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Abstract

Knock formation and its intensity for a stoichiometric ethanol/air mixture under a representative end-gas auto-ignition
condition in IC engines with temperature inhomogeneities are investigated using multi-dimensional direct numerical
simulations (DNS) with a 40-species skeletal mechanism of ethanol. Two- and three-dimensional simulations are
performed by systematically varying temperature fluctuations and its most energetic length scale, lT . The volumetric
fraction of the mixture regions that have the propensity to detonation development, FD, is proposed as a metric to
predict the amplitude of knock intensity. It is found that with increasing lT , FD shows a good agreement with the heat
release fraction of the mixture regions with pressure greater than equilibrium pressure, FH . The detonation peninsula
is well captured by FD and FH when plotting them as a function of the volume-averaged ξ, ξ, (ξ = a/S sp is the ratio of
the acoustic speed, a to the ignition front speed, S sp). Decreasing lT is found to significantly reduce the super-knock
intensity. The results suggest that decreasing lT , as in engines with tumble designs resulting in a smaller turbulence
scale, will be effective in mitigating the the super-knock development.
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1. Introduction

Downsized and highly-boosted internal combustion
(IC) engines offer higher thermal efficiency. However,
the operating condition of elevated pressure has a higher
propensity for undesired pre-ignition, knock, and even
super-knock events [1]. Clearly distinguished from
knock, super-knock is characterized by detonation de-
velopment and extremely high-peak amplitudes of pres-
sure oscillations that will damage engine components.
A reliable criterion to predict super-knock is needed to
prevent destructive operation of combustion devices.

Zeldovich’s pioneering work [2] on a thermally strat-
ified mixture classified the five different modes of com-
bustion wave propagation: homogeneous thermal ex-
plosion, supersonic auto-ignitive detonation, develop-
ing and developed detonation, subsonic auto-ignitive
front propagation, and normal flame deflagration. Ac-
cording to the theory, the spontaneous propagation
speed of an ignition front is determined by the spatial
gradient of the ignition delay times, i.e. S sp = |∇τig|

−1.
Gu and Bradley [3] further identified different propa-

gation modes on a diagram in ξ−ε coordinates, where
ξ= a/S sp is the acoustic speed normalized by the auto-
ignition flame velocity, and ε = (rhs/a)/τe is the ratio
of the acoustic residence time, rhs/a, within the hot spot
with a radius rhs, to the excitation time, τe, which is typ-
ically defined as the duration from 5% of the peak heat
release rate (HRR) to the peak HRR.

The ε− ξ diagram has been widely adopted in one-
dimensional (1-D) configurations to study the inter-
action between flame propagation and end-gas auto-
ignition, and the effects of boundary conditions, domain
size, hot-spot location, and cool flames on detonation
development [4–11]. Deflagration to detonation transi-
tion (DDT) was studied by Wei et al. [9] using two hot
spots. Pan et al. [12] found that the detonation termina-
tion and formation conditions are mostly located around
the upper branch of ξ, and the reactivity of the mixture
outside the hot spot also plays an important role in det-
onation development.

Terashima et al. [7] showed that the size and position
of auto-ignition kernels relative to the cylinder wall have
a significant effect on the pressure oscillation intensity.
Recently, Chen and coworkers [13] further refined the
ξ−ε diagram by calibrating ξa, which is evaluated us-
ing the actual transient auto-ignition front speed, and
showed that the detonability of a hot spot is well cap-
tured by the ξa−ε peninsula.

Beyond the simplified 1-D detonation configura-
tion, the ξ − ε diagram has also been applied to
multi-dimensional problems to investigate the effect of

chemistry-turbulence interaction in knocking formation
[14, 15], and the super-knock mechanism with a real-
istic IC engine geometry using large eddy simulations
(LES) [16, 17]. Nevertheless, more extensive para-
metric studies are needed to quantitatively extend the
regime criteria based on 1-D isolated ignition kernel to
multi-dimensional conditions in the presence of multi-
ple hot spots and interactions among propagating fronts.
Ultimately, the local and deterministic ξ − ε criterion
should be translated into the statistical quantities such
as mean and variance of fluctuations in RANS or LES
simulations for prediction in real engines. This study is
in line with the ignition regime diagram proposed by Im
et al. [18, 19], to be extended to detonation prediction.

