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SCHRÖDINGER OPERATOR
Abderrazak Chahid 1 , Hacene Serrai
1

2,3

, Eric Achten 3 , Taous-Meriem Laleg-Kirati

1?

Computer, Electrical and Mathematical Science and Engineering (CEMSE) division,
King Abdullah University of Sciences and Technology (KAUST), KSA.
2
University of Western Ontario, Robarts Research Institute,London ON , Canada.
3
University of Gent, Department of Radiology, Belgium.
?
Corresponding author: taousmeriem.laleg@kaust.edu.sa

ABSTRACT
In this paper, an adaptive method for Magnetic Resonance
(MR) image denoising is proposed, based on the SemiClassical Signal Analysis (SCSA). The SCSA employs the
squared eigenfunctions of the Schrödinger operator, whose
potential is considered to be the noisy image. However,
the low performance of the method, using single-valued
parameters h and γ, is mainly due to the non-uniform distribution of the noise in the MR image. This non-uniformity
is related to multiple factors such as the used modality,
electrical noise, and other artifacts related to the patient.
To overcome this challenge, the proposed adaptive SCSA
algorithm locally optimizes the pair (h, γ), using a grid
segmentation, to introduce an appropriate distribution along
the different sub-images of the grid. This adaptation to the
spatial variation of noise responds efficiently to the denoising
objectives. Numerical tests using synthetic datasets from
BrainWeb and real MR images show the effectiveness of the
proposed method. The obtained results are also compared to
the conventional case.
Index Terms— Magnetic Resonance Imaging (MRI),
adaptive image denoising, Semi-Classical Signal Analysis
(SCSA), eigenfunctions of the Schrödinger operator.
I. INTRODUCTION
Magnetic Resonance (MR) signal enhancement is one of
the most active medical imaging research fields. This is
mainly due to the growing challenges related to the newest
evolution of MR technologies, seeking the reduction of
the acquisition time and the enhancement of the resolution
of the image for potential clinical use. However, highspeed MRI image acquisition techniques suffer from low
Signal-to-Noise-Ratio (SNR). Many research studies have
been conducted on Magnetic Resonance Imaging (MRI)
image denoising from different perspectives classified into
different categories [1] [2]: The first class includes filterbased methods such as the Non-Local Mean (NLM) based
methods [3] [4] [5] [6], and NLMPxlwise [7], which is

a parameter-free NLM implementation where the optimal
parameters of NLM (in the average Peak Signal-to-Noise
Ratio PSNR sense) are computed from an image database.
The second class includes transform-based approaches such
as: the wavelet-based method [8] [9] [10] [11], curveletbased methods [12], Hybridisation of the Bi-dimensional
Empirical Mode Decomposition (BEMD) [13] and bilateral filters [14]. The third class includes statistical and
optimization-based approaches using Bayesian least-squares
estimation [15], linearly parameterized shrinkage estimators
[16] , noise estimation [17] or higher-order Markov random
fields [18]. Since noise is Rician and non-uniform across
the image [19], most of the state-of-art denoising methods
of MRI images take advantage of the local structure and the
spatial pattern redundancy to achieve the optimal denoising.
Recently, a new method for image denoising, called the
Semi-Classical Signal Analysis (SCSA) method, was introduced in [20]. It demonstrates a powerful ability to enhance
image quality while preserving image details. In the SCSA
method, the image which is considered as a potential of the
Schrödinger operator is decomposed into a set of imagedependent functions. These functions are the L2 normalized
squared eigenfunctions associated with the discrete spectrum
of the Schrödinger operator. These functions exhibit interesting localization properties and provide new parameters that
can be used to extract relevant features of image variations.
The SCSA method depends on two design parameters, h,
and γ, that need to be tuned. The exact reconstruction of
the input image is possible when h → 0. However, An
appropriate choice of these parameters will allow discarding
the eigenfunctions belonging to noise. Manual tunning was
used to compute the optimal value of h to ensure optimal
noise removal while preserving the image information [21].
The SCSA method has been successfully applied for signal denoising, for instance, for Magnetic Resonance Spectroscopy (MRS) spectra denoising [20], where an optimal
value for the parameter h has been obtained by optimizing
an appropriate weighted cost function, while γ has been fixed

