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ABSTRACT
Moving Source Identiication in an Uncertain Marine Flow:
Mediterranean Sea Application
Mohamad Abed El Rahman Hammoud
Identifying the sources of marine pollutants is essential in order to assess, contain
and minimize their risk. We propose a Lagrangian Particle Tracking algorithm (LPT)
to study the transport of passive tracers continuously released from ixed and moving
sources and to identify their source in a backward mode. The LPT is designed to
operate with uncertain low ields, described by an ensemble of realizations of the
sea currents. Starting from a region of high probability, reverse tracking is used to
generate inverse maps of this region. A probability-weighted distance between the
resulting inverse maps and the source trajectory is then minimized to identify the
likely source of pollution. We conduct realistic numerical simulations to demonstrate
the eiciency of the proposed algorithm in the Mediterranean Sea using ocean data
available from Copernicus Marine Environment Monitoring Services. Passive tracers
are released along the path of a ship and propagated with an ensemble of low ields
forward in time to generate a probability map, which is then used for the inverse
problem of source identiication. Our numerical experiments suggest that the algorithm is able to eiciently capture the release time and source, with some test cases
successfully pinpointing the release time and source up to two weeks back in time.

5

ACKNOWLEDGEMENTS
 

الحمد لله الذي بع ّزته و جلاله تتم الصالحات,
يقول النبي )ص( من لا يشكر الناس لا يشكر الله.
First and foremost, I would like to express my sincerest gratitude to Professors
Omar Knio and Ibrahim Hoteit for their continuous support, guidance and patience.
In particular, I thank Dr. Omar Knio for his passion towards his work and his care
and dedication towards his students. I would also like to thank Dr. Ibrahim Hoteit
for his continuous support and his tolerance throughout the course of this work.
I would also love to thanks my friends Esmail Abdulfattah and Hani Itani, who
recently became the ”tanajir”. My appreciation goes to Esmail’s patience in coping
with me for the past years, and Hani’s brotherly love, listening to all my rants and
problems, which led to inside jokes we will be remembering in the years to come.
I would also like to thank my close friends starting with Nuno Alves, who showed
me a diferent view to life and reignited my love in mathematics. My special thanks
goes to Nicole Laws, an amazing mother who I’ve met a year ago, and became one
of my closest friends in no time.
Finally, my deepest love and appreciation goes to my parents, Ahmad and Rima,
who provided all the means possible for me to be here. I would like to express
my gratitude towards my brother Hasan and my sister Haya for their support and
encouragement. Words cannot describe my love for you all.

6

TABLE OF CONTENTS

Examination Committee Page

2

Copyright

3

Abstract

4

Acknowledgements

5

List of Figures

8

1 Introduction
11
1.1 Motivation and background . . . . . . . . . . . . . . . . . . . . . . . 11
1.2 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
2 Forward and Inverse Tracking
15
2.1 Forward Tracking . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
2.2 Inverse Tracking and Source Identiication . . . . . . . . . . . . . . . 18
3 Experiments Design
3.1 Experimental Setup . . . . . . . .
3.2 Moving Source Trajectory . . . .
3.3 Velocity Field Ensemble . . . . .
3.4 Inverse Maps and Post-processing

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

22
22
23
24
27

4 Results
31
4.1 Continuous Release from a Fixed Source . . . . . . . . . . . . . . . . 31

7
4.2

4.3
4.4
4.5
4.6
4.7

Continuous Release from a Moving Source . . .
4.2.1 Forward Simulation . . . . . . . . . . .
4.2.2 Inverse Simulation . . . . . . . . . . . .
Source Identiication Using Distances . . . . . .
Sensitivity Analysis: Observation Time . . . . .
Sensitivity Analysis: Ensemble Variance . . . .
Sensitivity Analysis: Initial Number of Particles
Sensitivity to Diferent Trajectories . . . . . . .

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

33
33
33
35
37
38
39
40

5 Concluding Remarks
43
5.1 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
References

45

Appendices
52
B.1 Sensitivity to Inverse Integration Time . . . . . . . . . . . . . . . . . 54
B.2 Sensitivity to Ensemble Variance . . . . . . . . . . . . . . . . . . . . 56
B.3 Sensitivity on Initial Number of Particles . . . . . . . . . . . . . . . . 58

8

LIST OF FIGURES
2.1

2.2

2.3

3.1

3.2

Continuous released modeled based on the staged release of particles.
The particles are advected from the individual time of release till the
Ta
end of the simulation time. Within a period Ta , we inject ∆T
particles
a
at uniform increments of size ∆Ta . . . . . . . . . . . . . . . . . . . .
Schematic of the projections between selected points of the probability
grid and the trajectory. Red stars are some chosen points of the
probability map, black circles are the points forming the path, green
points are the projection of the red stars onto the path, and the blue
line represents the shortest distance. . . . . . . . . . . . . . . . . . .
Plots portraying diferent methods for computing the distances. The
distances are computed for the Day 3 release inverse probability maps
relative to the Day 3 segment. The case study starts from an observation at Day 15 and goes back to Day 1. The distance at Day 15 is
not shown as the observation can not match the release. . . . . . . .
Contours depicting the marine traic density in the Mediterranean.
The density is deined for the number as ships per 23 km2 averaged
over a year (see https://www.marinetraffic.com) . . . . . . . . . .
Individual paths (colors) selected for case study. One of the highest
density paths is chosen and divided into seven individual segments. .

