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ABSTRACT

Target-oriented redatuming and inversion on the waveform nature of

seismic reflections

Qiang Guo

The process of full-waveform inversion (FWI) seeks a model of the Earth’s sub-

surface that produces simulated data to fit the observed data. The resolution of the

model can be both complex and costly to meet such an objective. Resolving the

reservoir is even more challenging as it requires an accurate representation of the

physics throughout. Although FWI for diving waves has been successfully applied,

the reservoir located at depth requires FWI to take advantage of the reflections. How-

ever, major issues are alongside the value of reflections, such as limited illumination,

difficulties in recovering low wavenumbers of the model, trade-offs between the model

parameters, etc, which hinders its applications so far.

Recent studies on reflection waveform inversion (RWI) revealed the unique po-

tential of reflections in illuminating the deep model building. RWI identifies the

nonzero-offset data mismatch and produces low-to-middle wavenumber model up-

dates along the reflection wavepath, which brings unprecedented robustness to FWI.

FWI is therefore exposed to a better chance of resolving the deep targets within its

own framework. However, RWI makes FWI even more computationally intractable.

Alternatively, we introduce redatuming to FWI applications, aiming at retrieving

survey-sinking virtual data to focus our inversion on the target zones. It improves the

efficiency of entire loop of our inversion and, meanwhile, reduce the trade-offs of FWI

implemented on the entire model. Hereby, we split FWI into sequential optimization

problems consisting of overburden estimation, virtual data retrieval and target inver-

sion. We exploit the advantages of the reflections produced by our datum modeling
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to improve the robustness of the overburden inversion. The resulting macro model is

refined by follow-up FWI on relatively low-frequency bands to save the computation.

The virtual dataset is calculated using an extended imaging condition. We specially

summarize the reflection modeling and imaging process in terms of datuming. Higher

frequencies are involved in retrieving the virtual data that are substituted into the

target inversion, which allows adoption of a finer grid and some enhanced treatment

to satisfy the demand for high-resolution and multi-parameter delineation. The po-

tential applications are demonstrated by examples, with limitations and future work

suggested in the last chapter.
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Chapter 1

Introduction

Seismic data provide access for exploring a large area of the Earth’s subsurface

through seismic imaging or inversion methods, which produce by far the most de-

sirable resolution. Full Waveform Inversion (FWI) has been developed as a powerful

technique to delineate the medium at reservoir scale by making full use of the seismic

signal. It is designed to solve the optimization problem of minimizing the data match

that is fulfilled by precise estimation of the physical parameters of the subsurface

medium [96, 59]. To achieve this goal, we need to take into account sophisticated

physics of the subsurface medium to simulate the wave propagation. The price that

comes with the comprehensive physics consideration is the extremely high computa-

tional cost and memory issue. The latest development of high-performance computing

techniques and algorithms, at some points, took FWI from theories to practice in the

last decade [74, 85, 108, 69, 25]. However, endeavors to approach the objective of

FWI still face enormous challenges. This is not only because of the computational

complexity of addressing the high nonlinearity of our optimization problem, but also

the most commonly deployed surface acquisitions, which requires the adoption of a

fine grid over the entire subsurface space in order to satisfy the requirement of high-

resolution inversion. The latter one ends up making the solution space so huge that

the dimension of model parameter N (Nz ∗ Nx) can easily get up to ∼ 106 in 2D

cases. Therefore, the explicit calculation of the inverse Hessian matrix that is of the

same size is prohibitive, while the off-diagonal terms of it are keenly related to the

interaction between the parameters at different locations and are essential to solve
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the nonlinearity optimization. Various mathematics methods have been utilized to

approximate the inverse Hessian [74, 69, 37]. In fact, a large amount of computation

is consumed by inverting the model outside the reservoir regions that are usually

located relatively deeper and only occupy a small portion of the entire model space.

The conventional seismic imaging and inversion methods based on solving the entire

model get even more involved when we tend to monitor the reservoir changes over

time and/or deal with more complex physics, like elastic and anisotropic parameters,

both of which have begun to gain more attention recently.

1.1 Objective

My Ph.D. work is devoted to improving the efficiency of FWI, which requires to solve

a high-nonlinear optimization, and enhancing its ability to meet the increasing needs

for high-resolution interpretable model estimation for the reservoir characterization.

The challenges of FWI implementations are mainly caused by the limited aperture

and bandwidth of the surface recording, as well as the lack of priori information. In

most cases, we invert for the subsurface model using the data fitting measured on the

Earth’s surface only. To fulfill the nonlinearity optimization, we need to estimate the

interaction between model perturbations at different positions, the effect of which is

nontrivial. This is the main reason for the solution of FWI to cost a huge amount of

computation, even with some latest strategies [37, 6], and it becomes more involved if

multi parameters are taken into account. Therefore, a high-resolution delineation of

the subsurface mediumcan hardly be achievedwithout compromise on either accuracy

or cost. To address the challenges in the context of waveform inversion, we focus on

a special recipe, being referred to as Target-oriented Redatuming (TOR) and Target-

oriented Inversion (TOI) [101, 134, 78, 122, 103, 136].

The redatuming can be described as a multidimensional cross-correlation opera-

tion that is applied to the subsurface wavefields to calculate a survey-sinking virtual
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dataset [27, 16, 83, 117, 100, 98]. The subsurface wavefields can be solved given

an overburden model. From the original surface data acquisition, we can obtain the

dataset with virtual sources and receivers both at a datum. To comply with the reser-

voir characterization, the datum could be set to a depth right above the target zone.

The new localized dataset is then substituted into a follow-up FWI, which is thus

focused on a reduced model space [48]. According to what people have discovered

in this scheme, the calculation of the subsurface wavefields or Greens functions relies

on the accuracy of the overburden model [103]. The redatuming techniques, though

they promise necessary robustness and relax the computation and memory cost to a

considerable extent, still need to solve the inherent challenge of velocity building. It

is especially crucial for the redatuming algorithms based on wave equations since, in

most cases, we can only access the data on the Earth’s surface, and a wisely estimated

velocity, at least the kinematic component of it, is required to retrieve the subsur-

face Green’s functions. Despite the kinematics that is to be solved, high-resolution

inversion of the target zone is still constrained by the accuracy of wave propagation

that is determined by the overburden. Our solution is then focused on tackling the

overburden scattering. First, it is know that FWI produces the most precise esti-

mation of the overburden scattering, which is essential to prevent potential artifacts

from impacting the following-up processes. Though using FWI to estimate the over-

burden model fundamentally increases the computational cost and tends to deviate

our original purpose of focusing the inversion, the trade off between tha accuracy

and efficiency may be handled by deploying a delicate strategy to the overburden

and the target inversion. A possible path is to implement an overburden inversion

with the low-frequency data, such that the larger grid size and time sampling can be

utilized to avoid vast of cost. Compared to the overburden model inversion coupled

with low frequencies, the high-frequency scattering takes a less significant effect to

the target inversion as it faces more serious attenuation. Second, despite the compre-
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hensive physics consideration needed in the TOI, wave propagation in the overburden

medium can often be approximated by relatively simple physics, like acoustic. In ad-

dition, such strategy is supported by the fact that the acoustic assumption, in many

cases, features reasonably good accuracy with low frequencies. Further more, for the

overburden models dominated by simple structures, e.g., layered sediments, we are

allowed to utilize more efficient wave extrapolators [87, 40]. We aim to demonstrate

the effect of the overburden inversion to the TOI, and seek solutions to effectively

handle the trade off caused by such effect.

Once we solve the overburden model and use it to obtain the virtual data with

enough accuracy, we are able to focus the inversion on the target medium, and mit-

igate the trade offs of the inversion that is originally implemented on the entire

subsurface space [93, 15]. The reduced cost leaves more space to explore the opti-

mal combination of physics based on their sensitivity to the virtual data that are

now more close to the target region and, more so, it leads to more opportunity to

reduce the crosstalk. Therefore, we are able to implement a multiparameter inversion

to satisfy the reservoir characterization. Regularizations can also be incorporated to

overcome the limitation of the acquisitions and suppress the artifacts [9], e.g., sparsity-

related and Tikhonov regularizations, which depends on the priori information and

the purposes [35, 53]. Solving the data fitting associated with regularizations by

some advanced optimizations becomes more practical as well, thanks to the reduced

solution space [41, 39].

The ability of FWI in simulating complex wave propagation with the two-way

wave equations, if combined with the split model domains, enlightens more usages

of redatuming, and one of them is to treat the multiple scattering. Besides that it

has long been a concern for solving the Hessian matrix of FWI, we aim at exploring

the opportunity that emerges in dealing with the multiple scattering, and make use

of it in certain scenarios. Physically, it is convenient to notice that the multiple
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scattering provides additional, and sometimes unique, illumination of certain areas

[64]. However, compared to the currently developed imaging and some optimization

algorithms that are focused on utilizing primary (single) reflections to build the model,

those very recent works that attempted to take advantage of double scattering, again,

result in additional computational cost, which is obviously against our will [14, 87,

143, 3]. Therefore, it continues to be a real-life challenge as we intend to extend our

work to applications of exploration scales.

1.2 Velocity Inversion

In our study, we first research the waveform nature of reflection and emphasize its

role in coping with the velocity estimation that affects the implementation of target-

oriented redatuming on both full waveform inversion and seismic imaging purposes.

We assume we are dealing with a more general situation, in which our inversion

starts with a poor initial guess of the velocity model. FWI has been playing as an

active member in velocity building since the last decade [66, 21, 8, 17, 126], and

exhibits great capability to combine different wavenumber components to form a

single, yet high-resolution output. But it is a highly nonlinear problem due to the

complex reflectivities of the Earth’s subsurface, and the nonlinearity only becomes

more serious in real situations. It is well recognized that a good initial velocity model

with accurate representation of the low model wavenumbers is essential for FWI to

converge, because FWI, performing as a migration operator, is keenly related the high-

wavenumber updates along reflectors while, in practice, it tends to fail in recovering

the low wavenumbers. However, inverting for the low-wavenumber components of

velocities using Reflection Waveform Inversion (RWI) with an objective to fit the

reflection shape, rather than produce reflections directly from the model itself, may

mitigate the limitations of FWI.We have developed an RWI approach that inverts for

the low-wavenumber and perturbation components of the velocity, in which we update
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the perturbation and propagation parts of the velocity models in a nested fashion

[23, 126, 47]. RWI helps mitigate the high nonlinearity, while there are limitations

mainly related to the cost. Besides that, FWI still suffers from the ill-condition

problem.

The problem is attributed to the size of model space that is physicallymuchsmaller

than the data space, in which the chances are also embedded. Studies have revealed

the mystery of the reflections that we rely on for building the velocity model at depth,

that is the data response at different offsets can be mapped to some additional space

through the migration process [66, 7]. The space, in the sense of conventional seismic

migration, is in an unphysical model domain that is parallel with the image space of

the supposed-to-be physical reflectivities. If the low-wavenumbers of the model are

present, the model space could be reduced to mainly contain the physical reflectivities

(or being referred to as real model perturbations), otherwise we need extra dimensions

of the model to temporarily avoid the unsolved macro model. Fortunately, we find

the redatumed data plays an inspiring role in providing such extra dimensions. The

datuming process is highly sensitive to the overburden model. The model error will

result in a totally inaccurate virtual data retrieval. On the other hand, the virtual

data represent a decent solution space that absorbs the data mismatch between the

predicted reflections and the observed ones caused by the model errors. With the

reflections predicted by the datum modeling being in relatively accurate shape, we do

not any longer have to rely on a good initial model to guarantee a reasonably small

data mismatch to avoid the cycle-skipping issue. In addition, considering the feature

of the update along the reflection wavepath, we can estimate the low wavenumbers

of the model even under the limited aperture and the absence of low-frequency data.

In our case, the approach to find the long-wavelength components of the velocity

offers a good stepping stone for FWI of the overburden, as it provides FWI with a

reasonable (depending on the minimum frequency) description of the kinematics of
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the wavefield.

1.3 Target-oriented Redatuming

We propose to use a model-based waveform redatuming to reduce the computational

cost and meanwhile meet the high-resolution objective of FWI. The current FWI

algorithms usually deploy a consistent discretization and physical assumptions over

the entire model space. However, a high-resolution analysis (and the accompanying

complex physics) are often only required in the reservoir region [81, 61]. Therefore,

treating the reservoir as part of the entire model space may be unnecessary. As an

alternative, we split the entire optimization into two parts: the overburden, which

bears the information to describe the wavefield at the datum level; and the underlying

medium, which is represented by the redatumed data at the datum. The calculation

of the redatumed data will, by all means, rely on the subsurface wavefields, same

as Reverse Time Migration (RTM); therefore, based on the reciprocity theorem,

we formulate the redatuming operation using a modified expression of the extended

Born representation. We introduce a robust estimate of the overburden velocity using

low-wavenumber updates along the reflection wavepaths generated by our modeling

process, including these wavepath updates coming from reflections below the datum.

We benefit from the low-wavenumber updates using reflections generated by our da-

tum modeling to build an overburden model and apply a waveform inversion scheme

of approach to retrieve the virtual data. The datuming operation, which is like the

RTM, achieves reasonable robustness and computational stability, while retaining

some similar problems to cope with.

One is related to finding an overburden medium that can wisely describe the

complex wave propagation. Though FWI is highly capable of tackling such an issue,

applying a high-resolution inversion of the overburden model obviously fails to obey

our original intention of ensuring an efficient high-resolution target medium inversion.
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However, the low-wavenumber tomography component of the model and the high-

wavenumber migration component are supposed to be well coupled in FWI, and

it leads to a well-known fact that we never use a model with the sharp interface

to implement the migration. Inspired by that, we suggest an overburden model

inversion using only relatively low frequencies, which guarantees enough accuracy of

the subsurface wavefield and, most importantly, allows us to adopt a coarser grid

for the overburden space. This strategy enables us to explore the benefits of high-

frequency FWI on producing a high-resolution interpretable model, as now we only

require a dense grid to apply the redatuming and TOI, which is performed on a largely

reduced space.

Another concern is related to the multi scattering, the impact of which is trivial to

our redatuming scheme in most situations. However, in some imaging scenarios, the

energy of multiple scattering that is usually treated as artifacts owns the potential to

improve the illumination of complex structures. Some of the structures can hardly be

recognized by the classical methods that are focused on primary reflections. Managing

to solve the multi scattering of the subsurface wavefield can eliminate the artifacts

in the redatuming process if it significantly harms the following inversion, and on

the other hand, get rid of the resolution issue caused by the limited aperture of

the recording survey. As a matter of fact, the multi-scattering information has also

been involved in the velocity inversion process [37, 6, 3]. It makes an unparalleled

contribution compared to what the primary reflections can achieve, while to make

use of it is a complex mission. Hereby, we utilize redatuming techniques to formulate

various schemes of approaches based on the reciprocity theorem, which reveals some

extra scope of taking advantage of multi scattering.



31

1.4 Methodology

Based on the virtual data that represent the localized deep reflections and their na-

ture promising the macro model updates, our optimization can be generalized by the

following compositions. The first one is the overburden velocity building, which con-

sists of the most crucial part of the entire target redatuming and inversion procedure.

We illustrate how reflections are favored in the velocity building, which starts with

reflection waveform inversion and its ability to fill in the low-to-middle wavenumber

gaps between the migration velocity and FWI. We emphasize the model extension

that is introduced to the reflection-based velocity inversion [18, 82, 46], specially the

extension over both spatial and time axis. The Born modeling with the extension

corresponds to the datum modeling operation, which is derived from the reciprocity.

Similar to the extension over the spatial axis, the datum modeling produces reflec-

tions that match the observed data with minor errors, while it differs from the former

one as the modeled data only contain the events related to the target medium. It is

actually a compensation to the overburden model space that could also be extended

to be multi-dimension if necessary. The relatively small errors, if controlled by the

datum to be less than half of the wavelength, will guarantee a robust overburden

velocity building. Then the virtual data retrieval consists of the adjoint operation of

the datum modeling. Thus a simultaneous optimization for both the virtual data and

the overburden velocity model is implemented.

The datum level is chosen to be above a region requiringmore enhanced treatment

like a reservoir, whichmay require more sophisticated description, and possibly a finer

grid to the model space. By measuring the data mismatch at the Earth’s surface,

our implementation can retrieve the data of source and receiver at any level with

the Green’s functions calculated from the inverted overburden model. Similar to the

migration process that is sensitive to the velocity model, which is solved by Migration

Velocity Analysis (MVA) [88, 52], we refer to our overburden model inversion aiming
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at obtaining an accurate virtual data as Datum-based Waveform Inversion (DWI),

and by additionally applying a regularization based on the features of the virtual

data instead of the data mismatch, we proposed a Datum Velocity Analysis (DVA)

strategy.

The real Earth demands more realistic, and possibly more expensive, modeling

operators like two-way wave equations, which provide a more accurate dynamic and

kinematic description of the complex wave propagation in practical cases. The in-

crease of expense has become affordable recently thanks to the availability of high-end

computational resources and smarter algorithms, which also make it consistent with

implementing full waveform inversion [95] that the two-way wave equations are com-

monly used in. In addition, treating overburden and target inversion on different

grid sizes is proposed to improve efficiency. Considering the attenuation of the mul-

tiple scattering that significantly increases with high frequencies, only relatively low

wavenumbers of the overburden model are necessary to be estimated, which are cou-

pled with the low frequencies of the data. We, therefore, apply FWI to the overburden

model, starting with the macro model built by DWI/DVA. Both the FWI and DWI

can be easily satisfied by a coarse grid.

The final part is to achieve a high-resolution TOI using the virtual data retrieved

with high frequencies. We demonstrate the benefits of using high frequencies by

a couple of applications in different scenarios. We explore the possibility of using

different regularizations to improve the velocity inversion and high-resolution TOI

for specific purposes. At the end, we discuss the outreach toward making use of

multi scattering to approach redatuming and its benefits for certain types of imaging

problems.
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1.5 Technical Contributions

My contributions include developing an elastic waveform-based velocitybuilding based

on a nonlinear multiparameter optimization, which provides robustness to FWI and

a new perspective of elastic reverse time migration. I introduce the extended-domain

modeling and migration to the RWI implementation, not only to further improve the

robustness of RWI to a similar level of MVA, but also to build a connection with the

survey-sinking virtual data retrieval operation that is based on interferometry. Based

on our understanding obtained from these studies, I propose to use redatuming to

enhance the inversion for the target region. I formulate a least-square redatuming

scheme based on the combination of the reciprocity theorem and the FWI language.

The TOI strategy that I develop achieves a plausible resolution and improved effi-

ciency, not only because of the reduced solution space, but also the benefits of the

redatuming to the overburden model estimation. I use more comprehensive test to

exhibit the potentials of our target inversion philosophy, and show its feasibility in

time-lapse monitoring application. To explore different usage and advantage of re-

datuming, particularly on the purpose of illumination compensation, I study the re-

cently developed multiple imaging techniques, and target my objective of redatuming

to imaging certain structures, like salt flanks and faults, which are real-life challenges

for conventional methods based on the primary reflections.
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Chapter 2

Reflection-based waveform inversion

FWI has been successfully applied to a number of field data. Most of them are based

on the diving wave information, and they particularly require the low frequencies

to be available in seismic data [74, 85, 25]. The inversion of diving wave has been

established as an effective and useful way to recover the shallow part of the model.

However, a real challenge of FWI is to build the model all the way to the deep zone,

and with the Earth’s surface acquisitions, the solution can only rely on the reflections.

Therefore, inversion based on reflection waveform has been proposed more recently,

which reveals that reflections can not only produce high-wavenumber information

corresponding to the interfaces between sedimentary layers, but also recover the low-

to-middle wavenumbers of the model. It is thanks to the nature of the reflection

pattern, that the near-zero offsets of the reflections represent the dynamic features

and desired high resolution, while the far offsets are more sensitive to the kinematics.

High resolution can then be achieved by all the information in one final image, which

surpasses the traditional seismis image showing only the reflectivity. In this chapter,

we firstly review the reflection waveform inversion method and introduce its recent

development of the elastic case with a nonlinear approach. This is to exhibit the

possibility of using reflections to solve the complex wave propagation in the Earth’s

subsurface space. Very recently, we introduced the model extension into our RWI

method and improved the robustness of our approach. Therefore, we demonstrate the

features of extented migration and modeling operations, which reveal the behavior of

reflections at zero and far offsets.
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2.1 Introduction

Fullwaveform inversion (FWI)was first introduced to our communitywith an acoustic

approximation [96]. Inverting for P-wave velocity (and its impedance) was regarded

as the primary goal of waveform inversion, and thus was the main focus of the research

effort and inversion implementations over the past thirty years [95, 72, 18, 52, 26].

However, there is no question that the elastic assumption is a more accurate repre-

sentation of the properties of seismic waves in the subsurface. The real subsurface

contains more information that is far beyond the reach of acoustic inversion, even un-

der the isotropic assumption. With the rise of FWI and its possible use in delineating

reservoirs, the elastic description of the Earth drew a lot of attention lately, which

we now refer to as elastic full waveform inversion (EFWI)[96]. The introduction of

EFWI allowed its later application to real data problems by [65] and [29] with mixed

results. We also devoted our attention to the latest development of multi-parameter

inversion [69], which included the challenges of parameter trade off, inversion strategy

and parameterization [111, 67, 55], as the EFWI approach is still under development.

Such studies present an illustration of the opportunities in using EFWI with respect

to the acquisition design.

From the imaging perspective, the objective of FWI is to eliminate our historic

practice of separating the propagation and reflectivity parts of the velocity model, and

to combine them into a single, possibly high resolution model representing the Earth

with accurate propagation and reflectivity properties. Thus, FWI is highly nonlinear

because the complexity of the earth reflectivity is now part of the velocity model and

the nonlinearity further increases in the case of inverting multi-component data for P-

and S-wave velocities. Though FWI has been successful in using refractions to build

a high-resolution model for shallow earth [26], the limited bandwidth and aperture

hinder its abilities in utilizing reflections, especially deep ones. Under these practical

limitations, a reliable estimation of the background model, like migration velocity
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analysis (MVA) [18, 82, 88] or image-based traveltime tomography [28] is required by

the regular gradient based FWI methods, to achieve a natural transition from the low

wavenumbers to the higher ones [95, 7]. [66] stated that inversion is a combination

of migration and reflection tomography, which provide different wavenumbers of the

model. Then [28], based on the work of [72], implemented the MBTT formulation to

build a background slowness model that gives the correct phase information. Based

on these previous developments, [128] suggested a workflow to invert for smooth

models using the predicted P-wave reflections generated by a migration/demigration

process, referred to as reflection waveform inversion (RWI). In this case, the objective

is to find the long wavelength components of the velocity model necessary to image

such reflections. This approach is a good stepping stone for FWI, as FWI needs a

reasonable (depending on the minimum frequency) description of the kinematics of

the wavefield embedded in the initial velocity model. A similar scope was exhibited by

[87] in their implementation of joint migration inversion (JMI) [13], which generates a

smooth velocity model while updates reflectivity. RWI can be implemented either in

time or frequency domain with different workflows [110, 125, 20], but the one thing in

common between these implementations is that the property of demigrated reflections

are highly sensitive to the image quality. In order to achieve a better fit of the data,

the image requires a true amplitude migration process that can be achieved with a

least-squares optimization. [126], thus, proposed a new optimization problem, where

they invert for both the background model and perturbations simultaneously.

For EFWI, which is a multi-parameter inversion problem, an accurate description

of the kinematic component of the P- and S-wavefields is needed to mitigate the high

nonlinearity. Considering the lower velocity (sometimes much lower than P-wave

velocity) of the S-wavemodel and a relatively smaller scattering angle ofPS converted

waves, S-wave velocity model inversion is exposed mainly to higher wavenumber

updates [108, 75]. Thus, optimizing the low wavenumber components for the S-wave
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velocity to avoid EFWI converging to local minima becomes even more challenging.

Also, the acoustic migration/demigration process will definitely fail in the elastic case

to reproduce a full reflection wavefield that wisely describes those events in multi-

component data. Instead of doing so, we introduce an equivalent stress source located

at the model perturbations, which is derived from the work of [124]. It is a nonlinear

operator which includes the internal and surface-related multiples. The task of finding

this long wavelength S-wave velocity model will be left to our newly proposed RWI.

In this chapter, we split the regular elastic model parameters into slowly varying

background and perturbation (reflectivity) parts and solve the nonlinear inversion

problem for both of them. We use a nonlinear objective function including diving

waves and reflections, similar to the work of [7]. By doing so, the gradient with

respect to the model background naturally takes into account the standard FWI

kernel along the diving waves and RWI terms along reflection wavepaths. We will use

a simple three-layer model for a gradient analysis. Then, we test our ERWI approach

on a small section of the Marmousi model, starting with a linearly increasing velocity

model. Since optimization for the perturbation components is joint in our inversion,

acting as an alternative to true amplitude migration, it will be utilized to improve

the resolution of the inverted models. To generate scattered P- and S-wavefields,

we apply our equivalent stress sources based on the inverted perturbations. The

scatterers are no longer regarded as a single scatterer, thus no Born approximation

is assumed in modeling the reflections. The final inverted model is composed of

the optimized perturbation and the background. Compared with regular EFWI, our

results present even higher resolution. Finally, an application on a VolveOBC dataset

shows that our approach can provide a reasonably good inversion results. Both the

Marmousi and real data examples show the ability of our method in recovering low

wavenumber models, meanwhile end up with higher resolution results.
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2.2 MVA and RWI

Seismic migration, known as a technique to migrate the recorded seismic reflection

events to their emerging locations, requires a velocitymodel of the subsurface medium

that describes the kinematic features of the wave propagation [27]. The output image

of the medium structure will be mispositioned if the velocity model is inaccurate and

actually the migrated energy will be unfocussed to the nonzero subsurface offsets

[18, 82], adding an additional dimension to the image domain. [88] came up with

an approach utilizing such feature to invert for the velocity model, referred to as

differential semblance operator (DSO) analysis. The objective of this inversion is to

minimize the unfocussed energy at the nonzero offsets, which can be expressed as

min EMV A(c) =
1

2

∫

dh|
|h|

hmax

2

I(x, h)|2, (2.1)

where h = (0, h) is the so-called subsurface offset, valued by the horizontal axis only

and I(x, h) =
∫

dtu(x −h, t)r(x+ h, t); u(x −h, t) and r(x + h, t) can be calculated

by

1

c2
∂2u

∂t2
−∇2u = f, (2.2)

and

1

c2
∂2r∗

∂t2
−∇2r∗ = d∗, (2.3)

where d is the observed data on the surface, the superscript ∗ indicate a reverse

over time. To optimize velocity model c, we need to calculate the gradient of MVA

objective function with respect to c:

∂EMVA

∂c(x)
= −

∫

dt ∇2u(x − h, h, t)δr(x −h, h, t)

+ ∇2δu(x + h,−h, t)r(x + h,−h, t),

(2.4)
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where

1

c2
∂2δr∗

∂t2
−∇2δr∗ =

(

|h|

hmax

2

I(x, h, z)r∗

)

, (2.5)

and

1

c2
∂2δu

∂t2
− ∇2δu =

(

|h|

hmax

2

I(x, h, z)u

)

. (2.6)

If we look at FWI, its classical objective function is defined as

min EFWI(m) =
∑

s,r

1

2

∫

dt|u(xr , t)−d(xr, t)|
2, (2.7)

where d(xr , t) is the data observed at the receiver locations xr, u is the modeled

wavefield associated with estimated model parameter. Since the gradient calculation

of the classic objective function is closely related to reverse time migration (RTM),

FWI tends to recover the high-resolution reflectivity part of the model with limited

bandwidth and size of the data survey, as compared to those updates with respect

to low wavenumber components. Thus, FWI can only be successful with a good

background model close enough to the true one especially kinematically depending

on the frequency, otherwise it will experience the notorious cycle-skipping problem.

Thus [128] and [140], based on previous works of [72] and [28], introduced reflection

waveform inversion (RWI), which can greatly improve the low wavenumber model

building similar to MVA but in data domain.