to the value 12 . Then the method has been extended to MR
image denoising [22] where a soft threshold, reflecting an
appropriate choice of the parameter h, is used.
However, using a single value along the whole image
for the parameter h might be appropriate when noise is
uniformly distributed across the whole image. Nevertheless,
it is known that the noise in MR images is not uniform
for most SENSE-based and GRAPPA-based reconstructions
[23]. Therefore, a single value for both h and γ may not
be sufficient to reach an optimal denoising performance.
based on the grid segmentation of the image to improve
the selection of these two parameters. The idea is to let h
and γ to follow an appropriate grid distribution that adapts
their values to the noise level for each sub-image. The
performance of the proposed strategy on synthetic and real
MR image datasets is studied using standard performance
criteria. The approach is also compared to the nonadaptive
SCSA case.
This paper is organized as follows. First, Section II gives
a brief introduction to the SCSA method and introduces
the new adaptive SCSA algorithm. Section III describes
the used synthetic and real MR images. Then, Section IV
presents the results of the proposed method and comparison
to non-adaptative SCSA. Finally, a conclusion summarizing
the obtained results is given in Section V.

eigenfunctions respectively of the semi-classical Schrödinger
operator H2,h .
The SCSA method depends on two design parameters h
and γ. It has also been shown that the parameter h plays
a key role, where decreasing h increases the number of
negative eigenvalues and thus allows for better reconstruction
of the signal [24]. The SCSA method was extended to image
denoising, where the value of h has to be carefully chosen
to reconstruct the useful image details and discard the noise.
The SCSA removes the noise gradually depending on the
value of h, as shown in Figure 2. Therefore, a small value
of h ' 0.05 tends to reconstruct the full image with noise.
However, as h increases, the noise in the output image starts
to decrease, as illustrated in Figure 1.

Fig. 1. Example of a) image reconstruction with h = 0.175 and
b) image denoising with h = 0.2 for synthetic data of 3% of noise.

II. METHODS
II-A. Image reconstruction and denoising using SCSA
method
The SCSA was introduced first for one-dimensional (1D)
signal reconstruction [24] and then extended to signal denoising . This method was successfully applied to Magnetic
Resonance Spectroscopy (MRS) denoising [25] and for the
analysis of the arterial blood pressure [24]. Then, the SCSA
was extended to image denoising. The input image I uses
2D semi-classical Schrödinger operator H2,h (I) defined as
follows:

 2
d2
d
+
− I,
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H2,h (I) = −h2
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such that :
H2,h (I) ψ(x, y) = λ ψ(x, y).
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Therefore, the original pixel Ih,γ (x, y) is approximated by
Ih,γ (x, y) given in the following form:
Ih,γ (x, y) =

2
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where h and γ are positive parameters, λnh and ψnh (t),
n = 1, · · · , Nh refer to the Nh negative eigenvalues with
λ1,h < · · · < λNh h < 0 and associated L2 -normalized

Fig. 2. The effect of value of h : image reconstruction with h =
0.175, and image denoising with h = 0.2 for Gaussian noise ∼
N (µ = 0, σ 2 = 2) .

The 2D scheme, either for image reconstruction or denoising,
is time-consuming, requiring large memory space. Therefore,
an efficient numerical implementation of this algorithm was
proposed in [21]. This work introduced an accurate and
fast image reconstruction using SCSA. The idea consists
of splitting the 2D Schrödinger operator into two onedimensional operators [26] and in solving the eigenvalues
problem row by row and column by column. The squared
eigenfunctions of these one-dimensional operators are then
combined using a tensor-product approach. It is known from
[21] that as h increases, the produced eigenfunctions present

more oscillations. Therefore, these higher-order eigenfunctions contribute to the reconstruction of the noise. So for
denoising purposes, we aim to remove the highest order
eigenfunctions by an appropriate choice of the parameter
h. Indeed, as h decreases, the number of eigenfunctions
increases, and the oscillations increase. The denoised pixel
Ih,γ (x, y) in the denoised image Ih,γ is computed using
the xth row and the y th column, of the noisy image I,
as potentials of the semi-classical Schrödinger operator.
Therefore, the denoised pixel Ih,γ (x, y) is defined as follows:
Nx,h Ny,h