16

20

21

24
25

9
3.3

3.4
4.1

4.2

4.3

4.4

4.5

a) Colormap indicating the velocity ield from Copernicus Marine Environment Monitoring Service at Day 15 in (m/s), b) the seasonal
variance of the u-component of the velocity at Day 15 in (m2 /s2 ), c)
the seasonal variance of the v-component of the velocity at Day 15
(m2 /s2 ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
Schematic deining the coastal cells and neighboring cells. This is the
model used for post-processing the particles to compute the distances. 30
Probability maps for the continuous release of particles from a ixed
source. Shown are: (a) The forward probability map at Day 12 (Observation day), (b) The inverse probability map at Day 3 (actual release day), and (c) The distance plot in time, which shows the release
window and the minimum distance. . . . . . . . . . . . . . . . . . . .
Instantaneous probabilty maps for a continuous injection from a moving source propagating forward in time. The release segment 3 (top
left) is studied with the release beginning at day 3 (top left). A collection of days are chosen as indicated to illustrate the evolution of
the particle distribution. . . . . . . . . . . . . . . . . . . . . . . . . .
Probability maps for the inverse simulation case study for the Day 3
release starting from an observation at Day 14 (top left). A collection
of days are chosen as indicated to portray the evolution of the probability map going back in time. Note the interaction with the beach
at Day 9 near the South of Italy. . . . . . . . . . . . . . . . . . . . .
Plot depicting the time evolution of the distances between the probability maps from release 3 to a) all 7 selected paths and b) the release
3 segment. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Plot showing the evolution of the distance between the probability
map from release 1 to its path for diferent observation times. . . . .

32

34

36

37
38

10
4.6

4.7

4.8

Plot showing the evolution of the distance between the probability
map from release 3 to its path for diferent inverse ensemble variances
as indicated in the legend. The distances are computed used normalized aggregate distance in order to have a fair measure with the
deterministic study. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
Plot showing the evolution of the distance between the probability
map from release 3 to its path for diferent initial number of particles
a) normalized shortest distance and b) non-normalized shortest distance. 40
Plot showing the evolution of distance from the probability map of
release 3 to the paths studied shown in (a), the plot in (b) compares
the trends for these diferent paths. . . . . . . . . . . . . . . . . . . . 41

B.1 Probability maps for the sensitivity analysis on inverse integration
time study, for the Day 1 release with the observation time as indicated (day of release is shown). The probability maps suggests that
ensemble difusion and beaching are the main contributors to the reduced predictability in inverse tracking. . . . . . . . . . . . . . . . . .
B.2 Probability maps for the Day 3 release for diferent ensemble variances as indicated. More certain lows are observed to have a tighter
distribution with less spread. . . . . . . . . . . . . . . . . . . . . . .
B.3 Probability maps displaying the initial probability distribution (at
Day 14, i.e. the observation day) of the inverse problem for diferent
collections of particles as indicated. . . . . . . . . . . . . . . . . . . .

55

57

59

11

Chapter 1
Introduction
1.1 Motivation and background
Modeling the transport of species and pollutants in the ocean is important for a
variety of applications, including search and rescue [1], risk assessment [2, 3], and
ecosystem management [4, 5]. Transport of species is often examined to determine
the evolution and inal destination of pollutants. Particle tracking of pollutants in
water bodies has been extensively studied for a deterministic low (e.g. [6]), and also
for an uncertain stochastic low (e.g. [7], [8]). In a stochastic framework, the solution
of the particle tracking problem is described by a probability map that indicates the
likelihood of a particle to reach a certain location [9, 8].
Lagrangian Particle Tracking (LPT) algorithms, which track individual particles
in a Lagrangian framework, are commonly used to model the transport of matter in
a low ield [6, 10, 11]. Such algorithms can be coupled with physical models to study
the transport of speciic types of particles. For instance, the LPT can be coupled with
certain biological modules to investigate the transport of nutrients and ish larvae
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in water bodies [12, 13, 14]. Another use of this algorithm is to track micro-plastics
and study their spread [15]. LPT was also used for simulating oil spills [16], such
as the Deepwater Horizon in the Gulf of Mexico [17, 18], after augmenting it with
difusion and oil weathering to describe the coupling between physical and chemical
processes such as emulsiication, evaporation, dispersion, etc [17, 18]. A thorough
review of recent advances in ocean applications of Lagrangian tracking algorithms
can be found in [19]. The use of LPTs also extends to the ield of medicine and
drug delivery, where models for micro-scale transport are implemented to track the
transport of drugs in the human body [20, 21].
Uncertainties in particle tracking can be categorized as Lagrangian or Eulerian
[8]. Lagrangian uncertanties are associated with the processes particles undergo.
Eulerian uncertainties, on the other hand, are associated with the oceanic low ield,
which arises from the imperfect representation of the ocean forcing, initial conditions,
and imperfect internal physics [22, 23, 24, 25]. Eulerian uncertainties are commonly
tackled by advecting particles with a stochastic low ield [9, 26, 27]. In this sense,
at each time step, the velocity ield consists of a set of realizations [28] based on
which the particles are advected [8]. Recently, [8] investigated an LPT algorithm
operating with a stochastic low ield of the Red Sea. This algorithm advects particles
in a parallel framework and introduces a cost-efective binning scheme that groups
spatially close particles in order to cap the number of particles avoiding memory and
storage issues. Similarly, [26] investigated the advection of particles in a stochastic
atmospheric low, and constructed a variational ield, which characterizes the diferces
in ensemble runs based on the diferent particle pathlines obtained for each particle.
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LPTs are commonly utilized to study the transport of particles in regional seas.
In particular, LPTs have been extensively applied to the Mediterranean Sea to study
various transport phenomena, such as micro-plastics [29, 30], and oil, which recently
witnessed a growing interest with the increasing demand for oil in the region. Some
of the well-developed oil spill models are Poseidon [31, 32] and MEDSLIK II [33, 16].
The interest in the Mediterranean further stems from the sea being a busy waterway
responsible for around 15% of the global shipping activity [34], ofering a passageway
for diferent types of ships: recreational, shipping, tankers, etc [35], and hosting many
oil platforms along its coast [36]. It is therefore prone to marine pollution from ixed
platforms and from moving ships. According to [36], 14 accidental oil spills occurred
in the Mediterranean between 1970 to early 2016 that contaminated the sea with
more than 10 tons of oil.
LPTs can also be operated in reverse mode to solve the inverse problem of source
identiication, which only requires direct integration of the particles backward in
time when only linear terms are involved [10, 11]. This is not possible for nonlinear
problems, which require more sophisticated inverse approaches, such as Bayesian
inference [37]. Source identiication in ocean studies has so far been restricted to a
single source for stochastic low ields. [8] investigated the problem of determining
a single release source location in an uncertain stochastic low ield. [38] examined
the problem of determining multiple sources in a deterministic low by integrating
contours backward in time.
In this work, we irst investigate the sensitivity of the transport of particles from
ixed and moving sources to uncertainties in the ocean current, release time, and
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release location. We then introduce and test a new approach to identify the contamination source based on an objective function measuring the distance between
the inverse particles positions and the paths of diferent ships. This distance is
weighted by the probability associated with individual particle locations found by
inverse tracking. We demonstrate the eiciency of the proposed framework by conducting realistic numerical experiments to identify the source of pollution in the
Mediterranean Sea advected by an uncertain low. The experiments indicate that
under certain conditions that do not include heavy beaching efects, the release source
and time of pollutants may be eiciently predicted up to two weeks after the release.
The sensitivity of the objective function to the observation time and low variability
is also analyzed.