The standard RWI reproduces reflections from a migration and demigration pro-

cess. Physically, seismic reflections are generated from the contrast part of the velocity

(or impedance). The initialmodel of FWI often contains low wavenumber components

(as compared with the wavelength of injected wavefield). Thus, the FWI model can

hardly generate any recognizable reflection at the early stage until the updated model

itself includes high enough wavenumbers that induces reflections. However, since the

low wavenumber and high wavenumber components are well decoupled [28, 128], we
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can utilize the migration and demigration process to generate reflections [89]. The

process to generate reflection wavefield [17] can be expressed as

1

c2
∂2u

∂t2
−∇2u = f, (2.8)

1

c2
∂2δu

∂t2
− ∇2δu = I · u, (2.9)

where v is the low wavenumber components of velocity model, u is the wavefield for the

low wavenumber model, f is the actual source; δu is the perturbed reflection wavefield

and I is the depth domain migration of reflection. The second line, equation 2.9, is

the demigration process. The reflections produced by this process can always match

those reflections of the observed data in the near offset, which to some extent can

mitigate the cycle-skipping problem. Considering the Fréchet derivative of δu with

respect to the background velocity v, the gradient can be calculated by:

∂EFWI

∂c(x)
= −

∑

s,r

∫

dt(Ψ(x, t)∇2δu(x, t)+ δΨ(x, t)∇2u(x, t)), (2.10)

where ∇2 is Laplacian operator in the space domain, Ψ and δΨ are the adjoint

wavefields calculated by

1

c2
∂2Ψ∗

∂t2
−∇2Ψ∗ = u∗ − d∗, (2.11)

and

1

c2
∂2δΨ∗

∂t2
− ∇2δΨ∗ = I ·Ψ∗. (2.12)

Conventional FWI updates low wavenumber components of model in the shallow

zone relying on direct and diving waves, while RWI provides a different low wavenum-

ber update for the deeper parts of the model along the reflection wavepath. The first

and second terms in equation 2.10 correspond to the wavepaths on receiver and source

sides, respectively. They are shown in Figures 2.1(a) and 2.1(b) by summation over
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receivers of one shot.

(a) (b)

Figure 2.1: The two terms of the standard RWI gradient: (a) Ψ∇2δu (on the receiver

side) and (b) δΨ∇2u (on the source side).

As we can see from Figures 2.1(a) and 2.1(b), the gradient of RWI mainly pro-

vides a smooth update. RWI can be implemented either in time or frequency domain

with different workflows [110, 125], but the one thing in common between these im-

plementations is that the property of demigrated reflections are highly sensitive to

the image. In order to achieve a better fit of the data, the image requires a true

amplitude migration process that can be achieved with a least-squares optimization.

[126, 7], thus, suggested inverting for both the reflectivity and velocity background

with a newly introduced objective function:

min ERWI(m) =
∑

s,r

1

2

∫

dt|u(xr, t) + δu(xr , t)−d(xr, t)|
2, (2.13)

where u(xr , t)+δu(xr, t) is the total wavefield. Using this objective function, a diving

wave term is included into the gradient given by the standard FWI.

2.3 RWI in elastic world

2.3.1 Objective function and perturbed wavefields

Elastic waveform inversion is of higher nonlinearity compared to the acoustic case.

The high nonlinearity is caused by the missing low wavenumbers in the initial model
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for both P and S waves. Considering that the update for S-wave velocity in FWI

injects intrinsically even higher wavenumbers than P waves regarding the lower prop-

agation velocity, the task of recovering low wavenumber components becomes more

daunting. RWI is a general inversion method for low wavenumber components of

the velocity model and can be implemented either in time or frequency with different

workflows [110, 7]. In order to achieve a better fit of the data reflection, it is a common

affair that the image used to emit reflections requires a true amplitude migration pro-

cess, such as a least squares type of optimization. In the elastic situation, we need a

more accurate description of the reflection wavefield beyond the migration and dem-

igration process. Indeed, generating perturbed wavefields in elastic media requires

more than the seismic image (P- or S-wave image). For acoustic RWI, PP - image

is the only parameter to approximate those rough reflectors, while for elastic mod-

els, elastic image workflows output four cross-correlation components [131, 32, 133],

which become complicate when producing reflections from these multi-component

perturbations. Alternatively, the high wavenumber components of the model have

more clear physical meaning and fortunately it can be optimized naturally within the

EFWI framework.

We define our elastic model parameters in the isotropic case as

α =
λ+ 2µ

ρ
and β =

µ

ρ
, (2.14)

and split them into low wavenumber components (background) and perturbation

parts respectively:

α = α0 + δα and β = β0 + δβ, (2.15)

where λ and µ are the Lamé constants, ρ is the density of the medium.

We assume the total wavefieldcan also be decoupled into the wavefield propagating
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in slowly varying background media and the scattered from the model perturbations:

utotal = u+ δu. (2.16)

It satisfies a coupled system of equations (with constant density):















∂2(ux + δux)

∂t2
=

1

ρ

(

∂(τxx + δτxx)

∂x
+
∂(τxz + δτxz)

∂z

)

,

∂2(uz + δuz)

∂t2
=

1

ρ

(

∂(τzz + δτzz )

∂z
+
∂(τxz + δτxz)

∂x

)

,

(2.17)

where































τxx + δτxx = (α0 + δα)

(

∂ux

∂x
+
∂δux

∂x

)

+ (α0 + δα− 2β0 − 2δβ)

(

∂uz

∂z
+
∂δuz

∂z

)

,

τzz + δτzz = (α0 + δα)

(

∂uz

∂z
+
∂δuz

∂z

)

+ (α0 + δα− 2β0 − 2δβ)

(

∂ux

∂x
+
∂δux

∂x

)

,

τxz + δτxz = (β0 + δβ)

(

∂ (ux + δux)

∂z
+
∂ (uz + δuz)

∂x

)

.

(2.18)

where u is the displacement vector and τ is the stress tensor. This system of equations

can be solved using a staggered-grid finite difference approach.

To calculate the perturbed wavefields, we can eliminate the terms related to the

background model, in which u and τ satisfy:

∂2u

∂t2
=

1

ρ
∇τ,

τ = m0 : ∇u,

(2.19)

where m0 is the elastic tensor composed of low wavenumber model parameters α0

and β0 and : denotes the Frobenius inner product. Finally the perturbed reflection
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wavefield is given by















∂2δux

∂t2
=

1

ρ

(

∂δτxx

∂x
+
∂δτxz

∂z

)

,

∂2δuz

∂t2
=

1

ρ

(

∂δτzz

∂z
+
∂δτxz

∂x

)

,

(2.20)

and if we look into Hooke’s law that relates stress and strain, we can derive the

perturbations in stress tensors:























δτxx = (α0 + δα)
∂δux

∂x
+ (α0 + δα− 2β0 − 2δβ)

∂δuz

∂z
+ τ̃xx,

δτzz = (α0 + δα− 2β0 − 2δβ)
∂δux

∂x
+ (α0 + δα)

∂δuz

∂z
+ τ̃zz ,

δτxz = (β0 + δβ)(
∂δux

∂z
+
∂δuz

∂x
) + τ̃xz,

(2.21)

where τ̃ij can be expressed as































τ̃xx = δα

(

∂ux

∂x
+
∂uz

∂z

)

− 2δβ
∂uz

∂z
,

τ̃zz = δα

(

∂ux

∂x
+
∂uz

∂z

)

− 2δβ
∂ux

∂x
,

τ̃xz = δβ

(

∂ux

∂z
+
∂uz

∂x

)

,

(2.22)

which involves the displacement wavefield in background media ( α0 and β0 ) and

estimated model perturbations δα and δβ. These stress components injected into the

system of equations 2.21 perform the purpose of emitting reflections, which can be

regarded as the equivalent sources, similar to the conception derived by [124] in the

acoustic case. Thus, δτij here can be regarded as the stress tensor in the supposed

entire model, free of the actual source at the surface, but alternatively includes an

equivalent source τ̃ij that only emits reflections at the model perturbations.

These are the exact expressions of perturbed wavefields, which is nonlinear with

respect to model perturbations. Thus, the reproduced waveform here not only con-

tains primary reflections, but also multiples; there is no Born limitation. To illustrate
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the perturbed wavefields by our nonlinear formulation, we use a constant background

model with two scatter perturbations in both P- and S-velocity located at the yel-

low dots in Figure 2.2(a), in which the source location is indicated by a red star.

Figures 2.2(a) and 2.2(c) show the elastic potentials of the entire wavefield and Fig-

ures 2.2(b) and 2.2(d) show the elastic potentials of the corresponding scatter wave-

field reproduced by injecting our equivalent sources. As we can see, the nonlinear

approach offers a perfect description of perturbations imbedded in the entire wave-

field.

(a)

Multiples
Single 

scattering

(b)

(c)

MultiplesSingle 

scattering

(d)

Figure 2.2: The P-wave potential (a) and S-wave potential (c) of the entire wavefield;
the P-wave potential (b) and S-wave potential (d) of the perturbed wavefield emitting
from the model scatters.

Our objective function for ERWI is similar to the one [7] used: min E(m) =
∑ 1

2

∫

t

|u(xr, t) + δu(xr, t)− d(xr , t)|
2. Here the data is multi-component displace-

ment field that contains ux and uz and δu is nonlinear with respect to model per-

turbations. Others proposed to use cost functions of the correlation type in RWI

[128, 140, 126]. Since we are doing a simultaneous inversion for both low wavenum-

ber components and perturbations of model, we suggest a more flexible strategy in

choosing the cost function depending on the decoupled features of these two com-

ponents. For the high wavenumber components of the model, which control the
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dynamic features (amplitude) of the reflection waveform, we suggest using a standard

L2-norm misfit function. The high sensitivity of this function with respect to the

amplitude of the modeled reflections enables a more accurate estimation of the model

perturbations. For the slowly varying background model, which mainly influences

the kinematic features of reflection/transmission, its sensitivity with respect to the

amplitude becomes relatively trivial as compared with the high wavenumber compo-

nents. Thus, the misfit function should be less sensitive to amplitude but focus on

the traveltime. We suggest the inner product function given by [25].

2.3.2 Features of Nonlinear ERWI and gradient analysis

Compared to standard RWI, we reproduce the reflections using equivalent stress

sources built from model perturbations. The model perturbations must be optimized

to guarantee that modeled reflections have somewhat an inverse characteristic to the

migration. In other words, the perturbed wavefield must fit the whole data when the

velocity is accurate, and fit the near-offset data only when the velocity is inaccurate.

Thus, we invert for the perturbations and background of model in a nested approach

instead of only inverting for the background. Using our suggested cost functions, we

just need to make some changes to the adjoint sources when we transfer from one

objective to another.

In our applications, we consider using an explosive source, which mainly produces

pressure waves. The multi-component acquisition is dominated by P-waves and at

larger offsets includes converted P- to S-waves. We can apply our equivalent stress

sources using the inverted velocity perturbations and the incident displacement field.

After obtaining the scattered P- and S-wavefields, we calculate the gradient of the
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objective function with respect to α0, δα using the adjoint state method [70]:

∇α0
ERWI = −

∑

s

∫

dt( ∂
∂x

ux+
∂
∂z

uz)( ∂
∂x

Ψx+
∂
∂z

Ψz)

+ ( ∂
∂x

ux+
∂
∂z

uz)( ∂
∂x

δΨx+
∂
∂z

δΨz)+( ∂
∂x

δux+
∂
∂z

δuz)( ∂
∂x

Ψ̃x+
∂
∂z

Ψ̃z), (2.23)

∇δαERWI = −
∑

s

∫

dt( ∂
∂x

ux+
∂
∂x

δux+
∂
∂z

uz+
∂
∂z

δuz )( ∂
∂x

Ψ̃x+
∂
∂z

Ψ̃z), (2.24)

and for β0, δβ is given by:

∇β0
ERWI = −

∑

s

∫

dt 2( ∂
∂x

ux
∂
∂x

Ψx+
∂
∂z

uz
∂
∂z

Ψz)+( ∂
∂z

ux+
∂
∂x

uz)( ∂
∂z

Ψx+
∂
∂x

Ψz)

+ 2( ∂
∂x

ux
∂
∂x

δΨx+
∂
∂z

uz
∂
∂z

δΨz+
∂
∂x

δux
∂
∂x

Ψ̃x+
∂
∂z

δuz
∂
∂z

Ψ̃z)

+ ( ∂
∂z

ux+
∂
∂x

uz)( ∂
∂z

δΨx+
∂
∂x

δΨz )+( ∂
∂z

δux+
∂
∂x

δuz )( ∂
∂z

Ψ̃x+
∂
∂x

Ψ̃z), (2.25)

∇δβERWI = −
∑

s

∫

dt 2( ∂
∂x

ux+
∂
∂x

δux) ∂
∂x

Ψ̃x+2( ∂
∂z

uz+
∂
∂z

δuz) ∂
∂z

Ψ̃z

+ ( ∂
∂z

ux+
∂
∂z

δux+
∂
∂x

uz+
∂
∂x

δuz )( ∂
∂z

Ψ̃x+
∂
∂x

Ψ̃z), (2.26)

where Ψ is the adjoint displacement field propagated in background model, Ψ̃ is the

adjoint wavefield that satisfies the elastic wave equation with an assumed true model,

α0 + δα and β0 + δβ , δΨ is the field produced by perturbing Ψ̃ at the inverted high

wavenumber models. It can be noticed that Ψ̃ = Ψ + δΨ. Here, the diving waves

are generated and naturally included in the inversion. It is a major contribution

to background update in the shallow zone. Consider its important role in FWI,

it is an ideal compensation to low wavenumber update of deeper zone achieved by

conventional RWI.

Thus, the workflow of our suggested ERWI is given in below.
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Input: Recorded data d, initial model α0 and β0
Initialize cost function El2−norm, Ecorr, δα and δβ

Outer loop:
Inner loop 1:

Call function(El2−norm , α0, β0, δα, δβ)
Calculate gradient with respect to δα and δβ

using equations 2.24 and equations 2.26
Update δα and δβ
Update misfit El2−norm

end function

if converge end loop 1

Inner loop 2:
Call function(Ecorr , α0, β0, δα, δβ)
Calculate gradient with respect to α0 and β0

using equations 2.23 and equations 2.25
Update α0 and β0
Update misfit Ecorr

end function

if converge end loop 2

if satisfy exit condition end outer loop

Output: entire model α0 + δα, β0 + δβ

Table 2.1: Workflow of our suggested elastic RWI.

2.3.3 Three-layer model

First, we apply our ERWI on a simple elastic model shown in Figures 2.3(a) and 2.3(b),

to analyse the gradient. For simplicity, we fix the P- to S-velocity ratio and use con-

stant initial models (2.5 km/s and 1.44 km/s) for P- and S-wave velocities, which

is higher than the true velocity of first layer and lower than the second layer and

the anomaly. Our acquisition contains 32 shots distributed regularly on the surface

and fixed 320 receivers with 15.24 m interval for each shot. The source function is

given by a Ricker’s wavelet with a peak frequency of 8 Hz and the frequency band is

between 0 and 20 hz. The gradients for elastic parameters α0 and β0 using the per-

turbed reflection are shown in Figures 2.3(c) and 2.3(d). Alternatively, including the

diving wave term, the gradients for α0 and β0 are shown in Figures 2.3(e) and 2.3(f).
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The inversion tends to admit reasonably long wavelength inverted models for α0 and

β0. As we can see from Figures 2.3(c) and 2.3(d), our ERWI method provides a very

smooth gradient for both α0 and β0 model parameters and correct directions of up-

date (opposite for the two layers). However, the update is focused on the deeper zone

because it updates the low wavenumber components of model for imaging the reflec-

tions. After including the diving wave term, the update includes the anomaly in the

shallow zone. Thus, our new proposed method improves the background optimization

by taking into account the two major sources for low wavenumber updates.

(a) (b)

(c) (d)

(e) (f)

Figure 2.3: The true P-wave velocity (a) and the true S-wave velocity (b); the gradient
along the reflection wavepath for α0 (c) and for β0 (d); the ERWI gradient including
the diving wave term for α0 (e) and for β0 (f).

2.3.4 Elastic Marmousi model

Next, we test our method on a small section of the Marmousi model. The goal is to

obtain a high resolution estimates for P and S velocities. Figures 2.4(a) and 2.4(c)
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show the true model. We extend the water layer depth of the actual Marmousi in

order to mitigate the source effects. The source function, which contains pressure

stress only, is given by a Ricker’s wavelet with a peak frequency of 8 Hz. There are

32 shots with 152 m interval and 320 receivers evenly distributed on the surface that

are fixed for each shot. The initial model is linearly increasing except in the extended

layer (Figures 2.4(b) and 2.4(d)), in which we keep the velocity fixed during the in-

version. We use here L-BFGS method for the optimization and also apply a fixed

ratio to the step lengths of α and β updates. First, we optimize for the reflectivity

parts of elastic model δα and δβ using the L2-norm objective function on near-offset

data. The low wavenumber estimation of P- and S-wave velocities using our nested

approach are shown in Figures 2.5(a) and 2.5(b), respectively. As we can see, our

suggested ERWI successfully recovers the low wavenumber structures. Adding the

optimized perturbations to the inverted background we obtain the models shown in

Figures 2.5(c) and 2.5(d). For comparison, we apply regular EFWI starting from

the velocities in Figures 2.4(b) and 2.4(d) and obtain the inverted models shown in

Figures 2.5(e) and 2.5(f). Because we use the global correlation objective function

when we optimize the background velocities, to be fair, the same objective function is

applied to EFWI followed by the same amount of iteration using the L2-norm objec-

tive function. We note that the model obtained by adding the inverted perturbations

to the background looks plausible and more promising to high resolution inversion.

This result also implies that in some cases, we do not need to include the added cost

of EFWI that relies on the result of RWI.

To further test the performance of our approach in recovering low wavenumber

model, we filter out of the data frequencies below 3 Hz to imitate practical situa-

tions. The other parameters of the experiment are the same. Using only the direct

and diving waves, the absence of low frequencies will deteriorate the optimization of

the background model because the corresponding updates only cover the relatively
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(a) (b)

(c) (d)

Figure 2.4: (a) The Marmousi P-wave velocity model; (b) the initial P-wave velocity
model; (c) the Marmousi S-wave velocity model; (d) the initialS-wave velocity model.

shallow zone, while our proposed ERWI does not suffer from such limitation. The

entire velocity models (α0 + δα and β0 + δβ) estimated using our method are shown

in Figures 2.6(a) and 2.6(c). The velocity profiles in the middle of the model are

shown in Figures 2.7(a) and 2.7(b). We again apply regular EFWI that starts from

the velocities in Figures 2.4(b) and 2.4(d) and obtain the inverted models shown in

Figures 2.6(b) and 2.6(d). In EFWI, we use the same procedure as the non-filter

experiment above. This time the regular EFWI fails to obtain a reasonable solution

because of the cycle-skipping problem, even though we use the global correlation ob-

jective function that helps mitigate this problem and better retrieves low wavenumber

models. As we can see in Figures 2.7(a) and 2.7(b), EFWI can only fit the P-wave

velocity at the shallow part of the model and is incapable of giving a reasonable

S-wave velocity; while our ERWI achieve a good optimization for both P- and S-

wave velocity. Thus, our optimization approach yields a better background model

even without the low frequencies in the data, especially for the S-wave velocity. The
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(a) (b)

(c) (d)

(e) (f)

Figure 2.5: The inverted background P-wave velocity from ERWI (a) with the in-
verted perturbation added to it (c), and (e) the P-wave velocity after EFWI; the
inverted background S-wave velocity from ERWI (b) with the inverted perturbation
added to it (d), and (f) the S-wave velocity after EFWI.

inverted δα and δβ using our approach are shown in Figures 2.8(c) and 2.8(d) and

the true perturbations are shown in Figures 2.8(c) and 2.8(d). The true and the in-

verted ones match well with each other. In addition, our method performs very well

in combining the propagation and reflectivity parts of velocity model. Figure 2.9(a)

shows the convergence curve of our ERWI. It takes 3 outer loops with 20 iterations

of updating perturbations and 10 iterations of updating backgrounds in each outer

loop.
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(a) (b)

(c) (d)

Figure 2.6: (a) The inverted P-wave velocity from ERWI without the frequencies
lower than 3hz and (b) the inverted P-wave velocity from EFWI; (c) the inverted S-
wave velocity from ERWI without the frequencies lower than 3hz and (d) the inverted
S-wave velocity from EFWI.

2.3.5 Volve OBS data

Finally, we apply our approach on a 2D slice with a two-component dataset extracted

from a 3D OBS survey of Volve field, located in the Norwegian North Sea. The field is

characterized by a reservoir structure [90]. The data provided have 12 parallel cables

with 240 receivers in each cable and the vertical and horizontal components of the

data were processed, respectively, to mainly contain PP and PS information. The

2D dataset is extracted from an inline close to the middle of the structure. The 240

receivers are evenly distributed at the middle of the survey, with a 25 m interval. We

use 121 shots with a 100 m interval. We apply a power gain to the data to match the

energy of 2D modeling. We invert for the source wavelet by back-propagating data

at the receiver to its true source location [70, 59].

The tomography models provided are shown in Figures 2.10(a) and 2.10(c). We
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(a)

(b)

Figure 2.7: The velocity profile of P-wave (a) and of S-wave in the middle of the
model (black: initial; blue: true; red: ERWI result; pink dash: EFWI result).

smooth them three times with a window size of 500 m by 500 m as the initial P- and

S-wave velocity, which are shown in Figures 2.10(b) and 2.10(d), respectively. The

initial models smear out most of the structures and only keep the water layer with

an average depth of 90 m. The model size is 12.3 km in the horizontal direction and

4.25 km in depth. In our inversion we use three stages with different bandwidths. At

the first stage, we bandpass the data with 2 to 4 Hz to guarantee smooth updates

and mitigate the cycle-skipping. To optimize the perturbations of the model, we

use an L2-norm misfit function on the near-offset data. After we obtain the inverted

perturbations, we use the global correlation objective function with the far-offset data

to update the background model. At the second stage, we apply the same strategy,

with the data bandpass between 2 and 6 Hz. The nested inversion runs three outer

loops in the first stage, two outer loops in the second stage and one loop in the third.

The optimized perturbations and background models at the last stage are carried out
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(a) (b)

(c) (d)

Figure 2.8: The true model perturbations δα (a) and δβ (b); the inverted δα (c) and
δβ (d). In getting the true model perturbations, we filter out the wavenumbers below
1 as our optimization of the model perturbations are not to fit the low wavenumebers
of the difference between the true and the initial models.

(a)

Figure 2.9: The convergence curve.

to the current one as initial models.

The vertical component of the original shot gather and the predicted data after

the second stage are shown in Figure 2.11(a) side by side. The predicted data matches



56

(a) (b)

(c) (d)

Figure 2.10: (a) The tomography P-wave velocity and (b) the initial P-wave velocity;
(c) the tomography S-wave velocity and (d) the initial S-wave velocity.

well with the main reflection events in the observed one, while it leaves some less dom-

inant events unmatched. We attribute these unmatched ones to two possible factors:

first, the missing PS and PP events in the provided data (though it is not muted

completely); second, the nonlinear terms (multiples) that appear as more events in

our prediction but not observed in the provided data. The first one may lead to some

artifacts in the perturbations since we are trying to match some reflections of incom-

plete components. The second one, which is caused by the incompatibility between

our method and the situation, may have the same issue. Besides the incomplete

components in the data, the survey brings some more artifacts into the perturbations

because the receivers only cover the middle portion of the model (between 3 km and
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9 km), compared to the 12 km full coverage of the shot line. Fortunately, we utilize

the global correlation objective function in optimizing the background, which reduces

the impact of such mismatch. Figure 2.11(b) shows the data match after the third

stage, in which the data have a bandpass between 2 and 8 Hz. The predicted gather

is improved and even matches the phases of some later arrivals. In addition, there

might be other reasons for residuals in the data, that is the anisotropic nature of the

medium, which is ignored here.

(a)

(b)

Figure 2.11: The vertical component of the observed data between 2 and 6 Hz (LHS)
and predicted data after second stage (RHS) (a); the vertical component of the ob-
served data between 2 and 8 Hz (LHS) and predicted data after third stage (RHS)
(b).

Figures 2.12(a) and 2.12(c) show the estimated background of P- and S-wave
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velocities using our nested approach, respectively. The inversion tends to admit

reasonable long wavelength models, especially for the S-wave velocity. Adding the

optimized perturbations to the inverted background, we obtain the entire models α0+

δα and β0+δβ. Figures 2.12(b) and 2.12(d) show the inverted P- and S-wave velocity

models, respectively. The inverted P- and S-wave velocity models have consistent

layers at the shallow area and generally similar structure at the deeper parts. S-wave

perturbations show better continuity in these shallow layers. The missing components

in the data indeed deteriorate the S-wave perturbations, especially in the deeper zone.

From the inverted P- and S-wave velocity we can find indications of a thick layer

between 2.6 and 2.9 km deep and a low velocity zone between 2.9 and 3.2 km deep,

which could be the expected subchalk reservoir.

The acoustic reverse time migrations (RTM), corresponding to the vertical com-

ponent of the data with a bandpass of 2 to 30 Hz, are shown in Figures 2.13(a)

and 2.13(b), which are computed using the initial smoothed tomography and our

ERWI P-wave velocity, respectively. The acoustic image obtained using our ERWI

velocity has a more flat posture above the chalk layer compared to the one calcu-

lated using the smoothed tomography velocity; the image at 2.2 km deep is deblurred

and also the events at the deeper zone (below 3 km) are a bit more continuous after

inversion.

To evaluate the images calculated by our inverted model, we generate the angle-

domain common-image gathers (ADCIGs) for elastic PP-images. Figures 2.14(a)

and 2.14(b) show the PP -image gathers of the initial smoothed tomography model

and the ERWI model, respectively. We notice that the inversion result indeed flattens

the PP-ADCIGs of some events, including the reflectors at 1.8 km, 2.4 km and even

3.0 km deep (marked by the yellow arrows). Because of the strong reflection at 2.5 km

deep, the images below are much weaker. This, to some extent, verifies the accuracy

of our model estimations.
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(a) (b)

(c) (d)

Figure 2.12: The inverted background P-wave velocity (a) with the inverted pertur-

bation added to it (b); the inverted background S-wave velocity (c) with the inverted
perturbation added to it (d).

2.3.6 Conclusions

In our elastic RWI, we implement a nonlinear inversion for low and high wavenumber

components of the P- and S- wave models in a nested approach. The low wavenum-

ber components are recoverable from the reflections generated by the equivalent stress

sources and the diving waves. Compared to regular RWI, retrieving low wavenumber

models sufficient enough for a subsequent EFWI, we obtain optimization for both the

perturbation and the background models simultaneously and avoid the two-step inver-

sion by adding the inverted perturbations to the backgrounds. As we demonstrated

with the Marmousi example, it enables us to obtain high resolution models. Our
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(a) (b)

Figure 2.13: The reverse time migration (RTM) calculated by initial smoothed to-

mography model (a) and by our inverted P-wave velocity (b). We apply acoustic
RTM with the vertical component of the data between 2 and 30 Hz in order to show
a high-resolution result and more details.

(a)

(b)

Figure 2.14: The PP image gathers (a) and (b) are calculated using the smoothed
tomography model and our ERWI model, respectively. The horizontal position of

gather ranges from 4.06 km to 7.69 km. The improved areas are indicated by the
yellow arrows.
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method also succeeds in obtaining a reliable low wavenumber description of model

parameters with the absence of low frequency data, which is a tough mission for

regular EFWI.

In our RWI implementation, we still split the model into low-wavenumber back-

ground and perturbations, but extend the perturbations along subsurface offset to

provide the potential of fitting the data even with a poor starting model. This ex-

tension, which we gradually reduce as the velocity improves, allows us to overcome

cycle skipping plaguing conventional RWI implementations. As we demonstrate with

the Marmousi example, our proposed RWI attains a reliable smooth model making a

subsequent FWI converge to an accurate solution.

2.3.7 Discussion

Elastic reflection waveform inversion greatly improves the background estimates of

the elastic models. Our numerical model experiments show that even when using data

without frequencies below 3 Hz, our suggested ERWI can still achieve a reasonable

low wavenumber updates for the background model optimization. However, when

we turn to data with more limited offsets and higher frequency bands, we need to

combine our approach with other strategies, like a multi-stage approach based on fre-

quency continuation (from low frequencies to higher ones), in order to help reduce the

high nonlinearity. In other words, our method still favors data with larger bandwidth,

especially low frequency components, and far offsets, which provides multi-scale up-

dates that can better fill the wavenumber gap between MVA and reflectivity inversion

[27].

Though our approach obtains better estimates of low wavenumber models com-

pared to FWI, it still suffers from cycle skipping when the initial guess of the model is

reasonably poor. However, we experience the opportunity to mitigate cycle-skipping

in our ERWI. Because the migration/demigration steps produced data with good fit



62

of the near-offset observed data, we impose a simple corollary that if we add far offsets

gradually to the optimization using RWI, we may avoid a local minimum at an early

stage.

As we can see from equations 2.23 – 2.26, the gradients with respect to model per-

turbations share several terms with those related to updating the model backgrounds.

