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ABSTRACT

The Umklapp Scattering and Spin Mixing Conductance In

Antiferromagnets

Nisreen Ahmad Alshehri

Antiferromagnetic spintronics is a new promising field in applied magnetism. An-

tiferromagnetic materials display a staggered arrangement of magnetic moments so

that they exhibit no overall magnetization while possessing a local magnetic order.

Unlike ferromagnets that possess a homogeneous magnetic order, the spin-dependent

phenomena occur locally upon the interaction between the itinerant electron and

the localized magnetic moments. In fact, unique spin transport properties such

as anisotropic magnetoresistance, anomalous Hall effect, magnetooptical Kerr effect,

spin transfer torque and spin pumping have been predicted and observed, proving that

antiferromagnetic materials stand out as promising candidates for spin information

control and manipulation, and could potentially replace ferromagnets as the active

part of spintronic devices. As a matter of fact, owing to their vanishing net magne-

tization, they produce no parasite stray fields, hence, they are mostly insensitive to

external magnetic fields perturbations and displaying ultrafast magnetic dynamics.

When a spin current is sent into an antiferromagnet, it experiences spin-dependent

scattering, a mechanism that controls the spin transfer torque as well as the spin trans-

mission across the antiferromagnet. The fully compensated antiferromagnetic inter-

faces are full of intriguing properties. For example, itinerant electron impinging on

such an interface experiences a spin-flip associated with the sub-lattices interchange.

This process, associated with Umklapp scattering, gives rise to a non-vanishing spin

mixing conductance that governs spin transfer torque, spin pumping, and spin trans-

mission.
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The thesis explores the mechanism of Umklapp scattering at a staggered anti-

ferromagnetic interface and its associated spin mixing conductance. In this project

we consider two systems of bilayer and trilayer antiferromagnetic (L-type, G-type)

heterostructures. We first study the scattering coefficients at the interface imple-

mented by adopting the tight-binding model and proper boundary conditions. Then,

in the trilayer case, we study the spin mixing conductance and the dephasing length

associated with the transition from ferromagnetic order to antiferromagnetic order.



6

•

ACKNOWLEDGEMENTS

I would like to take this opportunity to express my sincere gratitude to my su-

pervisor Prof. Aurelien Manchon for his precious guidance throughout this thesis.

Also, I am thankful to Dr. Ousmane ly on his support and meaningful discussions.

I would like to thank the committee members Prof. Udo Schwingenschlögl and Prof.
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Chapter 1

Introduction

Spintronics is an emerging field of applied physics that utilizes and controls the spin

of an electron to encode, store and process information [1]. Its birth is marked by the

discovery of the giant magnetoresistance effect [2]. Giant magnetoresistance effect

is described as a variation in the electrical resistance of a magnetic heterostructure

depending on the relative alignment of the magnetizations of the magnetic layers com-

posing the heterostructure [3]. This effect was observed in a thin film of alternating

nonmagnetic and ferromagnetic layers in 1988 [4], suggesting that the ferromagnetic

layer works as a spin-polarizer [5].

Another fundamental phenomenon of spintronics is the spin transfer torque that

was predicted theoretically in 1996 [6]. It refers to the action of the spin-polarized

electrons that hit a ferromagnetic layer and exert a torque on the local magnetic

moments causing them to precess and/or change their direction [7]. In turn, the

magnetic precession generates a spin current into nonmagnetic layer in a process

called spin pumping [8]. The design of efficient spintronic devices requires the smart

choice of materials and interfaces in order to combine these various phenomena in an

optimal manner [9].

In conventional spintronics, ferromagnetic materials are commonly used as spin-

polarizers and detectors and their behavior has been intensively studied [10, 11].

However, a new direction of using antiferromagnetic materials as potential carriers of

information has recently emerged [12].

In comparison with ferromagnets, antiferromagnets have various advantages. Their
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magnetic structure features a staggered arrangement of magnetic moments such that

the net magnetization vanishes at level of the magnetic unit cell. It is important to

emphasize that antiferromagnets can display a wealth of different classes of magnetic

ordering, collinear, co-planar, non-coplanar etc., leading to a wide variety of stunning

transport properties. Since this configuration leads to zero or low magnetization,

no stray field is produced and, consequently, antiferromagnetic materials are mostly

insensitive to external magnetic perturbations [13]. Moreover, their internal dynam-

ics is driven by the antiferromagnetic exchange, which results in ultrafast magnetic

dynamics that is orders of magnitude faster than that of ferromagnets’ [14].

In this thesis, we focused on the scattering events in normal metal /antiferro-

magnet heterostructures, as characterized by the spin mixing conductance at the

interfaces that quantifies the spin-transport through a magnetic material .
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Chapter 2

Background

2.1 Electron Scattering

Understanding electron scattering theory is significant in studying the transport prop-

erties of nanostructures [15]. When propagating in a periodic potential, like in a

crystal, the electron wave function adopts the form of a Bloch state:

Φk =
1√
Ω
eik·ruk(r) (2.1)

where uk is a function that has the periodicity of the crystal lattice and is indexed by

the electron quasi-momentum k, and Ω is the volume of a unit cell [16]. Under the

influence of an electric field, it is convenient to consider the incident electron Bloch

wave as a wave packet with a large distribution of wave vectors k. This wave packet,

well defined in the perfect crystal, scatters against the imperfections of the lattice

[17]. These imperfections are associated with crystal defects (vacancies, impurities),

stacking faults, interfaces and boundaries, but also lattice vibrations (phonons) [18].

Upon scattering, the wave packet diffuses in many directions [19]. In other words,

the wave packet is scattered from initial state φk to final state ψk′ [20], as depicted

in Fig.2.1, with a transition probability that is given by Fermi’s golden rule:

Pkk′ =
2π

~
|Tkk|2δ{E(k)− E(k′)} (2.2)
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where Tk,k is the transition matrix element:

Tk,k′ =

∫
ψ∗k′(r)V (r)φk(r)dr. (2.3)

where V (r) is the scattering potential, Tk,k′ represents the scattering amplitudes of

Bloch state that transits from the initial φk(r) to the final ψk′(r) state and δ{E(k)−

E(k′)} is the density of states at Fermi energy [20].

Figure 2.1: Representation of the scattering of a conduction electron from an initial
state at k to a final state at k′ [16].

As a consequence of momentum conservation principle, the scattering process can

be divided into two categories: Normal scattering and Umklapp scattering [21]. These

processes can be described by Bragg’s reflection condition that states that the path

difference between the initial and final states’ wave vectors k and k′, respectively,

is restricted to a reciprocal lattice vector G such that: k′ − k = q + G [22]. In

Normal scattering, G = 0, the final wave vector k′ remains in the region where the

Fermi surface intersects with the first Brillouin zone whereas in Umklapp scattering,

the wave vector k′ falls beyond the edge of the first Brillouin zone and then returns
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back to it by the reciprocal lattice vector G 6= 0 in order to conserve the electron’s

momentum [23]. It is known that this behavior arises from the nature of the electrons’

Bloch wave function in periodic potentials [24]. The difference between these two

processes is illustrated in Fig.2.2.

Figure 2.2: The distinction between Normal and Umklapp processes in reduced Bril-
louin zone [16].

Mainly, Umklapp scattering contributes to the resistivity due to its ability to

reverse the direction of electron wave vectors at low temperature [25, 26]. In fact,

the scattering through large θ, the angle between k and k′, is significant in terms of

determining the resistivity [16] through the Umklapp scattering channels as related

in the following equation:

k − k′

k
= 1− cos θ (2.4)

Much research has been conducted to study the emergence of the Umklapp scat-

tering channels that are induced by periodic potentials such as electric and magnetic

modulation [27], incommensurate [28] or compensated magnetic interfaces [29]. The

Umklapp channels open for carriers that are located outside the Fermi surface up to

the reciprocal lattice wave vector G and appear as an extra electronic band [30].