1.2 Outline
The paper is structured as follows. The LPT methodology is described in Section
2.1 with focus on continuous particles release for both: ixed and moving sources
in an uncertain low ield. Section 2.2 presents the proposed algorithm for source
identiication. The design of the numerical experiments is outlined in Section 3, and
the results are analyzed and discussed in Section 4. Conclusions and inal remarks
are ofered in Section 5.1.
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Chapter 2
Forward and Inverse Tracking
2.1 Forward Tracking
We build on the LPT algorithm presented by [8], which accommodates deterministic
and stochastic low ields. The algorithm eiciently deals with particle advection
through parallelization, and controls the growth of the number of particles when
advected with an ensemble of low ields by binning. A new particle injection mode
is developed here to allow for a continuous release of particles from ixed and moving
sources. This model is schematized in Figure 2.1, where new particles are released
at each advection time step and advected from the release time till the end of the
simulation time. This staged injection-advection allows to keep track of the time
stamp of particles, mimicking a realistic release. The time stamping in the staged
release uses a fractional time step associated with the newly injected particles to
ensure their release at the intended time, which is chosen to match the advection
time step. The time fraction, α, is the ratio of the time elapsed from the current LPT
model time step to the time period of the input velocity ields. The advection would
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therefore begin from t+αδt, the release time, till the end of the simulation. Modeling
the continuous release of particles from a ixed source is achieved by specifying a single
source per release and injecting particles over a time window.
Particles can be released from a ixed location, denoted by ⃗
xinj , at every advection
time step δt. Then, a time fraction would be assigned to every injected particle,
which are then released in stages and advected till the end of the simulation time.
The staged advection is schematized in Figure 2.1.
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Figure 2.1: Continuous released modeled based on the staged release of particles.
The particles are advected from the individual time of release till the end of the
Ta
simulation time. Within a period Ta , we inject ∆T
particles at uniform increments
a
of size ∆Ta
Particles can also be continuously released from a moving source of ixed path
and speed. The injection locations are determined based on the velocity and initial
location of the moving source, which can be expressed as:
⃗xinj = ⃗usrc · tinj + ⃗x0 .

(2.1)

where tinj . The release can last for as long as the ship is moving along the path,
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where particles are released in stages and advected till the end of the simulation time.
The particle locations are found by forward integration of their spatial locations in
time to ind the location of the particle at each time step. Integration is performed
using a 4th order Runge-Kutta scheme with an interpolated velocity ield for the
advection time steps (i.e. the velocities are available at the data time steps and we
linearly interpolate the ield at each advection time step to improve accuracy). The
evolution of particle locations may be found
according to:
∫ t+δt
t+δt
t
⃗uij (⃗x, s)ds
⃗xi,j = ⃗xi,j +

