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Extensions of Dynamic Programming for Multi-Stage
Combinatorial Optimization

Michal Mankowski∗ , Mikhail Moshkov

Computer, Electrical and Mathematical Sciences and Engineering Division,
King Abdullah University of Science and Technology (KAUST),

Thuwal 23955-6900, Saudi Arabia

Abstract

We propose a dynamic programming framework for an exact multi-stage (lexico-
graphic) combinatorial optimization. Unlike conventional algorithms of dynamic
programming that return one optimal solution, two dynamic programming algo-
rithms proposed in this paper are coping with the whole set of optimal solutions
or with its essential part. We describe the set of elements for optimization by a
labeled directed acyclic graph, which in some sense, is similar to the structure
of subproblems of the considered problem. For a given cost function (objec-
tive), the first algorithm constructs a subgraph of this graph that describes
the whole set of optimal elements or its essential part. This algorithm can
be used for multi-stage optimization of elements relative to a sequence of cost
functions. The second algorithm counts elements before the optimization and
after each optimization step. The considered labeled directed acyclic graph is
a kind of circuit. This circuit builds the set of elements for optimization from
one-element sets attached to input nodes. It uses the operation of union of sets
attached to unifying nodes and functional operations attached to functional
nodes. The algorithms for optimization and counting elements are defined for
an arbitrary circuit without repetitions in which each element is generated ex-
actly one time. For a considered problem with a known conventional dynamic
programming solution algorithm, usually, it is easy to construct a corresponding
circuit without repetitions. Once the circuit and cost functions are defined, our
framework provides the correctness proofs and detailed time complexity analysis
for the proposed algorithms. To make this approach more intuitive, we consider
an illustrative example related to the maximum subarray problem. We tested
our approach on the following nine combinatorial optimization problems: ma-
trix chain multiplication, global sequence alignment, optimal paths in directed
graphs, binary search trees, optimal bitonic tour, segmented least squares, con-
vex polygon triangulation, one-dimensional clustering, and line breaking (text
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justification). We consider the last three problems in detail: construct a circuit
without repetitions, describe at least two cost functions, evaluate a number of
operations and time required by the algorithms, discuss an example, and con-
sider the results of computer experiments with randomly generated instances of
the problem.

Keywords: Dynamic Programming, Circuit Model, Multi-Stage Optimization,
Counting Elements

1. Introduction

The conventional dynamic programming algorithms for solving combinato-
rial optimization problems include a structure of subproblems of the initial prob-
lem, a way to construct a solution for a subproblem from solutions of smaller
subproblems, and solutions for the smallest subproblems. Such algorithms re-
turn only one solution.

In this paper, we consider extensions of the dynamic programming approach
that allow us (i) to describe the whole set of solutions or its essential part,
(ii) to count the described solutions, and (iii) to make multi-stage optimization
relative to a sequence of cost functions.

The multi-stage optimization means the following. We apply an optimization
procedure relative to a cost function to a set of elements described by a labeled
directed acyclic graph. As a result, we obtain a subgraph of the considered
graph that describes the whole set of optimal elements or its essential part.
Then we apply to this subgraph the optimization procedure relative to another
cost function, etc. Multi-stage optimization belongs to the group of a priori
methods for solving multi-criteria optimization problems, where the order of
criteria is predefined. Multi-stage optimization can be considered as a special
case of lexicographic optimization. The essential feature of the latter approach
is that the optimality for the kth criterion is achieved once optimality for the
first k − 1 criteria is accomplished.

To describe a multi-criteria optimization problem, we define a set of elements
and cost functions on this set. Here, we approach this description task by using
the notion of a circuit that is a labeled directed acyclic graph. Such a circuit
proposed in [33] builds a set of elements from one-element sets attached to
input nodes. It uses the operation of union of sets attached to unifying nodes
and functional operations attached to functional nodes. We can define cost
functions for this circuit.

There is some similarity between the circuits considered in this paper and
combinatorial circuits, which compute Boolean functions [32, 40, 46]. However,
the circuits studied here are closer to {∪,∩, ,̄+,×}-circuits computing (repre-
senting) sets of natural numbers [34] or integers [44].

We design and analyze two dynamic programming algorithms: one for multi-
stage optimization of elements described by the circuit relative to a sequence
of cost functions, and another one for counting the number of elements before
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optimization and after each step of optimization. The considered approach
can be applied to different combinatorial optimization problems. For such a
problem, one should describe appropriate circuit and cost functions. Then our
framework provides correctness proof for both algorithms and simple ways to
evaluate the number of required operations and the time complexity based on
the description of the circuit and cost functions. To make this framework more
intuitive, immediately after the introduction, we consider an illustrative example
related to the maximum subarray problem [5].

We assign a set of elements S(v) to each node v of a circuit S and define cost
functions on the union of these sets. A cost function Ψ assigns to each element
δ a real number Ψ(δ), which is the cost of δ. One of the nodes v∗ of the circuit
S is considered as its output.

The set of elements S(v∗) and the cost function Ψ form the single-criterion
optimization problem in which we minimize the cost of elements from S(v∗)
relative to the cost function Ψ. Elements from S(v∗) with minimum cost are
called optimal in S(v∗) relative to Ψ.

We study only the so-called circuits without repetitions in which sets of
elements corresponding to the input and functional nodes are pairwise disjoint
and in which functions attached to the functional nodes are injective. The use of
such circuits guarantees consistent cost for all elements (the same elements have
the same cost) and simplifies the counting of elements described by the circuit.
In addition, we study only the so-called increasing and strictly increasing cost
functions for circuits. We design two dynamic programming algorithms based
on our circuits.

We propose an optimization procedure (algorithm A1), which transforms
the circuit S into its edge-preserving subcircuit SΨ obtained from S by the
removal of some but not all edges entering unifying nodes. An edge-preserving
subcircuit of a circuit without repetitions is a circuit without repetitions. With
strictly increasing cost functions, the set of elements SΨ(v∗) assigned to the
output v∗ of the subcircuit SΨ coincides with the set of elements from S(v∗),
which are optimal in S(v∗) relative to Ψ. With increasing cost functions, the
set of elements SΨ(v∗) is a nonempty subset of the set of elements from S(v∗),
which are optimal in S(v∗) relative to Ψ.

The algorithm A1 can be used for multi-stage optimization of elements from
S(v∗) relative to a sequence of cost functions Ψ1, . . . ,Ψt. We also propose a
second algorithm, A2, for counting the cardinality of the set S(v∗) and the
sets SΨ1,...,Ψi(v∗) obtained after the i-th step of optimization, i = 1, . . . , t.
The algorithm A1 can also be used for the recognition of the existence of so-
called totally optimal elements that are optimal relative to a number of cost
functions at the same time. We prove the correctness and evaluate the number
of operations required by the algorithms A1 and A2. We also discuss how to
transform the obtained bounds on the number of operations into bounds on the
time complexity. To this end, we consider two models of computation: (i) the
software model in which each operation requires a fixed time and (ii) the integer
model in which time required by each operation depends on the size of integers
at the operation inputs.
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We tested our proposed approach on the following nine combinatorial opti-
mization problems: matrix chain multiplication [23], global sequence alignment
[37], optimal paths in directed graphs [18, 49], binary search trees [30], optimal
bitonic tour [12], segmented least squares [28], convex polygon triangulation
[22, 29], one-dimensional clustering [48], and line breaking (text justification)
[31]. For each of these problems, we describe the corresponding circuit without
repetitions and at least two increasing or strictly increasing cost functions, eval-
uate the number of operations and time required by the algorithms A1 and A2,
consider an example, and provide results of experiments. Multi-stage optimiza-
tion algorithms for the first four problems were developed earlier [2, 3, 10, 11],
although each problem was considered separately with its own algorithms and
proofs. We focused on the last three problems that are studied in this paper in
detail.

Each of these three problems has inherent dimensions – one or two natural
numbers that describe the structure of the problem instance. Each problem
dimension is at most the number of numeric parameters in the problem rep-
resentation. For each of the considered three problems, we obtain polynomial
upper bounds on the number of operations made by the algorithms A1 and A2

depending on the problem dimensions. We transform these bounds into poly-
nomial bounds on the time complexity in the framework of the software model
of computation.

In particular, for the problem of convex polygon triangulation, the algo-
rithms A1 and A2 make operations from the set

{x+ y, x− y, x · y, x/y,
√
x,max(x, y), |x|}

of elementary operations. For a convex polygon with n + 1 vertices (n is the
dimension of this problem), the optimization of triangulations relative to each
of the considered three cost functions by the algorithm A1 requires at most 24n3

elementary operations, and the counting the obtained optimal triangulations by
the algorithm A2 requires at most 2n3 elementary operations.

If each numeric parameter of a problem is an integer and the output of each
operation related to the considered cost function is an integer when inputs are
integers (i.e., if we are in the framework of the integer model of computation),
we transform the polynomial upper bounds on the number of operations for
the algorithm A1 into polynomial bounds on its time complexity depending on
the length of the problem representation. We also transform the polynomial
upper bounds on the number of operations for the algorithm A2 into polyno-
mial bounds on its time complexity depending on the length of the problem
representation.

We developed dedicated software to validate our framework. The main
components are implemented in Python, including libraries written in C++.
Each circuit was computed by the single thread, although extension for multi-
threading or multi-processing would be possible. All computational studies in
this paper were performed on the single workstation equipped with Intel(R)
Xeon(R) CPU E5-2680 v3, 2.50GHz and 128 GB memory. All experiments
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were repeated 10, 20, or 100 times. Single trails of the same problem were
assigned to the independent processes and executed in parallel, and problems
were computed in a sequence. For instance, to compute 100 repetitions of opti-
mization procedures for 10 different convex polygon triangulations problems for
two different orders of two cost functions (presented in Table 2), it took 54.06
seconds.

Our results belong to the fast-growing area of multi-criteria optimization
[6, 9, 16]. In this paper, we do not consider a posteriori methods related to
the construction of Pareto optimal points and Pareto optimal solutions (such
methods based on the use of circuits without repetitions are studied in our
paper [33]). We restrict ourselves to the consideration of only one of a priori
methods – lexicographic optimization and multi-stage optimization as its special
case. We worked on multi-stage optimization of decision trees [35, 36] and
designed algorithms for multi-stage optimization of decision rules, decision rule
systems, and inhibitory trees [1, 4]. We also studied multi-stage optimization of
element partition trees that are used in finite element methods for solving partial
differential equations [1]. To the best of our knowledge, no other results related
to dynamic programming multi-stage optimization of decision trees, rules and
rule systems, and element partition trees have been published.

The situation with classic combinatorial optimization problems is different.
We should mention here an Algebraic Dynamic Programming (ADP) approach,
which was created by Giegerich and his colleagues, mainly for the bioinformatics
applications [19, 20]. In this approach, the problem decomposition is described
by a tree grammar and the optimization criterion is given by an evaluation
algebra satisfying Bellman’s principle. Initially, ADP included optimization
relative to one criterion. Later, lexicographic optimization was added to ADP
[21] (see also [43]). Besides clear differences, ADP and our approach have some
common features.

Looking beyond introduced earlier Algebraic Dynamic Programming and
conventional mathematical programming methods, it is hard to find general
frameworks designed for combinatorial lexicographic optimization. Volgenant
[45] proposed a fairly broad approach to lexicographic optimization of certain
graph theory problems such as shortest path, minimum spanning tree, and lin-
ear assignment. For multiple combinatorial optimization problems, problem-
specific lexicographic optimization algorithms have been developed, including
problems such as Steiner tree [47], network flow [7, 8], location [26, 38], or
cutting stock [41]. We did not find publications related to lexicographic op-
timization algorithms for the three problems considered in this paper: convex
polygon triangulation, one-dimensional clustering, and line breaking.

The main advantage of our work is a fairly general framework for multi-stage
(lexicographic) optimization that provides flexibility in defining cost functions
(objectives) and adaptivity to most of the problems with a conventional single-
objective dynamic programming solution. To solve the optimization problem,
it is sufficient to define the input elements, circuit, and cost functions for a
problem. Inputs often relate to the instances of smallest subproblems, and the
structure of the circuit is strictly related to the structure of subproblems in
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conventional dynamic programming. By this simple adaptation of a combina-
torial optimization problem, we achieved the correct and exact lexicographic
optimization algorithm for this problem with known time complexity. Due to
our framework, the proof of correctness may be omitted and time complexity
analysis is simple enough.

This paper consists of 12 sections. In Section 2, we consider an illustrative
example related to the maximum subarray problem. In Sections 3 and 4, we
discuss circuits and cost functions. In Sections 5, 6, and 7, we consider the
optimization algorithm, its extension to multi-stage optimization, and the algo-
rithm for counting of elements described by a circuit. In Section 8, we discuss
the time complexity of the algorithms. In Sections 9, 10, and 11, we represent
three applications: convex polygon triangulation, one-dimensional clustering,
and line breaking. Section 12 concludes the paper.

2. Illustrative Example: Maximum Subarray Problem

To clarify the notions and algorithms, which will be introduced later, we
consider an example related to a well-known maximum subarray problem: for
a given one-dimensional array of integers, it is necessary to find a contiguous
subarray that has the largest sum. The history of this problem and various
algorithms for its solution, including linear, can be found in [5].

Let a1, . . . , an be an array (sequence) of integers. A contiguous subsequence
of this sequence ai, . . . , aj , i ≤ j, is called a subarray of the array. Two subarrays
ai1 , . . . , aj1 and ai2 , . . . , aj2 are considered to be different if (i1, j1) 6= (i2, j2).
If the array a1, . . . , an contains equal numbers, then we need to add indexes
showing the positions of the numbers, for example, 11, 22,−43, 14, 25. We study
two cost functions sum and length for subarrays defined in the following way:
sum(ai, . . . , aj) = ai+· · ·+aj and length(ai, . . . , aj) = j−i+1. We consider the
sequential optimization of subarrays relative to these cost functions: we should
describe all subarrays with the maximum sum and among these subarrays, we
should describe all with the maximum length. We also consider the counting of
optimal subarrays.