These are diving wave terms, causing cross-talk between our multi-parameter opti-

mization. Since we prefer consistent high wavenumber updates for perturbations,

we can solve this problem either using a scattering-angle based filter [2] to optimize

the gradients or we can just drop the diving wave terms in the gradient calculations

of the perturbations. Theoretically, we will always benefit in the shallow part from

the diving wave terms, which are already included in the background updates. As

the shallow zone of the inverted models approach the true solution, the diving wave

terms will gradually decay in influence. Another approach to handle the coupling

between the low-wavenumber and high-wavenumber model components based on a

scattering-angle filter is proposed by [2, 6], which can be very useful in cases where

the components are not easily to separate based on the simple physics. Regarding the

trade-offs between V p and V s (or other parameterizations), which is a crucial subject

for reservoir characterization, a detailed analysis on mitigating it can be found in

[112, 129].
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2.4 RWI with model extension

Both RWI and MVA based on DSO aim at retrieving the low wavenumber components

of the model by updating along reflection wavepaths. The objective function of MVA,

even starting from a poor initial model, is still able to converge to a smooth solution.

However, the limited aperture imposes some bias to the MVA result, which is not

accurate enough for FWI in many cases. On the other hand, RWI produces relatively

higher wavenumber wavepath updates as the matching criteria at the reference zero

offset (and near offset) is weighted equally with the far offset, a feature not provided

in DSO. However, RWI can include undesirable high wavenumber components [126]

in real cases.

In this section, we redefine the extended imaging/modeling process and show

the gradient with respect to the velocity model using our previously proposed RWI

objective function. In the inversion, we merge features of MVA by gradually reducing

the volume of the extended image space, which at the end transitions to regular

RWI. We test our method on a simple model to analyze its behavior, as well as the

Marmousi example using a dataset without low frequencies and compare those results

with regular FWI.

2.4.1 Theory

Similar to the definition of subsurface offset extended Born modeling [52], which is

derived from the concept of survey-sinking of the sources and receivers [27], we define
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our extended modeling as

Fũ(s, x, t) =

∫

h

u(s, x− h, t)× I(x − h, h), (2.27)

where I(x, h) is our extended image, h only contains the horizontal component of the

extension, ũ(s, x, t) is the modeled acoustic wavefield for source, s ,and F is the wave

equation operator, expressed here as

F =

(

1

c2
∂

∂t2
−∇2

)

& Fu(s, x, t) = f. (2.28)

The objective of this Born operator for us is to model a reflection waveform that fits

the shape of the recorded one. With the adjoint-state method [70], we can derive the

adjoint operation with respect to the extended Born modeling, which is expressed as

∆I(x, h) =
∑

s

∫

t

u(s, x, t)× µ̃(s, x+ h, t), (2.29)

where µ̃(s, x, t) is the adjoint wavefield, which is calculated as

F∗µ̃(s, x, T − t) =
∑

r

(A[u+ ũ]− d) (s, xr, T − t), (2.30)

where A constrains the wavefield to the receiver positions and the right-hand side of

equation is the data misfit. Given the correct velocity model, least-squares migration

can map the recorded data to its true image position [89], with energy focusing on

the zero subsurface offset. However, if the model is not kinematically correct, the

migrated energy will be distributed to non-zero subsurface offsets. The added non-

physical axis enables the demigration to produce reflections with better accuracy in

both amplitude and phase.

Using the forementioned objective function, E =
1

2

∑

s,r

∫

dt|A[u(s, x, t)+ ũ(s, x, t)]−
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d0|
2 [126, 45], we derive the gradient with respect to model parameter c, as follows

∂E

∂c(x)
= −

∑

s

1

c

∫

dt

[

∇2ũ(s, x, t)µ̃(s, x, t)+∇2u(s, x, t)ν(s, x, t)+∇2u(s, x, t)µ̃(s, x, t)

]

,

(2.31)

where ν can be calculated using

F∗ν(s, x, T − t) =

∫

dh I(x, h)× µ̃(s, x+ h, T − t), (2.32)

which is the adjoint wavefield produced by perturbing µ̃ at the estimated extended

image.

As we can see in equation 3.14, the gradient with respect to the model parameter has

a similar form as our previous one, in which the first term ∇2ũ(s, x, t)µ̃(s, x, t) and

second term ∇2u(s, x, t)ν(s, x, t) are the updates along reflection wavepath, which are

our RWI terms; the third term ∇2u(s, x, t)µ̃(s, x, t) is the familiar FWI term. The

first two terms are expected to provide low wavenumber updates. Our estimation of

velocity differs from the conventional RWI in two aspects: one is the computation of

model perturbations, which is in the extended domain; another is in producing the

perturbed field (and its adjoint). Since it is a linear operator, the extended space

only results in some additional computational cost in the correlation operation, with

no extension in memory requirement.

2.4.2 New features of extended RWI

Though RWI is an alternative approach to MVA, it still suffers from the cycle-skipping

if we start from a reasonably poor initial model. The classic RWI splits the model

into background, controlling the kinematic features, and perturbations, which mainly

involves the energy at zero offset. The main difference between our extended RWI and

the classic one is in including the extended imaging/Born modeling, which makes the

objective function more convex. Thus, our newly proposed RWI has a good oppor-
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tunity to avoid local minima regardless of the starting velocity with the possibility

of providing RWI resolution updates as we reduce the offset extension. Thus, our

approach starts with allowing for a relatively large span of subsurface offsets h (not

all), which is capable of capturing most of the energy imaged from the data short of

the furthest offsets. Thus, the residuals at the far offsets are used in the RWI process

to update the velocity model with the longest wavelengths. Specifically, we use the

RWI terms of equation 3.14 to update the velocity model. Once we get a converged

solution, we gradually reduce the extension volume, which will force us to fit the data

with less subsurface offsets until the extension is zero. In this case, our approach

will ultimately reduce to a conventional RWI, which utilizes the data residuals at full

offsets without cycle-skipping, thus, the additional cost only exists at the early stage.

We utilize a nested flow to optimize both the extended image and velocity model.

Figure 2.15(a) shows a simple model with two layers and an anomaly in the upper

layer. To test our approach, we start with an initial model of constant velocity, which

corresponds to the upper-layer velocity, but with a 10% error. We use three extension

sizes of the subsurface offset to show the behavior of our extended imaging/Born

modeling. The original recorded reflection and modeled ones corresponding to a

maximum h = 457m, 305m, 152m are shown in Figure 2.15(b). The larger image

space can reproduce the reflection with better accuracy, especially at the far offsets.

We set maximumh to 457 m and calculate the RWI gradient for the velocity using the

optimized extended image, which is shown in Figure 2.15(c). Figure 2.15(d) shows the

inverted model after 10 iterations, which reveals a smooth estimation of the velocity.

Both the upper layer and the anomaly are updated in the right directions.

2.4.3 Example on a part of Marmousi model

Next, we apply our proposed RWI to a part of Marmousi model (Figure 2.16(a)).

There is a water layer on top of the model to mitigate the scattering effects of the
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(a) (b)

(c) (d)

Figure 2.15: True velocity model (a); The original recorded reflection (in yellow box)
and modeled ones from extended images with maximum h equal to 457m, 305m,
152m (from left to right) (b); gradient of RWI with the extended space (c) and the
inverted model after 10 iterations (d).

source. To illustrate our approach is robust against the cycle-skipping problem, we

use an initial velocity linearly increasing with depth, which is shown in Figure 2.16(b),

and apply a Butterworth filter of a 5-20Hz bandpass to the data to imitate practical

conditions. There are 36 shots evenly distributed at the surface with an interval of

152m and 360 receivers at all grid points on the surface. We start with an extended

image space of h = 305m, then reduce the extension by 60m each timewe converge the

measurement based on the amount of energy in the gradient threshold. Figures 2.17(a)

and 2.17(b) show the evolution of the extented image of one profile along horizontal

and vertical axis, respectively. It should be noticed that the images are plotted using

the same clip, which indicates that in this study more energy becomes focused at the

zero extension as the velocity improves due to the updates related to the data misfit

at the far offsets.

The estimation of the low-wavenumber velocity components using our nested ex-

tended RWI approach is shown in Figure 2.18(a). Starting from the RWI model, we

perform FWI and obtain the result shown in Figure 2.18(b). For comparison, we

apply FWI starting from the velocity in Figure 2.16(b) and obtain a result shown in
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(a) (b)

(c)

Figure 2.16: True velocity model (a); initial model (b) and LS extended image (c)
calculated from the initial model.

Figure 2.18(c). We note that our newly proposed RWI successfully retrieves the low

wavenumber information, which helps FWI achieve a much better result. It is obvious

that the FWI starting from the initial model, though requires more iterations with

smaller steps, becomes trapped into the local minima and unsuccessfully provides

a reliable result. We plotted vertical velocity profiles in Figures 2.22(a), 2.22(b),

2.22(c) and 2.22(d) to show the details. Our approach provides a good estimation

of the model in most areas with the expected lower resolution. The FWI starting

directly from the initial model diverges below a depth of around 300m.
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(a)

(b)

Figure 2.17: The evolution of the extented image of one profile along (a) horizontal
and (b) vertical axes.

2.4.4 Marmousi example: situation RWI fails

We propose the model extension to improve the performance of RWI, and here we

demonstrate by Marmousi example that RWI fails under some situation. We include

longer offsets and, thus, larger dimension of the model in horizontal axis, while the

setting up and the data frequency stay the same. Both diving wave and reflection in-

version benefit from the longer offsets, while they also suffer more from cycle skipping

at that point. The extended modeling thus becomes an effective recipe to mitigate

the data mismatch caused by the velocity error. Figure 2.19(b) shows the regular

RWI result obtained using the same strategy, i.e., simultaneously inverting for model

background and perturbation. Though RWI seemingly produces a low-wavenumber

model starting from a linearly increasing one, it results in a local minimum. On
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(a) (b)

(c)

Figure 2.18: Extended RWI result (a) and subsequent FWI (b); FWI from the linearly
increasing model directly (c).

the other hand, RWI with the model extension shows a more robust performance,

and results in a more reasonable inverted velocity, which is shown in Figure 2.19(c).

Starting from the velocity model built by RWI with model extension, we again ap-

ply regular RWI and FWI with the same frequencies and obtain a velocity shown in

Figure 2.19(d).

The image calculated using the initial model, shown in Figure 2.20(a), has a

large amount of energy spread along the extension axis. This energy at the non-

zero extension intends to compromise the kinematical error of the velocity. After the

inversion, we can clearly see the extended image becomes more focusing at zero spatial

lag, which is shown in Figure 2.20(b). It indicates the accuracy of the kinematics

has improved and, therefore, less extensions are necessary, which results in only the

physical space (zero-lag) of reflector to predict the data, of which the comparison to

the true data is shown in Figure 2.21(a). Figure 2.21(b) shows the data mismatch

of the least-squares RTM using the initial model and the one after the inversion.
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(a) (b)

(c) (d)

Figure 2.19: (a) The initial linearly increasing model, velocity estimated by (b) RWI
without extension, (c) RWI with extension and (d) the following RWI and FWI.

With the initial velocity, the zero-lag least-squares RTM is only able to match the

data at the near-zero offset and leave cycle-skipped events at the far offsets. After

the inversion, there are minor mismatches left, which is caused by the more accurate

velocity with high-wavenumber interfaces included by FWI.

2.4.5 Discussion and conclusions on the model extension

The synthetic example on the Marmousi model demonstrates that RWI including

the model extension makes a significant improvement over FWI. It is thanks to the

successful recovery of the low-wavenumber components of the velocity model that

helps avoid the local minima. RWI, though aims at retrieving the kinematics as

well, is not always able to guarantee an accurate estimation of the velocity by itself.

To summarize the performance of the RWI implementations based on migration and

demigration process with and without the model extension, we set up an experiment

with a two-layer model with the same setting as the layered model above (includ-
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(a)

(b)

Figure 2.20: Extended images (a) before and (b) after the inversion of velocity, which
corresponding to velocity shown in Figures 2.19(a) and 2.19(c).

ing the source and receiver distribution and the model dimensions). There is only

one reflector located at the depth of 2.2 km. The data below 5 Hz is filtered out.

We implement the optimization using the initial velocity with constant errors in the

top layer (ranging from -0.5 km/s to 0.5 km/s), then measure the misfit after op-

timization. Figure 2.23(b) shows the measured data misfit of regular RWI without

model extension, which reveals an obvious improvement compared to FWI (shown
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(a)

(b)

Figure 2.21: Comparison (a) between the true and inverted data, and (b) the data
mismatch of the least-squares RTM using the initial model and the one after the
inversion.

in Figure 2.23(a)) that easily falls into the local minima. While RWI provides the

opportunity to building the low-wavenumber updates using the reflection wavepath,

it still suffers from the cycle-skipping issue at the far offset and, thus, gains limited ro-

bustness. Migration and demigration process based on the model extension improves

the robustness of the regular RWI, and ends up with the data misfit measurement

that is shown in Figure 2.23(c) and 2.23(d) with different extension sizes. The larger

extension, similar to MVA, produces more convex misfit curve, which indicates more

robustness. It should be noticed that the model extension, on the other hand, re-

sults in slow reducing rate (less steepness) of the data misfit as we approach the true
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(a) (b)

(c) (d)

Figure 2.22: A velocity profile located at x =3.3km obtained by FWI (a) and
RWI+FWI (b); A velocity profile located at x =4.0km obtained by FWI (c) and
RWI+FWI (d) (black-true; pink-initial; red-FWI; blue-RWI+FWI).

answer (where the velocity error equals to zero), which indicates a less sensitivity to

the velocity variation around the true answer and a potential loss in the resolution.

Therefore, reducing the extension (as shown in Figures 2.17(a) and 2.17(b)) with a

proper rate as the velocity getting improved is necessary to ensure the energy focused

to the non-extension space, like what we show in Figures 2.20(a) and 2.20(b), and the

model converged to the true solution. A benchmark test on Chevron 2014 dataset is

also used to demonstrate how the model extension helps the velocity building process

and reducing the extension actually forces the inversion to achieve a relatively higher

resolution and the better accuracy (see Figures 4.10(b) and 4.10(c)) .
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(a) (b)

(c) (d)

Figure 2.23: Data misfit measured by a two-layer model test on different velocity
errors in the first layer using (a) FWI, (b) regular RWI based on migration/demi-
gration, (c) RWI with a horizontal model extension of 400 m and (d) RWI with a
horizontal model extension of 800 m.

2.5 Appendix

2.5.1 Gradient calculation

We derive the gradient of the objective function with respect to background model

m0 (α0 , β0) and model perturbation δm (δα, δβ) following a similar strategy to [62]

and [126]:

dE(u, δu) =
∂E(u, δu)

∂m0

dm0 +
∂E(u, δu)

∂δm
dδm, (2.33)
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=
∑

s

∫

t

dt (u(m0) + δu(m0, δm)− d)(du(m0) + dδu(m0, δm)) , (2.34)

where
∑

is summation over space, d means a small perturbation of function (or vari-

able). From equation 2.19, the elastic displacement field satisfies:

utt = ∇ · (m0 : ∇u) + f, (2.35)

and also the reflection wavefield satisfies:

δutt = ∇ · ((m0 + δm) : ∇δu) + ∇ · (δm : ∇u), (2.36)

where : is the Frobenius inner product, f is a known independent function. The

perturbation of u is then given by:

dutt = ∇ ·∇u : dm0 +∇ · (m0 : ∇du), (2.37)

and perturbation of δu is given by:

dδutt = ∇ ·∇δu : (dm0 + dδm) + ∇ · ((m0 + δm) : ∇dδu) (2.38)

+ ∇ ·∇u : dδm+ ∇ · (δm : ∇du), (2.39)

thus, the perturbation for u is

du =

(

∂2

∂t2
− ∇ · (m0 : ∇)

)−1

∇ ·∇u : dm0, (2.40)

and for reflection wavefield δu is

dδu =

(

∂2

∂t2
− ∇ · ((m0 + δm) : ∇)

)−1

· (2.41)
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(

∇ ·∇δu : (dm0 + dδm) +∇ ·∇u : dδm +∇ · (δm : ∇du)

)

. (2.42)

We substitute du and dδu into the equation, and define

Ψ =

(

∂2

∂t2
− ∇ · (m0 : ∇)

)−T

(u+ δu−d), (2.43)

and

Ψ̃ =

(

∂2

∂t2
− ∇ · ((m0 + δm) : ∇)

)−T

(u+ δu−d), (2.44)

where Ψ and Ψ̃ is the adjoint wavefield for back propagating the data residual in the

background and supposedly entire media, T is adjoint operation. Then we get the

perturbation of cost function:

dE(u, δu) =
∑

s

∫

t

dt∇Ψ · ∇u : dm0 +∇Ψ̃ · ∇δu : dm0 +∇δΨ̃ · ∇u : dm0 (2.45)

+ ∇Ψ̃ · ∇δu : dδm+ ∇Ψ̃ · ∇u : dδm, (2.46)

where

δΨ̃ =

(

∂2

∂t2
− ∇ · (m0 : ∇)

)−T

(δm : ∇Ψ̃). (2.47)

This equation presents the adjoint wavefield with the Green’s function generated from

the equivalent stress sources for the low wavenumber background. Transforming the

elastic tensor to Lamé parameters, we have the gradient of our cost function with

respect to λ:

∇Eλ =
∑

s

∫

t

dt (∇ · Ψ)(∇ · u) + (∇ · Ψ̃)(∇ · δu) + (∇ · δΨ̃)(∇ · u), (2.48)

and δλ:

∇Eδλ =
∑

s

∫

t

dt (∇ · Ψ̃)(∇ · δu) + (∇ · Ψ̃)(∇ · u), (2.49)
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and for µ we have:

∇Eµ =
1

2

∑

s

∫

t

dt
(

∇Ψ+ (∇Ψ)T
)

:
(

∇u+ (∇u)T
)

(2.50)

+
(

∇Ψ̃+(∇Ψ̃)T
)

:
(

∇δu+(∇δu)T
)

+
(

∇δΨ̃+(∇δΨ̃)T
)

:
(

∇u+(∇u)T
)

, (2.51)

and δµ:

∇Eδµ =
1

2

∑

s

∫

t

dt
(

∇Ψ̃+(∇Ψ̃)T
)

:
(

∇δu+(∇δu)T
)

+
(

∇Ψ̃+(∇Ψ̃)T
)

:
(

∇u+(∇u)T
)

.

(2.52)

We transform the gradients with respect to parameters α and β, we have

∇Eαor δα = ρ∇Eλ or δλ & (2.53)

∇Eβ or δβ = −2ρ∇Eλ or δλ + ρ∇Eµ or δµ . (2.54)
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Chapter 3

Going in depth to datum and overburden velocity inversion

In order to fit the simulated data to the observed ones, FWI requires involving as many

physical features of the subsurface medium in the simulation as possible. The compu-

tation can be extremely costly and complex to meet such an objective of FWI, as the

FWI algorithm usually deploy a consistent discretization and physical assumptions

over the entire model space. However, a high-resolution analysis (and the accompa-

nying complex physics) are often only required in the reservoir region. Therefore,

treating the reservoir as part of the complete model space may be unnecessary. As

an alternative, we propose an FWI optimization scheme using redatuming that splits

the entire model into two parts: the overburden, which includes the medium above a

datum level, i.e., just above a reservoir region; and the underlying medium, which is

represented by the redatumed data at the datum. By measuring the data misfit at

the surface acquisition, we implement a simultaneous inversion for the velocity model

above the datum level and the virtual data at that datum. This velocity inversion

affects the redatuming process, but it uses fairly simple physics compared to virtual

data that represent the complex reservoir region. We formulate the redatuming oper-

ation using a modified expression of the extended Born representation. We introduce

a robust estimate of the overburden velocity using low-wavenumber updates along

the reflection wavepaths generated by our modeling process including these wavepath

updates coming from reflections below the datum. Using numerical examples, we

demonstrate that our proposed optimization mitigates the effects of the overburden

medium, and we obtain the redatumed data with reasonable amplitude accuracy from
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little knowledge of the model.

3.1 Introduction

Full waveform inversion (FWI) is designed to provide a high-resolution delineation

of a reservoir by solving a multi-parameter optimization on a fine grid. Current im-

plementations of FWI focus on using gradient-based methods [95, 73], which require

the computation of the forward and adjoint wavefields, to obtain the model updates.

To fulfill the goal of FWI in providing high-resolution delineation of the reservoir, we

often need to solve a multi-parameter optimization on a fine grid. This will make

FWI a compute-intensive process and impractical to implement in many cases, such

as when there is no usable low band in the data recording or significant anisotropy

exists in a relatively deep region [68, 55]. FWI becomes even more involved when

time-lapse changes in the reservoir is monitored. Some studies reduced the computa-

tional cost of FWI by producing updates with more balanced illumination. Improving

the convergence speed can make FWI more efficient [74], but the gains are limited

because such approaches require a costly Hessian estimate, which becomes even more

expensive when solving 3D real-earth problems. Another approach, though it is not

often categorized as FWI, is to implement a target-oriented inversion by focusing on

a localized wavefield [134, 103]. In order to highlight certain regions of interest, an

optimal (virtual) survey or a modified objective function is deployed, both of which

rely on retrieving data from shifted sources and/or receivers [99]; this kind of inversion

is referred to as seismic redatuming.

Redatuming has long been used by the seismic community to improve the data

processing and imaging of geologically complex surfaces. Most recording surveys per-

formed in seismic exploration are located at the earth’s surface. Redatuming often

brings data acquired on irregular surfaces to a more ideal datum (i.e., a new bottom

boundary of the model space that is below the complex near surface) by removing the
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elevation and near-surface complexity from the observed data [16, 135, 80, 142, 92].

Redatuming methods can be categorized as either model-based or correlation-based

schemes that solve imaging problems under various situations [38, 86, 114]. [118]

combined interferometric redatuming with Marchenko iterative methods to retrieve

two-sided virtual data. [99] used an overburden model with reasonable kinematics as

input into the two-sided redatuming process, to initialize a transmission response and

then iteratively solve the multiple effects of the overburden, which mainly considers

the medium dominated by horizontal layers. Redatuming gives an optimal survey

located right above the reservoir region, thus benefits the seismic imaging and in-

version process. Therefore, we can focus our FWI algorithm on a particular zone of

interest rather than treating the reservoir as part of the entire subsurface medium

space. Application of target-oriented imaging to redatumed dataset of a North Sea

field demonstrated that multiples can be reconstructed from the transmission re-

sponse and, thus, redatuming improves the quality of the images of structures in the

target zone [79]. Given the continued relevance of anisotropic parameterization and

high-resolution delineation of reservoirs, the redatuming process is an increasingly

important way to accommodate more complex physics by reducing the model space.

Inspired by the target-oriented spirit, we formulate our classic inversion problem of

the entire model space into an optimization of a solution composed of the model above

the datum level, and the data at the datum level, as we refer to such an optimization

as datum-based waveform inversion (DWI). The forward modeling process resulting

from such an inversion includes both wavefields from an actual source, usually at the

earth’s surface, and wavefields resulting from simulated sources at the datum, which

represents the scattering below. To construct such sources at the datum level, we

formulate a multidimensional convolution between the actual source wavefield and

the virtual data (or Green’s function) from the underlying medium, which is derived

from either a convolution or correlation-type relation that was introduced for various
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surveys by [30]. The virtual data consist of a nonlinear extended image with both

space and time lags, which was developed by [104]. The extended image originally

represented the subsurface scattering wavefield. On the other hand, we could calculate

the Green’s function between the original survey and the virtual survey if we had a

baseline model. That way, we could retrieve the virtual data (or Green’s function) of

the underlyingmedium using a redatuming operation, which is an interferometry step

that calculates the correlation between corresponding source and receiver wavefields.

In many cases, the earth’s subsurface is dominated by layered structures. These layers

satisfy the popular assumption of weak lateral-variance in the modern redatuming

techniques (which use either one-way extrapolation or Marchenko methods). We

intend to deal with a more general scenario.

The fact is that wave propagation in the overburden medium can be very complex,

which makes the estimation of the overburden structure alone a challenging task. An

inaccurate model estimate could significantly distort the virtual data and negatively

affect the inversion results of the target zone. The kinematic components of the

model, which dominate the wave propagation and play an important role in building

a high-resolution velocity, can be used to obtain more accurate model information;

significant research has been done in this regard [27, 66, 72].

In this chapter, we simultaneously invert for the virtual data and the overbur-

den model. To invert for the velocity, we take advantage of the updates along the

reflection wavepath, which provide considerably low wavenumbers [128, 7]. To repro-

duce the reflections in the overburden model, we utilize a migration and demigration

process with model extensions [52, 46]. The redatumed data produces primary reflec-

tions from the medium below the datum level using those constructed sources at the

bottom of the model. The complete algorithm will update both the wavepath and the

scattering components of the velocity model using the upper model extensions and

the redatumed data, which is intrinsically built into the extended dimensions. As we
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demonstrate, when we estimate the datum-oriented velocity, the wavefields modeled

with extensions guarantee a reasonably good data match and reduces the nonlinear-

ity of the FWI based on the least-squares misfit. Thus, we avoid the cycle-skipping

problem that causes us to get trapped in local minima models, and produce effective

low-wavenumber updates from the farthest offsets. We explain how the overburden

velocity affects the redatuming process; then, we will show the performance of our

redatuming and velocity inversion algorithm (the main components of DWI) with

simple layered model. We will introduce a workflow for our inversion and, by apply-

ing it to the Marmousi model, we will demonstrate the ability of our method to build

a reliable overburden velocity, even though our synthetic data are free of frequencies

below 3 Hz. Finally, we will successfully retrieve the virtual data with the expected

dynamic features.

3.2 Theory

Our datum-modeling equation is actually extracted from the Born approximation

corresponding to the relation between the data at the earth’s surface and the virtual

data at the datum, which can be derived from reciprocity theory [116].

3.2.1 Least-squares waveform redatuming

Starting from reciprocity theorem we derive the basic relationship between the subsur-

face scattering wavefield and the Green’s functions from surface to the corresponding

subsurface points (see Appendix 3.7.1). To retrieve the Green’s function R (virtual

data) when the actual sources and receivers are both located at the earth’s surface,

we need to know the Green’s function from the earth’s surface to the virtual sources

and receivers,

G−(x1, xs , t) =

∫

Λ1

R∪(x′

s, x1, t)×G+(x′

s, xs, t)dx
′

s , (3.1)
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where xs and x′
s are the location vectors of the actual and virtual sources, respectively;

x1 is the location of virtual receiver; and × indicates a convolution operation in

time. Equation 3.1 is a convolution-type relationship and corresponds to the physical

process shown in Figure 3.1(a).

Λ0

Λ1

xs

x's x1

target

Λ0

Λ1

xs

x's x1

target

Λ0

Λ1

xs

x's x1

target

Χ =

G+ RU G-

(a)

Figure 3.1: Illustration of target-oriented redatuming. The convolution-type relation

(a) shows that the outgoing (upgoing) Green’s function from the target level corre-
sponds to the convolution between the incoming (downgoing) Green’s function and
the reflection response of the reference medium.

For the more common case of a recording survey located at the earth’s surface, we

use the reciprocity theorem again and obtain a straightforward relationship between

the subsurface scattered wavefield and the recorded response D(x, xs, t) of the entire

medium, which is recorded at the receiver x:

D∪ (x, xs, t) =

∫

Λ1

G−

0 (x, x1, t)×G−(x1, xs, t)dx1, (3.2)

which leads to

D∪(x, xs , t) =

∫

Λ1

G−

0 (x, x1, t)×

∫

Λ1

R∪(x′

s, x1, t)×G+(x′

s, xs , t)dx
′

sdx1, (3.3)

where the subscript of G0 indicates that the Green’s function corresponds to a medium
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that has the same physics as the overburden, but homogeneous below the datum level

Λ1. In order to keep later representations of the Green’s function within the over-

burden space, we express the full downgoing Green’s function G+ as a summation

of G+
0 and G+

m. They correspond, respectively, to the response of the overburden

medium itself and the response caused by the interaction between the overburden

and underlying media (i.e. the coda emitted from the underlying scattering into the

overburden and bouncing down to the datum). Thus, we have















G−(x1, xs, t) =

∫

Λ1

R∪(x′

s , x1, t)×
(

G+
0 (x

′

s , xs, t)+G+
m(x

′

s , xs, t)
)

dx′

s

G+
m(x

′

s , xs, t) =

∫

Λ1

G+
0 (x

′

s, x
′

1, t)× G−(x′

1, xs, t)dx
′

1.

(3.4)

x′
1 is the location vector of the datum. This system of equations forms a Fredholm

integration of the second kind. The first term G− = R∪×G+
0 should be a reasonably

good approximation because the second-order term represents third-order scattering,

which makes a weak contribution to waveform inversion. In the rest of the chapter,

we stay with the notation G+ to represent the wave propagation in the overburden.