The appearance of the band splitting that splits the Normal band and Umklapp
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band has been experimentally observed in an incommensurate system [31]. In their

experimental set up, Santosh et al. grew an ultra thin film of Ge on Ag substrate and

measured the band structure of the surface alloy Ag2Ge fabricated on the Ag(111)

surface using unpolarized light. They argued that the band splitting, centered at M̄

Ag(111), is due to the Umklapp scattering that is induced by the lattice mismatch.

To prove their speculation, the original and the unfolded electronic band structures of

the Ag2Ge system have been calculated using the density functional theory method

(Fig.2.3). The unfolded band (or equivalently, Umklapp band) structure is the original

band that is translated by Umklapp scattering from symmetry point −M̄Ag2Ge up to

GAg(111) in the Ag(111) first Brillouin zone as depicted in Fig.2.4.

The scattering channels open for electrons as a degree of freedom to propagate

through a heterostructure. With that in mind, the scattering amplitudes; reflection

and transmission, can then be a band-dependent or channel-dependent [29].

Figure 2.3: The calculated and the measured electronic band structures show the
band splitting centered at M̄ Ag(111). The red and (blue) symbols represent the
symmetry points of Ag(111) and (Ag2Ge) in the first Brillouin zones [31].
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Figure 2.4: A schematic of the band splitting generation by the Umklapp scattering.
The solid line represents the original band structure of Ag2Ge whereas the dashed
line represents the unfolded band that is shifted from M̄Ag2Ge up to GAg(111) through
the Umklapp scattering [31].

2.2 Spin Mixing Conductance

Spin mixing conductance measures the immersion of the spin moments into the mag-

netic interface in terms of reflection and transmissions amplitudes, microscopically

[9, 29]. Calculating this property gives an insight into how spins scatter at compen-

sated (antiferromagnets) and uncompensated (ferromagnets) interfaces. However,

before diving into this concept, we should first explain the mechanism of electron

transport within the magnetoelectric circuit theory.

Let us consider a system composed of a resistive material sandwiched between

two normal-metal layers with chemical potentials V1 and V2. The electron charge

current Ic driven through the resistive material is directly proportional to the chemical

potential differences (V2 − V1) as described by Ohm’s law:

Ic = G (V2 − V1) (2.5)
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where G is the conductance of the resistive material [32]. If the resistive layer be-

comes ferromagnetic, the electron spin can no longer be ignored. Typically, charge

transport in a ferromagnet is conducted into ”majority” up-spin and ”minority” down-

spin channels. However, owing to the energy band splitting between ferromagnetic

components, their Fermi surfaces are remarkably different. This property leads to

spin-dependent physical properties [33]. Consequently, the charge current Ic passing

through the structure sketched in Fig.2.5 can be considered as a linear combination

of different spin polarization states: aligned and antialigned with the ferromagnetic

magnetization [32].

In a magnetic heterostructure, composed of several magnetic layers separated by

nonmagnetic layers (e.g., see Fig. 2.5), the electron spins accumulate at the normal-

metal/ferromagnet interface and generate a spin accumulation potential, Vs,N , that

governs the propagation of the spin current through the heterostructure [32, 33].

The charge current flowing through the right normal metal/ferromagnet interface

Figure 2.5: A sketch of a non-collinear spin valve [32] shows the principle of spin
transfer torque.

in Fig. 2.5 decomposes into spin projections aligned I↑ and anti-aligned I↓ to the



21

magnetization m2:

I↑ = G↑(Vc,N + Vs,N ·m2 − VF )

I↓ = G↓(Vc,N − Vs,N ·m2 − VF )

(2.6)

where G↑ and G↓ are the spin-dependent conductances, Vc,N and VF are the normal-

metal and ferromagnetic potentials, respectively, while the ±Vs,N ·m2 are the pro-

jections of the spin accumulation on the spin quantization axis of ferromagnet [32].

Electrons with the same spin direction as that of the magnetization can transmit

through the ferromagnet whereas electrons with the opposite direction is reflected at

the interface boundary [34]. Therefore, the spin-current from the normal side into

the ferromagnet reads:

Is,bias = m2 (I↑ − I↓) + 2ReG↑↓m2 × (~Vs,N ×m) + 2 ImG↑↓ (Vs,N ×m2). (2.7)

where the first term, m2 (I↑ − I↓), is the collinear (longitudinal) spin-current that

is polarized along the magnetization m2 while the other terms correspond to the

non-collinear (transverse) polarizations with respect to the magnetization [35].

The non-collinear components are proportional to the spin mixing conductance

G↑↓ that quantifies the spin transfer to the local magnetization at the interface. The

transfer mechanism can be described as a torque exerted on the magnetic moments

causing them to precess and switch their directions [32, 33]. In Fig.2.6, the oblique

spin-current polarization in the metallic spacer has previously been prepared by the

first ferromagnetic layer. When it is impinging into the second ferromagnetic layer,

the exchange interaction between the conduction electron’s spin and the magnetic

moment aligns the spin along the ferromagnetic magnetization [33]. The sinking of
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Figure 2.6: An illustration of spin transfer torque phenomenon [33].

the transverse components into the interface gives rise to the spin transfer torque:

τ = −~
e

(ReG↑↓m2 × (Vs,N ×m2) + ImG↑↓Vs,N ×m2). (2.8)

here, the first and the second terms represent in-plane and out-of-plane torques [35].

In this event, spin transfer torque can move the magnetization of ferromagnet and

induce magnetization precession. Reciprocally, the precession of the magnetization

can in turn generate a spin current, a phenomenon called spin pumping (Fig.2.7)

[36]. This mechanism is the Onsager reciprocal of the spin transfer torque and is also

governed by the spin mixing conductance [32, 35]:

~
e
I = ReG↑↓ (m2 × ṁ2) + ImG↑↓ṁ2. (2.9)

where ṁ2 is the rate of change of the magnetization. The spin transfer torque

and spin pumping current phenomena are quantified by measuring the spin mixing

conductance G↑↓ [37].

Spin mixing conductance G↑↓ is an interfacial property that can be computed mi-
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Figure 2.7: Spin pumping mechanism in normal-metal—ferromagnet systems. Spin
current IS is generated via the movement of the ferromagnetic magnetization and
pumped into normal-metal [35].

croscopically in heterostructures modeled by Landauer-Buttiker theory. It describes

adequately the electron transport through the scattering amplitudes: reflection and

transmission amplitudes [38]. A simple illustration of the procedure is obtained if we

consider a transport through a heterostructure [39, 40] as depicted in Fig.2.8. The

scattering region is connected with two electrodes, the electron is propagating toward

the interface and its spin is pointing in (θ, φ) direction. The Bloch wave function can

be written as a superposition of up-spin and down-spin components [41]:

ψin = [cos
θ

2
e
−iφ
2 | ↑〉+ sin

θ

2
e
iφ
2 | ↓〉] eikxxeiq·R (2.10)

where q is a transverse wave vector, k = (kx, q), at Fermi energy and R is a real

space vector r = (x,R) [41]. The scattering amplitudes can then be obtained by
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Figure 2.8: Sketches of (a) electron’s spin direction that is specified by two polar
angles (θ, φ) and (b) a heterostructure where the shaded area (S) intermediated be-
tween left (L) and right (R) leads is the scattering region used in calculating electrical
conductance [40].

matching the wave functions at the interface x = 0 such that:

ψ↑ = cos
θ

2
e
−iφ
2 | ↑〉

{
[eikxx + r↑e−ikxx]eiq·R

t↑eikxxeiq·R

ψ↓ = sin
θ

2
e
iφ
2 | ↓〉

{
[eikxx + r↓e−ikxx]eiq·R

t↓eikxxeiq·R

(2.11)

where ts and rs are the transmission and reflection amplitudes indexed with the spin

direction s =↑, ↓. At the interface one can calculate the nonequilibrium spin density

δS of the reflected and transmitted quantum states that generates spin accumulation:

δS =
1

A

∑
s,s′

ψ∗s,s′σs,s′ψs,s′ (2.12)

Here, A is interface cross section area. One can define a set of conductances that gen-

eralizes Ohm’s law by connecting (spin and charge) currents with chemical potentials
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as given in Eq.(2.7). These conductances read

Gs =
e2

h

∫
|ts|2dkxd2q

Gr
↑↓ =

e2

h

∫
(1− r↑r↓∗)dkxd2q

Gt
↑↓ =

e2

h

∫
t↑t↓∗dkxd

2q

(2.13)

where Gs is the conventional transmitted conductance whereas Gt
↑↓ and Gr

↑↓ are trans-

mitted and reflected spin mixing conductances, respectively. The transmission and

reflection mixing conductances describe the lost of electron spin angular momentum

at the interface with the magnetic layer thickness [32].

