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ABSTRACT

Nonlinear Wave Motion in Viscoelasticity and Free Surface Flows

Nail Ussembayev

This dissertation revolves around various mathematical aspects of nonlinear wave mo-

tion in viscoelasticity and free surface flows.

The introduction is devoted to the physical derivation of the stress-strain constitutive

relations from the first principles of Newtonian mechanics and is accessible to a broad

audience. This derivation is not necessary for the analysis carried out in the rest of the

thesis, however, is very useful to connect the different-looking partial differential equations

(PDEs) investigated in each subsequent chapter.

In the second chapter we investigate a multi-dimensional scalar wave equation with

memory for the motion of a viscoelastic material described by the most general linear

constitutive law between the stress, strain and their rates of change. The model equation is

rewritten as a system of first-order linear PDEs with relaxation and the well-posedness of

the Cauchy problem is established.

In the third chapter we consider the Euler equations describing the evolution of a per-

fect, incompressible, irrotational fluid with a free surface. We focus on the Hamiltonian

description of surface waves and obtain a recursion relation which allows to expand the

Hamiltonian in powers of wave steepness valid to arbitrary order and in any dimension. In

the case of pure gravity waves in a two-dimensional flow there exists a symplectic coordi-

nate transformation that eliminates all cubic terms and puts the Hamiltonian in a Birkhoff

normal form up to order four due to the unexpected cancellation of the coefficients of all

fourth order non-generic resonant terms. We explain how to obtain higher-order vanishing

coefficients.

Finally, using the properties of the expansion kernels we derive a set of nonlinear evolu-

tion equations for unidirectional gravity waves propagating on the surface of an ideal fluid

of infinite depth and show that they admit an exact traveling wave solution expressed in
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terms of Lambert’s W -function. The only other known deep fluid surface waves are the

Gerstner and Stokes waves, with the former being exact but rotational whereas the latter

being approximate and irrotational. Our results yield a wave that is both exact and irrota-

tional, however, unlike Gerstner and Stokes waves, it is complex-valued.
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CHAPTER 1

Introduction

Newton’s second law of motion is the ordinary differential equation

(1.0.1) m(a) d
2

dt2
x(a)(t) = F (a)(t)

where x(a) : R ! R
d is the trajectory of the ath particle P (a) with mass m(a) > 0, and

F (a) : R ! R
d is the force applied to that particle (see, e.g., [LL76]). In this chapter we

use letters i, j, k, l ranging from 1 to d for indices labeling coordinates whereas the indices

a, b, c range over some set of labels A. For any pair of particles P (a), P (b) we will assume

that Newton’s third law holds:

F (ba) = �F (ab)

where F (ab) : R! R
d is the interaction force exerted on P (a) by another particle P (b). The

net force on P (a) is F (a)(t) =
P

b:b 6=a
F (ab)(t).

Adopting the viewpoint of the theory of distributions and using the fundamental theo-

rem of calculus in time we can write

(1.0.2)
Z

R

d

dt

✓Z

Rd

 (t, x) dµ(t)(x)

◆
dt = 0

for all test functions  2 C1
c
(R ⇥ R

d) and some discrete measure µ(t) [Tao18]. For

example, in (1.0.2) we can take µ(t) to be the mass or the momentum distribution of a

collection of particles (P (a))a2A :

µmass(t) =
X

a

m(a)�x(a)(t) or µmomentum(t) =
X

a

m(a)

✓
d

dt
x(a)(t)

◆
�x(a)(t).

In the latter case evaluating the delta integrations in (1.0.2) we obtain
Z

R

d

dt

X

a

m(a)

✓
d

dt
x(a)(t)

◆
 (t, x(a)(t)) dt =

Z

R

X

a

m(a)

✓
d2

dt2
x(a)(t)

◆
 (t, x(a)(t)) +m(a) d

dt
x(a)(t)

d

dt
 (t, x(a)(t)) dt = 0.(1.0.3)
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By the chain rule

d

dt
 (t, x(a)(t)) = (@t )(t, x

(a)(t)) +
d

dt
x(a)(t) · (r )(t, x(a)(t))=

(@t + u ·r )(t, x(a)(t)) = (Dt )(t, x
(a)(t))

where we assumed the existence of a smooth velocity field u : R⇥ R
d ! R

d such that for

all particles P (a) and all times t the trajectories satisfy

(1.0.4)
d

dt
x(a)(t) = u(t, x(a)(t)).

Substituting (1.0.1) and (1.0.4) into (1.0.3) we get

(1.0.5)
Z

R

X

a

F (a)(t) (t, x(a)(t)) +m(a)(uDt )(t, x
(a)(t)) dt = 0.

Now using Newton’s third law and the Taylor approximation we have

X

a

F (a)(t) (t, x(a)(t)) =
X

a,b:b 6=a

F (ab)(t) (t, x(a)(t))=

1

2

X

a,b:b 6=a

F (ab)(t) (t, x(a)(t)) + F (ba)(t) (t, x(b)(t)) =

1

2

X

a,b:b 6=a

F (ab)(t)( (t, x(a)(t))�  (t, x(b)(t))) ⇡

1

2

X

a,b:b 6=a

F (ab)(t)
�
(x(a)(t)� x(b)(t)) ·r (t, x(a)(t))

�
.

Define the stress ⌃(a)(t) on the particle P (a) by the formula

(1.0.6) ⌃(a)
ij
(t) :=

1

2

X

b:b 6=a

F (ab)
i

(t)(x(b)
j
(t)� x(a)

j
(t))

where F (ab)
1 , . . . , F (ab)

d
are the components of F (ab). Then the ith component of (1.0.5) will

be written as

�
Z

R

X

a

⌃(a)
ij
(t)@j (t, x

(a)(t)) dt+m(a)(uiDt )(t, x
(a)(t)) dt = 0.
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Next let the number of particles per unit volume go to infinity. Assuming that the mass dis-

tribution µmass(t) =
X

a

m(a)�x(a)(t) and the stress distribution µstress(t) =
P

a
⌃(a)�x(a)(t)

are approximated in the “bulk” by a smooth function ⇢ : R⇥R
d ! R

+ and a smooth tensor

field � : R ⇥ R
d ! R

d ⌦ R
d (with components �ij : R ⇥ R

d ! R for i, j = 1, . . . , d) we

get

(1.0.7)
Z

R

Z

Rd

(��ij@j )(t, x) dxdt+
Z

R

Z

Rd

(uiDt )(t, x)⇢(t, x) dxdt = 0

where dx denotes Lebesgue measure on R
d. In continuum mechanics the function ⇢ is

called the density and the tensor �ij is known as the Cauchy stress tensor.

We can integrate by parts (1.0.7) to obtain

Z

R

Z

Rd

 (t, x)(@j�ij +D⇤
t
(⇢ui))(t, x) dxdt = 0,

and since the test function  is arbitrary, we arrive at the Cauchy momentum equation

(1.0.8) @j�ij +D⇤
t
(⇢ui) = 0

where D⇤
t
f = �@tf �r · (fu) is the adjoint of Dt.

If instead of µmomentum(t) one uses µmass(t) in (1.0.2), then in place of (1.0.3) one

would get

(1.0.9)
Z

R

X

a

m(a) d

dt
 (t, x(a)(t)) dt =

Z

R

X

a

m(a)(Dt )(t, x
(a)(t)) dt = 0.

As the number N of particles tends to infinity, (1.0.9) turns into

Z

R

Z

Rd

(Dt )(t, x)⇢(t, x) dxdt = 0 =

Z

R

Z

Rd

 (t, x)(D⇤
t
⇢)(t, x) dxdt

upon integration by parts, and the continuity equation

(1.0.10) D⇤
t
⇢ = 0

follows immediately.
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In summary, we have derived two equations - the momentum (1.0.8) and the continuity

equation (1.0.10) - for two unknowns: one vector field u and one scalar field ⇢. However,

the stress tensor is not known a priori and additional assumptions are required to describe

the state of the system of particles and its continuum limit.

PROPOSITION 1. Let (x(a)(t)� x(b)(t))^F (ab) = 0 where ^ is the exterior product on

R
d, then

P
a
m(a)x(a) ^ d

dt
x(a) is constant in time.

PROOF. From Newton’s second and thirds laws, and the properties of the wedge prod-

uct we obtain

d

dt

X

a

m(a)x(a) ^ d

dt
x(a) =

X

a

m(a) d

dt
x(a) ^ d

dt
x(a) +m(a)x(a) ^ d2

dt2
x(a)

=
X

a

x(a) ^m(a) d
2

dt2
x(a)=

X

a,b:a 6=b

x(a) ^ F (ab)=
1

2

X

a,b:a 6=b

x(a) ^ F (ab) + x(b) ^ F (ba)

=
1

2

X

a,b:a 6=b

(x(a) � x(b)) ^ F (ab)= 0.

⇤

REMARK 1. The wedge product is a natural generalization of the cross product to

arbitrary dimensions. Thus (x(a)(t) � x(b)(t)) ^ F (ab) can be interpreted as the torque

and
P

a
m(a)x(a) ^ d

dt
x(a) as the total angular momentum of a system of particles. The

conservation of angular momentum is associated with the isotropy of space according to

the Noether’s theorem (see, e.g., [Arn89]).

If we assume the torque-free condition like in Proposition 1, then we see that the in-

teraction force between a pair P (b), P (a) of particles is proportional to the displacement

between them, i.e.

F (ab)(t) = f (ab)(t)(x(b)(t)� x(a)(t))

for some scalar f (ab)(t). Thus the stress ⌃(a)(t) on the particle P (a) in (1.0.6) becomes

⌃(a)
ij
(t) =

1

2

X

b:b 6=a

f (ab)(t)(x(b)
i
(t)� x(a)

i
(t))(x(b)

j
(t)� x(a)

j
(t))
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or

⌃(a)(t) =
1

2

X

b:b 6=a

f (ab)(t)x(b)(t)x(b)(t)T

if we think of x(b)
j
(t) as a d-dimensional column vector and put the coordinate system at

x(a)
j
(t) without loss of generality. Now an infinitesimal rotation of the system as a whole

around a certain particle does not significantly affect the net stresses acting on that par-

ticle (isotropy of space), and hence ⌃(a)(t) = U⌃(a)(t)UT for all matrices U 2 SO(d).

But this implies that ⌃(a)(t) should be proportional to the identity matrix since the only

rotation-invariant subspaces of Rd are the origin and the entire space. So denoting the pro-

portionality scalar by p(a) we have ⌃(a)
ij
(t) = �p(a)(t)�ij , and in the “bulk” approximation

(1.0.11) �ij(t, x) = �p(t, x)�ij

for some field p : R⇥Rd ! R which is called the pressure. From equations (1.0.8), (1.0.10)

and (1.0.11) we obtain the Euler equations

@tu+ (u ·r)u = �1

⇢
rp

@t⇢+r · (⇢u) = 0 (or r · u = 0 for an incompressible fluid)

which will be studied in Chapter 3 with the appropriate boundary conditions.

In this section we reproduced the derivation of the stress tensor (1.0.11) and the Euler

equations from the first principles of Newtonian mechanics as presented in [Tao18]. By

modifying the stress tensor one could derive other models. One such model is considered

in Chapter 2 where the stress associated to the strain in the fluid is taken into account.
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CHAPTER 2

Plane-wave analysis of a hyperbolic system of equations with

relaxation stemming from viscoelasticity

2.1. Introduction

The theory of viscoelasticity describes materials exhibiting a combination of both elas-

tic solid (deformation eventually disappears when the load is removed) and viscous (New-

tonian) fluid characteristics. Wave propagation in viscoelastic unbounded or semi-bounded

media is a relevant idealization in some important real-world problems arising in different

fields: geophysics, applied mechanics, material science, acoustics etc.

Viscoelastic materials are modeled by constitutive laws relating the stress to the history

of the strain and entering the equation of motion in the form of a convolution integral in

time. The resulting integro-differential equation can be written as a system of partial dif-

ferential equations with a relaxation term and described in Fourier space as an exponential

evolution operator acting on a vector representing the initial conditions. The system is hy-

perbolic when the matrix appearing in the evolution operator is diagonalizable with real

eigenvalues and its eigenspace is complete. If, in addition, all eigenvalues are distinct, the

system is said to be strictly hyperbolic. One of the important motivations to study strictly

hyperbolic systems is that they are invulnerable to perturbations by lower-order terms. Un-

fortunately, many interesting examples of hyperbolic systems describing various physical

phenomena are not strictly hyperbolic and it is not known in general whether such systems

remain well-posed under perturbations by lower-order terms.

Majda and Osher [MO75] proved that the strict hyperbolicity assumption used in the

construction of Kreiss’ symmetrizer could be replaced by a weaker assumption called the

"block structure condition" which is satisfied by several non-strictly hyperbolic systems

including Maxwell’s equations of electrodynamics, the linearized shallow water equations

and the Euler equations of gas dynamics. However, each system of interest required a

separate verification of this property due to the lack of a universal criterion. This was
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the state of affairs until Métivier [Met00] extended Majda’s work establishing the block

structure condition for a class of hyperbolic systems with characteristic fields of constant

multiplicity. It is common to refer to such systems simply as "constantly hyperbolic," to

wit

DEFINITION 1. The operator

L = @t +
dX

j=1

Aj(x, t)@xj

with Aj, B : Rd ⇥ (0, T ) ! M
N⇥N(R) is called constantly hyperbolic if there exist an

integer m � 1, natural numbers l1, . . . , lm and real valued functions �1, . . . ,�m analytic

away from the origin such that for any ⇠ 2 S
d�1 it holds that

det

 
�IN +

dX

j=1

⇠jAj

!
=

mY

i=1

(�+ �i(⇠))
li , l1 + . . .+ lm = N

where all the eigenvalues �i(⇠) of the symbol A(⇠) =
P

d

j=1 ⇠jAj are real, semi-simple and

satisfy �1(⇠) < . . . < �m(⇠).

Let us reiterate: if the eigenvalues are semi-simple instead of being simple as in the

case of strict hyperbolicity, and their multiplicities remain constant as (⇠1, . . . , ⇠d) 2 R
d \

{0} varies, then the corresponding system is called constantly hyperbolic. The notion of

constant hyperbolicity is a slight generalization of the concept of strict hyperbolicity where

the analysis is technically simpler and had allowed more extensive studies in the past. In

Sec. 2.3 we demonstrate the hyperbolicity of our relaxation system by proving that A(⇠) is

diagonalizable with real eigenvalues and verify that the diagonalization is well-conditioned

on S
d�1. More straightforwardly, hyperbolicity can be shown by appealing to the general

structure of the eigenvalues of the system since constant hyperbolicity implies hyperbolicity

(see Remark 2).

In a bounded domain, existence and uniqueness of solutions can be established using

the treatment of Lions and Magenes [LM72] under minimal assumptions on the regularity

of the coefficient functions. A classical analysis regarding equations of the type (2.2.4)
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is attributed to Dafermos [Daf70]. Here, the domain can be the whole space, but the re-

quirements on the initial conditions exclude plane waves. Blazek et al. [BSS13] proved

the same result for systems of equations. Kim [Kim94] obtained existence and uniqueness

of solutions using Friedrichs mollifier techniques assuming that the coefficient functions

are smooth in space and time while allowing plane-wave initial conditions. Kim’s analysis

also motivates the development of a microlocal analogue of the correspondence princi-

ple [MP03] in a parametrix construction starting from plane-wave initial values.

Following Bécache et al. [BEJ05] we rewrite the system with relaxation based on a gen-

eralized Zener solid in first-order partial-differential form. They obtained well-posedness

under minimal assumptions on the regularity of the coefficient functions, again, excluding

plane-wave initial conditions. Here, we study well-posedness of solutions of such a sys-

tem with constant (time- and space-independent) coefficients in the whole space through

a plane-wave synthesis and analysis. This is motivated by the calculations carried out

by Richards [Ric84] pertaining to plane-wave reflection in bimaterials with relaxation.

Richards observed that in a configuration of two distinct homogeneous isotropic viscoelas-

tic solids separated by a plane interface, at particular scattering angles plane waves will

exhibit an exponentially growing behavior. We will study the stability of solutions in a

generalized Zener solid with an explicit dependence on the parameters controlling the re-

laxation.

Solem et al. [SAF15] considered one-dimensional linear hyperbolic systems with a sta-

ble relaxation term of rank 1 and pointed out a connection between stability properties of

such systems and the theory describing general properties of polynomial roots. In particu-

lar, it was shown in [SAF15] that strictly hyperbolic relaxation systems are linearly stable if

and only if the roots of the homogeneous and equilibrium characteristic polynomials inter-

lace on the imaginary axis. In Sec. 2.4 we invoke the Routh-Hurwitz theorem to determine

the number of roots of the characteristic polynomial in the right half-plane and mention in

Sec. 2.5 how the location and multiplicity of roots influence stability.

