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The scattering cancellation technique (SCT) has proved to be an effective way to render static
objects invisible to electromagnetic and acoustic waves. However, rotating cylindrical or spherical
objects possess additional peculiar scattering features that cannot be cancelled by regular SCT-
based cloaks. Here, a generalized SCT theory to cloak spinning objects, and hide them from static
observers, based on rotating shells with different angular velocity is discussed. This concept is
analytically and numerically demonstrated in the case of cylinders, showing that generalized SCT
operates efficiently in making rotating objects appear static to an external observer. Our proposal
extends the realm of SCT, and brings it one step closer to its practical realization that involves
moving objects.

I. INTRODUCTION

Inspired by the concept of photonic crystals [1–4] and
photonic crystal fibres [5–8], a new class of acoustic ma-
terials has emerged during the 1990s. These so-called
phononic crystals (PCs), consist of a periodic arrange-
ment of at least two materials with different densities [9–
12]. These materials were shown to possess a frequency
range over which sound wave propagation is prohibited
(phononic bandgap) [9, 10]. These forbidden bands can
also result in singular properties of sound waves, e.g.,
negative refraction at the interface between a classical
medium and a phononic crystal [13–15], ultrasound tun-
neling [16], or tunable filtering and demultiplexing [17],
to cite a few [18–23]. These PCs are difficult to miniatur-
ize, as the bandgap appears at wavelengths in the same
order as the period of the PCs, meaning a low frequency
bandgap requires a large PC [24, 25]. To overcome this
major hurdle, active research has been directed towards
other concepts involving local resonances [26, 27], that
best operate when the periodicity is much smaller than
the wavelength (this is the so-called quasi-static, or long-
wavelength, limit). For instance, composite structures
formed by locally resonating meta-atoms, so-called meta-
materials (MMs) made their appearance at the turn of
the century, both for electromagnetic [28–31] and acous-
tic [32] waves. Based on analogies drawn from opti-
cal MMs, an acoustic MM consists of a heterostructure
formed of resonant inclusions having characteristic di-
mensions smaller than the wavelength of the wave prop-
agating in the medium, and vibrating on their natural
modes of resonance [33].

Controlling the propagation of waves using these engi-
neered MMs is thus a considerable opportunity [34, 35].
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For example, we can protect buildings from seismic waves
[36, 37] or tsunamis [38–41] by means of a large scale
metamaterial which may guide the acoustic/elastic en-
ergy out of the area to be protected and may consid-
erably attenuate the amplitude of the impinging waves,
or enhance and harvest their energy [42, 43]. Defense
applications are potentially very important as well, with
the possibility, for example, of fabricating stealth systems
(invisibility cloaks) [35]. The term ”invisibility cloak”
designates a coating whose material parameters, deter-
mined by the optical transformation process, make it
possible to deflect any electromagnetic or elastodynamic
wave [44–46]. If we place an object in the isolated inte-
rior area, then no incident wave can interact with this
object since the cloak detours wave trajectories around
it in such a way that for any external observer the field
appears to be undisturbed. In other words, the object is
both undetectable (invisible) and protected. Note that
the concept of invisibility is distinct from that of stealth
[47]. The primary purpose of a stealth coating is to can-
cel the reflection coefficient in certain directions (typi-
cally those of a detection antenna). To do this, the idea
is to absorb the incident waves or to reflect them to an-
other direction. Interestingly, some species of moths have
acquired dynamic acoustic camouflaging features thanks
to some microstructure reminiscent of metamaterial sur-
faces [48]. Conversely, in an invisible device, we cancel
both the reflection coefficient and the absorption, and
we make the transmission coefficient ideally unitary. The
object included in the coating then has a zero electromag-
netic/acoustic size and it has no ”shadow” [35]. Other
cloaking strategies were subsequently proposed through
homogenization [49–51], and/or scattering cancellation
technique (SCT) [52, 53], and even suggested for other
types of waves [54–56].

All the above-mentioned devices and techniques oper-
ate for static objects, i.e., at rest. For instance, moving or
rotating objects possess intrinsically different scattering
signature [57–66] and require special treatment [67, 68].
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FIG. 1: (a) Scheme of the multiple layers and the interfaces of an acoustic structure, as well as the rotation directions and
incident plane wave. (b) Real and (c) imaginary parts of the spinning wavenumbers for different orders n versus the rotation
coefficient α1 = Ω1/ω.