(2.2)

t

In practice, once the path is set, the release locations for a given source speed are
speciied. Based on the staged injection, a particle is released at the chosen location
of the moving source at the time it crosses this location. For a stochastic low ield,
this particle is split into the number of realizations of the low ield, where each
realization of this particle is advected by its corresponding realization of the velocity
ield. To overcome the memory issues arising from the exponentially growing number
of particles, particles are binned and the total number of particles are capped to a
maximum [39]. Particles are binned by grouping particles belonging to the same bin
into a single particle. Here, binning is spatially adaptive with smaller bins assigned
to regions of higher probability and smaller variance. Binning also conserves the
irst two moments of probability of the particles, which is ensured by satisfying the
moment conditions of the particles weights before generating new particles with new
weights [8].
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2.2 Inverse Tracking and Source Identiication
The inverse problem of identifying the source of a pollution patch released from a
moving source starts with a standard LPT framework working in reverse [33, 8].
Starting from a given spatial distribution, which may be deterministic or probabilistic, particles are initialized and advected back to a selected time by reversing the
low ield, and time stepping backward in time. The initial distribution is described
in terms of a probability map, which may for instance represent an uncertain spatial
map of particles locations inferred from a satellite image, where such uncertainties
arise from imperfections in remote sensing, such as pixel noise and error bars in the
classiication algorithm [40, 41]. Because the actual release time is not known, inverse time integration is performed till a selected time prior to the release, which is
believed to be close to the release window.
Upon integrating the probability map backward in time, a new inverse probability map is generated at every integration time step. The inverse probability map
represents the uncertainty in the particles location, generated based on the particle
distribution at every inverse time step. The weighted geographical distance between
the inverse probability map and the moving source trajectory is then computed.
Diferent forms of such an objective function were investigated, including the shortest and aggregate distances. Objective functions with normalized weights were also
tested for a more straightforward comparison between the distances associated with
probability maps from deterministic and stochastic lows. The irst objective function measures the shortest distance between the points of the discretized probability
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map and the trajectory, scaled by the probability of a particle lying in the cell.
Such distances are schematized in Figure 2.2, which shows the projections from some
points of the probability map to the release path. The distances are summed over
all the points of the inverse probability map to produce the total distance, which is
expressed as:
Npts,map

dtotal,shortest =

∑

pi ||xi − xp,i ||,

(2.3)

i=1

where xi is the position of the point on the grid cell, xp,i is the position of the
projection of xi on the trajectory, and pi is the likelihood at the ith point of the
probability map. The aggregate distance is evaluated as the sum of the distances
between the inverse probability map and each of the points forming the trajectory,
scaled by the probability of the particle there. This can be expressed as:
Npts,map Npts,traj.

dtotal,agg. =

∑
i=1

∑

pi ||xi − zj ||,

(2.4)

j=1

where zj represents the points forming the trajectory. In our linear model, the
objective function, in its two forms, is convex having a minimum at the expected
release time.
We deine a normalized distance, whether shortest or aggregate, by normalizing the individual weights, pi , by the corresponding sum, i.e. replacing pi by
∑Npts,map
pi in Equations (2.3) and (2.4). Sample results for the resultp′i ≡ pi / l=1
ing objective functions are presented in Figure 2.3, which shows a convex shape for
all objective functions. For the test shown, the minimum of the objective function is
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observed to vary between methods, with the shortest distance-based approach being
able to accurately capture the release date as opposed to the aggregate distancebased approach which was slightly of. After extensive testing, the non-normalized
shortest distance was selected as the best approach.

Figure 2.2: Schematic of the projections between selected points of the probability
grid and the trajectory. Red stars are some chosen points of the probability map,
black circles are the points forming the path, green points are the projection of the
red stars onto the path, and the blue line represents the shortest distance.
In order to determine the release location and time given an observation, a number
of candidate trajectories of moving sources that have recently passed near the study
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Figure 2.3: Plots portraying diferent methods for computing the distances. The
distances are computed for the Day 3 release inverse probability maps relative to the
Day 3 segment. The case study starts from an observation at Day 15 and goes back
to Day 1. The distance at Day 15 is not shown as the observation can not match
the release.
region are irst identiied. The LPT algorithm is then run in reverse mode to obtain a
probability map at each simulation time step. The non-normalized shortest distance
between the probability map and the candidate trajectories is then computed at each
time step. Comparing these distances, some trajectories can be discarded since they
are farther from the probability map than other trajectories. In most situations, a
few close trajectories can be selected as possible candidates. This can be addressed
by tracking the time when ships passed through the release location using Automatic
Identiication Systems (e.g. MarineTraic – Global Ship Tracking Intelligence www.
marinetraffic.com).
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Chapter 3
Experiments Design
The experimental setup is described in this section for both the forward and inverse
cases. Post-processing techniques of the inverse probability map, to help mitigate
the efects of coastal interactions on computed distance, are also introduced.

3.1 Experimental Setup
Experiments are conducted to assess the performance of the proposed algorithm in
its diferent modes of operation. To test the continuous release of particles for a ixed
source, we place the source location at the South of the Ionian Sea at 18°E 34.6°N.
As for the moving source, we opted to use the trajectory described in Section 3.2,
which is split into single-day paths, where the moving source has a speed of 14 knots,
corresponding to a typical tanker or bulk carrier. Our experiments focus on the Day
3 release path with a release window between Days 3 and 4, with the exception of
Section 4.4 in which we study the release from the Day 1 path due to the heavy
beaching observed in its vicinity.
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Simulations are conducted using the velocity data described in Section ??, advecting particles every hour. As for the inverse simulation, particles were integrated
two week back to reach the irst data time step, which was Day 0 in our experiments.
Finally, we use a maximum of 100 million particles for all simulations.