As a first step towards the goal, the present study
explores a number of multi-dimensional DNS simula-
tions of homogeneous mixture in the presence of ran-
dom temperature fluctuations, representative of realistic
IC engine conditions. In particular, the effect of most
energetic length scale of temperature fields on the knock
intensity is investigated in details, including the effects
of interaction of multiple fronts. A statistical average of
the multi-dimensional data is used to correlate the initial
level of temperature fluctuations and length scales with
the detonation intensity.

2. Numerical methods and initial conditions

The KAUST Adaptive Reacting Flow Solver
(KARFS) [20, 21] is adopted for this investigation,
which solves the fully compressible Navier–Stokes,
species and energy equations for gaseous mixtures.
An eighth-order finite-difference scheme was em-
ployed for the spatial discretization of the diffusive
terms, while the convective terms were discretized
using a seventh-order mapped weighted essentially
non-oscillatory scheme to capture shocks waves. The
solution was advanced in time utilizing a second-order
operator-splitting strategy with a fourth-order explicit
Runge–Kutta method for transport and variable-order
backward differentiation formulas for chemistry. Peri-
odic boundary conditions were imposed in all directions
such that ignition occurs in a constant volume.

The fuel under consideration is ethanol. Despite
having a high-octane-number, i.e. high resistance to
auto-ignition, ethanol exhibits a high tendency to pre-
ignition [22], a characteristic attributed to its small
flame thickness and high laminar flame speed [23].
The uncontrolled early flame development increases the
temperature and pressure of the end-gas that may in-
duce a strong end-gas auto-ignition, and even super-
knock under high-load and/or high-temperature condi-

2



tions [22, 23]. A skeletal mechanism consisting of 40
species and 576 reactions was adopted, which has been
validated over a wide range of equivalence ratio, pres-
sure, and temperature conditions [24]. To replicate the
end-gas auto-ignition conditions and reduce the com-
putational cost for this multi-dimensional parametric
study, a high initial mean temperature, T0, of 1200 K, is
selected. All DNS simulations were performed with ini-
tial uniform equivalence ratio, φ0, and pressure, P0, of
1.0 and 35 atm, respectively, to represent the near top-
dead-center conditions of an optical engine [25]. The
ethanol/air mixture with the chosen initial conditions of
1200 K, 35 atm, and φ0 of 1.0 has the homogeneous
ignition delay time, τig of 75 µs, excitation time (i.e.,
5% peak HRR–peak HRR), τe of 0.66 µs, and constant-
volume equilibrium pressure, Pe of 99 atm. Other rel-
evant parameters for this mixture are the von-Neumann
pressure, PZND of 315 atm, Chapman-Jouguet pressure,
PCJ of 185 atm, and Chapman-Jouguet speed, VCJ of
1836 m/s.

Case lT T ′ ξ FD FH FZND Domain size
(mm) (K) (Lx,y,z in mm)