In [BEJ05] Bécache et al. defined the following quantity as the energy of the model
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(2.1.1) E(q, �, t) =
1

2
kq̇k2

⇢
+

1

2
k✏(q)k2C +

1

2
ksk2(D�C)�1

The sum of the first two terms in (2.1.1) corresponds to the standard energy in the purely

elastic case and the final term is the norm of the difference between viscoelastic and elastic

stresses. It turns out that in the absence of the source term the energy decreases in time

if the absorption condition holds, i.e. D�C is positive definite where D and C are two

symmetric tensors of order four that define the constitutive law (see Ref. [BEJ05] for details

and notation). In Sec. 2.5 we perform a similar analysis in Fourier space and comment on

the conditions of energy dissipation.

2.2. Memory kernels and relaxation

For an arbitrary point x 2 R
d in the medium let the vector-valued displacement of the

point from its position in an undeformed state be q(x, t), let �ij(x, t) be the stress tensor

with (r·�)i =
P

d

j=1
@�ij

@xj
, let F (x, t) represent the external forces per unit volume and ⇢(x)

denote the density. The description of wave propagation in a general medium is expressed

by the equation of motion

(2.2.1) ⇢q̈i = (r · �)i + Fi, i = 1, . . . , d

which follows from the conservation of linear momentum (see, e.g., [LL86]).

The so-called Zener or standard linear solid model provides the most general linear

constitutive law between the stress, strain and their rates of change

(2.2.2) � + ⌧��̇ = MR(✏(q) + ⌧✏✏̇(q))

relating them by three parameters: the deformation modulus MR, the stress relaxation time

⌧� and the strain relaxation time ⌧✏ [LAK76].

Rewriting Eq. (2.2.2) in the following equivalent form

@t
�
et/⌧��

�
= MR

⌧✏
⌧�
@t
�
et/⌧�✏

�
+

MR(⌧� � ⌧✏)
⌧ 2
�

et/⌧�✏
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and integrating it choosing the initial condition �0 = MR
⌧✏
⌧�
✏0 results in the stress-strain

relation

(2.2.3) � = MR

⌧✏
⌧�
✏+

MR(⌧� � ⌧✏)
⌧ 2
�

Z
t

0

e�(t�s)/⌧�✏(s)ds.

The first term on the right-hand side of (2.2.3) represents Hooke’s law and the second

term indicates that the stress at any given instance depends upon the strain at all preceding

times. The idea that stress depends both on the present and past value of strain is attributed

to Boltzmann. Early contributions are also due to Maxwell, Kelvin and Voigt [RHN87].

Dividing both sides of (2.2.1) by the density and taking the divergence results in

�tt = r ·
✓
1

⇢
r · �

◆
+ f

where f = r·(F/⇢) and � = r·q are scalar-valued functions. Substituting Eq. (2.2.3) into

to the above equation and remembering that the strain tensor and the displacement vector

satisfy ✏ij = 1/2(@qi/@xj + @qj/@xi) we arrive at the second-order integro-differential

equation modeling viscoelastic motion

(2.2.4) �tt = r ·
�
c2(x)r�

�
+

Z
t

0

r ·
�
a(x)e�(t�s)/⌧�r�(x, s)

�
ds+ f,

where c2(x) = 2µ+�

⇢

⌧✏
⌧�

, a(x) = 2µ+�

⇢

(⌧��⌧✏)
⌧2�

and deformation modulus is written in terms

of the Lame parameters, that is MR = 2µ+ �.

When an elastic body is under the effect of hydrostatic pressure, i.e. when a pressure of

the same magnitude acts on every unit area on the surface of the body, both the strain and

stress tensors are determined by their diagonal components. In fact, if p(x, t) is the pressure

field, then �ij = �p�ij (see, (1.0.11)). In this case a derivation similar to the one carried

out above yields a scalar wave equation for p = �1/3tr(�) describing the propagation of

acoustic waves in a viscoelastic fluid [PZT12] (see also [CKK88] for the derivation of a

scalar wave equation for the trace of the strain tensor or the dilatation).

Quite often a combination of weightless springs and dashpots filled with viscous fluids

is used as a good mechanical model that describes anelastic phenomena and the behavior
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of a variety of materials. A spring and a dashpot connected in series yield the Maxwell

model, while being connected in parallel give the Kelvin-Voigt model. These models can

be obtained from the Zener model in (2.2.2) by taking the limits ⌧✏ ! 1 and ⌧� ! 0,

respectively.

The generalized Zener model consists of a number of Zener elements combined in

parallel and takes into account multiple relaxation times. The total stress acting on the

system is the sum of the stresses experienced by each element � =
P

k

i=1 �i. Denoting the

deformation moduli and relaxation times by

MRi =
E1iE2i

E1i + E2i
, ⌧�i =

⌘i
E1i + E2i

=
1

bi
, ⌧✏i =

⌘i
E2i

, i = 1, 2, . . . , k,

where E1i, E2i are the Young moduli of the springs in the ith element and ⌘i is the viscosity

of the corresponding dashpot we arrive at the generalization of Eq. (2.2.4) with c2 =
P

k

i=1 MRi⌧✏i⌧
�1
�i

(2.2.5) �tt = r ·
�
c2(x)r�

�
+

kX

i=1

Z
t

0

r ·
�
ai(x)e

�bi(x)(t�s)r�(x, s)
�
ds+ f.

We will assume that

[A1] c2 is positive bounded away from zero, bi > 0 are pairwise distinct and no

sign condition is imposed on the coefficients ai 6= 0, unless otherwise stated.

Since (2.2.5) is linear, by considering the difference of solutions we can study the effect

of the sufficiently regular external force separately with zero initial conditions. Therefore,

in what follows, we put f = 0.

Initial value problem. Let d � 1 be the space dimension and x = (x1, x2, . . . , xd) 2

R
d be the space and t 2 R the time variables. It is convenient to formulate the equation of

motion derived in the previous section as a Cauchy initial value problem

L(@t,r)U = @tU +
dX

j=1

Aj(x, t)@xjU +B(x, t)U = 0,

U(x, 0) = U0,(2.2.6)
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where U : Rd ⇥ (0, T ) ! R
n is the unknown vector, Aj, B : Rd ⇥ (0, T ) ! M

n⇥n are

matrix coefficients with n = kd + d + 1 � 3 being the size of the system, and the initial

datum U0 : Rd ! R
n is given in a suitable function space. Using the substitution

u = ��t(x, t),

v = c2(x)r�+
kX

i=1

Z
t

0

ai(x)e
�bi(x)(t�s)r�(x, s)ds,

wi = �ai(x)r�+ bi(x)

Z
t

0

ai(x)e
�bi(x)(t�s)r�(x, s)ds, i = 1, 2, . . . , k,

v = (v1, v2, . . . , vd), wi = (wi1 , wi2 , . . . , wid
)

Eq. (2.2.5) can be recast as a system

ut +r · v = 0,(2.2.7)

vt + c2(x)ru+
kX

i=1

wi = 0,(2.2.8)

(wi)t � ai(x)ru+ bi(x)wi = 0, i = 1, 2, . . . , k,

which can be written as
0

BBBBBBBBBB@

u

v

w1

...

wk

1

CCCCCCCCCCA

t

+

0

BBBBBBBBBB@

0 r· 0 · · · 0

c2r 0 0 · · · 0

�a1r 0 0 · · · 0
...

...
...

...
...

�akr 0 0 · · · 0

1

CCCCCCCCCCA

| {z }
A(r)

0

BBBBBBBBBB@

u

v

w1

...

wk

1

CCCCCCCCCCA

+

0

BBBBBBBBBB@

0
P

k

i=1 wi

b1w1

...

bkwk

1

CCCCCCCCCCA

| {z }
B(u,v,w1,...,wk)

T

= 0.

Expanding A(r) as A(r) =
P

d

j=1 Aj(x, t)@xj we arrive at (2.2.6) with U given by U =

(u, v1, . . . , vd, w11 , w12 , . . . , wkd
) and U0 = (u0, v01, . . . , v

0
d
, w0

11 , w
0
12 , . . . , w

0
kd
).

One can recover �(x, t) by first noting that

�t(x, t) = �u,
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r�(x, t) =
v �

P
k

i=1
wi
bi

c2 +
P

k

i=1
ai
bi

and then using the fundamental theorem for gradients. The condition c2 +
P

k

i=1
ai
bi

> 0

is motivated on physical grounds (see assumption [A2] and Remark 3) and bi > 0 by

assumption [A1], so r� in the second equality is well-defined.

2.3. Well-posedness of the initial value problem

For the rest of the chapter we shall consider the constant-coefficient systems, i.e. as-

sume that Aj, B are independent of (x, t) and denote the principal part of L given in (2.2.6)

by

L = @t +
dX

j=1

Aj@xj .

The Fourier transform of (2.2.6) in the spatial directions gives

(2.3.1) Ût + i
dX

j=1

⇠jAjÛ +BÛ = 0, Û(⇠, 0) = Û0

where ⇠ = (⇠1, ⇠2, . . . , ⇠d) 2 R
d is a vector dual to x. Using the notation A(⇠) =

P
d

j=1 ⇠jAj we can write the solution of this ordinary differential equation as Û(⇠, t) =

e�t(B+iA(⇠))Û0(⇠). When U0 2 Hs
�
R

d
�n, by taking the inverse Fourier transform one can

show that the Cauchy problem (2.2.6) admits a continuous solution

(2.3.2) U(x, t) =
1

(2⇡)d/2

Z

Rd

eix·⇠Û(⇠, t)d⇠

with values in Hs if

sup
⇠2Rd,0tT

��e�t(B+iA(⇠))
�� <1

which is equivalent (see, for example, proposition 2.I.1 in [Rau12]) to

(2.3.3) sup
⇠2Rd

��e�iA(⇠)
��  CT <1

with some constant CT . Throughout this chapter, we will use the matrix norm kMk =

sup|x|=1 |Mx| induced by the Euclidean norm. Notice that the property (2.3.3) does not
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depend on time once t 6= 0 since tA(⇠) = A(t⇠). We can also absorb the minus sign by

virtue of the change ⇠ ! �⇠.

DEFINITION 2. The operator L is called hyperbolic if the corresponding symbol A(⇠)

satisfies (2.3.3).

PROPOSITION 2. Assume that [A1] holds. The matrix A(⇠) is uniformly diagonalizable

with real eigenvalues: There exists P (⇠) such that P (⇠)A(⇠)P�1(⇠) is diagonal and real

for all ⇠ 2 R
d and

sup
⇠2Sd�1

��P�1(⇠)
�� kP (⇠)k <1.

PROOF. A simple computation shows that the characteristic equation of A splits as

�kd+d�1
�
�2 � c2|⇠|2

�
= pkd+d�1

1 (�, ⇠)p±(�, ⇠).

where p1(�, ⇠) = � and p±(�, ⇠) = �2 � c2|⇠|2. Observe that p± and p1 are homogeneous

polynomials in �, |⇠| and �, respectively, with real and simple roots, and they have no

common root for ⇠ 2 R
d\{0}. Let

Ej =
Y

i 6=j

A� �iIn
�j � �i

, for j = 1, 2, 3 and n = kd+ d+ 1

with �1 = 0 and �2,3 = ±c|⇠|. One can check that Ej’s are mutually orthogonal and

complete in the sense that EiEj = �ijEj and
P3

j=1 Ej = In and verify that the following

decomposition takes place

A(⇠) =
3X

j=1

�jEj.

Next we define a positive-definite matrix H(⇠) =
P

j
ET

j
Ej which admits a unique

square root. Then, since A(⇠)T =
P3

j=1 �jE
T

j
, it follows that H(⇠)A(⇠) = A(⇠)TH(⇠)

which implies that H1/2(⇠)A(⇠)H�1/2(⇠) is symmetric and diagonalizable in an orthonor-

mal basis. Hence A(⇠) = P�1(⇠)D(⇠)P (⇠) where D(⇠) is diagonal with real eigenvalues

and P (⇠) = O(⇠)H1/2(⇠) with an orthogonal matrix O(⇠).
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It remains to show that P (⇠) is uniformly bounded. We note that

|y|2 =

�����

3X

j=1

Ejy

�����

2

 3
3X

j=1

|Ejy|2 = 3|H1/2y|2

and thus
��H�1/2(⇠)

�� 
p
3.

Using the Lagrange multiplier method with the constraint |x| = 1 or calculating the

largest eigenvalue of ET

j
Ej we find that

kE1k2 = 1 +
1

c4

kX

i=1

a2
i
,(2.3.4)

kE2k2 = kE3k2 =
1 + c2

4

 
1

c2
+ 1 +

1

c4

kX

i=1

a2
i

!
,

are independent of ⇠, and therefore

|H1/2y|2 =
3X

j=1

|Ejy|2 
�
kE1k2 + kE2k2 + kE3k2

�
|y|2  C2

3
|y|2.

We conclude that the diagonalization is well-conditioned because

��P�1(⇠)
�� kP (⇠)k =

��H�1/2(⇠)
�� ��H1/2(⇠)

��  C

independently of ⇠. ⇤

DEFINITION 3. The Cauchy problem for a constant coefficient operator L is weakly

(strongly) well-posed if for any initial data U0 2 Hs
�
R

d
�

with s > 0 (s = 0), there is a

unique solution U(t) 2 C
�
R

+, Hs(Rd)
�

that satisfies

kU(t)k
L2(Rd)  Ke↵t kU0kHs(Rd) , t � 0,

with K > 0 and ↵ 2 R independent of time.

LEMMA 1. (Strang, [Str67]) If
��etA

��  C for t � 0, then
��et(A+B)

��  CetCkBk.

PROOF. This is an exponential analogue of another lemma due to Strang [Str64] which

states that if kMnk  C for n � 0, then k(M +R)nk  CenCkRk. Setting M = e"A and



23

R = e"(A+B) �M with sufficiently small " we have kMnk  C for n � 0 and hence

k(M +R)nk =
��en"(A+B)

��  CenCkRk

Let n tend to infinity, while keeping t = n" fixed. In this limit we have nR ! tB and the

lemma follows. ⇤

THEOREM 1. Assume that [A1] holds. The operator L is hyperbolic and the Cauchy

problem for a constant coefficient operator L is strongly well-posed.

PROOF. By Proposition 2, we have that for all ⇠ 2 R
d and t � 0

��eitA(⇠)
�� 

��P�1eitDP
��  C,

where D is diagonal with real entries, eitD is unitary and therefore leaves the matrix norm

invariant. Hence L is hyperbolic.

Using (2.3.2), Parseval’s relation and hyperbolicity of L we obtain the following esti-

mate

kU(t)k
L2(Rd) =

���e�t(B+iA(⇠))Û0(⇠)
���
L2(Rd)


��e�t(B+iA(⇠))

��
���Û0(⇠)

���
L2(Rd)

 CetCkBk kU0kL2(Rd)

completing the claim. The last inequality follows from Lemma 1. Note that since A and B

do not commute, it does not hold that
��et(A+B)

�� =
��etAetB

�� for t > 0. ⇤

REMARK 2. 1. If L is hyperbolic and U0 2 Hs
�
R

d
�n, then application of Gronwall’s

inequality shows that there is a continuous solution with values in Hs if one has a variable-

coefficient lower order term B(x) 2 L1 �
R

d
�
. In this case the Cauchy problem for L+ B

is also strongly well-posed. Hyperbolicity and well-posedness is a property of A alone.

2. In the notation of Def. 1 we have �1 = �c|⇠|, �2 = 0 and �3 = c|⇠| with l1 = 1,

l2 = kd + d � 1 and l3 = 1. Operator L is constantly hyperbolic, that is, the symbol

A(⇠) is diagonalizable with real eigenvalues and the algebraic multiplicities of eigenvalues
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remain constant as ⇠ ranges along S
d�1. Strict or constant hyperbolicity implies hyperbol-

icity [BS07].

In [Met00] Métivier provided a few examples of systems satisfying the block structure

condition, including the equations of linear elasticity. Our results show that this important

class of systems can be enlarged by the generalized Zener model of viscoelasticity.

3. The matrices Aj do not commute, i.e. AjAi 6= AiAj for i 6= j. Hence they cannot be

simultaneously diagonalized and Eq. (2.3.1) cannot be transformed to a system consisting

of n uncoupled scalar equations.