3.2 Moving Source Trajectory
Although the Mediterranean Sea is one of the busiest shipping routes in the world,
some speciic trajectories are more densely operated by vessels than others. We irst
examine the vessel routes’ density in order to choose a reasonable route that is representative of a real case scenario. The density map for the vessels in the Mediterranean
is shown in Figure 3.1, which outlines how congested the Mediterranean is in terms
of annual number of ships. From the density map, a path of high density is selected.
The chosen path is for a ship traversing the Mediterranean Sea westwards starting
from the Suez Canal and leaving through the Strait of Gibraltar. The chosen path
is split into seven segments, each corresponding to continuous ship motion over one
day, traveling at a constant speed of 14 knots. We also distinguish between a path,
which is time independent, and a trajectory, which is a path that depends on time.
In our case, paths become trajectories once the release time is speciied.
Using these densities, one possible path a ship may take is to go from the Suez
Canal and traverse the Mediterranean westwards before it exits from the strait of
Gibraltar; the chosen path is shown in Figure 3.2. Throughout the path, the moving
source can be chosen to release at every advection time step δt, and for a total release
duration of 1 day.
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Figure 3.1: Contours depicting the marine traic density in the Mediterranean. The
density is deined for the number as ships per 23 km2 averaged over a year (see
https://www.marinetraffic.com)

3.3 Velocity Field Ensemble
Copernicus Marine Environment Monitoring System (CMEMS) ofers 30 years of reanalysis ields for the Mediterranean Sea, based on which we generate an ensemble of
realizations of the ocean currents to mimic a probabilistic framework. The reanalysis
spans the Mediterranean from −6.00° to 36.25° in longitude, 30.17° to 45.9375° in
latitude, and a depth stretching down to 5334.65m below sea level. The data is uniformly spaced horizontally with a resolution of 0.0625° × 0.0625°, and non-uniformly
spaced in depth with 72 levels; corresponding to 677 × 253 × 72 grid points. The
reanalysis is available over a 30 years period from 1987 till 2016, from which we focus
on the time frame between the 14th of July and the 12th of August. This provides
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Figure 3.2: Individual paths (colors) selected for case study. One of the highest
density paths is chosen and divided into seven individual segments.
a suicient time span to examine long time integration and discontinuous releases.
The whole reanalysis dataset was also used for generating the ensemble members as
described below.
An ensemble of realizations of the sea currents is randomly sampled for each day
of the simulation period based on a normal distribution with mean as the background
velocity and covariance as that of a collection of the low ields. For each given day,
the realizations consist of the reanalysis velocity ields on that same day of each
year, for a total of 30 ields. In order to include more realizations for a given date,
windows of ±0, 1 and 2 days about the day of interest were examined, based on which,
a window of ±1 day was found suicient to sample smooth ields. Considering the
longitudinal velocity component, for example, such a matrix of realizations has the
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following structure:





 uloc1,year1987 uloc1,year1988 uloc1,year1989 . . . uloc1,year2016 


 uloc2,year1987 uloc2,year1988 uloc2,year1989 . . . uloc2,year2016 


U =

.
.
.
.
.


..
..
..
..
..




ulocN,year1987 ulocN,year1988 ulocN,year1989 . . . ulocN,year2016

(3.1)

where all realization belong to the same day, with the case of a ±0 days presented.
The covariance is then computed using equation 3.2, where uj represents the j th
column of u, and u represents a column vector containing the row averages of U ,
similarly, the covariance for the latitudinal currents is computed.




1 
u − u u − u . . .
Covu =
2
1
N −1




T

 (u1 − u)

T

 (u2 − u)

u N − u 
..

.


(uN − u)T












(3.2)

An Empirical Orthogonal Function (EOF) Analysis is then performed to ilter
out small scale features before sampling [42, 43, 44]. This is achieved by computing
the eigenvectors and corresponding eigenvalues (λji ) of the covariance matrix, Cdi .
The eigendirections corresponding to small eigenvalues of the covariance are then
truncated to obtain a low-rank approximation, C̃di , of Cdi . Here, we select the irst
eigenvectors that describe at least 95% of the variance of the realizations, according
to:
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∑r

j=1

∑M

j=1

λj
λj

> 0.95.

(3.3)

where M is the total number of eigendirections and r is the number of retained
eigendirections. This low-rank approximation of the covariance is readily decomposed
into C̃ = L̃L̃T , which is used to generate the members. An ensemble of realizations,
for each of the longitudinal and latitudinal currents, is then generated by sampling
members as follows:
i
xidayj = xdayj ,2006 + L̃γday
j

,

i
γday
∼ N (0, IM ×M ) ,
j

(3.4)

where, j is the day of interest, i = 1, 2...Ne , and Ne the ensemble size, chosen to
be 50 in our experiments, as typically provided by marine weather services. The γ i s
are resampled every time step from a normal distribution of zero mean and identity
covariance. The background surface velocity ield, the variance of this ensemble, and
a few realizations of the surface currents for Day 15 are presented in Figure 3.3,
suggesting high variability near oceanic mesoscale features such as straits and eddy
peripheries.

3.4 Inverse Maps and Post-processing
The probability maps are generated at each time step by processing these particle distributions, by using a basis function that maps the particle weights into probabilities
deined on grid cells [8]. The particle distribution, however, needs to be iltered in order to remove particles with negligible weights and ilter out beached particles. This
is because highly concentrated probabilities near the coast (i.e. beached particles)
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(a) Background Velocity at Day 15