Ih,γ (x, y) =

h2
Lcl
2,γ

X X
n=1 m=1

(−κn,h (x) + ρm,h (y))

(4)
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γ
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where h and γ are positive parameters and
Lcl
2,γ =
1 Γ(γ+1)
. Γ refers to the standard Gamma function.
22 π Γ(γ+2)
Moreover, Nx,h ( resp. Ny,h ) is the number of negative
eigenvalues κ(n, h) ( resp. ρ(m, h)) and the associated L2 normalized eigenfunctions ψn,h (x) ( resp. ϕn,h (y)) of the
one-dimensional eigenvalue problem as shown in Figure 3.

Output: Denoised image Ih,γ
Step 1: Initialize h and γ.
Step 2: Discretize the 1D Laplace operator H1,y,h for each
row and H1,y,h for each column separately using h value.
Step 3: Solve 1D eigenvalue problems (2) for each row and
column by decomposing the matrices Hx,h and Hy,h .
Step 4: Reconstruct the image, using formula (4)

II-B. Proposed adaptive SCSA method
As explained in the previous section, the performance of
image denoising using only single values for both parameters
h and γ will depend on the distribution of the noise along
with the image. However, the performance can be improved
by considering the non-uniformity of the noise distribution.
Indeed, the noise in MRI images has a non-uniform distribution [23], and so single values for h and γ throughout the
image might not be sufficient. In this paper, a new adaptive
SCSA method with distributed h and γ is proposed [27].
The parameters h and γ are spatially adapted to noise. The
main idea is to decompose the image into several sub-images
of size Ns × Ns following the distribution and the level of
noise in Figure 6. For each sub-image of coordinates (i, j),
the SCSA method is applied with parameter values hi,j and
γi,j . The optimal pair (hi,j , γi,j ) is chosen using a dynamic
programming-based optimization process to achieve the best
denoising performance. Hence, the adopted strategy consists
of two steps:
1) First, the noisy image is divided into sub-images Iij .
2) Secondly, the squared eigenfunctions of the
Schrödinger operator H2,hi,j (Iij ) are used to denoise
each sub-image Ihi,j with the corresponding optimal
∗
pair (h∗i,j , γi,j
).
Nx,h∗

Iij (x, y) =

2
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i,j
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Fig. 3. Column by column and row by row implementation of the
SCSA algorithm.

The SCSA image denoising algorithm based on a row by row
and column by column implementation as shown in Figure
3, is explained as follows:
Algorithm 1: The SCSA algorithm for image denoising
Input: The noisy image I.

ϕ2m,h∗ (y)
i,j

.

(5)
The main steps of the proposed algorithm are defined as
follows:
1) Image-grid segmentation where the image is subdivided into equal sub-images or blocks in a grid
form of size Ns xNs blocks, where Ns is the number
of blocks per row or column. The grid allows local
denoising of the different parts of the image using the
adequate parameters suitable for the level of noise in
this particular part. However, using different parameters in the adjacent sub-images might introduce a grid
effect that affects the integrity and image similarity.
The proposed solution is that each sub-image will be

γ

Fig. 4. Locally adaptive SCSA-based algorithm method using square grid of size Ns and padding of size Np
surrounded by padding pixels, as explained in the next
section.
2) Sub-image padding where each block will be surrounded by additional pixels of size Np to avoid
the visual grid effect illustrated in (Fig. 5). For the
border blocks, the extra pixels are the replicates. Based
on experimental observation, the grid effect starts to
disappear at Np >= 4. However, higher Np values
do not significantly affect the global performance but
increase the execution time considerably.