First, we construct a graph G, which describes the set Q of all subarrays of
the array a1, . . . , an. To this end, we use two operations on sets A and B of
subarrays: concatenation A×B = {α, β : α ∈ A, β ∈ B} and union A ∪B. For
j = 1, . . . , n, we denote by Qj the set of all subarrays of the kind ai, . . . , aj ,
where i ≤ j. It is clear that Q1 = {a1} and

Qj+1 = (Qj × {aj+1}) ∪ {aj+1}

for j = 1, . . . , n− 1. It is also clear that Q = Q1 ∪ . . . ∪Qn.
The graph G depicted in Fig. 1 is a kind of circuit over the basis {×,∪},

which has one-element sets {a1}, . . . , {an} at the input nodes (all nodes on the
third level of G and the first node on the second level) and the set Q at the
output (the only node on the first level of G labeled with ∗).
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. . .{𝑎1}

{𝑎2} {𝑎𝑛}

× ×∪ ∪∪

∪

𝑄1 𝑄𝑛𝑄𝑛−1𝑄2

𝑄 = 𝑄1 ∪⋯∪ 𝑄𝑛

*

Figure 1: Graph (circuit) G for the array a1, . . . , an

We assign to each node v of the graph G a subset G(v) of the set Q, which
is constructed in this node (see Figs. 1 and 2). Note that G(v∗) = Q, where v∗
is the output of G.

{𝑎𝑗+1}

× ∪

𝑄𝑗 𝑄𝑗+1 = 𝑄𝑗 × 𝑎𝑗+1 ∪ 𝑎𝑗+1

𝑄𝑗 × {𝑎𝑗+1}

{𝑎𝑗+1}

Figure 2: Sets of subarrays assigned to nodes of G

We now consider a procedure of optimization of the graph G relative to the
cost function sum. We attach to each node v of G the number sum(G, v) =
max{sum(α) : α ∈ G(v)} and, probably, remove some edges that enter v. If v
is an input node {ai}, then sum(G, v) = ai. If v is a ×-node with two parents
v1 and v2, then sum(G, v) = sum(G, v1) + sum(G, v2). If v is a ∪-node with
k parents v1, . . . , vk, then sum(G, v) = max{sum(G, v1), . . . , sum(G, vk)}. For
i = 1, . . . , k, if sum(G, v) > sum(G, vi), then we remove the edge leaving vi and
entering v.

As a result, we build a new graph (circuit) G1 obtained from G by the
removal of some edges. We assign to each node v of the graph G1 a subset
G1(v) of the set Q, which is constructed in this node. One can show that, for
each node v of G, the set G1(v) coincides with the set of all subarrays from G(v)
that have the maximum sum among all subarrays from G(v).

To illustrate the work of the algorithm, we consider the graph (circuit) H
for the array 1, 2,−4, 3 (see Fig. 3). For this array, Q1 = {1}, Q2 = {1, 2; 2},
Q3 = {1, 2,−4; 2,−4;−4}, and Q4 = {1, 2,−4, 3; 2,−4, 3;−4, 3; 3}.
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{1}

{2} {3}

× ×∪ ∪∪

∪

𝑄1 𝑄4𝑄3𝑄2

𝑄 = 𝑄1 ∪⋯∪ 𝑄4

{−4}

×

Figure 3: Graph (circuit) H for the array 1, 2,−4, 3

We apply to the graph H the procedure of optimization relative to the cost
function sum. As a result, we obtain a graph H1. The marked graph H depicted
in Fig. 4 illustrates the work of the optimization procedure. Each node v of H
is labeled with the number sum(H, v). If we remove these labels and all edges
labeled with “X”, we obtain the graph H1 that describes all subarrays with the
maximum sum: 1, 2 and 3.

{1}

{2} {3}

× ×∪ ∪∪

∪

1 3−13

3

{−4}

×

2 −4 3

3 −1 2

X

X X

X

X

{1, 2; 3}

Figure 4: Procedure of optimization of H relative to the cost function sum

We now consider a procedure of optimization of the graph G1 relative to the
cost function length. We attach to each node v ofG1 the number length(G1, v) =
max{length(α) : α ∈ G1(v)} and, probably, remove some edges that enter v.
If v is an input node {ai}, then length(G1, v) = 1. If v is a ×-node with two
parents v1 and v2, then length(G1, v) = length(G1, v1) + length(G1, v2). If v is
a ∪-node with k parents v1, . . . , vk, then

length(G1, v) = max{length(G1, v1), . . . , length(G1, vk)}.

For i = 1, . . . , k, if length(G1, v) > length(G1, vi), then we remove the edge
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leaving vi and entering v.
As a result, we build a new graph (circuit) G2 obtained from G1 by the

removal of some edges. We assign to each node v of the graph G2 a subset
G2(v) of the set Q, which is constructed in this node. One can show that, for
each node v of G, the set G2(v) coincides with the set of all subarrays from
G1(v), which have the maximum length among all subarrays from G1(v).

We apply to the graph H1 the procedure of optimization relative to the
cost function length. As a result, we obtain a graph H2. The marked graph
H1 depicted in Fig. 5 illustrates the work of the optimization procedure. Each
node v of H1 is labeled with the number length(H1, v). If we remove these labels
and the edge labeled with “X”, we obtain the graph H2 that describes the only
subarray with the maximum length among all subarrays with the maximum
sum: 1, 2.

{1}

{2} {3}

× ×∪ ∪∪

∪

1 132

2

{−4}

×

1 1 1

2 3 4

{1, 2}

X

Figure 5: Procedure of optimization of H1 relative to the cost function length

The number of subarrays described by the graph G is equal to n(n + 1)/2.
We now consider a procedure of counting of subarrays described by the graph
G1 (this procedure can also be applied to the graph G2). We attach to each
node v of G1 the number card(G1, v) = |G1(v)|. If v is an input node {ai}, then
card(G1, v) = 1. Let v be a ×-node with two parents v1 and v2, where v1 is the
“left” parent and v2 is the “top” parent of v. Then

card(G1, v) = card(G1, v1) · card(G1, v2) = card(G1, v1).

If v is a ∪-node with k parents v1, . . . , vk, then

card(G1, v) = card(G1, v1) + · · ·+ card(G1, vk).

The number attached to the output of G1 is equal to the number of subarrays
described by G1.

We apply to the graph H1 the procedure of counting of subarrays described
by this graph. The marked graph H1 depicted in Fig. 6 illustrates the work of
this procedure. Each node v of H1 is labeled with the number card(H1, v). The
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{1}

{2} {3}

× ×∪ ∪∪

∪

1 111

2

{−4}

×

1 1 1

1 1 1

Figure 6: Procedure of counting of subarrays described by H1

output of H1 is labeled with the number 2. Therefore the graph H1 describes
two subarrays.

We now evaluate the size of the graph G for the array a1, . . . , an and the
number of arithmetical operations required by the procedures of optimization
and counting. The graph G contains n input nodes without entering edges,
n − 1 ×-nodes with two entering edges each, n − 1 ∪-nodes with two entering
edges each, and one ∪-node with n entering edges. Therefore G contains 3n− 1
nodes and 5n − 4 edges. The procedure of optimization relative to the cost
function sum requires at most n additions and at most 3n comparisons. The
procedure of optimization relative to the cost function length requires at most
n additions and at most 3n comparisons. The procedure of counting of the
subarrays described by the graph Gi, i ∈ {1, 2}, requires at most 2n additions.

3. Circuits

Let U be a finite set. A circuit S over U is a labeled directed acyclic graph
(DAG) with three kinds of nodes:

• Input node v is a node without entering edges. It is labeled with a set
{av}, where av is an element from U .

• Functional node v is a node with k = k(v) ≥ 1 entering edges e1, . . . , ek,
which are labeled with numbers 1, . . . , k, respectively. This node is labeled
with a function with k variables fv(x1, . . . , xk) from Dv(S) to U , where
Dv(S) ⊆ Uk. For i = 1, . . . , k, the entering edge with number i corre-
sponds to the variable xi. We define the domain Dv(S) of the function fv
later.

• Unifying node v is labeled with the symbol ∪. This node has m ≥ 1
entering edges, which leave m pairwise different input or functional nodes.
The number of entering edges can be different for different unifying nodes.
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A distinguished node of the circuit S is labeled with the symbol ∗ and is
considered as the output of S.

In Section 2, we defined the circuit G for the array a1, . . . , an (see Fig. 1).
For this circuit, as the set U we can use the set Q of all subarrays of the array
a1, . . . , an, ×-nodes of G are its functional nodes, and ∪-nodes of G are its
unifying nodes.

For any node v of the circuit S, we define the set of elements S(v) ⊆ U and,
at the same time, define the domain Dv(S) of the function fv for each functional
node v of S:

• If v is an input node of S, then S(v) = {av}.

• If v is a functional node of S with k = k(v) entering edges e1, . . . , ek, which
are labeled with numbers 1, . . . , k and leave nodes v1, . . . , vk, respectively,
then S(v) = {fv(δ1, . . . , δk) : δ1 ∈ S(v1), . . . , δk ∈ S(vk)}, where fv is a
function from Dv(S) = S(v1)× · · · × S(vk) to U .

• If v is a unifying node of S with m entering edges e1, . . . , em, which leave
nodes v1, . . . , vm, respectively, then S(v) = S(v1) ∪ · · · ∪ S(vm).

We denote V (S) the set of nodes of S, Vi(S) – the set of input nodes of S,
Vf (S) – the set of functional nodes of S, and Vu(S) – the set of unifying nodes
of S. Set U(S) =

⋃
v∈V (S) S(v). The function fv, v ∈ Vf (S), is called injective

if fv(α) 6= fv(β) for any α, β ∈ Dv(S) such that α 6= β.
We say that S is a circuit without repetitions if it satisfies the following

conditions:

• S(v1) ∩ S(v2) = ∅ for any nodes v1, v2 ∈ Vi(S) ∪ Vf (S) such that v1 6= v2.

• The function fv is injective for any functional node v of S.

One can show that the circuit G for the array a1, . . . , an considered in Section
2 (see Fig. 1) is a circuit without repetitions.

Later we will consider only circuits without repetitions. Let S be such a
circuit, v be a functional node of S with k = k(v) entering edges e1, . . . , ek,
which are labeled with numbers 1, . . . , k and leave nodes v1, . . . , vk, and δ be
an element from the set S(v). Since the function fv is injective, there exists
only one tuple of elements (δ1, . . . , δk) ∈ Dv(S) = S(v1)× · · · ×S(vk) such that
δ = fv(δ1, . . . , δk). We call the expression fv(δ1, . . . , δk) the representation of the
element δ. Let now v be a unifying node of S with m entering edges e1, . . . , em,
which leave nodes v1, . . . , vm, and δ be an element from the set S(v). Then
there is exactly one i ∈ {1, . . . ,m} such that δ ∈ S(vi).

The set S(v∗), where v∗ is the output of S, will be considered as the set of
elements for the definition of an optimization problem. The notion of a cost
function will be defined in the next section.
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4. Cost Functions

We now define the notion of a cost function Ψ for a circuit S without rep-
etitions that assigns to each element δ ∈ U(S) a real number Ψ(δ), which is
considered as the cost of δ. The function Ψ is given by the function ψ, which
assigns to each element av, where v is an input node of S, a number ψ(av) ∈ R
and by functions ψv : Rk(v) → R, v ∈ Vf (S). Here R is the set of real numbers.

The value of Ψ(δ) for an element δ ∈ U(S) is defined by induction:

• If δ = av, where v is an input node of S, then Ψ(δ) = ψ(av).

• If δ = fv(δ1, . . . , δk(v)) ∈ S(v), where v is a functional node of S and
fv(δ1, . . . , δk) is the representation of δ, then

Ψ(δ) = ψv(Ψ(δ1), . . . ,Ψ(δk(v))).

It is easy to show that the two cost functions sum and length for the circuit
G considered in Section 2 (see Fig. 1) can be represented in such a form. This
circuit describes all subarrays of the array a1, . . . , an. For the cost function
sum, ψ(ai) = ai for i = 1, . . . , n, and ψv(x1, x2) = x1 + x2 for each functional
node (×-node) v of G. For the cost function length, ψ(ai) = 1 for i = 1, . . . , n,
and ψv(x1, x2) = x1 + x2 for each functional node (×-node) v of G.

The function Ψ is called an integer cost function if the function ψ assigns
to each element av, where v is an input node of S, an integer ψ(av) and each
function ψv, v ∈ Vf (S), has integer value if its inputs are integers.

We now define a partial order ≤ on the set Rk. Let α = (α1, . . . , αk), β =
(β1, . . . , βk) ∈ Rk. Then α ≤ β if α1 ≤ β1, . . . , αk ≤ βk. We write α < β if
α ≤ β and α 6= β. Let ϕ be a function from Rk to R. We say that ϕ is increasing
if ϕ(α) ≤ ϕ(β) for any α, β ∈ Rk such that α ≤ β. We say that ϕ is strictly
increasing if ϕ(α) < ϕ(β) for any α, β ∈ Rk such that α < β. It is clear that if
ϕ is strictly increasing, then ϕ is increasing.

We say that a cost function Ψ is increasing if, for any functional node v of S,
the function ψv is increasing. We say that a cost function Ψ is strictly increasing
if, for any functional node v of S, the function ψv is strictly increasing.

One can show that the two cost functions sum and length for the circuit G
considered in Section 2 (see Fig. 1) are strictly increasing integer cost functions.
Note that the cost functions −sum and −length are also strictly increasing
integer cost functions. We can either maximize the cost functions sum and
length (as in Section 2) or minimize the cost functions −sum and −length (as
in this section and further).

For each node v of S, we denote ΨS(v) = min{Ψ(δ) : δ ∈ S(v)}. Let
v ∈ V (S) and δ ∈ S(v). We say that δ is optimal in S(v) relative to Ψ if
Ψ(δ) = ΨS(v). Note that if v is an input node, then the only element av from
S(v) is optimal in S(v) relative to Ψ.

We define the notion of an element from S(v), which is strongly optimal in
S(v) relative to Ψ by induction:
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• Let v be an input node. Then the only element av from S(v) is strongly
optimal in S(v) relative to Ψ.