Fig.2.9 shows the thickness dependance of (a) transmission Gt
↑↓ and (b) reflection

Gr
↑↓ spin mixing conductance in a trilayers of Au/Fe/Au heterostructure that have

been calculated by Zwierzycki et al. Both quantities display an oscillatory behavior

with, however, considerably distinct periods and amplitudes. To illustrate, when a

spin-polarized electron impinges on a normal/ferromagnet (Au/Fe) interface, several

things happen. First, there is a spin reorientation during the reflection/transmis-

sion process. Then, once the electron has penetrated inside the ferromagnet (Fe), it

precesses coherently around the magnetization. Consequently, due to the large mo-

mentum space separation of the majority and minority Fermi surfaces [42] and the

coherent precession, an oscillation [41] is observed. By integrating over the Brillouin

zone, all of its states will interfere with each other, resulting into a damped oscillatory

behavior.

Therefore, the transmission spin mixing conductance Gt
↑↓ decays with observed

period related to the phase factor ei(k
↑
⊥−k

↓
⊥)d of transverse components and oscillates

around zero with frequency related to (k↑⊥ − k
↓
⊥). On the other hand, the reflection

spin mixing conductance Gr
↑↓ contains two contributions; thickness-independent and

thickness-dependent contributions. The former comes from the number of the incom-
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ing states in the normal metal while the later is the reflected states contribution that

contains phase factors; ei(k
↑
⊥+k↓⊥)d and e−i(k

↑
⊥+k↓⊥)d. Combining these terms produces

an oscillation around a constant number that is a result of the thickness-independent

parameter [42].

Figure 2.9: The calculated (a) transmission and (b) reflection spin mixing conduc-
tance of a trilayer as a function of the Fe layer thickness d [42].

Extensive studies have been investigated and calculated the spin mixing conduc-

tance for the ferromagnetic heterostructures [43, 44, 45, 46]. Recently, however, the

attention has been directed toward the antiferromagnetic system due to its exotic

features.
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2.3 Antiferromagnets

Antiferromagnetism has been known since 1930s [47]. Antiferromagnetic materials

are abundant and can be found in a wide range of materials based on their ability to

conduct electric current: metal, semimetal, semiconductor or insulator. In addition,

they exhibit a large variety of magnetic textures that support numerous unconven-

tional phenomena [14]. As an illustration, selected crystal and magnetic structures

are listed in Fig.2.10.

Figure 2.10: Schematics of the crystallographic and magnetic structures of (a) metallic
[48, 49](b) semi-metal [50, 51] and (c) insulators [52, 53] antiferomagnets.

Recently, antiferromagnets have attracted much attentions due to their numer-

ous advantageous. First, they are immune against magnetic field perturbations and

produce no stray fields as results of their zero net magnetization. Second, they are

structurally stable and exhibit ultrafast magnetic dynamics [9, 12, 13, 14]. In fact,

antiferromagnets has been used to pin the ferromagnetic layer in a metallic spin-valve
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via a phenomena called exchange bias [54].

In 2006, however, Núñez, et al. proposed that the antiferromagnetic spins can be

electrically altered using a spin current [55]. Then, in 2011, the spin-valve-like sig-

nal magnetoresistance was experimentally observed [56] leading to the formal birth

of antiferromagnetic spintronics [57]. Furthermore, the spin transfer torque and its

reciprocal phenomenon (spin pumping current) are theoretically predicted [58]. To

quantify the spin injection through antiferromagnetic interface, spin mixing conduc-

tance was theoretically calculated upon transmission and reflection [29, 58].

2.3.1 Electronic Structure

Neutron scattering technique reveals various antiferromagnetic orders below Néel tem-

perature [12, 14]. However, here we present a simple model of antiferromagnets: a

square lattice that comprises two sub-lattices A and B with magnetization ∆A and

∆B as depicted in Fig.2.11. The magnetic moments on these two sub-lattices are

aligned antiparallel to each other such that ∆A = −∆B. This creates a spontaneous

magnetization in opposite directions and an overall zero magnetization below Néel

temperature [59].

The system can be described by a tight-binding Hamiltonian that reads:

Ĥ =
∑
i,j

[c†i,j(−1)i+j∆σzci,j − t(c†i,jci+1,j + c†i,jci,j+1 + h.c.)] (2.14)

where the sum runs over the nearest-neighbor i, j and c†i,j creates an electron on

site i, j such that c†i,j = (c†i,j↑, c
†
i,j↓) where ↑ and ↓ refer to the spin projection along

with the spin quantization axis, and ci,j is an annihilation operator. The exchange

parameter (−1)i+j∆ couples the traveling electron’s spin with the local magnetic

moments differently (i.e. its value is positive and negative on A and B sub-lattices,

respectively) [9, 60]. In a matrix form that is written in the basis (|A〉, |B〉)⊗ (↑, ↓):
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Figure 2.11: A schematic of a square lattice with spins that are aligned antiparallel
with their nearest neighbors [59].

Ĥ =

εi + σ∆A γk

γk εi − σ∆B

 (2.15)

here, γk = −2 (cos kxa+ cos ky) and εi is the on-site energy and σ is 2× 2 Pauli spin

matrices. Then the eigenvalues and eigenstates can easily be obtained:

εk,η = εi + η
√
γ2
k + ∆2 (2.16)

Φσ,η =
1

2

(√
1 + ησ

∆√
∆2 + γ2

k

|A〉 − η
√

1− ησ ∆√
∆2 + γ2

k

|B〉

)
⊗ |σ〉 (2.17)

energy dispersion is indexed with wave vector k and band η = (+1,−1) refers to

the conduction or the valence bands. The eigenstates are a superposition of spin

dependent A and B states where the spin is a good quantum number but not a

sub-lattices degree of freedom. Their spatial density distribution is spin and band

dependent (Fig.2.12) [9].

The scattering events at the interface then has four channels corresponding to

the bands and the spins η, σ. This leads to a non-vanishing spin mixing conductance
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Figure 2.12: Illustration of a) bipartite antiferromagnet with A and B sub-lattices
and b) its band structures with c) the corresponding spatial spin density [9].

that governs spin transfer torque and magnetoresistance effects in antiferromagnetic

systems [9, 61].

2.3.2 Spin Transfer Torque

Spin transfer torque is a phenomenon that arises from the transfer of spin angular

momentum of itinerant electron to the local magnetic moments at the interface [60].

This causes the incoming current to be polarized a long the ferromagnetic magne-

tization p. In contrast, bipartite antiferromagnets (G-type), for example, magnetic

moments arrangement is staggered (Néel order) causing the precession of the incom-

ing electron spin about the local magnetic moment to occur locally as depicted in

Fig.2.13. Therefore, owing to the alternation in local magnetization directions, the

staggered induced torque is produced [55].

