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Exponential decay for negative feedback loop with distributed delay

Jan Haskovec∗

Abstract

We derive sufficient conditions for exponential decay of solutions of the delay negative feedback
equation with distributed delay. The conditions are written in terms of exponential moments of the
distribution. Our method only uses elementary tools of calculus and is robust towards possible exten-
sions to more complex settings, in particular, systems of delay differential equations. We illustrate the
applicability of the method to particular distributions - Dirac delta, Gamma distribution, uniform and
truncated normal distributions.
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1 Introduction and main result

In this paper we derive sufficient conditions for exponential decay of solutions of the delay negative feedback
equation with distributed delay,

u̇(t) = −FP [u](t) := −
∫ ∞
0

u(t− s)dP (s) for t > 0, (1)

where P is a probability measure on [0,∞). Note that the normalization
∫∞
0

dP = 1 can be imposed by an
eventual rescaling of the time variable. For simplicity, we consider (1) subject to the constant initial datum
u(s) ≡ 1 for s ≤ 0; alternatively, we may assume that (1) holds globally, i.e., for all t ∈ R.

The importance of equation (1), also called a linear retarded functional differential equation, stems from
the fact that it can be seen as a linearization of many nonlinear models in biology and physics involving
delay. As such, it has been a long-standing subject of interest of the mathematical community. Basic
theory for delay differential equations and functional differential equations can be found in, e.g., [3] and
[9], while [7] and [13] focus on applications. The theory typically focuses on two qualitative aspects of
delay/functional differential equations - (asymptotic) stability of the steady state solutions [6, 11], and
oscillatory behavior [1, 2, 4, 12]. This note aims to contribute to the study of the latter aspect by deriving
sufficient conditions for the solution of (1) to decay monotonically (exponentially) to zero. In contrast to the
traditional approach, based on studying the characteristic equation, our method only uses elementary tools
of calculus. It provides relatively simple sufficient conditions for exponential decay of the solution, written in
terms of the exponential moments of the distribution P . Due to its simplicity, it can be applied to systems of
delay differential equations, where the analysis of the characteristic equation would be prohibitively complex;
see [10] for a recent application. Let us note that in the case when P is a Dirac measure, a slight modification
of the method leads to an optimal (i.e., equivalent) condition for monotone decay of the solution.

In the sequel we shall denote, for µ > 0, the exponential moment of p by

MP (µ) :=

∫ ∞
0

eµsdP (s). (2)
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Theorem 1. If there exists some µ > 1 such that

MP (2µ) ≤ µ2 (3)

and

MP (µ)(MP (µ)− 1) < µ, (4)

then the solution u = u(t) of (1) converges monotonically exponentially to zero as t→∞ with rate at least

2

(
MP (µ)

(
MP (µ)− 1

)
µ

− 1

)
.

Let us note that in the standard theory (1) is called nonoscillatory if there exists an initial datum u0 such
that the solution of the initial value problem is eventually positive or eventually negative (see Definition 1.1
in [1]). Therefore, Theorem 1 provides sufficient conditions for (1) to be nonoscillatory. Let us again point
out the relative simplicity of the conditions (3), (4), being only written in terms of the exponential moments
of the distribution P .

The proof of Theorem 1 is based on suitable decay estimates for the quantity y(t) := u2(t)/2 and is
carried out in Section 2. In Section 3 we show the applicability of the result to particular choices of the
measure P . First, we consider the Dirac measure concentrated at τ > 0, P (s) = δ(s − τ), which turns (1)
into the simple negative feedback equation with constant delay τ > 0,

u̇(t) = −u(t− τ) for t > 0. (5)

We shall show that the conditions (3) and (4) are satisfied if

τ < ln
√

2.

Moreover, we shall show that by a slight modification of the proof of Theorem 1 we obtain monotone decay of
the solution as soon as τ ≤ e−1. This result is sharp since it is known that for τ > e−1 the nontrivial solutions
of (5) must oscillate [8]. The second example is the Gamma distribution dP (s) = λksk−1e−λs/Γ(k) with
shape parameter k > 0 and rate parameter λ > 0. Here we derive explicit sufficient conditions for satisfiability
of (3), (4). In the special case of k = 1, which corresponds to the exponential distribution, we show that

the solution is nonoscillatory if λ ≥ 3
3
2 ≈ 5.196. The optimal condition for nonoscillation is λ ≥ 4, see [5].

Finally, for the uniform and truncated normal distributions we resolve the conditions (3), (4) numerically.

2 Proof of the main result

In this section we assume that u = u(t) is a solution of (1) subject to the constant initial datum, and we
introduce the notation

y(t) := u2(t)/2 for t ≥ 0, (6)

:= u20(t)/2 for t < 0.