• Let v be a functional node of S with k = k(v) entering edges e1, . . . , ek,
which are labeled with numbers 1, . . . , k and leave nodes v1, . . . , vk, δ be
an element from the set S(v), and fv(δ1, . . . , δk) be the representation
of δ. Then the element δ is strongly optimal in S(v) relative to Ψ if δ
is optimal in S(v) relative to Ψ and, for i = 1, . . . , k, the element δi is
strongly optimal in S(vi) relative to Ψ.

• Let v be a unifying node of S with m entering edges e1, . . . , em, which
leave nodes v1, . . . , vm, δ be an element from the set S(v), i ∈ {1, . . . ,m},
and v ∈ S(vi). Then the element δ is strongly optimal in S(v) relative
to Ψ if δ is optimal in S(v) relative to Ψ and the element δ is strongly
optimal in S(vi) relative to Ψ.

For each node v of S, we denote Sopt
Ψ (v) the set of elements from S(v), which

are optimal in S(v) relative to Ψ. We denote Ss−opt
Ψ (v) the set of elements

from S(v) that are strongly optimal in S(v) relative to Ψ. It is clear that
Ss−opt

Ψ (v) ⊆ Sopt
Ψ (v) for any node v of S. Note that Ss−opt

Ψ (v) = {av} = Sopt
Ψ (v)

for any input node v of S.

Proposition 1. Let S be a circuit without repetitions and Ψ be a strictly in-
creasing cost function for S. Then Ss−opt

Ψ (v) = Sopt
Ψ (v) for any node v of S.

Proof. We know that Ss−opt
Ψ (v) ⊆ Sopt

Ψ (v) for any node v of S. We now show

by induction on nodes of S that Sopt
Ψ (v) ⊆ Ss−opt

Ψ (v) for any node v of S. It is

clear that Sopt
Ψ (v) ⊆ Ss−opt

Ψ (v) for any input node v of S.
Let v be a functional node of S with k = k(v) entering edges e1, . . . , ek,

which are labeled with numbers 1, . . . , k and leave nodes v1, . . . , vk such that
Sopt

Ψ (vi) ⊆ Ss−opt
Ψ (vi) for i = 1, . . . , k. Let δ ∈ Sopt

Ψ (v) and fv(δ1, . . . , δk) be the

representation of δ. We now show that δi ∈ Sopt
Ψ (vi) for i = 1, . . . , k. Let us

assume the contrary: there exists i ∈ {1, . . . , k} such that δi /∈ Sopt
Ψ (vi). Then

there is an element δ
′

i ∈ S
opt
Ψ (vi) for which Ψ(δ′i) < Ψ(δi). It is clear that the

element δ′ = fv(δ1, . . . , δi−1, δ
′

i, δi+1, . . . , δk) belongs to S(v). Since Ψ is strictly
increasing,

Ψ(δ′) = ψv(Ψ(δ1), . . . ,Ψ(δi−1),Ψ(δ
′

i),Ψ(δi+1), . . . ,Ψ(δk))

< ψv(Ψ(δ1), . . . ,Ψ(δi−1),Ψ(δi),Ψ(δi+1), . . . ,Ψ(δk))

= Ψ(δ),

but this is impossible because δ ∈ Sopt
Ψ (v). Therefore δi ∈ Sopt

Ψ (vi) for i =

1, . . . , k and, by the inductive hypothesis, δi ∈ Ss−opt
Ψ (vi) for i = 1, . . . , k.

Taking into account that δ ∈ Sopt
Ψ (v), we obtain δ ∈ Ss−opt

Ψ (v). Therefore

Sopt
Ψ (v) ⊆ Ss−opt

Ψ (v).
Let v be a unifying node of S with m entering edges e1, . . . , em, which leave

nodes v1, . . . , vm such that Sopt
Ψ (vi) ⊆ Ss−opt

Ψ (vi) for i = 1, . . . ,m. Let δ be
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an element from Sopt
Ψ (v), i ∈ {1, . . . ,m}, and δ ∈ S(vi). Since δ ∈ Sopt

Ψ (v),

δ ∈ Sopt
Ψ (vi). By the inductive hypothesis, δ ∈ Ss−opt

Ψ (vi). Taking into account

that δ ∈ Sopt
Ψ (v), we obtain δ ∈ Ss−opt

Ψ (v). Therefore Sopt
Ψ (v) ⊆ Ss−opt

Ψ (v).

As a result, we have Sopt
Ψ (v) = Ss−opt

Ψ (v) for any node v of S. �

An edge-preserving subcircuit of a circuit S over U is a circuit T obtained
from S by the removal of some edges entering unifying nodes such that each
unifying node keeps at least one entering edge. By definition, S is an edge-
preserving subcircuit of S. It is clear that T (v) ⊆ S(v) for any node v of S,
U(T ) ⊆ U(S) and, for any cost function for S, its restriction to U(T ) is a cost
function for T . It is clear also that each edge-preserving subcircuit of a circuit
without repetitions is a circuit without repetitions.

Note that the circuits G1 and G2 considered in Section 2 are edge-preserving
subcircuits of the circuit G considered in the same section.

5. Algorithm for Optimization of Elements

Let S be a circuit without repetitions and Ψ be an increasing cost function
for S. We now describe a procedure for optimization relative to the cost function
Ψ – the algorithm A1. This algorithm assigns to each node v of S the number
c(v) = ΨS(v) = min{Ψ(δ) : δ ∈ S(v)} and removes some edges entering unifying
nodes of S. As a result, we obtain an edge-preserving subcircuit SΨ of S such
that SΨ(v) = Ss−opt

Ψ (v) for any node v of S.

Algorithm A1 (procedure of optimization of elements).
Input : A circuit S without repetitions and an increasing cost function Ψ for

S given by functions ψ and ψv, v ∈ Vf (S).
Output : An edge-preserving subcircuit SΨ of S.

1. If all nodes of S are processed, then return the obtained circuit as SΨ.
2. Otherwise, choose a node v of S that is not processed yet and which is

either an input node or a node for which all parents are processed.
3. If v is an input node, then assign to it the number c(v) = ψ(av), label it

as processed, and proceed to step 1.
4. If v is a functional node with k = k(v) entering edges, which are labeled

with numbers 1, . . . , k and leave the nodes v1, . . . , vk, respectively, then
assign to v the number c(v) = ψv(c(v1), . . . , c(vk)), label v as processed,
and proceed to step 1.

5. If v is a unifying node with m entering edges e1, . . . , em leaving the nodes
v1, . . . , vm, respectively, then assign to v the number c(v) = min{c(v1), . . . ,
c(vm)} and remove all edges ei, i ∈ {1, . . . ,m}, for which c(vi) > c(v).
Label v as processed and proceed to step 1.

The work of the procedure of optimization of subarrays described by the
circuit G relative to the cost function sum (see Section 2) is similar to the work
of the algorithm A1 applied to the circuit G and the cost function −sum. The
same situation is with the cost function length.
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Remark 1. Let S be a circuit without repetitions and Ψ be an increasing in-
teger cost function for S given by functions ψ and ψv, v ∈ Vf (S). Denote
NΨ(S) = max{|Ψ(δ)| : δ ∈ U(S)}, where U(S) =

⋃
v∈V (S) S(v). It is clear

that, for each node v of S, the absolute value of the number c(v) = ΨS(v) =
min{Ψ(δ) : δ ∈ S(v)} is at most NΨ(S). Therefore, for the algorithm A1, the
number NΨ(S) is an upper bound on the absolute values of the numbers at the
inputs of operations ψv related to the functional nodes and at the inputs of
comparisons related to the unifying nodes. When a function ψv is given by a
formula containing more than one elementary operation, we need to check that
the absolute values of the numbers at the inputs of each elementary operation
are at most NΨ(S). It is true for each integer cost function considered in this
paper. The elementary operations related to the input nodes should be consid-
ered separately and only in the case when values of ψ are represented not by
constants, but by formulas.

For example, Nsum(G) ≤ |a1| + · · · + |an| and Nlength(G) ≤ n, where G is
the circuit for the array a1, . . . , an considered in Section 2 (see Fig. 1), and sum
and length are cost functions for G considered in the same section.

Theorem 2. Let S be a circuit without repetitions and Ψ be an increasing cost
function for S given by functions ψ and ψv, v ∈ Vf (S). Then, for any node v
of S, c(v) = ΨS(v) and SΨ(v) = Ss−opt

Ψ (v). For any node v of S, the algorithm
A1 computes one time a value of ψ if v is an input node, computes one time a
value of ψv if v is a functional node, and makes at most 2m− 1 comparisons if
v is a unifying node with m entering edges.

Proof. First, we prove by induction on nodes of S that c(v) = ΨS(v) for
any node v of S. Let v be an input node. Then S(v) = {av} and, evidently,
c(v) = ψ(av) = ΨS(v). Let v be a functional node with k = k(v) entering edges
e1, . . . , ek, which are labeled with numbers 1, . . . , k and leave nodes v1, . . . , vk
such that c(v1) = ΨS(v1), . . . , c(vk) = ΨS(vk). Since Ψ is an increasing cost
function, ΨS(v) = ψv(ΨS(v1), . . . ,ΨS(vk)). Using the inductive hypothesis we
obtain that c(v) = ΨS(v). Let v be a unifying node with m entering edges
e1, . . . , em leaving nodes v1, . . . , vm such that c(v1) = ΨS(v1), . . . , c(vm) =
ΨS(vm). It is clear that ΨS(v) = min{ΨS(v1), . . . ,ΨS(vm)}. Using the in-
ductive hypothesis we obtain that c(v) = ΨS(v).

We now prove by induction on nodes of S that SΨ(v) = Ss−opt
Ψ (v) for any

node v of S. Let v be an input node of S. Then SΨ(v) = {av} = Ss−opt
Ψ (v).

Let v be a functional node with k = k(v) entering edges e1, . . . , ek, which are
labeled with numbers 1, . . . , k and leave nodes v1, . . . , vk such that SΨ(v1) =
Ss−opt

Ψ (v1), . . . , SΨ(vk) = Ss−opt
Ψ (vk). By definition,

SΨ(v) = {fv(δ1, . . . , δk) : δ1 ∈ SΨ(v1), . . . , δk ∈ SΨ(vk)}.

Let us consider an arbitrary element δ from SΨ(v) with the representation
fv(δ1, . . . , δk). Using the inductive hypothesis and the fact that Ψ is increasing,
we obtain that δ is optimal in S(v) relative to Ψ and, hence, is strongly optimal
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in S(v) relative to Ψ. Therefore SΨ(v) ⊆ Ss−opt
Ψ (v). Let δ ∈ Ss−opt

Ψ (v). Then

δ = fv(δ1, . . . , δk), where δi ∈ S(vi) for i = 1, . . . , k. Since δ ∈ Ss−opt
Ψ (v),

δi ∈ Ss−opt
Ψ (vi) and, by the inductive hypothesis, δi ∈ SΨ(vi) for i = 1, . . . , k.

Therefore δ ∈ SΨ(v), Ss−opt
Ψ (v) ⊆ SΨ(v), and Ss−opt

Ψ (v) = SΨ(v).
Let v be a unifying node with m entering edges e1, . . . , em leaving nodes

v1, . . . , vm such that SΨ(v1) = Ss−opt
Ψ (v1), . . . , SΨ(vm) = Ss−opt

Ψ (vm). It is clear
that SΨ(v) =

⋃
i=1,...,m

ΨS(vi)=ΨS(v)

SΨ(vi). Let δ ∈ SΨ(v). According to the inductive

hypothesis, δ is optimal in S(v) relative to Ψ and δ is strongly optimal in S(vi)
relative to Ψ for some i ∈ {1, . . . ,m} such that ΨS(vi) = ΨS(v). Therefore
δ ∈ Ss−opt

Ψ (v). Let δ ∈ Ss−opt
Ψ (v). Then Ψ(δ) = ΨS(v) and δ ∈ Ss−opt

Ψ (vi)
for some i ∈ {1, . . . ,m}. We have ΨS(vi) = Ψ(δ) = ΨS(v). According to the
inductive hypothesis, δ ∈ SΨ(vi). Therefore δ ∈ SΨ(v) and SΨ(v) = Ss−opt

Ψ (v).
A simple analysis of the algorithm A1 shows that, for any node v of S, the

algorithm A1 computes one time a value of ψ if v is an input node, computes
one time a value of ψv if v is a functional node, and makes at most 2m − 1
comparisons if v is a unifying node with m entering edges. �

The next statement follows immediately from Proposition 1 and Theorem 2.

Corollary 3. Let S be a circuit without repetitions and Ψ be a strictly increas-
ing cost function for S. Then SΨ(v) = Sopt

Ψ (v) for any node v of S.

From Theorem 2 it follows that the algorithm A1 applied to the circuit
G and the cost function −sum (see Section 2) requires at most n additions
and at most 3n comparisons. The same bounds are true for the cost function
−length. These bounds are equal to the bounds on the number of operations
for the optimization procedures related to sum and length mentioned at the
end of Section 2. This is understandable since the work of the procedures of
optimization of subarrays is similar to the work of the algorithm A1.

6. Multi-Stage Optimization and Totally Optimal Elements

Let S be a circuit without repetitions and v∗ be the output of S. The
algorithm A1 can be used for multi-stage optimization of elements from S(v∗)
relative to a sequence of strictly increasing cost functions Ψ1,Ψ2, . . ..

First, we apply the algorithm A1 to the circuit S and the cost function Ψ1.
As a result, we obtain an edge-preserving subcircuit SΨ1 of the circuit S. From
Corollary 3 it follows that SΨ1(v∗) = Sopt

Ψ1
(v∗), i.e., the set SΨ1(v∗) coincides

with the set of all elements from S(v∗) that are optimal in S(v∗) relative to
Ψ1. Next, we apply the algorithm A1 to the circuit SΨ1 and the cost function
Ψ2. As a result, we obtain an edge-preserving subcircuit SΨ1,Ψ2 of the circuit
SΨ1 . From Corollary 3 it follows that SΨ1,Ψ2(v∗) = (SΨ1)optΨ2

(v∗), i.e., the set

SΨ1,Ψ2(v∗) coincides with the set of all elements from SΨ1(v∗) that are optimal
in SΨ1(v∗) relative to Ψ2, etc.