In order to show the staggered nature of the antiferromagnetic polarization, Saidaoui,

et al. calculated the spin densities of ferromagnets and G-type and L-type antiferro-

magnets. The transmitted spin densities in these systems exhibit different behaviors

depending on their magnetic structures. Ferromagnet exhibits a spatially invariant

density profile since it filters out the incoming electrons’ spins which results in spin-

polarized electrons, as expected. On the contrary, the transmitted spin density in G-

type antiferromagnets displays a staggered behavior that is responsible for the yielded
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Figure 2.13: Concept of spin transport in (a) an antiferromagnet in which the torque
exerted by the local moments on the conduction spin is oppositely rotated at each
moments, leading to a staggered spin density profile. In contrast, the spin precession
in (b) a ferromagnet is invariant along the layer, where the damped oscillatory spin
density is observed [62].

torque. L-type antiferromagnets exhibit no net spin-polarization [60]. Fig.2.14 shows

the spatial profile of spin densities.

Generally, the exerted torque can be categorized into two types: coherent and

exchange torques. The coherent torque acts on each sub-lattices with opposite sign

and coherently rotates their magnetic moments clockwise or counterclockwise. The

second one competes with the antiferromagnetic exchange in which it tends to rotate

the spins toward the opposite direction, yet it can be neglected due to its small value

compared with the antiferromagnetic exchange [60]. Hence, spin transfer torque is

identified in terms of the local torques that act on each antiferromagnetic sub-lattices

such that:

τ = τα‖mα × (p×mα) + τ⊥mα × p (2.18)

wheremα, p are the direction of the local magnetic moments indexed with sub-lattices

indices and spin polarization at the interface, respectively. The first and the second

terms refers to in-plane and out-of-plane torques [9, 63]. The out-of-plane is spatially

inhomogeneous [9] while the in-plane torque drags slowly and coherently m1 and m2
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Figure 2.14: The generated spin densities by an electron current flowing through
the (a) ferromagnets, (b) G-type and (c) L-type antiferromagnets [51]. The left
and right represent the reflected and the transmitted spin densities. The reflected
densities in (a) is complicated interference between the incoming and reflected electron
waves while in (b) and (c) are staggered coherently due to the spin-dependent wave
interference and quantum confinement in the left lead [60].

out-of-plane. This mechanism causes the exchange coupling to generate a coherent

staggered torque [63]. Therefore, the transport properties in antiferromagnets are

determined by the local magnetic moment configuration [62].

The spin torque phenomenon in antiferromagnets has been theoretically investi-

gated [55, 58, 60, 61, 62, 63, 64] and experimentally verified [65]. Now it is time to

investigate the spin pumping current in antiferromagnet that is intrinsically connected

to the spin transfer torque.
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2.3.3 Spin Pumping current

Spin pumping is a phenomenon that generates a spin current by magnetization pre-

cession into an adjacent conductor. In ferromagnets, the spin current induced by spin

pumping is proportional to the time derivative of the magnetization, ṁ, as pointed

out in Eq.(2.9). In contrast, the total magnetization in antiferromagnet vanishes,

hence, it has been suggested that the changing in Néel order n might pumps a spin

current into the normal-metal [63].

In collinear antiferromagnet, magnetic moments are directed toward m1 and m2

where below the Néel temperature, the spins rearrange themselves in a staggered order

defined by n = m1−m2

2
and total magnetization m = m1+m2

2
[66]. At equilibrium,

each magnetic moment compensate each other, hence, m = 0 [67]. However, when

the system is driven out of the equilibrium, the total magnetization is small but not

vanishing.

The dynamic of spin pumping is described with the rate change in magnetization

ṁ and Néel order ṅ (Fig.2.15), hence the pumped spin current into normal-metal

reads:

e

~
Is = ReG↑↓(n× ṅ+m× ṁ)− ImG↑↓ṁ (2.19)

The spin pumping current in antiferromagnets is equivalent to a system com-

posed of two ferromagnets with magnetization m1 and m2, yet the scattering at

antiferromagnetic interface is quite different due to the sub-lattices contribution to

the scattering channels that leads to non-vanishing spin mixing conductance [63].
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Figure 2.15: Schematic of spin pumping phenomenon in antiferromagnet. The spin
current in normal-metal is generated by the precession of n and n around their
equilibrium.

2.3.4 Spin Mixing Conductance

In compensated antiferromagnetic insulator, it has been suggested that the spin-

mixing conductance is non-vanishing at the interface [58]. To point that out, Cheng,

et al. have considered two systems of a normal-metal in contact with an antiferro-

magnetic and ferromagnetic insulators in which the electron cannot sneak in farther

than one atomic layer. This layer contains all the essential information of scattering

events at the interface.

The spin mixing conductance is then calculated, as a function of tight binding

hopping in normal-metal t and in magnets tm and exchange coupling J , for compen-

sated and uncompensated insulators. The results indicate that these two systems, in

fact, have similar spin transfer efficiency (Fig.2.16(b)).

In addition, So Takei et al [29], proposed that the reflection amplitude has a form

of rs = cs + ds where cs and ds are Normal and Umklapp reflection amplitude in

which c↑ = c↓ while d↑ = −d↓. They argued that, at low-energy dynamic, when

considering the bulk antiferromagnetic insulator in which antiferromagnet exposed

to a large uniform oscillating exchange field that modulate the insulating potential

U = Uo + σηo(−1)iy and gaussian disordered potential with variance Vη, the spin
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Figure 2.16: (a) A compensated normal-metal—antiferromagnet interface at which
the (b) spin mixing conductance G↑↓ is calculated [58].

mixing conductance is then govern by the Umklapp channels:

G↑↓ = 2
∑
n

|dn|2 (2.20)

this equation considers this particular case of bulk antiferromagnetic insulator, where

the large potential prevents the itinerant spins to propagate through and transmit to

the other side of the bulk [29]. The resultant spin mixing conductance scales linearly

with the number of the interface modes (Fig.2.17).

It has been theoretically investigated that the Umklapp scattering channels play

a considerable rule in quantifying the transport through antiferromagnet heterostruc-

ture [29, 68, 69]. The Umklapp channels are equivalent to inter-sub-lattices scattering
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Figure 2.17: Spin mixing conductance G↑↓ as a function of system size N with nor-
malized standard deviations of V

1/2
η /ηo. The black stars and red circles represent

ferromagnets and antiferromagnets with a uniform coupling ηo [29].

channels as suggested in Ref [61].

2.4 Motivation

Antiferromagnets exhibit stunning phenomena that can be exploit in spintronics field.

Numerous research have been conducted to characterize and manipulate the spin

structure of the antiferromagnets. They have various spin structures and physical

properties based on their ability to conduct current. With knowing them, one can

deduce the topology of the Fermi surfaces and extract the transport properties of the

desired system. The topological difference between two Brillouin zones may exhibits

intriguing phenomena such as the Umklapp scattering. In insulating antiferromag-

nets, it has been proven that the Umklapp scattering govern the spin mixing conduc-

tance. This interfacial property involves the essential transport principles that can

be used in transmit and encode information.
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In this thesis, we explore the emergence of the Umklapp scattering at the stag-

gered antiferromagnetic interfaces as a function of the electron’s angle of incidence.

Collinear antiferromagnets, mainly, consists of two sub-lattices with magnetic mo-

ments aligned antiparallel. Thus, when itinerant electron Bloch wave function scatters

against the staggered antiferromagnetic interface, it might experiences the spin-flip

due to the sub-lattice interchange. We utilize the sub-lattice interchange and correlate

it with the Umklapp scattering by solving the boundary conditions. This property

leads to non-vanishing spin mixing conductance. Furthermore, we compare the spin

depahsing length that approaches infinity in antiferromagnets while in ferromagnets

it decays at finite length.