Lemma 1. If assumption (3) is verified for some µ > 1, then for all t > 0 and s > 0,

e−2µsy(t) < y(t− s) < e2µsy(t). (7)

Proof. We have ∣∣∣∣ ẏ(0+)

y(0)

∣∣∣∣ = 2

∣∣∣∣ u̇(0+)

u(0)

∣∣∣∣ = 2

∣∣∣∣FP [u](0)

u(0)

∣∣∣∣ = 2 < 2µ.
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Due to the continuity of ẏ(t) for t > 0, there exists T > 0 such that∣∣∣∣ ẏ(t)

y(t)

∣∣∣∣ < 2µ for t < T. (8)

We claim that (8) holds for all t ∈ R, i.e., T = +∞. For contradiction, assume that T < +∞, then again
by continuity we have

|ẏ(T )| = 2µy(T ). (9)

Integrating (8) on the time interval (T − s, T ) with s > 0 yields

y(T − s) < e2µsy(T ). (10)

Consequently,

FP [y](T ) =

∫ ∞
0

y(T − s)dP (s) < y(T )

∫ ∞
0

e2µsdP (s) = y(T )MP (2µ). (11)

Using the Young inequality with some ε > 0, we have

|ẏ(T )| = |u(T )FP [u](T )| ≤ ε

2
u(T )2 +

1

2ε

(
FP [u](T )

)2
and with Jensen inequality

1

2ε

(
FP [u](T )

)2
=

1

2ε

(∫ ∞
0

u(T − s)dP (s)

)2

≤ 1

2ε

∫ ∞
0

u(T − s)2dP (s) =
1

ε
FP [y](T ).

Consequently, with (11) we arrive at

|ẏ(T )| ≤ y(T )

(
ε+

1

ε
MP (2µ)

)
Optimization in ε > 0 gives ε :=

√
MP (2µ), so that we have

|ẏ(T )| < 2y(T )
√

MP (2µ),

and, with assumption (3) we finally arrive at

|ẏ(T )| < 2µy(T ),

a contradiction to (9). Consequently, (8) holds with T := ∞, and an integration on the interval (t − s, t)
implies (7).

Lemma 2. If assumptions (3) and (4) are verified for some µ > 1, then we have, along the solutions of
(1),

ẏ(t) < 2

(
MP (µ)

(
MP (µ)− 1

)
µ

− 1

)
y(t) (12)

for all t > 0.
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Proof. For t > 0 we have

ẏ = −uFP [u] = (u− FP [u])u− u2 ≤ |u− FP [u]||u| − u2, (13)

and

|u(t)− FP [u](t)| ≤
∫ ∞
0

|u(t)− u(t− s)|dP (s). (14)

With (1) we have

|u(t)− u(t− s)| ≤
∫ t

t−s
|u̇(σ)|dσ ≤

∫ t

t−s
|FP [u](σ)|dσ,

and with Lemma 1,

|FP [u](σ)| ≤
∫ ∞
0

|u(σ − θ)|dP (θ) < |u(σ)|
∫ ∞
0

eµθdP (θ) = |u(σ)|MP (µ).

Using Lemma 1 again, we obtain∫ t

t−s
|FP [u](σ)|dσ < MP (µ)

∫ t

t−s
|u(σ)|dσ

< MP (µ)|u(t)|
∫ s

0

eµθdθ =
MP (µ)

µ
(eµs − 1) |u(t)|,

and inserting into (14),

|u(t)− FP [u](t)| <
MP (µ)

(
MP (µ)− 1

)
µ

|u(t)|.

Using this in (13) gives

ẏ(t) <

(
MP (µ)

(
MP (µ)− 1

)
µ

− 1

)
u2(t)

and (12) follows.

The statement of Theorem 1 follows directly from the above two Lemmata. Let us note that the above
proofs apply without modification also to the case of global solutions, where (1) holds on the whole real line.

3 Application to generic distributions

We show the application of Theorem 1 to the Dirac delta and exponential distribution, where it provides
explicit conditions for monotone decay of the solution.

3.1 Dirac delta.

We choose P (s) = δ(s − τ) for a fixed τ > 0. Then FP [u](t) = u(t − τ) and (1) transforms to the negative
feedback loop with constant delay,

u̇(t) = −u(t− τ). (15)

Delay negative feedback is arguably the simplest nontrivial delay differential equation. Despite its simplicity,
it exhibits a surprisingly rich qualitative dynamics, depending on the value of τ > 0. An analysis of the
corresponding characteristic equation

z + τe−z = 0,

where z ∈ C, reveals that:
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• If 0 < τ ≤ e−1, then u = 0 is asymptotically stable.

• If e−1 < τ < π/2, then u = 0 is asymptotically stable, but every nontrivial solution of (15) is oscillatory.

• If τ = π/2, then periodic solutions exist.

• If τ > π/2, then u = 0 is unstable.

In fact, if τ ≤ e−1, the solutions subject to the constant initial datum do not oscillate and tend monotonically
to zero as t→∞. If τ becomes larger than e−1 but smaller than π/2, the nontrivial solutions must oscillate
(i.e., change sign infinitely many times as t → ∞), but the oscillations are damped and vanish as t → ∞.
Finally, for τ > π/2 the nontrivial solutions oscillate with unbounded amplitude as t → ∞. We refer to
Chapter 2 of [13] and [8] for details.

