 1 to each edge (we maximize the cardinality of matching). The second weight
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function w2 corresponds weights 2, 5, 1, 2 to edges e1, e2, e3, e4, respectively (we max-

imize the weight of matching relative to this function).

We construct the syntactical circuit ŜM (see Fig. 18.1 (b)) and apply to it the

procedure of optimization relative to the cost function Ψw1 . As a result, we have

the circuit ŜΨw1

M , which can be obtained from the circuit ŜM by the removal of edges

labeled with the number 1 (see Fig. 18.1 (b)). The circuit ŜΨw1

M describes the set

containing two formulas µ̂y1,e1(µ̂y3,e4(λ̂y5,∅, λ̂y4), λ̂y2,∅) and µ̂y1,e1(µ̂y3,e3(λ̂y5 , λ̂y4,∅), λ̂y2,∅)

representing matchings {e1, e4} and {e1, e3} with maximum cardinality.

We apply to the circuit ŜΨw1

M the procedure of optimization relative to the cost

function Ψw2 . As a result, we have the circuit ŜΨw1 ,Ψw2

M , which can be obtained

from the circuit ŜM by the removal of edges labeled with the numbers 1 and 2

(see Fig. 18.1 (b)). The circuit ŜΨw1 ,Ψw2

M describes the set containing one formula

µ̂y1,e1(µ̂y3,e4(λ̂y5,∅, λ̂y4), λ̂y2,∅) representing the matching {e1, e4}.

We also apply to the syntactical circuit ŜM the procedure of bi-criteria optimiza-

tion relative to the weight functions Ψw1 and Ψw2 . As a result, each node of ŜM is

labeled with the set of Pareto optimal points (see Fig. 18.2).

18.4 Experiments

We conduct computational experiments with randomly generated rooted trees, with

randomly generated weight function w, and with the weight function c, which assigns

the weight 1 to each edge of the tree.

We repeat each experiment 100 times. For each trial, we construct a tree and

a weight function w for this tree using the following random procedure. First, we

define the range of a possible number of children “# children” and the range of a

possible edge weight “weights”. Both ranges are given in the form 1-m, where m is

a natural number. For the root node, we generate a random number of children in

the given range “# children”, add edges connecting the root node with the children,
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{ −2, −4 ,
(−1, −5)}

{(0,0)} {(−1, −2)}

{(0,0)}{(0,0)} {(0,0)} {(0,0)}

{(−1, −1)} {(−1, −2)}

{(0,0)}{(0,0)}

{(−2, −4)} {(−1, −5)}

(−1, −2)
*

Figure 18.2: Sets of Pareto optimal points for all nodes of the circuit ŜM

and assign weights randomly in the given range “weights” to these edges. Then from

all terminal nodes of the constructed tree, we randomly choose one and add children

to this node, etc. The procedure terminates when the total number of nodes in the

constructed tree is equal to the given limit “# nodes”. In all random processes, we

use uniform distributions.

Tables 18.1 and 18.2 show for # nodes 10, 30, . . . , 230, # children 1-2 or 1-15, and

weights 1-10 or 1-100, the average number of formulas described by the syntactical

circuits before optimization and after optimization relative to all possible sequences

of the cost functions Ψc and Ψw. There were many formulas representing match-

ings with maximum cardinality and few formulas representing maximum edge weight

matchings.

Table 18.3 shows for # nodes 10, 30, . . . , 230, # children 1-2 or 1-15, and weights

1-10 or 1-100, the average maximum cardinality of matchings represented by formulas

before and after optimization relative to Ψw. On average, the maximum cardinality

of matchings was greater before optimization than after optimization.
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Table 18.2: Average number of formulas described by the syntactical circuits before
optimization ∅, after optimization relative to Ψc (c), after optimization relative to Ψw

(w), after optimization relative to Ψc and Ψw (c, w), and after optimization relative
to Ψwand Ψc (w, c) among 100 trials; # children 1-15; weights 1-100

# nodes ∅ c w c, w w, c

10 22.00 8.52 1.02 1.01 1.01
30 1.48× 1004 699.23 1.11 1.12 1.11
50 1.23× 1006 5.91× 1004 1.27 1.27 1.27
70 4.41× 1008 4.90× 1006 1.46 1.45 1.45
90 4.69× 1011 4.29× 1008 1.35 1.32 1.32
110 2.90× 1013 2.86× 1010 1.56 1.56 1.56
130 1.14× 1015 2.46× 1012 1.82 1.86 1.82
150 6.23× 1017 2.42× 1014 1.85 1.82 1.82
170 9.83× 1019 1.92× 1016 1.88 1.87 1.85
190 1.46× 1022 1.46× 1018 2.24 2.22 2.21
210 1.42× 1024 1.16× 1020 2.56 2.56 2.56
230 1.35× 1026 7.38× 1021 3.04 3.06 3.04

Table 18.1: Average number of formulas described by the syntactical circuits before
optimization ∅, after optimization relative to Ψc (c), after optimization relative to Ψw

(w), after optimization relative to Ψc and Ψw (c, w), and after optimization relative
to Ψwand Ψc (w, c) among 100 trials; # children 1-2; weights 1-10

average number of matchings
# nodes ∅ c w c, w w, c

10 65.00 4.91 1.31 1.24 1.23
30 5.88× 1005 129.13 1.59 1.40 1.47
50 4.58× 1009 2.37× 1003 3.24 1.70 2.04
70 4.02× 1013 2.89× 1004 6.34 2.79 3.50
90 4.42× 1017 5.05× 1005 7.86 3.33 4.13
110 5.15× 1021 3.90× 1007 11.17 3.73 5.19
130 4.31× 1025 5.18× 1009 16.90 5.01 8.21
150 2.79× 1029 8.11× 1010 31.67 7.06 11.29
170 2.91× 1033 1.83× 1012 48.87 10.80 23.41
190 2.18× 1037 5.68× 1012 61.85 8.94 16.55
210 1.94× 1041 9.00× 1013 134.21 12.02 31.52
230 2.06× 1045 8.10× 1014 177.76 14.57 40.85