lT 1a1−3 1 15.0 48.0 0.04 0.07 0.00 82

lT 2a1−3 2 15.0 24.0 0.13 0.25 0.05 82

lT 2-3D 2 15.0 24.5 0.12 0.22 0.02 83

lT 5a1−3 5 15.0 9.7 0.58 0.60 0.20 20.482

lT 5-3D 5 15.0 10.0 0.54 0.58 0.10 20.48 × 10.242

lT 1b 1 1.4 4.3 0.94 0.18 0.00 82

lT 2b 2 0.3 0.5 0.06 0.08 0.00 82

lT 2c 2 3.0 4.8 0.94 0.23 0.02 82

lT 2d 2 8.0 1.3 0.40 0.24 0.04 82

lT 4a 10 10.0 8.2 0.68 0.54 0.12 20.482

lT 4-3D 10 10.0 8.4 0.68 0.50 0.07 20.48 × 10.242

lT 5b 5.0 0.6 0.4 0.01 0.07 0.00 20.482

lT 5c 5.0 0.8 0.5 0.05 0.11 0.00 20.482

lT 5d 5.0 2.0 1.3 0.60 0.36 0.01 20.482

lT 5e 5.0 5.0 3.2 0.93 0.52 0.08 20.482

lT 5f 5.0 7.0 4.6 0.95 0.53 0.11 20.482

lT 5g 5.0 10.0 6.4 0.83 0.62 0.17 20.482

lT 5h 5.0 12.0 7.8 0.70 0.61 0.18 20.482

lT 5i 5.0 20.0 13.0 0.38 0.53 0.20 20.482

lT 10a 10 3.0 0.98 0.47 0.40 0.05 40.962

lT 10b 10 7.5 2.5 0.90 0.72 0.08 40.962

lT 10c 10 15.0 4.9 0.93 0.76 0.20 40.962

Table 1: Physical parameters of 2-D and 3-D DNS cases. a1−3 denote
three cases with the same lT generated with different random seeds.

The initial temperature fluctuations as shown in Fig. 2
in all DNS cases were prescribed by a spectrum func-
tion [26] to generate isotropic temperature fields. In this
study, the initial velocity field is quiescent to isolate the
effect of temperature fluctuations. The effects of turbu-
lent velocity interacting with temperature fluctuations
are being investigated in a separate study [27].

The detonation peninsula is governed by ε and ξ [28].
Ideally, by performing an appropriate scaling analysis
[18, 29, 30], one may derive a set of predictive εp and ξp

numbers to represent the overall bulk mixture in multi-
dimensional denotative problems. This merits studies
that require different data sets to validate the predicted
quantities. In this regard, this study attempts to exam-
ine the effect of the characteristic most energetic length
scale of temperature, lT , and root-mean-square (RMS)
temperature fluctuation, T ′, on ε and ξ. Therefore, the
first set of DNS cases (gray in Table 1) is performed
by employing four different lT of 1 mm, 2 mm, 5 mm,
and 10 mm, as relevant to IC engines [1, 31] to examine
the hot-spot size effect, and fixing the same T ′ of 15 K,
which is also comparable to the experimental value of
13.3 K observed in a compression ignition engine [31]
to resemble realistic engine conditions.

A second set of DNS cases is also performed by vary-
ing both lT and T ′ to systematically investigate their
effect on ε and ξ. Peters et al. [30] found that in the
context of isotropic temperature field fluctuations, rhs

is comparable with the mean distance of the dissipa-
tion elements, lDE , over which the temperature profile
is monotonic that can be approximated as lDE ≈ 2λT ,
where λT is the Taylor mixing scale. In this study,
the calculated lDE is approximately equal to lT /256.
Based on the Taylor mixing scale, Towery et al. [32]
proposed a statistical model to compute εp for highly
compressible homogeneous isotropic turbulence fluctu-
ations, εp = 2λT /(armsτexo) where a and τexo are mass-
weighted sound speed and exothermicity time, respec-
tively (see Ref. [32] for details). In this study, at the
the initial conditions of T0, P0, and φ0, unity εp corre-
sponds to lT = 3.3 mm. Accordingly, it suggests that
the cases with εp < 1 (i.e., lT of 1 mm and 2 mm with
εp of 0.3 and 0.6) are less likely to develop detonation
while the cases with εp of 1.2, 1.4, and 3.8 for lT of 4
mm, 5 mm, and 10 mm, respectively, are more likely to
develop strong detonation if ξl < ξ < ξu, which will be
assessed in the subsequent sections.