Given the acoustic wave equation

FG0(s, x, t) = δ(x− xs, t), (3.5)

where the wave equation operator F is expressed as

F =

(

1

c2
∂

∂t2
−∇2

)

, (3.6)

c is the pressure-wave velocity of the overburden, and ∇ is the spatial derivative

over the horizontal and vertical axes (in 2D case), we can substitute the wave equa-

tion 3.5 into the convolution-type of relation (equation 3.3). Then, we have the

datum-modeling equation below:
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FD∪ (x, xs, t) =

∫

Λ1

δ(x − x1, t)

∫

Λ1

R∪(x′

s, x1, t)× G+(x′

s , xs, t)dx
′

sdx1. (3.7)

Now, we start the procedure of forward modeling in our optimization. We assume

that the only priori information is the model above the datum level. In our optimiza-

tion, it controls the calculation of all the wave propagation between the data survey

at the earth’s surface and the datum level. If we know the Green’s function of the

underlying medium, then (based on the convolution-type of datum modeling shown

in equation 4.6 above) the process of modeling from the datum can be formulated by

a wave equation:

Fũ(s, x, t) =

∫ ∫

dhdxs u(s, xs − h, t)× gd(xs −h, h, t)δ(x− xs), (3.8)

where f is the source function, ũ = D∪ × f is the particle displacement wavefield,

u = G+
0 × f is the source wavefield that provides the pilot trace at a virtual source

location xs, and gd = R∪ is the Green’s function in the underlying semi-infinite space

from xs at datum level to subsurface offset xs + h. If we only consider the horizontal

offset in 2D, then h becomes a scalar.

The right-hand side of equation 4.7 represents the virtual sources, which are con-

structed by a multidimensional convolution between the source wavefield and the

Green’s function of the underlying medium only. The convolution operation, which

sums the traveltimes of the two variables, gives us a new wavefield along the bot-

tom boundary (which we assume to be infinite). The integration over the virtual

source plane exhibits the stationary points of particular wavepaths of the source-

receiver pairs. As Huygen’s principle states, every point on the wavefront acts as a

source. The virtual sources, each of which ignites a spherical wave, contribute to a

new wavefront that spreads a scattered wavefield with a scattering pattern pointing
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forward, which is upward. Thus, the virtual sources carry the information about the

wave propagation in the baseline model and the scattering response of the underlying

medium. In this way, the virtual sources expose the modeled wavefield to the response

of the underlying medium, which is not directly involved in the wave equation, but

instead represented by the virtual data.

Therefore, we formulate an objective function to optimize gd and the overburden

model m, which will be introduced later, as follows:

min E =
1

2

∑

s,r

∫

dt|A[u(s, x, t; c)+ ũ(s, x, t; c, gd)]− d|2, (3.9)

where d is the data recorded on the Earth’s surface, u is the wavefield modeled from

the actual source, and ũ is the wavefield modeled using our datum-modeling wave

equation 4.7. This objective function including background and scattered wavefield

is developed from the work of [1] and [7]. The matrix A maps the wavefields to the

receiver positions at the surface. Using the adjoint-state method [70], we calculate

the adjoint operator (see Appendix 3.7.2), which we refer to as waveform redatuming:

∂E

∂gd(xs, h, t)
= −

∑

s

〈u(s, xs , t), µ(s,xs + h, t)〉t , (3.10)

with the adjoint wavefield µ satisfying

F∗µ(s, x, T − t) =
∑

r

(A[u+ ũ] − do) (s, xr, T − t), (3.11)

where 〈·, ·〉t is the cross-correlation operator in time, and µ is the adjoint wavefield

calculated by injecting the adjoint source into the wave equation, similar to reverse

time migration (RTM) [11, 70].

The waveform redatuming operator corresponds to a modified model-extension

imaging condition [88] that includes additional dimensions in space and time beyond
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the classic definition of the subsurface image as a reflectivity response [27]. Therefore,

we refer to the extended imaging and modeling process used in the rest of the chapter

as our modeling process and its adjoint operation, which are shown in equations 4.7

and 4.9. The derived extended images that have a clear physical explanation, the

Green’s function of the underlying medium, can be connected to earlier findings by

[104] and [30]. In their works, the desired extended images are represented using a

reconstructed scattering field for finite time lags; this is accomplished by allowing the

virtual source and receiver locations to be arbitrarily different. [30] introduced a more

general source-receiver interferometry by applying the Green’s function surrounding

the sources and receivers to different forms of geometry. We hereby follow their ter-

minology named the scattering-field imaging condition in some of our illustrations.

The connection between the scattering-field imaging condition and seismic interfer-

ometry is embedded in the derivation of our redatuming operator and the relations

introduced using reciprocity integrals [10, 115, 105].

When we know the exact overburden model or the acquisition is able to gather

data at the datum, our objective function (equation 4.8) can thus be measured at

the datum level. Then, the application of the adjoint operator can be reduced to

a least-squares multidimensional deconvolution (MDD) [119] to obtain the gradient

with respect to gd. It should be noticed that despite that we follow an adjoint-state

derivation, our optimization problem is now linear on gd (or R∪) and so what we

obtain is effectively MDD with an additional propagation step (at final) from target

to receiver level. Therefore, we are able to use the modeled reflection to match the

observed data in our inverse problem.

Figure 3.2(a) shows a simple layered model in which the layer velocity increases

with depth. The original survey was performed on the surface. In the figure, the

sources and receivers are denoted by white stars and dots, respectively. The datum

survey, at 1.83 km depth, is represented by black stars and dots. The 32 shots and
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320 receivers are evenly distributed across the grid points at the surface. We generate

the synthetic data using acoustic finite-difference modeling with constant density and

a Ricker’s wavelet of an 8 Hz peak frequency. The Green’s functions retrieved at xs =

1.83, 2.44 and 3.05 km are shown in Figure 4.18(a). The maximum subsurface offset

is ± 1.95 km. We apply an l1-norm regularization to the Green’s function to ensure

reasonable sparsity and fewer numerical artifacts, and thus, the inversion corresponds

to the objective function:

min E =
1

2

∑

s,r

∫

dt|A[u(s, x, t) + ũ(s, x, t)]− d|2 + λ|gd(xs, h, t)|. (3.12)

Figure 3.4(a) and Figure 3.4(b) show the actual reflection event below the datum

level and the modeled event from our redatumed data, respectively. They match

each other well, with the exception of some expected artifacts caused by the sparse

sampling of virtual source.

When we have an accurate overburden model above the datum level, our reda-

tuming process produces a least-squares result with accurate kinematics and well

preserved amplitude information. However, any errors in the velocity above the da-

tum level will result in inaccurate kinematics and, thus, distort the wave propaga-

tion, shifting the stationary point of our Green’s function retrieval. This is similar

to what we experienced with the wave-equation imaging methods like RTM because

the redatuming operator is performing a modified imaging condition. As shown in

Figure 4.18(b) and Figure 4.18(c), we retrieve totally different Green’s functions when

we include positive (0.3 km/s) or negative (-0.3 km/s) velocity errors in the last layer

of the baseline model.

Therefore, to obtain virtual data at the datum level that describes the Green’s

function of the underlying medium well, a reasonable estimate of the macro velocity

in the overburden model is essential. We cannot avoid this issue when applying our
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(a)

(b)

Figure 3.2: Layered model (a) with the original source and receiver positions denoted
by white stars and dots; and the source and receiver positions from the datum survey

are denoted by black stars and dots. Only the model above the datum level is involved
in the calculation for the Green’s function. (b) The zone (colored white) is where we
introduce constant velocity errors.

redatuming (as well as Marchenko methods) to the commonly used surface acquisi-

tions, which generally provide a one-sided illumination. The velocity estimation is a

well-known challenge in real life owing to the limited offset of the survey design and

missing very low frequencies, and becomes the main target of some FWI problems,

e.g., when a reservoir area is overlaid by a salt body [102].

3.2.2 Velocity model inversion

From the imaging perspective, the objective of FWI is to eliminate our historic prac-

tice of separating the propagation and reflectivity parts of the velocity model, and
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(a)

Figure 3.3: The Green’s function (or virtual data) calculated using our redatuming

operator with the accurate overburden velocity.

(a) (b)

Figure 3.4: The reflection event in the original data (a), and the event modeled using
the forward operator with the redatumed data at datum level (b). The modeled event
matches the original one well.

instead combine them into a single, possibly high-resolution model representation of

the Earth with accurate propagation and reflectivity properties. Thus, FWI is highly

nonlinear because of the complexity of the Earth’s reflectivity is now part of the ve-

locity model (here for redatuming the overburden only). Though FWI has been used

successfully to build a high-resolution model of the shallow Earth from refractions



92

(a) (b)

Figure 3.5: The Green’s function calculated with different errors in the third layer of
the overburden: (a) with a velocity error of +0.3 km/s and (b) with a velocity error
of -0.3 km/s.

[26], the limited bandwidth and offset hinder the ability of FWI to fully utilize the re-

flections, especially deep ones with the kinematics necessary to calculate the Green’s

functions in our redatuming.

Given these practical limitations, either a reliable estimation of the background

overburden model, like migration velocity analysis (MVA) [18, 82, 88], or an image-

based traveltime tomography [28] is required by the regular gradient-based FWImeth-

ods to achieve a natural transition from low wavenumbers to high ones [95, 7]. [66]

stated that inversion is a combination of migration and reflection tomography, which

each provides different wavenumbera of the model. Then, [28] built on the work of [72]

to implement an MBTT formulation of a background slowness model that gives the

correct phase information. Based on these previous developments, [128] suggested a

workflow, referred to as reflection waveform inversion (RWI), which inverts for smooth

models using the predicted P-wave reflections generated by a migration and demi-

gration process. The objective of RWI is to find the long wavelength components

of the velocity model necessary to image such reflections [125, 20]. [87] proposed a

similar waveform inversion implementation based on joint migration inversion (JMI)

[13] that generates a smooth velocity model while updating the reflectivities.
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In our redatuming, the overburden velocity estimate serves two purposes. First, it

describes the transmission of wave propagation between the acquisition at the Earth

surface and the datum level; thus, it guarantees the accuracy of the kinematics of the

redatumed data. Second, it provides a good stepping stone from a poor initial guess

to a high-resolution inversion of the overburden model, allowing us to eliminate the

overburden reflections, including multiples, that could contaminate the redatuming

result. We aim to expose the virtual data to accurate dynamic features (defined by

the aperture of survey) that contain information about the underlying medium. To

achieve such a velocity estimate, we stay with a consistent objective function that

measures the data misfit at the receiver positions, while placing more emphasis on

the role of reflections, similar to what is proposed in RWI. The reflections here are

generated both by a migration and demigration process in the overburden, and also

by datum modeling from the virtual data, which represents the medium below the

datum level. The resulting modeling formula has the following form:

Fũ =

∫ ∫

dxsdh u(s, xs − h, t)× gd(xs −h, h, t)δ(x− xs) |xs∈∂Ωmodel

+

∫ ∫

dxsdh u(s, xs − h, t)I(xs − h, h)δ(x − xs) |xs∈Ωmodel
,

(3.13)

where the virtual source xs for the migration and demigration process involves the

whole overburden space Ωmodel , and the datum modeling includes data simulated

along the bottom boundary of the overburden model ∂Ωmodel.

As Figure 3.6(a) shows, we modify the migration and demigration process of

the original RWI by including a model-space extension over the subsurface offset.

The extension provides a better data match than the migration and demigration

process that is restricted to a zero-offset data fit using a very limited image space

[46]. If we start our inversion with a poor initial guess of the overburden velocity,

then the extension reduces cycle skipping, which often happens at the far offsets, thus
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Figure 3.6: An illustration of the modeling process. The overburden migration/demi-
gration (on the left) is extended with the subsurface offset (on the right). The medium
below the dash line is represented by the virtual data gd.

improving the robustness of our velocity estimation process. These extensions to the

image in the overburden or in the virtual data at the datum level offer additional

opportunities to fit the data and, thus, both mitigate the cycle-skipping and improve

the robustness of velocity building. As we can notice, despite the zero time lag, the

demigration using the image I(xs, h) is actually given by the same expression as the

modeling from the datum. Therefore, calculating the two source terms in equation 4.7

will not lead to different functions in practice, and vice versa for the extended imaging

and the redatuming process.

From the objective function shown in equation 4.8, we derive the gradient with re-

spect to the overburden velocity (see Appendix 3.7.2 for a more detailed derivation) as

∂E

∂c(x)
= −

∑

s

1

c

∫

dt ∇2µ(s, x, t)ũ(s, x, t)

+ ∇2u(s, x, t)µ̃(s, x, t)+∇2u(s, x, t)µ(s, x, t),

(3.14)

with µ̃ satisfying
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F∗µ̃(T − t) =

∫ ∫

dxsdh 〈gd(xs, h, T − t), µ(s, xs + h, T − t)〉t δ(x− xs) |xs∈∂Ωmodel

+

∫ ∫

dxsdhµ(s, xs + h, T − t)I(xs, h)δ(x − xs) |xs∈Ωmodel
.

(3.15)

The first two terms in equation 3.14 are updates along the reflection wavepath on

the source and receiver sides, which we referred to as RWI terms; the third term is

the FWI term that provides updates along the diving wave, as well as high resolu-

tion scattering updates. Using the velocity update along the reflection and diving

wavepaths instead of directly updating the reflectivity as part of the model, we are

able to construct the low-to-intermediate wavenumbers of the overburden velocity

and reduce the nonlinearity of FWI [128, 7, 141, 20].

Using the model and survey shown in Figure 3.2(a), we will demonstrate how the

velocity update behaves with reflections modeled from the datum. In this example,

we include some velocity error in the bottom layer of the overburden (which is shown

in white color in Figure 3.2(b)). By using this example, we aim to demonstrate

that the reflection modeled from the datum can produce low-wavenumber updates

for the velocity of the bottom layer, which cannot be achieved by conventional RWI

using demigrated reflections of the overburden. We set the datuming survey with a

reasonably limited offset and recording time, which naturally impose a constraint on

the virtual data. When we set the initial velocity lower or higher than the true value

of velocity of the bottom layer, we obtain gradients that include an update along the

reflection wavepath, as shown in Figure 3.7(a) and Figure 3.7(b).

We calculate the gradients using the first two terms of equation 3.14. We can see

that the reflection modeled from the redatumed data results in low-wavenumber up-

dates of the velocity, and most of the energy is found in the deep layer. Figures 3.8(a)

and 3.8(b) show one vertical profile of the velocity located at x = 3.2 km after in-
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(a)

(b)

Figure 3.7: The gradient for the overburden velocity, which is derived using reflection

from below the datum level: (a) with a velocity error of +0.3 km/s and (b) with a
velocity error of -0.3 km/s.

version, starting from lower and higher velocities, respectively. For comparison, the

FWI result is indicated by a red dot dash in the profiles. The FWI focuses on the

update along the reflector, which is well recognized as the high-wavenumber imaging

components. The velocity inversion using reflections generated from below the da-

tum induces low-wavenumber components of the model and updates the overburden

velocity in the right direction. We only use the reflection modeled from the datum;

therefore, we cannot ensure that all the models converge to the true solution. This

phenomenon, which is caused by the smearing effects of a reflection wavepath from

one-side illumination, can be regulated by including RWI and FWI terms.

To analyze the robustness of our datum-based velocity building, we set up an

experiment with a two-layer model (same as what is used to illustrate the model

extension in RWI) and the interface is below the datum level. We use the same

setting as the layered model above (including the source and receiver distribution

and the model size). There is only one reflector located at a depth of 2.2 km. The
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Figure 3.8: One vertical profile of velocity located at x = 3.2 km after DWI, starting
from (a) lower and (b) higher velocities.

data below 5 Hz is filtered out. We implement the optimization of redatuming with

different velocity errors (ranging from -0.5 km/s to 0.5 km/s), then measure the misfit

after optimization (plots shown in Figure 3.9(a)). For comparison, we superpose the

misfits of FWI and RWI (without the model extension) in the same plot. Each misfit

has been normalized to be comparable.



(a)

Figure 3.9: L2-norm of the misfit with different velocity errors: FWI, RWI without
model extension, and DWI shown in red, black, and blue, respectively.

3.3 Workflow and numerical example

Here, we further demonstrate the detailed performance of the velocity estimated using

reflections from the datum. Throughout the whole derivation, we limit ourselves to an

acoustic medium. Since wewant to highlight the difference that the datum introduces

into the overburden velocity inversion, at the first stage we set the redatuming process

to zero extension in time and space (or limited spatial extension of the same size as

what we do with the overbuden model), i.e., the inversion process reduces to an RWI.

In the numerical example, we start with a RWI step, but with spatial model extension

(see [46] for more details), and then we perform a simultaneous inversion of the datum

and the overburden velocity. Accordingly, one pseudocode for datum-based waveform

inversion is given in Table 3.1.

We apply our proposed datum-based waveform inversion (DWI) workflow to the

Marmousi model, shown in Figure 3.10(a). The data are recorded at the surface

(sources and receivers denoted by white stars and dots), and the virtual survey is

located at a datum of 2 km depth with virtual sources and receivers denoted by black

stars and blue dots. We add a water layer to the top of the model to mitigate the
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Input: Recorded data d, initial overburden model c0
Initialize cost function El2−norm and extended image I(x, h)

Start loop

Initialize gd(x, h, t) (starting with very limited h and t after RWI/MVA)
Update cost function El2−norm

Inner loop

Calculate gradient with respect to c0 using equation 3.14
Calculate gradient with respect to gd(x, h, t) and I(x, h)
Update the overburden velocity c0
Update I(x, h) (till the last stage)
Update gd(x, h, t) (not involved at early stage)
Calculate cost function El2−norm

End inner loop if satisfy the exit condition (velocity improved)
Inject resulting velocity into the next loop

Repeat this process by extending the aperture of virtual data gradually
End loop if satisfy the exit condition (or velocity improved)
Output: Retrieved virtual data gd(x, h, t) and the estimated overburden model c

Table 3.1: Pseudocode of datum-based waveform inversion.

source effects in the velocity inversion. The seismic data is generated using a finite-

difference modeling approach on the entire model (Figure 3.10(a)). We use a Ricker’s

wavelet with a peak frequency of 8 Hz as our source function and filter out data below

3 Hz to imitate practical conditions. The maximum offset is 9 km. Through out our

optimization, we use the same source function filtered out frequencies below 3 Hz. We

start with a linearly increasing velocity, as shown in Figure 3.11(a). The datum level

is designed to be right above the target area, such that retrieving a virtual dataset

at such a depth would lead to an inversion process illuminating the region of interest

and, therefore, reducing the computational cost compared to inverting for the entire

model directly.

Table 3.3 describes the workflow we use in our implementation. The entire flow

can be adjusted to specified situations, especially the steps of which we treat the

aperture of virtual data. First, we apply a velocity inversion using the first two terms
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in equation 3.14. The reflections are generated from the modeling process in equa-

tion 3.13. At this stage, we do not extend in time, so the datum is not involved in the

inversion. Since the migration and demigration process in such a poor initial model

(especially when low frequencies are missing) may cause cycle skipping, we apply

the image extension to guarantee a reasonable data match, as it eliminates the local

minima caused by the cycle skipping at the far offsets. The initial extended image

is calculated by a least-squares optimization prior to starting the velocity inversion

[52, 22]. We temporarily mute the diving waves in the optimization of the extended

image and velocity to demonstrate the robustness of the update using reflection wave

paths. However, this inversion can also utilize diving waves and extension will allow

us to avoid cycle skipping for diving waves as well. Using the modeled reflections, we

produce reasonably low-wavenumber updates of the background model along the re-

flection wavepaths, which is shown in Figure 3.12(a). Through this inversion, we build

an MVA-like model, which provides a reasonable starting model for our simultaneous

inversion for the datum and the velocity.

Figures 3.14(a) and 3.14(b) show the extended image I(xs , h) before and after

the first stage. Before the velocity inversion, the migrated energy was not focused at

zero subsurface offset. The energy cut at the largest subsurface offset indicates that

we admit some data misfit, most of which corresponds to the farthest offsets. The

cost function, shown in Figure 3.15(a), decreases with each iteration and converges

at some point. We see that quite a bit of residuals remain and is reflected in the

objective function. This is primarily because we are not able to model events below

the datum level in the first stage. Also, the approach needs a sufficient number of

reflections to illuminate the model space above the datum level, and the one-side

illumination survey hardly reaches the deepest zone of the overburden model. Thus,

we also need wavepath updates from the datum corresponding to reflections below

the datum. This will be provided by the next stage of the inversion.
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(a)

Figure 3.10: The true Marmousi Vp model used to generate data at the surface
(sources and receivers denoted by white stars and dots) with the virtual-survey datum
at a depth of 2 km (virtual sources and receivers denoted by black stars and blue dots).

Following the velocity inversion using overburden reflections, we move to the in-

version of both the datum and the velocity, i.e., allowing extension of the datum in

time and space in DWI (see Table 3.1). Here, we generate the reflections from both

the overburden migration and the datum (using equation 3.13 fully). The reflections

modeled from the virtual data are expected to introduce better illumination to the

deep model, according to the layered example shown in Figures 3.7(a) and 3.7(b).

We, also, consider in this stage the full data (with diving waves) and calculate the

velocity gradient using equation 3.14. The diving waves and the reflections, which

correspond to all the terms in equation 3.14, illuminate the shallow zone and deeper

zone of the overburden, respectively. They provide low wavenumbers that are com-

plementary to each other as the wavepaths for diving waves and reflections tend to

be different.

In our first iteration (outer loop) of DWI, we use a very limited aperture of virtual

data on both the subsurface offset and the time lag. This limited aperture corresponds
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(a)

(b)

Figure 3.11: The initial overburden velocity (a) and the true velocity (b).

(a)

Figure 3.12: The inverted velocity using RWI with model extension. As shown in

the workflow (Table 3.1), only reflection waves are involved in the optimization. The
inverted velocity is used as an input for DWI.
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recorded data
and initial model

initialize cost function
El2−norm: equation 4.8

optimize c and I(x, h)
(= gd(x, h, 0))

initialize gd(x, h, t): equation 4.9

update c: equation 3.14

update gd(x, h, t): equation 4.9

evaluate cost function: equation 4.8

if satisfy the exit
condition

increase the aperture (h and t) of gd

virtual data gd(x, h, t)
and c if necessary

least-squares extended
imaging (equation 4.9)

set very limited h and t

start loop

yes

no

Figure 3.13: Workflow of our suggested DWI implementation. The dash line indicates
it is an open flow that can be implemented in various ways (i.e. be controlled manually
or even directly involving full aperture).
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(a)

(b)

Figure 3.14: Extended image (a) before and (b) after RWI (first stage of DWI).
Before inversion, the migrated energy is not focused at the zero subsurface offset.
After inversion, the focusness of migration improves.

to reflections from the underlying structures right below the datum. Then, we grad-

ually increase the size of the aperture until it is large enough to match the whole

dataset. Throughout our optimization, we simultaneously invert for the virtual data

and the overburden velocity. Figure 3.16(a) shows the cost function for DWI for the

second stage. It continues to decline due to the updates contributed by the diving

wave and datum-modeled reflections. The inverted velocity after this loop of DWI is

shown in Figure 3.17(a).
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(a)

Figure 3.15: The cost function of the RWI process.

(a)

Figure 3.16: The cost function of the DWI process using a very limited aperture of
the virtual data.

High wavenumbers are then included in the velocity update as the overburden ve-

locity is improved. This is done by dropping the migration and demigration terms of

equation 3.13), while retaining the datum-modeling term. Therefore, the scattering

is produced by the overburden model itself and the datum, which is performed with

increasingly larger aperture of the virtual data. The deeper zone of overburden ve-

locity is still exposed to the updates from the datum, in which more reflections from

below the datum get involved as the extension becomes larger. The high-wavenumber

components of the velocity will improve the accuracy of the dynamics and provide an
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(a)

Figure 3.17: The inverted velocity after the first iteration of DWI (Table 3.1). There

are no high wavenumbers included in the velocity update.

opportunity to absorb the multiples that contaminate the virtual data retrieval. Fig-

ures 3.18(a), 3.18(b) and 3.18(c) shows the cost functions for the last three iterations

of DWI, in which we increase the aperture of datum.

(a) (b) (c)

Figure 3.18: The cost functions of the last three outer loops (in following order) of
DWI (Table 3.1), where we drop the migration and demigration process and only
retain the datum-modeling term.

The final inverted velocity is shown in Figure 3.19(c). For comparison, we show the
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results obtained from RWI (including subsequent FWI) in Figure 3.19(b). Also, we

show the FWI result, directly starting with the linearly increasing initial velocity, in

Figure 3.19(a). Obviously, the FWI result suffers from the local minima produced by

the poor initial velocity and missing of low frequencies. In Figures 3.20(a) and 3.20(b)

we plot a velocity profile located at the middle of the model for a more detailed

comparison. DWI produces a better estimate compared to RWI or FWI, especially

in the deep layers. FWI often provides high wavenumber updates for the overburden

velocity. It fails to recover the kinematics of the deep part of the velocity model since

the low-frequency data are not available, which results in a solution corresponding

to a local minimum. RWI estimates the low-to-medium wavenumbers of the velocity

model, while resulting in less resolution with increasing depth [5]. DWI, on the other

hand, uses the reflections from below the datum level. Besides the robustness DWI

provides in the velocity estimation process (Figure 3.9(a)), it actually broadens the

illumination in both lateral and depth, by taking advantage of those deep reflections.

Figure 3.21(a) and Figure 3.21(b), respectively, show the demigrated data before

and after RWI with model extension (first stage of DWI). We see that RWI alone is

not able to produce reflections from below the datum. After DWI, events modeled

from the datum have been included then (Figure 3.22(b)), and the modeled data

match well with the recorded data (shown in Figure 3.22(c)). Compared to the

data modeled from the datum before DWI (shown in Figure 3.22(a)), some phase

error at the far offsets get corrected after DWI, which are highlighted by the red

arrows pointing upwards. The retrieved virtual data are shown in Figure 3.23(a) and,

correspondingly, we simulate synthetic data using the true underlying velocity for

comparison (shown in Figure 3.23(b)).
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(a)

(b)

(c)

Figure 3.19: FWI result (a) starting directly from the initial velocity, RWI (followed

by FWI) result (b) starting from the result of first DWI stage (Table 3.1) and the
final result (c) after DWI.
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(a)

(b)

Figure 3.20: One velocity profile to show the improvement of DWI over RWI: (a) the
RWI (followed by FWI) result following the first stage of DWI (black: initial; blue:
true; red dot dash: RWI result; pink: the following FWI); and (b) the final DWI
result (black: initial; blue: true; red dot dash: inverted result after the second stage;
pink: final result).
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(a)

(b)

(c)

Figure 3.21: The demigrated data (a) before RWI (first stage of DWI) and (b) the
demigrated data after RWI with model extension; (c) the recorded data. The yellow
arrows indicate the missing events in the modeled data that cannot be handled by
the overburden inversion. The velocity after inversion results in a better data match
at the far offsets, which are highlighted by the red arrows pointing downwards.
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(a)

(b)

(c)

Figure 3.22: The data (a) modeled from the retrieved virtual data using RWI veloc-
ity, (b) modeled after inversion, which include the events caused by the overburden
scattering and the datum, and (c) the recorded data. The modeling from the datum
reveals the events (indicated by yellow arrows) that are missing in the overburden
velocity inversion. The red arrows, pointing upwards, highlight some phase error at
the far offsets in (a), which is corrected after DWI (b).



112

(a)

(b)

Figure 3.23: The retrieved virtual data (a) and synthetic data (b) simulated using
the true underlying velocity.
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3.4 Discussions

In this chapter, we managed to retrieve a survey-sinking [27] virtual data from a

surface data survey. We start with the relationship between the subsurface wave-

fields and data on the surface. Based on this relationship, which we derive from the

reciprocity theorem, we perform a datuming process that consists of a subsurface

extended imaging condition and its adjoint modeling operation. The imaging and

modeling processes require the calculation of the Green’s function between the ac-

quisition level and datum level. The Green’s function relies on the model estimate

between these two levels. Therefore, we build a coherent objective function based on

FWI, and apply a simultaneous optimization to the virtual data and the overburden

velocity for the datuming. Though the currently developed redatuming techniques

usually assume a reasonable overburden model (usually carrying kinematics) as a

priori information, complex structures and strong lateral variation in the overburden

velocity will distort the wave propagation, and thus, result in errors in the datuming.

In order to retrieve such a dataset with accurate kinematics and dynamic features,

we must solve an overburden model that carries the information about the subsurface

wave propagation.

FWI can retrieve the overburden velocity in complex media. However, the key

point is to build an initial velocity model that includes low-to-intermediate wavenum-

bers, which are necessary to achieve a high resolution estimate. We choose to take

advantage of reflections and seek the low-wavenumber components by inverting for

the reflection wavepath. Same as RWI, we generate reflections in the overburden

through a migration and demigration process, but we also include modeling from the

datum. The modeling represents underlying structures that generate events originat-

ing below the datum level. As RWI can only solve the velocity model illuminated by

the reflection wavepath, the datum modeling reduces the null space of RWI in the

overburden by enriching the reflection angles and providing additional illumination
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of the deep zone above the datum. We apply the same experiment setup for FWI

and DWI. We use the l2-norm objective function in optimizing the image and the vir-

tual data, while for the velocity inversion we deploy the global-correlation objective

function introduced by [25] (same one for FWI). In practical situations, there should

not be any barrier for our optimization to incorporate any misift measure, inversion

strategy (like frequency continuation ([21])) or filters.