The thesis is divided into five divisions and organized as follows. In chapter 1,

we give a general introduction of antiferromagnetic spintronics. Chapter 2 introduces

the fundamental concepts of spintronics including; scattering phenomena, spin-mixing

conductance and an eye bird view of the antiferromagnetic structure and spin trans-

port principles. In chapter 3 we present the methodology we follow: the tight binding

model and the boundary conditions. Chapter 4 shows the results and the discus-

sions of spin transport of bilayer and trilayer antiferromagnetic heterostructures in

different regimes through scattering probabilities and spin mixing conductance. The

conclusion of the thesis is presented in chapter 5.
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Chapter 3

Methodology

In this chapter we introduce the methods that have been used in our calculation. First,

we consider a finite two-dimensional normal-metal in contact with a semi-finite two-

dimensional antiferromagnetic layer. The two layers were constructed by adopting the

tight binding model. The tight-binding method is a semi-empirical method [70] that

is used to model and calculate the electronic band structures of a desired material

[71].

In quantum mechanics, the physical entities, electrons or spins, for example, are

localized at the atomic site and jump quantum mechanically from site to site [72].

This hopping can be described with tight binding Hamiltonian. The eigenstates of

the Hamiltonian are expanded in an atomic-like basis set and the exact Hamiltonian

of many-body operator is represented with the parametrized Hamiltonian Matrix [73].

However, when the normal-metal and antiferromagnetic layers get in contact, the

electron wave function is scattered off of the interface. This mechanism can be treated

quantum mechanically with solving the boundary conditions. These conditions nor-

mally contain the scattering amplitudes that govern the entire transport properties

of the system.
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3.1 Tight Binding Model

In this section, we derive the tight binding Hamiltonian that discretized the sys-

tem onto its localized orbital basis [74]. The system under the study consists of

normal-metal/antiferromagnets heterostructures. We consider two configurations of

antiferromagnets: Layered (L-type) and checkerboard (G-type) antiferromagnets.

In these models, we take x and y as continuum coordinates in which the arrange-

ment of the magnetic moments are staggered along ŷ direction and translationally

invariant along x̂ direction in L-type, whereas in G-type, the order is considered to

be staggered along the two-directions as illustrated in Fig.3.1. The electron transport

direction is assumed to be along x̂ while the transverse direction is along ŷ.

In the normal metal, we assume that the sites i, j are distributed on a square lattice

with a lattice constant a0. The wave functions exp(ik · R) are localized in various

positions Ri,j at which the atoms are located, where R = (x, y) and k = (kx, ky).

These localized wave functions form the atom-like orbital |C〉. Therefore, the tight-

binding Hamiltonian reads:

HN = −
∑
〈i,j〉,σ

tij c
†
iσcjσ (3.1)

where the sum runs over the nearest neighbor sites (i, j). Here cj (c†i ) annihilates

(creates) electrons that participate to conduction on site (i, j) with spin σ and tij is

the hopping integral between sites i and j. The Hamiltonian can then be diagonalized

by constructing first the wave functions as a combination of the localized orbitals and

setting the Hamiltonian matrix in these orbitals and diagonalize it:

ΦN
σ = c|C〉 ⊗ |σ〉 (3.2)
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Figure 3.1: Schematics of the antiferromagnetic heterostructures (a) layered and (b)
checkerboard antiferromagnets in contact with the normal-metal, where |C〉 , |A〉 and
|B〉 are the normal-metal orbital and antiferromagnetic sub-lattices orbitals. The red
circles represent the up-spins whereas the blue ones are the down-spins.

In a matrix form, the Hamiltonian matrix reads:

HN
σ =

 εi −2 t (cos kxa+ cos kya)

−2 t (cos kxa+ cos kya) εi

 (3.3)

where εi = tii is the on-site energy and t is the intersite hopping integral, t = tij, i 6= j.

The eigenvalues and eigenfunctions can then be easily obtained:

εNk,σ = εi − 2 t (cos kNx a+ cos kNy a) (3.4)

ΦN
k,σ = |C〉 ⊗ |σ〉 (3.5)
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Here, εNk,σ is the allowed energy spectrum of the conduction electrons, as calculated

in Fig.3.2 (a), and Φkσ represents the eigenstates labelled with the reciprocal vector,

kN , which is restricted to the first normal-metal Brillouin zone, and Pauli spin σ.

On the other hand, the collinear antiferromagnets are composed of two sub-lattices

A and B carrying magnetic moments pointing in the opposite directions. In L-type

antiferromagnets, the system consists in monolayers with magnetic moments aligned

antiparallel, whereas in G-type antiferromagnets, each magnetic moment is aligned

antiparallel with its surrounding nearest neighbors [64]. Hence, the corresponding

Hamiltonian reads:

HAF =
∑
〈i,j〉,σ

[c†i,j(−1)i+j∆σzci,j − tm(c†i,jci+1,j + c†i,jci,j+1 + h.c.)] (3.6)

again, the sum runs over the immediate neighbors sites i, j of the unit cells A and B.

Here, tm is the nearest-neighbor hopping parameter and (−1)i+j∆ is the exchange en-

ergy that couples the itinerant electrons’ spins with the local magnetic moments that

are directed toward ẑ and −ẑ on A and B sub-lattices, respectively. The operators

ci,j and c†i,j are the annihilation and creation operators for a single-particle states |A〉

and |B〉 in a unit cell with spin σz while h.c. stands for their hermitian conjugates.

Then the Hamiltonian matrix reads:

HAF
σ =

εi + γx + σ∆A γy

γy εi + γx − σ∆B

 (3.7)

where γx and γy in L-type are defined as (−2 t cos kAFx a) and (−2 t cos kAFy a), while

in G-type they are equal to (0) and −2 t (cos kAFx a + cos kAFy a), respectively. The

exchange coupling parameters of the sub-lattices ∆A and ∆B equally couple the con-

duction electrons spins with the sub-lattices spins.

The resulting band structures εAFk,σ,η for L-type are quite different from those of
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G-type (Fig.3.2 (b) and (c)) since they exhibit dissimilar magnetic configurations.

εAFLk,σ,η = γx + η
√
γ2
y + ∆2 (3.8)

εAFGk,σ,η = η
√
γ2
y + ∆2 (3.9)

The trial eigenfunctions read

ΦAF
σ,η =

(√
1 + ησ

∆√
∆2 + γ2

y

|A〉 − η
√

1− ησ ∆√
∆2 + γ2

y

|B〉

)
⊗ |σ〉 (3.10)

The eigenstates φAFσ,η are superpositions of |A〉 and |B〉 and indexed by the spin index

σ and the band index η, where η refers to the conduction η = −1 or valence η = 1

bands.

Figure 3.2: The band structures along ky = 0 for the (a) normal-metal and (b) L-type
and (c) G-type antiferromagnets.

The momenta of conduction electrons kN live in first Brillouin zone of the normal-

metal lattice, whereas the antiferromagnetic momenta kAF lie in the magnetic Bril-

louin zone. In this work, we consider, beside the Normal scattering, the Umklapp

scattering that arises from the staggered antiferromagnetic interfaces with 2a0 period-

icity [29]. The Umklapp wave vector can be determined as follows. We first construct

the first Brillouin zones (Fig.3.3) with Fermi surfaces (Fig.3.4) of the normal-metal
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lattice and of antiferromagnetic sub-lattices, we notice their topological difference re-

sulting in the Fermi surface of the normal-metal falls outside the magnetic Brillouin

zone. This difference arises from the fully compensated antiferromagnetic interface

along ŷ that leads to a magnetic Brillouin zone that is twice as small as that of the

normal metal’s such that kNy −kAFy = π
a
. Therefore, the Umklapp channels open with

dispersion relation:

εU = −2t
(

cos (kxa) + cos (ky −
π

a
)a
)

(3.11)

Figure 3.3: Schematic of the reciprocal spaces. (a) Represent the L-type antiferro-
magnet and (b) of the G-type antiferromagnet. The black squares represents the
normal metal whereas the shaded areas are the magnetic Brillouin zones. (c) A Rep-
resentation of the one-dimensional Brillouin zones (black) and blue dashes represent
the edges of the (normal-metal) and antiferromagnetic zones, respectively. The mo-
mentum q lies outside the first magnetic Brillouin zones and translated back to it by
the Umklapp momentum qU .