(d) Flow Field Realization 1

(b) Ensemble Variance of the u-component

(e) Flow Field Realization 2

(c) Ensemble Variance of the v-component

(f) Flow Field Realization 3

Figure 3.3: a) Colormap indicating the velocity ield from Copernicus Marine Environment Monitoring Service at Day 15 in (m/s), b) the seasonal variance of the
u-component of the velocity at Day 15 in (m2 /s2 ), c) the seasonal variance of the
v-component of the velocity at Day 15 (m2 /s2 )
, d) Realization 1 of the sea currents at Day 15 in (m/s), e) Realization 2 of the sea
currents at Day 15 in (m/s), f) Realization 3 of the sea currents at Day 15 in
(m/s).
may yield misleading information when computing distances because the particles
could get trapped along the coast by small velocities along the shores. Diferent
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iltering techniques are discussed hereafter.
One straightforward way to ilter the particles distribution is to discard unlikely
particles whose weights are less than a prescribed threshold. Another way is to evaluate the CDF of the probability distribution, then truncate all the particles in the
lower 5% density, which would remove all particles with low probability relative to
the whole distribution. It is also possible to truncate all the particles in both the
lower and upper 5% of the CDF. This discards all particles with low probabilities,
and by removing the top 5% particles, highly concentrated particles near the beach
are discarded. This would however remove particles near the trajectory with high
probabilities. Finally, to tackle the clustering of particles near the shore that are
trapped by realizations of weak currents, another suggested method is to only disregard particles located in coastal cells, with coastal cells deined as those with at least
one node of the 3D grid cell on land. A stricter procedure to handle concentrations
of particles near the shore is to remove both coastal and directly neighboring cells.
This allows to mitigate beaching efects, where beached particles trapped near the
beach would be excluded from calculating distances. Filtering based on coastal cells
schemes is illustrated in Figure 3.4.
After testing the aforementioned techniques, removing the coastal cells was chosen for iltering the particles distributions. Further discussion is presented in the
supplementary material in which comparisons of the resulting probability maps and
distances are discussed.
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Figure 3.4: Schematic deining the coastal cells and neighboring cells. This is the
model used for post-processing the particles to compute the distances.
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Chapter 4
Results
This section presents and discusses the results of the numerical experiments illustrating the implementation of the algorithm for continuous release from ixed and
moving sources. In addition, we assess the sensitivity of the prediction to various parameters, including the size of the observed area, the observation time, and variance
of the ocean currents ensemble.

4.1 Continuous Release from a Fixed Source
Particles are released from a source located at 18°E 34.6°N, over a single day, between
Days 3 and 4. The forward map is generated 10 days after the end of the release.
The region of highest probability at Day 14 is extracted, from which particles for the
inverse study are initialized and propagated backward in time. The distance between
the probability maps and the source location is computed at every data time step.
These results are presented in Figure 4.1.
The results suggest that the release time and location may be pin-pointed using
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((a)) Forward Probability Map at Day 12

((b)) Reverse Probability Map at Day 3

((c)) Distances Plot

Figure 4.1: Probability maps for the continuous release of particles from a ixed
source. Shown are: (a) The forward probability map at Day 12 (Observation day),
(b) The inverse probability map at Day 3 (actual release day), and (c) The distance
plot in time, which shows the release window and the minimum distance.
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the probability-weighted distances. The forward probability map shows that the
particles were advected far from the source location. The inverse study portrays the
stochastic behavior of the ensemble, which causes some deviation of the location of
the maximum probability from the actual release location. Yet, using the probabilityweighted distances, the minimum distance between the probability maps and the
release location was detected to be within the release window.

4.2 Continuous Release from a Moving Source
4.2.1

Forward Simulation

Release path 3, yellow in Figure 3.2, is now considered for the forward moving source
study. Particles injection starts at Day 3 and ends at Day 4. Snapshots of the
probability map are presented for diferent times in Figure 4.2.
The impact of staged injection is observed at Day 4 with the particles released
earlier spreading more than later ones, as expected. Here, the particles are released
from a location far from the shore. Interaction of the particles with the coast occurs
at a later time, with beaching occurring between days 12 and 15 near the North
African shore. Prior to Day 12, regions of high probability were concentrated near
the release path.

4.2.2

Inverse Simulation

Starting with the region of highest probability, taken at Day 14, integration of the
particles distribution is conducted backward to Day 0. The region of highest prob-
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Figure 4.2: Instantaneous probabilty maps for a continuous injection from a moving
source propagating forward in time. The release segment 3 (top left) is studied with
the release beginning at day 3 (top left). A collection of days are chosen as indicated
to illustrate the evolution of the particle distribution.
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ability is shown in the top left of Figure 4.3, which represents the initial particles
distribution used for the backward integration. A collection of probability maps for
diferent simulation times of the inverse integration is presented in Figure 4.3. The
region of highest probability is observed to be advected away from the North African
shore. The probability map becomes more difuse in time due to the stochastic
nature of the ensemble, however, the region of highest probability becomes concentrated near the release path. Beaching occurs at the periphery of the probability
map, where particles interact with the Italian coast from as early as Day 9.

4.3 Source Identiication Using Distances
Distances are computed between the inverse probability maps and all seven release
paths from Figure 3.2 to identify the most probable polluter among the selected
paths. Figure 4.4 presents the plots for the resulting distances with respect to all
seven paths along with another plot focusing on the evolution of the distance to path
3.
The results suggest that the most probable release source path is release path 3,
which is the closest to all the inverse probability maps. The distance plot between
the inverse probability maps and release path 3 is convex, with the minimum lying
within the release window, where the release time is correctly identiied to be Day 4,
the end of the release window. This demonstrates that the algorithm is capable of
identifying both the release time and path of the pollutant.
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Figure 4.3: Probability maps for the inverse simulation case study for the Day 3
release starting from an observation at Day 14 (top left). A collection of days are
chosen as indicated to portray the evolution of the probability map going back in
time. Note the interaction with the beach at Day 9 near the South of Italy.
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((a)) Distance from inverse probability maps to ((b)) Distance from inverse probability maps to
all paths
release path 3

Figure 4.4: Plot depicting the time evolution of the distances between the probability
maps from release 3 to a) all 7 selected paths and b) the release 3 segment.