The gradients calculated along reflections and diving wavepaths are the main

sources of low-wavenumber update to the velocity. Though we propose calculating

the gradient using equation 3.14, we do not introduce the divingwave during the early

stage of DWI (i.e., the RWI/MVA stage). One of the reasons is for demonstration

purposes we remove the contribution of the diving waves to emphasize the role of the

reflections in updating the background. It also shows that we could deal with data

do not have diving waves recorded. Nevertheless, the model extension used in the

first stage can help us mitigate the cycle skipping, not only of the reflections, but

also the diving waves [84]. There are a couple of strategies for dealing with diving

waves being developed by [54], [60] and [127], etc, which can be easily incorporated

into our inversion, which we want to leave for future applications. However, the

diving waves often contain very limited illumination focussed on the shallow zone

(especially when the low-cut of data bandwidth is high). Here, we want to illustrate

that in some cases, especially with the model extension, the reflections could also be

a reliable source from which to build an initial model for inversion, consistent with

our knowledge of migration velocity analysis (MVA) [88]. The reflections have better

penetration and angle coverage at depth than the diving waves, and can be a backup

option when there is no usable diving wave in the data.

In our inversion, we set up the virtual data with a very limited aperture and

then gradually increase it. In practice, this is very similar to applying a geometrical

constraint on the image in order to analyse the velocity. Since the exact aperture,
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which is defined by the one-sided surface acquisition, is unknown in most cases, we

would like to study how to wisely constrain the virtual data in the future. From the

computational point of view, we realize that a reasonably constrained aperture of the

virtual data will make sense for cost and memory considerations.

The waveform redatuming operator we introduced here can be implemented in

both time and frequency domains, and has many potential applications, such as to

separate the events along certain geological interfaces and implement a layer stripping

strategy. Figure 3.22(a) shows the possibility of doing so.

3.5 Conclusions

We introduced an FWI framework that retrieves both the virtual data represent-

ing a target medium and the velocity in the overburden. The data retrieval process

is described by a subsurface extended imaging condition. This condition relies on

the overburden model, which yields the Green’s function between the data survey

(performed at the surface of the earth) and the target level, i.e., the datum. The

overburden model becomes challenging to estimate as the complexity of structure

increases. Therefore, we implemented an optimization that simultaneously inverts

for the overburden velocity and the virtual data at the datum. Instead of inverting

the high-wavenumber components directly as part of the velocity, we used an image

with a spatial extension to represent the overburden scattering, and virtual data to

represent the scattering from below the datum. Using reflections generated from the

extended image corresponding to the overburden model as well as the datum, we

calculated the velocity gradient along the reflection wavepath. Thus, we obtained

effective low-wavenumber updates of the overburden model. The modeled reflections

from the datum provided better illumination of the overburden structures. As the

velocity improved, we turned on the FWI term to update the scattering part, which

produced a high-resolution baseline model. With a layered model and a Marmousi
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example, we demonstrated our proposed datum-based waveform inversion (DWI) is

a robust approach for estimating the overburden velocity and the virtual data. Our

DWI succeeded in retrieving a virtual dataset with reasonable amplitude informa-

tion, considering the acquisition limitations. Thus, it allows us to focus subsequent

inversions on the target region, which possibly may include more complex physical

assumptions of the medium and higher resolution.
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3.7 Appendix

3.7.1 Relation between surface data and virtual data

In this section, we derive the basic redatuming equations. The solution to these

equations is the data response to the underlying medium at virtual sources and re-

ceivers located at the target level. We start the derivation with the convolution and

correlation-type of relation (in the frequency domain) in reciprocity theorems [114]:

∫

Λi

{p+Ap
−

B − p−Ap
+
B}d

2x =

∫

Λj

{p+Ap
−

B − p−Ap
+
B}d

2x, (3.16)
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and
∫

Λi

{p+∗

A p+B − p−∗

A p−B}d
2x =

∫

Λj

{p+∗

A p+B − p−∗

A p−B}d
2x, (3.17)

where p±A and p±B are originally flux-normalized one-way wavefields in states A and

B, + and − indicate downgoing and upgoing constituents, respectively, and the su-

perscript ∗ denotes the complex conjugate. Λi and Λj are two horizontal levels in the

subsurface medium, between which a source-free zone is defined. Equation 3.16 and

equation 3.17 are derived from the propagation invariants [50, 91, 57]. We define the

reference medium for state A as being reflection-free above the target level Λ1; below

this level, it is identical to the physical medium. State B carries the entire physical

medium. Later we will express these relations by wavefields in time domain.

We want to derive the relations between the reflection response below level Λ1,

which corresponds to the meidum of state A, and the Green’s functions in the entire

physical medium, which corresponds to state B. By placing a source at x′
s in Λ1, we

have p+A = δ(x1 − x′
s , t) and p

−

A = R∪(x1, x
′
s, t). The subscript 1 denotes the location

in level Λ1, and the superscript ∪ indicates the reflection response of the reference

medium when illuminated from above, which corresponds to the image from below

and versa vice. At the target level Λ1, we also have p±B = G±(x ′
s, xs, t), as we ignite a

source at location xs, which is on level Λ0. Set a level Λb at the bottom of the target

zone, below which is assumed to be reflection-free, we have the upgoing wavefields p−A

and p−B vanished. At this level, we also have p+A = G+(xb, x
′
s, t) and p

+
B = G+(xb, xs, t).

The above states are given by the assumption of homogeneous media above level Λ0

and below the bottom of target zone, which means we consider a no-free-surface

condition and a semi-infinite space below Λb. By substituting these quantities in

equation 3.16 and equation 3.17, we get:

0 = G−(x1, xs, t)−

∫

Λ1

R∪(x′

s, x1, t)×G+(x′

s, xs, t)dx
′

s , (3.18)
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∫

Λb

〈

G+(xb, x
′

s, t), G
+(xb, xs, t)

〉

t
dxb

= G+(x′

s, xs,−t) +

∫

Λ1

〈

R∪(x1, x
′

s, t), G
−(x1, xs, t)

〉

t
dx1

(3.19)

where× and 〈〉t denote a convolution and a correlation operation in time, respectively.

We can conveniently apply source-receiver reciprocity to the reflection responses and

transmissions following [114]:

R∪(xi, xj, t) = R∪(xj, xi, t), (3.20)

T+(xi, xj, t) = T−(xj , xi, t). (3.21)

Finally we use the convolution-type of relation in equation 3.18, i.e.,

G−(x1, xs , t) =

∫

Λ1

R∪(x1, x
′

s, t)×G+(x′

s, xs, t)dx
′

s . (3.22)

The virtual data we want to retrieve from the redatuming is the reflection response

of the reference medium, which is R∪(x1, x
′
s, t). The relation between the Green’s

functions of the physical model and the reflection response of the reference model

given in the equation above, reveals clear physical phenomena, which are shown in

Figure 3.1(a).

3.7.2 Gradient calculation

For the redatuming, we start with the datum-modeling operation, which is derived

in the equation 4.7. It is similar to the demigration process with a spatial extension

of model perturbations. To the datum-modeling operation, we include an extension

over the time axis:

Fũ(s, x, t) =

∫ ∫

dxsdh u(s, xs − h, t)× gd(xs − h, h, t)δ(x− xs), (3.23)
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where u is the displacement source wavefield, xs is the virtual source located at the

datum level, and h is the subsurface offset (becomes a scalar when we only consider

receivers distributed in the horizontal direction). F is the wave equation operator

F =

(

1

c2
∂

∂t2
−∇2

)

, (3.24)

and its adjoint operator shares the same expression,

F∗ =

(

1

c2
∂

∂t2
−∇2

)

. (3.25)

The wave equation gives us another state equation for the actual source wavefield,

Fu(s, x, t) = f. (3.26)

In our case, given a velocity model c(x), we can calculate the source wavefield

u(s, x, t) and the datum modeling reflection wavefield ũ(s, x, t) from the wavefield

scattering of the underlying medium (virtual data) gd(xs, h, t) at a subsurface datum.

To achieve an FWI scheme for optimizing the virtual data and the baseline velocity

model, we match the object function

min E =
1

2

∑

s,r

∫

dt|d(c) + d̃(c, gd)− d0|
2, (3.27)

where d0 is the recorded data, d is the modeled data, which contains the full wavefield

above the datum level, and d̃ is the modeled data, which depends on model c and the

virtual data gd(xs, h, t). The above objective function can be expressed in terms of

the wavefield as

min E =
1

2

∑

s,r

∫

dt|A[u(s, x, t)+ ũ(s, x, t)]− d0|
2, (3.28)
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where A matrix maps the wavefield to the receiver position at surface.

To solve this optimization problem, we first derive the adjoint of the datum-

modeling operation. Then, we calculate the update with respect to the virtual data

gd(xs, h, t). Our augment function can be expressed as

J =
1

2

∑

s,r

∫

dt |A[u(s, x, t)+ ũ(s, x, t)]− d|2

−
∑

s

∫ ∫

dxdt µ̃(s, x, t)

[

Fũ(s, x, t)−

∫ ∫

dxsdhu(s, xs − h, t)× gd(xs −h, h, t)δ(x − xs)

]

−
∑

s

∫ ∫

dxdt µ(s, x, t) [Fu(s, x, t)− f ] ,

(3.29)

where µ̃(s, x, t) and µ(s, x, t) are adjoint states. Imposing the derivative of the aug-

ment function with respect to ũ(s, x, t) equal to 0, we get the corresponding adjoint

equation for the wavefield µ̃(s, x, t):

F∗µ̃(s, x, T − t) =
∑

r

(A[u+ ũ]− d) (s, xr, T − t), (3.30)

where right-hand side is the adjoint source, which is the misfit between the data

simulated by datum modeling and the observed data.

Once we get the adjoint wavefield µ̃(s, x, t), we can calculate the gradient of the

cost function with respect to our virtual data gd as

∂E

∂gd(xs , h, t)
=

∂J

∂gd(xs, h, t)
= −

∑

s

〈u(s, xs, t), µ̃(s, xs + h, t)〉t (3.31)

where 〈·, ·〉t represents the cross-correlation operation in time. Then, we can obtain

the update for the virtual data as

∆gd(xs, h, t) =
∑

s

H−1 〈u(s, xs, t), µ̃(s, xs + h, t)〉t . (3.32)
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To solve the optimization for the overburden velocity, again we start with the

augment function (here we include in the modeling the demigration with model ex-

tension)

J =
1

2

∑

s,r

∫

dt |A[u(s, x, t)+ ũ(s, x, t)]− d|2

−
∑

s

∫ ∫

dxdt µ(s, x, t)

[

Fũ(s, x, t)

−

∫ ∫

dxsdhu(s, xs −h, t)× gd(xs −h, h, t)δ(x − xs)

−

∫ ∫

dxsdhu(s, xs −h, t)I(xs − h, h)δ(x − xs)

]

−
∑

s

∫ ∫

dxdt ψ(s,x, t) [Fu(s, x, t)− f ] .

(3.33)

The gradient of our objective function with respect to the overburden velocity c

can be expressed as

∂E

∂c(x)
=

∂J

∂c(x)
(3.34)

= −
∑

s

1

c

∫

dt [µ(s, x, t)ũ(s, x, t) + ψ(s, x, t)u(s, x, t)] , (3.35)

where u, ũ are the corresponding modeled wavefields and µ, ψ are the correspondingly

ajoint wavefields.

Same as the redatuming part, we can obtain the adjoint-state equation for µ(s, x, t)

shown below by integrating in parts:

F∗µ(s, x, T − t) =
∑

r

(A[u+ ũ]− d) (s, xr, T − t). (3.36)

Then, with the calculated adjoint wavefield, imposing the derivative of our objec-

tive function with respect to u(s, x, t) equal to 0, we obtain the state for ψ(s, x, t)
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as

F∗ψ(s, x, T − t) =

[
∫ ∫

dxsdhµ(s, xs + h, T − t)× gd(xs, h, T − t)δ(x − xs)

+

∫ ∫

dxsdhµ(s, xs + h, T − t)I(xs, h)δ(x − xs)

]

+ (A[u+ ũ]− d) (s, xr , T − t).

(3.37)

Physically, the adjoint wavefield ψ(s, x, t) can be linearly split into two different

wavefields, which correspond to different adjoint sources. With the first two terms

of the adjoint source (on the right-hand side), we can generate one of the adjoint

wavefields, denoted by µ̃(s, x, t). It can be explained as the time-reversed reflection

wavefield modeled from the datum and the image (which meets the actual source

wavefield u(s, x, t), thus gives update along reflection wavepath). Another one is the

back propagation wavefield of data misfit A[u + ũ] − d (third term on the right-

hand side), so same as µ. It will also meets the wavefield u(s, x, t) in the calculation

of velocity gradient, which corresponds to regular FWI updates along diving wave.

Then, we can express the gradient with respect to the model c(x) as

∂E

∂c(x)
= −

∑

s

1

c

∫

dt

[

µ̃(s, x, t)u(s, x, t) + ũ(s, x, t)µ(s, x, t)

+ u(s, x, t)µ(s,x, t)

]

,

(3.38)

where the first term µ̃(s, x, t)u(s, x, t) and second term ũ(s, x, t)µ(s, x, t) are the up-

dates along reflection wavepath on receiver and source sides (according to the analysis

above), which are referred to as RWI terms. The third term u(s, x, t)µ(s, x, t) is the

FWI term. The three terms are the most important sources of long-wavenumber

updates for the overburden velocity.

For the virtual data gd(x, h, t), the process aims to remove the wave propagation

affects (at both the source and receiver sides) between the survey at the earth’s surface

and the subsurface acquisition, and only retain the wave propagation information from
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below the datum level.
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Chapter 4

Target-oriented waveform inversion: role of the overburden

Target-oriented inversion (TOI) is a novel approach dedicated to enhancing the ability

of full waveform inversion (FWI) to achieve a high-resolution delineation of a reservoir.

FWI has demonstrated its potential to address the challenge of imaging complex

structures on a considerable number of field data applications. Nevertheless, it is

still costwise impractical to implement FWI with the full band of seismic data as, in

this case, we need to discretize the whole subsurface model space with a fine grid to

handle the high frequencies and satisfy the interpretation of, for example, reservoir-

scale features. Redatuming techniques enable us to obtain a virtual dataset at the

target level from the the original data acquisition that is most commonly deployed on

the Earth’s surface. The virtual dataset can help us localize a high-resolution FWI

to the target region, which often occupies a small area of the entire model space.

To implement such a redatuming process, we need to estimate an overburden model

that can accurately describe the kinematics and dynamics of the wave propagation.

Fortunately, our virtual data retrieval can rely on the overburden estimation with

relatively low resolution, since the high-frequency multiple scattering has a limited

impact on the deep part, and the corresponding virtual data. Therefore we start

with macro overburden models that contain reasonably accurate kinematics, then

apply FWI on the overburden with only low-frequency data. The resulting model

is used to implement a least-squares waveform redatuming using the full band. The

Marmousi model and Chevron 2014 benchmark dataset are used to demonstrate the

effectiveness of our strategy, which results in the high-resolution inversion of the
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target areas. Our proposed TOI workflow leads to an obvious boost in efficiency and

reduces the memory requirement, as the finer grid needed for the high frequencies is

only adopted for the redatuming and the TOI.

4.1 Introduction

The rapid growth in high-performance computing technology and newly developed

algorithms are now making FWI more practical to implement to exploration-scale

data [73, 85, ]. However, the objective of FWI should not be confined to improving

structural imaging, but it should also include the estimation of a high-resolution

delineation of the reservoir [81, ], which is often beyond the reach of most of the up-

to-date FWI studies, as they tend to include only relatively low frequencies of seismic

data. Although it has been demonstrated that implementing FWI with the full band

of data can achieve a high-resolution interpretable output [61, ], the extremely high

cost still hinders the ability of FWI in building detailed properties of the subsurface

medium, especially in 3D scenarios. The cost increase is mainly attributed to the

need for discretizing the model space into an adequately fine grid for solving the

wave equation. A lot of effort has been devoted to overcoming this practical obstacle

in FWI, like accelerating the convergence rate [74, 37, 130, ], applying plane-wave

or hybrid-domain FWI with encoded simultaneous sources [107, 43, 94, 137, ], etc.

The gains achieved in these approaches are somewhat limited partly because such

approaches are still based on inverting the full model, which becomes even more costly

when dealing with 3D real-earth problems. In fact, because most commonly deployed

seismic surveys are on the Earth’s surface, practitioners are used to invert for the

reservoir as part of the subsurface medium that often covers a large area. Considering

that high resolution is usually only needed for depicting the details of the reservoir, a

more versatile approach called target-oriented inversion (TOI) was introduced more

recently to localize our analysis and make inversion more focused on the zone of
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interest [101, 134, 106, 136, 58, ]. One approach to TOI uses local solvers to generate

in the region of interest the wavefields required to form the FWI gradient. These local

wavefields do not contain artifacts; they are numerically equivalent to those generated

using the full model [101, 122, ]. However, these methods require computation of

numerous Greens functions which can become computationally expensive, especially

at high frequencies.

In order to fulfill the needs of TOI to highlight the target regions, an optimal

(virtual) survey or a modified objective function is often required, which relies on

retrieving data from shifted sources and/or receivers [99, 19, 77, 40, ]; this kind of

process is referred to as seismic redatuming. Redatuming has long been used by the

seismic community to improve the data processing and imaging in geologically com-

plex near surfaces, as well as topography. Its earlier applications include bringing data

acquired on irregular surfaces to a more ideal datum (i.e., a new top boundary of the

model space that is below the complex near surface) by removing the elevation and

near-surface complexity from the observed data [80, 142, 92, ]. Redatuming methods

can be categorized as either model-based [16, 135, 123, ] or correlation-based schemes

that solve imaging problems in various situations [38, 86, 114, ]. [118] combined

interferometric redatuming with Marchenko iterative methods to retrieve two-sided

virtual data. [99] demonstrated that the two-sided redatuming process can be used

to iteratively solve the multiple scattering in the overburden model, while it only

requires a macro velocity model that reasonably describes the kinematics to initialize

a transmission response. This approach mainly considers the scattering of medium

that is dominated by horizontal layers. [78] showed in a North Sea field application

that target-oriented imaging of the redatumed dataset with well reconstructed mul-

tiples improves the quality of the images of structures in the target zone. Unlike the

redatuming approaches that aim at estimating the Green’s functions with the higher-

order multiples embedded, [48] proposed a robust waveform-based redatuming, which
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is focused on retrieving the localized virtual data at some datum in complex media.

This approach utilizes the FWI framework where they could perform a least-squares

data fitting to produce a localized dataset with high-resolution information and less

artifacts. The gradient for redatuming is actually calculated by an imaging condition

represented by the subsurface scattering wavefield [104, ].

Redatuming using the target-oriented scheme generates an effective virtual survey

that can be located just above the reservoir region.Therefore, we can focus our FWI

algorithm on a particular zone of interest rather than treating the reservoir as part

of the entire subsurface model space. Implementing TOI to the redatumed virtual

dataset can immediately expedite the inversion process as it avoids the unnecessary

computation of the model update outside the target region, meanwhile boosting the

convergence rate. We are, thus, allowed to accommodate more complex physics in

the high-resolution delineation of reservoirs, given the increasing attention of multi-

parameter FWI [68, 55, ]. This is especially true when significant anisotropy exists in

the deep reservoir region [97, ]. Besides the reduced dimensions of the target medium,

there is another issue that we need to take into account and that is the role of scat-

tering in the overburden. This is because the wavefield reconstruction between the

actual survey and the datum is crucial to the virtual data retrieval and, theoretically,

it needs to include the entire complexity of wave propagation to prevent the retrieved

data from including multiple artifacts. The wave equation based redatuming tech-

niques assume that at least reasonably good macro velocity models are given as a

priori information, which provide accurate kinematics of the wave propagation. This

velocity can be built from migration velocity analysis (MVA) [88, ] or reflection wave-

form inversion (RWI) [23, 128, 126, 47, ] that injects more middle wavenumbers to

the following FWI. In addition, a recently developed approach can even use the da-

tumed data to retrieve middle-wavenumber updates of the overburden, called datum-

based waveform inversion (DWI) [48, ]. The scattering of the overburden model can
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then be estimated by some data-driven approaches based on interferometry, like the

Marchenko method, or by a wave equation based inversion scheme that provides more

accurate estimation of the model complexity. As a consequence, either way leads to

some extra cost, thus affecting the efficiency of TOI based on the subsurface virtual

data. However, the cost of using FWI to solve the overburden scattering can be re-

duced as only low frequencies of the data are necessary for the FWI implementation.

It benefits from the fact that we can implement an FWI with only low frequencies

to estimate an overburden model. Such an overburden model can wisely describe

the wave propagation of the primary reflectivities, and thus gets rid of their effects

from the redatuming process. The overburden FWI using low frequencies can also

guarantee the virtual data are uncontaminated by the multiples at these frequencies,

which can be easily noticed in our redatuming operation. Another potential source

of artifact could be the multiples corresponding to the rest of the high frequencies

that are not involved in our overburden estimation. Their imprint on the datumed

data is nevertheless limited taking into account the fact that they will encounter

considerable scattering-based attenuation and energy loss. Thus, the artifacts that

the low-frequencies overburden FWI imposes on our redatuming and following TOI

tend to be considerably weak in practice. To incorporate high-resolution TOI, the

redatuming process may not require the overburden model estimation on the same

resolution. It is just like in seismic imaging where we shall not use a velocity model

that contains sharp reflectivities. From the perspective of FWI, wavenumbers of the

velocity model and reflectivities have always been coupled in the solution.

In this chapter, we implement a high-resolution TOI using the virtual dataset

retrieved from our least-squares waveform redatuming approach. The entire model

is split into two parts in our redatuming scheme: the overburden, which includes the

medium above a datum level; and the underlying medium, which is represented by

the redatumed data at the datum. The overburden model estimation is essential to
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the redatuming process as we need to retrieve the wavefield from both the source

and the receiver sides. To make the high-resolution TOI more practical, we propose

an overburden model building by implementing FWI with reasonably low frequen-

cies, which allows us to discretize the overburden with a relatively coarse grid and,

thus, significantly improve the efficiency. We use the Marmousi velocity model to

demonstrate the benefits of the reduced dimension of overburden model. Though the

coarse grid adopts only the low-to-middle wavenumbers, it is sufficient to guaran-

tee a high-resolution TOI, the quality of which is similar to the inversion processed

with the high-resolution overburden estimation. Then we apply our strategy to the

Chevron 2014 blind test dataset. The high-resolution FWI is performed on a reduced

model space, which allows us to consider more complex physics. Therefore, we ad-

ditionally include density variation in our TOI to balance the elastic effects. The

proposed least-squares redatuming process works well with the TOI and produces a

high-resolution delineation of the underlying medium, which further proves that our

inversion scheme, although designed to ignore the high-frequency scattering in the

overburden estimation, will not impact the interpretation of sediments in the target

zone.

4.2 Least-squares waveform redatuming

To retrieve the virtual data R at a datum level from the recorded data on the surface,

we need to formulate the relationship between the wavefields at the two surfaces. It

can be derived from reciprocity theorem utilizing subsurface Green’s functions [116].

First, the relation between the downgoing and upgoing Green’s functions at the datum

plane (Λ1 ) can be expressed as

G−(x1, xs , t) =

∫

Λ1

R∪(x′

s, x1, t)×G+(x′

s, xs, t)dx′

s , (4.1)
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where xs and x′
s are the location vectors of the actual and virtual sources, respectively;

x1 is the location of the virtual receiver; and × indicates a convolution operation in

time. The relation shown in equation 4.1 actually corresponds to the interferometric

process illustrated in Figure 4.1(a).
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Figure 4.1: Illustration of the convolution-type of relations: (a) shows that the upgo-
ing Green’s function from the target level corresponds to the convolution between the
downgoing Green’s function and the reflection response of the underlying medium;
(b) shows that the recorded wavefield at the surface corresponds to the convolution
between the upgoing wavefield at the datum and the Green’s function between the
datum and the recording surface.

Before introducing another convolution type of relation to complete the entire

modeling operation, it should be noticed that in equation 4.1, we do not actually

have access to the full downgoing Green’s function G+, as we only take the over-

burden model into account in the wavefield calculation. [48] illustrate the reason of

using the Green’s function of the overburden space by expressing the full downgoing

Green’s function G+ as a summation of G+
0 and G+

m. The subscript of G0 indicates
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that the Green’s function corresponds to a medium that has the same physics as the

overburden, but homogeneous below the datum level Λ1. Therefore, G0 and G+
m cor-

respond to the responses of the overburden medium only and the coda caused by the

interaction between the overburden and underlying media, respectively. As a result,

we get two relations:















G−(x1, xs, t) =

∫

Λ1

R∪(x′

s , x1, t)×
(

G+
0 (x

′

s , xs, t)+G+
m(x

′

s , xs, t)
)

dx′

s

G+
m(x

′

s , xs, t) =

∫

Λ1

G+
0 (x

′

s, x
′

1, t)× G−(x′

1, xs, t)dx
′

1.
(4.2)

This system of equations forms a Fredholm integral of the second kind. The first term

on the right of equality G− = R∪ × G+
0 should be a reasonably good approximation

because the second term represents triple scattering, which can be expressed as

G−

2nd−term(x1, xs , t) =

∫

Λ1

R∪(x ′′

1, x1, t)×G
+
0 (x

′′

1, x
′

1, t)

∫

Λ1

R∪(x ′

s, x
′

1, t)×G
+
0 (x

′

s, xs, t)dx
′

1dx
′′

1,

(4.3)

where G+
0 (x

′′
1, x

′
1, t) presents the downgoing wavefield leaving the datum heading up-

wards and turning downwards to reach the same level, which can be assumed to be

scattering in most cases considering the original survey is on the Earth’s surface. The

contribution of such scattering, as well as the higher-order series, is expected to be

limited in the waveform inversion, as the energy of high-order scattering terms that

are greater than three tends to be considerably weak. We continue to use the notation

G+ to represent the wave propagation in the overburden that is G+
0 .

Utilizing reciprocity theory again, we can obtain a relationship between the up-

going wavefield at the datum and the data response D(x, xs , t) of the entire medium,
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which is recorded on the Earth surface at x:

D∪ (x, xs, t) =

∫

Λ1

G−

0 (x, x1, t)×G−(x1, xs, t)dx1, (4.4)

where the subscript of G0 indicates the Green’s function that is established by the

overburden model, given the acoustic wave equation

FG0(s, x, t) = δ(x − xs, t), where F =

(

1

c2
∂

∂t2
−∇2

)

, (4.5)

where c is the pressure-wave velocity of the overburden. Multiplying each side of equa-

tion 4.4 by the wave equation operator F and, then, substituing G− by equation 4.1

results in the expression for datum-modeling:

FD∪ (x, xs, t) =

∫

Λ1

δ(x − x1, t)

∫

Λ1

R∪(x′

s, x1, t)× G+(x′

s , xs, t)dx
′

sdx1. (4.6)

Given a source time function f (t), we can formulate the source wavefield u = G+
0 ×f .

The wavefield that is related to the response of overburden medium provides a pilot

trace at the virtual source location x′
s. Then we can formulate the modeling operator:

Fũ(xs, x, t) =

∫ ∫

u(xs, x
′

s − h, t)× R∪(x′

s − h, t)δ(x− x′

s) dhdx
′

s, (4.7)

where ũ = D∪ × f and h is the subsurface offset vector that is pointing from the

virtual source x′
s to the virtual receiver x1. Notice that h has two elements in the

2D case, while in our work we consider only the horizontal component, which means

the virtual source and receiver are at the same depth, i.e., the datum. The modeling

operation in equation 4.7 reveals the relation between the virtual data R∪ and the

wavefield on the Earth’s surface through the Green’s functions from the source and

receiver to the subsurface, which is illustrated in Figures 4.1(a) and 4.1(b). We can
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therefore derive an optimization to invert for the virtual data by evaluating the data

mismatch on the Earth’s surface. Hereby, we formulate an objective function [1, 7, ]

to estimate R∪, as follows:

min E(R∪) =
1

2

∑

s,r

∫

|A[u(xs, x, t) + ũ(xs , x, t;R
∪)] − d|2 dt, (4.8)

where d is the data recorded on the Earth’s surface, and the matrix A maps the

wavefields to the receiver positions at the surface. In the redatuming process, we keep

the model parameter c fixed and optimize forR∪. However, c could be estimated using

various methods, e.g., MVA or RWI, or even could be solved within the objective of

datum-based wavenumber inversion (see [48] for more details). The adjoint operation

below is then derived to calculate the gradient of R∪, which we refer to as waveform

redatuming:

∂E

∂R∪(x′
s, h, t)

= −
∑

s

〈u(xs , x
′

s, t), µ(xs, x
′

s + h, t)〉t , (4.9)

with the adjoint wavefield µ satisfying

F∗µ(xs, x, T − t) =
∑

r

(A[u+ ũ]− d) (xs, xr , T − t), (4.10)

and 〈·, ·〉t is the cross-correlation operator in time [48, ].