We also considered the bi-criteria optimization of formulas. Table 18.4 shows the

minimum, maximum, and the average number of Pareto optimal points for bi-criteria
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Table 18.3: Average maximum cardinality of matchings represented by formulas be-
fore and after optimization relative to Ψw among 100 trials

average maximum matching cardinality
# nodes # children weights before optimization after optimization

10 1-2 1-10 4.31 4.16
30 1-2 1-10 13.23 12.43
50 1-2 1-10 22.11 20.77
70 1-2 1-10 31.05 29.17
90 1-2 1-10 39.99 37.53
110 1-2 1-10 48.72 46.01
130 1-2 1-10 57.67 54.45
150 1-2 1-10 66.32 62.55
170 1-2 1-10 75.43 71.05
190 1-2 1-10 84.41 79.37
210 1-2 1-10 93.31 88.03
230 1-2 1-10 102.19 96.42
10 1-15 1-100 2.71 2.65
30 1-15 1-100 5.12 5.04
50 1-15 1-100 7.76 7.70
70 1-15 1-100 10.38 10.37
90 1-15 1-100 12.68 12.65
110 1-15 1-100 15.42 15.28
130 1-15 1-100 17.60 17.58
150 1-15 1-100 20.36 20.31
170 1-15 1-100 22.87 22.74
190 1-15 1-100 25.22 25.12
210 1-15 1-100 27.37 27.30
230 1-15 1-100 29.85 29.69
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optimization problems relative to Ψc and Ψw for # nodes 30, 70, . . . , 230, # children

1-2, 1-4,. . . , 1-20, and weights 1-10. On average, trees with # children 1-2 had a

larger number of Pareto optimal points. Among all tested scenarios, there were at

least one and at most 15 Pareto optimal points. For trees with # children 1-2 and

n = 190, 230, there were no totally optimal formulas among all experiments—see

Table 18.5.

The set of Pareto optimal points for a bi-criteria optimization problem relative to

Ψc and Ψw (# nodes 230, # children 1-2, and weights 1-10) is depicted in Fig. 18.3.

Table 18.4: Number of Pareto optimal points (in format minaveragemax) for bi-criteria
optimization problems relative to Ψc and Ψw with weights 1-10 among 100 trials

# nodes
# children 30 70 110 150 190 230

1-2 11.653 12.957 13.697 15.0910 26.0511 37.4715

1-4 11.343 11.844 12.034 12.997 13.177 13.828

1-6 11.213 11.303 11.594 11.764 12.034 12.226

1-8 11.062 11.133 11.223 11.383 11.434 11.383

1-10 11.022 11.092 11.133 11.173 11.263 11.203

1-12 11.022 11.082 11.082 11.052 11.113 11.132

1-14 11.032 11.032 11.022 11.062 11.082 11.052

1-16 11.001 11.022 11.012 11.062 11.042 11.062

1-18 11.001 11.012 11.042 11.012 11.042 11.032

1-20 11.022 11.012 11.032 11.033 11.033 11.042

18.5 Comparison with Results From Part III

In Part III, for a given rooted tree G with n nodes, we design the forest D(G) with

3n− 1 nodes and 2n− 1 edges, which can be constructed in linear time depending on

n, and which is used by the algorithms for optimization and counting of matchings.

In Chap. 18, for the tree G, we design the syntactical circuit Ŝ with at most

5n nodes, which is used by the algorithms for optimization and counting of formulas

representing matchings. In fact, we need to construct only the scheme of the circuit
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Table 18.5: Number of trees with totally optimal formulas (matchings) relative to c
and w with weights 1-10 among 100 trials

# nodes
# children 30 70 110 150 190 230

1-2 45 8 5 1 0 0
1-4 72 37 29 9 10 6
1-6 81 74 52 47 33 32
1-8 94 88 79 67 65 66
1-10 98 91 88 84 77 83
1-12 98 92 92 95 90 87
1-14 97 97 98 94 92 95
1-16 100 98 99 94 96 94
1-18 100 99 96 99 96 97
1-20 98 99 97 98 98 96

Ŝ—see Sect. 2.4. In the general case, there is no linear time algorithm to construct

this scheme since it can contain more than a linear number of edges depending on

n. Let m be a natural number. We consider a rooted tree with m2 + 1 nodes and

m2 edges that contains m nodes with m leaving edges each (for m = 3, such tree is

depicted in Fig. 18.4). The corresponding scheme contains at least m3 edges.

The algorithm A5 for counting matchings and the algorithm A6 for matching

optimization considered in Part III require O(n) arithmetical operations each.

The algorithm A2 for counting formulas and the algorithm A1 for optimization of

formulas (matchings) considered in Chap. 18 require O(n2) arithmetical operations

each. Note that the algorithm A2 counts not matchings but formulas representing

matchings.

The algorithm A8 for the construction of POPs for matchings considered in Part

III requires O(n6W 2 log(nW )) arithmetical operations, where

W = W (w1) = max{|w1(e)| : e ∈ E(G)} .

The modified algorithm A4 for the construction of POPs for formulas (matchings)
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Figure 18.3: Set of Pareto optimal points for a bi-criteria optimization problem with
parameters # nodes 230, # children 1-2, and weights 1-10

Figure 18.4: Rooted tree with m2 + 1 nodes and m2 edges, where m = 3

considered in Chap. 18 requires O(n4W 2 log(nW )) arithmetical operations.