Some intriguing applications were put forward with spin-
ning elements such as gyroscopes [69, 70] and waveguide
rotation sensors [68]. In order to realize efficient cloaking
devices for such rotating devices, we first need to charac-
terize the scattering response from these acoustic objects
and then analyze the feasibility and physical difference
of cloaking mechanism. A recent study for example con-
sidered cloaking structures that are moving in a recti-
linear way, using spatiotemporal properties to counter
the Doppler effect [71, 72]. A theory of a space-time
cloak was also proposed to make a time interval unde-
tectable for an observer [73] and further demonstrated
experimentally in a highly dispersive optical fibre [74].
However, cloaking rotating objects was not achieved in
any context. In the present paper, the use of the scatter-
ing cancellation technique [53, 75–78] to render spinning
objects invisible for acoustic waves is proposed.

The rest of the paper is organized as follows. In the
background and problem setup section, the equations of
motion of a spinning acoustic object and its dispersion re-
lation, that permit the study of acoustic scattering from
multilayered spinning structures are put forward. In the
following section, using Bessel expansions of the pres-
sure fields, it is shown the possibility of cancelling the
leading scattering orders from spinning objects by coat-
ing them with shells of tailored spinning velocity. In that
section, the effect of geometrical parameters and spinning
velocity amplitude on the scattering reduction is also an-

alyzed. Finally, the obtained results are summarized in
the concluding remarks. Two appendices complete the
paper with more details on the frequency response and
derivation details.

II. BACKGROUND AND PROBLEM SETUP

A. Acoustic equation in rotating media

Let us consider time-harmonic waves, with dependence
upon time t proportional to e−iωt, where ω is the angular
wave frequency. We also assume structures with cylindri-
cal invariance [See Fig. 1(a),] i.e., the solution of the phys-
ical problem may be expressed in terms of einθ, so that
derivatives in the azimuthal direction θ produce terms of
the form in, where n is an integer and i2 = −1. We start
by invoking the mass and momentum conservation laws
of acoustics and we express them in the laboratory frame
of reference [79]. This is done by using the Eulerian speci-
fication of the flow field, i.e. by replacing time derivatives
with material derivatives, i.e., ∂t′(·) → ∂t(·) + u · ∇(·),
where the ′ denotes derivatives taken in the rest frame of
the moving fluid. Also, u = u0 + v is the total velocity
of the flow, whereas u0 is the bulk velocity, and v is the
acoustical perturbation velocity. This results in modified
conservation equations (See Appendix B).

We combine the modified equations, i.e., Eqs. (B3)-
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(B4) of the Appendix, by writing down each component
[for instance, Eq. (B3) contains two components, while
Eq. (B4) contains a single component.] Then, we use
u0 ·∇ = Ω1∂/∂θ and we linearize the equations, by keep-
ing only first order quantities of acoustic perturbations,
e.g., terms such as (v · ∇)v are neglected, as shown in
Appendix B [79]. We thus obtain a linear system (of
order 3) in terms of the variables p1, vr,1, and vθ,1 (as-
suming that the z-components of the fields are zero, as it
is assumed in this first example, infinitely extended cylin-
ders in the z-direction). This system of coupled partial
differential equations (PDEs) can be expressed, in cylin-

drical coordinates, using the differential operator D̃, as

D̃ (vr,1, vθ,1, p1)
T

= 0, with (·)T denoting the transpose
of the vector in parentheses, i.e., ζn,1 −2Ω1 ρ−1

1 ∂r
2Ω1 ζn,1 (ρ1r)

−1
in

r−1 + ∂r r−1in ρ−1
1 c−2

1 ζn,1

vr,1vθ,1
p1

 = 0 . (1)

In this coupled differential system, we denote ∂r = ∂/∂r
and the modified angular frequency ζn,1 = i(nΩ1 − ω).
From the system of Eq. (1), we derive the equation ver-
ified by the pressure p1, in the cylindrical coordinates,
that is

∂2p1

∂r2
+

1

r
p1 +

(
β2
n,1 −

n2

r2

)
p1 = 0 , (2)

which is the Helmholtz equation expressed in cylindrical
coordinates, assuming an effective wavenumber

βn,1 =

√
−
(
4Ω2

1 + ζ2
n,1

)
c21

. (3)

We verify that for Ω1 = 0, we recover the classical dis-
persion β1 = ω/c1, with c1 =

√
κ1/ρ1 the speed of sound

inside the object (all parameters related to the object are
denoted with subscript 1 and those related to free-space
with subscript 0). The behavior of βn,1, i.e. the spinning
effective wavenumber is depicted in Figs. 1(a)-1(b). As
the parameter ζn,1 is complex, βn,1 possesses both imag-
inary and real parts (i.e. damping). For example, for
β0,1 (i.e. n = 0,) in the domain |α1| = |Ω1/ω| ≤ 1/2,
only the real part exists and decays exponentially, while
reaching 0 for α1 = ±1/2. The imaginary part is zero in
this domain and increases quasi-linearly out of this do-
main. The orders n = ±1 possess similar and symmetric
behavior. The orders n = ±2 have slightly different be-
havior, which is not symmetric with respect to α1. It
should be mentioned that for α1 = 0, i.e. no spinning,
both wavenumbers (βn,1 and β1) are equal, as expected.
In the domain |α1| � 1, we should expect no damping of
the spinning wavenumbers, as observed.