The waveform redatuming operator corresponds to a modified model-extension

imaging condition [88, ] that includes additional dimensions in space and time be-

yond the classic definition of the subsurface image as a reflectivity response [27, ]. The

derived extended images have a clear physical explanation, i.e., the Green’s function

of the underlying medium. Therefore, we refer to the extended imaging and mod-

eling process as our datum modeling process and its adjoint operation, which are

shown in equations 4.7 and 4.9. It can be conveniently related to earlier developed
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representations of subsurface scattering [104, 30, ]. In these works, the extended im-

ages are represented using a reconstructed scattering field for finite time lags; this is

accomplished by allowing the virtual source and receiver locations to be arbitrarily

different. [30] introduced a more general source-receiver interferometry by applying

the Green’s function surrounding the sources and receivers to different forms of ge-

ometry. The connection between the scattering-field imaging condition and seismic

interferometry is embedded in the derivation of our redatuming operator and the

relations introduced using reciprocity integrals [10, 115, 105, ]. When we know the

exact overburden model or the acquisition is able to gather data at the datum, our

objective function (equation 4.8) can thus, be measured at the datum level. Then, the

application of the adjoint operator can be reduced to a least-squares Multidimensional

Deconvolution (MDD) [119, ] to obtain the gradient with respect to R∪ . It should

be noticed that despite that we follow an adjoint-state derivation, our optimization

problem is now linear on gd (or R∪) and so what we obtain is effectively MDD with

an additional propagation step (at final) from target to receiver level. Therefore, we

are able to use the modeled reflection to match the observed data in our inverse.

4.3 Strategy of high-resolution target-oriented inversion

Our analysis is focused on the acquisition on the Earth’s surface, which is commonly

used for seismic exploration. It mainly provides one-side illumination to the deep

targets. To fulfill the retrieval of our virtual data, a reasonable estimation of the

overburden model is essential to calculate the Green’s function between the actual

survey and our datum surface. The datum level is determined by apriori information,

e.g., the depth of reservoir. The velocity estimation to such a depth is a well-known

challenge in real life owing to the limited offset of the survey design and missing low

frequencies, and becomes the main target of some FWI problems [7, 102, 36, ]. [48]

demonstrated how we can take advantage of the subsurface scattering wavefield to
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build the kinematics of the overburden model. It plays an important role in many

redatuming schemes, e.g., Marchenko [118, ], to estimate the first arrival.

To satisfy our proposed least-squares redatuming method, we utilize FWI to esti-

mate the overburden velocity. Instead of isolating the overburden scattering from the

velocity and solving it by a data-driven approach, e.g., Marchenko, FWI offers a more

precise solution to describe the complex wave propagation in the medium. It fills in

the middle wavenumbers between the kinematic and scattering parts of the velocity

model and combines them into a single representation of the medium [13, 87, 109, 7, 5,

]. FWI is capable of providing a more accurate solution to describe the nonlinearity

of wave propagation. Ideally, to conduct the high-resolution TOI, we should apply an

overburden inversion with the same resolution asked by the target media. It requires

to inject the full band of data that is supposed to be the same as what we use for

the virtual data retrieval, such that we can get rid of the potential artifacts induced

by the resolution mismatch. However, the effect of ignoring the high-resolution infor-

mation of the overburden model could be trivial to our redatuming and TOI. Firstly,

the overburden model given by accurate kinematic information will place the primary

scattering information in its correct location at zero time, which is along the wave

path of the corresponding event. Since our redatuming operation is applied at the

datum point with positive time lags, it will only contain physical subsurface scat-

tered wavefield. The effect coming from the primary scattering of the overburden,

no matter solved or not, will not contaminate the redatuming result considering the

causality (since it appears at negative time lags). Secondly, because of the nature of

the subsurface sediments, high frequencies of the seismic signal face more attenua-

tion, compared to low frequencies. The high-frequency multiples, which are the main

potential sources of artifacts in our TOI scheme (given the accurate kinematics of

the overburden), are exposed to serious scattering-based attenuation and energy loss.

Therefore, applying FWI to retrieve the high-frequency scattering of the overburden
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model may not be needed for our redatuming and TOI scheme. However, this does

not mean that the macro model estimated with MVA-like approaches [18, 82, 88, ]

can guarantee the accuracy required by the retrieval of the virtual data. It is be-

cause the low-frequency scattering corresponding to the low-to-middle wavenumbers

of the overburden, unlike the high-frequency, can be a serious problem. FWI suggests

that the model controlling wave propagation should contain sufficient low-to-middle

wavenumbers, in order to be coupled with the high-wavenumber reflectivities to form

a high-resolution output [61, 5, ].

With the above concern, we suggest a strategy to conduct a more efficient high-

resolution TOI and demonstrate it in details with the synthetic Marmousi model

shown in Figure 4.2(a). We generate a dataset using acoustic finite-difference (FD)

modeling, using a Ricker wavelet with frequencies from 3 to 30 Hz as our source

function. Figure 4.3(a) shows our initial smoothed Marmousi velocity model used

for the overburden velocity estimation and TOI. The survey design is also plotted in

Figure 4.3(a) where the original sources and receivers for modeling the recorded data

are denoted by white stars and dots, and the virtual survey is denoted by black stars

and dots at a datum depth of 2.18 km. There are 101 sources and fixed receivers

for the recording survey and 51 sources for the virtual survey. We intend to apply

a high-resolution FWI that is focused on the target region, which is indicated by

the shadowed zone within the velocity model. To evaluate whether the virtual data

estimated by our least-squares redatuming process can be used to produce a high-

resolution inversion result of the target zone, we first invert for the overburden velocity

model using the full band of data to get rid of potential artifacts. Figure 4.7(d) shows

a macro overburden velocity model, which mimics the solution we can obtain from

MVA, etc. Starting from the macro model, we apply FWI and obtain a velocity model

with more details in the structure, which is shown in Figure 4.4(b).

The retrieved virtual data include subsurface offsets that ranges from -1 km to
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(a)

Figure 4.2: The true Marmousi model.

(a)

Figure 4.3: The initial velocity for overburden estimation and TOI, which is a
smoothed version of the Marmousi. The original sources and receivers for model-
ing the recorded data are denoted by white stars and dots, and the virtual survey is
denoted by black stars and dots at a datum of 2.18 km in depth. The shadowed zone
indicates the target. The stars and dots only indicate the survey distribution, but
not the real number of the sources and recievers.

1 km. The datuming result using the inverted overburden velocity is shown in Fig-

ure 4.5(b). It is easy to recognize the reflection events from the virtual data, which is
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(a)

(b)

(c)

Figure 4.4: The initial overburden velocity (a), the inverted velocity (b) using FWI
with the full band of data from 3 to 30 Hz, and (c) using low-frequency FWI up to
15 Hz.

supposed to represent the underlying medium. Fewer diving wave energy is retrieved

from the original data because of limited offsets of the survey. An FWI focused on

the target zone can then be applied using the retrieved dataset. Figure 4.7(b) shows

the inverted velocity of the target zone, starting from a smoothed initial model (Fig-



139

ure 4.7(a)), as now only the overburden model is estimated. It shows a good match

with the true model given in Figure 4.7(e), which indicates our redatuming process

successfully produces a virtual dataset that can be used for following FWI.

(a)

(b)

(c)

Figure 4.5: The common short gathers of the virtual data retrieved by (a) the initial
overburden velocity, (b) the inverted velocity using frequencies up to 15 Hz and (c)
the inverted velocity using the full band of data.

Based on our analysis, once we obtain an overburden velocity with accurate kine-
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matics, our redatuming process is free of artifacts related to the primary reflections

of overburden medium and if we include enough low-to-middle wavenumbers into the

overburden, the effects of the scattering corresponding to these wavenumbers would

be handled. Therefore, the main source of artifacts could be those untreated multiple

scattering caused corresponding to the missing high wavenumbers of the overburden

model. They often do not pose a threat to our redatuming because of high-frequency

attenuation. To take advantage of this feature, we suggest adjusting the overburden

FWI step to only use low-frequency data. It allows us to discretize the overbur-

den space into a more coarse grid. As the overburden often covers a larger area

than the target and occupies a large portion of our FWI computation, especially for

deeper reservoir, our TOI strategy can significantly reduce the computational cost,

thus making the FWI more practical for high-resolution delineation of the target

zone. Accordingly, we illustrate our TOI strategy with a three-step workflow, which

is shown in Table 3.3. After the inversion of the overburden model, it needs to be

interpolated to a finer grid to satisfy the redatuming process that is applied to the

full band of data.

Figure 4.4(c) shows the inverted overburden velocity using frequencies up to 15

Hz. We are, thus, allowed to use a relatively large grid size given by 20 m and a time

sampling of 2 ms. Compared to the high-resolution overburden FWI that is forced

to use a finer grid size of 10 m and a time sampling of 1 ms, the FWI applied to

low frequencies greatly improves the efficiency while preserving enough details for the

redatuming and TOI, which are shown in Figures 4.5(c) and 4.7(c), respectively. The

high-resolution TOI is applied using the virtual data that is obtained from the same

redatuming process. There is no noticeable different caused by the missing wavenum-

bers in the overburden velocity estimation, which means the overburden FWI using

low frequencies can accurately describe the wave propagation in complex media. To

clarify if the macro model provides enough information for TOI, we test our data
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Surface seismic data
and macro model

Apply FWI using low-pass filtered data to es-
timate the overburden model on a coarse grid

Retrieve a virtual dataset at the datum using inter-
polated overburden model and the full band of data

Apply FWI to the target model on a fine grid using the virtual data

Estimated target model with
high-resolution features

Interpolate the inverted
model to a finer grid

Adjust the subsurface offset to in-
clude complete information

Include more complex
physics if needed

Figure 4.6: Workflow of our suggested TOI strategy.

retrieval on the smoothed overburden velocity, shown in Figure 4.4(a). Figure 4.5(a)

reveals that the retrieved virtual data are exposed to obvious distortions. The follow-

ing inversion result, shown in Figure 4.7(d), indicates the macro model is not capable

of guaranteeing a TOI result of similar resolution. Therefore it is still necessary to

deploy FWI to retrieve a sufficient amount of high wavenumbers of the overburden

model, even though only low frequencies are taken into account.
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(a) (b)

(c) (d)

(e)

Figure 4.7: The initial model for TOI (a). The inverted target velocity (b) using
virtual data retrieved by overburden FWI with the full band of data from 3 to 30 Hz,
(c) TOI using virtual data retrieved by low -frequency overburden FWI with the data
up to 15 Hz and (d) TOI on the initial model. (e) The true answer to the velocity in
the target zone.

4.4 Blind test on Chevron 2014 benchmark dataset

4.4.1 Inversion of the overburden on low frequencies

As demonstrated by the Marmousi example, our TOI strategy, which utilizes results

from the overburden FWI on a coarse grid indeed provides a more efficient way for

high-resolution localized model estimation. We further implement the same workflow

to a more realistic dataset, referred to as the Chevron 2014 blind test, i.e., apply-
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ing overburden FWI with low frequencies, then retrieving a virtual data using an

interpolated overburden model and the full band of data and, at last, implementing

a high-resolution FWI on target model. The dataset was released as a 2D marine

isotropic elastic synthetic seismic benchmark with free surface. There are 1600 sources

evenly distributed near the surface and 321 single-side hydrophone receivers for each

shot with a maximum offset of 8 km, as shown by white stars and dots, respectively,

in Figure 4.8(a). We extract 320 common-shot gathers (CSGs) to conduct our TOI.

The signal-to-noise ratio is acceptable at frequencies above 3 Hz. The configuration

of a virtual survey (at a depth of 4.5 km) is plotted in black stars and dots, and

we aim to obtain a high-resolution inversion for the deep target zone, which corre-

sponds to the shadowed portion of the model. We use a hybrid conjugate gradient

optimization for both the velocity inversion and virtual data retrieval. Figure 4.9(a)

shows the macro velocity model of the overburden, which is built by reflection wave-

form inversion (RWI) in the extended domain [46] with frequencies up to 15 Hz. We

use the macro velocity model as an initial model for overburden FWI using the nor-

malized correlation objective function [25]. Similar to the Marmousi example, we

obtained two overburden velocities using frequencies up to 15 Hz and 32 Hz with

grid sizes for FD modeling equal to 16 m and 8 m, respectively. Figure 4.9(c) shows

the high-frequency one that uses the low-frequency output as the starting model,

which is shown in Figure 4.9(b). Figure 4.10(c) shows the comparison between the

estimated macro velocity model and the provided well log data, which demonstrates

that the accuracy of the overburden model gets improved after the inversion. It is

expected to accurately represent the kinematics of the wave propagation in the over-

burden medium. The high-resolution FWI result (up to 32 Hz) starting from the

macro model exhibits a good match with the well information, which is shown in

Figure 4.10(d). To further demonstrate the reason we include model extension into

the RWI implementation, we show the comparison of regular RWI result at the well
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in Figure 4.10(a). Without extension, RWI fails to produce a velocity model that

matches the well, speaking of which the estimated velocity at the deep zone is higher

than the true answer. RWI with the model extension provides a plausible estimation

of the velocity model (shown in Figure 4.10(b)) that reveals more reasonable MVA-

like low-wavenumber information. Though the resolution is low, it actually performs

as a good starting point for RWI. Therefore, we reduce the extension dimension to

make the inversion becomes a regular RWI, which gradually includes low-to-middle

wavenumbers into the velocity model withmore accuracy, i.e., the final macro velocity

inversion shown in Figure 4.10(c).

(a)

Figure 4.8: The acquisition design of Chevron 2014 dataset. The original survey is
denoted by white starts and dots. The configuration of the virtual survey (at a depth
of 4.5 km) is plotted in black stars and dots. The red star and dots correspond to a
CSG, which will be used for data comparison in Figure 4.12(a). The velocity model
shown here does not necessarily reflect the true answer.

Using the overburden velocity estimated by high-frequency FWI, we retrieve a

virtual dataset at datum shown in Figure 4.11(a). We apply an l1-norm regularization

to the Green’s function to ensure reasonable sparsity and fewer numerical artifacts,

and thus, the inversion for the virtual dataset corresponds to the objective function:
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(a)

(b)

(c)

Figure 4.9: The initial overburden velocity (a) built by RWI with frequencies up to
15 Hz, the inverted velocity (b) using correlation-based FWI with frequencies up to
15 Hz and (c) FWI with frequencies up to 32 Hz.

min E =
1

2

∑

s,r

∫

dt|A[u(xs, x, t)+ ũ(xs, x, t)]− d|2 + λ|R∪(x ′

s, h, t)|. (4.11)

In our implementation, we incorporate the l1-norm regularization into our least-

squares optimization by simply updating the two terms with their gradients in a
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Figure 4.10: Comparison of the velocity profile at the well location: (a) the velocity
model estimated by RWI, (b) RWI withmodel extension and (c) followingRWI result,
which shows a good match with the provided well log data. It is supposed to provide
kinematics of the wave propagation in the overburden medium. (d) The FWI result
starting from the final inverted macro model corresponding to (c).

split fashion [41].

Since the original survey deploys single-side receivers, after the redatuming process

the energy is focused on the corresponding side in our virtual survey. We set the

max subsurface offset 2 km, which can retrieve most of the useful information, and

illustrated by the datum modeling result shown in Figure 4.12(a). The events modeled

from the datum show good match with their counterparts in original data, which

represent the wavefield induced by the scattering in the underlying medium. Based
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on the retrieved virtual data, we apply FWI on a fine grid of the target zone starting

from an initial model that is built in the process of inverting for the overburden,

which is shown in Figure 4.13(a). Again, we use the normalized correlation objective

function to mitigate the effects of the amplitude and aperture. We include density in

our TOI to absorb some dynamic effects of the elastic nature of this dataset [71, 4],

which has a larger impact on the deeper zone. The inverted velocity and density of

the target zone are shown in Figures 4.14(a) and 4.14(b), which reveal some details

of the underlying medium, like a potential fault. Figure 4.11(b) shows the data match

between the retrieved virtual gathers and the ones modeled from the TOI results.

We then substitute the interpolated velocity estimated by the low-frequency FWI

(Figure 4.9(b)) into the same redatuming process and following FWI on the local-

ized data, and obtain a high-resolution velocity of the target medium shown in Fig-

ure 4.15(a). The redatuming process and the following localized FWI deploy the

same grid size and time sampling. The result has reasonably good quality compared

to the one that is obtained by the virtual data retrieved with the high-frequency over-

burden FWI. For comparison, we apply FWI to the entire model using the original

data recorded on the surface and show the result of the target zone in Figure 4.15(c),

which also involves density into the inversion. As we can see, the inverted velocity

model has consistent structures with the TOI result using the virtual data retrieved

with the low-frequency overburden FWI. By applying our strategy of inverting the

overburden using only low frequencies, the computational cost of the overburden in-

version is reduced to about 7% of the FWI using a fine grid over the whole model

and the TOI costs less than 3%.

The computational complexity of the redatuming process is basically O(ns′ ∗nr′ ∗

n2
t) for a standard step (becomes O(ns′ ∗ nr′ ∗ nt ∗ log(nt)) using FFT); ns′ and nr′

indicate the dimensions of virtual sources and receivers. The redatuming can cost

only a fraction of the amount of a model inversion at a single step on a fine grid
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(a)

(b)

Figure 4.11: (a) The common short gathers of the virtual data retrieved by the in-
verted overburden velocity; (b) the data comparison between the retrieved virtual
data (gathers numbered by even) that have been flipped on offset and the corre-
sponding modeled data after TOI (gathers numbered by odd).

(O(nx∗nz ∗nt)), considering ns′ and nr′ are relatively small numbers, and redatuming

is performed as a linear inversion such that convergence is guaranteed.

Figure 4.15(b) shows the velocity estimated by our TOI using the virtual data

retrieved on the macro model in Figure 4.9(a). The macro model again fails to pro-

duce a satisfying TOI result compared to the one with the overburden FWI. The

macro overburden model estimated by RWI seemingly produces a reasonable result
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(a)

Figure 4.12: A side-by-side comparison of the recorded data (left half) and the re-
flections modeled from the datum (right half). The source and receiver coordinates
of the recorded data are denoted by red star and dots in Figure 4.8(a).

(a)

Figure 4.13: The initial velocity for TOI, which is taken from the target zone of the
macro model built by RWI.

that contains those main structures, while compared to the overburden estimation

based on FWI, the missing information in the overbuden model leads to lower reso-

lution and obvious loss of continuition in many areas. It can be easily recognized in

Figures 4.16(a) and 4.16(b), with an overburden model estimated by FWI, though

only using low frequencies, the TOI result contains more interpretable events and a

better flattened bottom layer, which is expected for this benchmark model.
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(a)

(b)

Figure 4.14: The inverted (a) velocity and (b) density of target zone using virtual
data retrieved by the overburden FWI with the full band of data.

4.4.2 Overburden velocity building aided by datum velocity

analysis

Measuring the objective of the MVA or RWI with model extension is based on the

fact that an accurate velocity model focus the reflection energy to the corresponding

imaging point. Similar to the focusing property of imaging, only with accurate kine-

matics provided, the datuming operation is able to collect the energy with limited

dimensions of the virtual data. Though the dimensions are controlled by the aper-

ture of the acquisition system, the investigation of them are intractable in practice,

especially when the overburden velocity is unknown. To obtain a convex optimiza-

tion shown in Figures 4.17(a), which is measured in our DWI, we need to define the

aperture of the virtual data, i.e., the dimensions of the subsurface offset and the time

lag, to wisely accommodate the energy of the surface data. Failure of doing so will

effect the misfit measurement and, thus, mislead the overburden velocity inversion.
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(a)

(b)

(c)

Figure 4.15: The TOI result using virtual data retrieved by (a) the overburden FWI
with frequencies up to 15 Hz and (b) the macro model built by RWI; the inverted
velocity of target zone (c) by FWI on the entire model space using the original data,
which takes density into account.

Figure 4.17(b) shows an example that improperly defined dimensions of the virtual

data lead to the minimal data misfit being measured at a wrong velocity, which will

cause our inversion converging to a solution of error to various extent. Therefore,

we aim at seeking a way to constrain the virtual data, as differential semblance opti-

mization (DSO) [88] that is applied to achieve MVA, to help the overburden velocity

building process. Similar to the purpose of gradually reducing the model extension in
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(a) (b)

Figure 4.16: The estimated velocity after TOI using virtual data retrieved by (a)
the macro model built by RWI and (b) the overburden FWI with frequencies up to
15 Hz. The black boxes indicate the zones that get improved resolution and better
continuity with the overburden model estimated by FWI.

our RWI implementation to reduce the ambiguity, but differently, we apply a penalty

term to deal with the potential aperture issue.

(a) (b)

Figure 4.17: Data misfit measured by a two-layer model test on different velocity
errors in the first layer using DWI (a) with properly defined dimensions of the virtual
data, (b) with randomly chosen dimensions.

Based on the two-layer model example, we realize that the sign of velocity er-

ror results in distinctive features in the retrieved virtual data. As we compare the

the virtual Green’s functions calculated with different errors that are shown in Fig-

ures 4.18(b) and 4.18(c), it is easy to recognize that the higher velocity cause more
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(a)

(b) (c)

Figure 4.18: The Green’s function calculated with different errors in the third layer
of the overburden: (a) with correct velocity, (b) with a velocity error of +0.3 km/s
and (c) with a velocity error of -0.3 km/s.

energy to be focused on the near-zero subsurface offsets and larger time lags, while,

on the opposite, the lower velocity spread the energy to larger offsets but shorter time

lags. These features show some kind of sensitivity of the virtual data to the over-

burden velocity and, therefore, show us the opportunity of recovering the large-scale

information (low-wavenumebr) of the velocity, which is corresponding to the kine-

matics. It makes sense that the datuming process is not keenly related to the small

structure, or high resolution, of the overburden model, as the information controlling

the dimensions and shapes of the virtual data is a collective effect of the media along

the wavepath diving all the way to the datum level. Therefore, we formulate our



154

overburden velocity optimization by including an additional term, being refered as

datum velocity analysis (DVA), which is shown below

min E =
1

2
‖A[u(c)+ũ(c, gd)]−d‖2+λ1‖(h2+t2)gd(x, h, t)‖2+λ2‖gd(x, h, t)‖1, (4.12)

where the second term is to penalize the energy at far subsurface offsets and larger

time lags, as we intend to use limited dimensions to represent as many as information

of the underlying medium that belongs to the surface data recording; the last term

is to make the Green’s functions sparse to get rid of the potential artifacts coming

from the boundaries, real elastic, multiples, etc; λ1 and λ2 are basically the weighting

factors, which control the balance between data match and penalty measurement. As

we can notice, the virtual data at zero time lag and zero offset receiver minimum

penalty as the energy peak should appear at the minimum time and offset, according

to the nature of the real Green’s function.

We apply our DVA aided overburden velocity optimization to the Chevron data,

and keep using the simultaneous inversion for both the datum and the velocity. The

penalty functions imposed to the virtual data are shown in Figure 4.19(b).

As we can see in Figure 4.20(a), our optimization relies on the reflections pro-

duced by the datum, thus the update of the overburden velocity is focused on the

low-wavenumber information, and it naturally gains more weight to the deep zone.

The velocity inversion result of our DVA aided optimization, which is shown in Fig-

ure 4.20(b), highlights the velocity changes at the gas cloud area. Compared to the

TOI result using virtual data retrieved by the macro model inverted by our RWI

with model extension (see Figure 4.21(a)), the model estimated by our DVA aided

optimization ends up with a TOI with improved resolution and details at many zones,

as well as a more continuous and flattened bottom layer.
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(a)

(b)

Figure 4.19: The virtual data (a) retrieved by our least-squares waveform redatuming
and the penalty functions (b) that are applied corrrespondingly.

4.5 Discussions

In this chapter, we applied our earlier developed least-squares waveform redatuming

approach for high-resolution TOI. Based on the relationship between the subsurface

wavefields and data on the surface, which we derived from reciprocity theory, the over-

burden model is essential to retrieve the survey-sinking virtual data when there is no

available seismic survey deployed at the datum. The currently developed redatuming
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(a)

(b)

Figure 4.20: The gradient for the overburden velocity (a) built by the reflection
modeled from the datum; (b) velocity inversion result of our DVA aided optimization.

techniques usually assume a macro overburden model that carries the kinematic in-

formation. However, it is still not fully clear how much details do we need to include

in the overburden model to estimate the wave propagation with enough accuracy for

redatuming. Overburden model information is especially crucial to the high frequen-

cies as high frequencies are more sensitive to the middle wavenumbers, and thus, the

absence of such information will distort the wave propagation, and thus, result in

errors for not only the multiples, but also the primary scattering. Such errors will

induce errors in the redatuming process and finally impact the inversion based on

the retrieved virtual data. Therefore, we use FWI to estimate the overburden model,

which is capable of solving for complex structures and strong lateral variations in the

overburden and, more so, it is the ideal approach to couple different wavenumber com-

ponents to compose a high-resolution model. Recent studies have demonstrated the

ability of FWI in correctly interpreting detailed structures, which leads to improved



157

(a)

(b)

Figure 4.21: The TOI result using virtual data retrieved (a) by the macro model
inverted by our RWI with model extension and (b) by the model estimated by our
DVA aided optimization.

resolution of seismic imaging [139].

In our benchmark example, RWI is used to estimate the macro overburden model,

which is expected to include more middle-wavenumber information than MVA and

provide a good stepping stone to FWI [47, 24]. Starting with the estimated low

wavenumbers of the overburden model, we proposed to apply FWI to the overburden

using only low frequencies. The strategy is based on the fact that FWI using low-

frequency data provides enough information to eliminate most of the multi-scattering

artifacts, which is consistent with our experience in seismic imaging, i.e., inmost cases,

slightly smoothed velocities produce images with more desirable resolution rather

than the velocities that already contain the high-resolution reflectivity information.

Moreover, compared to the current gradient-based FWI implementations using an

FD wave equation solver, it greatly reduces the computational cost. This is similar

to those studies on local solvers which also aim at saving memory and computational
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cost. Despite the common starting point of taking advantage of a localized wavefield,

our strategy, based on TOR, utilizes the retrieved virtual data to conduct a localized

inversion with the sources and receivers located on the top boundary of the local

domain, as if we implement a regular FWI. This allows us to deal with the overburden

and underlying media with different physics, e.g., the overburden may be handled

by an acoustic isotropic assumption, whereas the target inversion may adopt more

realistic considerations, like anisotropy. Otherwise, the overburden model building

(like manyRWI implementations) still requires significant amount of computation. To

improve the efficiency of such model building, we could utilize some preconditioning or

pseudo-inverse algorithms in RWI to accelerate its convergence; a frequency-domain

RWI or datum-based waveform inversion also helps reduce the cost of overburden

model building to some extent. Besides these techniques, we could also utilize some

recent developments, e.g., fast Helmholtz solvers and field expansion, since they also

can help address the issue of inaccurate starting models for FWI [34], possible more

efficiently.

The examples show the virtual data retrieved by our least-squares waveform re-

datuming allow for a high-resolution TOI giving results with very minor artifacts.

However, it should be noticed that our redatuming approach is derived from the Born

approximation, which ignores the scattering related to the interaction between the

overburden and underlying media. The results only indicate that our TOI strategy

most possibly works under the situations that the overburden medium is dominated

by the sediments, while it may be not valid with the presence of strong reflectivity,

like salt, especially when the strong reflectivities exist in both the overburden and

underlying media and they are close to each other. In this case, even the overburden

model inversion may become more complicated. We intend to study whether we need

to include the nonlinear term in the redatuming process and what resolution of the

overburden model is required. In addition, the aperture of the surface acquisition
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influences the overburden estimation. We should study whether we need to adopt

more complex physics in the overburden while keeping the cost reasonable.

The TOI scheme introduced in this work performs as a localized inversion based

on the retrieved virtual data. By solving a linear redatuming process, we significantly

reduce the parameter space of our seismic inversion. It allows for a different perspec-

tive to help address the large-scale nonlinear optimization problem, given by FWI,

compared to some previous studies that are focused on reducing the computational

cost of the gradient-based method by approximating the corresponding Hessian ma-

trix [74, 37]. Our TOI strategy can also be utilized for different applications, like

monitoring time-lapse changes in the reservoir where FWI becomes even more in-

volved.