The number of operations for the algorithm A8 is overestimated. In particular,

to evaluate the number of operations, we used a bound from [2] (see Proposition

10) instead of the improved bounds considered in Sect. 4.3. One can obtain for the

algorithm A8 an upper bound on the number of operations similar to the upper bound

for the modified algorithm A4 obtained in Chap. 18.

As a result, we see that the direct study of combinatorial optimization problems

(as in Part III) can lead to algorithms, which time complexity is similar or better than

the time complexity of algorithms based on the circuit approach (as in Chap. 18).
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However, the direct study requires additional effort to design and analyze algorithms

for optimization and counting.

The experiments considered in Chap. 18 were done with different randomly gener-

ated trees and weight functions than the experiments in Part III. However, the results

of experiments obtained in Chap. 18 and in Part III are similar.
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Chapter 19

0/1 Knapsack Problem

We consider the 0/1 knapsack problem consisting of capacity limit and set of items

with associated weights and values. None of the items can be duplicated. The task

is to find a set of items with the maximum total value in which total weight does not

exceed the capacity limit. This problem is NP-hard [92] and has pseudo-polynomial

dynamic programming solution [93]. We also associate the environmental cost to each

of the items with the aim of minimizing the total cost.

In this chapter, we design conventional and syntactical circuits for the 0/1 knap-

sack problem, describe two cost functions for the syntactical circuit, evaluate the

number of operations and the time required by the algorithms for optimization and

counting, discuss an example, and show experimental results.

19.1 Definition of Circuit and Cost Functions

Let us consider n, n ≥ 1, items e1, e2, . . . , en, which have positive integer weights

w1, w2, . . . , wn. Also, there is a positive integer W that is the maximum capacity. We

now describe the set M(n,W ) of all sets of items such that their total weight is at

most W . For 0 ≤ i ≤ n and 0 ≤ w ≤ W , we denote by M(i, w) the set of all sets

of items from {e1, e2, . . . , ei} whose total weight is at most w. Then M(0, w) = {∅}

for w = 0, 1, . . . ,W , and M(i, 0) = {∅} for i = 0, 1, . . . , n. For 1 ≤ i ≤ n and

1 ≤ w ≤ W , we have:



273

M(i, w) =


M(i− 1, w), if wi > w ,

M(i− 1, w) ∪ (M(i− 1, w − wi)⊗ {ei}), if wi ≤ w ,

where, for any nonempty set of sets of items A, A⊗ {ei} = {α ∪ {ei} : α ∈ A}.

The number n is the dimension of the problems under consideration related to the

optimization of sets of items. To define a cost function (total value or total environ-

mental cost), we need to specify n nonnegative real numbers (values or environmental

costs) corresponding to items. To describe an instance of the problem, we need the

capacity limit W , n weights, and one or two cost functions. Note that n is at most

the number of numeric parameters of the problem.

Let us assume that values and environmental costs are nonnegative integers. Then

the binary representations of the capacity limit W , n weights, and n or 2n numbers

defining one or two cost functions form the representation of the problem instance (we

will omit the word instance). It is clear that n is at most the length of the problem

representation.

Set U =
⋃

0≤i≤n,
0≤w≤W

M(i, w). We now describe a circuit S over the set U , which

represents the set M(n,W ).

For 0 ≤ i ≤ n, the circuit S contains the input node v(i, 0) labeled with {λi,0},

where λi,0 = ∅. For 0 ≤ w ≤ W , the circuit S contains the input node v(0, w) labeled

with {λ0,w}, where λ0,w = ∅.

For 1 ≤ i ≤ n and 1 ≤ w ≤ W , the circuit S contains a unifying node v(i, w)

labeled with ∪, a functional node v(i, w, 0) labeled with the function µi,w,0(x) = x,

and, if wi ≤ w, the circuit S also contains a functional node v(i, w, i) labeled with

the function µi,w,i(x) = x ∪ {ei}. The node v(n,W ) is considered as the output and

is also labeled with ∗.

For 1 ≤ i ≤ n and 1 ≤ w ≤ W , each unifying node v(i, w), has at most two

entering edges, always from v(i, w, 0) and from v(i, w, i) if wi ≤ w. For 1 ≤ i ≤ n
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and 1 ≤ w ≤ W , the functional node v(i, w, 0) has one entering edge from the node

v(i − 1, w) and, if wi ≤ w, then the functional node v(i, w, i) has one entering edge

from the node v(i− 1, w − wi). We will not label these edges with the number 1.

One can show that, for any input or unifying node v(i, w), S(v(i, w)) = M(i, w).

For v(i, w, i) ∈ Vf (S), S(v(i, w, i)) = M(i−1, w−wi)⊗{ei} and, for v(i, w, 0) ∈ Vf (S),

S(v(i, w, 0)) = M(i− 1, w).

The circuit S contains n+W +1 input nodes, at most nW unifying nodes with at

most two entering edges each, and at most 2nW functional nodes with one entering

edge each. Hence, the circuit S contains at most 3nW + n + W + 1 nodes and at

most 4nW edges.

The circuit S is not a circuit without repetitions: both input and functional nodes

might share some of the elements. We correspond to S the syntactical circuit Ŝ ′, which

is a circuit without repetitions (see Sect. 2.3).

We denote by Ŝ the circuit obtained from Ŝ ′ by the removal of all nodes such that

there is no directed path from the considered node to the output. We also remove

all edges that are incident to the removed nodes. It is clear that Ŝ(v(n,W )) =

Ŝ ′(v(n,W )).

In the syntactical circuit Ŝ, we use element symbols λ̂0,w and λ̂i,0 instead of ele-

ments λ0,w and λi,0, and functional symbols (and functions) µ̂i,w,0 and µ̂i,w,i instead

of functions µi,w,0 and µi,w,i.