4. Eq. (2.3.1) can be viewed as a linearization of a system with a non-linear source

term Q(U) about a constant state in equilibrium. Typically, the source term is divided by a

small parameter that determines the rate of relaxation towards equilibrium. To ensure the

existence of a well-behaved zero relaxation limit, Yong [Yon01] introduced the so-called

stability criterion which necessitates that for any t > 0 there is C(U) > 0 such that

��e�QU (U)+iA(⇠)
��  C(U)

for all � � 0, ⇠ 2 R
d with {U : Q(U) = 0} 6= ;. Here, QU(U) denotes the Jacobian matrix

of the source term. This criterion is somewhat stronger than the hyperbolicity condition

and reduces to that when � = 0 (cf. Eq. (2.3.3) and the inequality preceding it).

2.4. Plane-wave analysis

Waves at a sufficiently large distance from the source behave locally like plane waves.

This motivates one to study the behavior of plane waves as possible growth modes in the

system under consideration.

THEOREM 2. Let Aj , B be constant-coefficient matrices and d � 1. The eigenvalues

of �(i⇠) = � (B + iA(⇠)) are roots of the characteristic polynomial

(2.4.1) p̃(�, ⇠1, . . . , ⇠d) = p(�, |⇠|)�d�1
kY

i=1

(�+ bi)
d�1
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where p(�, |⇠|) is the characteristic polynomial corresponding to the system derived from

the one-dimensional wave equation with k memory terms and ⇠ 2 R replaced by |⇠| =
p
⇠21 + · · ·+ ⇠2

d
2 R:

p(�, ⇠) = (�1)k
 
�2 + c2⇠2 + ⇠2

kX

i=1

ai
�+ bi

!
kY

i=1

(�+ bi)

PROOF. Perform the following similarity transformation: pre-multiply �Ikd+d+1��(i⇠)

by the block diagonal matrix

S =

0

BBBBBBBBBB@

|⇠| 0 . . . . . . 0

0 ⌅1 0 . . . 0

0 0
. . . . . . ...

...
... . . . . . . 0

0 0 . . . 0 ⌅k+1

1

CCCCCCCCCCA

, where ⌅j =

0

BBBBBBBBBB@

⇠1 ⇠2 ⇠3 . . . ⇠d

0 ⇠2 ⇠3 . . . ⇠d

0 0
. . . . . . ...

...
... . . . . . . ⇠d

0 0 . . . 0 ⇠d

1

CCCCCCCCCCA

are identical for all 1  j  k + 1, and post-multiply by its inverse S�1. Successively

develop the resulting determinant by the columns containing a single non-zero element

thereby accounting for the factor �d�1
Q

k

i=1(�+ bi)d�1 in Eq. (2.4.1). ⇤

Without loss of generality, we assume that 0 < b1 < b2 < · · · < bk and consider

g(�) = (�1)kp(�, ⇠). Since the characteristic polynomial in higher dimensions splits as in

(2.4.1), it suffices to analyze the roots of p(�, ⇠).

PROPOSITION 3 (All a’s are negative). Let d = 1, ⇠ 6= 0 and ai < 0 for all 1  i  k,

then i) if g(0) > 0, all eigenvalues of �(i⇠) have negative real parts; ii) if g(0) = 0, then

one eigenvalue is zero and the rest have negative real parts; iii) if g(0) < 0, then only one

eigenvalue of �(i⇠) is positive and all other eigenvalues have negative real parts.

PROOF. If ⇠ = 0, the eigenvalues are �bi < 0 and 0 with multiplicity 2.

If ⇠ 6= 0, the function g(�)/
Q

k

i=1(� + bi) has k simple poles at �bi and since all ai’s

have the same sign, there are k � 1 real roots ri of p(�, ⇠) between these poles.
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i) Assume that g(0) > 0, then a further real root lies between 0 and �b1, as follows

from

g(�b1)g(0) = ⇠2a1
Y

i 6=1

(bi � b1)g(0) < 0

and the Intermediate value theorem. The function g(�) can now be factored as

(�2 + ↵�+ �)
kY

i=1

(�� ri) = 0.

The coefficients ↵, � are real since ri’s are real for all 1  i  k. Denote by rk+1 and rk+2

the two roots (real or complex conjugate) of �2 + ↵�+ �, then by Vieta’s theorem,

rk+2 + rk+1 = �
kX

i=1

bi �
kX

i=1

ri < 0,

rk+2 · rk+1 = g(0)/
kY

i=1

|ri| > 0.

If rk+1 and rk+2 are complex conjugate, then <(rk+1) = <(rk+2) < 0. If rk+1 and rk+2 are

real, then rk+1 < 0 and rk+2 < 0. The same result was obtained in [PR84].

ii) If g(0) = 0, then in addition to a real root ri between each consecutive �bi’s, there

is a zero eigenvalue since the constant term in p(�, ⇠) is absent and therefore one can factor

out �:

�(�2 + ↵�+ �)
k�1Y

i=1

(�� ri) = 0.

By Vieta’s theorem

rk+2 + rk+1 = �
kX

i=1

bi �
k�1X

i=1

ri < 0,

rk+2 · rk+1 = g0(0)/
k�1Y

i=1

|ri| = �⇠2
 

kX

i=1

ai
b2
i

!
kY

i=1

bi/
k�1Y

i=1

|ri| > 0

where rk+1 and rk+2 are roots (real or complex conjugate) of �2 + ↵� + � and we used

g(0) = 0 in the expression for g0(0). As in case i) above, rk+1 and rk+2 have negative real

parts.
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iii) Now assume that g(0) < 0. Since there are k � 1 real roots ri between k simple

poles �bi, g(�) can be written as

�
�3 + ↵�2 + ��+ �

� k�1Y

i=1

(�� ri) = 0

By Vieta’s theorem

rk+1 + rk+2 + rk = �
kX

i=1

bi �
k�1X

i=1

ri < 0,

rk+1 · rk+2 · rk = (�1)k+2g(0)/
k�1Y

i=1

ri = �g(0)/
k�1Y

i=1

|ri| > 0(2.4.2)

where rk, rk+1, rk+2 are roots of the cubic equation. An algebraic equation of an odd degree

and real coefficients must posses at least one real root. Eq. (2.4.2) implies that this root is

positive. The other two roots of the cubic equation have negative real parts. ⇤

PROPOSITION 4 (All a’s are positive). Let d = 1, ⇠ 6= 0 and ai > 0 for all 1  i  k,

then two eigenvalues of �(i⇠) have positive real parts and the others are real and negative.

PROOF. If ⇠ = 0, the eigenvalues are �bi < 0 and zero (two-fold).

If ⇠ 6= 0, then the k � 1 real roots ri of p(�, ⇠) strictly interlace �bi for 1  i  k.

By the Intermediate value theorem there is also a root to the left of �bk = �maxi bi since

lim�!�1 p(�, ⇠) = +1 and p(�bk, ⇠) = �⇠2ak
Q

i 6=k
(bk � bi) < 0. Thus for some real

↵, � we have the factorization

(�2 + ↵�+ �)
kY

i=1

(�� ri) = 0.

By Vieta’s theorem the roots rk+1, rk+2 of �2 + ↵�+ � satisfy

rk+2 + rk+1 = �
kX

i=1

bi �
kX

i=1

ri > 0,

rk+2 · rk+1 = g(0)/
kY

i=1

|ri| > 0
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where g(0) > 0, since ai > 0 for all 1  i  k. In fact, g(�) > 0 holds for � � 0, so rk+1

and rk+2 cannot be real and positive. Hence they are complex conjugate with positive real

parts. ⇤

For each 1  i  k � 1, the signs of ai and ai+1 determine the number of jumps of

the rational function g(�)/
Q

k

i=1(� + bi) from ±1 to ⌥1 as the argument changes from

�bi+1 to �bi. If the signs of ai and ai+1 are the same as in Propositions 3 and 4, then

there is a real root between�bi+1 and�bi corresponding to a jump from ±1 to⌥1. This

greatly simplifies the problem of root location which becomes increasingly complicated if

the signs of the ai’s are arbitrary, as can already be seen from the simplest example with

k = 2. In this case, the characteristic polynomial takes the form

g(�) = p(�, ⇠) = �4 + (b1 + b2)�
3 + (c2⇠2 + b1b2)�

2

+ ⇠2(a1 + c2b1 + a2 + c2b2)�+ ⇠2(c2b1b2 + a1b2 + a2b1)

Let �i denote the ith Hurwitz determinant obtained from the coefficients of the char-

acteristic equation, so that

�1 = b1 + b2, �2 =

������

b1 + b2 g0(0)

1 c2⇠2 + b1b2

������
, �3 =

���������

b1 + b2 g0(0) 0

1 c2⇠2 + b1b2 g(0)

0 b1 + b2 g0(0)

���������

,(2.4.3)

�4 =

�������������

b1 + b2 g0(0) 0 0

1 c2⇠2 + b1b2 g(0) 0

0 b1 + b2 g0(0) 0

0 1 c2⇠2 + b1b2 g(0)

�������������

= g(0)�3.

PROPOSITION 5. Let d = 1, ⇠ 6= 0 and a1a2 < 0, then

• i) when g(0) > 0 all eigenvalues have negative real parts if �2 > 0 and �3 > 0,

otherwise two roots have negative real parts and two roots have non-negative real

parts;
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• ii) a) when g(0) = 0 and g0(0) > 0, one root is zero and three have negative real

parts if �2 > 0, otherwise there is one zero and one negative root and two roots

with non-negative real parts; b) when g(0) = 0 and g0(0) = 0, two roots with

negative real parts and zero (two-fold); c) when g(0) = 0 and g0(0) < 0, there is

a zero and a positive root and two roots with negative real parts;

• iii) when g(0) < 0, one root is negative and three roots have positive real parts

if �2 < 0 and �3 < 0, otherwise one root is positive and three roots have non-

positive real parts.

PROOF. If ⇠ = 0, the eigenvalues are �b1,�b2 and zero (two-fold).

i) Let ⇠ 6= 0 and assume g(0) > 0. If �4 6= 0, according to the Routh-Hurwitz theorem

[Gan59] the number of roots of g(�) in the right half-plane <(�) > 0 is determined by the

number of variations of sign in the sequence

⇢
1,�1,

�2

�1
,
�3

�2
,
�4

�3

�
=

⇢
1, b1 + b2,

�2

b1 + b2
,
�3

�2
, g(0)

�

Hence all the roots of g(�) have negative real parts if and only if �2 > 0 and �3 > 0. As

long as �4 6= 0, in all other cases including the singular case �2 = 0 there are exactly two

variations of sign and therefore two roots with positive real parts, say r1 and r2. For some

real ↵, � we can write

(�2 + ↵�+ �)
2Y

i=1

(�� ri) = 0.

By Vieta’s theorem the roots r3, r4 of �2 + ↵�+ � satisfy

r3 + r4 = �(b1 + b2 + r1 + r2) < 0,

r3 · r4 = g(0)/r1r2 > 0

i.e. r3 and r4 have negative real parts. Moreover, if a1 < 0 and a2 > 0, these roots are real:

one root lies between �b1 and 0 since g(�b1)g(0) = ⇠2a1(b2 � b1)g(0) < 0 and the other

is to the left of �b2 because g(�b2) = �⇠2a2(b2 � b1) < 0 and lim�!�1 g(�) = +1.
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If �4 = 0, then �3 = 0 = g0(0)�2 � g(0)(b1 + b2)2. Evaluating �2 from the latter

equation and comparing it with the original definition of �2, we can conclude that �2 > 0

and g0(0) > 0. In this case the polynomial enjoys the following factorization

✓
�2 +

g0(0)

b1 + b2

◆✓
�2 + (b1 + b2)�+

�2

b1 + b2

◆
= 0

Hence there is a pair of conjugate pure imaginary roots ±i
p

g0(0)/(b1 + b2) and two roots

with negative real parts.

ii) Assume g(0) = 0 and ⇠ 6= 0. Since the constant term is absent, we can factor

out � and reduce the problem of root location for g(�) to that for which the last Hurwitz

determinant is �3 = g0(0)�2. a) When g0(0) > 0 the sequence
n
1, b1 + b2,

�2
b1+b2

, g0(0)
o

has no sign variation if �2 > 0 and hence no roots of �3 + (b1 + b2)�2 + (c2⇠2 + b1b2)�+

g0(0) = 0 are in the right-half plane. If �2 < 0, there are two sign variations and hence

two roots with positive real parts and one negative root. If �2 = 0, the roots are �(b1+ b2)

and ±i
p

g0(0)/(b1 + b2); b) When g0(0) = 0, one can factor out � again and obtain a

quadratic equation whose roots have negative real parts; c) When g0(0) < 0, then �2 > 0.

There is one positive root, say r1, corresponding to a single sign variation in the sequence
n
1, b1 + b2,

�2
b1+b2

, g0(0)
o

. By Vieta’s theorem the remaining two roots satisfy

r2 + r3 = �(b1 + b2 + r1) < 0,

r2 · r3 = �g0(0)/r1 > 0

i.e. r2 and r3 have negative real parts.

iii) Assume that g(0) < 0 and ⇠ 6= 0. If �4 6= 0, �2 < 0 and �3 < 0 by the Routh-

Hurwitz theorem there are three roots in the right-half plane. Since in this case we also

have g0(0) = �3+g(0)(b1+b2)2

�2
> 0, it follows from the Descartes’ rule of signs that only

one of those three roots is real. In other cases where �4 6= 0, including the singular case

�2 = 0, there is only one variation of sign in the sequence
n
1,�1,

�2
�1

, �3
�2

, �4
�3

o
and hence

only one root in the right-half plane.
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If �4 = 0, then �3 = 0 and g0(0)�2 < 0. From the factorization

✓
�2 +

g0(0)

b1 + b2

◆✓
�2 + (b1 + b2)�+

�2

b1 + b2

◆
= 0

we conclude that there is a pair of conjugate pure imaginary roots ±i
p
g0(0)/(b1 + b2) and

a pair of real roots of opposite sign if g0(0) > 0 and �2 < 0. If g0(0) < 0 and �2 > 0 we

have ±
p

|g0(0)|/(b1 + b2) and two roots with negative real parts. ⇤

Proposition 5 exhausts all the possibilities for the fourth order monic polynomial. When

more than two ai’s have arbitrary signs, eigenvalues can be studied in a similar manner

using higher order Hurwitz determinants even if some of those determinants vanish.

REMARK 3. 1. Requiring all the ai’s to be negative is equivalent to saying that the

relaxation kernel K(t) = �
P

k

i=1 aie
�bit is a totally monotone function.

2. Recall that when deriving the model equation we identified ai, bi and c2 with the

physical parameters of the system, namely, bi = ⌧�1
�i

> 0, c2 =
P

k

i=1 MRi⌧✏i⌧
�1
�i

> 0 and

ai = MRi(1� ⌧✏i⌧�1
�i

)bi < 0. Since

g(0) = ⇠2
 
c2 +

kX

i=1

ai
bi

!
kY

i=1

bi = ⇠2
kY

i=1

bi

kX

i=1

MRi > 0,

case iii) of Proposition 3 yielding a positive eigenvalue is unphysical. In contrast, g(0) > 0

is fulfilled in Proposition 4, but it is assumed that ai > 0 (no dissipation), so a pair of

complex conjugate roots with positive real parts is also unphysical.

3. The Routh-Hurwitz theorem provides necessary and sufficient conditions for all of

the roots of a polynomial with real coefficients to lie in the left-half of the complex plane.

It allows one to locate the roots just by employing the coefficients of the polynomial which

are functions of the parameters controlling the relaxation.

4. Algebraic multiplicities of eigenvalues �j(⇠) remain constant as ⇠ ranges along S
d�1

and �j(⇠) are analytic functions away from the origin, admitting a power series expansion

in ⇠. This fact will be used in Proposition 6 below to investigate the limiting behavior of

the eigenvalues as |⇠|! 0 and |⇠|!1.
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PROPOSITION 6. Let d = 1 and �j(i⇠) for 1  j  k + 2 be the eigenvalues of �(i⇠),

then as |⇠|! 0,

< (�j(i⇠)) =

8
>><

>>:

�bj � ⇠2 ajb2j +O (⇠4) for j = 1, 2, . . . , k

±<
⇣
i⇠
q

c2 +
P

k

i=1
ai
bi

⌘
+ ⇠2

P
k

i=1
ai

2b2i
+O (⇠3) for j = k + 1, k + 2

if c2 +
P

k

i=1
ai
bi
6= 0 or

< (�j(i⇠)) =

8
>>>>><

>>>>>:

�bj � ⇠2 ajb2j +O (⇠4) for j = 1, 2, . . . , k

⇠2
P

k

i=1
ai

b
2
i
+O (⇠4) for j = k + 1

0 +O (⇠4) for j = k + 2

otherwise, and as |⇠|!1

< (�j(i⇠)) =

8
>><

>>:

< (rj) +O (⇠�1) for j = 1, 2, . . . , k

1
2c2

P
k

i=1 ai +O (⇠�2) for j = k + 1, k + 2

PROOF. Let ⇣ = i⇠ 2 C and recall that �(⇣) = � (B + ⇣A). Following Kato

[GKS17], [Kat76] we treat �B as an unperturbed matrix subjected to a small perturba-

tion �⇣A. The characteristic equation of �(⇣) is an algebraic equation in � of degree

k+ 2 and its roots are branches of analytic functions of ⇣ with only algebraic singularities.