4.6 Conclusions

We introduced a workflow for high-resolution estimation of the target medium based

on the FWI framework. The high-resolution FWI corresponding to the target zone is

applied on the virtual dataset at the datum, which is retrieved using a least-squares

waveform redatuming process. The data retrieval process relies on the overburden

model, which controls the accuracy of wave propagation from the Earth’s surface

to the datum level. With the Marmousi example, we first demonstrated that our

retrieved virtual data can be used to produce a high-resolution inversion of the target

medium. We, then, analyzed the features of our waveformredatuming and suggested a

strategy to reduce the computation cost of the overburden estimation, i.e., applying

FWI to estimate the overburden using only low frequencies in the data. We used

the Marmousi example to verify the low-frequency overburden inversion is able to

mitigate the artifacts caused by the overburden scattering. The proposed strategy

is then applied to the Chevron 2014 benchmark dataset to further illustrate the

performance of our TOI with the virtual data retrieved using the overburden model
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estimated using a low-frequency FWI.We started with a macro model obtained from

RWI, and compared the final inversion results of the deep target zone for overburden

models estimated using different bands of the data. The overburden model estimated

using FWI with low frequencies produced a virtual dataset that leads to a plausible

inversion result, which reveals more detailed structures of the target zone. The results

show good consistency with an FWI that is applied to the entire model, and thus,

further validates our TOI strategy can be utilized to improve the focusness of our

inversion on the deep targets.
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Chapter 5

Potential application: monitoring time-lapse changes

Although full waveform inversion (FWI) has demonstrated its potential to delineate a

reservoir, we still face two main challenges in realizing such potential, especially with

respect to the time-lapse applications. One of the challenges is to estimate a baseline

model that can accurately represent the common features of the subsurface medium,

which plays the role of a reference for measuring the time-lapse changes. The other

challenge is to implement high-resolution inversion that is needed to capture such

changes. Inspired by the latest development in redatuming techniques, we propose

a strategy to apply a time-lapse inversion that includes high-frequency data at a

reasonable cost. We use a common model approach using relatively low frequencies,

incorporating reflection waveform inversion (RWI), as well, to estimate a reference

model of the overburden. Then we implement an independent virtual data retrieval

and a localized FWI in the target zone. The time-lapse inversion with high frequencies

is, thus, adopted in a reduced model space. To address the artifacts caused by the

acquisition and noise, we incorporate a minimal model variation regularization into

our joint time-lapse inversion. We test our strategy on a land dataset and obtained

high-resolution results that highlight the time-lapse model changes.

5.0.1 Introduction

Monitoring time-lapse changes of the reservoir has recently become one of the major

objectives of seismic exploration [76, 132, ]. Full waveform inversion (FWI), incorpo-

rates the physics of wave propagation into the inversion process, and thus, offers an
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ideal path to invert for properties of reservoirs in geologically complex areas. How-

ever, inverting the CO2 injection related changes that happen in a small (and often

deep) area of the subsurface still has two major challenges. The first challenge is the

proper estimation of the reference (baseline) model that hosts the changes. The com-

mon model approach (CMA) utilizes the information contained within all available

datasets to build a reference model for time-lapse inversion with the least artifacts [51,

]. To guarantee the accuracy of our inversion, the baseline model needs to be kine-

matically correct, which means we need to estimate the low-to-middle wavenumbers

of the model correctly.

The second challenge is the inversion for time-lapse changes. Independent inver-

sion of baseline and monitor surveys, though preserve more information, does not

deliver sufficient resolution to capture the changes in the reservoir. Regularized joint

inversion for baseline and monitor data [63, ] results in higher resolution with double

the computational cost. Differential (double-difference) waveform inversion (DDWI)

was proposed to allow us to save cost and reduce the artifacts introduced in the

estimates of time-lapse parameter changes by imperfect inversion for the baseline-

reference model [120, 31, ]. [56] proposed a time-lapse inversion workflow, being

referred to as centered differential waveform inversion (CDWI), that combines the

CMA and DDWI approaches to benefit from both of their features. In this work, we

deal with a land seismic survey with limited aperture, which is a known challenge for

FWI itself, and only makes the time-lapse application even more challenging.

Current FWI algorithms are still extremely costly to perform over a subsurface

model space that is discretized consistently in a fine grid, regardless of any multi-

parameter consideration. A focus on the reservoir can be addressed through reda-

tuming, as we map our surface recorded data to a virtual survey just above the

reservoir region. [49] introduced a strategy to enhance the resolution of FWI at

the reservoir with a reasonable cost by splitting the entire model into overburden
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and underlying media, the latter of which is represented by the virtual data. The

workflow is based on building the overburden model using waveform inversion with

relatively low frequencies, followed by full-band virtual data retrieval, and then a

high-frequency target-oriented inversion on the virtual data. Overburden inversion

with low-frequency data is the key feature of the method that makes the entire loop

efficient. This strategy for the target inversion is even more beneficial to time-lapse

monitoring. Thus, we first build an overburden model, i.e., also the reference for

time-lapse inversion, with the summation of the baseline and monitor data. It is

based on the CMA, but differently as we only use relatively low frequencies. To

guarantee effective low-wavenumber updates for the reference model, we apply FWI

on the diving waves only, followed by reflection waveform inversion (RWI). Then,

based on the reference model, high frequencies are used to retrieve the virtual data

from both the baseline and monitor seismograms, and they are substituted into a

joint target-oriented FWI to obtain high-resolution target models correspondingly.

Using the waveform redatuming and target inversion, the time-lapse inversion is only

conducted on a reduced model space, which allows us to meet the high-resolution ob-

jective at a reduced computational cost. To mitigate the artifacts and highlight the

time-lapse changes, we include into our optimization a regularization to minimize the

variation between baseline and monitor model. Application to the land data results

in high-resolution delineation of the model difference.

5.0.2 Target-oriented time-lapse inversion strategy

Joint inversion for the baseline and monitor models plays an important role in moni-

toring the time-lapse changes. Considering the reservoir only occupies a small portion

of the entire model space, the recently developed target-oriented waveform redatum-

ing and inversion should fit in with the scope of time-lapse monitoring [49, ]. We

split the model space into the overburden and underlying parts, and the latter should
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contain the reservoir changes, which is embedded in the retrieved virtual data. The

first step, according to our strategy, is to build an overburden model, which is the

reference for the time-lapse inversion. With the data recorded at the same location,

we sum the baseline and monitor datasets and produce a single model that includes

common information for all available surveys [51, ]. The objective can be formulated

by measuring the L2 norm of the misfit, i.e.,

min E =
∑

s,r

∥

∥

∥

∥

dm,ref (s, r)−
dbase(s, r) + dmon(s, r)

2

∥

∥

∥

∥

2

, (5.1)

where dbase and dmon are the baseline and the monitor data; dm,ref is the modeled

data from the reference model. For the field data application, we actually formulate

our objective function based on the normalized cross-correlation. In practice, the

conventional baseline model inversion often suffers from the low signal-to-noise ratio,

which is now got improved by the summation of the two datasets. In this case, the

inverted model fits the average of the two datasets, especially since the expected

difference between the data is in the reservoir region that is out of the consideration

of the overburden.

We additionally incorporate a strategy of only inverting for low frequencies for

the overburden model to get mainly the kinematics right [49, ]. This strategy allows

us to further reduce the cost for the reference overburden.

5.0.3 TOI with minimum model variation regularization

After we invert for the overburden using low frequencies only, we perform a target-

oriented redatuming (TOR) and inversion (TOI) to estimate the time-lapse changes.

The TORprocess retrieves the virtual data for both the baseline and monitor datasets,

and then, localizes the following joint inversion on a small target region. The redatum-

ing calculates the two-side (both source and receiver) subsurface Green’s functions
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using the model-based scheme. The time-lapse inversion model space can be sub-

stantially reduced, covering only the location of the reservoir, and therefore, promise

to be affordable even for high frequencies. To suppress the artifacts caused by the

limited aperture and noise, etc., and highlight the time-lapse changes, we include a

regularization into our optimization that aims at minimizing the model variation and

ensure its sparsity. The misfit functional for our joint TOI is the given by:

min E =
∑

s,r

‖dm,base (s
′, r′)−dssbase (s

′, r′)‖2+‖dm,mon(s
′, r′)−dssmon(s

′, r′)‖2+λ‖cbase−cmon‖,

(5.2)

where the dm,base and dm,mon are the modeled data in the target region of baseline

and monitor model with the virtual source s′ and receiver r′; the superscript ss

indicates the redatumed virtual data. The third term in equation 2 is given by an

L1 norm of target model variation between the baseline and monitor models, and

it can be incorporated using a split-Bregman iteration method. To summarize, our

target-oriented time-lapse inversion follows the steps that are shown in Figure 5.1.

Baseline
data

Monitor
data

Average
Reference
inversion

Baseline
da-

tuming

Monitor
da-

tuming

Joint TOI

Baseline
model

Monitor
model

Time-
lapse

changes

low bandpass initial model

Figure 5.1: Our suggested time-lapse inversion workflow.

5.0.4 Application to Otway land field

The Otway land dataset is recorded by a repeated acquisition. We apply a 2D time-

lapse inversion to a single recording line to test the approach. There are 107 shots and

95 slightly buried receivers spread over a fixed 1.4 km line. The source spread region

is slightly larger than the receivers. Figure 5.2(a) shows one common shot gather,
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which reflects the complexity of the area and the data. We constrain ourselves to

an acoustic approximation and utilize objective functions based on normalized cross-

correlation to invert for the model. As the signal-to-noise ratio is acceptable above 7

Hz, we first use the average data with a bandpass filter between 7 and 15 Hz (shown in

Figure 5.2(c)) to apply a diving-wave FWI. Then a multi-scale RWI on three different

bands up to 30 Hz is applied to invert for the background model, which is followed

by an FWI on frequencies up to 30 Hz. The initial model, the RWI result and the

final FWI of the reference model are shown in Figures 5.3(a), 5.3(b) and 5.3(c),

respectively.

(a) (b) (c)

Figure 5.2: One common shot gather: (a) raw, (b) with bandpass filter applied
between 7 and 15 Hz and, (c) masked for the diving wave inversion of shallow zone.

Then, using the inverted reference model, we apply our waveform redatuming

to both the baseline and monitor data. We obtain two virtual datasets at datum

(see Figure 5.4(a)), the baseline part of which is shown in Figure 5.4(b). The data

with a maximum frequency of 120 Hz are used in our redatuming and time-lapse

inversion. The redatuming manages to retrieve some of the subsurface events (in

hyperbolic shape), but because of the limited aperture of the original survey and

the relatively low signal-to-noise ratio of deep reflectors, it is contaminated by noise.

In spite of the apparently poor signal retrieved at our virtual survey, the inherent

physical constraints on the model admit an inverted result that produces reasonable

reflections (shown in Figure 5.4(c)) that seem to match the energy in the virtual data.
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(a) (b)

(c)

Figure 5.3: The initial P-wave velocity model (a); the inverted background model (b)
after RWI and (c) the final FWI result for the reference model.

We perform our joint TOI on the retrieved virtual data with minimal model vari-

ation regularization. Minimizing the L2 − norm data misfit and the L1 − norm

regularization are performed in a split fashion and updated in a nested loop. Fig-

ures 5.5(b) and 5.5(c) show the joint inversion results for the target zone of baseline

and monitor, which exhibit common features in many areas. The time-lapse changes

can then be estimated by evaluating the difference between the base and monitor

models. When the weighting factor λ of the minimum model variation regularization

is set to 0.05, we obtain the changes in the P-wave velocity and density shown in

Figures 5.6(a) and 5.6(b), respectively. Compared to earlier inversion results of the

same field using VSP data [33, ], the estimated time-lapse changes here are located
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(a)

(b) (c)

Figure 5.4: The survey design (a) with the original sources and receivers denoted

by white stars and dots; the virtual dataset (b) retrieved from the baseline and
corresponding to the survey given by the black stars and dots, and the corresponding
modeled data (c) of the target zone after TOI.

slightly deeper by about 50m, which can be attributed to the common misties due to

anisotropy. On the other hand, the results here exhibit higher-resolution courtesy of

the higher frequencies included in the inversion.

5.0.5 Discussion and conclusions

Estimating the time-lapse changes that happen in a deep reservoir region intuitively

fits in with the spirit of target-oriented inversion. Our recently developed waveform-

based target-oriented redatuming and inversion strategy benefits the time-lapse in-

version objective in two aspects. Building the overburden model using relatively

low frequencies boosts the efficiency of the process. The resulting model with rela-
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(a)

(b) (c)

Figure 5.5: The initial P-wave velocity model (a), the joint inversion results for (b)
baseline and (c) monitor model at the target zone (indicated by the shadowed area
in Figure 5.4(a)).

(a) (b)

Figure 5.6: The time-lapse changes of the P-wave velocity (a) and density (b) that
are estimated by taking the difference between the joint inversion results for baseline
and monitor.

tively low resolution satisfies the redatuming requirement. The follow-up inversion

at the target over a small area can include the full band of the data and provide

high resolution. The minimum model variation regularization successfully highlights

the difference of the baseline and monitor model at the target zone and produces a

plausible estimation of the time-lapse changes for the field dataset used here.
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Chapter 6

Outreach: redatuming on multiples

Subsurface Green’s functions provide crucial information for the seismic imaging and

redatuming. A complete Green’s functions containing the primary reflections and all

orders of multiples can be utilized to mitigate artifacts in seismic redatuming and

improve the resolution of seismic imaging. As we know that in our least-squares

waveform redatuming implementation, we ignore the multiples corresponding to the

wavefield interation between the overburden and underlying media. Its contribution is

considerably trivial inmost cases, however, could be helpful in certain situations, e.g.,

when redatuming needs to deal with the complex wave propagation in the salt body.

In addition, multi scattering plays an essential role in imaging faults and structures

with large dipping angles. To illuminate such kindof structures is a practical challenge

with the commonly adopted surface acquisitions, and the energy of corresponding

multi scattering could be significant to some extent. Therefore, we also concern of

the redatuming algorithms that can handle the internal multiples. We introduce a

full waveform redatuming that estimate the ignored multiples based on our developed

optimization scheme, as well as a data-driven method for retrieval of the higher-order

scattering. Both of them are built on the reciprocity theorem.

6.1 Introduction

Seismic imaging of the Earth’s subsurface medium relies on Green’s functions between

the observation survey and the imaging points. The Green’s functions of primary re-
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flectivities can be easily retrieved from the recorded data using the providedmigration

velocity, which are commonly used in conventional imaging methods based on the sin-

gle scattering assumption. The higher-order scattering that are embedded in the data

as internal multiples end up showing as artifacts in the image, thus are often treated

as noise [14]. The internal multiples are generally with lower energy than the primary

reflections, however, they play an important role in improving our ability to image

complex structures, by providing additional illumination [64, 87, 143]. An accurate

estimation of the full Green’s function produces a high-resolution image with less ar-

tifacts [113], moreover, it provides the essential information to retrieve the subsurface

localized wavefields that can be very useful for target-oriented inversion [30, 103, 3].

Iterative substitution of the coupled Marchenko equations has been implemented to

retrieve the Greens functions from a single-side acquisition surface to an arbitrary

subsurface point [12, 117, 100]. Focusing functions and causality-based windows are

defined to solve the Marchenko equations. The preprocessed reflection response is

substituted into the multidimensional crosscorrelation iteratively to solve for the fo-

cusing functions, which are then used to calculate the Green’s functions. A direct

approach to recognize the internal multiples is offered by the three-step GIMI process

[143]. It originally proposed to improve the imaging of complex subsurface structures

that can be better illuminated by higher-order scattering. The second step of the

GIMI process, which is an interferometric crosscorrelation with the reflection data,

can be repeated to transform even higher orders of scattering into the leading order

term for imaging. [3] showed that GIMI can be utilized to image different orders of

multiples and they formulated a least-squares optimization to fit the multiple images

to the corresponding data.

The GIMI approach can be applied to subsurface wavefield estimation through

a separate optimization for different orders of multiple; besides that, it has similar

operations to the Marchenko iterative solver as they both rely on concatenated mul-
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tidimensional crosscorrelation. To find the relation between these two systems, we

derive an approximate solution to retrieve the Green’s functions directly from the

Marchenko equation, which can be regarded as a projected version. This new equa-

tion, though not an exact inverse, shares the same form of implementation as GIMI,

which simplifies the comparison. It weakens the role of the causality-based win-

dows that is designed to estimate the intricate focusing functions in the Marchenko

iterative approach. In this abstract, we propose two schemes to estimate the sub-

surface Green’s functions based on the derived equation. Similar to the Marchenko

approach, we can deploy an iterative scheme to retrieve the upgoing and downgoing

Green’s functions. Otherwise, benefitting from the knowledge we gained from GIMI,

we can estimate the Green’s functions related to different order scattering separately,

we refer to as a hierarchic solution. The adjoint operation can then be formulated

for the optimization of both schemes, which will help in producing cleaner virtual

Green’s functions. We also introduce a two-sided redatuming operation to retrieve

the subsurface scattering wavefield based on the two schemes. More detailed results

of the proposed least-squares optimization and the redatuming operations will be

shared in the presentation of the work at the meeting.

6.2 Generalized internal multiple imaging

Full Greens functions between image points and the recording surface are crucial to

constructing accurate subsurface wavefields and images beyond the single-scattering

assumption. A direct approach to do so is offered by utilizing the recorded data

combinedwith a background imaging velocity. The process includes extrapolating the

recorded data back in time followed by a simple interferometric cross-correlation of the

back-propagated wavefield with the recorded data. This interferometric step offers the

opportunity to extract subsurface Greens functions with first-order scattering forming

the transmission component, and the second-order scattering becoming the leading
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scattering term. A cross-correlation of the resulting, assumed upgoing, wavefield with

a forward modelled down going wavefield highlights the doublescattered reflectivity

in a process referred to as the generalized internal multiple imaging (GIMI). The

resulting image is vulnerable to cross-talk between different order multiples interacting

with each other. Thus, we develop the adjoint GIMI operation that takes us from the

image to the data, and use it to formulate a least-squares optimization problem to fit

the image to the data. The result is reduced cross-talk and cleaner higher resolution

multiscattered images. We also extract space extensions of the image, which offers the

opportunity to evaluate the focusing capability of the velocity model, and formulate

updates for that model based on double scattering. We show the features of this

approach on the modified Marmousi model.

6.2.1 Theory

Interferometry provides a way to extract such Greens functions for the additional

wave paths directly from the data. Using the Marchenko algorithm, an iterative

imaging procedure has been suggested by Behura et al. (2012) to image all internal

scatterings including the single-scattering energy. This iterative procedure does not

allow for separate imaging of different orders of multiples, and it also requires man-

ual muting of anticausal events after crosscorelation. This makes the method very

involved (van der Neut et al. 2015). Zuberi & Alkhalifah (2013, 2014b) proposed

an interferometric approach that utilizes directly the Born series, that is, they do

not make any assumptions about the geometry of the velocity perturbations. Their

approach, referred to as the generalized internal multiple imaging (GIMI) process, im-

ages any order internal scattering, separately. The GIMI process relies solely on the

background Greens function based on a smooth (migration) velocity model, which we

often use in conventional imaging. The additional computational cost inGIMI is an

interferometric cross-correlation of the surface seismic data with the back-propagated



174

data. The number of cross-correlations required is one less than the order of the term

in the Born scattering series (or equal to the order of the internal multiple) we intend

to image. However, GIMI is hampered by crosstalk, and beholden to the weak scat-

tering assumption. The cross-talk is the result of cross-correlations of events that are

not related to each other. The small velocity perturbation assumption was, however,

necessary for the convergence of the Born scattering series. Aldawood et al. (2015)

attempted to modify parts of GIMI with a least-squares optimization to handle the

cost. Though the approach provided clean double and higher order scattered images,

it was prohibitively expensive, as the least-squares optimization involved the subsur-

facewavefield not the image. Considering the interferometric implementation, GIMI,

like the Marchenko approach, also requires the sources and receivers cover the same

surface. A lack of good coverage is expected to degrade the interferometric imple-

mentation and yield artifacts, similar to those faced by conventional imaging when

we are at the edge of the acquisition, and the stationary solution necessary to build

the reflector is not captured.

We try to mitigate some of GIMIs limitations by formulating a GIMI process based

least-squares optimization in which we fit the different order multiple images to the

data. To do so, we derive the adjoint GIMI operation that takes us from the image

to the data. In the process of doing so, we analyse the different steps of the GIMI

procedure, and suggest additional applications for some of the features we highlight.

Such analysis will be demonstrated on a simple model to help us understand the

process. We will also develop the adjoint process necessary to formulate a least-

squares implementation of GIMI. A more complicated application using a modified

Marmousi model follows.

Our objective in this section is to review the GIMI process and highlight some of

its features with a simple model example. The model is made up of two homogeneous

layers, as shown in Figure 6.1(a), with a vertical reflector in which single-scattered
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waves from that reflector will not be captured along our recording surface. This

model is representative of a fault or a Salt flank, and is sampled at 0.01524 km in

both directions requiring 200 samples laterally and 100 vertically. The velocity of the

first layer is 2.4 km/s and the second layer 2.7 km/s. Using a Ricker wavelet with a

peak frequency of 18Hz, we generate synthetic data using a finite-difference scheme

for an acoustic isotropic constant-density medium. The data correspond to 21 shots

and 100 receivers both equally sampled to cover the surface area of the model. This

amounts to a receiver spacing of 30m and a coarse source spacing of 150 m. Fig. 1(b)

shows a representative shot gather for a source located at 2.286 km, highlighted in

Figure 6.1(a). The later reflection prominent on the right-hand side of the section

corresponds to double scattering from the vertical reflector.

source

image point

receiver

(a) (b)

Figure 6.1: (a) The velocity model with an example double-bounce ray path that
could image the vertical reflector. The image point location will be used to analyse

the GIMI procedure. (b) A shot gather corresponding to the shot point location in
(a).

The GIMI process is capable of imaging internal multiples of any order. The

key is an interferometric step that translates the energy from higher order scattering

to become the leading scattering term. The main requirement is that the sources

and receivers cover the same surface, preferably sampled well. Thus, as introduced

by Zuberi & Alkhalifah (2014a), the GIMI process to image doublescattered energy
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includes three steps:

(i) Back propagate the recorded data from the surface to the model points.

(ii) An interferometric cross-correlation of the back-propagated wavefield with the

recorded data over sources.

(iii) Zero-lag cross-correlation of the interferometric data with modelled data from

the surface.

The result is a function of the medium containing reflectivity corresponding mostly

to double-bounce events. It also contains artifacts caused by higher-order scattering

(cross-talk) and low-frequency energy corresponding to the first-order scattering. The

key step here is the middle interferometric step. The other steps are similar to what

we do for the single-scattering imaging process, such as reverse timemigration (RTM).

A repeat of the interferometric cross-correlation between the output from step 2 and

the data on the recording surface over receivers highlights triple scattering as the

leading scattering term.

To demonstrate the physical meaning of these operations, we track the evolution

of wavefields after every step of GIMI for the model shown in Figure 6.1(a). In the

imaging process,we use the velocity of the first layer (2.4 km/s). In mathematical

terms, we can write the three steps, constituting GIMI, in three equations starting

with the conventional back propagation of the recorded reflections corresponding to

up going wavefields, R− (a shot representation is given in Figure 6.1(b)), to obtain

the mainly upgoing wavefield (superscript -) from the sources, to the image point, x:

G−

xs = Gb∗
rxR

−

rs , (6.1)

with the Einstein summation notation used over receivers r, and Gb∗
rx is the complex

conjugate (superscript ∗) of the background Greens function from s to r. This is

equivalent to the first step of RTM. Figure 6.2(a) shows such wavefields for the image
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point shown in Fig. 1(a) as a function of sources and time. The resulting wavefieldG−

xs

is not purely upgoing as it contains even down going waves and other events, but what

we care for, and try to isolate, the double scattering, is upgoing. In the Marchenko

process, with an opposite side implementation (source side), the directionality of the

waves is isolated using the causal and anticausal parts of the correlation process along

with muting in an iterative fashion (van der Neut et al. 2015). Here, we will try to

make things simple. Thus, we next perform the interferometric step given by

G−

rx = R−

rsG
−∗

xs , (6.2)

with the Einstein summation notation,which constitutes here a summation over sources.

This step, as described by Zuberi & Alkhalifah (2014a), moves the second-order scat-

tering term to be the leading scattering term heading in the upward direction (thus,

the negative sign inG−

rx). Meanwhile, the first-order scattering term will be propagat-

ing downwards, such as those we experience with diving waves. Figure 6.2(b) shows

the result of this step for the same image point shown in Fig. 1(a), but now as a

function of receivers and time. The corresponding background down going wavefield,

Gb∗
rx , is shown in Figure 6.2(c).

(a) (b) (c)

Figure 6.2: (a) The function G−

xs, (b) The function G−

rx and (c) The function Gb∗
rx.

All three functions plotted for the image point in Figure 6.1(a).



178

Finally, the imaging condition for double scattering

Ix = Gb+∗

rx G−

rx , (6.3)

which includes a summation only over receivers. The Einstein summation notation ap-

plies only on sources and receivers. With respect to image parameter x, the repeated

notation constitutes a dot product. The result is an image of the second-order scat-

tering as a leading termof the scattering series,marredwith low-frequency wave path

energy between the recording surface and the reflectors, as shown in Figure 6.3(a).

(a) (b)

Figure 6.3: (a) The image Ix and (b) the image Ix after a low-cut filter.

Such wave path energy often has more intensity than the second-order reflectivity

image, as they come from the primary reflections. These wave path low-wavenumber

components of the image can be removed in many ways, including using a Laplace

filter, separating up and down going wavefields prior to cross-correlation, or some in-

novative imaging conditions, such as the inverse scattering imaging condition (Whit-

more & Crawley 2012).We use a simple 2-D low-cut filter to obtain Figure 6.3(b),

which highlights the double-scattering reflectivity. To obtain higher order scattering

images, the middle step in GIMI is replaced by

G−

rx = [R−

esG
−∗

xs ]
∗R−

re , (6.4)
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which will highlight triple scattering. Here, e is a dummy subscript variable rep-

resenting either sources or receivers, and thus, adheres to the Einstein summation

notation. The same holds for v for fourth-order scattering:

G−

rx = R−

rv[[R
−

esG
−∗

xs ]
∗R−

ve]
∗, (6.5)

and so on. The only weakness in this direct process for imaging is the crosstalk

as the upgoing wavefield G−
xs is not purely upgoing and contains additional events.

In fact, if we look closely to Figure 6.3(b), we realize that we have some artifacts

and the resolution is low, both of which we hope to address using a least-squares

implementation. The low resolution is also attributable to the coarse shot sampling

used in this demonstration, and the average larger scattering angles involved in double

scattering (Wu & Toksoz 1987).

An adjoint operation can be formulated by recognizing that the interferometric

step remains the same, with replacing the summation over sources with a summation

over receivers. Since the other two steps of GIMI constitute single-scattering imaging,

the adjoint is mainly given by Born scattering (Pratt & Shipp 1999). Thus, for the

adjoint, we have the following three steps:

G−

rx = Gb+
rx Ix, (6.6)

which isolates the source wavefield at the image locations, and, with the principle of

reciprocity, we care mainly for the part heading upwards as it is scattered. In classic

Born scattering (or more accurately demigration), G−

rx is the source of the scattered

wavefield so we convolve it with aGreens function from the image point to the surface,

Gb
xs(R

−

rs = G−

rxG
b−
xs ) . Since the image pertains to double scattering, we first pass
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G−

rx through the interferometric step:

G−

xs = G−∗

rx R
−

rs, (6.7)

Finally, we convolve it with the background Greens function from the image point to

the receiver:

Rm
rs = Gb−

rxG
−

xs, (6.8)

which is the forward propagation ofG−

xs from x to r. Figure 6.4(a) shows the modelled

data from the double-scattering image shown in Figure 6.3(a). Note that the adjoint

will approximately reproduce the full data, even though the image corresponds to

mainly the double scattering, as the single scattering resides in the wave path parts

of the image. We will only miss the direct arrivals (zero scattering). If we apply the

adjoint on the filtered image in Figure 6.3(b), we obtain data corresponding mainly

to the double-scattering term.

(a) (b)

Figure 6.4: (a) The modeled data from the double-scattered image in Figure 6.3(a)
for the shot location shown in Figure 6.1(a); (b) same as (a) starting from the filtered
image in Figure 6.3(b). In both cases, the constant velocity of the first layer was used
for modelling.