We now define a cost function Ψ(t), t = 1, 2, for the circuit Ŝ given by a function

ψ(t) and function ψ
(t)
v for each v ∈ Vf (Ŝ). Each item ei ∈ {e1, . . . , en} has correspond-

ing value di and environmental cost ci that are nonnegative real numbers.

We consider the problem of maximization of the total value. The cost function

Ψ(1) is defined by the functions ψ(1)(λ̂i,0) = ψ(1)(λ̂0,w) = 0, 0 ≤ i ≤ n, 0 ≤ w ≤ W ,

ψ
(1)
v(i,w,0)(x) = x, v(i, w, 0) ∈ Vf (Ŝ), and ψ

(1)
v(i,w,i)(x) = x− di, v(i, w, i) ∈ Vf (Ŝ).

To compute ψ(1), we do not need any operations, while to compute ψ
(1)
v , v ∈ Vf (Ŝ),
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we need at most one operation of subtraction. The function Ψ(1) is a strictly increasing

cost function and, if all values d1, . . . , dn are nonnegative integers, then Ψ(1) is a

nonpositive integer cost function for Ŝ.

We also consider the problem of minimization of the total environmental cost. The

cost function Ψ(2) is defined by the functions ψ(2)(λ̂i,0) = ψ(2)(λ̂0,w) = 0, 0 ≤ i ≤ n,

0 ≤ w ≤ W , ψ
(2)
v(i,w,0)(x) = x, v(i, w, 0) ∈ Vf (Ŝ), and ψ

(2)
v(i,w,i)(x) = x + ci, v(i, w, i) ∈

Vf (Ŝ).

To compute ψ(2), we do not need any operations, while to compute ψ
(2)
v , v ∈

Vf (Ŝ), we need at most one operation of addition. The function Ψ(2) is a strictly

increasing cost function and, if all costs c1, . . . , cn are nonnegative integers, then Ψ(2)

is a nonnegative integer cost function for Ŝ.

The considered cost functions are adapted (see Sect. 2.4). They are either equal to

constants or variables or described by formulas over the set of elementary operations

B = {x+ y, x− y}.

Let δ be a formula from Ŝ(v∗). Then the element a(δ) from S(v∗) represented by

δ is a subset of the set {e1, . . . , en}. It is easy to see that Ψ(1)(δ) = −Σei∈a(δ)di and

Ψ(2)(δ) = Σei∈a(δ)ci. Therefore, Ψ(1) and Ψ(2) are proper cost functions for the circuit

Ŝ relative to the circuit S.

19.2 Time Complexity of Algorithms

The algorithms A1, A2, and A4 work with the scheme of the circuit Ŝ (see Sect.

2.4). For 1 ≤ i ≤ n and 1 ≤ w ≤ W , we need to check if wi ≤ w to recognize if the

functional node v(i, w, i) belongs to the circuit Ŝ ′. The maximum absolute value of the

integers at the inputs of the comparisons is equal to q = max{w1, . . . , wn,W}. The

time complexity of these operations is O(nW ) in the software model of computation

and O(nW log q) in the integer model of computation.

After nW comparisons, the circuit Ŝ ′ will be completely described and we will be
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able to construct the scheme of Ŝ ′ in a linear time depending on the number of its

nodes and edges, i.e., in O(nW ). Using breadth-first search from the node v(n,W )

in the scheme of Ŝ ′ with the reverse direction of the edges, we can find in the scheme

of Ŝ ′ all nodes such that there is no directed path from the considered node to the

output and construct the scheme of Ŝ in O(nW ) time. In total, we need O(nW ) time

to construct the scheme of Ŝ.

Note that the algorithms A1 and A2 can also work with the schemes of edge-

preserving subcircuits of Ŝ obtained as a result of the algorithmA1 work—see Remark

1.

Denote B+ = B ∪ {x : y}, where x : y is the operation of comparison with values

x < y, x = y, and x > y.

Let us assume that di and ci, i = 1, . . . , n, are nonnegative integers. Denote

ρ1 = max{d1, . . . , dn} and ρ2 = max{c1, . . . , cn}. Let t ∈ {1, 2}. One can show

that NΨ(t)(Ŝ) ≤ ρtn, where NΨ(t)(Ŝ) = max{|Ψ(t)(δ)| : δ ∈ U(Ŝ)} and U(Ŝ) =⋃
v∈V (Ŝ) Ŝ(v). One can also show that log2 ρt is at most the length of the problem

representation if the problem uses the cost function Ψ(t).

We can use the algorithm A1 for multi-stage optimization of formulas (sets of

items). Using Theorem 1, we evaluate the number of operations required by the

algorithm A1 working with the scheme of an edge-preserving subcircuit T of the

circuit Ŝ and a cost function Ψ(t) for Ŝ, where t ∈ {1, 2}.

The scheme of T contains at most n + W + 1 input nodes. We do not need any

operations to process these nodes.

The scheme of T contains at most nW unifying nodes with at most two entering

edges each. To treat these nodes, the algorithm A1 makes at most (4−1)nW ≤ 3nW

comparisons.

The scheme of T contains at most 2nW functional nodes. For each functional node

v, the algorithm makes at most one operation (addition or subtraction) to compute
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ψ
(t)
v . The total number of operations for functional nodes is at most 2nW . The

overall number of operations from B+ (additions, subtractions, and comparisons)

made by A1 is at most 5nW , i.e., it is pseudo-polynomial (polynomial depending on

the dimension n and the numeric parameter W ).

In the software model of computation, for the considered scheme of the circuit

and cost function, the algorithm A1 has pseudo-polynomial time complexity O(nW )

(polynomial depending on the dimension n and the numeric parameter W ).