Signal-to-Noise Ratio (PSNR) metric is used and defined
as follows:
M ax(Iref )
, (7)
PSNR = 10 log
N
N
XX
2
1
(Iref (i, j) − Ih,γ (i, j))
N2
i=1 j=1

where Iref is the noiseless or original image, Ih,γ is the
denoised image, and N is the image size.
For real MRI data, the P SN R cannot be used for the performance evaluation because of the absence of the reference
image. However, the image denoising performance has been
evaluated using two other standard metrics:
• The Root-Mean-Square Error (RMSE), which evaluates
the noise removal based on the residual image image.
The RMSE between the denoised image I1 and the
noisy image I2 is defined as follows:
r


2
1 n
m
Σ
Σ
I
(i,
j)
−
I
(i,
j)
,
1
2
i=1
j=1
N2
(8)
where I1 is the denoised image, I2 is the noisy image,
and N is the image size.
The Structural SIMilarity Index (SSIM) [28], which
evaluates the preservation of image details. The similarity between the two images I1 and I2 is defined as
follows:
RM SE =

Fig. 5. Illustration of the grid effect with segmentation.
In this work the Np parameter is set as follows:
(
2 ∗ Ns , if Ns < 8
Np =
(6)
16,
elsewhere
.
3) Adaptive distribution where each block will be denoised using optimal hi,j and γi,j values that ensure
the best possible denoising in this location as shown
in (Fig. 6). The optimal values have been selected
based on the iterative search that aims to maximize
the denoising performance based on some evaluation
metrics shown in the next section.
II-C. Performance evaluation metrics
The image denoising performance has been evaluated using
the standard metrics. For simulated MRI data, the Peak

•

SSIM (x, y) =

(2µ1 µ2 + C1 ) + (2σ12 + C2 )
, (9)
(µ21 + µ22 + C1 )(σ12 + σ22 + C2 )

where C1 and C2 are predefined coefficients. The µ1
(Resp. µ2 ) and σ12 (Resp. σ22 ) are the average variance
of the image I1 (Resp. I2 ). σ12 is the covariance of the
images I1 and I2 .
•

The Global Phase Coherence (GPC) or Sharpness Index (SI) measures the sharpness of the image [29]. It indicates the preservation of the details. In this work, the
SI > 141 has been used as the smoothness threshold

The Total Variation associates to an image I is defined
as follows:
TV(I) := k∂x Ik1 + k∂y Ik1 =

X

|∂x I(x)| + |∂y v(x)|.

x∈Ω

(11)

Fig. 7. Example of optimal pair (h∗ , γ ∗ ) = (0.25, 4) for simulated
data with 1% of Rician noise.

Fig. 6. Synthetic MRI image case: The adaptive optimal hi,j and
γi,j distributions and their corresponding P SN Ri,j .

to preserve the useful details of the image. The authors
have defined the SI, for an image I : Ω → R, as
follows:


µ − T V (I)
SI(I) = − log10 Φ
,
(10)
σ
where µ = E[T V (I)] , which is the mean of the
(periodic) Total Variation associates to an image I,
described in equation 11, σ 2 = V ar [T V (I)] , which
R inf t2
is the variance and Φ(s) = 2π −1/2 s e− 2 dt,
which is the tail of the Gaussian distribution.

Fig. 8. Real MRI image case: the optimal denoising value of h
for a given γ = 4 with respect to the image quality metrics.

∗
II-D. Search for the optimal pair (h∗i,j , γi,j
) distribution

The performance of the adaptive SCSA method depends on
the segmentation grid size and the optimal pair (h∗ , γ ∗ ).
Therefore, a dynamic programming-based algorithm is used
to find the optimal pair (h∗ , γ ∗ ) for better denoising of the
noisy image. For the synthetic data, the optimization problem
is based on locally maximizing the PSNR for each sub-image
Iij ( see Fig. 7 ). The denoising performance is computed
after denoising all the sub-images that are used to reconstruct
the whole image. However, for real MRI data, the optimal