Hence, in the neighborhood of ⇣ = 0 the following expansion is valid:

�j(⇣) = �(0)
j

+ ⇣�(1)
j

+ ⇣2�(2)
j

+ . . .

for 1  j  k + 2. Here �(0)
j

are the eigenvalues of the unperturbed matrix �B and satisfy

the equation

p(�,�i⇣)
���
⇣=0

= (�1)k
�
�(0)
�2 kY

i=1

�
�(0) + bi

�
= 0

so that
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�(0)
j

=

8
>><

>>:

�bj for j = 1, 2, . . . , k

0 for j = k + 1, k + 2

Solving

(�1)k dp
d⇣

����
⇣=0

= �(0)�(1)
kY

i=1

�
�(0) + bi

�
 
2 +

kX

i=1

�(0)

�(0) + bi

!
= 0 and

d2p

d⇣2

����
⇣=0

= 0

one obtains

�(1)
j

=

8
>><

>>:

0 for j = 1, 2, . . . , k

±
q

c2 +
P

k

i=1
ai
bi

for j = k + 1, k + 2

The next order correction comes from solving d
2
p

d⇣2

���
⇣=0

= 0 and d
3
p

d⇣3

���
⇣=0

= 0, thus

�(2)
j

=

8
>>>>><

>>>>>:

aj

b
2
j

for j = 1, 2, . . . , k

�
P

k

i=1
ai

b
2
i

for j = k + 1

0 for j = k + 2

or �(2)
j

=

8
>><

>>:

aj

b
2
j

for j = 1, 2, . . . , k

�
P

k

i=1
ai

2b2i
for j = k + 1, k + 2

depending on whether c2 +
P

k

i=1
ai
bi

= 0 or not, respectively. Equation d
3
p

d⇣3

����
⇣=0

= 0 also

implies that �(3)
j

= 0 for 1  j  k.

When |⇠| ! 1 we can write �(⇣) = � (B + ⇣A) = �⇣ (A+ ⇣�1B) and consider

�⇣�1B to be a small perturbation of �A. The eigenvalues µj (⇣�1) of A + ⇣�1B are

related to those of �(⇣) by �j(⇣) = ⇣µj (⇣�1). The characteristic polynomial of A+ ⌫B is

q(µ, ⌫) = (�1)k
 
µ2 � c2 �

kX

i=1

⌫ai
µ+ ⌫bi

!
kY

i=1

(µ+ ⌫bi)

where ⌫ = ⇣�1. In the neighborhood of ⌫ = 0 we have

µj(⌫) = µ(0)
j

+ ⌫µ(1)
j

+ ⌫2µ(2)
j

+ . . .

for 1  j  k + 2. The eigenvalues of �A satisfy q (µ, ⌫)
���
⌫=0

= 0, hence
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µ(0)
j

=

8
>><

>>:

0 for j = 1, 2, . . . , k

±c for j = k + 1, k + 2

Computing dq

d⌫

����
⌫=0

= 0 we find

(�1)k
�
µ(0)
�k�1

 ⇣�
µ(0)
�2 � c2

⌘ kX

i=1

�
µ(1) + bi

�
+ 2

�
µ(0)
�2

µ(1) �
kX

i=1

ai

!
= 0

so that

µ(1)
j

=

8
>><

>>:

rj for j = 1, 2, . . . , k

1
2c2

P
k

i=1 ai for j = k + 1, k + 2

where rj are roots of d
k
q

d⌫k

����
⌫=0,µ

(0)
j =0

= 0. One can show that

µ(2)
j

= ⌥

0

@ 1

2c3

kX

i=1

aibi +
3

8c5

 
kX

i=1

ai

!2
1

A

for j = k + 1, k + 2 by solving d
2
q

d⌫2

����
⌫=0

= 0. ⇤

In higher dimensions the analysis is similar but lengthier, remember that ⇠ should be

replaced by |⇠| therein.

2.5. Stability

Well-posedness of the Cauchy problem described in Definition 3 does not rule out the

possibility of exponential growth of solutions as time approaches infinity unless ↵ is arbi-

trarily small or negative. The following definition helps to eliminate exponential instabili-

ties.

DEFINITION 4. The Cauchy problem for a constant coefficient operator L is weakly

(strongly) stable if it is weakly or strongly well-posed and the solution U(t) satisfies

kU(t)k
L2(Rd)  C(1 + t)s kU0kHs(Rd) , t � 0
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with C > 0 and s > 0 (s = 0).

A necessary and sufficient condition for weak stability is that all eigenvalues �j(⇠) of

�(i⇠) = � (B + iA(⇠)) satisfy < (�j(⇠))  0. Furthermore, if the Jordan blocks corre-

sponding to the eigenvalues with < (�j(⇠)) = 0 are trivial, then the problem is strongly

stable (cf. Lemma 2.1 in [SAF15]).

THEOREM 3. Let d � 1, ⇠ 6= 0, ai < 0 for all 1  i  k and g(0) � 0, then the

Cauchy problem for a constant coefficient operator L is strongly stable.

PROOF. By Proposition 3, all eigenvalues of �(i⇠) satisfy < (�j(⇠))  0. Since the

characteristic polynomial in higher dimensions splits as in Eq. (2.4.1), p̃(�, ⇠1, . . . , ⇠d) =

p(�, |⇠|)�d�1
Q

k

i=1(� + bi)d�1, the algebraic multiplicity m of the zero eigenvalue is m =

d� 1 when g(0) > 0 and m = d if g(0) = 0. In both cases, m does not change as ⇠ ranges

along S
d�1 and moreover algebraic multiplicity is equal to the geometric multiplicity. Note

that �(⇠) = 0 solves @
m�1

@�m�1 p̃(�, ⇠1, . . . , ⇠d) = 0, but ⇠ · r⇠
@
m�1

@�m�1 p̃(�, ⇠1, . . . , ⇠d) 6= 0 at

� = 0. Hence �(i⇠) is of principal type at � = 0 and the Jordan blocks corresponding to

zero eigenvalues are all trivial. By Parseval’s relation

kU(t)k
L2(Rd) =

���et�(i⇠)Û0(⇠)
���
L2(Rd)

=
���P�1(⇠)etJP (⇠)Û0(⇠)

���
L2(Rd)


��P�1(⇠)

�� kP (⇠)k kU0kL2(Rd) ,

where J is the Jordan matrix. By Theorem 1 the Cauchy problem for L is strongly well-

posed and Proposition 6 implies that < (�j(⇠)) 9 +1 as |⇠|! +1, so kP�1(⇠)k kP (⇠)k

is bounded by a constant C > 0 and the claim follows. ⇤

REMARK 4. For �(i⇠) to be of principal type at � = 0, it is important that the constant

algebraic multiplicity is equal to the geometric multiplicity. Consider, for example, case

ii) (b) of Proposition 5: the geometric multiplicity of the zero eigenvalue is less than its

algebraic multiplicity in any dimension d � 1. Hence �(i⇠) is not of principal type at
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� = 0 and the Jordan matrix contains a non-trivial block. The Cauchy problem for L is

only weakly stable in that case.

Métivier and Zumbrun [MZ05] classify the multiple eigenvalues as algebraically reg-

ular, geometrically regular and nonregular. Eigenvalues of constant multiplicity are alge-

braically regular. If in addition they are semi-simple, then they are geometrically regular.

Simple roots are geometrically regular by definition. Geometric regularity implies Majda’s

block structure condition and provides an optimal characterization of this condition.

Energy decay. Consider for a moment the following viscoelastic wave equation

(2.5.1) �tt � c2��+

Z
t

0

K(t� s)��(s)ds = 0, x 2 R
d,

together with the associated standard energy in Fourier space

Ê(⇠, t) =
1

2
|�̂t|2 +

1

2
c2|⇠|2|�̂|2

The following assumptions on the relaxation kernel K(t) are commonly accepted in the

literature:

[A2] K: R+ ! R
+ is a non-increasing C1 function and l = c2�

R1
0 K(s)ds > 0,

[A3] K(0) > 0 and K 0(t) < 0 for all t � 0.

Examples of kernels satisfying the above assumptions are K(0)(1 + t)�⌫ , K(0)e�(1+t)⌫

with properly chosen ⌫ > 1 and K(0) > 0.

Assumption [A2] has a physical origin: in statics, i.e. when �(x, t) = �̄(x) and

✏(x, t) = ✏̄(x) Eq. (2.2.3) reduces to

�̄(x) = ⇢

✓
c2 �

Z 1

0

K(s)ds

◆
✏̄(x)

so [A2] states that in a viscoelastic medium the equilibrium stress modulus is positive (cf.

Eq. (75) in Ref. [RHN87] where the equilibrium stress function is considered).



37

THEOREM 4. Assume that K(t) satisfies [A2] and [A3], then the energy of the solution

to (2.5.1) decreases in time.

PROOF. Multiplying the Fourier transform of (2.5.1),

�̂tt + c2|⇠|2�̂�
Z

t

0

|⇠|2K(t� s)�̂(s)ds = 0,

by �̂⇤
t

and taking the real part we compute

1

2

d

dt

⇣
|�̂t|2 + c2|⇠|2|�̂|2

⌘
= |⇠|2<

✓
�̂⇤
t

Z
t

0

K(t� s)�̂(s)ds

◆
= |⇠|2<

⇣
�̂⇤
t
(K ⇤ �̂)(t)

⌘

where we utilized the first of the following convolutions:

(K ⇤ f)(t) =
Z

t

0

K(t� s)f(s)ds,

(K ~ f)(t) =

Z
t

0

K(t� s)|f(s)� f(t)|2ds,

defined for any real or complex valued function f(t). Using the second definition one can

compute

d

dt

✓
(K ~ �̂)(t)� |�̂|2

Z
t

0

K(s)ds

◆
= (K 0 ~ �̂)(t)� 2<

⇣
�̂⇤
t
(K ⇤ �̂)(t)

⌘
�K(t)|�̂|2

Hence substituting the previously obtained expression for <
⇣
�̂⇤
t
(K ⇤ �̂)(t)

⌘
and using

[A2] and [A3] we have

1

2

d

dt

✓
|�̂t|2 + |⇠|2|�̂|2

✓
c2 �

Z
t

0

K(s)ds

◆
+ |⇠|2(K ~ �̂)(t)

◆
=

|⇠|2
⇣
(K 0 ~ �̂)(t)�K(t)|�̂|2

⌘
 0(2.5.2)

By introducing the following functional:

0  Ê(⇠, t) = 1

2
|�̂t|2 +

1

2

✓
c2 �

Z
t

0

K(s)ds

◆
|⇠|2|�̂|2 + 1

2
|⇠|2(K ~ �̂)(t)

then, by (2.5.2), Ê(⇠, t) is non-increasing and obeys Ê(⇠, t)  Ê(⇠, 0) = Ê(⇠, 0), and on
the other hand Ê(⇠, t)  c2l�1Ê(⇠, t) so the uniform decay of Ê implies the uniform decay

of Ê. ⇤



38

In the present manuscript we have dealt with the kernel K(t) = �
P

k

i=1 aie
�bit with

constant coefficients and in this case (2.2.5) reduces to (2.5.1). If we choose ai < 0 and

c2 �
Z 1

0

K(s)ds = c2 +
kX

i=1

ai
bi

= g(0) > 0,

then assumptions [A2], [A3] hold true and Theorem 4 shows that the energy of an absorbing

medium dissipates over time. Moreover, since �K 0(t)/K(t) is bounded from below by a

positive constant: �K 0(t)/K(t) > bk = maxi bi > 0, it is possible to show that the energy

decays exponentially [Pat06], [SM14].

Finally note that the absorption condition, D�C > 0, stated in Ref. [BEJ05] is equiv-

alent to ai < 0. Indeed, by definition ai < 0 holds whenever ⌧✏i > ⌧�i (see Remark 3).

In the mono-dimensional Zener model C = µ and D = µ⌧✏/⌧�, therefore, D�C > 0

reduces ⌧✏ > ⌧�. In higher dimensions, ⌧✏i > ⌧�i for all 1  i  k, ensures that the tensor

D�C is positive definite.

This chapter is based on the paper [DLM+]. While my co-authors proposed the study

of the model and provided guidance and advice, [DLM+] is primarily my own original

work and nearly all the results were obtained by myself.
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CHAPTER 3

New results in the Hamiltonian theory of weakly nonlinear surface

waves

3.1. Introduction

A broad class of problems arising in applied mathematics, mathematical physics and

engineering science involves moving interfaces such as the boundary of a melting ice slab

in the Stefan problem, of an air bubble rising in a Hele-Shaw cell and of a tumor growing

inside an organ, just to name a few. A moving interface problem is a boundary-value

problem with two domains separated by an interface whose motion is governed by some

fundamental laws or principles of nature expressed as a set of one or more differential

equations. In classical fluid dynamics one studies the water waves problem - a particular

example of the moving interface problem characterized by a free surface separating air

from a liquid occupying a certain region.

The water waves problem in its full generality represents a notoriously difficult math-

ematical problem for the free surface is not known a priori and has to be determined as an

integral part of the solution. In order to make progress it is therefore necessary to relax

certain properties of the fluid and the flow known from direct observations and propose

a simplified model. The following assumptions are commonly made when developing a

mathematical formulation:

(H1): The fluid is completely homogeneous i.e. it is composed of particles of the

same kind at different points in the domain. By a fluid particle we understand not

an individual molecule, but rather a volume element infinitesimally small com-

pared with the rest of the medium and at the same time large compared with the

inter-molecular distance. An example of a nearly homogeneous medium is a liq-

uid with small vapor bubbles trapped in the flow.
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(H2): The fluid is isotropic i.e. the distribution of the fluid particles in the vicinity

of a given particle is rotationally symmetric so that there is no preferred direction

in the fluid.

(H3): There is no dissipation of energy in the fluid. Internal friction and heat ex-

change between various parts of a moving fluid are dissipative processes. Internal

friction occurs when a particle and its neighbors move with different velocities.

Fluids with no internal friction (viscosity) and thermal conductivity are said to be

ideal or perfect.

(H4): The fluid is incompressible. If the particle’s density does not change along its

trajectory throughout the motion, then the fluid is regarded as incompressible. We

will eventually treat the density as a non-zero constant in both space and time and

set ⇢ = 1g/cm3 as water is our primary example of the fluid.

(H5): The flow is irrotational.

(H6): The solid bottom and the free surface are graphs of single-valued functions.

We exclude overturning wave profiles from consideration.

(H7): Fluid particles do not cross the surfaces bounding the fluid. The free surface

always consists of the same particles and fluid particles do not penetrate the solid

boundaries.

(H8): The the external pressure and the surface tension are constants. Since air is

about 1000 times less dense than water, its motion is considered unimportant for

the flow underneath the free surface. We will treat air as a fluid with constant

pressure or neglect its presence above the water surface altogether.

(H9): The fluid is at rest at spatial infinities.

Some of the above assumptions are quiet natural, while others are pure idealizations: we

know, for example, that all real fluids have some viscosity, however small it may be.

3.2. Zakharov Hamiltonian

In free boundary problems, the physical domain changes with time and determining

both the solution of the PDE in that domain and the location of the free surface requires
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imposing more conditions on the boundary than in the case of a stationary domain. Denote

a laterally unbounded fluid domain at time t by ⌦(t) ⇢ R
d+1 and let �(t) ⇢ R

d+1 be a

smooth d-dimensional hypersurface given implicitly by an equation �(t, x, z) = 0.

PROPOSITION 7. Let x(t) = (x(t), z(t)) be the position of a fluid particle at time t and

v its velocity. The fluid particle belongs to the hypersurface �(t) if � (t, x(t)) = 0 and stays

on �(t) for all times if and only if �̇ (t, x(t)) = 0. Assumption (H7) can be reformulated as

v · n = 0 on z = �h(x)(3.2.1)

⇠t �
q

1 + |r⇠|2v · n = 0 on z = ⇠(t, x)

where n is a unit normal to �(t), h : Rd ! R
+ defines a bottom topography and ⇠ : R ⇥

R
d ! R is a free surface elevation (see (H6)).