Using Remark 2 we obtain that ρtn is an upper bound on the absolute values of the

numbers at the inputs of operations of the algorithm A1. The algorithm uses only the

operations of addition, subtraction, and comparison. Therefore, in the integer model

of computation, for the considered scheme of the circuit and the cost function, the

algorithm A1 has pseudo-polynomial time complexity O(nW log(ρtn)) (polynomial

depending on the length of the problem representation and the numeric parameter

W ).

To count all formulas described by circuit T , we apply the algorithm A2. We use

Theorem 2 to evaluate the number of operations required by A2. The scheme of T

contains at most nW unifying nodes with at most two entering edges each. Therefore,

we need at most nW additions to treat these unifying nodes. For each of at most

2nW functional nodes, we do not need any operations. To treat the input nodes, we

do not need any operations. Thus, the total number of operations from B+ made

by A2 is at most nW , i.e., it is pseudo-polynomial (polynomial depending on the

dimension n and the numeric parameter W ).

In the software model of computation, for the considered scheme of the circuit, the

algorithm A2 has pseudo-polynomial time complexity O(nW )(polynomial depending

on the dimension n and the numeric parameter W ).

We will not consider the time complexity of the algorithm A2 in the integer model

of computation since we cannot find reasonable upper bounds on the number of
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formulas described by the circuit Ŝ.

Let us assume that di and ci, i = 1, . . . , n, are nonnegative integers. We consider

two distinct cost functions Θ(1),Θ(2) ∈ {Ψ(t) : t = 1, 2}.

We can use the algorithm A4 to find the set of Pareto optimal points for the

problem of bi-criteria optimization of formulas (sets of items) relative to Θ(1) and

Θ(2). We denote M = MΘ(1),Θ(2)(Ŝ) = max{|Par(tΘ(1),Θ(2)(Ŝ, v))| : v ∈ V (Ŝ)}.

To evaluate the number of operations of the algorithm A4, we use Theorem 3. To

treat the input nodes of the scheme of Ŝ, we do not need any operations.

The scheme of Ŝ contains at most 2nW functional nodes with one entering edge.

To process one functional node, the algorithm A4 makes at most 2M operations from

B and at most 4M log2M comparisons. Therefore, the algorithm needs at most

12nWM log2(2M) operations from B+ to process all functional nodes.

For all at most nW unifying nodes with at most two entering edges each, the

algorithm A4 makes at most 8nWM log2(2M) comparisons.

Hence, the algorithm A4 requires at most 20nWM log2(2M) operations from B+

(additions, subtractions, and comparisons).

Let Θ(1) = Ψ(t), t ∈ {1, 2}. By Proposition 5, M ≤ ρtn + 1. Then, the algorithm

A4 requires at most 20nW (ρtn + 1) log2(2ρtn + 2) operations from B+, i.e., pseudo-

polynomial number of operations (polynomial depending on the dimension n and the

numeric parameters W and ρt).

In the software model of computation, for the considered scheme of the circuit

and pair of cost functions, the algorithm A4 has pseudo-polynomial time complexity

O(n2Wρt log(ρtn)) (polynomial depending on the length of the problem representa-

tion and the numeric parameters W and ρt).

Using Remark 9 we obtain that the number max(NΨ(1)(Ŝ), NΨ(2)(Ŝ)) is an up-

per bound on the absolute values of the numbers at the inputs of operations of

the algorithm A4. This algorithm uses only operations of addition, subtraction,
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and comparison. We know that max(NΨ(1)(Ŝ), NΨ(2)(Ŝ)) ≤ max(ρ1, ρ2)n. There-

fore, in the integer model of computation, for the considered scheme of the circuit

and pair of cost functions, the algorithm A4 has pseudo-polynomial time complexity

O(n2Wρt log(ρtn) log(max(ρ1, ρ2)n)) (polynomial depending on the length of problem

representation and the numeric parameters W and ρt).

19.3 Example

We consider three items e1, e2, e3, with corresponding weights w1 = 4, w2 = 1, w3 = 5,

values d1 = 1, d2 = 0, d3 = 3, and environmental costs c1 = 3, c2,= 5, c3 = 2. The

capacity limit W is equal to 5.

We construct the circuit SKP , which describes all sets of items for the considered

problem. This circuit is a circuit with repetitions. We transform it into the syntactical

circuit ŜKP (see Fig. 19.1). We apply to the circuit ŜKP the procedure of optimization

relative to Ψ(1). As a result, we have the circuit ŜΨ(1)

KP , which can be obtained from

the circuit ŜKP by the removal of edges labeled with the number 1. The circuit ŜΨ(1)

KP

describes the set containing only one formula δ = µ̂3,5,3(λ̂2,0) for which a(δ) = {e3}.

We apply to the circuit ŜΨ(1)

KP the procedure of optimization relative to Ψ(2). As a

result, we obtain the circuit ŜΨ(1),Ψ(2)

KP , which can be obtained from the circuit ŜKP by

the removal of edges labeled with the numbers 1 and 2. The circuit ŜΨ(1),Ψ(2)

KP describes

the same set of formulas as the circuit ŜΨ(1)

KP .

We also apply the procedure of bi-criteria optimization relative to Ψ(1) and Ψ(2)

to the circuit ŜKP . The set of Pareto optimal points for each node of ŜKP is depicted

in Fig. 19.2.