If one of the cost functions Ψi, i > 1, is increasing and not strictly in-
creasing, then, by Theorem 2, the set SΨ1,...,Ψi(v∗) coincides with the set
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(SΨ1,...,Ψi−1)s−optΨi
(v∗) of all elements from SΨ1,...,Ψi−1(v∗) that are strongly op-

timal in SΨ1,...,Ψi−1(v∗) relative to Ψi. In general case, this set is a subset of the
set (SΨ1,...,Ψi−1)optΨi

(v∗) of all elements from SΨ1,...,Ψi−1(v∗) that are optimal in

SΨ1,...,Ψi−1(v∗) relative to Ψi.
An example of multi-stage optimization of subarrays relative to two cost

functions sum and length is considered in Section 2.
Let Ψ1, . . . ,Ψm be cost functions for S and δ be an element from the set

S(v∗). We say that δ is totally optimal in S(v∗) relative to Ψ1, . . . ,Ψm if Ψi(δ) =
ΨS

i (v∗) = min{Ψi(δ
′) : δ ∈ S(v∗)} for i = 1, . . . ,m, i.e., δ is optimal in S(v∗)

relative to Ψ1, . . . ,Ψm at the same time.
Assume that Ψ1, . . . ,Ψm−1 are strictly increasing cost functions and Ψm is

increasing or strictly increasing. We now describe how to recognize the exis-
tence of an element from S(v∗), which is totally optimal in S(v∗) relative to
Ψ1, . . . ,Ψm.

For i = 1, . . . ,m, we apply the algorithm A1 to the circuit S and the cost
function Ψi. As a result, we obtain for i = 1, . . . ,m the edge-preserving sub-
circuit SΨi of the circuit S and the number ΨS

i (v∗) assigned to the node v∗ of
the circuit SΨi . Next, we apply to S sequentially the procedure of optimiza-
tion (the algorithm A1) relative to the cost functions Ψ1, . . . ,Ψm. As a re-
sult, we obtain circuits SΨ1 , SΨ1,Ψ2 , . . . , SΨ1,...,Ψm and numbers ϕ1, ϕ2, . . . , ϕm

assigned to the node v∗ of these circuits. From Theorem 2 it follows that
ϕ1 = min{Ψ1(δ) : δ ∈ S(v∗)} and ϕi = min{Ψi(δ) : δ ∈ SΨ1,...,Ψi−1(v∗)}
for i = 2, . . . ,m. One can show that an element from S(v∗), which is totally
optimal in S(v∗) relative to Ψ1, . . . ,Ψm exists if and only if ΨS

i (v∗) = ϕi for
i = 1, . . . ,m.

7. Algorithm for Counting the Number of Elements

Let S be a circuit without repetitions. We now describe an algorithm A2,
which assigns to each node v of S the number C(v) = |S(v)|.

Algorithm A2 (counting the number of elements)
Input : A circuit S without repetitions.
Output : The circuit S with number C(v) assigned to each node v of S.

1. If all nodes of S are processed, then return the obtained circuit.

2. Otherwise, choose a node v of S that is not processed yet and which is
either an input node or a node for which all parents are processed.

3. If v is an input node, then assign to it the number C(v) = 1, label it as
processed, and proceed to step 1.

4. If v is a functional node with k = k(v) entering edges leaving the nodes
v1, . . . , vk, respectively, then assign to v the number C(v) = C(v1) · . . . ·
C(vk), label v as processed, and proceed to step 1.

5. If v is a unifying node with m entering edges leaving the nodes v1, . . . , vm,
respectively, then assign to v the number C(v) = C(v1) + · · · + C(vm),
label v as processed, and proceed to step 1.
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Note that the procedure of counting of subarrays described by a circuit (see
Section 2) is a special case of the algorithm A2.

Remark 2. We say that a circuit S is reachable if, for any node v of S, there is a
directed path from v to the output v∗ of S. Let S be a reachable circuit without
repetitions and T be an edge-preserving subcircuit of S. One can show that
the number |S(v∗)| is an upper bound on the absolute values of the numbers
at the inputs of operations (additions and multiplications) of the algorithm
A2 processing T . Assume the contrary. In this case, it is easy to show that
C(v∗) > |S(v∗)|, which contradicts Theorem 4.

For example, the circuit G for the array a1, . . . , an considered in Section 2
(see Fig. 1) is a reachable circuit without repetitions. For this circuit, |G(v∗)| =
n(n+ 1)/2, where v∗ is the output of G.

Theorem 4. Let S be a circuit without repetitions. Then, for any node v of
S, C(v) = |S(v)|. For any input node of S, the algorithm A2 does not make
arithmetical operations. For any functional node of S with k entering edges, the
algorithm A2 makes k − 1 multiplications. For any unifying node of S with m
entering edges, the algorithm A2 makes m− 1 additions.

Proof. We prove by induction on nodes of S that C(v) = |S(v)| for any node
v of S. Let v be an input node. Then S(v) = {av} and, evidently, C(v) =
1 = |S(v)|. To compute the value C(v) = 1, the algorithm A2 does not make
arithmetical operations.

Let v be a functional node with k = k(v) entering edges e1, . . . , ek, which
are labeled with numbers 1, . . . , k and leave the nodes v1, . . . , vk such that
C(v1) = |S(v1)| , . . . , C(vk) = |S(vk)|. By definition, S(v) = {fv(δ1, . . . , δk) :
δ1 ∈ S(v1), . . . , δk ∈ S(vk)}. Let δ′1, δ

′′
1 ∈ S(v1), . . . , δ′k, δ

′′
k ∈ S(vk) and

(δ′1, . . . , δ
′
k) 6= (δ′′1 , . . . , δ

′′
k ).

Since fv is injective, the elements fv(δ′1, . . . , δ
′
k) and fv(δ′′1 , . . . , δ

′′
k ) are different.

Therefore |S(v)| = |S(v1)| · . . . · |S(vk)|. Using the inductive hypothesis we
obtain that C(v) = |S(v)|. To compute the value C(v) = C(v1) · . . . ·C(vk), the
algorithm A2 makes k − 1 multiplications.

Let v be a unifying node with m entering edges e1, . . . , em, which leave
the nodes v1, . . . , vm such that C(v1) = |S(v1)| , . . . , C(vm) = |S(vm)|. By
definition, S(v) = S(v1) ∪ . . . ∪ S(vm). Since S is a circuit without repetitions,
the sets S(v1), . . . , S(vm) are pairwise disjoint. Therefore |S(v)| = |S(v1)| +
· · ·+ |S(vm)|. Using the inductive hypothesis we obtain that C(v) = |S(v)|. To
compute the value C(v) = C(v1) + · · ·+C(vm), the algorithm A2 makes m− 1
additions. �

From Theorem 4 it follows that the algorithm A2 applied to the circuit
G (see Section 2) requires at most 2n additions (we do not take into account
operations of multiplication by one). This bound is equal to the bound on the
number of operations for the procedure of counting of subarrays mentioned at
the end of Section 2. The reason is that the procedure of counting of subarrays
is a special case of the algorithm A2.
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8. On Time Complexity of Algorithms A1 and A2

Theorems 2 and 4 allow us to evaluate the number of elementary operations
required by the algorithms A1 and A2. For the algorithm A1, we must also
consider the number of elementary operations in formulas representing functions
ψ and ψv for the used cost function Ψ. To derive bounds on the time complexity
of the considered algorithms from bounds on the number of operations, we need
to fix a model of computation. We study two such models: the software model
and the integer model.

The software model is closely related to the conventional software when
each of the considered elementary operations requires a small constant num-
ber of clock cycles and we can use both variables for integers and variables for
floating-point numbers. This model assumes that we are working with finite sets
of numbers, for example, with single-precision (32-bit) floating-point numbers
and 32-bit signed integers. In particular, for one of the Intel’s processors of
Broadwell architecture, single-precision operations x+ y, x− y, x · y, min(x, y),
and max(x, y) require three clock cycles each, x/y requires 13–17, and

√
x re-

quires 19–35 clock cycles. For 32-bit signed integers, operations x+ y and x− y
require one clock cycle each, and the operation x · y requires 10 clock cycles.

If we have an upper bound A on the number of elementary operations,
then O(A) is the upper bound on the time complexity of the algorithm in
the framework of the software model of computation. In particular, for the
software model, from the existence of a polynomial bound on the number of
operations of the algorithm A1 depending on the problem dimensions, it follows
that this algorithm has polynomial time complexity depending on the problem
dimensions. The same situation is with the algorithm A2. Note that for each of
the considered cases, the problem dimensions are at most the number of numeric
parameters of the problem.

For example, in the framework of the software model of computation, each of
the three procedures considered in Section 2 has time complexity O(n), where n
is the number of integers in the input array a1, . . . , an. The same bound is true
for the time complexity of the algorithm A1 applied to the circuit G and one of
the cost functions −sum, −length, and for the time complexity of the algorithm
A2 applied to the circuit G. Note that the parameter n can be considered as
the dimension of the problem of subarray optimization.

The integer model assumes that all inputs are integers of arbitrary size, and
each elementary operation transforms a tuple of integers into an integer. In this
case, the time complexity of an operation depends on the maximum number
of bits t in the binary representation of integers at the operation inputs. For
example, the operations x+ y, x− y, min(x, y), and max(x, y) require O(t) and
the operation x · y requires O(t · log t · log log t) time [39].

If we have an upper bound A on the number of operations x + y, x − y,
min(x, y), max(x, y), and x · y required by an algorithm, and m is an upper
bound on the absolute values of numbers used during the work of the algorithm,
then O(A · t · log t · log log t), where t = log2m, is the upper bound on the time
complexity of the considered algorithm in the framework of the integer model of
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computation. If we do not use the operation x·y, then O(A·t) is the upper bound
on the time complexity of the considered algorithm. This way to obtain bounds
on the time complexity of algorithms (evaluation of the number of operations
and the size of used integers) is close to the notion of strongly polynomial time
[25].

For the integer model for each of the considered cases, when the instance
of the problem is given by integer parameters in binary representation and we
use integer cost functions, we will transform polynomial bounds on the number
of operations depending on the problem dimensions into polynomial bounds on
the time complexity of the algorithm depending on the length of problem rep-
resentation. Note that for each of the considered cases, the problem dimensions
are at most the length of the problem representation.

To obtain bounds on the time complexity, it will be necessary for us to
evaluate the maximum absolute values of numbers used during the work of the
algorithms A1 and A2. The ways how to evaluate the maximum absolute value
of the used numbers are described in Remarks 1 and 2 for the algorithms A1

and A2, respectively. In some cases, we need an additional study related to the
calculation of so-called prefix sum sequences.

For example, in the framework of the integer model of computation, the
procedure of subarray optimization relative to sum (see Section 2) and the al-
gorithm A1 applied to the circuit G and the cost functions −sum have the time
complexity O(n log(an)), where n is the number of integers in the input array
a1, . . . , an and a = max{|a1|, . . . , |an|}. The procedure of subarray optimiza-
tion relative to length and the algorithm A1 applied to the circuit G and the
cost functions −length have the time complexity O(n log n). The procedure of
subarray counting and the algorithm A2 applied to the circuit G also have the
time complexity O(n log n).

9. Convex Polygon Triangulation

A convex polygon triangulation is a decomposition of the polygon into a set
of triangles with pairwise non-intersecting interiors whose union is this polygon.
We consider only triangles, which vertices are vertices of the polygon.

A dynamic programming algorithm for the optimization of a convex poly-
gon triangulation was introduced independently by Gilbert in 1979 [22] and by
Klincsek in 1980 [29]. Both authors considered the minimization of the sum of
the lengths of edges. Also, other well-known objectives were studied such as
the min-max length triangulation, which minimizes the length of the longest
edge of triangles [15] and the max-min area triangulation, which maximizes the
minimum area of a triangle in the triangulation [27].

In this section, we construct a circuit without repetitions that represents all
triangulations for a given polygon, describe three cost functions of this circuit,
evaluate the number of operations and time required by the algorithms A1 and
A2, consider an example of a polygon, and discuss the experimental results for
randomly generated polygons.
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9.1. Circuit and Cost Functions

Let P (1, n) be a convex polygon with the set of n+1 vertices V = {v0, v1, . . . ,
vn}, and va, vb, vc be pairwise different vertices from V . We denote by 4vavbvc
the triangle with vertices va, vb, vc and edges (va, vb), (vb, vc), (vc, va). A trian-
gulation of the polygon P (1, n) is a set of triangles 4vavbvc, va, vb, vc ∈ V , with
pairwise non-intersecting interiors whose union is P (1, n).

The number n is the dimension of the problems under consideration related
to the optimization of convex polygon triangulations. To describe an instance of
a problem, we need to specify coordinates of n+ 1 vertices of a convex polygon,
i.e., 2(n + 1) real numbers. Note that n is at most the number of numeric
parameters of the problem.

Let us assume that the coordinates of all vertices are integers. The binary
representations of these 2(n+1) integers form the representation of the problem
instance (we will omit the word instance). It is clear that n is at most the length
of the problem representation.

For any nonempty sets of triangulations C and D, we denote C ⊗ D =
{c ∪ d : c ∈ C, d ∈ D}. For any i, j, 1 ≤ i ≤ j ≤ n, we describe the set of all
triangulations T (i, j) for the polygon P (i, j), which is the convex hull of vertices
vi−1, vi, . . . , vj . If i = j, then P (i, i) is a 2-vertex polygon, which by definition,
has only one triangulation ∅ that is the empty set, i.e., T (i, i) = {∅}. Let i < j.

Then T (i, j) =
⋃j−1

k=i T (i, k, j), where

T (i, k, j) = (T (i, k)⊗ T (k + 1, j)) ∪ {4vi−1vkvj}.

Let U =
⋃

1≤i≤j≤n T (i, j). We define a circuit S without repetitions over
the set U , which describes the set T (1, n) of all triangulations of the polygon
P (1, n).

For, i, k, j, 1 ≤ i ≤ k < j ≤ n, we define a concatenation function µi,k,j

from the set T (i, k) × T (k + 1, j) to the set T (i, k, j) such that µi,k,j(t1, t2) =
t1 ∪ t2 ∪ {4vi−1vkvj}, where t1 ∈ T (i, k) and t2 ∈ T (k + 1, j).

