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ABSTRACT

In this paper, a signal reconstruction and denoising algorithm is proposed based on quantum signal
processing. This algorithm is based on semi-classical signal analysis (SCSA). The SCSA consists of
decomposing the pulse-shaped signal into the sum of weighted squared eigenfunctions of the negative
spectrum of the Schrödinger operator. As the Schrödinger operator is nonlinear, the main challenge
of this method is to find the optimal value of its parameter that ensures faithful signal reconstruction
and denoising using iterative optimization. In this work, we propose the use of an optimized search
algorithm to find this optimal parameter of the SCSA algorithm with less information loss and
in a short time. It is based on dynamically narrowing down the initial search interval by taking
into consideration the SCSA properties related to the reconstructed signal energy or the number of
eigenfunctions. This process is repeated using a finer search internal until finding a suitable number of
eigenfunctions for optimal reconstruction and denoising. The proposed algorithm shows encouraging
results for different types of academic and biomedical signals compared to the grid search algorithm.
This work will help in exploring the SCSA method for feature generation with easy implementation
for future biomedical applications. A graphical user interface of the proposed algorithm is available
for public use on https://github.com/EMANG-KAUST/SCSA-reconstruction.
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1 Introduction

Biomedical signals, such as Electromyogram (EMG) or Electrocardiogram (ECG) photoplethysmogram (PPG), reflect
the biological activity that happens within the human body [1]. These signals are widely used to monitor patent
wellness by computing some vital signs such as heart rate, blood pressure, respiratory rate. In addition to their
use in the patent monitor during the surgical operations or in the intensive care unit (ICU) [2]. For instance, high
blood pressure is associated with chronic disease and might cause mortality and morbidity [3]. With the increasing
need for applying artificial intelligence (AI) in medicine, it becomes so important to explore biomedical signals and
extract their distinctive information. One way to do it is by decomposing the signal into new relevant components
that give a better representation of all the signal content. Several signal decomposition or projection methods have
been proposed in the literature. These methods can be divided into two main categories: first, methods which use
predefined form the component to decompose the signal such as Fourier transform [4], Wavelets transform [5, 6],
the empirical mode decomposition (EMD) [7]. Second, method that find these components using s specific model
such as the principal component analysis (PCA) [8], the independent component analysis (ICA) [9], semi-classical
signal analysis (SCSA) [10]. It should be noted that the nature of the basis of functions used for the decomposition is
often crucial and affects the reconstruction and denoising performance. These reconstruction methods are one of the
widely used techniques for feature extraction in classification and regression problems [11–13]. However, the hardware
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implementation of the machine learning implies to avoid heavy and computationally complex techniques [14–16].
Therefore, accelerating the feature extraction or developing new fast and light methods is highly needed to boost the
integration of AI in real applications.

The SCSA method presents a new decomposition strategy based on the Schrödinger operator. This method uses the
negative eigenfunctions of the discretized Schrödinger operator, which uses the signal as potential, as a decomposition
basis. These functions have a pulse-shaped form, which makes the method more suitable for biomedical signals analysis.
The main challenge of this method is to find the optimal value for the parameter h to decompose the signal without
losing any information. In this work, we propose a new algorithm to find the optimal parameter in two stages: first,
a coarse search that narrows down the search interval taking into consideration the SCSA properties related to the
signal energy. Second, a finer search around the optimal value found by the coarse search and vice versa till finding the
minimum number of eigenfunctions for better reconstruction. This algorithm ensures finding the optimal parameter
value in a quick way compared to the grid search method. The same technique is adapted for signal denoising.

This paper is organized as follows. Section II gives a brief introduction to the SCSA method and the proposed search
algorithm, Section III presents there reconstruction and denoising performance using different academic and biomedical
signals, a general conclusion is given in Section IV.

2 METHODS

The SCSA method can be seen as a projection of the input signal on Schrödinger spectrum. This new spectrum defines
the different levels of energy contained in the signal. In this part, an overview of the semi-classical signal analysis is
given before introducing the proposed search algorithm.