PROOF. If � (t, x(t)) = 0 is a bounding surface, then the unit normal vector is n =

rx�/ |rx�| and the velocity of the surface in the direction of increasing � is ��t/ |rx�|

(note that rx� 6= 0 since �(t) is smooth). Assumption (H7) asserts that fluid particles

do not cross the surfaces bounding the fluid. This means that the component of the fluid

velocity normal to �(t) must be equal to the corresponding component of the velocity of

the surface, that is, v · n = ��t/ |rx�| on �(t). Hence at all times

0 = �t + v ·rx� = �t + ẋ ·rx� = �̇ (t, x(t)) on � (t, x(t)) = 0.(3.2.2)

By assumption (H6) we can take �(t, x, z) = z + h(x) and �(t, x, z) = z � ⇠(t, x) for the

bottom and the free surface respectively, so that (H7) in view of (3.2.2) is written as (3.2.1).

On the other hand, if (3.2.2) holds defining � (t,X (t, a)) = �0(t, a) shows that �0(t, a) =

0 describes the initial positions of fluid particles which at time t are on � (t, x(t)) = 0.

Since �0
t
(t, a) = 0 when �0(t, a) = 0, the normal velocity of the surface is zero in the

space of labels and therefore if a particle is on the hypersurface �(t) initially, it remains

there forever. ⇤
When the water depth is unbounded from below the first equation in (3.2.1) is replaced

by v ! 0 as z !1.
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DEFINITION 5. The variational derivative �F (x)
�f(x) is defined by

Z

Rd

�F

�f
(x)g(x)dx =

d

ds

���
s=0

F (f + sg)

for any real-valued square integrable function g.

PROPOSITION 8. Let �(t, x, z) = z � ⇠(t, x) and assume that (H8) holds with the

external pressure p0 and the surface tension �. Then the pressure p(t, x) in ⌦(t) satisfies

the boundary condition

p = p0 � �r ·

0

@ r⇠q
1 + |r⇠|2

1

A on �(t, x, z) = 0.

PROOF. According to the Young-Laplace law the jump in the pressure across the hy-

persurface �(t) is proportional to the mean curvature H:

[p] = �2�H.

Since a hypersurface of codimension 1 in R
d+1 is always orientable [Sam69], at each point

x 2 �(t) there is a unit normal vector and a well-defined Gauss map

⌫ : �(t)! S
d

x 7! y =
r⇠q

1 + |r⇠|2

where �(t, x, z) = z � ⇠(t, x) and � be the surface tension. ⇤
THEOREM 5. (Zakharov, [Zak68]) The equations describing the wave motion

⇠t +r� ·r⇠ = �z on z = ⇠(x, t)(3.2.3)

�t +
1

2
|r�|2 + 1

2
�2
z
+ g⇠ =

�

⇢
r ·

0

@ r⇠q
1 + |r⇠|2

1

A on z = ⇠(x, t)(3.2.4)

��+ �zz = 0 in ⌦(3.2.5)

�z +r� ·rh = 0 on z = �h(x)(3.2.6)
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are equivalent to Ḟ = {F,H} where F = (⇠(x), (x)),

H =
⇢

2

Z

Rd

dx

Z
⇠

�h

�
|r�|2 + �2

z

�
dz +

Z

Rd

g⇢⇠2

2
+ �

✓q
1 + |r⇠|2 � 1

◆
dx

and the Poisson bracket is given by

{A,B} (x) =
Z

Rd

�A(x)

� (y)

�B(x)

�⇠(y)
� �A(x)

�⇠(y)

�B(x)

� (y)
dy.

REMARK 5. Equations (3.2.4) and (3.2.5) follow from the Euler equations derived at

the end of Chapter 1 provided u = r�, i.e. if we assume that (H4) and (H5) hold.

3.3. Hamiltonian and its expansion to arbitrary order

Taking the Fourier transform of the Laplace equation (3.2.5) with respect to the hori-

zontal coordinates results in a second-order ODE in z whose solution enjoys the following

integral representation

(3.3.1) �(x, z) =
1

(2⇡)d/2

Z
�̂(k)eqzeik·xdk, �̂(k) = �̂⇤(�k)

consistent with the condition at infinity, that is, with vanishing of v as z ! �1. Here

k is the wave vector and q = |k| (see Appendix 3.7 for the choice of Fourier transform

conventions, and other notations used throughout this chapter). Notice that the explicit

time-dependence has been suppressed in (3.3.1).

Substitution of (3.3.1) into the expression for the kinetic energy followed by an explicit

integration over z yields

K =
1

2

Z

Rd

dx

Z ⇠

�1

⇣
|r�|2 + �2

z

⌘
dz =

1

2 (2⇡)d

Z
q0q1 � k · k1

q0 + q1
�̂0�̂1e

(q0+q1)⇠ei(k+k1)·xdk01dx.

We pass to the weakly nonlinear limit by assuming that the surface steepness is small,

|r⇠|⌧ 1, and develop e(q0+q1)⇠ in a Taylor series expansion around the undisturbed surface

level. The kinetic energy remains quadratic in �̂:

(3.3.2) K =
1

2

Z
q0�̂0�̂

⇤
0dk+

1X

n=1

Z
K(n+2)

0,1 �̂0�̂1

n+1Y

i=2

⇠̂i�
(d)

 
n+1X

i=0

ki

!
dk012...n+1
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where the kernels K(n+2)
0,1 are computed straightforwardly

K(n+2)
0,1 =

q0q1 � k · k1

2 (2⇡)nd/2
(q0 + q1)

n�1

n!
, n = 1, 2, . . .

Note that K(n+2)
0,1 = K(n+2)

1,0 for all n 2 N.

Expressing K in terms of surface variables alone is a laborious task. One proceeds by

finding a relation between the Fourier transform of the velocity potential at the free surface,

 ̂ (k), and the variables �̂(k), ⇠̂(k) using (3.3.1):

(3.3.3)  ̂ (k) = �̂ (k) +
1X

n=1

Z
qn1

(2⇡)nd/2 n!
�̂1

n+1Y

i=2

⇠̂i�
(d)

 
k�

n+1X

i=1

ki

!
dk12...n+1.

Then inverts the relation (3.3.3) iteratively relative to �̂(k), inserts the result into (3.3.2),

collects terms of the same order in ⇠̂(k) and performs appropriate symmetrization. These

demanding calculations were carried out most comprehensively by [Kra94] up to the fifth-

order terms inclusive (see, also, [GAS93, SS84]).

DEFINITION 6. A transformation ⌧ : (u, v) 7! (↵, �) is called a near-identity transfor-

mation if ⌧(u, v) = (u, v) +O (||(u, v)||2)

In the weakly non-linear regime the transformation
⇣
�̂k, ⇠̂k

⌘
!
⇣
 ̂k, ⇠̂k

⌘
is a near-

identity transformation as can be seen from (3.3.3), so we expect the transformed kinetic

energy to retain the same form as (3.3.2) except that the kernels K(n+2)
0,1 should be replaced

by the kernels E(n+2)
0,1,2,...,n+1 depending, possibly, on all the wave vectors participating in a

(n+ 2)-wave interaction process. This observation suggests that the kinetic energy should

be of the form

(3.3.4) K =
1

2

Z
q0 ̂0 ̂

⇤
0dk+

1X

n=1

Z
E(n+2)

0,1,2,...,n+1 ̂0 ̂1

n+1Y

i=2

⇠̂i�
(d)

 
n+1X

i=0

ki

!
dk012...n+1.

In order to find the new kernels we compute the following variation
(3.3.5)

⇠̂t(k) =
�K

� ̂⇤
0

= q0 ̂0 + 2
1X

n=1

Z
E(n+2)

�0,1,2,...,n+1 ̂1

n+1Y

i=2

⇠̂i�
(d)

 
k�

n+1X

i=1

ki

!
dk12...n+1,
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and substitute (3.3.3) into the above expression. Comparing the result to the Fourier trans-

form of the kinematic boundary condition (3.6.1a) we obtain (after proper symmetrization)

the following expressions for the first three kernels:

2E(3)
0,1,2 =�

1

(2⇡)d/2
(q0q1 + k · k1)(3.3.6a)

2E(4)
0,1,2,3 =

q1

2! (2⇡)d/2

⇣
E(3)

0,1,2+3 � E(3)
0,1+2,3 � E(3)

0,1+3,2

⌘
+ (0 ! 1)(3.3.6b)

2E(5)
0,1,2,3,4 =

q21
3! (2⇡)d

⇣
E(3)

0,1,2+3+4 � E(3)
0,1+2+3,4 � E(3)

0,1+3+4,2 � E(3)
0,1+2+4,3

⌘

� q1

3 (2⇡)d/2

⇣
E(4)

0,1+2,3,4 + E(4)
0,1+3,2,4 + E(4)

0,1+4,2,3

⌘
+ (0 ! 1) .(3.3.6c)

In general, before symmetrization we have the relation

2E(n+2)
0,1,2,...,n+1 + 2

n�1X

m=1

qm1 E
(n+2�m)
0,1+2+···+m+1,m+2,...,n+1

(2⇡)md/2 m!
=

qn+1
1 + nqn�1

1 k1 · k2 � q0qn1
(2⇡)nd/2 n!

for n � 2. Symmetrizing the right hand side of this expression with respect to the

wavenumbers (2, 3, . . . , n + 1) yields 2E
(3)
0,1,2+···+n+1q

n�1
1

(2⇡)(n�1)d/2
n!

thanks to the argument of the delta

function appearing in (3.3.4). This fact allows one to write a succinct formula for recur-

sively determining all the kernels in terms of lower order kernels

(3.3.7) E(n+2)
0,1,2,...,n+1 =

qn�1
1 E(3)

0,1,2+···+n+1

(2⇡)(n�1)d/2 n!
�

n�1X

m=1

qm1 E
(n+2�m)
0,1+2+···+m+1,m+2,...,n+1

(2⇡)md/2 m!

The right hand side of (3.3.7) should be symmetrized with respect to the pair of argu-

ments (2, 3, . . . , n + 1) and (0, 1) so that the total energy is symmetric. The advantage of

the described method of finding the kernels is that it avoids the cumbersome operation of

inverting (3.3.3).

The three-wave interaction kernel can be used as a building block for the construction

of the higher order kernels via the recursion. For the sake of completeness, below we record

the explicit forms of a few of the kernels computed using (3.3.7):

E(3)
0,1,2 =�

1

2 (2⇡)d/2
(q0q1 + k · k1) ,
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E(4)
0,1,2,3 =�

1

8 (2⇡)d
�
2|k|2q1 + 2|k1|2q0 � q0q1 (q0+2 + q0+3 + q1+2 + q1+3)

�
,

E(5)
0,1,2,3,4 =�

1

12 (2⇡)3d/2
�
�|k1|2q0 (q0+2 + q0+3 + q0+4)� |k|2q1 (q1+2 + q1+3 + q1+4)

+2|k|2|k1|2 +
q0q1
2

�
|k|2 � |k+ k2|2 � |k+ k3|2 � |k+ k4|2

�

+
q0q1
2

�
|k1|2 � |k1 + k2|2 � |k1 + k3|2 � |k1 + k4|2

�

+q0q1 (q0+2 (q1+3 + q1+4) + q0+3 (q1+2 + q1+4) + q0+4 (q1+2 + q1+3))) .

These expressions are in full agreement with those previously obtained by [Kra94] and

other authors, e.g., [GAS93, SS84]. Following the outlined recipe a formula similar to

(3.3.7) can be derived for waves in a fluid of arbitrary depth as shown in the Appendix 3.8.

3.3.1. An application: Gravity waves in one horizontal dimension. In physical ap-

plications the space dimension d + 1 is typically either 2 or 3. Two-dimensional flows are

special in many respects. It is well-known, for example, that using the power of complex

variables theory, the time-dependent fluid domain can be conformally mapped to a steady

infinite strip or a half-plane [DKS+]. This operation cannot, of course, be extended in gen-

eral to higher dimensions. It appears that the dimension of the space in which the waves

propagate also plays a key role in our derivations. Notice that the recursion relation (3.3.7)

is valid in all dimensions, however, the scalar product of two wave vectors appearing in the

kernel E(3)
0,1,2 reduces to kk1 only when d = 1.

In this case it is evident that q0q1 = sgn(k)sgn(k1)kk1 and therefore E(3)
0,1,2 = 0 if

and only if one of the wavenumbers k or k1 is non-positive. We are not interested in

wavenumbers that are identically zero, so they will be excluded from further consideration.

PROPOSITION 9. Let {pj}n+1
j=1 be a set of arbitrary positive integers (not necessarily

distinct) such that
P

j
pj = p. Setting k = �p and allowing each of the remaining n + 1

wavenumbers to assume any value from the set {p1, p2, . . . , pn+1} without replacement (the

set decreases when a wavenumber takes a certain value), we find that

(3.3.8) E(n+2)
0,1,2,...,n+1 = 0
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for all fixed n � 1.

PROOF. Indeed, if n = 1 then E(3)
0,1,2 = 0 for an arbitrary choice of 0 < k1 2 {p1, p2}

since k = �(p1 + p2) is negative. To prove (3.3.8) for n = 2 observe that, E(3)
0,1,2+3 =

E(3)
0,1+2,3 = E(3)

0,1+3,2 = 0 where now k = �(p1 + p2 + p3) < 0 and each kj is assigned a

value from {p1, p2, p3} bijectively. We also have E(3)
1,0+2,3 = E(3)

1,0+3,2 = 0 since k + kj < 0

for j = 2, 3 and hence E(4)
0,1,2,3 = 0 according to (3.3.6b). Similarly, since the higher order

kernels are given in terms of lower order kernels as in (3.3.7) and �k =
P

j
pj is greater

than all possible non-empty proper subset sums of the set {pj}n+1
j=1 , we get E(n+2)

0,1,2,...,n+1 = 0

for an arbitrary but fixed n 2 N. ⇤

REMARK 6. Applying the same reasoning, we can convince ourselves that (3.3.8) also

holds if the wavenumbers are selected from a set of arbitrary negative integers {pj}n+1
j=1 with

�k =
P

j
pj .

For the kernels to vanish is it necessary to have �k =
P

j
kj with k < 0 and kj > 0 for

all j? One can find numerous examples where the latter condition is violated, but the kernel

is still zero. For instance, let {p1, p2, p3} = {2, 3, 9} and k = �10. In this case E(4)
0,1,2,3 = 0

but
P

j
kj 6= 10. However, all such examples are flawed as far as the conservation of

momentum is concerned: every kernel in the expansion of the Hamiltonian is multiplied by

the delta function whose argument k +
P

j
kj expresses conservation of momentum.

Shortly before Zakharov proposed the Hamiltonian formulation of water waves, [Has62]

developed the nonlinear energy transfer theory applicable to all random wave fields includ-

ing ocean waves and adapted Feynman’s diagrammatic technique to compute transfer rates

for various scattering processes arising in geophysics [Has66]. Hasselmann chose the con-

vention that all interaction processes have a single outgoing wave (cf. (1.29) and section

4 in [Has62]). This side condition pertains to our choice of wavenumbers (i.e. kj are all

positive or negative and �k =
P

j
kj) and (3.3.8) implies that waves propagating in one

direction do not generate waves moving in the opposite direction.
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REMARK 7. It is striking to note that this result is not specific to the surface waves

on deep water: the absence of nonlinear interaction between co-propagating Alfvén waves

in incompressible MHD has been recently reported in [HN13] without appealing to the

Hamiltonian formalism. It could be interesting to check whether this property can be traced

to the Hamiltonian structure [ZK71] of the set of equations governing magnetohydrody-

namics.

The remarkable utility of the recursion relation (3.3.7) is that it offers a simple way

of arriving at (3.3.8) without even knowing the explicit expressions for the individual ker-

nels. Given their increasing complexity, it is highly unlikely that (3.3.8) could have been

obtained directly. Furthermore, the possible role of (3.3.7) in numerical implementation of

the evolution equations can hardly be exaggerated since the kernels E(n+2)
0,1,2,...,n+1 appear not

only in the expansion of the Hamiltonian, but also in the evolution of ⇠̂(k) and  ̂(k) (see,

(3.3.5)).