Adaptive SCSA Ns = 16

SCSA

Adaptive SCSA Ns = 8

Adaptive SCSA Ns = 4

Rician Noise

PSNR

SSIM

SI

PSNR

SSIM

SI

PSNR

SSIM

SI

PSNR

SSIM

SI

image noise 3%

27.86

0.76

254

27.67

0.77

231

27.77

0.77

238

30.16

0.88

267

image noise 5%

24.89

0.7

181

24.94

0.72

199

25

0.72

2.6

26.82

0.83

238

image noise 7%

22.92

0.64

136

23.14

0.68

171

23.2

0.68

180

23.23

0.68

181

Table I. Denoising performance comparison for synthetic MRI data.
denoising is determined by the number of eigenfunctions
used to reconstruct the input image. The noisy image is fully
reconstructed first using Nh0 eigenfunctions. However, some
of the eigenfunctions used in the reconstruction carry noise.
Therefore, noise suppression was found to be optimal when
Nh∗ ' Nh0 /3 ( see Figure 8 ). The visual evaluation by an
expert is used to select the best denoised image.
III. MATERIALS AND DATA
The adaptive SCSA denoising method is applied to synthetic
and real MRI datasets:
III-A. Synthetic MRI data
The synthetic dataset is a noisy normal brain dataset from
Brainweb.bic.mni.mcgill.ca where the following
characteristics have been chosen: [ modality=T2 weighted,
slice thickness = 3mm, intensity non-uniformity= 20%,
noise= 5%]. The noiseless image has the same characteristics
but noise= 0%. A set of tests has been performed using
various grid sizes to evaluate the performance of the
proposed adaptive SCSA approach. The optimal h and
γ distributions and grid size that ensure the highest P SN R
have been selected to compare the proposed method with
the optimal standard SCSA using the optimal h and γ.

III-B. Real MRI image data
For the real MRI dataset, the experiments are performed
on a healthy male subject, on a 3T scanner (MAGNETOM
Tim-Trio, Siemens Healthcare) equipped with a 32-channel
head coil for signal reception. Turbo Flash sequence is used
with the following parameters: TR/TE = 250/2.46 ms; matrix
size 256x256 resolution and 33 contiguous slices; FOV=
220mm; voxel size= 0.9x0.9x3 mm3; flip angle=10; and
the receiver bandwidth is set to 320 Hz/pixel. Four images,
corresponding to different Number of Excitations (NEX)
values with and without Parallel Imaging (PI) approach, were
acquired. The real noisy images are with different noise levels (see Table II). Since there is no reference image for real
MRI data, the selection of optimal denoising performance is
driven by considering a ratio of eigenfunctions used for the
reconstruction (see section II-D). Figure 8 shows the relation

Fig. 9. (a.1) Original simulated MRI image, (b.1) noisy simulated
MRI noisy image with 3% of Rician noise, Denoised image using
(c.1) Standard SCSA, (d.1) adaptive SCSA. The zoomed area
of(a.2) Original image, (b.2) Noisy image, Denoised image using
(c.2) Standard SCSA, (d.2) adaptive SCSA. [from [27]]

linking the number of eigenfunctions used for denoising and
the number of eigenfunctions needed to reconstruct the noisy

SCSA
Data [SNR]

RMSE∗ SSIM

SCSA Ns=32
SI

RMSE SSIM

SCSA Ns=16
SI

RMSE SSIM

SCSA Ns=8
SI

RMSE SSIM

SCSA Ns=4
SI

RMSE SSIM

SI

.9mm PI [High]

8.4

0.92

242

9.2

092

241

9.4

0.91

239

9

0.91

248

6.8

0.94

291

.9mm [Medium]

8.4

0.92

256

9.3

0.92

255

9.6

0.91

252

9.3

0.91

258

7

0.93

306

.6mm PI [Medium]

5.9

0.93

301

6.6

0.92

297

6.7

0.92

294

6.8

0.92

297

4.9

0.94

369

.6mm [Low]

5.8

0.93

326

6.4

0.93

321

6.7

0.92

317

6.7

0.92

319

4.7

0.94

398

Table II. Denoising performance comparison for real MRI data with/without Parallel Imaging where RMSE values are of
order 10−4
image. The results have been visually evaluated to ensure
the preservation of the small details and assess the method
performance.
IV. RESULTS AND DISCUSSION

Fig. 10. Example 1: (a.1) Real MRI noisy image, denoised image
using (b.1) standard SCSA, and (c.1) adaptive SCSA. The zoomed
area of (a.2) the noisy image, the denoised image using (b.2) the
standard SCSA, and (c.2) adaptive SCSA.