With P (s) = δ(s− τ) we readily have MP [µ] = eµτ and condition (3) reads

eµτ ≤ µ.

A simple analysis reveals that this condition is satisfiable if and only if τ ≤ e−1 and that for τ = e−1 we have
to choose µ = e. However, condition (4) is more restrictive, since for τ = e−1, µ = e it reads e(e − 1) < e
and clearly is not satisfied. Since the left-hand side of (4) grows exponentially in µτ , we are motivated to
pick µ as the solution of µ = eµτ . Inserting into (4) gives then

µ (µ− 1) < µ,

i.e., µ < 2. Going back to (3) with µ = 2, we obtain the critical value of τ = ln
√

2 ≈ 0.3466. This is less
optimal than the condition τ < e−1 ≈ 0.3679 by factor of approx. 0.94. However, let us note that with a
slight modification of the proof of Lemma 2 we can obtain monotone decay of the solution to zero for all
τ ≤ e−1. Indeed, we replace (13) by

ẏ = −uFP [u] ≤ |u− FP [u]||FP [u]| − FP [u]2, (16)

and, restricting to t > τ ,

|u(t)− FP [u](t)| = |u(t)− u(t− τ)| ≤
∫ t

t−τ
|u̇(s)|ds (17)

≤
∫ t

t−τ
|u(s− τ)|ds =

∫ 0

−τ
|u(t+ s− τ)|ds. (18)

Using Lemma 1 with µ := e we obtain |u(t− τ + s)| < e−es|u(t− τ)| for s ∈ (−τ, 0), which gives

|u(t)− FP [u](t)| < |u(t− τ)|
∫ τ

0

eesds =
eeτ − 1

e
|u(t− τ)|.

Therefore, recalling that FP [u](t) = u(t− τ), we have for t > τ ,

ẏ <

(
eeτ − 1

e
− 1

)
FP [u]2. (19)

Consequently, for τ ≤ e−1 we readily have ẏ < −e−1FP [u]2 ≤ 0 for all t > τ , and we conclude that y = y(t),
and thus u = u(t), tend monotonically to zero as t→∞. Let us point out that this result is sharp since we
know that if τ > e−1, the solution must oscillate [8].
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3.2 Gamma distribution.

For the Gamma distribution dP (s) = λksk−1e−λs/Γ(k) with shape parameter k > 0 and rate parameter
λ > 0 we have for µ < λ,

MP [µ] =

(
λ

λ− µ

)k
.

Condition (3) reads (
λ

λ− 2µ

)k
≤ µ2

and is satisfiable if and only if

λ ≥ (k + 2)
k+2
2

k
k
2

. (20)

with µ := λ
k+2 . Inserting this value into condition (4), we obtain

[k(k + 2)]
k
2

(k + 1)k

((
k + 2

k + 1

)k
− 1

)
< 1,

and an inspection reveals that this is satisfied for all k ≤ 4. Consequently, (1) is nonoscillatory (at least) for
k ≤ 4 if λ satisfies (20).

Let us point out the special case of k = 1, which corresponds to the exponential distribution. Condition
(20) gives here λ ≥ 3

3
2 ≈ 5.196, while the optimal condition for nonoscillation is λ ≥ 4, see [5].

3.3 Uniform distribution

For dP (s) = 1
b−aχ[a,b](s)ds with 0 ≤ a < b we have

MP [µ] =
eµb − eµa

(b− a)µ
.

Combining the rough estimate

eµa ≤MP [µ] ≤ eµb

with the results of Section 3.1 implies, as expected, that the solution is nonoscillatory whenever b < ln
√

2.
On the other hand, conditions (3), (4) cannot be satisfied if a > ln

√
2 ≈ 0.3466. We resolved the conditions

(3), (4) numerically, using the matlab routine fminbnd. The resulting critical curve is plotted in Fig. 1. The
upper limit on a is approx. 0.346, in agreement with the analytical result. On the other hand, for values of
a close to zero, the interval length b− a can up to approx. 0.59.

3.4 Truncated Gaussian distribution.

For the truncated normal distribution on (0,∞) with parameters m ∈ R and σ > 0 we have

dP (s) =
1√

2πσ2

exp
(
− 1

2

(
s−m
σ

)2)
Φ
(
m
σ

) ds, (21)

and

MP [µ] =
Φ
(
m
σ + σµ

)
Φ
(
m
σ

) exp

(
mµ+

σ2µ2

2

)
.
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Figure 1: Numerical calculation of the critical value of the interval length b−a as a function of the parameter
a for the uniform distribution on [a, b].

Since MP [µ] ≥ emµ, conditions (3), (4) can only be satisfied if m ≤ ln
√

2. Obviously, as m → −∞, the
critical value of σ tends to +∞. We resolved the conditions (3), (4) numerically for µ ∈ [− ln

√
2, ln
√

2],
using the matlab procedure fminbnd. The result is shown in Fig. 2, where we plot the critical value of σ as
a function of the parameter m.
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