The key hypothesis of the study is that the detona-
tion characteristics depend strongly on the statistical
distribution of ξ according to the Bradley diagram [3].
As such, for each initial temperature field, its volume-
average, ξ, and probability density function, P(ξ), are
computed, from which the volume fraction of the do-
main prone to detonation development is determined
by [30]

FD =

ξu∫
ξl

P(ξ)dξ , (1)

where ξu and ξl correspond to the upper and lower ξ
limits of the C-shaped curve in the Bradley diagram [3].
While ξu and ξl are functions of ε, the dependence can
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Figure 1: (a) the normalized maximum pressure as a function of ξ, and the ξ − ε diagram for different hot spot sizes [4].

become weak and be neglected if lT is large enough.
A series of 1-D planar simulations at the same T0, P0,
and φ0 were performed by varying a linear temperature
slope and hot-spot sizes as in [4] to determine ξl and ξu.
The ξ and ε values are computed at the middle point of
the hot spot [3–6]. The 1-D results in Fig. 1 reveal that
for rhs > 0.2, Pmax/PZND is significantly greater than
1.1Pe for a range of ξ which varies with rhs. Addition-
ally, the hot-spot size in the 1-D simulations is one order
of magnitude greater than lDE of the multi-dimensional
cases. For simplicity purposes, the ξl and ξu values that
are used to compute FD are roughly chosen to be ap-
proximately 1 and 10, respectively, which is consistent
with the range of ξ in [3, 32].

For a given initial condition, FD serves as a pre-
dictive indicator of the subsequent detonation develop-
ment. The mixture is expected to be more prone to det-
onation as FD approaches unity if εp ∼ 1 or greater. To
validate this hypothesis, the full DNS simulation data
are post-processed to quantify the fraction of the total
heat release associated with detonation, which is defined
as:

FH =

∑
〈 q̇| P > 1.1Pe〉∑

q̇
, (2)

where q̇ is the HRR and Pe is the corresponding 0-D
constant-volume equilibrium pressure for the given ini-
tial conditions of T0, P0, and φ0. The threshold value
of 1.1Pe is somewhat arbitrary, but we have confirmed
that the correlation we found is insensitive to the choice
of the threshold value. Both FD and FH range from
zero to unity, and the comparison of the two quanti-
ties in each simulation case would reveal whether FD

accurately predicts FH . In addition to FH , the heat
release fraction from the regions with pressure greater
than PZND, FZND, is also examined.

3. Results and discussion

3.1. Overall combustion characteristics

According to the previous theoretical framework, the
cases with a larger length scale, i.e. lT = 5 mm, are
expected to exhibit a strong detonation characterized as

super-knock. The case lT 5a1 with the initial field of tem-
perature shown in Fig. 2 is first selected for discussion.

Figure 2 shows the contours of HRR, temperature
and pressure at five instantaneous times. Auto-ignition
events and subsequent detonation developments dic-
tated by P > PZND in the joint PDF of the normalized
pressure-specific volume, P − v, are clearly seen from
the pressure field. It is also evident that the develop-
ing detonation is greatly enhanced by the interaction of
pressure waves originating from different auto-ignition
sources. The detonation kernels originate from the re-
gions in which two or multiple pressure waves collide.
Additionally, a few detonation kernels are formed si-
multaneously. As such, the running distance to suc-
cessfully form detonation waves is shortened, approx-
imately 1.5–2.5 mm in this case, which is 1/3–1/2 of lT .
Once the detonation kernels are well established, they
propagate and consume the remaining fuel/air mixture
at a much faster rate, resulting in extremely high pres-
sure peaks. While not extensively discussed here, the
high fidelity DNS was able to capture the development
of fine-scale cellular instabilities on the propagating de-
flagrative and ignition fronts, as seen in HRR, tempera-
ture, and pressure contours at t/τig of 0.89 and 0.91 (last
two columns in Fig. 2), consistent with previous studies
[33].

To further examine the local detonation structure at
various locations, Fig. 3 shows the spatial and tem-
poral evolution of pressure for four 1-D cut lines, A–
D, marked in Fig. 2. Despite the complex structures
and instabilities on the detonation fronts, the detonation
waves continue to propagate at a speed of approximately
1750 m/s, close to VCJ until no charges remain. Addi-
tionally, the temporal evolution in the P − v phase dia-
gram of these four reaction fronts (not shown here) re-
veals that the reaction fronts developing into detonation
follow the Hugoniot trajectory as visually suggested by
the joint PDF of P − v, based on the instantaneous solu-
tion fields (see the last row in Fig. 2).