After 20 iterations of least-squares optimization, we obtain the image shown Fig-

ure 6.5(a). It is free of artifacts and has higher resolution compared to Figure 6.3(b).
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(a)

Figure 6.5: The least-squares image

6.2.2 The least-square implementations

We test the least-squares GIMI on part of a modified Marmousi model. We will

focus on the shallow part of the original Marmousi model where the multiscattering

tends to be more evident. Fig. 7(a) shows the Marmousi inspired model in which

data were simulated. We expect reflections from the sloping faults to be a source for

double-scattered wavefields, as demonstrated in Fig. 7(b). Fig. 7(c) shows a linearly

increasing with depth velocity model often used as an initial model for full waveform

inversion (FWI). Meanwhile, Fig. 7(d) shows a smoothed version of the Marmousi

model, which is a model we often strive to use in imaging, and we expect a successful

FWI implementation to provide us with such a model.

Unlike the linearly increasing model, this model is expected to be kinematically

accurate resulting in a focused image. The linearly increasing model is used to high-

light some of the features of the zero-scattering wave path image and the image with

subsurface space extension in the case of an inaccurate velocity. We, initially, show

the GIMI process for an 18Hz peak frequency data, as data can be better displayed

and analysed for such lowfrequencies. Later, we show final results for the 30 Hz peak

frequency data, which are frequencies closer to what we often image in practical ap-

plications. For comparison, we apply a conventional RTM using the smooth velocity

model on the 18 Hz peak frequency data. The resulting image is shown in Fig. 8(a).
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(a) (b)

(c) (d)

Figure 6.6: (a) The modified Marmousi model used to model the recorded data,
(b) the region (white dashed lines) demonstrating schematically where the double
scattering may occur, (c) a linearly increasing velocity model and (d) a smoothed
version of the Marmousi, which is kinematically accurate as it is used for imaging.

Most of the reflections are accurately positioned reflecting the kinematically accurate

nature of the velocity model in Fig. 7(d). Contrast that with the RTM result shown

in Fig. 8(b), using the linearly increasing velocity model in Fig. 7(c). Clearly, the

smoothed Marmousi velocity model admitted an overall accurate image reflecting its

accurate kinematic representation of the model, whereas the linearly increasing ve-

locity model admitted a poorly focused and positioned image. Nevertheless, though

some of the fault reflections were illuminated using the smooth Marmousi velocity

model, many of the fault reflection energy were missing with this single scattering

imaging algorithm, even with a kinematically accurate velocity model.

In the application of GIMI, as we stated earlier, the single scattering reflections

transform to zero scattering, while the double scattered reflections become the lead-
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(a) (b)

Figure 6.7: The RTM image calculated using (a) the smoothed velocity and (b) the
linearly increasing velocity.

(a) (b)

Figure 6.8: (a) The image corresponding to GIMI using the smooth velocity in Fig. 7
(d) (after the first iteration of the least-squares optimization) and (b) the Laplacian
filtered version of the image.

(a) (b)

Figure 6.9: (a) The image corresponding to the least-squares GIMI using the smooth
velocity (after the first iteration of the least-squares optimization) and (b) the Lapla-
cian filtered version on the image.
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ing scattering term. As a result, Fig. 9(a) shows the unfiltered GIMI image (first

iteration) using the smoothed Marmousi velocity model. Fig. 9(b) shows the result

after the application of a Laplacian filter to mitigate the wave path updates (similar

to what we apply to remove the low-frequency artifacts from diving waves in conven-

tional imaging). The fault reflections are dominant in this image as they correspond

to double scattering. Also, as discussed before, we see some artifacts courtesy of the

cross-talk. The least-squares optimization of the image yields unfiltered images in

Fig. 10(a), with the Laplacian filtered version shown in Fig. 10(b). We will use

colour plots for unfiltered images to highlight the background energy, and the grey

scale for the filtered images to highlight reflectivity. The energy in the unfiltered

version illuminates most of the model, which bodes well for any wave path based

inversion update. As mentioned earlier, they also constitute most of the energy in

the data as they correspond to primaries. The filtered image shows higher resolution

and more double-scattering energy, which includes other components of the double

scattering. In both the single iteration GIMI and the least-squares version, the fil-

tered image displays the regions in which double reflections occur as demonstrated

schematically in Fig. 7(b). To assess the quality of the least-squares optimization,

we compare a shot gather from the original data (Fig. 11a) with that modeled from

the unfiltered inverted image (Fig. 11b). As expected, the image reproduced most of

the data elements including the single- and double-scattering reflections. If we model

the filtered image, which corresponds to the double scattering, we obtain the data in

Fig. 11(c). This feature separates GIMI from the Marchenko method, where scat-

tering order separation is not possible.We also display the objective function, shown

in Fig. 11(d) corresponding to the difference between the original data and the ones

modeled from the inverted unfiltered image, as it decreases with iterations. Conver-

gence to 30 percent misfit is achieved around the 13th iteration. A closer look, by

extracting near offset traces from Figs 11(b) and (c), and comparing them to the
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original data at the same location, which is shown, respectively, in Figs 12(a) and

(b), reveal the amount of fitting we managed to achieve. Modelling from the filtered

image reproduces events mainly corresponding to double scattering, but also events

corresponding to single scattering that were not properly filtered.

As a result, the amplitude is much lower. For potential wave path update ap-

plications, such as in reflection waveform inversion, we also show the inverted image

corresponding to the linearly increasing velocity model unfiltered (Fig. 13a) and

filtered (Fig. 13b). The energy and the resolution of the wave path update are in-

dicative of the inaccurate velocity model used in the imaging. The filtered image

reveals the mispositioning and reduced focusing of the double-scattered events. For

velocity inversion applications, the residuals between the observed and predicted data

are fed into GIMI with proper scaling to obtain velocity gradients. In fact, if we filter

the image to maintain only the smooth part, which is an inverse filter to the one used

to highlight the image, we obtain the smooth update shown in Fig. 13(c).

For the 30 Hz data, we show the RTM image in Fig. 14(a). The higher resolution

image is courtesy of the higher frequencies involved in the imaging. The least-squares

image for single scattering is shown in Fig. 14(b). A mild increase in resolution

and energy can be observed throughout. However, like before, the reflections from

some of the faults are missing. The least-squares second-order inverted image after a

Laplacian filter is shown in Fig. 14(c). This image managed to capture the reflectivity

corresponding to two bounces. However, the resolution of the double-scattered image

is expected to be lower than that in the single-scattered image due to the larger

average opening angles involved in double-scattered reflections as demonstrated in

Fig. 7(b). Nevertheless, we directly sum the single- and double-scattered images

to obtain a more complete image shown in Fig. 14(d). The new image shows an

overall increase in illumination, especially for those reflectors that would have not been

illuminated from single scattering. Specifically, the right dipping faults throughout
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(a) (b)

(c) (d)

Figure 6.10: (a) A shot gather (divingwave suppressed) from the true Marmousi for a
shot located at 1.5 km, (b) the shot gather modeled from the unfiltered image in Fig.
10(a) using the adjoint GIMI, (c) The shot gather modeled from the filtered image
in Fig. 10(b) using the adjoint GIMI and (d) the objective function per iteration.

show a pattern of continuous energy along the fault (the magnitude of derivative of

the image along the faults is comparably small), indicative of their reflection energy

being imaged, as opposed to relaying on the breaks in sediments to identify faults.

To illustrate the ability of GIMI to improve the imaging of a complex top-of-

the-salt structure, we use a piece of the Sigsbee model, shown in Fig. 16(a), which

includes a steep valley. We expect considerable multiscattering from the flanks of

the valley. The dashed line highlights the location of the salt boundary,whichwe will

use to evaluate the RTM and GIMI imaging accuracy. Of course, the focus here is

the double scattering from these flanks and their impact on the image. For imaging,
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(a)

(b)

Figure 6.11: A trace, given in solid blue, from the near offset part of Fig. 11(a); (a)
The same location trace, in dashed red, from Fig. 11(b) corresponding to modeling
from the full image shown in Fig. 10(a); (b) the same location trace, in dashed black,
from Fig. 11(c) corresponding to modeling from the filtered image shown in Fig.
10(b).

(a) (b) (c)

Figure 6.12: (a) The image corresponding to least-squares GIMI using the linearly
increasing velocity in Fig. 7(c), (b) The Laplacian filtered version on the image and
(c) the wave path version by filtering out high wavenumbers.

we use a smoothed version of the velocity model, as shown in Fig. 16(b), which do

not induce any scattering of its own. Fig. 17(a) shows the single-scattering image,

obtained using a least-squares RTM. This image is focused on the primary data. The
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(a) (b)

(c) (d)

Figure 6.13: (a) The 30 Hz RTM image using the accurate velocity model shown in
Fig. 7(d), (b) the least-squares image using the same velocity model, (c) the least-
squares first-order GIMI image and (d) the sum of the least-squares RTM and GIMI
images.

valley though clearly imaged, the image does not reflect the true shape of the valley, as

most of the recorded energy corresponding to the valley is captured by sensors above

the valley and corresponds to double scattering. On the other hand, the least-squares

GIMI image, shown in Fig. 17(b), contains the transformed to zero-order primary

reflections and the double-scattering part as reflectivity. A Laplacian filter highlights

the reflectivity part, as shown in Fig. 17(c). The position of the reflectors of the top of

the Salt in the valley is more accurate with higher resolution in the double-scattered

image. The conventional RTM also captures that reflectivity, but it is relatively weak

compared to the mispositioning of the stronger double-scattered events. The direct

summation of the two images will enhance the accuracy of the reflectivity of the Salt



189

top, but will not remove some of them is positioned salt valley reflectivity coming

from the single-scattering image, as demonstrated in Fig. 17(d). The bottom of the

valley would most probably require triple or higher order scattering to perfect.

(a) (b)

Figure 6.14: (a) A part of the Sigsbee model that includes a valley. The dashed line
maps the top of the salt. (b) A smoothed version of the model for imaging.

6.3 Subsurface Greens function retrieval with internal mul-

tiples

To fulfill this goal of retrieving complete Green’s functions, some data-driven ap-

proaches using one-sided recorded data from the Earth’s surface and a smooth mi-

gration velocity of the reference medium were developed. Among these approaches

an iterative scheme was proposed using the multidimensional Marchenko equation

based focusing functions. The iterative Marchenko approach is intrinsically designed

to retrieve the coda of the focusing functions, which is supposed to handle all the

internal multiples. The estimated focusing functions are then utilized to calculate

the Green’s functions by a crosscorrelation step. Inspired by the generalized internal

multiple imaging (GIMI), we propose an approach that directly retrieves the Green’s

functions, instead of solving for the focusing functions. In the GIMI process, the

reflection data are projected into the subsurface using the transmission information,

followed by an interferometric step, which is similar to the multidimensional crosscor-
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(a) (b)

(c) (d)

Figure 6.15: (a) The least-squares RTM image, (b) the least-squares GIMI full image,
(c) after Laplace filtering and (d) the direct summation of the RTMand GIMI images.
The dashed blue line shows the location of the top of the salt.

relation of the Marchenko implementation. Thus, we derive a projected Marchenko

equation from the relation between the Green’s functions and the focusing functions,

which reveals a clear connection to the GIMI. The new formulation offers an oppor-

tunity to solve for the Green’s functions using an iterative scheme or by dealing with

different orders of scattering, separately (a hierarchic approach). We introduce these

two schemes and the corresponding adjoint operations, which enable us to adopt an

optimization for data fitting. The basic performance of the two schemes are demon-

strated on synthetic examples for the purpose of redatuming.
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6.3.1 A projected Marchenko equation

We begin with the relation between the subsurface Green’s functions and the focusing

functions that is derived from the reciprocity theorem [116]:
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where the Green’s functionsG are related to the focusing functions f through a matrix

composed of the reflection data R. The superscript − and + indicate upgoing and

downgoing wavefields, respectively. Instead of applying a causality-based window to

solve the focusing functions, we aim to directly estimate the Green’s function by

multiplying a matrix

A =
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to both sides of the equation, which gives
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The window function Ψ is designed to preserve the first arrival and the events after,

thus gives Ψf− = 0 and Ψf+ = f+1,0, in which f+1,0 represents the transmission compo-

nent [100]. Based on the observation that the inverse matrix is diagonally dominant,

we approximate it with an identity matrix, then we can rewrite equation 6.12 as







Ψ 0

0 Ψ













I R
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, (6.13)

where f+1,0 can be computed using the migration velocity. We notice that equation 6.13

offers a direct estimation of the Green’s functions without retrieving the focusing

functions; meanwhile it does not require from us to deal with various combinations

of window functions. The equation can be solved by calculating the least-squares

inverse of the matrix A, otherwise the Green’s functions can be inverted using an

iterative solver. A synthetic model with layered density (shown in Figure 6.16(a)) is

used to analyze the performance of this projected equation.
Real Medium
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Figure 6.16: The layered density model (a) with the acquisition geometry, (b) a
smoothed version of the model and the datum point to evaluate the Green’s function
retrieval.

The inverted upgoing and downgoingGreen’s functions are shown in Figure 6.17(a),

the summation of which provides a reasonably good match to the Green’s function

calculated using the true medium. For comparison, we show the inverted results

using preconditioned Marchenko equation [98] in Figure 6.17(c). Figures 6.17(b)

and 6.17(d) show the comparison for a trace, which indicates that the projected equa-

tion achieves reasonably accuracy, except with some small amplitude error compared
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to the inversion-based Marchenko solution.
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Figure 6.17: The Green’s functions retrieved by (a) the new projected equation and
(c) the preconditioned inversion-based Marchenko; (b) and (d) are the comparison
between the full Green’s function and the estimated ones corresponding to (a) and
(c). The full Green’s function is shown in blue solid and the estimated is in red dash.

6.3.2 Iterative and hierarchic solutions

Though by solving the inverse ofA we can obtain an approximate full Green’s function

estimation, in practive we rarely get the ideal data survey we need and the perfectly

processed reflection response. On the other hand, we can take advantage of the

iterative scheme to find an alternate optimization for the Green’s function, which can
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be connected to the subsurface wavefield description based on GIMI. To retrieve the

Green’s functions by an iterative approach, we write equation 6.13 as







Ψ 0

0 Ψ













−G− + RG+∗

−R∗G− + G+∗






=







0

f+1,0






. (6.14)

The window function Ψ becomes trivial in the projected equation, as it simply pre-

serves all the physical events. We thus mute Ψ in the following equations to abbreviate

the expression. We have 













G− = RG+∗

G
+∗ = R

∗
G

− + f
+

1,0

. (6.15)

Initializing the downgoing Green’s function by f+1,0, we obtain for the first iteration















G+∗

0 = f+1,0

G−

0 = RG+∗

0 = Rf+1,0

, (6.16)

which represents the first arrivals and primary reflections at the datum point, then

we obtain the equations for the next two iterations as
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1,0 +R∗RR∗Rf
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G−

2 = Rf+1,0 +RR∗Rf+1,0 +RR∗RR∗Rf+1,0

,

(6.17)

and so on. These multidimensional crosscorrelation terms in the iterative solver

correspond to the concatenated interferometry correlation of GIMI. [143] has proved,
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using the Born series, that repeating the multidimensional crosscorrelation to the

reflection response actually transforms the energy of higher-order internal multiples

to become the leading scattering term. Finally, the GIMI approach can image any

order scattering, separately. Now, we have the iterative solver of equation 6.13, as

well as the hierarchic solution to retrieve the Green’s functions related to different

orders of multiples















Gm+∗

k = (R∗R)k f+1,0

Gm−

k = RGm+∗

k = R (R∗R)k f+1,0

, (6.18)

where the superscript m indicates the hierarchic solution. We apply the iterative

and hierarchic solvers to the Marmousi model with variable density, shown in Fig-

ure 6.18(a). The recording is assumed on the surface, denoted by black stars (shots

and receivers share the same geometry to satisfy the reciprocity requirement); the

datum survey is in at depth 2.5 km. Figures 6.19(a) and 6.19(b) show the smoothed

velocity used for the Green’s function estimation and the window function Ψ com-

puted from it. The upgoing and downgoing Green’s functions calculated by the

iterative approach at the first iteration are shown in Figure 6.20(a); the results of the

second iteration are shown in Figure 6.21(a), followed by a summation, which we can

then compare with the full Green’s function in Figure 6.20(a). There are differences

and some artifacts in the retrieved full Green’s function, which we hope to mitigate

in an optimization formulation.

6.3.3 The adjoint operations

[3] introduced the adjoint GIMI operation, based on the interferometric step, to gen-

erate the multiples from the corresponding high-order scattering images. Therefore,

an optimization using a least-squares data fitting is developed to produce the sepa-

rated images with higher resolution and less artifacts. The adjoint operation of the
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(a)

Figure 6.18: Marmousi velocity model with the acquisition geometry.

(a) (b)

Figure 6.19: The smoothed model (a) used to calculate (b) the window function Ψ.

iterative solution used to fit the data is given by

Rk = G+
k G

−

k , (6.19)

which can be expanded in terms corresponding to different orders of scattering, e.g.

R2 = G+

2
G−

2
= f+∗

1,0Rf+
1,0

+ f+∗

1,0R
∗RRf+1,0 + f+∗

1,0RR∗Rf+1,0 + f+∗

1,0R
∗RRR∗Rf+1,0,

(6.20)
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(a)

Figure 6.20: The full Green’s function and the upgoing and downgoing Green’s func-
tions calculated by the iterative approach at the first iteration.

(a)

Figure 6.21: The upgoing and downgoing Green’s functions calculated by the iterative
approach at the second iteration and their summation, which is supposed to match

the full Green’s function.

where f+∗

1,0Rf+1,0 reproduces the energy for single scattering, after that the secondary

leading term f+∗

1,0R
∗RRf+1,0 corresponds to the interaction between the single scatter-
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(a)

Figure 6.22: The downgoing Green’s function calculated by the iterative approach,
and the ones related to second- and third-order multiples by the hierarchic approach.

ing and the source of first-order multiple, which consists of double scattering, and

then the last term induces higher-order scattering. Therefore, we have the adjoint

operation that transform different orders of the subsurface Green’s functions to the

corresponding multiple reflection in the data:

Rm
k = G+

0 G
m−

k , (6.21)

which is consistent with the finding of [3]. The adjoint operationcan be used to elim-

inate the crosstalk artifacts by deploying an least-squares optimization.

Figure 6.22(a) shows the retrieved downgoing Green’s functions containing the sepa-

rated multiple scattering. Using the adjoint operations for the iterative scheme and

the hierarchic solution, we reproduce the data representing the full scattering from

below the datum and the one related to the second-order scattering, which are shown

in Figure 6.23(a). The window function Ψ attenuates all the unphysical events from

the overburden scattering.
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(a)

Figure 6.23: The observed reflection data, the modeled data using the adjoint for
iterative full Green’s function retrieval (after second iteration) and the adjoint for
hierarchic approach of second-order scattering.

(a)

Figure 6.24: The downgoing and the upgoing Green’s functions calculated of the first
order, and the corresponding upgoing Green’s function by least-squares inversion.

Though most of corresponding events in the data are reproduced by the multidi-

mensional convolution, there are noticable quality degrading and artifacts, which are

possibly caused by the crosstalks. The adjoint operation enable us to implement a

least-sqaures optimization to improve the Green’s function retrieval, which could be

useful in field cases that that real data have noise and difficulty in wavelet estima-

tion. Figure 6.25(a) shows a side-by-side comparison of the observed reflection data,

the modeled data using the adjoint of iterative full Green’s function retrieval (after
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(a)

Figure 6.25: The observed reflection data, the modeled data using the adjoint for iter-
ative full Green’s function retrieval (after the first iteration) and the adjoint wavefield
using inverted downgoing and the upgoing Green’s function.

first iteration) and the adjoint wavefield using inverted downgoing and the upgoing

Green’s function. Some of the modeled events emerge after the inversion, and the

entire shot profile has a better balance in energy. To model the full adjoint wavefield

of second order, we can first calculate the multidimensional convolution of the hier-

archic Green’s functions retrieved at the second order, which is added to the adjoint

wavefield of 1st order . The observed reflection data, the modeled data using the

adjoint of hierarchic Green’s functions retrieved at second order, and then add it to

the inverted adjoint wavefield of the first order. Figure 6.26(a) shows a side-by-side

comparison of the observed reflection data, the modeled data using the adjoint of

hierarchic Green’s functions retrieved at second order and the full adjoint wavefield

of the second order by adding it to the inverted first-order estimation. The adjoint

of the hierarchic reveal the events corresponding to the second-order scattering. The

inverted full adjoint wavefield of the second order exhibites the improved quality and

data match, which indicates the least-square optimization with the redatuming and
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adjoint operation is capable to handle the wave propagation in the complex medium.

(a)

Figure 6.26: The observed reflection data, the modeled data using the adjoint for
the hierarchic Green’s functions retrieved at the second order, which is added to the
adjoint wavefield of 1st order to produce the inverted full adjoint wavefield of the
second order.

6.3.4 Generalized Redatuming using internal multiples

Once we obtain the Green’s function at the datum level, we can retrieve the scattering

wavefield D of the underlying medium using [104]

Dk(x, h) = G+∗

k (x)G−

k (x + h), (6.22)

where x is the location vector of the virtual source and h is the subsurface offset [52].

Similar to the GIMI process, we can also retrieve the virtual data from the separated

multiples through

Dm
k (x, h) = G+∗

0 (x)Gm−

k (x + h). (6.23)
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Accordingly, we formulate the adjoint operation for datuming using the iterative

solution of the Green’s functions as

Rk = G−

k (x)D
∗

k(x, h)G
+∗

k (x + h)R

or G+
k (x)Dk(x, h)G

−∗

k (x + h)R,

(6.24)

and for the datuming using the Green’s functions of separated multiples as

Rm
k = Gm−

k (x)Dm∗

k (x, h)G+∗

0 (x + h)R

or G+
0 (x)D

m
k (x, h)G

m−∗

k (x + h)R.

(6.25)

The virtual dataset at the datum calculated from the retrieved Green’s functions after

the second iteration is shown in Figure 6.27(a), which show a reasonably good match

with the data modeled from the true underlying medium.

6.3.5 Discussion and conclusions

We first derived a projected Marchenko equation that can solve for subsurface Green’s

functions without calculating the focusing functions, and thus, reveals a clear connec-

tion to the GIMI approach. Both the Marchenko focusing equation and the projected

equation can estimate the Green’s functions by solving the inverse of the correspond-

ing matrix. Inspired by the GIMI approach, we used the projected equation to devise

iterative and hierarchic schemes of solutions. The adjoint operations for both schemes

can then be formulated to fulfill a least-square data fitting optimization scheme. This

optimization produced reasonable redatuming in the Marmousi model using a back-

ground smooth model.

A limitation of the approach, also shared by the Marchenko method, is the need

for a full coverage of sources and receivers on the recording surface. Missing sources or

receivers will mainly affect the interferometric step of the imaging. However, unlike
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(a)

(b)

Figure 6.27: The retrieved subsurface scattering wavefield (a) and the modeled data
at the datum (b) using the true underlying model.

the Marchenko approach, the effect is isolated to events in which the stationary

solution of the the wave path is not captured by the acquisition. This is also common

in conventional imaging towards the edge of the image. Luckily, in the least-squares

implementation, which acts as a Hessian, it will also try to balance the energy due to

the missing data, though some artifacts may remain regardless.
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Chapter 7

Future work

7.1 Target-oriented inversion for reservoir characterization

Our TOI strategy has been validated through examples that it can be utilized to

improve the focusness of our inversion on the deep targets and enhance the ability

of current FWI methods in making use of high frequencies. Despite all these as-

pects, the nonuniqueness and unaccessible uncertainty of the solution still hinder the

applications of FWI on estimating the medium of the deep zone, which our target re-

datuming and inversion are not necessarily able to tackle. At such a depth, FWI often

suffers from poor resolution caused by more limited illumination that is attributed

to the one-side acquisition and missing low frequencies, which leads to unreliable re-

sults. The currently developed techniques that aim to build a good initial model by

alternate inversion strategies or objective func- tions, again, impose some additional

computational cost while gain limited enhancement, which is obviously against our

will. Therefore, it continues being a real challenge as we intend to extend our work

to the exploration scale.

The modern route to solve a model parameter estimation based on geophysical

data is to build a mathematical model based on the physics problem. In practice,

the theoretically assumptions that the mathematics stand by can rarely be guar-

anteed, e.g., the perfect boundary coverage (setting data sensor everywhere needed

with enough density) and condition, the lossless overburden medium, and the chosen

parameterization that should be optimal for achieving the simulation accuracy and
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minimizing the multi-parameter trade-off, therefore it faces a big chance of failure

in delineating the subsurface medium. Various regularizations based on some priori

geological knowledge have been adopted to mitigate artifacts of the solution caused

by these unsatisfied conditions and resulted in reasonable improvement. However,

finding ways to evaluate the regularization in the current deterministic optimizations

are not trivial, moreover, there are still many priori of which the integration is not

straightforward. We need to make proper use of these priori information that has po-

tential to refine our conventional inversion, and there are ways to do it more wisely,

e.g., by formulating a Bayesian inversion to achieve a supervised estimation and sta-

tistical evaluation of our solution, which provides crucial information for decision

making and risk assessment.

Our TOI strategy can also be utilized for different applications, like monitoring

time-lapse changes in the reservoir where FWI becomes even more involved. In such

cases, high resolution will undoubtly become a tremedous advantage, as the changes

causing by the drilling and production tend to be at relatively fine scale, whichrequires

delicate analysis and investigation that are often beyond the reach of seismic data.

However, the reservoir changes could only happen in small areas and there usually

have priori information available to conveniently locate such events, which perfectly

fits the scope of our target redatuming and inversion. Therefore, using our TOI

method to recognize the time-lapse changes of the reservoir (we refer to as Target-

oriented Time-lapse Inversion (TOTLI)) becomes an intuitive perspective to explore,

and there are plenty of opportunities to be embraced for future study.

7.2 Velocity model building on multi scattering

GIMI has an additional feature pointed out by [143] in which its first-order imple-

mentation transforms first-order scattering to zero-order admitting wave path energy

between the reflector and acquisition surface. With a least-squares optimization, this
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zero-order scattering information fits the single-scattering data. To obtain second-

order scattering images, which is transformed to first-order courtesy of GIMI, we filter

out the low frequency wave path information using any available filter. One of the

most commonly used filters for such applications is the Laplacian filter [44, 138]. We

can also deploy an imaging condition such as the inverse scattering imaging condition

to remove such energy [121]. On the other hand, if we apply the inverse of any of the

aforementioned filters, we can, otherwise, isolate the wave path energy, which can be

used in an inversion procedure to update the background. Second-order GIMI can

admit double-scattering wave path energy updates that can be isolated as well. In

this case, the data misfit can also be used to provide background velocity information.

The ability to handle the different-order scattering separately may allow us to scale

the updates from these components differently, and thus, optimize them. Applica-

tions in inversion will be the topic of future investigations. The cost of the approach,

such as in the case of the Marchenko method, is moderately higher than conventional

methods. The bulk of the additional cost is attributed to the interferometric step,

which depends on the number of sources and receivers. Specifically, we need to ex-

trapolate all the data to reconstruct the wavefields corresponding to all shots prior to

the interferometric step. The other two steps are similar to conventional RTM. For

higher order multiples, we will have to apply the interferometric step additional times,

equal to the order of the multiple we intend to image. In the least-squares sense, this

operation will be repeated numerous times proportional to the number of iterations

required to converge. From the memory side, we will have to store an additional

dimension of data, either sources or receivers, as compared with the conventional

approach. A frequency domain implementation, which reduces the dimensions of the

problem, as thus, provides more efficient correlation and convolution operations, can

reduce the imaging cost considerably. However, for imaging purposes, the process

must be repeated for all frequencies. On the other hand, for inversion applications,
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the frequency domain version can provide efficient wave path updates between the

reflector and the acquisition surface. For a time domain approach, to reduce the cost,

we can use the method for local imaging, or even datuming. In this case, the interfer-

ometric step is applied for limited image points and possibly we can use part of the

data. A frequency domain implementation, as well as applications in datuming, will

reduce the memory requirements considerably, as opposed to imaging with a time

domain GIMI.

7.3 Least-sqaures high-order multiple retrieval on adaptive

subtraction

We derive a hierarchic scheme of redatuming the multiples that reveal the possiblity

of enriching the illumination of the seismic imaging, whereas isolating different order

of multi scattering will never be straightforward. This is not only because of the weak

energy that is hard to recognize, but also the complex crosstalk between different order

of scattering, not to mention the isolation is formulated on an approximation, though

with sound demonstration. Luckily, applicable least-squares optimization promises

some practical usage of the retrieval of multi scattering, and one popular strategy,

being refered to as adaptive subtraction [42], fits perfectly with our developed scheme.

The successful estimation of interferometry-based high-order subsurface Green’s func-

tion will bring unparallel benefits not only to seismic imaging, but also inversion, as

it can offer comprehensive illumination with desirable frequency components. There-

fore, the future study can be exploring the usage of high-order subsurface wavefield

retrieval on high-resolution TOI. In addition, the retrieved subsurface wavefield can

inspire the discovery of the optimal survey that hardly be deployed physically.
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