IV-A. Denoising performance comparison
Table I displays a comparison between the denoised images
with single and adaptive SCSA for synthetic images with
different levels of Rician noise. Therefore, the preferable
grid size should satisfy 4 =< Ns <= 8. Figure 9 shows
an example of the obtained results where the zoomed areas
illustrate the preservation of the details for each method,
where a noticeable improvement can be observed using the
adaptive SCSA method.
Figures 10 and 11 show two examples of the obtained results
where the zoomed areas compare the ability of each method
to preserve the image properties. The results show that the
adaptive SCSA achieves better results due to its ability to
locally process the parts of the image with different noise
levels. The proposed method will be compared to other

Fig. 11. Example 2: (a.1) Real MRI noisy image, denoised image
using (b.1) standard SCSA, and (c.1) adaptive SCSA. The zoomed
area of (a.2) noisy image, denoised image using (b.2) standard
SCSA, and (c.2) adaptive SCSA. [27]

methods to check its potential compared to the existing
adaptive denoising methods.
Table II displays a comparison between the obtained results
with the two methods using real MRI images. It is clear that
the segmentation grid size, represented by the parameter
Ns , has a significant impact on the denoising performance.

The use of a big grid will magnify the grid effect. It is
observed as a non-homogeneity in the denoised image or
as non-linear spatial smoothing. Therefore, the best choice
of the grid parameters, with 4 =< Ns <= 16, gives better
results using the adaptive SCSA comparing to the singlevalue pair (h, γ) SCSA.

IV-B. Comparison of the algorithms complexity
The obtained results show that the new adaptive SCSA
algorithm improves the denoising performance. However, the
adaptive SCSA algorithm is implemented using sequential
Matlab code, which justifies the long processing time as
the number of sub-images increases. On another hand, the
new algorithm needs significantly less memory allocation
compared to the standard SCSA, especially for big size
images and small sub-image sizes. Table III provides a
detailed comparison of the different SCSA algorithms.
The different SCSA versions
Adaptive Ns =16

Standard
N

Adaptive Ns =8

Time(s) Mem(MB) Time(s) Mem(MB) Time(s) Mem(MB)

256

9.95

73.02

584

1946

128

5.57

41.44

146

486

64

3.78

28.10

36

32

2.85

21.13

9

30

16

2.28

16.91

2.28

8

8

1.90

14.10

16.91

122
14.10

NA

2

Table III. The SCSA versions complexity (Time in seconds,
and Memory in Megabytes ) Vs the image size N .

V. CONCLUSION
A new adaptive method for MR image enhancement has
been proposed. It uses the squared eigenfunctions of the
Schrödinger operator whose potential is the noisy image.
The preliminary results provide very encouraging insight and
show good potential in MRI noise removal while preserving
the small details of the image. The experimental results
demonstrate that the proposed method with locally distributed h and γ, significantly improves the performance of
the SCSA with single-value pair (h, γ) method . It achieves
a greater sharpness (SI) and structural similarity (SSIM) for
different levels of noise. In the future we will focus on the
improvement of the spatial distribution of the pair (h, γ) for
each specific image, by the adequate optimal choice of the
sub-images size Ns and their padding size Np , and compare
it to the state-of-art methods. Moreover, the SCSA method

could be extended to 3D MRI images and the parallel version
using multiple-threading needs to be implemented to reduce
processing time.
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[26] T.-M. Laleg-Kirati, E. Crépeau, and M. Sorine, “Semiclassical signal analysis,” Mathematics of Control,
Signals, and Systems, vol. 25, no. 1, pp. 37–61,
2013. [Online]. Available: http://dx.doi.org/10.1007/
s00498-012-0091-1
[27] A. Chahid, H. Serrai, E. Achten, and T.-M. LalegKirati, “Adaptive method for MRI enhancement using
squared eigenfunctions of the Schrödinger operator,”
IEEE Biomedical Circuits & Systems Conference (BIOCAS2017), 2017.
[28] Z. Wang, E. P. Simoncelli, and A. C. Bovik, “Multiscale structural similarity for image quality assessment,” in Signals, Systems and Computers, 2004. Conference Record of the Thirty-Seventh Asilomar Conference on, vol. 2, Nov 2003, pp. 1398–1402 Vol.2.
[29] G. Blanchet and L. Moisan, “An explicit sharpness
index related to global phase coherence,” in 2012 IEEE
International Conference on Acoustics, Speech and
Signal Processing (ICASSP), March 2012, pp. 1065–
1068.