The circuit S contains one input node v(0, 0) labeled with {∅}. For each i, j,
1 ≤ i ≤ j ≤ n, the circuit S contains a unifying node v(i, j) labeled with the
symbol ∪. For each i, k, j, 1 ≤ i ≤ k < j ≤ n, the circuit S contains a functional
node v(i, k, j) labeled with the function µi,k,j .

For i = 1, . . . , n, the unifying node v(i, i) has one entering edge leaving the
input node v(0, 0). If i < j, the unifying node v(i, j) has j − i entering edges
leaving the nodes v(i, k, j), i ≤ k ≤ j− 1. The functional node v(i, k, j) has two
entering edges labeled with the numbers 1 and 2 (in the example, we omit these
numbers), which leave the nodes v(i, k) and v(k+ 1, j). The node v(1, n) is the
output of S labeled with ∗. One can show that S(v(i, k, j)) = T (i, k, j) for any
i, k, j,1 ≤ i ≤ k < j ≤ n, and S(v(i, j)) = T (i, j) for any i, j, 1 ≤ i ≤ j ≤ n.

The described circuit will be considered as the preliminary version of the
circuit S. The final version of S is obtained from the preliminary version of
S by the removal of all nodes such that there is no directed path from the
considered node to the output. We also remove all edges that are incident to

21



the removed nodes. Later, S without mentioning the version denotes the final
version of the circuit S.

There is one input node, at most n2 unifying nodes with at most n entering
edges each, and at most n3 functional nodes with two entering edges each in the
preliminary version of the circuit S. This circuit contains at most 1 + n2 + n3

nodes and at most 3n3 edges.
Let us show that the circuit S is a circuit without repetitions. It is clear

that the functions µi,k,j are injective. Let v1 and v2 be different nodes from
Vi(S) ∪ Vf (S). We now show that S(v1) ∩ S(v2) = ∅. Let v1 be the input node
and v2 be a functional node. Then S(v1) contains the only empty set, but S(v2)
does not contain any empty set, hence S(v1) ∩ S(v2) = ∅. Let v1 and v2 be
functional nodes, v1 = v(i1, k1, j1) and v2 = v(i2, k2, j2). If (i1, j1) = (i2, j2)
and k1 6= k2, then 4vi1−1vk1vj1 ∈ t1 for each t1 ∈ S(v1), but 4vi1−1vk1vj1 /∈ t2
for any t2 ∈ S(v2). It is clear that S(v1) ∩ S(v2) = ∅. If (i1, j1) 6= (i2, j2), then
S(v1) and S(v2) are sets of triangulations of two different polygons. Evidently,
S(v1) ∩ S(v2) = ∅.

We now define the notion of a cost function Ψ(t), t = 1, 2, 3, for the circuit

S given by a function ψ(t) and function ψ
(t)
v for each v ∈ Vf (S). Denote

B = {x+ y, x− y, x · y, x/y,
√
x,max(x, y), |x|}.

Each vertex vi ∈ V is a point (ai, bi) in the two-dimensional Euclidean space.
The cost function Ψ(1) (length of the longest edge in a triangulation) is

defined by functions ψ(1)(∅) = 0 and

ψ
(1)
v(i,k,j)(x1, x2) = max{x1, x2, |(vi−1, vk)|, |(vk, vj)|, |(vj , vi−1)|},

v(i, k, j) ∈ Vf (S), where |(vp, vq)| is the length of the edge between nodes vp, vq.
To calculate |(vp, vq)|, we need six operations using the formula√

(ap − aq)2 + (bp − bq)2.

To compute the function ψ
(1)
v(i,k,j), we need 22 operations from B. The cost

function Ψ(1) is increasing.
The cost function Ψ(2) (sum of the lengths of edges of all triangles in a

triangulation) is defined by functions ψ(2)(∅) = 0 and

ψ
(2)
v(i,k,j)(x1, x2) = x1 + x2 + |(vi−1, vk)|+ |(vk, vj)|+ |(vj , vi−1)|,

v(i, k, j) ∈ Vf (S). To compute the function ψ
(2)
v(i,k,j), we need 22 operations from

B. The cost function Ψ(2) is strictly increasing.
Let A4vi−1vkvj be the area of the triangle 4vi−1vkvj . The cost function

Ψ(3) (negation of the minimum area of a triangle in a triangulation) is defined
by functions ψ(3)(∅) = −∞ and

ψ
(3)
v(i,k,j)(x1, x2) = max{x1, x2,−A4vi−1vkvj},
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v(i, k, j) ∈ Vf (S). To calculate the area of a triangle, we use the formula

A4vi−1vkvj =
1

2
|ai−1(bk − bj) + ak(bj − bi−1) + aj(bi−1 − bk)|.

To compute the function ψ
(3)
v(i,k,j), we need 13 operations from B. The cost

function Ψ(3) is increasing. We have no tools for maximization of cost func-
tions. So instead of the maximization of the minimum area of a triangle in a
triangulation, we minimize the negation of the minimum area of a triangle in a
triangulation.

9.2. Time Complexity of Algorithms

Denote B+ = B ∪ {x : y}, where x : y is the operation of comparison with
values x < y, x = y, and x > y.

We can use the algorithm A1 for multi-stage optimization of convex polygon
triangulations. Using Theorem 2, we evaluate the number of operations that
the algorithm A1 makes when works with an edge-preserving subcircuit T of
the circuit S and a cost function Ψ(t) for S, where t ∈ {1, 2, 3}.

The circuit T contains one input node. We do not need any operations to
process this node. The circuit T contains at most n2 unifying nodes. Every
unifying node has at most n entering edges. The algorithm A1 makes at most
2n− 1 comparisons per node and at most (2n− 1)n2 ≤ 2n3 comparisons for all
unifying nodes.

The circuit contains at most n3 functional nodes. For each functional node
v, it is enough to make at most 22 operations from B to compute ψ

(t)
v . The

number of operations to treat all functional nodes is at most 22n3. The total
number of operations from the set B+ required by A1 is at most 24n3, i.e., it is
polynomial depending on the problem dimension n.

In the software model of computation, for the considered scheme of the
circuit and cost function, the algorithm A1 has polynomial time complexity
O(n3) depending on the problem dimension n.

The cost functions Ψ(1), Ψ(2), and Ψ(3) are not integer cost functions. So we
will not consider the integer model of computation for the algorithm A1.

To count all possible triangulations described by T , we apply the algorithm
A2. We use Theorem 4 to evaluate the number of operations required by A2.
The circuit T contains at most n2 unifying nodes with at most n entering edges
each. Therefore we need at most (n− 1)n2 ≤ n3 additions to treat all unifying
nodes. To process one functional node, it is enough to make one multiplication
since each functional node has two entering edges. To treat all functional nodes,
we need at most n3 multiplications. The input node does not require any op-
erations. The total number of operations from the set B+ required by A2 is at
most 2n3, i.e., it is polynomial depending on the problem dimension n.

In the software model of computation, for the considered scheme of the
circuit, the algorithm A2 has polynomial time complexity O(n3) depending on
the problem dimension n.
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We now evaluate the number |S(v(1, n))|, which is equal to the number of
all triangulations of the polygon P (1, n). This value is equal to the (n − 1)th
Catalan number Cn−1 (see [42]), where Cn =

(
2n
n

)
/(n + 1) ≤ 22n (see [14]).

It is clear that the circuit S is reachable. Using Remark 2, we obtain that in
the integer model of computation, for the considered scheme of the circuit, the
algorithm A2 has time complexity O(n4 · log n · log log n), which is polynomial
depending on the length of the problem representation when the coordinates of
all vertices are integers.

9.3. Example

We consider a polygon P (1, 4) with five vertices v0 = (0, 0), v1 = (1, 0), v2 =
(2, 1), v3 = (1, 2), and v4 = (0, 2) – see Fig. 7.

𝑣0 = (0,0) 𝑣1 = (1,0)

𝑣2 = (2,1)

𝑣3 = (1,2)𝑣4 = (0,2)

Figure 7: Polygon P (1, 4) with five vertices

The circuit SPT describes the set T (1, 4) of all triangulations for the polygon
P (1, 4) (see Fig. 8).

We apply to the circuit SPT the procedure of optimization relative to Ψ(1).

As a result, we obtain the circuit SΨ(1)

PT = SPT . Both circuits describe all five
triangulations for the polygon P (1, 4) – see Fig. 9.

Next, we apply to the circuit SΨ(1)

PT the procedure of optimization relative to

Ψ(2). As a result, we have the circuit SΨ(1),Ψ(2)

PT , which can be obtained from
the circuit SPT (see Fig. 8) by the removal of edges labeled with the number 1.

The circuit SΨ(1),Ψ(2)

PT represents exactly two triangulations depicted in Fig. 10.

9.4. Experiments

We experimentally tested various optimization scenarios for convex polygon
triangulations. Each experiment was repeated 10 or 100 times.

We randomly generated n+ 1 pairwise different points in the circle of radius
1 with the center in the origin and considered theses points as vertices of a
convex polygon.

Table 1 shows for n = 10, 20, . . . , 100, the average number of triangulations
described by the circuit before optimization, after optimization relative to Ψ(1),
relative to Ψ(2), relative to Ψ(3), relative to Ψ(1), Ψ(3), and relative to Ψ(3),
Ψ(1). The number of optimal triangulations relative to Ψ(2) was 1 for all tested
scenarios.
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𝑣(1,1) 𝑣(2,2) 𝑣(3,3) 𝑣(4,4)

𝑣(1,2) 𝑣(2,3)

𝑣(2,4)𝑣(1,3)

𝑣(1,4)

𝑣(3,4)

𝑣(1,2,4)𝑣(1,1,4) 𝑣(1,3,4)

𝑣(2,2,4) 𝑣(2,3,4)

𝑣(1,1,2) 𝑣(3,3,4)

𝑣(1,1,3) 𝑣(1,2,3)

𝑣(2,2,3)

*

1

11

𝑣(0,0)

Figure 8: Circuit SPT for polygon P (1, 4)

Figure 9: All triangulations for polygon P (1, 4)

Figure 10: Triangulations represented by circuit SΨ(1),Ψ(2)

PT
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Table 1: Average number of polygon triangulations described by the circuit before optimiza-
tion, after optimization relative to Ψ(1), relative to Ψ(2), relative to Ψ(3), relative to Ψ(1),
Ψ(3), and relative to Ψ(3), Ψ(1) among 100 trials

n ∅ Ψ(1) Ψ(2) Ψ(3) Ψ(1),Ψ(3) Ψ(3),Ψ(1)

10 4.86× 1003 2.19× 1003 1 24.43 12.54 22.11
20 1.77× 1009 2.64× 1008 1 7.37× 1004 7.66× 1003 1.77× 1004

30 1.00× 1015 7.08× 1013 1 1.07× 1008 4.87× 1006 5.28× 1007

40 6.80× 1020 2.88× 1019 1 6.68× 1011 5.27× 1010 1.61× 1011

50 5.10× 1026 7.89× 1024 1 2.05× 1015 7.01× 1015 5.97× 1014

60 4.06× 1032 3.09× 1030 1 1.61× 1020 1.11× 1021 6.40× 1019

70 3.37× 1038 1.20× 1036 1 5.40× 1024 8.30× 1025 1.89× 1024

80 2.89× 1044 4.66× 1041 1 6.89× 1028 3.45× 1030 1.71× 1028

90 2.54× 1050 1.56× 1047 1 1.99× 1033 1.25× 1035 2.56× 1032

100 2.28× 1056 4.18× 1052 1 3.23× 1037 1.01× 1039 5.44× 1036

Table 2: Average value of Ψ(2) after optimization relative to Ψ(2) and Ψ(3),Ψ(2), and average
value of Ψ(3) after optimization relative to Ψ(3) and Ψ(2),Ψ(3) among 100 trials

n Ψ(2) Ψ(3),Ψ(2) Ψ(3) Ψ(2),Ψ(3)

10 2.40× 1002 3.93× 1002 -19.90 -0.13
20 4.52× 1002 7.91× 1002 -14.02 -0.03
30 6.82× 1002 1.14× 1003 -11.96 −5.39× 10−03

40 9.20× 1002 1.48× 1003 -6.83 −1.73× 10−03

50 1.14× 1003 1.81× 1003 -5.71 −1.44× 10−03

60 1.36× 1003 2.16× 1003 -4.68 −6.45× 10−04

70 1.60× 1003 2.48× 1003 -4.68 −3.62× 10−04

80 1.82× 1003 2.79× 1003 -3.92 −2.84× 10−04

90 2.05× 1003 3.11× 1003 -3.53 −2.46× 10−04

100 2.28× 1003 3.45× 1003 -3.57 −2.19× 10−04

Table 2 shows the average value of Ψ(2) after optimization relative to Ψ(2)

and Ψ(3),Ψ(2), and average value of Ψ(3) after optimization relative to Ψ(3) and
Ψ(2),Ψ(3). We see a significant difference in the results of optimization relative
to Ψ(3) and Ψ(2),Ψ(3).

There were no totally optimal triangulations relative to Ψ(2) and Ψ(3), while
for most of the cases there were totally optimal triangulations relative to Ψ(1)

and Ψ(2) (see Table 3).

10. One-Dimensional Clustering

The clustering is a task of grouping objects, which are similar with respect
to some metric. Clustering is a well-known problem in statistics, data mining,
and machine learning. There are multiple definitions and approaches to the
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Table 3: Number of cases with totally optimal triangulations relative to Ψ(2),Ψ(3) and
Ψ(1),Ψ(2) among 10 trials

n Ψ(2),Ψ(3) Ψ(1),Ψ(2)

10 0 10
15 0 10
20 0 9
25 0 8
30 0 10
35 0 10
40 0 10
45 0 10
50 0 10
55 0 10
60 0 10
65 0 10
70 0 10

clustering (see position paper by Estivill-Castro [17]). Sometimes, clustering is
a combinatorial optimization problem of finding a partition of a set with the
minimum cost.