3.4. Birkhoff normal form and the resonance conditions

The Hamiltonian description provides a unified framework for studying various types

of waves without appealing to the specifics of the medium, thus treating surface and spin

waves, waves in plasma and nonlinear optics on an equal footing. This universality can

be attributed, in part, to the fact that linear waves satisfying a given dispersion relation

! (k) exhibit the same behavior regardless whether they propagate, for instance, in plasma,

fluid or on a string. For a given medium the dispersion relation is determined from the

linearization of the equations of motion around the rest state and, in particular, for deep

water gravity waves takes the form !(k) =
p

g|k| (see (3.6.1)). Another important ad-

vantage of the Hamiltonian formalism is that it allows us to employ a wide class of field

transformations preserving the canonical structure of the equations of motion.

DEFINITION 7. A map G : (u, v) 7! (↵, �) is a canonical transformation if G is a

diffeomorphism and preserves the Poisson bracket.
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The most basic example of such a transformation was given by [Zak68] who defined

the wave amplitude a(k) and its complex conjugate related to the Fourier transform,  ̂k

and ⇠̂k, of physical variables by

(3.4.1) ⇠̂ (k) =

s
q (k)

2! (k)
(a(k) + a⇤(�k)) and  ̂ (k) = �i

s
! (k)

2q (k)
(a(k)� a⇤(�k)) .

The variables ia⇤(k) and a(k) are canonically conjugate, and in accordance with the wave-

particle duality, could be considered as creating and respectively annihilating a wave of

momentum k and energy !(k). Using the linear transformation (3.4.1) it is possible to

write the Hamiltonian of the system (see (3.3.4)) as a series expansion in integer powers of

a and a⇤, grouping the terms as

(3.4.2) H(a, a⇤) = H2 +Hint =

Z
! (k) a⇤(k)a (k) dk+Hint

where H2 is the Hamiltonian of the linearized theory and the interaction Hamiltonian Hint

is a sum over all terms of the form
Z

V (m,n) (k1,k2, . . . ,kn+m) a⇤1a
⇤
2 . . . a

⇤
mam+1 . . . an+m�(d)

 
mX

i=1

ki �
n+mX

i=m+1

ki

!
dk12...n+m,

with n+m � 3, representing a wave-wave interaction process where m waves are created

and n waves are annihilated. Insisting that H remains real and symmetric under relabeling

of dummy integration variables imposes certain constraints on the kernels. For example, in

the problem under consideration, the kernel V (2,2) (k1,k2,k3,k4) should satisfy V (2,2)
1,2,3,4 =

V (2,2)
2,1,3,4 = V (2,2)

1,2,4,3 = V (2,2)
3,4,1,2.

The “free” Hamiltonian H2 can be associated with the energy of a collection of non-

interacting harmonic oscillators generalized to the case of a continuum. The evolution

equation for a (k) reads

(3.4.3) i
@a (k)

@t
� ! (k) a (k) =

�Hint

�a⇤ (k)

The right-hand side of (3.4.3) acts as a driving force and can induce a resonant inter-

action between waves if the frequency of a “free” wave coincides with that of the source
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term manifesting itself through products of wave amplitudes. In other words, a significant

energy transfer among n waves of different wavelengths can occur if the dispersion relation

!(k) admits nontrivial pairs (ki,! (ki)) simultaneously obeying the resonance conditions

k1 ± k2 ± · · · ± kn = 0(3.4.4a)

!(k1)± !(k2)± · · · ± !(kn) = 0,(3.4.4b)

for some choice of signs. These conditions correspond to conservation of energy and mo-

mentum in the wave-particle analogy.

As a consequence of the upward convexity of the function !(k) =
p
g|k|, i.e. d

2
!

d|k|2 < 0,

resonant triads are not possible so we are motivated to investigate the four-wave interactions

[Phi60]. Three different kinds of quartic interactions should be analyzed: i) the process of

the annihilation/creation of four waves, labeled 4 $ 0, corresponding to the case when

all signs in (3.4.4) are plus; ii) the process in which three waves combine into one or one

wave decays into three, 3 $ 1, representing the case when all but one term in (3.4.4) has

the minus sign; and iii) the 2 $ 2 process in which two waves decay/combine into two

waves (two terms in (3.4.4) have negative signs). It turns out that only the latter process is

resonant and there are no resonant four-wave interactions of the type 4$ 0 and 3$ 1. As

a matter of fact, in isotropic media the resonance conditions

k1 + k2 = k3 + k4(3.4.5a)

!(k1) + !(k2) = !(k3) + !(k4)(3.4.5b)

are satisfied irrespective of the shape of the dispersion curve whenever d � 2. Solutions to

(3.4.5) include degenerate cases: when all the wavenumbers are equal or when k1 = k3 and

k2 = k4 up to permutations of the indices 3 and 4. These generic interactions are not very

interesting because they result only in a frequency shift, but no exchange of energy [Dys74].

The Hamiltonian (3.4.2) expressed in terms of a and a⇤ is, in a sense, not optimal

because it contains non-resonant cubic and quartic terms making the right-hand side of

(3.4.3) unnecessarily complicated. A considerable simplification of the nonlinear evolution
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equation can be achieved by eliminating these unimportant terms one way or another. A

widely exploited method for deriving the simplified Hamiltonian H̃ is to perform a suitable

near identity transformation from a and ia⇤ to a new set of canonically conjugate variables

b and ib⇤. Unlike (3.4.1), the transformation a = a (b, b⇤) is non-linear and postulated as

a series expansion in integer powers of b and b⇤ with the expansion coefficients satisfying

certain relations ensuring that the transformation is canonical up to a desired order (see,

e.g., [Kra94] and the appendix of [Jan09] for details). If the transformation is canonical

up to terms of order four inclusive, then the reduced Hamiltonian reads

H̃(b⇤, b) =

Z
!0b

⇤
0b0dk+

Z
T̃ (2,2)
1,2,3,4b

⇤
1b

⇤
2b3b4�

(d)
1+2�3�4dk1234

+

Z
T̃ (2,3)
1,2,3,4,5 (b

⇤
1b

⇤
2b3b4b5 + c.c.) �(d)1+2�3�4�5dk12345 +R6(3.4.6)

where R6 is a remainder containing degree six and higher terms both resonant and non-

resonant and c.c. stands for complex conjugate. At least at a formal level, the non-resonant

terms can be removed order by order systematically, should the need arise.

Once the explicit expressions for the expansion kernels in (3.4.6) are obtained, it is

natural to compute their values on the corresponding resonant hypersurfaces. When d = 1,

the resonance conditions (3.4.5) are verified by a family of wavenumbers and frequencies

(k1, k2, k3, k) = ↵⇥
�
(⇣ + 1)2, ⇣2(⇣ + 1)2,�⇣2, (⇣2 + ⇣ + 1)2

�
(3.4.7a)

(!1,!2,!3,!) =
p

g|↵|⇥
�
⇣ + 1, ⇣(⇣ + 1), ⇣, ⇣2 + ⇣ + 1

�
(3.4.7b)

where 0 < ⇣  1 and ↵ 6= 0 are chosen so that each ki is an integer. It turns out that the

four-wave interaction kernel T̃ (2,2)
1,2,3,4 is identically equal to zero on the resonant hypersurface

(3.4.7), implying that only trivial scattering can occur in a four-wave nonlinear interaction

process on deep water [DZ94]. This observation became a starting point for the investiga-

tion of the integrability of free surface hydrodynamics by the Poincaré-Lindstedt method

and Birkhoff-Gustavson normal form techniques in perturbation theory.
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Lvov [Lvo97] found that the five-wave interaction kernel T̃ (2,3)
1,2,3,4,5 is zero on the reso-

nant hypersurface

k1 + k2 = k3 + k4 + k5(3.4.8a)

!(k1) + !(k2) = !(k3) + !(k4) + !(k5)(3.4.8b)

in d = 1 whenever i) k1k2 < 0 and k3, k4, k5 are of the same sign or ii) when k1k2 > 0

and one of the wavenumbers k3, k4, k5 has the same sign as k1 and k2. Despite the very

lengthy intermediate calculations, the final expressions for T̃ (2,3)
1,2,3,4,5 produced by all other

sign combinations (up to relabeling of the wavenumbers) are astonishingly compact as

shown by [Lvo97] who examined and completely classified solutions to (3.4.8) in the one-

dimensional case.

How is the vanishing of T̃ (2,2)
1,2,3,4 and T̃ (2,3)

1,2,3,4,5 on the hypersurfaces (3.4.5) and (3.4.8)

related to the vanishing of E(4)
0,1,2,3 and E(5)

0,1,2,3,4 given that any canonical transformation

performed on the Hamiltonian H does not influence the way waves propagate and interact

with each other? In Subsec. 3.3.1 we proved that E(n+2)
0,1,2,...,n+1 = 0 when n+1 wavenumbers

k1, . . . , kn+1 are sampled without repetition from the set {p1, p2, . . . , pn+1} of all positive

(or all negative) integers satisfying
P

j
pj = p and k is set to be �p. Clearly, the statement

holds true if we, motivated by the shape of the dispersion relation, let pj = l2
j

(or pj =

�l2
j
). Now, if we restrict the sum

P
j
l2
j

to be a complete square, say l2, then finding

parameterizations such as (3.4.7) becomes an exercise in the theory of quadratic forms. Let

us, to be definite, consider the equation

(3.4.9) l21 + l22 + l23 + l24 = l2

which can be viewed as a manifestation of the unidirectionality assumption for five waves.

The dispersion law vetoes interactions of the type 5$ 0 and 4$ 1, and we are left with the

2$ 3 interaction. Up to combinatorial equivalence there are two ways to arrange the terms

in (3.4.9) so that the resulting equation corresponds to the conservation of momentum in

the 2$ 3 process. Crossing, say l24, over to the right-hand side of (3.4.9) and constructing
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a solution consistent with the condition on the frequencies l1 + l2 + l3 = l + l4, we obtain

the parameterization

(k1, k2, k3, k4, k5) = ↵⇥
⇣
�
�
⇣2+ � Z2

+

�2
,
�
⇣2+ + Z2

+

�2
, (2⇣1⇣+)

2, (2⇣2⇣+)
2, (2⇣3⇣+)

2
⌘

(3.4.10a)

(!1,!2,!3,!4,!5) =
p
g|↵|⇥

�
⇣2+ � Z2

+, ⇣
2
+ + Z2

+, 2⇣1⇣+, 2⇣2⇣+, 2⇣3⇣+
�

(3.4.10b)

identifying k1 = l2, k2 = �l24, k3 = l23, k4 = l22, k5 = l21 up to scaling with a constant. Here

Z2
± = ⇣21 + ⇣22 ± ⇣23 , ⇣± = ⇣1 + ⇣2 ± ⇣3, the scaling factor ↵ and the parameters ⇣1, ⇣2, ⇣3

are real, non-zero numbers such that each ki is an integer and each !i is positive. Similarly,

crossing l24 and l23 over and constructing a solution consistent with l1 + l2 = l + l3 + l4, we

get

(k1, k2, k3, k4, k5) = ↵⇥
�
(2⇣1⇣�)

2, (2⇣2⇣�)
2,�(2⇣3⇣�)2,�(⇣2� � Z2

+)
2, (⇣2� + Z2

+)
2
�

(3.4.11a)

(!1,!2,!3,!4,!5) =
p
g|↵|⇥

�
2⇣1⇣�, 2⇣2⇣�, 2⇣3⇣�, ⇣

2
� � Z2

+, ⇣
2
� + Z2

+

�
(3.4.11b)

identifying k1 = l21, k2 = l22, k3 = �l23, k4 = �l24, k5 = l2. Thus by examining all

Pythagorean 5-tuples (l1, l2, l3, l4, l) compatible with the conservation of energy we found

two different parameterizations of the resonant hypersurface (3.4.8) on which the five-wave

interaction kernel T̃ (2,3)
1,2,3,4,5 is zero. These parameterizations have not been previously re-

ported, to the best of our knowledge, but a quick glance reveals that the signs of the

wavenumbers in (3.4.10) and (3.4.11) are consistent with those found by [Lvo97]. Fur-

thermore, for a specific choice of the parameters ↵ and ⇣i one can recover resonant quintets

considered by [BS94] in their study of existence, stability, and long-time behavior of time-

periodic standing waves on deep water.

REMARK 8. Finding a parameterization of the resonant hypersurface becomes straight-

forward if one takes into account the Euler-Aida Ammei identity:

(x2
0 � x2

1 � · · ·� x2
n
)2 + (2x0x1)

2 + · · ·+ (2x0x1)
2 = (x2

0 + x2
1 + · · ·+ x2

n
)2.

The resonant hypersurface (3.4.8) admits other solutions, for example, those in which

all the wave numbers k1 through k5 are positive (or negative). In this case, we can parame-

terize the hypersurface by considering the condition on the frequencies l1 + l2 + l3 = l+ l4

and, in place of (3.4.9), the relation l21+ l22+ l23� l24 = l2 which violates the unidirectionality
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assumption due to the negative sign in front of l24. The solution of this system of equations

takes the form

(k1, k2, k3, k4, k5) = ↵⇥
⇣�

Z2
� + ⇣2�

�2
, (2⇣3⇣�)

2, (2⇣2⇣�)
2, (2⇣1⇣�)

2,
�
Z2
� � ⇣2�

�2⌘(3.4.12a)

(!1,!2,!3,!4,!5) =
p
g|↵|⇥

�
Z2
� + ⇣2�, 2⇣3⇣�, 2⇣2⇣�, 2⇣1⇣�, Z

2
� � ⇣2�

�
(3.4.12b)

where we identified k1 = l2, k2 = l24, k3 = l23, k4 = l22, k5 = l21 up to scaling with a

constant. A rather lengthy calculation results in a remarkably compact expression for the

interaction kernel which yields non-zero values on the hypersurface (3.4.12):

(3.4.13) T̃ (2,3)
1,2,3,4,5 =

(!1!2)3/2

6g9/2⇡3/2

(!3!4!5)5/2

max (!2
3,!

2
4,!

2
5)
.

This result (expressed in terms of wavenumbers) was first found by [DLZ95] albeit for a

seemingly different parameterization. It is not hard to show that there is a mapping between

(3.4.12) and their parameterization (cf. eq. (5.6)). Positivity of the frequencies in (3.4.12b)

entails that !5 must always be smaller than either or both of !3 and !4, thus one might think

that it should not appear under the max sign in the denominator of (3.4.13). However, we

remind that the parametrization (3.4.12) is defined up to permutation of frequencies within

the groups (!1,!2) and (!3,!4,!5), so (3.4.13) cannot be simplified further unless some

ordering of !’s is specified. The expression (3.4.13) is one of the seven possible non-zero

amplitudes for five-wave resonant interaction processes obtained by [Lvo97]. Observe that

in this case E(5)
�l2,l21,l

2
2,l

2
3,�l

2
4
6= 0 as well.

In the normal variables representation, the number of terms contributing to the calcu-

lation of the higher order (six and above) interaction amplitudes presents a huge analytical

and numerical obstacle even after resorting to symbolic manipulators such as Maple and

Mathematica. Without deriving the explosively large expressions for the interaction ampli-

tudes, is it possible to obtain some non-trivial configurations of the wave vectors for which

these interaction kernels vanish? Let us explore this possibility for the six-wave interaction

processes. The dispersion relation allows two types of resonant interactions, 2 $ 4 and
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3$ 3, and the associated resonance conditions are

k1 + k2 = k3 + k4 + k5 + k6(3.4.14a)

!(k1) + !(k2) = !(k3) + !(k4) + !(k5) + !(k6)(3.4.14b)

and

k1 + k2 + k3 = k4 + k5 + k6(3.4.15a)

!(k1) + !(k2) + !(k3) = !(k4) + !(k5) + !(k6)(3.4.15b)

Without performing explicit computations, we can deduce that the six-wave interaction ker-

nel T̃ (2,4)
1,2,3,4,5,6 is zero on the hypersurface (3.4.14) in d = 1 whenever there are wavenumbers

such that i) k1k2 < 0 and k3, k4, k5, k6 are of the same sign or ii) k1k2 > 0 and only one of

the wavenumbers k3, k4, k5, k6 has the same sign as k1, and simultaneously respecting the

conservation of energy (3.4.14b). Furthermore, the interaction kernel T̃ (3,3)
1,2,3,4,5,6 is zero on

the hypersurface (3.4.15) when k1k2 < 0, k1k3 < 0 and k4, k5, k6 are of the same sign as k1,

again up to relabelling of the wavenumbers and obeying (3.4.15b) (we refer the reader to

the Appendix 3.9 for details and reasoning). This is just an obfuscated way of presenting a

simple fact that in the ( ̂, ⇠̂)-representation E(6)
�l2,l21,l

2
2,l

2
3,l

2
4,l

2
5
= 0 for any Pythagorean 6-tuple

(l1, l2, l3, l4, l5, l) without regard to the constraint on the frequencies.