19.4 Experiments

We experimentally tested various scenarios for optimization of formulas representing

sets of items. Each experiment was repeated 10 times.
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Figure 19.1: Syntactical circuit ŜKP
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Figure 19.2: Sets of Pareto optimal points for all nodes of circuit ŜKP

We performed experiments with different numbers of items n and with different

capacity limits W . For i = 1, . . . , n, we generated randomly with the uniform dis-

tribution a positive integer weight wi from the range [1, wmax], a nonnegative integer

value di from the range [0, dmax], and a nonnegative integer environmental cost ci
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Table 19.1: Average number of formulas described by syntactical circuits before opti-
mization ∅ and after optimization relative to all possible sequences of cost functions
Ψ(1) and Ψ(2) with W = 10, 100, wmax = 10, dmax = 100, and cmax = 100 among 10
trials

W = 10

n ∅ Ψ(1) Ψ(2) Ψ(1),Ψ(2) Ψ(2),Ψ(1)

50 1.30× 1004 1.30 1.60 1.00 1.00
100 3.54× 1005 1.00 2.10 1.00 1.00
150 3.26× 1006 1.00 3.90 1.00 1.00
200 1.23× 1007 1.00 3.50 1.00 1.00
250 5.28× 1007 1.20 4.90 1.00 1.00
300 3.10× 1008 1.20 6.20 1.00 1.10

W = 100

n ∅ Ψ(1) Ψ(2) Ψ(1),Ψ(2) Ψ(2),Ψ(1)

50 7.18× 1013 1.30 1.60 1.00 1.00
100 3.28× 1021 1.10 2.20 1.00 1.00
150 1.17× 1026 1.50 7.20 1.00 1.00
200 3.72× 1029 1.50 6.10 1.00 1.00
250 5.05× 1032 1.40 6.60 1.00 1.00
300 7.05× 1035 1.40 13.00 1.00 1.10

from the range [0, cmax].

Table 19.1 shows for n = 50, 100, . . . , 300, W = 10, 100, wmax = 10, dmax = 100,

and cmax = 100, the average number of formulas described by the syntactical circuits

before optimization, and after optimization relative to all possible sequences of the

cost functions Ψ(1) and Ψ(2). Increasing the capacity limit W from 10 to 100 increased

the average number of formulas described by the circuit before optimization. For both

limits W = 10, 100, there were few optimal formulas relative to Ψ(1) or Ψ(2).

The number of formulas can be greater than the number of sets of items. However,

further results obtained with the help of the algorithms A1 and A4 are true both for

formulas and sets of items.

Table 19.2 shows the average value of Ψ(1) after optimization relative to Ψ(1) and

relative to Ψ(2),Ψ(1), and the average value of Ψ(2) after optimization relative to Ψ(2)
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Table 19.2: Average value of Ψ(1) after optimization relative to Ψ(1) and relative to
Ψ(2),Ψ(1), and average value of Ψ(2) after optimization relative to Ψ(2) and relative to
Ψ(1),Ψ(2) with W = 10, 100, wmax = 10, dmax = 100, and cmax = 100 among 10 trials

W = 10

n Ψ(1) Ψ(2),Ψ(1) Ψ(2) Ψ(1),Ψ(2)

50 −407.70 −28.10 0 245.50
100 −583.60 −36.80 0 380.00
150 −668.40 −65.10 0 465.30
200 −741.80 −72.10 0 488.30
250 −791.30 −76.80 0 563.80
300 −821.50 −89.30 0 433.90

W = 100

n Ψ(1) Ψ(2),Ψ(1) Ψ(2) Ψ(1),Ψ(2)

50 −1.64× 1003 −28.10 0 1.17× 1003

100 −2.31× 1003 −38.70 0 1.74× 1003

150 −2.81× 1003 −100.30 0 2.08× 1003

200 −3.20× 1003 −94.30 0 2.30× 1003

250 −3.46× 1003 −93.50 0 2.47× 1003

300 −3.76× 1003 −157.50 0 2.60× 1003
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Table 19.3: Number of Pareto optimal points (in format minaveragemax) among 10
trials for bi-criteria optimization problems relative to Ψ(1),Ψ(2)

W
n 100 150 200

50 114211.70270 235313.40402 279371.40515

100 279349.70488 384510.80666 470566.80728

150 435543.60612 594697.90832 746870.801005

200 372547.80719 605838.701100 846980.101085

250 441631.30735 712962.301201 9841269.701470

300 586778.40975 7891077.601443 12381361.801490

and relative to Ψ(1),Ψ(2). Regardless the capacity limit W , the minimum value of

Ψ(2) was 0 in all tested cases after the optimization relative to Ψ(2). This minimum

is reachable by formulas describing the empty set of items.

We also considered bi-criteria optimization of formulas (sets of items). Table 19.3

shows the minimum, maximum, and the average number of Pareto optimal points for

bi-criteria optimization problems relative to Ψ(1) and Ψ(2) for n = 50, 100, . . . , 300,

W = 100, 150, 200, wmax = 10, dmax = 100, and cmax = 100. With the increase of

n and W , the average number of Pareto optimal points increased. Among all tested

scenarios, there were at least 114 and at most 1490 Pareto optimal points. There were

no totally optimal formulas (sets of items) among all experiments—see Table 19.4.

The set of Pareto optimal points for a bi-criteria optimization of formulas relative

to Ψ(1) and Ψ(2) (n = 300, W = 200, wmax = 10, dmax = 100, and cmax = 100) is

depicted in Fig. 19.3.
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Table 19.4: Number of cases with totally optimal formulas relative to Ψ(1) and Ψ(2)

among 10 trials

W
n 100 150 200

50 0 0 0
100 0 0 0
150 0 0 0
200 0 0 0
250 0 0 0
300 0 0 0

5000 4000 3000 2000 1000 0
(1)

0

500

1000

1500

2000

2500

3000

3500

(2
)

Figure 19.3: Set of Pareto optimal points for a bi-criteria optimization of formulas
relative to Ψ(1) and Ψ(2) (n = 300, W = 200, wmax = 10, dmax = 100, and cmax = 100)
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Concluding Remarks

This dissertation introduced a fairly universal approach to the design and analysis

of optimization algorithms for multi-objective combinatorial optimization problems.