In order to characterize the transport properties of these heterostructures, we

solved the boundary conditions at the interfaces.
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Figure 3.4: The calculated Fermi surface of the (a) L-type and (b) G-type anti-
ferromagnets and normal-metal Normal and Umklapp dispersion. Solid gray lines
correspond to Umklapp Fermi surface, whereas blue, red and green lines correspond
to Normal, antiferromagnetic lower band (η = −1) and upper band (η = +1) Fermi
surfaces, respectively.

3.2 Umklapp scattering in wave matching conditions:

In hetereostructures, the interfaces resist the transport of electron Bloch wave func-

tion. This resistance arises from the discontinuities in the electronic structure and

the impurities at the interfaces [32]. To determine the boundary conditions, we first

assume that the itinerant electron coming from the normal-metal is impinging on the

staggered antiferromagnetic interface. Consequently, it scatters against the interface

acquiring different phase factors depending on its outgoing direction.

For periodic boundary conditions, the scattering wave functions are expanded

along x̂, ŷ directions in terms of the orbitals |C〉 and assumed to be originated from

the normal-metal toward the compensated antiferromagnetic interfaces at x = 0.

Therefore, the scattering state in the normal-metal side can be written as a superpo-

sition of the incoming wave and the reflected wave:

ψNkN ,σ =
[ 1√

2kNx
ei(k

N
x x+kNy y) +

∫
1√
2kN ′x

dk
′

2π
rσ(k

′
)e−i(k

N′
x x+kN

′
y y)
]
|C〉 ⊗ |σ〉 (3.12)
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the scattering states ψNk,σ are labelled with wave vector kN and electron spin σ. On

antiferromagnetic side, the scattering state reads:

ψAFkAF σ,η =
∑
η

∫
dk
′

2π
tσ,η(k

′
)ei(k

AF ′
x x+kAF

′
y y)

[
aσ|A〉 − ηbσ|B〉

]
⊗ |σ〉 (3.13)

where ψAFσ,η are expanded combination of the |A〉 and |B〉 orbitals, indexed with the

electronic band η and spin σ. Here, aσ and bσ are the coefficients that quantify the

projection of the wave function on a given sub-lattice where aσ =
√

1 + ησ ∆√
∆2+γ2y

and bσ = −η
√

1− ησ ∆√
∆2+γ2y

.

The Bloch wave function from the normal-metal side ψN is considered to be trans-

lationally invariant with lattice constant a0 such that ψNkN ,σ = eikya0ψNkN ,σ whereas

in the magnetic side the wave function is invariant with 2a0 periodicity such that

ψAFkAF ,σ = ei2kya0ψAFkAF ,σ.

At the interface, the antiferromagnetic order is fully compensated. Therefore,

when projecting the antiferromagnetic sub-lattices orbitals |A〉 and |B〉 onto the nor-

mal basis |C〉, we notice that there is a phase shift factor resulting from the scattering

that follows ei(k−k
′)a = eiδa. Hence, 〈A|C〉 = 1, whereas the sub-lattice B is shifted

by a lattice constant a0 such that 〈B|C〉 = 〈A|C〉eiδa where δ = π/a. This leads

to the Umklapp scattering that arises at the antiferromagnetic compensated inter-

face. Therefore, integrating over
∫∞
−∞ dye

−ikyy leads to a set of two configurations

corresponding to δ = 0 and δ = π
a
.

Now, the boundary conditions can be easily solved. In this project, we consider two

systems: bilayer and trilayer antiferromagnetic heterostructures, therefore, imposing

the continuity of the wave functions and its derivatives at the chosen interface will

be discussed in the next chapter.
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Chapter 4

Spin transport in antiferromagnetic Heterostructures

In this chapter, we survey the spin transport across two dimensional antiferromagnets:

metallic and insulators. In the first section, we investigate the Umklapp scattering

at the normal-metal/antiferromagnetic bilayer. We find that the Umklapp scattering

probabilities for both systems increase with the increase of the exchange parameter

and with increasing the incident angle along ky.

The second section deals with the spin transport in trilayers of normal-metal/

antiferromagnetic heterostructures. This section contains two subsections. First, we

study the spin mixing conductance in L-type and G-type antiferromagnets. Then, we

investigate the dephasing length in ferromagnet, ferrimagnet and antiferromagnet by

calculating the spin mixing conductance in the metallic regime.

4.1 Umklapp scattering at N/AF interfaces

In this section, we compute interface transport coefficients in the bilayer systems. At

the interfaces, x = 0, the continuity of wave function and its derivative is imposed,

consequently, four equations with four amplitudes are obtained:
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1 + cσ =
∑
η

tσ,η(aσ − ηbσ),

1− cσ =
∑
η

kAFx,η
kNx

tσ,η(aσ − ηbσ),

dσ =
∑
η

tσ,η(aσ + ηbσ),

−dσ =
∑
η

kAFx,η
kUx

tσ,η(aσ + ηbσ),

(4.1)

here, cσ and dσ are the Normal and the Umklapp reflection amplitudes of the electron

indexed with σ in which the total reflection amplitude reads rσ = cσ + dσ, whereas

tσ,η is a transmission amplitude of the electron with spin σ to the band η. In fact,

the transmission to the antiferromagnetic sub-lattices is spin independent [55]. By

solving the equations we get the reflection and transmission coefficients:

cσ =

∑
η α

2
σ,η(k

U
x + kAFx,η )(kNx − kAFx,η )∑

η α
2
σ,η(k

U
x + kAFx,−η)(k

N
x − kAFx,η )

,

dσ =
2kNx ασ,+ασ,−(kAFx,− − kAFx,+)∑
η α

2
σ,η(k

U
x + kAFx,−η)(k

N
x − kAFx,η )

,

tσ,η =
2kNx ασ,η(k

U
x − kAFx,η )∑

η α
2
σ,η(k

U
x + kAFx,−η)(k

N
x − kAFx,η )

,

(4.2)

where kβx is a function of transverse wave vector ky and electron energy ε, β stands

for (N normal-metal, U Umklapp and AF antiferromagnets), and ασ,η = (aσ − ηbσ)

represents the combination of the antiferromagnetic wavefunction coefficients. It is

verified that c↑ = c↓ and d↑ = −d↓ as suggested by Takei et al. [30]. The associated
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scattering probabilities then reads;

Cσ = |cσ|2,

Dσ =
kUx
kNx
|dσ|2,

Tσ,η =
∑
η

kAFx,η
kNx

(αη + α−η) |tσ,η|2.

(4.3)

These satisfy Rσ +Dσ +
∑

η Tσ,η = 1. From this calculation, we conclude that we

have six scattering wave vectors corresponding to the following. The reflection ampli-

tudes are functions of Normal and Umklapp wave vectors (−kNx , ky) and (−kNx , ky+δ),

respectively. On the other hand, we have four wave vectors (kAFx,η , ky) transmitted to

band η: the Normal αη|tσ,η|2 and Umklapp α−η|tσ,η|2 transmission amplitudes.

With that being said, we calculate the scattering properties as functions of the

transverse wave vector kNy . An incident electron with energy E = −0.5 scatters

against the staggered interfaces with scattering probabilities displaying on Fig.4.1.