We consider one-dimensional k-clustering of points from R and three cost
functions. The first one is the sum of squared Euclidean distances between
points and means of clusters to which the points belong. The second one is
the sum of distances between points and medians of corresponding clusters.
The third cost function is the maximum length of a cluster. The dynamic
programming algorithms for the optimization of k-clusterings for the first and
the second cost functions were proposed in [48] and [24] respectively.

In this section, we design a circuit without repetitions for the problem of one-
dimensional clustering, describe three cost functions for this circuit, evaluate the
number of operations and time required by the algorithms for the optimization
and counting of clusterings, discuss an example, and show experimental results.

10.1. Circuit and Cost Functions

We consider a sequence a1 < a2 < · · · < an of n ≥ 1 nonnegative real
numbers. For natural k, 1 ≤ k ≤ n, k-clustering is a partition of this sequence
into k nonempty, non-overlapping, and contiguous clusters

[a1, . . . , ap−1][ap, . . . , ap+t] · · · [aq, . . . , an].

The numbers n and k are the dimensions of the problems under consideration
related to the optimization of clusterings. To describe an instance of a problem,
we need to specify n numbers a1, . . . , an and the number k. Note that n and k
are at most the number of numeric parameters of the problem.

27



Let us assume that a1, . . . , an are integers. The binary representations of
these numbers and the number k form the representation of the problem instance
(we will omit the word instance). It is clear that n and k are at most the length
of the problem representation.

We denote by α⊗ β the concatenation αβ of sequences of clusters α and β.
For a set A of sequences of clusters, we denote A⊗ β = {α⊗ β : α ∈ A}.

For 1 ≤ m ≤ k and m ≤ i ≤ n − k + m, we denote by T (i,m) the set of
all m-clusterings of the sequence a1, a2, . . . , ai. Then T (i, 1) = {[a1, . . . , ai]} for
i = 1, 2, . . . , n− k + 1 . For 1 < m ≤ k and m ≤ i ≤ n− k +m, we have

T (i,m) =
⋃

m≤j≤i

T (j − 1,m− 1)⊗ [aj , . . . , ai].

Set
U = T (n, k) ∪

⋃
1≤m<k

m≤i≤n−k+m

T (i,m).

We define a circuit S without repetitions over the set U , which describes the
set T (n, k) of all k-clusterings of the sequence a1, . . . , an. Let µi,j,m, 1 < m ≤ k
and m ≤ j ≤ i ≤ n− k +m, be a concatenation function from T (j − 1,m− 1)
to T (i,m) such that µi,j,m(x) = x⊗ [aj , . . . , ai] for any x ∈ T (j − 1,m− 1).

For i = 1, . . . , n− k + 1, the circuit S contains an input node v(i, 1) labeled
with the set {[a1, . . . , ai]}. For each m, i, 1 < m < k and m ≤ i ≤ n − k + m,
the circuit S contains a unifying node v(i,m) labeled with ∪. There is also a
unifying node v(n, k) labeled with ∪ and ∗, which is considered as the output of
S. For each m, j, i such that 1 < m < k, m ≤ i ≤ n−k+m, and m ≤ j ≤ i, the
circuit S contains a functional node v(i, j,m) labeled with the function µi,j,m.
For each j, k ≤ j ≤ n, the circuit S contains a functional node v(n, j, k) labeled
with the function µk,j,n.

The unifying node v(p, q), v(p, q) ∈ Vu, has p−q+1 entering edges leaving the
functional nodes v(p, j, q), p ≤ j ≤ q. The functional node v(p, j, q), v(p, j, q) ∈
Vf (S), has one entering edge leaving v(j − 1, q− 1). We will not label this edge
by the number 1.

One can show that S(v(i,m)) = T (i,m) for 1 ≤ m < k, m ≤ i ≤ n− k+m,
and S(v(i, j,m)) = T (j−1,m−1)⊗[aj , . . . , ai] for any functional node v(i, j,m)
of S. Also, S(v(n, k)) = T (n, k).

The described circuit will be considered as the preliminary version of the
circuit S. The final version of S is obtained from the preliminary version of
S by the removal of all nodes such that there is no directed path from the
considered node to the output. We also remove all edges that are incident to
the removed nodes. Later, S without mentioning the version denotes the final
version of the circuit S.

The circuit S contains at most n input nodes, at most nk unifying nodes
with at most n entering edges each, and at most n2k functional nodes with one
entering edge each. Hence, it contains at most n+ nk+ n2k nodes and at most
2n2k edges.
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Let us prove that S is a circuit without repetitions. It is clear that the
concatenation functions µi,j,m are injective. Let v1 and v2 be different nodes
from Vi(S)∪Vf (S). We now show that S(v1)∩S(v2) = ∅. Let v1 and v2 be any
two different input nodes from Vi(S). Then, for some i1 and i2, i1 6= i2, S(v1) =
{[a1, . . . , ai1 ]} and S(v2) = {[a1, . . . , ai2 ]}. It is clear that S(v1) ∩ S(v2) = ∅.
Let v1 be an input node and v2 be a functional node. It is clear that sets
S(v1) and S(v2) do not contain common elements since S(v1) contains only
one clustering with one cluster (1-clustering) but S(v2) does not contain any
1-clustering. Therefore S(v1) ∩ S(v2) = ∅. Let v1 and v2 be functional nodes
and v1 = v(i1, j1,m1), v2 = v(i2, j2,m2). If i1 6= i2, then S(v(i1, j1,m1))
and S(v(i2, j2,m2)) describe clusterings of sequences with different lengths. If
m1 6= m2, then S(v(i1, j1,m1)) and S(v(i2, j2,m2)) describe clusterings with a
different number of clusters. If j1 6= j2, then S(v(i1, j1,m1)) and S(v(i2, j2,m2))
describe clusterings, where the last cluster in each clusterings starts with either
aj1 or aj2 . Thus, S(v1) ∩ S(v2) = ∅.

We now define a cost function Ψ(t), t = 1, 2, 3, for the circuit S given by the

functions ψ(t) and ψ
(t)
v , v ∈ Vf (S). Denote

B = {x+ y, x− y, x · y, x/y,max(x, y), bxc, dxe, |x|} .

The k-means clustering is a clustering problem with the objective of mini-
mizing the sum of squared distances between points and means of correspond-
ing clusters. We define a mean ζj,i of a cluster [aj , . . . , ai] such that ζj,i =
Σi

p=jap/(i − j + 1). The cost function Ψ(1) is defined by the functions ψ(1)

and ψ
(1)
v(i,j,m), v(i, j,m) ∈ Vf (S), where ψ(1)([a1, . . . , ai]) =

∑i
p=1(ap − ζ1,i)2 for

i = 1, 2, . . . , n− k + 1, and ψ
(1)
v(i,j,m)(x) = x+

∑i
p=j(ap − ζj,i)2. Note that

i∑
p=j

(ap − ζj,i)2 =

i∑
p=j

(a2
p − 2apζj,i + ζ2

j,i)

= (i− j + 1)ζ2
j,i +

i∑
p=j

a2
p − 2ζj,i

i∑
p=j

ap.

The mean ζj,i and the sum
∑i

p=j(ap − ζj,i)
2 can be calculated using the

prefix sum sequence P1 = P1(0), P1(1), . . . , P1(n), where P1(0) = 0 and P1(b) =
P1(b− 1) + ab for b = 1, . . . , n, and the prefix sum sequence

P2 = P2(0), P2(1), . . . , P2(n),

where P2(0) = 0 and P2(b) = P2(b − 1) + a2
b for b = 1, . . . , n. To compute the

sequence P1, we need n operations of addition, and to compute the sequence
P2, we need 2n operations of addition and multiplication. To derive ζj,i from
P1, we need four operations from B: ζj,i = (P1(i)− P1(j − 1))/(i− j + 1). To

derive
∑i

p=j(ap − ζj,i)2 from ζj,i, P1, and P2 we need 10 operations from B:
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∑i
p=j(ap− ζj,i)2 = (i− j+ 1)ζ2

j,i + (P2(i)−P2(j− 1))− 2ζj,i(P1(i)−P1(j− 1)).

Therefore, to compute the value of ψ
(1)
v(i,j,m), knowing P1 and P2, we need 15

operations from the set B. We can show in a similar way that, to compute the
value of ψ(1), knowing P1 and P2, we need seven operations from B. The cost
function Ψ(1) is strictly increasing. This function is not an integer cost function.

The k-medians clustering is a clustering problem with the objective of min-
imizing the sum of distances between points and medians of corresponding
clusters. We define a median ηj,i of a cluster [aj , . . . , ai] such that ηi,j =
(abmj,ic + admj,ie)/2, where mj,i = (i + j)/2. The cost function Ψ(2) is defined

by the functions ψ(2) and ψ
(2)
v(i,j,m), v(i, j,m) ∈ Vf (S), where ψ(2)([a1, . . . , ai]) =∑i

p=1 |ap−η1,i| for i = 1, 2, . . . , n−k+1 and ψ
(2)
v(i,j,m)(x) = x+

∑i
p=j |ap−ηj,i|.

As in [24],

i∑
p=j

|ap − ηj,i| =
bmj,ic∑
p=j

(ηj,i − ap) +

i∑
p=1+bmj,ic

(ap − ηj,i)

=

i∑
p=1+bmj,ic

ap −
bmj,ic∑
p=j

ap + ηj,i(2bmj,ic − i− j + 1).

To compute bmj,ic and ηj,i, we need six operations from B. To derive∑i
p=j |ap − ηj,i| from P1, bmj,ic, and ηj,i, we need nine operations from B:∑i
p=j |ap−ηj,i| = (P1(i)−P1(bmj,ic))−(P1(bmj,ic)−P1(j−1))+ηj,i(2bmj,ic−

i− j + 1).

To compute ψ
(2)
v(i,j,m) knowing prefix sum sequence P1, we need 16 operations

from B. We can show in a similar way that, to compute the value of ψ(2),
knowing P1, we need 12 operations from B. The cost function Ψ(2) is strictly
increasing. This function is not an integer cost function.

We also consider the minimization of the maximum length of a cluster. The
length of the cluster [aj , . . . , ai] is ai−aj . The cost function Ψ(3) is defined by the

functions ψ(3) and ψ
(3)
v(i,j,m), v(i, j,m) ∈ Vf (S), where ψ(3)([a1, . . . , ai]) = ai−a1

for i = 1, 2, . . . , n and ψ
(3)
v(i,j,m)(x) = max(x, ai− aj). To compute ψ(3), we need

one operation from B, and to compute ψ
(3)
v(i,j,m) we need two operations from

B. The cost function Ψ(3) is an increasing integer cost function.

10.2. Time Complexity of Algorithms

Denote B+ = B ∪ {x : y}, where x : y is the operation of comparison with
values x < y, x = y, and x > y.

Before the use of the algorithm A1 with at least one of the cost functions
Ψ(1),Ψ(2), we compute the prefix sum sequences P1 and P2, which requires 3n
operations of addition and multiplication. In the software model of computation,
this step requires O(n) time.
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We can use the algorithm A1 for multi-stage optimization of clusterings. Us-
ing Theorem 2, we evaluate the number of operations required by the algorithm
A1 working with an edge-preserving subcircuit T of the circuit S and a cost
function Ψ(t) for S, where t ∈ {1, 2, 3}.

The circuit T contains at most n input nodes. To process one input node,
we need at most 12 operations from B. To treat all input nodes, it requires at
most 12n operations from the set B+.

The circuit T contains at most nk unifying nodes. Each unifying node has
at most n entering edges. To treat all unifying nodes the algorithm A1 makes
at most (2n− 1)nk ≤ 2n2k comparisons.

The circuit T contains at most n2k functional nodes. For each functional
node v, the algorithms makes at most 16 operations from B to compute ψ

(t)
v .

The total number of required operations is at most 16n2k. The total number of
operations from the set B+ required by A1 is at most 30n2k, i.e., it is polynomial
depending on the dimensions n and k.

In the software model of computation, for the considered scheme of the
circuit and cost function, the algorithm A1 has polynomial time complexity
O(n2k) depending on the problem dimensions n and k.

Let t = 3 and a1, . . . , an be integers. One can show that NΨ(3)(S) ≤ an,
where NΨ(3)(S) = max{|Ψ(3)(δ)| : δ ∈ U(S)} and U(S) =

⋃
v∈V (S) S(v). Note

that log2 an is at most the length of the problem representation. Using Remark
1 we obtain that, for the algorithm A1, the number an is an upper bound

on the absolute values of the numbers at the inputs of the functions ψ
(3)
v(i,j,m),

v(i, j,m) ∈ Vf (S). It is easy to check that, for the algorithm A1, the number
an is an upper bound on the absolute values of the numbers at the inputs of

operations from B in formulas for the functions ψ
(3)
v(i,j,m) and in formulas for the

function ψ(3). The algorithm A1 uses only the operations of comparison and
subtraction. Therefore, in the integer model of computation, for the considered
scheme of the circuit and the cost function Ψ(3), the algorithm A1 has time
complexity O(n2k log an), which is polynomial depending on the length of the
problem representation (n, k, and log2 an are at most the length of the problem
representation).

To count all possible clusterings described by T , we apply the algorithm A2.
We use Theorem 4 to evaluate the number of arithmetical operations required
by A2. The circuit T contains nk unifying nodes, each with at most n entering
edges. Therefore, we need at most n2k additions to treat all unifying nodes.
For each of at most n2k functional nodes, and each of n input nodes, we do not
need any operations. The total number of operations from B+ (additions) is at
most n2k, i.e., it is polynomial depending on the dimensions n and k.

In the software model of computation, for the considered scheme of the
circuit, the algorithm A2 has polynomial time complexity O(n2k) depending on
the problem dimensions n and k.

We now evaluate the number |S(v(n, k))|, which is equal to the number of
all k-clusterings of the sequence a1, . . . , an. One can show that this value is at
most 2n−1: there is a natural one-to-one mapping of all clusterings (not only

31



k-clusterings) to tuples from {0, 1}n in which the first digit is equal to 1. For
example, the tuple (1, 1, 0, 0, 1) corresponds to the clustering [a1, a2][a3, a4][a5].
It is clear that the circuit S is reachable. Using Remark 2, we obtain that in
the integer model of computation, for the considered scheme of the circuit, the
algorithm A2 has time complexity O(n3k), which is polynomial depending on
the length of problem representation.