We proposed the circuits without repetitions along with the increasing and strictly

increasing cost functions as a model for such problems. We designed the algorithms

for multi-stage and bi-criteria optimization and for counting the solutions in the

framework of this model.

We studied nine known combinatorial optimization problems using conventional

circuits without repetitions. We separately investigated the problem of matching

optimization in a tree for which we did not find an appropriate conventional circuit

without repetitions. For this problem, we designed algorithms for multi-stage and

bi-criteria optimization and for counting the solutions from scratch. We also studied

two combinatorial optimization problems (optimization of matchings in trees and 0/1

knapsack problem) using syntactical circuits without repetitions.

Future studies will be devoted to the consideration of new combinatorial optimiza-

tion problems and to the design of algorithms for the construction of Pareto optimal

elements corresponding to Pareto optimal points.
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A Applied Operations Research in Healthcare

Besides the study of circuits without repetitions for combinatorial optimization, an-

other area of my investigation was applied health care operations research. This

research was conducted in collaboration with the Epidemiology Research Group in

Organ Transplantation at Johns Hopkins School of Medicine.

Our investigation of the matching in trees problem (see part III) brought us to

the kidney paired donation problem and resulted in my collaboration with Sommer

Gentry, a professor of mathematics at US Naval Academy and research associate at

Johns Hopkins University School of Medicine. I joined Gentry’s on-going research

efforts on kidney paired donation (KPD) and helped her to extend and publish a

paper on this topic. For more insights on KPD project, please see Sect. A.1. This

work was published in [94].

My own project mentored by Sommer Gentry and other Hopkins faculties focused

on deceased donor kidney allocation. We proposed and simulated a new offering

scheme to expedite kidney allocation. The proposal was well received by the US

transplant community. It has been selected among TOP 10 articles of American

Journal of Transplantation in 2019. For more insights on this scheme, please see

Sect. A.2. This work was published in [86].

The another collaborative healthcare project was focusing on optimizing sup-

ply/demand ratio in the US liver distribution. It was a joint work with Sommer

Gentry and Nikolaos Trichakis, an Associate Professor at MIT and the main senior

author of this work. This project aimed to help to design a liver distribution that

accounts for geographical heterogeneity. For more insights on liver supply/demand

optimization, please see Sect. A.3. This work has been not published yet.
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A.1 Kidney Paired Donation

The preferred treatment for end-stage renal disease is kidney transplantation, but

there are not enough donor kidneys available to meet the overwhelming need. Often

a family member or a friend offers to donate one of his two kidneys, but approximately

one-third of such offers are ruled out because the donor’s blood or tissue types are

incompatible with the intended recipient. Kidney paired donation circumvents these

barriers by matching an incompatible pair to another pair with a complementary

incompatibility. In simultaneous operations, the donor of the first pair gives to the

recipient of the second pair, and vice versa.

Optimal two-way kidney paired donation can be formulated as a maximum match-

ing problem in a weighted graph or more generally as a cycle packing problem if more

than two pairs may be involved in any exchange. We primarily consider undirected

graphs and two-way paired donation, but we also partially generalize to directed

graphs representing k-way paired donation, involving up to k incompatible pairs.

We proposed a method for allocating matches in a kidney paired donation reg-

istry that simultaneously achieves the absolute maximum number of paired donations;

and reduces the number of long-distance exchanges and favors better immunologic

(human leukocyte antigen, or HLA) concordance. Also, we introduced a second allo-

cation method to handle high-priority recipients that achieves the absolute maximum

number of donations for the exceptional recipients; achieves the absolute maximum

number of paired donations; and reduces the number of long-distance exchanges and

favors better immunologic concordance for each recipient.

We proved two theorems on graph weighting to guarantee that every maximum

edge-weight matching has maximum cardinality (undirected graph) or every k-way

maximum edge-weight cycle packing has maximum cardinality (directed graph).

Our results can be understood as specifying the correct preemptive weights for

converting a clinically meaningful preemptive multi-objective optimization model to
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a single-objective model.

A.2 Accelerating Kidney Allocation: Simultaneously Expir-

ing Offers

We proposed a new offering scheme to expedite the kidney offering process comple-

menting the current US organ transplantation policies. Our scheme aims to increase

the quality and utilization of procured kidneys. We evaluated our proposal with a

discrete-event simulation.

Prolonged delays in the deceased donor kidney placement, particularly for non-

ideal kidneys, decreases the quality of the organ and make these organs increasingly

more difficult to allocate. During the offering process, a kidney is offered to the one

transplant center at one time. If the primary center refuses the offer, then it goes

to another center until it is accepted by any center or discarded. So each transplant

center that rejected the offer could add significant time to the allocation process as

the placement process continues.

We propose an alternative system of making simultaneously expiring offers to

batches of multiple centers for kidneys at once. All centers in the batch receiving

those offers would have one hour to make a final decision. If more than one center

accepts the offer, the kidney goes to the center with the highest priority candidate

(all candidates are ranked). If none of the centers accepts the offer, then it is of-

fered to another batch of centers with a simultaneously expiring one-hour time limit.

In this system, centers that accept a kidney and later decline it should be able to

demonstrate that exceptional circumstances required this reversal. This system may

increase workload by making centers to evaluate more offers, but it potentially accel-

erates the allocation process and decrease discards. We examined different scenarios

tuning this burden/gain trade-off.

We simulated making simultaneously expiring offers of regionally and nationally
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shared kidneys to varying numbers of transplant centers in small, medium, or large

batches. We quantified placement time and discard. We measured the increased

workload from evaluating more offers by quantifying the average number of offers

received by a center each week.