4.4 Sensitivity Analysis: Observation Time
This section focuses on release path 1 (red in Figure 3.2), where the mainstream currents are observed in Figure 3.3 to drive particles into the shore, leading to beaching
early on. The release path and time are ixed, and diferent time lags of the observation are investigated to assess the robustness of the algorithm in predicting the
release time and path. In Figure 4.5, various distance curves for diferent observation
times are presented. The closer the observation is to the release time, the better the
algorithm is at capturing the release window. When beaching efects are dominant,
the observation time has to be close to the release time in order to accurately identify
the pollutant. Comparing these results to the distances in Figure 4.4, we notice that
when beaching efects are present, the release time can be identiied if the observation is collected at most 5 days after the initial release as opposed to the release from
trajectory 3, where the source was identiied using an observation collected 12 days
after the release.
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Figure 4.5: Plot showing the evolution of the distance between the probability map
from release 1 to its path for diferent observation times.

4.5 Sensitivity Analysis: Ensemble Variance
The impact of uncertainties in the ensemble is investigated by varying the ensemble
variance. The aim is to examine whether a low ield with smaller variability would
help better identifying the release source. The sensitivity analysis utilizes a modiied
ensemble with 50% and 100% of the reference ensemble variance in the forwards
simulation, and 100%, 75%, 50%, 25% of the reference ensemble variance along with
a deterministic current ield that advects particles with the average of the ensemble
for the inverse study.
The results, presented in Figure 4.6, reveal that an inverse low ield with reduced variance efectively yields a probability map that is closer to the release path
than the original ensemble. The results for the forwards simulation suggest that the
accuracy in source identiication is mildly improved when there are less uncertain-
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((a)) 50% ensemble variance in forwards

((b)) 100% ensemble variance in forwards

Figure 4.6: Plot showing the evolution of the distance between the probability map
from release 3 to its path for diferent inverse ensemble variances as indicated in the
legend. The distances are computed used normalized aggregate distance in order to
have a fair measure with the deterministic study.
ties, which is attributed to taking the region of highest probability to initialize the
backwards study. On the other hand, the accuracy of source identiication is noticeably improved when the inverse advection has less uncertainty in the low ield.
Normalized aggregate distances were computed to have a fair comparison with the
deterministic case, which is a collection of discrete points with strengths as opposed
to the uncertain cases which represent a distribution over a grid.

4.6 Sensitivity Analysis: Initial Number of Particles
The sensitivity to the size of the region of highest probability is examined by raising the lower threshold on the strength of the particles at the observation day till
a speciic number of particles is reached. The distances are computed for inverse
simulations starting with 1, 10000, 20000, 30000 and 40000 particles, where 40000
particles is the maximum initial number based on the available computer memory in
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our case, and size of the integration period, from Day 14 back to Day 0. The number of particles in the region of highest probability corresponds to its area because
binning groups particles into single cells, from which particles are initialized for the
inverse study.

((a)) Normalized Shortest Distance

((b)) Shortest Distance

Figure 4.7: Plot showing the evolution of the distance between the probability map
from release 3 to its path for diferent initial number of particles a) normalized
shortest distance and b) non-normalized shortest distance.
Figure 4.7 presents the distance curves for diferent initial particles distributions
using the shortest distance and the normalized distance methods. The results suggest
that normalizing the distance by the sum of particle strengths is useful for a robust
comparison of distances. In addition, a suiciently large collection of particles, which
adequately represents the spatial uncertainties, is needed to identify the release time
and source.

4.7 Sensitivity to Diferent Trajectories
Finally, the algorithm is tested on paths that are close to the actual release to further
assess its robustness to possible nearby release paths. The selected paths, illustrated
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in Figure 4.8, are as follows:
• The actual path where the release originates.
• Paths that are parallel to the actual release at ±0.5° and ±1° (paths 1 to 4
respectively).
• A path that is perpendicular to the actual path (path 5).
• Paths that intersect with the actual path with some angle (paths 6 and 7).
The distances from the inverse probability maps to these paths are plotted in
Figure 4.8, suggesting that our algorithm proved to be eicient at constraining the
number of most likely source ships to two, which yielded comparably close distances
to the probability map. In this situation, additional information about the marine
traic is needed in order to identify the source ship.

((a)) Paths Studied

((b)) Distances Plot

Figure 4.8: Plot showing the evolution of distance from the probability map of release
3 to the paths studied shown in (a), the plot in (b) compares the trends for these
diferent paths.
The results of Figure 4.8 show that the path to the south of the actual release
has a similar distance to the probability map. This can be explained by the nature
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of the velocity ield in the region, which drives particles northwards in the inverse
simulation; therefore, the path 0.5° to the south is expected to have a short distance
at a time close to the observation time. Thus, the methodology presented provides
a systematic approach to rule out paths that do not belong to probable polluters.
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Chapter 5
Concluding Remarks
5.1 Conclusion
We developed a novel methodology for identifying the release time and path of pollutants from moving sources in uncertain marine low ields. The proposed methodology relies on an LPT algorithm that accommodates deterministic and stochastic
low ields. Staged particle injection algorithm for the forward particle tracking from
ixed and moving sources was introduced. Backward particle tracking starting from
an observed map, which could be deterministic or probabilistic, was incorporated
along with proper iltering during the stage of post-processing.
An objective function was formulated to identify the release time and trajectory.
Speciically, the most likely polluter is identiied by minimizing the objective function, which is the weighted geographical distance between the inverse probability
maps and possible release segments. Source identiication was tested with our LPT
operating with an uncertain low in the Mediterranean Sea. Our results suggest that
our methodology is capable of determining the release time and location for up to two
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weeks when the efects of coastal interactions are weak, and up to 5 days when particles interact heavily with the coast. The results also suggest that our methodology
could be used to constrain the number of probable polluters.
In future work, we shall augment our LPT with a physical model to simulate, for
example, oil spills. This may require a more sophisticated inversion such as Bayesian
inference, namely to address the nonlinear nature of oil dynamics and weathering
efects. We also plan to investigate other more sophisticated beaching models to
mitigate the loss of information caused by coastal interactions.
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APPENDICES