In light of (3.3.8) it is natural to ask whether any of the interaction kernels in the (b, b⇤)-

picture vanish outside the resonant hypersurfaces. One can check directly that T̃ (2,2)
1,2,3,4 = 0

if the wavenumbers in (3.4.5a) are taken from a set {p1, p2, p3, p4} of positive (or negative)

integers such that one of them is a sum of the remaining integers, say, p1 = p2 + p3 + p4;

T̃ (2,3)
1,2,3,4,5 = 0 if kis in (3.4.8a) are chosen from a set of integers {p1, . . . , p5} 2 Z

+(Z�) sat-

isfying p1 = p2+p3+p4+p5. Similarly, T̃ (2,4)
1,2,3,4,5,6 = 0 and T̃ (3,3)

1,2,3,4,5,6 = 0 if the wavenum-

bers in (3.4.14a) and (3.4.15a) are sampled from a set of positive (or negative) integers such

that p1 = p2 + p3 + p4 + p5 + p6. In all these cases the condition on the frequencies is

not used. The vanishing of the four-wave coefficient outside the resonant hypersurface was

first discovered by [DKZ17] and was formulated as the following statement: T̃ (2,2)
1,2,3,4 = 0 if
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k1k2k3k4 < 0 and (3.4.5a) hold. The condition k1k2k3k4 < 0 despite being correct does not

explain the origin of this property, nor does it hint at how to generalize to the case of five or

more waves. From the above analysis it is clear that the key feature behind the vanishing of

the interaction kernels is the unidirectionality of the waves. For instance, rearranging terms

in p1 = p2+p3+p4 where each pi > 0 as p1�p2 = p3+p4 and bijectively identifying pi’s

with the wavenumbers in (3.4.5a) we can conclude that k1k2k3k4 < 0. For five waves we

have two different arrangements, p1� p2 = p3+ p4+ p5 and p1� p2� p3 = p4+ p5, which

upon comparison with (3.4.8a) reveal that T̃ (2,3)
1,2,3,4,5 = 0 if i) k1k2 < 0 and k3, k4, k5 are of

the same sign or ii) when k1k2 > 0 and one of the wavenumbers k3, k4, k5 has the same

sign as k1 and k2. Likewise, starting from p1 = p2 + p3 + p4 + p5 + p6 with each pi > 0

or pi < 0, we obtain certain wave vector configurations (see the preceding paragraph) for

which the six-wave interaction kernels are zero. A strict proof that for one-dimensional

deep water unidirectional waves in the (b, b⇤)-representation cancellations of the ampli-

tudes away from the resonance hypersurfaces occur at all orders of approximation is more

subtle and shall be presented elsewhere. We just note that since the kernels of the original

Hamiltonian possess the same property (see, (3.3.8)), this result should not be surprising –

it reflects the fact that canonical transformations do not affect the physics of the problem.

It may happen that for a dispersion relation other than !(k) =
p
g|k|, some interac-

tion kernels turn out to be zero in the (b, b⇤)-representation irrespective of the frequencies,

like, the five-wave amplitude for the KdV equation (see eq. (13) in [ZOC+]). However,

such instances are exceptional and cannot even be expected to carry over to the next order

in the expansion. Furthermore, the frequency resonance (3.4.4b) is paramount in under-

standing the energy transfer mechanism and statistical aspects of nonlinear wave fields.

This can be evidently seen from the evolution equation for the spectrum of random surface

gravity waves (see, e.g., [Has63] and [Kras94]) where the frequency differences appear

as arguments of the delta function, and hence play as important a role as the momentum

conservation.
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Introducing the normal variables reduces the number of equations of motion from two

coupled equations for ⇠̂ and  ̂ to one complex-valued equation (3.4.3), but at the same time

brings ambiguity in the relative orientations of the wave vectors. Nevertheless, the whole

procedure of singling out those orientations for which the interaction amplitudes are zero

can be made straightforward, at least in the present circumstances. If the dispersion relation

tells us that a certain m $ n process is resonant, then to find parameterization(s) of the

resonant hypersurface corresponding to the vanishing amplitude we should first regroup the

wavenumbers in such a way as to have one outgoing and n +m� 1 incoming waves with

all positive or all negative wavenumbers obeying conservation of momentum (as in (3.4.9)

for five waves), and look for possible non-trivial solutions compatible with the condition

on the frequencies.

3.5. Discussion

Many completely integrable nonlinear equations possessing beautiful mathematical

structure arise in the study of water waves at various levels of approximation. The Korteweg-

de Vries (KdV) and Camassa-Holm equations modeling long waves propagating in shallow

water and the Schödinger equation with a cubic nonlinearity (NLS) describing the evolu-

tion of a one-dimensional envelope of a wave train in a fluid of finite or infinite depth are

just a few well-known members of a relatively large family of exactly solvable initial-value

problems that can be derived from the set of equations underlying an ideal fluid with a free

surface subject to a vertical gravitational force (see, e.g., [Joh16]).

[DZ94] conjectured that not only a few interesting limiting cases, some of which are

listed above, but also the fully nonlinear Euler equations for the potential flow of an ideal

fluid with a free surface might be completely integrable under suitable assumptions. Specif-

ically, they considered weakly nonlinear waves on the surface of infinitely deep water and

computed amplitudes of four-wave resonant interactions within a pure gravity wave spec-

trum in one horizontal dimension. According to [Phi60], quartic resonances are the first
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to occur for deep-water gravity waves as three-wave processes are forbidden by the corre-

sponding dispersion relation. Surprisingly, the fourth order non-generic wave-wave interac-

tion amplitude vanished identically on the resonant hypersurface. This unexpected finding

was a strong indication that the resulting approximate system is integrable and suggested

that the original hypothesis of integrability of the free-surface hydrodynamics equations -

or its weaker counterpart asserting the existence of an additional integral of motion (be-

sides mass, energy, and momentum) - is plausible [ZS88, ZS91]. The integrability of the

two-dimensional water wave equations emerging from the Hamiltonian containing only

quadratic and quartic terms was rigorously established by [BFP20].

Employing the technique of Birkhoff normal form transformation, [CW95] indepen-

dently verified conclusions of [DZ94] and carried out the computations to the next order

in nonlinearity discovering the resonant fifth order interactions with nonzero amplitudes.

Subsequently, [DLZ95] found a compact expression for a certain fifth order amplitude.

These formal calculations are sufficient to deduce that the associated truncated systems are

non-integrable.

The fact that the cancellation occurring at the fourth order of perturbation is not acci-

dental was confirmed by [Lvo97] who derived all the possible topologically different wave

vector configurations for the resonant five-wave interaction in one horizontal dimension

and showed that for some orientations of the wave vectors the interaction coefficients are

zero and for others, they are remarkably simple and compact. Nonetheless, the precise

reason for the vanishing of the kernels for peculiar alignments of the wave vectors has

remained unexplained to date. In this thesis we fill this gap and deduce certain six-wave

interaction amplitudes to be zero. According to [Zak12], the latter result seemed difficult,

if not impossible, to achieve by the conventional methods.

In Section 3.3 we proposed an efficient algorithm for calculating the expansion kernels

in the Fourier representation of the free surface canonical variables and reproduce some

previously known expressions for the kernels in a simple way. For this derivation we work

in the general dimensional setting. Next, by focusing on the unidirectional gravity waves
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in a two-dimensional flow, we show that waves initially propagating in the same direction

do not interact to generate waves propagating in the opposite direction. Sec. 3.4 is devoted

to unveiling this property in the kernels of the so-called reduced Hamiltonian which is ob-

tained by introducing the normal canonical variables (the classical analogs of the quantum

creation and annihilation operators) and eliminating all cubic, fourth- and fifth-order non-

resonant terms from the Hamiltonian with the help of a canonical transformation. We show

that the unidirectionality assumption enables us to distinguish between the interaction am-

plitudes that vanish and those that do not when the wavenumber and frequency resonance

conditions are met. In fact, we verify a stronger result: for unidirectional waves the con-

servation of momentum is sufficient to zero out kernels of the reduced Hamiltonian and

the frequency resonance is not required. For four-wave interactions this result was already

observed by [DKZ17] who used it to derive the “supercompact" equation for water waves.

Apparently, these authors were motivated to consider waves moving in the same direction

after performing some numerical simulations (see, [DZ11] and references therein). We

see that the insight gained by purely analytical means allows one to go beyond four-wave

interactions.

3.6. Exact complex-valued solution for surface gravity waves on deep fluid

3.6.1. Introduction. The water waves problem even in the completely idealized set-

ting of a perfect fluid is notoriously difficult from a mathematical point of view. This is

one of the reasons we have very few explicit solutions to the fully nonlinear free-surface

hydrodynamics equations despite extensive research over hundreds of years. The first exact

solution was provided by Gerstner [Ger09] in 1802 (see, also, [Con01]) for pure gravity

waves of finite height propagating on the surface of an inviscid and incompressible fluid

of infinite depth. The practical importance of trochoidal waves became apparent when in

the 1860s Rankine and Froude independently rediscovered them in connection with the

ship-rolling problem [Ran63, Ran72, Fro61]. The fact that these waves are rotational and

cannot be generated from the fluid at rest was seen as somewhat unsatisfactory. Moreover,
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since the fluid particles move on a closed circular orbit, Gerstner’s solution does not predict

the observed mass transport in the direction of wave propagation [WJ50]. In 1847 Stokes

presented an approximate theory for irrotational waves and showed that for deep water the

wave profile coincides with a trochoid to the third order, but not to the fourth [Sto80]. He

also conjectured the existence of the wave of greatest height distinguished by a sharp edge

and argued that the enclosing angle must be 120�. The mere existence of such waves was

rigorously verified only forty years ago [Plo02] (see, also, [Tol78,McL97,AFT82]), clearly

illustrating the inherently complicated structure of the underlying nonlinear equations. The

existence of extreme waves that are, as hypothesized by Stokes, strictly convex between

successive crests was established very recently, but in spite of some numerical evidence

supporting the convexity of all waves of extreme form their uniqueness remains an open

problem [PT04]. Apart from Crapper’s exact solution for pure capillary waves [Cra57]

found in 1957 and some explicit Gerstner-type solutions for equatorially trapped waves

discovered lately [Con12,Con13,Hen17], the field of exact solutions for water wave equa-

tions has not experienced significant advancement since the last century. In this section,

we present an exact solution for planar periodic waves of finite amplitude moving uni-

formly and without change of form on a fluid of unlimited depth when only gravity acts as

a restoring force. Following Zakharov [Zak68], we use the power of Hamiltonian formal-

ism to write an asymptotic expansion of the equations of motion for a pair of canonically

conjugate variables – the surface elevation and the velocity potential evaluated on the free

surface. The expansion coefficients simplify remarkably for two-dimensional waves prop-

agating in the same direction and the infinite series can be summed in a closed form if the

wave steepness is small. From the stationary periodic solution of the resulting nonlinear

equations, an exact irrotational complex-valued solution to the full system of hydrodynamic

equations with a free surface is then recovered. The solutions are provided in Eulerian co-

ordinates. Exact solutions play an important role not just because all the properties of the

motion can be conveniently expressed and analyzed without any approximation, but also

because they can provide a key insight into the nature of more complex and physically more
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realistic flows, say, in which waves propagate under the combined influence of gravity and

surface tension. Let us finish this introduction with a note that two-dimensional flows are

not of purely theoretical interest. Their fundamental importance stems from the observation

that in many situations the motion of water waves can be treated as quasi-two-dimensional.

For example, waves generated in the open ocean while coming ashore often appear as a

wave-train of very long nearly parallel crests [Hen08,Joh97] and due to this symmetry can

be more or less accurately studied and simulated by various two-dimensional models (see,

e.g., [Cha16]).

3.6.2. Setup. The potential flow �(x, y, t) of an ideal incompressible fluid in the re-

gion ⌦(t) = {(x, y) 2 R
2 : �1 < y  ⇠(x, t)} bounded by the free surface �(t) =

{y = ⇠(x, t)} satisfies the following set of equations:

⇠t + ⇠x�x � �y = 0, on �(t)(3.6.1a)

�t +
1

2

�
�2
x
+ �2

y

�
+ g⇠ = 0, on �(t)(3.6.1b)

�xx + �yy = 0, in ⌦(t)(3.6.1c)

�y ! 0, as y ! �1(3.6.1d)

where g is the constant gravitational acceleration in the negative y direction and subscripts

denote partial derivatives. The effects of surface tension are neglected and the pressure at

the free surface is taken to be zero. Once ⇠(x, t) and �(x, y, t) are found, the velocity field

and the pressure within the fluid domain follow from

v(x, y, t) = r�,

p(x, y, t) = �⇢
✓
gy + �t +

|v|2
2

◆

where ⇢ is the fluid density. Since � is harmonic in ⌦(t), it is uniquely determined by

its trace on the free boundary,  (x, t) = �|
y=⇠(x,t), and (3.6.1d). Zakharov ingeniously

realized that equations (3.6.1a)-(3.6.1b) describing the wave motion can be put in the form
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of Hamilton’s canonical equations

(3.6.2) ⇢
@⇠

@t
=
�H

� 
, ⇢

@ 

@t
= ��H

�⇠

with the Hamiltonian given as the sum of the potential energy measured with respect to the

undisturbed fluid level y = 0 and the kinetic energy [Zak68]:

(3.6.3) H =
⇢

2

Z 1

�1
dx

✓
g⇠2 +

Z
⇠

�1
|v|2dy

◆
.

The Laplace equation (3.6.1c) and the decay condition at infinity (3.6.1d) represent the

constraints on the dynamical system whose total energy H is a constant of motion.

The major difficulty in applying the Hamiltonian formalism for water waves lies in

expressing the kinetic energy in terms of free surface variables, ⇠ and  , alone. When

the wave steepness is small, |⇠x| ⌧ 1, one can write the expansion of the Hamiltonian

in a power series in the amplitudes of the waves. Let ⇠̂k = ⇠̂⇤�k
and  ̂k =  ̂⇤

�k
denote

the Fourier components of ⇠ and  , then upon solving the boundary-value problem for

Laplace’s equation the Hamiltonian (3.6.3) reads

H =
1

2

Z
|k| ̂⇤

0 ̂0 + g⇠̂⇤0 ⇠̂0dk+

+
1X

n=1

Z
E(n+2)

0,1,2,...,n+1 ̂0 ̂1

n+1Y

i=2

⇠̂i�

 
n+1X

i=0

ki

!
n+1Y

j=0

dkj.(3.6.4)

where we set ⇢ = 1. Computing the expansion kernels E(n+2)
0,1,2,...,n+1 relies on a series re-

version associated with expressing the velocity potential in terms of its value at the free

surface [Kra94, SS84, GAS93]. These kernels can be obtained in principle to all orders,

however, the iteration process quickly becomes cumbersome. A fully explicit recursion

relation for computing E(n+2)
0,1,2,...,n+1 without a laborious series reversion has been derived

recently (see, (3.3.7)) for an arbitrary depth and arbitrary space dimension.
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The Fourier transform is a canonical transformation, and hence the evolution equations

(3.6.2) preserve their Hamiltonian form in the canonically conjugate variables ⇠̂k and  ̂k:

@⇠̂k
@t

=
�H

� ̂⇤
k

= |k| ̂k + 2
1X

n=1

Z
E(n+2)

�0,1,2,...,n+1 ̂1

n+1Y

i=2

⇠̂i�

 
k �

n+1X

i=1

ki

!
dk12...n+1,

(3.6.5a)

@ ̂k

@t
= ��H

�⇠̂⇤
k

= �g⇠̂k �
1X

n=1

Z
nE(n+2)

1,2,...,n+1,�0 ̂1 ̂2

n+1Y

i=3

⇠̂i�

 
k �

n+1X

i=1

ki

!
dk12...n+1

(3.6.5b)

where (3.6.4) was used to compute the variational derivative. The expansion kernels posses
a remarkable property revealed by the recursion relation: for any fixed n 2 N, it holds that

(3.6.6) E(n+2)

�
Pn+1

i=1 ki,k1,k2,...,kn+1
= 0

if all wavenumbers have the same sign (see, Proposition 9) and

(3.6.7) E(n+2)

k1,k2,...,kn+1,�
Pn+1

i=1 ki
= � �n+1

n(2⇡)n/2

n+1Y

i=1

ki

with � = �1 (� = +1) if all wavenumbers are positive (resp. negative). Hence, by

considering waves traveling in one direction we can drastically simplify the equations of

motion.