Using large batch size instead of small batch size, for the 12,977 kidneys that

we simulated, resulted in reduced cold ischemia times and prevented the discard of

1,197 kidneys, while requiring centers to screen about 67% more non-local offers per

week. Changing the allocation system by allowing simultaneously expiring offers

might result in the faster allocation of kidneys and decrease the number of discards,

while still maintaining an acceptable screening burden.

A.3 Optimizing supply/demand ratio in the US liver alloca-

tion

The National Organ Transplant Act (NOTA) approved by Congress in 1984 consti-

tutes equitable access by patients to procured organs. The NOTA act implementation

policy referred as the “Final Rule” was issued by the US Department of Health and

Human Services to govern the protocol for all deceased organ donation. The Final

Rule sets the requirements for future allocation policies, which “shall not be based on

the candidate’s place of residence or place of listing, except to the extent required”

along with other preconditions.

The livers were allocated according to the MELD (modeled end-stage liver dis-

ease), a medical urgency score within 58 donor service areas (DSAs), geographic

areas grouped into 11 regions. In 2018, the group of patients had issued the law-

suit against Health Resources and Services Administration (HRSA), Organ Procure-

ment and Transplantation Network (OPTN), and United Network for Organ Sharing

(UNOS). The Plaintiffs claimed unfairness in liver allocation due to significant geo-

graphical disparities in waiting time, which in their opinion, was inconsistent with
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NOTA and the Final Rule. In response to this lawsuit, the HRSA ordered OPTN to

redefine the liver allocation system. The new allocation scheme called “Acuity Circle

Policy” was developed to provide more equitable access to livers by reducing geo-

graphic disperses in organ donation and eliminating DSA/Regions hard boundaries.

The “Acuity Circle Policy” allocates organs within concentric circles with fixed

size radius placed around the donor hospital. Waitlist candidates in transplant centers

within a circle are offered a liver according to the medical urgency and other factors.

This policy has been approved by OPTN/UNOS Board of Directors in December

2018 and implemented on May 14, 2019. The transplant community was divided on

the new liver policy; many transplant centers in the South and Midwest were against

these changes. Three days later, on May 17, the federal court ordered to return to the

use of the old allocation system based on DSA and regional distribution boundaries.

Finally, the “Acuity Circle Policy” was implemented on February 4, 2020.

Extensive national sharing of livers with zero distance penalty will undoubtedly in-

crease the equity in access to translations and will not disadvantage certain transplant

centers, although the transportation time and costs in such a scenario are unaccept-

able. The livers should be allocated locally enough to minimize the transportation

burden but also broadly enough to minimize geographic disparities in transplant

rates. The “Acuity Circle Policy” uses the one fixed-size allocations circles regardless

of the location of the donor hospital what has raised criticism for ignoring varying

population density and distance to the national and coast borders.

Interdependently from work on new liver allocation, the OPTN Ad Hoc Geogra-

phy Committee was formed in January 2018 to develop the guidance and framework

for the future geographic distribution of all organs that aligns with NOTA and Final

Rule requirements of ensuring geographical equity in access to organs. The con-

tinuous distribution framework has been voted for future organ allocation changes.

Continuous distribution allocates organs without geographic boundaries, for exam-
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ple, by combining MELD score with some proximity function of the distance between

donor and candidate for livers. In general, it combines proximity between donor and

candidates and incorporates other medical and logistical factors such as outcomes,

discards, or efficiency, simultaneously avoiding hard geographical boundaries.

We looked at the liver supply/demand ratio for circular (similar to “Acuity Cir-

cle”) and continuous distribution schemes. Each scheme was studied in a homogenous

and heterogeneous variant. In homogenous scheme variants, we assigned to all donor

hospitals, either a fixed circle size for the circular distribution or a single proximity

score function for the continuous distribution (a function that translates candidate

proximity to the donor to allocation score). In heterogeneous scheme variants, we

depended circle size or shape of proximity score function on the geographical loca-

tion, for instance, by assigning circles of varying sizes to donor hospitals in different

geographical locations. We hypostasize that more equitable access to livers may be

provided by incorporating geographical heterogeneity into liver distribution. Het-

erogeneity may also help to reduce the average national liver transportation burden.

We compared homogenous liver distribution schemes against their heterogeneous vari-

ants. We used mathematical programming to model an optimal liver distribution that

minimized the variation in the liver supply/demand ratio among transplant centers.

The incorporation of geographical heterogeneity into liver distribution allowed re-

ducing disparities in the liver supply/demand ratio between transplant centers, main-

taining the same transportation burden level. For circular distribution with 200 nm

average liver travel, the variation in supply/demand ratio decreased 2.3 times when

using just two different circle sizes assigned to donor hospital in distinct locations

instead of single circle size. For a similar scenario, but using continuous distribution,

this variation decreases 2.1 times. By increasing the distribution heterogeneity, the

transportation burden was reduced. Maintaining a similar level of variation in the

liver supply/demand ratio, we could reduce the average liver travel from 200 nm to
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150 nm when distributing organs using 18 different circle sizes or proximity score

functions instead of three.

Concluding, the geographically heterogeneous liver distribution increases equity

in access to liver across the US and decreases the transportation burden.
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• Michal Mankowski, Subramanian Raghavan, Courtenay Holscher, Martin Kosz-

towski, Dorry Segev, Sommer Gentry, “Estimated Impact of the Number of Simul-

taneous Offers on Kidney Delay and Discard”, Oral presentation at 2018 American

Transplant Congress, Seattle, WA, 2018.
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B.3.3 Other

• Michal Mankowski, Uchenna Akujuobi, Vladimir Bajic, “Acronym Detection and

Extraction Task”, Oral presentation at 2nd International Summer School on Deep

Learning, Genova, Italy, 2018
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