10.3. Example

Let us consider the problem of 3-clustering of the sequence a1, . . . , a5, where
a1 = 0, a2 = 1, a3 = 2, a4 = 4, a5 = 5 (see Fig. 11).

0 1 2 4 5

| | | | | |

𝑎1 𝑎2 𝑎3 𝑎4 𝑎5

Figure 11: Sequence a1, . . . , a5

We construct the circuit S1DC , which describes all 3-clusterings of this se-
quence – see Fig. 12. Apply to the circuit S1DC the procedure of optimization

relative to Ψ(2) (k-medians). As a result, we have the circuit SΨ(2)

1DC , which can
be obtained from the circuit S1DC by the removal of edges labeled with the

number 1. The circuit SΨ(2)

1DC describes three clusterings:

[a1][a2, a3][a4, a5],

[a1, a2][a3][a4, a5],

[a1, a2, a3][a4][a5].
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Figure 12: Circuit S1DC for 3-clustering of sequence a1, . . . , a5
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We apply to the circuit SΨ(2)

1DC the procedure of optimization relative to Ψ(3).

As a result, we have the circuit SΨ(2),Ψ(4)

1DC , which can be obtained from the circuit
S1DC by the removal of edges labeled with the numbers 1 and 2 – see Fig. 12.

The circuit SΨ(2),Ψ(4)

1DC describes two clusterings:

[a1][a2, a3][a4, a5],

[a1, a2][a3][a4, a5].

10.4. Experiments

We experimentally tested different optimization scenarios for k-clustering of
sorted sequences of real numbers. Each experiment was repeated 100 times.
Each number in the sequence was randomly selected from the interval [0, 100]
with uniform distribution.

Table 4 shows, for n = 50, 100, . . . , 350, the average number of 5-clusterings
described by the circuit before optimization, after optimization relative to Ψ(1),
relative to Ψ(2), and relative to Ψ(3). Among tested scenarios, there was always
one optimal clustering relative to Ψ(1) and Ψ(2), while there were at least 1.72
optimal 5-clusterings relative to Ψ(3) on average.

Table 5 shows, for n = 50, 100, . . . , 350, the average value of Ψ(1) after op-
timization relative to Ψ(1) and relative to Ψ(2),Ψ(1), the average value of Ψ(2)

after optimization relative to Ψ(2) and relative to Ψ(1),Ψ(2), and the average
value of Ψ(3) after optimization relative to Ψ(3), relative to Ψ(1),Ψ(3), and rel-
ative to Ψ(2),Ψ(3) for 5-clustering of the sequence. The length of the longest
cluster increased on average when we move from the optimization relative to
Ψ(3) to the optimization relative to Ψ(1),Ψ(3), and then to the optimization
relative to Ψ(2),Ψ(3).

Table 4: Average number of 5-clusterings described by the circuit before optimization, after
optimization relative to Ψ(1), relative to Ψ(2), and relative to Ψ(3) among 100 trials; points
from [0, 100]

n ∅ Ψ(1) Ψ(2) Ψ(3)

50 2.12× 1005 1 1 1.72
100 3.76× 1006 1 1 1.73
150 1.97× 1007 1 1 2.02
200 6.34× 1007 1 1 2.72
250 1.56× 1008 1 1 1.97
300 3.26× 1008 1 1 2.52
350 6.08× 1008 1 1 2.63

Table 6 shows the number of cases with totally optimal k-clusterings relative
to Ψ(1) and Ψ(2). For 5-clustering, there were at least three cases with totally
optimal clusterings among all testes scenarios. Table 7 shows the number of
cases with totally optimal k-clusterings relative to Ψ(2) and Ψ(3). None of
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Table 5: Average value of Ψ(1) after optimization relative to Ψ(1) and relative to Ψ(2),Ψ(1),
average value of Ψ(2) after optimization relative to Ψ(2) and relative to Ψ(1),Ψ(2), and av-
erage value of Ψ(3) after optimization relative to Ψ(3), relative to Ψ(1),Ψ(3), and relative to
Ψ(2),Ψ(3) among 100 trials, points from [0, 100], 5-clustering

n Ψ(1) Ψ(2),Ψ(1) Ψ(2) Ψ(1),Ψ(2) Ψ(3) Ψ(1),Ψ(3) Ψ(2),Ψ(3)

50 1.30× 1003 1.34× 1003 205.41 208.11 17.69 19.93 21.06
100 2.92× 1003 2.97× 1003 448.4 451.47 18.81 21.09 22.07
150 4.56× 1003 4.63× 1003 694.78 699.52 19.17 21.11 22.24
200 6.20× 1003 6.27× 1003 938.74 943.81 19.38 21.25 22.07
250 7.86× 1003 7.96× 1003 1.19× 1003 1.19× 1003 19.50 21.22 22.24
300 9.54× 1003 9.66× 1003 1.43× 1003 1.44× 1003 19.59 21.46 22.49
350 1.12× 1004 1.13× 1004 1.68× 1003 1.69× 1003 19.64 21.35 22.32

the clusterings were totally optimal relative to Ψ(2) and Ψ(3) for n = 200 and
n = 250.

Table 6: Number of cases with totally optimal k-clusterings relative to Ψ(1) and Ψ(2) among
100 trials, numbers from [0, 100]

k
n 5 10 15

50 25 16 12
100 10 6 6
150 12 4 0
200 4 2 1
250 3 0 1

Table 7: Number of cases with totally optimal k-clusterings relative to Ψ(2) and Ψ(3) among
100 trials, numbers from [0, 100]

k
n 5 10 15

50 7 2 6
100 4 2 0
150 3 1 0
200 0 0 0
250 0 0 0

11. Line Breaking

Line breaking, word wrap, or text justification problem often relates to the
task of fitting text in a page with a given width. Despite a type of text alignment
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(left, right, justified), the text needs to be broken into lines such that any line
does not exceed a page width. We refer to this problem as the partitioning
of a word sequence into lines with length limit, where word splitting using
hyphens is not permitted. This is similar to the process of text left-aligning
with ragged right margins. The partitioning of the word sequence into lines is
an optimization problem, where one of the objectives is to minimize the sum of
badnesses of all lines. The line badness is either square or cube of the length
of the remaining empty space at the end of the line. The partitions might also
be optimized relative to the number of lines in a partition or the total penalty
for words that should not end the line. A similar version of the line breaking
problem with a dynamic programming algorithm for badness minimization was
considered in [13]. The extended version of this problem including the dynamic
programming algorithm for optimal line breaking in TEX was introduced by
Knuth and Plass [31].

In this section, we construct a circuit without repetitions that represents
all partitions for a given word sequence, describe four cost functions for this
circuit, evaluate the number of operations and time required by algorithms for
optimization and counting, consider an example of a word sequence, and discuss
the experimental results for randomly generated word sequences.

11.1. Circuit and Cost Functions

We have some alphabet A and nonempty words w1, w2, . . . , wn over A. We
consider partitions of this sequence of words into nonempty, non-overlapping,
and contiguous lines: (w1, . . . , wk) · · · (wm, . . . , wm+t) · · · (wp, . . . , wn). We de-
note by |wi| the length of the word wi, i = 1, . . . , n. The length l(wm, . . . , wm+t)
of the line (wm, . . . , wm+t) is equal to |wm| + · · · + |wm+t| + t, where t stands
for the number of gaps between words. Let L be a natural number. We assume
that |wi| ≤ L for i = 1, . . . , n and the length of each line in a partition is at
most L.

The number n is the dimension of the problems under consideration related
to the optimization of partitions. To describe an instance of a problem, we need
to specify the lengths of n words, the maximum possible length of lines L and,
probably, 0 or 1 penalty for each word for the case when this word is at the
end of a line, i.e., n + 1 natural numbers and, probably, n numbers from the
set {0, 1}. Note that n is at most the number of numeric parameters of the
problem.

The binary representations of n lengths of words and the threshold L and,
probably, n penalties form the representation of the problem instance (we will
omit the word instance). It is clear that n and log2 L are at most the length of
the problem representation.

We denote by α⊗β the concatenation αβ of the sequences of lines α and β.
Let λ be the empty line. We have λ ⊗ α = α for any sequence α. For a set D
of sequences of lines, we denote D ⊗ α = {δ ⊗ α : δ ∈ D}.

For i = 1, . . . , n, we denote by T (i) the set of all partitions of the sequence
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of words w1, . . . , wi. Set T (0) = {λ}. One can show that, for i = 1, . . . , n,

T (i) =
⋃

j=0,...,i−1
l(wj+1,...,wi)≤L

T (j)⊗ (wj+1, . . . , wi).

Set U =
⋃

0≤i≤n T (i). We now describe a circuit S without repetitions over
the set U . We define a concatenation function µj,i, 0 ≤ j < i ≤ n, from T (j) to
T (i) as follows: µj,i(x) = x⊗ (wj+1, . . . , wi) for any x ∈ T (j).

The circuit S contains one input node v(0) labeled with {λ}. For any i,
1 ≤ i ≤ n, the circuit S contains a unifying node v(i) labeled with ∪. For any
i, j, 0 ≤ j < i ≤ n, such that l(wj+1, . . . , wi) ≤ L the circuit S contains a
functional node vj(i) labeled with the function µj,i.

The unifying node v(i), i = 1, . . . , n, has at most i entering edges, which leave
the functional nodes vj(i) such that 0 ≤ j ≤ i−1 and l(wj+1, . . . , wi) ≤ L. Each
functional node vj(i) has one entering edge, which leaves v(j). We will not label
this edge with the number 1.

One can show that S(v(i)) = T (i) for i = 1, . . . , n and

S(vj(i)) = T (j)⊗ (wj+1, . . . , wi)

for any functional node vj(i) of S. The node v(n) is the output of S labeled
with ∗.

The described circuit will be considered as the preliminary version of the
circuit S. The final version of S is obtained from the preliminary version of
S by the removal of all nodes such that there is no directed path from the
considered node to the output. We also remove all edges that are incident to
the removed nodes. Later, S without mentioning the version denotes the final
version of the circuit S.

The preliminary version of the circuit S contains one input node, at most n
unifying nodes with at most n entering edges each, and at most n2 functional
nodes with one entering edge each. Hence, it has at most n2 + n+ 1 nodes and
at most 2n2 edges.

We now prove that S is a circuit without repetitions. It is clear that the
concatenation functions µj,i are injective. Let v1 and v2 be different nodes from
Vi(S) ∪ Vf (S). We now show that S(v1) ∩ S(v2) = ∅. Let v1 be the input node
and v2 be a functional node. It is clear, that sets S(v1) and S(v2) do not contain
common elements since S(v1) contains the only empty line but S(v2) does not
contain any empty line. Let v1 and v2 be functional nodes and v1 = vj1(i1),
v2 = vj2(i2). If i1 6= i2, then S(vj1(i1)) contains only partitions of the sequence
of words w1, . . . , wi1 and S(vj2(i2)) contains only partitions of the sequence of
words w1, . . . , wi2 . Therefore S(v1) ∩ S(v2) = ∅. Let i1 = i2 and j1 6= j2.
Then the last line (wj1+1, . . . , wi1) in partitions from S(vj1(i1)) has a different
number of words in comparison to the last line (wj2+1, . . . , wi2) in partitions
from S(vj2(i2)). Thus, S(v1) ∩ S(v2) = ∅.

We now define a cost function Ψ(t), t = 1, 2, 3, 4, for the circuit S given by

a function ψ(t) and function ψ
(t)
v for each v ∈ Vf (S). Denote

B = {x+ y, x− y, x · y}.
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Each line has the length limit L. One notion of optimality of the partition
is the minimum badness. For a line (wm, . . . , wm+t), the badness is defined as
(L− l(wm, . . . , wm+t))

p, where p ∈ {2, 3}. The badness of a partition is the sum
of badnesses of all lines from this partition.

The cost function Ψ(1) is defined by the functions ψ(1)(λ) = 0 and ψ
(1)
vj(i)(x) =

x + (L − l(wj+1, . . . , wi))
2, vj(i) ∈ Vf (S). Similarly, Ψ(2) is defined by the

functions ψ(2)(λ) = 0 and ψ
(2)
vj(i)(x) = x+ (L− l(wj+1, . . . , wi))

3, vj(i) ∈ Vf (S).

To compute ψ
(t)
vj(i), t ∈ {1, 2}, knowing l(wj+1, . . . , wi), we need at most four

elementary operations from the set B.
To calculate, for any i, j, 0 ≤ j < i ≤ n, the value l(wj+1, . . . , wi) = |wj+1|+

· · · + |wi| + i − j − 1, we use a prefix sum sequence P = P (0), P (1), . . . , P (n),
where P (0) = 0 and, for any a, 1 ≤ a ≤ n, P (a) = P (a− 1) + |wa|. To compute
the sequence P , we need at most n elementary operations from the set B. To
derive l(wj+1, . . . , wi) from P , we need four elementary operations from the set
B: l(wj+1, . . . , wi) = P (i)− P (j) + i− j − 1.

Another objective of optimal partition is to minimize the number of lines
that the sequence of words is broken into. The cost function Ψ(3) is defined by

the functions ψ(3)(λ) = 0 and ψ
(3)
vj(i)(x) = x + 1, vj(i) ∈ Vf (S). To compute

ψ
(3)
vj(i) we need one elementary operation from the set B.

Some parts of speech should not end the line. Typography depends on the
language, but for instance, in English, it might not be recommended to end
line with the article (a, an, the). We assign to each wi, i = 1, 2, . . . , n, the line
breaking penalty pi ∈ {0, 1}. The cost function Ψ(4) is defined by the functions

ψ(4)(λ) = 0 and ψ
(4)
vj(i)(x) = x + pi, vj(i) ∈ Vf (S). To compute ψ

(4)
vj(i) we need

one elementary operation from the set B.
It is clear that Ψ(t), t = 1, 2, 3, 4, is a strictly increasing integer cost function

for S.