DEFINITION 8. Denote the set of Euler equations by Euler[u] = 0. Moore’s approxi-

mation is defined by replacing Euler[u] = 0 by Euler[u+] = 0 and Euler[u�] = 0 where

u = u+ + u�, u+ = (u�)⇤. The Fourier transform of u+ (u�) involves only positive

(negative) wavenumbers [CS09].

Restricting ourselves only to positive (negative) wavenumbers in (3.6.5) and taking the

inverse Fourier transform using (3.6.6)-(3.6.7) we obtain

⇠±
t
± i ±

x
= 0(3.6.8a)

 ±
t
+ g⇠± =

(i ±
x
)2

1⌥ i⇠±
x

(3.6.8b)
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where f± = P±f , P± = 1
2 (I ± iH) are orthogonal self-adjoint projections onto posi-

tive and negative wavenumber components, H is the Hilbert transform. In summary, the

small-amplitude assumption, |⇠x| ⌧ 1, in conjunction with the unidirectionality of wave

propagation for which relations (3.6.6)-(3.6.7) are valid in one dimension, allows us to

write apparently intangible equations (3.6.5) containing infinite sums in a concise form

given in (3.6.8).

REMARK 9. Making a crude approximation (1⌥ i⇠±
x
)�1 = 1+O (⇠±

x
) in (3.6.8b) and

letting g = 0 reduces the system (3.6.8) to the equations (17)-(18) derived in [KSZ94] to

study the formation of singularities on the free surface of an ideal fluid in the absence of

gravitational force.

REMARK 10. Differentiating (3.6.8a) with respect to time and (3.6.8b) with respect to

space yields the conservation form

�
⇠±
t

�
t
±
 

i
�
⇠±t
�2

1⌥ i⇠±
x

� ig⇠±
!

x

= 0

which uncouples the free surface elevation from  ±.

REMARK 11. Using (3.6.8a) it is possible to rewrite (3.6.8b) as

 t + g⇠ +
1

2
 2
x
� 1

2

(⇠t + ⇠x x)
2

1 + ⇠2
x

= 0

and (3.6.8a) itself as a non-local equation

Z 1

�1
dxe�ikx+|k|⇠ (i⇠t � sgn(k) x) = 0

valid for every value of k 2 R. Thus we can recover from (3.6.8) the non-local formulation

of Euler’s equations due to Ablowitz, Fokas and Musslimani (c.f. [AFM06], p. 326). The

AFM formulation is particularly useful for deriving various asymptotic approximations

including the nonlinear Schrödinger equation describing the envelopes of waves in deep

water.
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3.6.3. General solution. Next we attempt to find a periodic traveling wave solution

inserting the ansatz f±(x, t) = f± (|k|x+ !t) into (3.6.8). The resulting system of ODEs

is solved by the Lambert W -function

⇠±
r,l
(x, t) = � 1

|k|W
⇣
�A|k|e±i(|k|x+!r,lt)

⌘
(3.6.9a)

 ±
r,l
(x, t) = ⌥ i!r,l

|k|2 W
⇣
�A|k|e±i(|k|x+!r,lt)

⌘
+ C(3.6.9b)

if !2
r,l

= g|k| where !r,l are the two branches of the dispersion relation correspond-

ing to the right- and left- travelling waves with !r = �
p

g|k|. The two arbitrary con-

stants in the solution of the equations of motion are represented by an additive constant

C 2 C which we can set to zero without loss of generality and the complex ampli-

tude A = aei↵ whose argument is the initial phase ↵ and the absolute value defines

the first-order wave amplitude a (see (3.6.10) below). The real part of ⇠±
r

describes a

wave profile moving to the right with speed c =
p
g/|k| (see Fig. 3.6.1). Notice that

⇠±
r
(x, t) = ⇠⌥

l
(�x, t) and Re (⇠±

r
(x, t)) = ⌥Im ( ±

r
(x, t)). One can check directly that

�±(x, y, t) = ± iA!r,l

|k| e|k|ye±i(|k|x+!r,lt) satisfies the system (3.6.1), is irrotationalr⇥v = 0,

and equals  ±
r,l
(x, t) on the free surface since for any z 2 C the Lambert function obeys the

identity z = W (z)eW (z). Unless otherwise stated, W (z) will denote the principle branch

of the function. It has a branch cut along the negative real axis, ending at�e�1 [CGH+96].

REMARK 12. The complex-valued soltuions �±(x, y, t) = ± iA!r,l

|k| e|k|ye±i(|k|x+!r,lt)

satisfy the system (3.6.1) exactly. However, the real valued velocity potential � = �++��

does not satisfy (3.6.1).

The wave profile changes from sinusoidal when ka is small to the wave with a sharp

crest of angle 0� when ka = e�1 ⇡ 0.3678. The position of the crest relative to the

undisturbed water level is �k�1W (�ka) and that of trough is �k�1W (ka) so that the

height of the wave is given by

h = max
x2R

⇠± �min
x2R

⇠± =
W (ka)�W (�ka)

k
.
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FIGURE 3.6.1. Wave profiles (not to scale) for three values of the dimen-
sionless parameter ka proportional to the wave slope: ka = 0.3678 (top),
ka = 0.3 (middle) and ka = 0.15 (bottom). The crest loses its differentia-
bility when ka = e�1. The initial phase is ↵ = 0 and g = 1.

The maximum wave height occurs for the wave steepness

✓
h

�

◆

max

=
1 +W (e�1)

2⇡
⇡ 0.2034

where � = 2⇡/k is the wavelength. This value is smaller than the maximum wave steepness

for the Gerstner wave, (h/�)max = ⇡�1 ⇡ 0.3183 [WL60], but larger than that for the

highest Stokes wave in deep water, (h/�)max ⇡ 0.1412 [SF82] as shown in Fig. 3.6.2.

The free surface velocity potential  ±(x, t) is zero at the crest and trough of the wave and

develops a jump discontinuity at the crest as ka approaches e�1. The horizontal velocity

is highest at the crest of the wave and lowest at the trough whereas the vertical velocity is

zero at both these locations.

3.6.4. Discussion. Asserting the flow of physical interest to be free of rotation, Lamb

[Lam75] and Stokes did not endorse Gerstner’s exact solution as much as naval architects

and engineers. In 1847 Stokes proposed an approximate solution for irrotational motion by

means of a perturbation series: he sought the free-surface elevation as an infinite Fourier

series
P1

n=1 an cos (n(kx� !t)) with unknown coefficients an and without discussing the

convergence properties. The convergence of Stokes’ series for small-amplitude deep water

waves was proved by Levi-Civita [Lev25] in 1925. A representation similar to the Stokes’

expansion can be written for the waves studied in this section. Indeed, for small values of
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FIGURE 3.6.2. Extreme wave profiles (not to scale) with the same horizon-
tal distance between two successive maxima: Stokes wave (top), real part
of ⇠±(x, t) (middle) and Gerstner wave (bottom). Stokes wave is plotted
using a close one-term piecewise approximation suggested by Rainey and
Longuet-Higgins [RL06]. Limiting Gerstner wave is an upside-down cy-
cloid.

the parameter ka using the Taylor series of the Lambert function we obtain

Re
�
⇠±(x, t)

�
= a cos � + ka2 cos(2�) +

3

2
k2a3 cos(3�)

+
8

3
k3a4 cos(4�) +O

�
(ka)5

�
(3.6.10)

where � = ± (kx⌥ !t+ ↵) with ! =
p
gk. The radius of convergence of the series

for W (z) around z = 0 is precisely equal to 1/e, i.e. to the value of ka for the wave of

greatest height. One can compare expression (3.6.10) to the corresponding fourth-order

Stokes expansion in deep water

⇠(x, t) = a cos � �
✓
1

2
ka2 +

17

24
k3a4

◆
cos(2�)+

+
3

8
k2a3 cos(3�)� 1

3
k3a4 cos(4�) +O

�
(ka)5

�

where � is as above but the dispersion relation now involves the amplitude !2 = gk(1 +

k2a2 + . . . ) (see, e.g., [Lam75] p. 419).

Stokes theory is limited to small amplitude waves and due to the convergence issues

cannot yield the extreme wave for any value of the water depth. Nevertheless, Stokes

gave an elegant argument to show that if a cusp is attained in an irrotational flow, then

its tangents at the apex necessarily make an angle of 120�. How does this agree with our
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finding that the sharp-edged extreme wave has an included angle of 0� at the crest? To

answer this question let us switch to a frame moving with the crest and introduce polar

coordinates r, ✓ with the origin at the vertex, i.e. let x+ i(y+k�1W (�ka)) = rei✓ where ✓

is measured from one of the branches of the wave. In the vicinity of the vertex the velocity

potential behaves as � / rn cos(n✓) so that the tangential and normal velocity components

are vr / rn�1 cos(n✓) and v✓ / rn�1 sin(n✓), respectively. In steady flow, according to

the Bernoulli equation we have v2 / r which implies that n = 3/2. The normal velocity

must vanish for a point on the wave profile and hence 3/2✓ = ⇡, giving the Stokes’ result.

However, ✓ = 120� is not the only solution to v✓ = 0 as the trivial solution ✓ = 0� also

satisfies it.

3.7. Appendix A. Conventions

Throughout this chapter we treat the fluid density as constant in both space and time

by setting ⇢ = 1 and neglect effects due to surface tension. The vertical coordinate z

points upwards and the undisturbed fluid surface coincides with the hyperplane z = 0.

The Fourier transform of a given function f(x), the inverse transform and the Dirac delta

function are defined as follows

f̂(k) =
1

(2⇡)d/2

Z
f(x)e�ik·xdx, f(x) =

1

(2⇡)d/2

Z
f̂(k)eik·xdk, �(d)(k) =

1

(2⇡)d

Z
eik·xdx.

We use the shorthand notation in which the arguments of functions are replaced by sub-

scripts, for example, !j = !(kj), ⇠̂j = ⇠̂(kj, t), �0�1�2 = �(k� k1 � k2), etc. where

subscript 0 corresponds to k. Multiple integrals are represented by a single integral sign

with a differential being the appropriate volume element, e.g., dk012 stands for dkdk1dk2.

3.8. Appendix B. Derivation of the recursion relation for an arbitrary depth

Assume that the fluid depth is bounded from below, that is, let a solid bottom be located

at constant depth z = �h. Then the solution to the Laplace equation (3.2.5) satisfying the
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impermeability condition �z = 0 at the bottom boundary reads

�(x, z) =
1

(2⇡)d/2

Z
�̂(k)

cosh (|k|(z + h))

cosh (|k|h) eik·xdk, �̂(k) = �̂⇤(�k).

Evaluating �(x, z) at the free surface z = ⇠(x, t) in the weakly non-linear approximation

we find

(3.8.1)  ̂ (k) = �̂ (k) +
1X

n=1

Z |k1|nµn(|k1|)
(2⇡)nd/2 n!µ0(|k1|)

�̂1

n+1Y

i=2

⇠̂i�
(d)

 
k�

n+1X

i=1

ki

!
dk12...n+1.

where µn(|k|) = e|k|h+(�1)ne�|k|h. Notice that for a fixed n 2 N the ratio µn(|k|)/µ0(|k|)

is either equal to 1 or tends to 1 as h ! 1 and (3.8.1) reduces to (3.3.3) in this limit.

Substituting (3.8.1) into (3.3.4) and comparing the result to the Fourier transform of the

kinematic boundary condition (3.6.1a) we arrive at the desired formula

E(3)
0,1,2 =�

1

2 (2⇡)d/2
(q0q1 + k · k1) ,

E(n+2)
0,1,2,...,n+1 =

|k1|n+1µn+1(|k1|) + nk1 · k2|k1|n�1µn�1(|k1|)� q0|k1|nµn(|k1|)
2 (2⇡)nd/2 n!µ0(|k1|)

�
n�1X

m=1

|k1|mµm(|k1|)E(n+2�m)
0,1+2+···+m+1,m+2,...,n+1

(2⇡)md/2 m!µ0(|k1|)
, n = 2, 3, . . .

where q(k) = |k| tanh(|k|h) and depending whether n � 2 is odd or even a further simpli-

fication is possible since |k1|µn(|k1|)/µ0(|k1|) can be replaced by q1 or |k1|, respectively.

In the limit of an infinitely deep fluid the above expression reduces to (3.3.7).

3.9. Appendix C. Vanishing six wave interaction amplitudes

Here we present parameterization of the resonant hypersurfaces for vanishing six wave

interaction amplitudes.

One of the main results of this thesis is expressed by equation (3.3.8) which follows

from the recursion relation (3.3.7) if we restrict ourselves to small-amplitude unidirectional

gravity waves in deep water. In particular, for six waves we have E(6)
�l2,l21,l

2
2,l

2
3,l

2
4,l

2
5
= 0 where

l21+ l22+ l23+ l24+ l25 = l2 (although (3.3.8) holds for an arbitrary set of positive and negative

integers satisfying the momentum conservation given by the argument of the delta function
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in (3.3.4), it is convenient to work with Pythagorean n-tuples as this prevents square roots

from appearing in the resonance conditions (3.4.4)). In the normal variables picture, the

reduced Hamiltonian (3.4.6) contains the term

Z
T̃ (2,4)
1,2,3,4,5,6 (b

⇤
1b

⇤
2b3b4b5b6 + c.c.) �(d)1+2�3�4�5�6dk123456

describing the resonant interaction k1, k2 , k3, k4, k5, k6, and another term

Z
T̃ (3,3)
1,2,3,4,5,6b

⇤
1b

⇤
2b

⇤
3b4b5b6�

(d)
1+2+3�4�5�6dk123456

characterizing interactions of the type k1, k2, k3 , k4, k5, k6. Applying crossing symmetry

to l21 + l22 + l23 + l24 + l25 = l2 we get “unidirectional" waves in the (b, b⇤)-representation. For

the interaction 2 , 4 we have two different arrangements: l2 � l25 = l21 + l22 + l23 + l24 and

l21+l22 = l2�l23�l24�l25, whereas for the interaction 3, 3 just one: l2�l24�l25 = l21+l22+l23

(up to combinatorial equivalence). Imposing the constraint on the frequencies accordingly,

we find the following parameterizations of the resonant hypersurface (3.4.14):

(k1, . . . , k6) = ↵⇥
⇣
�
�
⇣2+ � Z2

+

�2
,
�
⇣2+ + Z2

+

�2
, (2⇣1⇣+)

2, (2⇣2⇣+)
2, (2⇣3⇣+)

2, (2⇣4⇣+)
2
⌘

(3.9.1a)

(!1, . . . ,!6) =
p
g|↵|⇥

�
⇣2+ � Z2

+, ⇣
2
+ + Z2

+, 2⇣1⇣+, 2⇣2⇣+, 2⇣3⇣+, 2⇣4⇣+
�

(3.9.1b)

and

(k1, . . . , k6) = ↵⇥
�
(2⇣1⇣�)

2, (2⇣2⇣�)
2,�(2⇣3⇣�)2,�(2⇣4⇣�)2,�(⇣2� � Z2

+)
2, (⇣2� + Z2

+)
2
�

(3.9.2a)

(!1, . . . ,!6) =
p
g|↵|⇥

�
2⇣1⇣�, 2⇣2⇣�, 2⇣3⇣�, 2⇣4⇣�, ⇣

2
� � Z2

+, ⇣
2
� + Z2

+

�
(3.9.2b)

where Z2
+ = ⇣21 + ⇣22 + ⇣23 + ⇣24 , ⇣± = ⇣1 + ⇣2 ± (⇣3 + ⇣4), the scaling factor ↵ and the

parameters ⇣1, ⇣2, ⇣3, ⇣4 are real, non-zero numbers such that each ki is an integer and each

!i is positive. Similarly, the hypersurface (3.4.15) is parameterized by

(k1, . . . , k6) = ↵⇥
�
(⇣2 + Z2

+)
2,�(⇣2 � Z2

+)
2,�(2⇣4⇣)2, (2⇣1⇣)2, (2⇣2⇣)2, (2⇣3⇣)2

�
(3.9.3a)

(!1, . . . ,!6) =
p

g|↵|⇥
�
⇣2 + Z2

+, ⇣
2 � Z2

+, 2⇣4⇣, 2⇣1⇣, 2⇣2⇣, 2⇣3⇣
�

(3.9.3b)

where ⇣ = ⇣1 + ⇣2 + ⇣3 � ⇣4.

Finally, we verify that T̃ (3,3)
1,2,3,4,5,6 = 0 on (3.9.3) and T̃ (2,4)

1,2,3,4,5,6 = 0 on (3.9.1) and (3.9.2).
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