2.1 Signal analysis using the Schrödinger operator

The stationary or time-independent for signal decomposition and representation has been introduced in [10] and [17]
where it has been proven that a real positive input signal y(t) can be decomposed and approximated by yh(t) using the
the eigenfunctions of the Schrödinger equation for a given parameter value h as follows:

yh(t) = 4h

Nh∑
k=1

√
(−µkh) ψ2

kh(t) (1)

where h ∈ R∗+. for k = 1, · · · , Nh < N , µkh and ψkh(f) refer to the negative eigenvalues µ1,h < · · · < µNhh < 0
and associated L2-normalized eigenfunctions respectively of the semi-classical Schrödinger operator H(y) defined as
follows:

H(y) = −h2 d
2

dt2
− y. (2)

with,
H(y)ψ(t) = µ .ψ(t) (3)

The negative eigenvalues µ represent the discrete energy levels of the semi-classical Schrödinger operator using a
specific value of the parameter h. While the corresponding squared eigenfunctions ψ2(t) reflect the decomposition
components carried by the signal.

2.2 The proposed FastSCSA search algorithm

The main challenge here is to determine the minimum number of eigenfunction or fundamental components needed to
fully reconstruct the signal. This can be achieved by solving the following cost function:

min
h

‖yh(t)− y(t)‖22 (4)

However, Schrödinger operator is a nonlinear operator which make the cost function not convex (see Fig.1). Moreover,
the use of the first derivative is not possible to apply the Newton method. Therefore, we propose a Fast algorithm to
solve this optimization iteratively to search for the optimal h with the minimum number of negative eigenfunctions.

The first concern of the iterative optimization is to start with a good initial guess. In [10], the authors proved a
very interesting property of the SCSA method which describes the relationship behavior of the number of negative
eigenvalues Nh of the operator H(y) with the parameter h as follows:
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Figure 1: The iterative algorithm used to solve the optimization problem for a non-convex cost function. The solver is
based on smart coarse/fine scanning.

Algorithm 1: FastSCSA Algorithm
Input : y: input signal

NL: initial number of iterations
Nr: number of refinement loop
ε: the refinement size

Output: hop: optimal h

hmax = 1
π

∑N
n=1

√
y(n)dt

hmin = 1
πN

∑N
n=1

√
y(n)dt

for k ← 1 to Nr do

Ωk = linspace(hmin, hmax, f loor(
NL

2k ))

h∗k = arg min
h∈Ωk

‖yh(t)− y(t)‖22

hmax = h∗k × (1 + ε)
hmin = h∗k × (1− ε)

end

hop = h∗k

lim
h→0

hNh =
1

π

+∞∫
−∞

√
y(t)dt (5)

Therefore, the the initial search interval can be defined as :

1

πN

N∑
n=1

√
y(n)dt ≤ h ≤ 1

π

N∑
n=1

√
y(n)dt, (6)

where N is the length of the input signal y(t).
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This initial interval helps in narrowing down the search set. However, an efficient algorithm should be used to avoid the
grid search, which takes a long time and not practical in real applications. The proposed algorithm looks for the optimal
parameter h by dynamically narrowing the search interval, as shown in Fig.1. After each search iteration, the intervals
get smaller with high resolution, defined as the distance between two successive values as described in Algorithm 1.

The same algorithm is used to solve the denoising optimization defined as follows:

min
h

‖yh(t)− y0(t)‖22, (7)

where yh(t) and y0(t) are the denoised and original signals, respectively .

3 Results and Discussion

In order to validate the proposed algorithm, the search algorithms are used to reconstruct and denoise different types of
signals with different waveforms. This allows studying their sensitivity with respect to the number of iteration and the
reconstruction error computed using squared-mean-error (MSE). For illustration purposes, the chosen parameters for
FastSCSA algorithm are: NL = 45, Nr = 3, ε = 0.2, which limits the number of iterations to 78 iteration. For the grid
search, a step of hstep = 0.1 is used to scan the same input interval [hmin, hmin] as defined in Eq.6.

3.1 Signal reconstruction

The figures 2 and 3 show that reconstruction of different academic signals with varying shapes and characteristics. It is
clear that the SCSA can perfectly reconstruct with less negative eigenvalues Nh for smooth signals as expected and
proven in [10]. However, it needs more negative eigenvalues for a signal with sharp structures.

Figure 2: Examples of sinc signal reconstruction using SCSA.