In order to conserve electron momentum, Bragg’s reflection condition k′−k = q+G

Figure 4.1: The scattering probabilities Pσ at (a) L-type and (b) G-type antiferro-
magnetic staggered interfaces. The dashed lines represent the Fermi surface of the
normal-metal (green), the Umklapp (gray) and the magnetic sub-lattice :η = −1
(blue) and η = 1 (light green).
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is applied where the transition between states is related to the angle between them

such that k′−k
k

= 1− cos θ, here k and k′ are the initial and final state wave vectors

while G is the reciprocal lattice vector equals to δ.

From Fig.4.1, we see at small angle regime θ ' 0, one finds that only one band

contributes to the conduction resulting in specular scattering of electron in both an-

tiferromagnets. However, at large angle, intriguing things happen. In L-type antifer-

romagnet, three types of scattering are present: transmission to upper band η = +1

and to lower band η = −1 in addition to the Umklapp reflection. It is worthwhile to

note that the transmission to upper and lower bands can be decomposed into Normal

and Umklapp transmission due to the interplay between these two bands.

On the other hand, the scattering in G-type antiferromagnet is less complicated.

The incoming electron can only conduct to one band and the other is empty (we

remind that the conduction band is η = −1). At large angle, the Umklapp reflection

appears, particularly, at the vicinity around kNy a = π/2 since the Umklapp band

opens at the region where reciprocal lattice vector translated back the Normal metal

band up to δ = π/a.

As a matter of fact, the Umklapp scattering in metallic case includes two am-

plitudes (reflection and transmission). These probabilities increase with increasing

the exchange energy between the conduction electron’s spin and the local magnetic

moment ∆ as shown in Fig.4.2.

In Fig.4.2(a), in L-type antiferromagnets all bands contribute to the conductions.

We have three different figures corresponding to the Umklapp scattering channels:

transmissions to lower band TUσ− , upper band TUσ+ , and the reflection. As shown,

the Umklapp transmission to the lower band probability increases in magnitude and

gets broader along the momentum space while the transmission to the upper band

decreases and gets narrower because when the exchange coupling increases, the upper

band, eventually, becomes insulating. Therefore, the conduction electron spin can not
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Figure 4.2: The Umklapp scattering probabilities at (a) L-type and (b) G-type anti-
ferromagnetic at energy E = −0.5 with different exchange energies ∆

couple easily to the upper band.

In G-type (Fig.4.2(b)), Umklapp transmission TUσ− spikes at the edge of Fermi

surface and increases with increasing the exchange energy. On the other hand, the

Umklapp reflection Dσ in L-type and G-type antiferromagnets spreads at vicinity

around kNy a = π/2 and gets larger when increasing the antiferromagnetic exchange

energy.

In fact, the Umklapp probabilities grow in both antiferromagnets, however, in

L-type they are larger than those in the G-type due to the bands couplings in the

L-type antiferromagnets.

To understand the correlation between the exchange energy and the itinerant elec-

tron energy we calculated the interface Umklapp scattering probabilities as function

of electron energy at kNy a = π/2, see Fig.4.3.

At kNy a = π/2 one expects to observe the Umklapp scattering at the staggered
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Figure 4.3: The Umklapp scattering probabilities at kya = π
2

as functions of energy
with different exchange ∆ parameters at (a) L-type and (b) G-type antiferromagnetic
staggered interfaces. The upper panel in (a) shows s the TUσ+ (solid) TUσ− (dashed)
lines wherase the bottom panel is the Umklapp reflection. The solid lines in (b)
represent the Umklapp transmissions TUσ and the dashed lines are the Umklapp
reflections Dσ.

antiferromagnetic interfaces. In L-type (Fig.4.3.(a)), we can see the symmetrical

behavior because of the scattering processes between the two bands. Here, TUσ−

dominates over TUσ+ at energies less than E = −2 while at larger energies, the TUσ+

d. This is because the conduction electron’s energy band at kNy a = π/2 is located in

between the L-type antiferromagnetic bands.

However, in G-type (Fig.4.3.(b)), the Umklapp scattering starts appearing at en-

ergies |E| < ∆. The Umklapp transmission spikes and vanishes at small energy

range while the Umklapp reflection is present throughout the forbidden energy gap

with large probability. The Umklapp scattering is larger in magnitude and broader

in range in L-type than in G-type which emphasizes the strong dependence of the

Umklapp on the internal magnetic structures.
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4.2 Spin transport in N/AF/N trilayers

In this section, we investigate the Umklapp process at the compensated and uncom-

pensated interfaces of trilayer heterostructures by implementing the scattering wave

function in a multilayer. We construct the wave function in the antiferromagnetic

spacer as a superposition of sin(kAFx,η x) and cos(kAFx,η x) such that :

ψkAFx,σ,η =
∑
η

[(
Aη cos (kAFx,η x) +Bη sin (kAFx,η x)

)(
aσ|A〉 − ηbσ|B〉

)]
⊗ |σ〉. (4.4)

Applying the same boundary conditions and imposing the continuity of the wave

function and its derivatives at x = −d and x = d, we get eight equations with eight

amplitudes corresponding to the reflection, cσ , dσ and transmission, fσ, lσ, (Normal

and Umklapp) and Aη and Bη amplitudes. In this particular case we assume that the

scattering amplitudes decompose into Normal and Umklapp coefficients such that:

rσ = cσ + dσ and tσ = fσ + lσ

cσ =

∑
η(Aη cos(kAFx,η d)ασ,ηD2 −Bη sin(kAFx,η d)ασ,ηD1)e−2ikNx d −D1D2e

−2ikNx d

D1D2

fσ =

∑
η

(
Aη cos(kAFx,η d)ασ,ηD2 +Bη sin(kAFx,η d)ασ,ηD1

)
e−2ikNx d

D1D2

dσ =

∑
η η
(
Aη cos(kAFx,η d)ασ,−ηD2 −Bη sin(kAFx,η d)ασ,−ηD1

)
ei(k

N
x +kUx )d

D1D2

lσ =

∑
η η
(
Aη cos(kAFx,η d)ασ,−ηD2 +Bη sin(kAFx,η d)ασ,−ηD1

)
ei(k

N
x +kUx )d

D1D2

(4.5)

where the wave function amplitudes Aη = χU−ηασ,η and Bη = λU−ηασ,η, whereas D1 =∑
η χ

U
−ηχ

N
η α

2
σ,η , D2 =

∑
η λ

U
−ηλ

N
η α

2
σ,η, χ

N,U
η = ikN,Ux cos(kAFx,η d) + kAFx,η sin(kAFx,η d) and

λN,Uη = ikN,Ux sin(kAFxη d) − kAFxη cos(kAFxη d), again ασ,η = (aσ − ηbσ) represents the

combination of the antiferromagnetic wavefunction coefficients..
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4.2.1 Spin mixing conductance in antiferromagnetic het-

erostructures

In this subsection we calculate the spin mixing conductance by making use of the

above microscopic calculations. By definition, the reflected and transmitted mixing

conductances read [32]

G↑↓r = 1− 1

2π

∫ π

−π
dky(c

∗
↓c↑ + d∗↓d↑)

G↑↓t =
1

2π

∫ π

−π
dky(f

∗
↓ f↑ + l∗↓l↑)

(4.6)

We remind that both spin mixing conductances can be parsed into a real and

an imaginary part, G↑↓ = ReG↑↓ + ImG↑↓, which quantifies how an incoming spin

current is reoriented upon reflection and transmission.

In Fig.4.4, we calculate the spin mixing conductance as a function of the antifer-

romagnetic layers thickness. Spin mixing conductance in (a) L-type antiferromagnet

shows a notably different oscillation pattern compared with (b) G-type antiferroma-

gent.