A Methods for Post-processing
As discussed in Section 3.4, post-processing is essential to generate probability maps,
which come from the particles distribution. These particles distributions must be
iltered to discard particles associated with small weights and/or particles trapped
near the coast by weak current along the shore. A comparison of the resulting
probability maps from each post-processing technique is presented in what follows.
These probability maps illustrate the behavior of each post-processing technique.
The igure suggests that removing particles based on coastal cells removes particles with high weights that are trapped by weak currents, and would keep the lowprobability particles that arise from the difusion of the ensemble. In addition, using
the CDF to ilter out particles would remove many particles from the distribution
especially particles which are along the release path and have strong weights. Truncation based on a relative threshold suggest that weak particles may be removed
while conserving the overall particles distribution about the release segment, however, this technique does not take into account trapped particles and may cause the
computed distance to deviate from the actual release window.
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((a)) Full Probability Map

((b)) 10% threshold

((c)) 95% CDF

((d)) 90% CDF

((e)) No Coastal Cells

((f)) No Coastal Cells, No Neighboring Cells

Figure A.1: Probability maps for the inverse problem at Day 3, which corresponds
to the release day, for the diferent post-processing methods discussed as indicated
by the captions. Signiicantly, removing coastal cells does not remove much particles
but removes particles that deviate the computed distance from the release window.
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B Probability Maps for Results
This chapter gives further insight the particles distribution obtained before computing distances. The particles distributions are all post-processed based on removing
coastal cells, to yield the corresponding probability maps. These probability maps
are presented in what follows to provide a link between the probability maps and
the computed distances.

B.1 Sensitivity to Inverse Integration Time
In Section 4.4, the sensitivity to integration time was investigated in which the
observation time was varied, the reverse study was then conducted in order to assess
the efect of beaching on the computed distances. In fact, such a study investigates
the loss of predictability as the integration time span increases, and the processes was
made faster by choosing a release highly afected by beaching. The corresponding
probability maps are as follows.
These probability maps display the signiicance of beaching efects on the loss of
predictability, where the results in Section 4.4 suggest that under heavy beaching,
coupled with the ensemble difusion, the release window may not be captured. The
probability maps also indicate beaching efects begin to be observed after 6 to 7 days
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((a)) Observation Day 6

((b)) Observation Day 7

((c)) Observation Day 8

Figure B.1: Probability maps for the sensitivity analysis on inverse integration time
study, for the Day 1 release with the observation time as indicated (day of release
is shown). The probability maps suggests that ensemble difusion and beaching are
the main contributors to the reduced predictability in inverse tracking.
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of backward integration, where particles are driven towards the North African shore.

B.2 Sensitivity to Ensemble Variance
In Section 4.5, the sensitivity to ensemble variance was examined by artiicially
changing the variance of the members as introduced by [8]. Controlling the variance
enables having control over the ensemble difusion leading to controlling the spread
of the particles distribution. The results from the computed distances suggest that
the ensemble variance has a more signiicant efect on the backward study than on
the forward study. The obtained probability maps from this study are presented in
what follows.
The probability maps suggest that the ensemble variance in the forward study is
not as signiicant as that in the backward study, where a similar particles distribution is obtained in both methods. However, the ensemble variance carries signiicant
efects in the inverse study where a tighter distribution is observed when the realizations are more certain. Coupling with the results from Section 4.5, having a less
spread particles distribution does help identify the release more accurately.
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((a)) Forwards 50%, inverse Deter- ((b)) Forwards 100%, inverse Deministic
terministic

((c)) Forwards 50%, inverse 25%

((d)) Forwards 100%, inverse 25%

((e)) Forwards 50%, inverse 50%

((f)) Forwards 100%, inverse 50%

((g)) Forwards 50%, inverse 75%

((h)) Forwards 100%, inverse 75%

((i)) Forwards 50%, inverse 100% ((j)) Forwards 100%, inverse 100%

Figure B.2: Probability maps for the Day 3 release for diferent ensemble variances
as indicated. More certain lows are observed to have a tighter distribution with less
spread.
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B.3 Sensitivity on Initial Number of Particles
The initial number of particles for the inverse study is an essential parameter for
source identiication. This parameter is tantamount to the area observed by a satellite
or a remote sensing device. A larger number of particles suggests a larger observed
area and vice versa. The initial particles distributions is presented in B.3, which
shows the observation. In addition, the results from Section 4.6 suggests that a
small observed area may yield accurate results, however, if the number of observed
particles is too small (i.e. small observed area), the exact release time may not be
accurately identiied.
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((a)) 1 Particle

((b)) 10, 000 Particles

((c)) 20, 000 Particles

((d)) 30, 000 Particles

((e)) 40, 000 Particles

Figure B.3: Probability maps displaying the initial probability distribution (at Day
14, i.e. the observation day) of the inverse problem for diferent collections of particles
as indicated.
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