Table 1 shows more details of reconstruction performance showing the FastSCSA can achieve acceptable or comparable
performance in much less time compared to the grid search algorithm.

It is worth to be mentioned that for some applications such as feature extraction, the execution time is more critical
than the reconstruction accuracy. Therefore, adopting FastSCSA will open the door toward exploring more the feature
extraction for biomedical signals using the semi-classical Schrödinger operator such as [13]. In addition to encouraging
the real-time implementation of such features in hardware.

3.2 Signal denoising

The figures 4 and 5 illustrate signal denoising using different signals contaminated with Gaussian noise of zero mean
and σ = 10.
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Figure 3: Examples of multi-waveforms signal reconstruction using SCSA.

Table 1: Comparison of the FastSCSA reconstruction performance with the search grid algorithm for different type of
signals

Signal Type
h Nh MSE #Iterations

Grid search FastSCSA Grid search FastSCSA Grid search FastSCSA Grid search FastSCSA

Lorantzian 7.09 8.99 27 21 3.8801E-07 5.82932E-07 1936 78

MRS signal 2.25 15.74 304 44 1.064292343 6.677183056 6639 78

Pulse 8.06 28.08 148 42 0.322641711 2.156830148 11846 78

t2 1913.51 1901.46 42 43 78148.72929 81820.03833 802142 78

Sin(t) 1.32 12.73 406 42 5.69056E-06 0.001886931 5371 78

Sinc(t) 5.73 5.68 42 43 0.001793113 0.001826255 2395 78

Table 2 shows more details about the denoising performance and computational time. It shows that a similar denoising
performance with less number of eigenvalues compared to the grid search algorithm.

Table 2: Comparison of the FastSCSA denoising performance with the search grid algorithm for different type of signals

Signal Type
h Nh MSE #Iterations

Grid search FastSCSA Grid search FastSCSA Grid search FastSCSA Grid search FastSCSA

Lorantzian 29.64 35.31 27 23 5.26E-01 5.56E-01 7605 78

MRS 7.10 21.85 134 44 5.12E+00 8.97E+00 9217 78

Pulse 17.83 34.60 83 43 2.56E+00 3.29E+00 14598 78

t2 617.28 637.34 43 42 1.91E+05 1.97E+05 268868 78

sin(t) 166.88 165.76 7 7 1.14E-01 1.16E-01 12070 78

sinc(t) 123.86 121.07 7 7 8.52E-02 9.17E-02 8815 78
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Figure 4: Examples of sinc-wave signal denoising using SCSA.

Figure 5: Examples of In vivo magnetic resonance spectroscopy (MRS) signal denoising using SCSA.

A multi-waveforms signal, generated by the Wavelab simulator (http://www-stat.stanford.edu/%7Ewavelab/), is used to
evaluate the FastSCSA algorithm for signal denoising compared to WATV method [18]. This multi-waveforms signal is
contaminated with Gaussian noise of zero mean and σ = 4. The denoising performance is shown in Fig. 6. FastSCSA
could achieve comparable performance to the WAT method.

Figure 6: Example of signal denoising using FastSCSA and WATV methods.

Finally, the ability of the SCSA method to reconstruct and remove the noise from the input signal is a very important
property. That makes the SCSA more suitable for practical uses, such as feature generation from noisy biomedical
signals, as most of the measured signal and naturally contaminated with noise.
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3.3 Graphical User Interface (GUI)

The first software for signal processing using the Semi-Classical Signal Analysis (SCSA) method. The GUI allows the
user to explore the different aspects of this method using multiple wave-forms. The GUI is available to download and
use from https://github.com/EMANG-KAUST/SCSA-reconstruction.

Figure 7: The main windows of the Graphical User Interface.

4 Conclusion

We proposed a search algorithm to find an optimal decomposition of the real signals using the semi-classical signal
analysis (SCSA) method. The proposed FastSCSA algorithm narrows the search interval dynamically to find the
optimal value of its parameter in fewer iterations. The proposed method gives encouraging results in finding the suitable
decomposition of the input signal with high accuracy. The same algorithm is validated for signal denoising, which gives
comparable results to a wavelet-based denoising method. The proposed algorithm will open the door for the SCSA
method, specifically in accelerating feature extraction in real-time implementation biomedical applications.
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