3.2. Effect of lT on the combustion characteristics

The first set of parametric cases is devoted to investi-
gating the effects of the length scale of the temperature
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fluctuations, lT , with a fixed T ′ of 15 K on the tendency
of super-knock formation under a realistic end-gas auto-
ignition condition in IC engines. The super-knock in IC
engines is well known to exhibit stochastic behaviors
characterized by the extremely high amplitude and fre-
quency of pressure spike. In the context of isotropic ini-
tial fields of temperature without disturbance from an
external source, it is expected that the cases with the
same statistical T ′ and lT quantities will share the con-
sistent combustion characteristics such that a few ad-
ditional cases, lT 1a1−3, lT 2a1−3, and lT 5a1−3, are per-

formed by varying different random seeds to examine
this aspect.

Two main points are made from the result shown in
Fig. 4. First, Pmax of the cases with the same lT has a
comparable magnitude. Second, Pmax increases with in-
creasing lT , from equilibrium-pressure ignition to high-
pressure detonation. More specifically, Pmax of Cases
1–3 with lT = 1 mm is close to Pe, while Pmax of the
cases with lT =5 mm is on the same order of magnitude
of the corresponding detonative von-Neumann spike,
PZND/P0 of 9. Additionally, regardless of the different
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initial fields generated by different random seeds, the
cases with the identical statistical quantities T0, T ′, and
lT exhibit a consistent joint pdf of the P−v (not shown
here) and FH (see Table 1), implying that these cases in-
deed have similar combustion characteristics even when
experiencing strong detonations for lT 5a1−3. The HRR
fraction, FH , is 0.07, 0.25, and 0.60 for the cases with
lT of 1 mm, 2 mm, and 5 mm, respectively.

3.3. Quantitative prediction of detonation intensity

3.3.1. Probability density function of ξ
The probability density functions of ξ, PDF(ξ) is

computed for lT 1a1−3, lT 2a1−3, and lT 5a1−3 such that FD

is obtained. FD and FH show a good quantitative agree-
ment, being approximately 0.04 & 0.07, 0.13 & 0.25,
and 0.58 & 0.60, respectively, for the cases with lT of
1 mm, 2 mm, and 5 mm. These values quantitatively
confirm that decreasing lT significantly mitigates deto-
nation intensity for the same level of T ′. The first set of
parametric cases with a fixed T ′ of 15 K results in small
FD for small lT (i.e., lT 1a and lT 2a) such that FD and FH

show a good agreement. However, it is expected that
a small lT can prevent detonation formation even with
unity FD because the detonation peninsula is governed
by both ξ and ε.

By the chain rule, ξ=a|∇τig| is expanded as
ξ=a| dτig

dT ∇T | with temperature fluctuations only. The
temperature gradient is approximated by the statistical
mean temperature gradient, ˜|∇T | ∼ T ′/λT [18, 19]. As

such, ξp can be expressed as ξp ≈ a| dτig

dT |
T ′
λT

[18, 19, 32,
34], which is proportional to ξ [19, 34, 35]. Such scal-
ing of ξp suggests that varying T ′ not only affects εp,
but it also directly translates into ξ. For T ′ of 15 K, in-
creasing lT from 1 mm to 5 mm decreases |∇T |, which in
turn decreases ξ, resulting in a shift of the PDF of ξ to-
ward the developing detonation regime as also reflected
by FD values [27]. For a fixed lT , varying T ′ results in
a change in ξ and FD (see Table 1 and Fig. 5).

For each lT , a unity FD can be achieved by varying
T ′ as seen Fig. 5a. A good correlation of FD and ξ sug-
gests that a specific level of T ′ induces higher possibly
of knock formation. Guided by this FD–ξ correlation,
an additional set of DNS cases were performed vary-
ing lT and T ′ to verify the validity range of FD over an
extended range on conditions. Four cases lT 1b, lT 2c,
lT 5f and lT 10c are chosen to discuss and the results are
shown in Fig. 4, Fig. 6, and Fig. 7. Four cases have the
nearly identical PDF (see Fig. 8) which in turn results
in the same FD, and the mean ξ, ξ, and rms ξ.