The transmitted spin mixing conductance, G↑↓t , in (Fig.4.4.(a)) displays an oscil-

lation pattern around a constant value, here 0.5, due to the invariant spin density

profile. In G-type antiferromagnet, however, it displays a flat behavior due to the

staggered spin density profile that gets through the antiferromagnet [60].

The staggered spin density indicates that the spin moments compensate each

other, therefore, there is no energy splitting between their wave vectors. In addition,

these results reveal that the torque exerted by the itinerant electron on the local mag-

netic moments is spatially invariant along the transport direction in L-type whereas

in G-type it is staggered. The reflected spin mixing conductance G↑↓r in both systems

shows a flat behavior with large amplitude compared with the transmitted one due to

the normal-metal conductance contribution (Eq.4.6). Furthermore, it is worth noting



54

Figure 4.4: The calculated spin mixing conductance at metallic (a) L-type and (b)
G-type antiferromagnetic staggered interfaces. The solid green and (dashed red) lines
represent the real G↑↓ in metallic and (insulating) regimes while the blue line is the
imaginary part. The panels in (a) show the amplitude and period difference between
two regimes.

that the imaginary part is absent in both systems, therefore, one can conclude that

the transverse components of the incoming spin current is not entirely absorbed by

antiferromagnets.

Now, let us increase the exchange energy to E = −0.5, ∆ = 1.5. In (a) L-type, the

upper band becomes insulating yet only the lower band conducts the electron spin,

therefore, we observe a non-vanishing transmitted spin mixing conductance G↑↓t , plot-

ted in red dashed line. In fact, in this particular case, the L-type antiferromagnet

shows a similar behavior to that of the metallic G-type antiferromagnet presented

above. On the other hand, in G-type both bands become insulating resulting in all

transmitted wave vectors are evanescent, hence a vanishingly small spin mixing con-

ductance is observed (Fig.4.4(b)). In both cases, we verify that reflected spin mixing

conductance can be calculated with G↑↓r = 1− 1
2π

∫ π
−π dky(|c|

2 − |d|2) as suggested by

Ref.[29]. Moreover, we still have a flat reflected spin mixing conductance, yet the
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L-type has a larger amplitude.

To conclude, spin mixing conductance is related to the nonequilibrium spin den-

sity, hence, the behavior of spin mixing conductance is strongly dependent on the

internal structure of the magnetic material.

4.2.2 Modification of the spin dephasing length through ferro-

to antiferromagnetic transition

To understand how the magnetic order influences the absorption of a spin current

inside the magnetic material, we vary the magnetic exchange from ferromagnetic,

to ferrimagnetic and antiferromagnetic coupling. We consider a simple square crys-

tal structure in which each magnetic moment aligns parallel with its neighboring

described by the tight binding Hamiltonian:

H =

εi + σ∆A γy

γy εi + σ∆B

 (4.7)

where γy = −2(cos kxa + cos kya). The exchange interaction between sub-lattices A

and B is varied such that ∆A = ∆B 7→ ∆A 6= ∆B 7→ ∆A = −∆B to represent the

three typical situations: ferromagnet, ferrimagnet and antiferromagnet, respectively.

However, due to their different magnetic structures, the magnetic densities at the

interfaces are different as illustrated in Fig.4.5. As a matter of fact, it has been

theoretically investigated that the magnetic density at the interface has an influence

on the spin mixing conductance [75].

In this subsection, we first study the transmitted G↑↓t and reflected G↑↓r spin mixing

conductance at the magnetic interfaces. The system under study consists of a thick

magnetic layer with thickness d embedded in between two normal-metals, following

the procedure given above. Fig.4.6 shows the behavior of the spin mixing conductance

in the metallic regime of ferromagnet, ferrimagnet and antiferromagnet as a function
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Figure 4.5: Schematics magnetic interfaces show spin densities profile experienced by
the incoming electrons scattering off of (a) a ferromagnetic, (b) an uncompensated
ferrimagnetic and (c) a compensated antiferromagnetic interfaces. Influenced by [68]

of the thickness d.

Figure 4.6: The calculated (a) transmitted G↑↓t and (b) reflected G↑↓r spin mixing con-
ductance as function of transitions layer thickness. The solid (dashed) lines represent
the real ReG↑↓ (imaginary) ImG↑↓ spin mixing conductance.

From calculating spin mixing conductance, one can extract the behavior of the spin

dephasing. The characteristic dephasing length depends on the difference between
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up-spin and down-spin wave vectors such that λ = 2π

k↑F−k
↓
F

that is the source of the

oscillatory behavior observed in spin mixing conductance.

It is clear that in the ferromagnetic case, G↑↓t exhibits an oscillatory behavior

due to the large separation between the Fermi surface wave vectors k↑F and k↓F and

oscillates around zero. Similar behavior is observed in the ferrimagnetic case, yet with

a longer period due to the small difference between the up-spin and down-spin wave

vectors. On the contrary, in the antiferromagnetic case, the spin mixing conductance

is constant and displays a flat behavior due to the absence of the energy splitting

between the Fermi surface components.

Turning to the reflected spin mixing conductance, G↑↓r , we find that, in ferromag-

net, the real part oscillates around a constant number with smaller amplitude and

frequency comparing with the transmitted one. In ferrimagnet and antiferromagnet,

on the contrary, it displays nearly a flat behavior at a constant number coming from

the normal-metal contribution (Eq.4.6). The imaginary part is negligently small in

both ferromagnet and ferrimagnet while it is absent in antiferromagnet.

The behavior of the reflected mixing conductance is a result of destructive in-

terference. That is to say, when the spin current is reflected from the magnetic

interfaces, the spin experiences a reorientation. Therefore, when integrating over the

Brillouin zone, all the states interfere with each other destructively. Unlike the anti-

ferromagnetic case, the spin transverse component is absorbed by the ferromagnetic

and ferrimagnetic layer since the imaginary transmitted spin mixing conductance is

present.

Spin mixing conductance is an insightful property that tells us how much the spin

can penetrate into the magnetic layer. Therefore, in ferromagnetic heterostructures,

the two interfaces hardly communicate with each other that is to say the injected spin

experiences a large decay with the dephasing length λ = 2π

k↑F−k
↓
F

. On the other hand,

antiferromagnetic the dephasing length goes to infinity λ =∞, which indicates that
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in this class of collinear antiferromagnets, spin currents can be transmitted over large

distances in principle..
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Chapter 5

Conclusion

In this thesis we investigate the Umklapp scattering at the staggered antiferromag-

netic interfaces and the associate spin mixing conductance in different regimes. We

start by constructing the normal metal and antiferromagnetic layers by adopting the

tight binding model and extracting their Brillouin zones. Then, we conclude that the

Umklapp scattering appears due to the topological difference between the normal-

metal and antiferromagnetic Brillouin zones. In addition, there is a relation between

the incident angle and the emergence of Umklapp scattering, which is correlated to

the antiferromagnetic sub-lattices interchange. This causes the non-vanishing spin

mixing conductance at compensated antiferromagnetic interfaces. Furthermore, we

investigate the immersion of spin current inside different magnetic materials and find

that the spin depahsing length approaches infinity in antiferromagnets while in fer-

romagnets it decays over a finite distance.

This research has been focused on two-dimensional collinear antiferromagnets only,

yet it can be easily extended to three-dimensional systems. The non-collinear antifer-

romagnets offer non-trivial features (such as anomalous Hall effect and magnetic spin

Hall effect) and are attracting substantial amount of interest in the field of antiferro-

magnetic spintronics. They might present a distinct behavior of Umklapp scatterings.

In addition, the spin dephasing behavior in non-collinear antiferromagnets is still un-

revealed. For more comprehensive transparency, the transmitted and reflected spin

densities can be mapped using computational simulations such as KWANT, to visu-

alize and distinguish the Normal and Umklapp densities distributions.
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