11.2. Time Complexity of Algorithms

To describe completely the preliminary version of the circuit S, we need to
check for any i, j, 0 ≤ j < i ≤ n, if l(wj+1, . . . , wi) ≤ L. First, we compute
the prefix sum sequence P using at most n operations of addition. Then, for
each i, j, 0 ≤ j < i ≤ n, we compute the value l(wj+1, . . . , wi) and check if
l(wj+1, . . . , wi) ≤ L. To do this, we need at most 4n2 operations of addition
and subtraction, and at most n2 comparisons. As a result, we obtain values
l(wj+1, . . . , wi), 0 ≤ j < i ≤ n, and completely describe the preliminary version
of the circuit S. In total, we need at most n + 5n2 operations of addition,
subtraction, and comparison. The maximum absolute value of the integers at
the inputs of these operations is at most q = max(|w1|+ · · ·+ |wn|+n,L). The
time complexity of the considered operations is O(n2) in the software model of
computation and O(n2 log q) in the integer model of computation.

Denote B+ = B ∪ {x : y}, where x : y is the operation of comparison with
values x < y, x = y, and x > y.
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We can use the algorithm A1 for multi-stage optimization of partitions.
Using Theorem 2, we evaluate the number of operations from B+ made by the
algorithm A1 working with an edge-preserving subcircuit T of the circuit S and
a cost function Ψ(t) for S, where t ∈ {1, 2, 3, 4}.

The circuit T contains one input node. We do not need any operations to
process this node.

The circuit T contains at most n unifying nodes. Each unifying node has at
most n entering edges. To treat all unifying nodes, the algorithm A1 makes at
most (2n− 1)n ≤ 2n2 comparisons.

The circuit T contains at most n2 functional nodes. For each functional
node v, the algorithms makes at most four operations from B+ to compute

ψ
(t)
v . For all functional nodes, the number of required operations is at most 4n2.

The total number of operations from B+ made by A1 is at most 6n2, i.e., it is
polynomial depending on the dimension n.

In the software model of computation, for the considered circuit and cost
function, the algorithm A1 has polynomial time complexity O(n2) depending
on the problem dimension n.

One can show that, for t = 1, 2, 3, 4, NΨ(t)(S) ≤ L3n, where NΨ(t)(S) =
max{|Ψ(t)(δ)| : δ ∈ U(S)} and U(S) =

⋃
v∈V (S) S(v). Using Remark 1 we

obtain that, for the algorithm A1, the number L3n is an upper bound on the

absolute values of the numbers at the inputs of the functions ψ
(t)
vj(i), vj(i) ∈

Vf (S). It is easy to check that, for the algorithmA1, the number L3n is an upper
bound on the absolute values of the numbers at the inputs of operations from

B in formulas for the functions ψ
(t)
vj(i) (note that we do not need to recalculate

already known values l(wj+1, . . . , wi), and all these values used by the algorithm
A1 are at most L). Therefore, in the integer model of computation, for the
considered scheme of the circuit and the cost function Ψ(t), the algorithm A1 has
time complexity O(n2 log(Ln) log log(Ln) log log log(Ln)), which is polynomial
depending on the length of the problem representation (n and log2 L are at most
the length of the problem representation).

To count all possible partitions described by T , we apply the algorithm A2.
We use Theorem 4 to evaluate the number of operations from B+ made by A2.
The circuit T contains at most n unifying nodes, each with at most n entering
edges. Therefore we need at most n2 additions to treat all unifying nodes. For
each of at most n2 functional nodes and the input node, we do not need any
operations. The total number of operations from B+ (additions) is at most n2,
i.e., it is polynomial depending on the dimension n.

In the software model of computation, for the considered circuit, the al-
gorithm A2 has polynomial time complexity O(n2) depending on the problem
dimension n.

We now evaluate the number |S(v(n))|, which is equal to the number of par-
titions of the sequence of words w1, . . . , wn. One can show that this value is at
most 2n−1: there is a natural one-to-one mapping of partitions (without restric-
tions on the length of each line in a partition) to tuples from {0, 1}n in which
the first digit is equal to 1. For example, the tuple (1, 1, 0, 0, 1) corresponds to
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the partition (w1, w2)(w3, w4)(w5). It is clear that the circuit S is reachable.
Using Remark 2, we obtain that in the integer model of computation, for the
considered scheme of the circuit, the algorithm A2 has time complexity O(n3),
which is polynomial depending on the length of the problem representation.

11.3. Example

Let us consider the sequence of words w1, w2, w3, w4, w5 from [13], where
w1 = w2 = w3 = w4 = blah and w5 = reallylongword. We assume that L = 16,
p1 = 0, p2 = 0, p3 = 1, p4 = 0, and p5 = 0.

We construct the circuit SLB , which describes all partitions of this sequence
– see Fig. 13. Apply to the circuit SLB the procedure of optimization relative

to Ψ(1). As a result, we have the circuit SΨ(1)

LB , which can be obtained from the
circuit SLB by the removal of edges labeled with the number 1. The circuit

SΨ(1)

LB describes the only partition (w1, w2)(w3, w4)(w5) – see Fig. 14. We apply

to the circuit SΨ(1)

LB the procedure of optimization relative to Ψ(4). As a result,

we obtain the circuit SΨ(1),Ψ(4)

LB = SΨ(1)

LB .

𝑣(0)

𝑣0(2)

𝑣0(1) 𝑣(1) 𝑣(2) 𝑣(3) 𝑣(4) 𝑣(5)𝑣1(2) 𝑣2(3) 𝑣3(4) 𝑣4(5)

𝑣2(4)

𝑣1(3)
𝑣0(3)

𝑣1(4)

1

11
1

1

*

Figure 13: Circuit SLB for sequence w1, . . . , w5

blah blah
blah blah
reallylongword

Figure 14: Graphical representation of partition (w1, w2)(w3, w4)(w5)

11.4. Experiments

We experimentally tested various optimization scenarios for partitioning a
sequence of words into lines. Each experiment was repeated 20 times.

We randomly generated n lengths of words |w1|, . . . , |wn| from the range [2, 8]
with uniform distribution. We generated penalties p1, . . . , pn ∈ {0, 1} such that
the probability of pi = 1 is equal to 0.2. A line has the length L = 20, 30, 40, 50.

Table 8 shows for n = 200, 250, . . . , 500 and L = 30, the average number
of partitions described by the circuit before optimization, after optimization
relative to Ψ(1), relative to Ψ(2), relative to Ψ(3), and relative to Ψ(4). The
experiments resulted in a few number of optimal partitions relative to Ψ(1) and
Ψ(2) (badness of the partition) but in many optimal partitions relative to Ψ(3)

and Ψ(4) (the number of lines and line breaking penalty).
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Table 8: Average number of partitions described by the circuit before optimization, after
optimization relative to Ψ(1), relative to Ψ(2), relative to Ψ(3), and relative to Ψ(4) with
L = 30 among 20 trials

n ∅ Ψ(1) Ψ(2) Ψ(3) Ψ(4)

200 2.52× 1058 10.10 8.40 1.03× 1008 6.88× 1044

250 2.11× 1073 9.40 9.10 1.21× 1009 8.28× 1055

300 1.37× 1088 9.35 7.55 1.12× 1011 2.01× 1067

350 6.61× 10102 10.40 10.60 1.42× 1015 7.96× 1078

400 3.89× 10117 30.65 32.80 1.59× 1015 1.49× 1090

450 1.01× 10132 27.15 23.00 6.13× 1017 5.44× 10101

500 4.43× 10146 38.90 35.25 7.33× 1018 6.53× 10112

Table 9 shows for n = 200, 250, . . . , 500 and L = 30, the average number
of partitions described by the circuit after optimization relative to Ψ(1),Ψ(3),
relative to Ψ(3),Ψ(1), relative to Ψ(1),Ψ(4), relative to Ψ(4),Ψ(1), relative to
Ψ(3),Ψ(4), and relative to Ψ(4),Ψ(3). The average number of partitions relative
to Ψ(1),Ψ(3) and relative to Ψ(3),Ψ(1) was identical. Optimizing the circuit
relative to Ψ(1) during the first or second optimization stage resulted in at most
59.2 optimal partitions on average.

Table 9: Average number of partitions described by the circuit after optimization relative
to Ψ(1),Ψ(3), relative to Ψ(3),Ψ(1), relative to Ψ(1),Ψ(4), relative to Ψ(4),Ψ(1), relative to
Ψ(3),Ψ(4), and relative to Ψ(4),Ψ(3) with L = 30 among 20 trials

n Ψ(1),Ψ(3) Ψ(3),Ψ(1) Ψ(1),Ψ(4) Ψ(4),Ψ(1) Ψ(3),Ψ(4) Ψ(4),Ψ(3)

200 18.00 18.00 4.10 3.50 9.84× 1004 4.10× 1010

250 13.50 13.50 6.20 3.20 4.57× 1005 4.49× 1011

300 13.30 13.30 5.60 7.40 5.99× 1005 5.85× 1012

350 13.40 13.40 7.10 8.10 9.65× 1007 6.55× 1016

400 53.60 53.60 9.10 5.50 3.04× 1006 7.26× 1018

450 37.80 37.80 7.90 9.00 1.33× 1009 4.69× 1020

500 59.20 59.20 16.10 37.10 3.11× 1010 2.17× 1023

Table 10 shows the average value of Ψ(1) after optimization relative to Ψ(1),
relative to Ψ(2),Ψ(1), relative to Ψ(3),Ψ(1), and relative to Ψ(4),Ψ(1), average
value of Ψ(3) after optimization relative to Ψ(3) and relative to Ψ(4),Ψ(3), and
average value of Ψ(4) after optimization relative to Ψ(4) and relative to Ψ(3),Ψ(4).
The experiments resulted in a significant increase in the value of Ψ(4) while
comparing optimization relative to Ψ(4) and relative to Ψ(3), Ψ(4). A similar
situation is with the optimization relative to Ψ(1) and relative to Ψ(4),Ψ(1).

None of the partitions were totally optimal relative to Ψ(1) and Ψ(4) – see
Table 11. For each scenario, a totally optimal partition relative to Ψ(1),Ψ(3)

existed – see Table 12.

40



Table 10: Average value of Ψ(1) after optimization relative to Ψ(1), relative to Ψ(2),Ψ(1),
relative to Ψ(3),Ψ(1), and relative to Ψ(4),Ψ(1), average value of Ψ(3) after optimization
relative to Ψ(3) and relative to Ψ(4),Ψ(3), and average value of Ψ(4) after optimization relative
to Ψ(4) and relative to Ψ(3),Ψ(4) with L = 30 among 20 trials

n Ψ(1) Ψ(2),Ψ(1) Ψ(3),Ψ(1) Ψ(4),Ψ(1) Ψ(3) Ψ(4),Ψ(3) Ψ(4) Ψ(3),Ψ(4)

200 432.30 432.50 443.80 888.60 39.25 41.10 0.25 3.20
250 519.80 520.80 543.10 1.27× 1003 48.95 51.80 0.20 5.35
300 607.30 607.30 625.60 1.27× 1003 58.50 61.10 0.15 5.55
350 731.20 731.40 743.00 1.56× 1003 68.40 71.30 0.45 6.30
400 795.80 797.20 815.00 1.84× 1003 77.70 81.35 0.35 7.30
450 842.90 843.80 860.80 1.90× 1003 87.10 91.40 0.40 8.50
500 972.85 973.85 993.70 2.10× 1003 97.10 101.85 0.30 8.95

Table 11: Number of cases with totally op-
timal partitions relative to Ψ(1) and Ψ(4)

among 20 trials

L
n 20 30 40 50

200 0 0 0 0
250 0 0 0 0
300 0 0 0 0
350 0 0 0 0
400 0 0 0 0
450 0 0 0 0
500 0 0 0 0

Table 12: Number of cases with totally op-
timal partitions relative to Ψ(1) and Ψ(3)

among 20 trials

L
n 20 30 40 50

200 20 20 20 20
250 20 20 20 20
300 20 20 20 20
350 20 20 20 20
400 20 20 20 20
450 20 20 20 20
500 20 20 20 20

12. Conclusions

In this paper, we studied a model for combinatorial optimization problems
based on the notion of a circuit without repetitions. We provided two dy-
namic programming algorithms: for multi-stage optimization of elements and
for counting optimal elements. We considered three problems in detail: the
problem of convex polygon triangulation, the problem of one-dimensional clus-
tering, and the problem of line breaking (text justification).

The proposed model is fairly universal (we already applied it to the study of
nine known problems of combinatorial optimization), it is easy enough to build
this model (the structure of the circuit can be derived usually from the structure
of subproblems used by a conventional dynamic programming algorithm), and
this model is easy for use (it is not necessary to prove the correctness of the
algorithms, and the bounds on the number of algorithm operations and its time
complexity can be derived easily from the circuit and cost function descriptions).

However, this model has a number of limitations. We consider the two most
important and show how they can be resolved.
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The elements from the sets attached to the input nodes and the functions
attached to the functional nodes of the circuit can be complicated. We show
that the algorithms A1 and A2 can work not only with circuits but also with
schemes of circuits, obtained from circuits by the removal of one-element sets
attached to the input nodes, functions attached to the functional nodes, and
operations of union attached to the unifying nodes. To work with the scheme
of the circuit, we only need to describe the values of the cost function on the
elements from one-element sets attached to the input nodes.

We can construct a conventional circuit without repetitions (working directly
with elements) not for each combinatorial optimization problem. In particular,
we cannot construct such a circuit for the optimization of matchings in trees
and 0/1 knapsack problem. In this case, we can transform a conventional cir-
cuit S with repetitions into a syntactical circuit Ŝ, which works with formulas
representing elements. In these formulas, we use element symbols instead of
elements and functional symbols instead of functions. The used symbols are
pairwise different. The circuit Ŝ is a circuit without repetitions. We can define
cost functions for Ŝ. However, we should be sure that different formulas from
Ŝ(v∗) representing the same element have the same cost. We can apply to this
circuit the algorithm A1, which will return the description of a set of formulas
corresponding to optimal elements. The algorithm A2, unfortunately, will re-
turn not the number of described optimal elements, but the number of formulas
corresponding to these elements, which in the general case is greater than the
number of optimal elements.
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