As expected, lT 1b is not a detonation case confirmed
by Pmax mostly less than PVN (see Fig. 4), attributed
to its small lT such that most of the mixtures is burned
by reaction fronts during its developing excitation time.
Increasing lT allows more space to support the devel-
oping detonation waves such that lT 2c can develop into
detonation, its Pmax/PZND > 1.0, even though its super-
knock intensity is mild as verified by negligible FZND

of 0.02. On the contrary, lT 5f and lT 10c can be clas-
sified as super-knock with a noticeable PZND of 0.11
and 0.20, respectively, during the detonation process as
readily seen in Fig. 7.

3.3.2. Comparison between FD and FH

The results of all the cases are compiled and shown in
Fig. 5b. Several points are made from this figure. First,
FD can reproduce qualitatively the correlation between
FH and ξ, despite the discrepancies in the values of FD

and FH . Second, consistent with the previous discus-
sion, detonation intensity and propensity increases with
lT , which is reflected in the increased FH . Regardless
of the lT value, FD approaches unity at approximately ξ
of 6, whereas FH is highly sensitive to lT in the vicinity
of ξ= 6. The maximum values of FH are approximately
0.18, 0.22, 0.55, and 0.75 for lT of 1 mm, 2 mm, 5 mm,
and 10 mm, respectively. This suggests that the detona-
tion intensity can be greatly alleviated with decreasing
lT . Third, a better agreement between FD and FH is
achieved with increasing lT as shown in Fig. 5c. Fourth,
the magnitude of FH for 3-D cases is nearly identical
with the corresponding 2-D cases. Note that the peak
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Figure 6: Contours of pressure at the time of the peak FH for lT 1b, lT 2c, lT 5f and lT 10c from left to right respectively.
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FZND of the 3-D cases is slightly lower than the 2-D
cases (see Fig. 9).

In the presence of turbulence, the ratio of the most

energetic length scale of temperature to that of turbu-
lence, lT /le, and the ratio of ignition delay time to eddy-
turnover time, τig/τt, were found to be the key param-
eters to affect the detonation propensity [27]. Decreas-
ing either lT or le with a fast turbulence mixing (i.e.,
τig/τt much greater than unity) attenuates the detona-
tion propensity. With a comparable time scale of tur-
bulence τt, and ignition delay time, τig, FH was found
to be mildly affected by turbulence [27]. These results
suggest that once the detonation mode is dominant, the
effects of curvature and vortex stretching become less
important [27].

Engines have different flow fields with tumble de-
signs having smaller scale turbulence while swirl-based
designs have larger scale turbulence [36]. The findings
of the current study suggest that the finer scale of the
tumble designs could give less risk of developing det-
onations. In the future study, the extensive data of this
study will be used together with further investigation to
validate the derivation of a predictive εp and ξp detona-
tion number by performing scaling analysis to apply to
the multi-dimensional turbulence problems.

4. Conclusions

Super-knock formation was statistically investigated
upon variations of the most energetic length scale of
temperature and temperature fluctuations by using di-
rect numerical simulations. A criterion is proposed
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Figure 9: Temporal evolution of q̇, FH , and FZND for 3-D cases (color
lines) and their corresponding 2-D cases (gray lines).

to predict the amplitude of knock intensity, based on
the volumetric fraction of the mixture regions that are
prone to detonation development, FD, which is con-
trasted with the HRR fraction, FH , resulting from re-
gions with pressure larger than the equilibrium one. It
is found that for the level of temperature fluctuation,
T ′ = 15 K, decreasing the temperature most energetic
length scale, lT , from 5 mm to 1 mm, significantly alle-
viates the knock intensity. Additionally, the cases that
have initial temperature fields with the same statistical
T ′ and lT exhibit similar combustion characteristics. It
is further confirmed by a series of 2-D and 3-D simu-
lations that both FD and FH plotted as a function of ξ
show a good correlation with the knock intensity. The
results suggest that decreasing lT will be effective in
mitigating the super-knock propensity.
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