Now, Eq. (2) shall be complemented with adequate
boundary conditions. In the case of media at rest, we
have continuity of the pressure field p1 and the normal
component of the velocity field (proportional to the dis-
placement field) vr,1 ∝ p1/ρ1. In the case of spinning

media, we have continuity of the pressure and of the nor-
mal displacement ψr,1 [See Eq. (B5) in Appendix B] [79],

ψr,1 =
ζn,1vr,1 + Ω1vθ,1

ζ2
n,1 + Ω2

1

=

(
2Ω2

1 − ζ2
n,1

)
∂rp1 − 3iζn,1Ω1np1/r

ρ1

(
4Ω2

1 + ζ2
n,1

) (
Ω2

1 + ζ2
n,1

) . (4)

By letting Ω1 = 0 in Eq. (4), on gets a displacement pro-
portional to (1/ρ1)∂rp1 as in the case for acoustic waves
in media at rest.

B. Bessel expansion and scattering from bare
spinning objects

Let us now turn to the main problem of characteriz-
ing the scattering from rotating cylindrical objects, at
uniform angular velocity Ω1. First we consider a bare
cylindrical object of radius r1 rotating in free-space with
density and bulk modulus ρ1 and κ1, respectively. At this
stage, we will derive the general equation for any proper-
ties of the rotating object, and later, it will be assumed
that ρ1 = ρ0 and κ1 = κ0 to single out the pure effects
due to spinning. An acoustic plane-wave of amplitude 1
is incident on the structure. For simplicity and without
loss of generality, let us assume that the wave is in the
x − y plane, and that it propagates in the x-direction.
It can thus be expressed as pinc = eiβ0x = eiβ0r cos θ, by
ignoring the time-harmonic dependence, for now. The
expansion of this incident plane wave in terms of Bessel
functions takes the form

pinc =

+∞∑
−∞

inJn (β0r) e
inθ . (5)

The scattered field is expanded in terms of Hankel func-
tions of the first kind, to ensure that the Sommerfield
radiation condition is satisfied, i.e.

pscat =

+∞∑
−∞

insnH
(1)
n (β0r) e

inθ , (6)

for r > r1 and with sn the scattering coefficients to
be determined using the boundary conditions at the in-
terfaces of the structure. Hence, the field in region
0 is p0 = pinc + pscat. These scattering coefficients
intervene in the definition of the scattering amplitude
f(θ) ∝

√
r limr→∞ pscat(r, θ), which is a measure of the

acoustic scattering strength in the direction θ. The to-
tal scattering cross-section (SCS) is the integration over
all angles θ of the scattering amplitude and represents
a scalar measure of the total scattering (irrespective of
direction), and in the two-dimensional (2D) scenario is
proportional to a length. For instance, we have

σscat =
4

β0

+∞∑
−∞
|sn|2 . (7)
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To complete the expansion of the pressure fields, we con-
sider now the case of the spinning disc of radius r1 that
is different from scattering objects that were considered
in previous studies, so far. In this case and owing to the
previous results, the pressure field in the region r ≤ r1 is
given by

p1 =

+∞∑
−∞

inanJn (βn,1r) e
inθ , (8)

with βn,1 given in Eq. (3) and an unknown coefficients
to be determined by the boundary conditions along with
sn. Now by equating the pressure and the displacement
[See Eq. (4)] at the boundary r = r1, i.e.

pinc (r1) + pscat (r1) = p1 (r1) ,

1

ρ0ω2

∂
(
pinc + pscat

)
∂r

∣∣∣∣∣
r=r1

=

(
2Ω2

1 − ζ2
n,1

)
∂rp1 − 3iζn,1Ω1np1/r

ρ1

(
4Ω2

1 + ζ2
n,1

) (
Ω2

1 + ζ2
n,1

) ∣∣∣∣∣
r=r1

. (9)

Equation (9) yields with the previous expansions a set of linear systems, for each azimutal order n, thanks to the
orthogonality of the functions einθ, i.e.(

Jn (βn,1r1) −H(1)
n (β0r1)

ΠJn − β0

ω2ρ0
H

(1)′

n (β0r1)

)(
an
sn

)
=

(
Jn (β0r1)
β0

ω2ρ0
J ′n (β0r1)

)
, (10)

where the coefficient ΠJn is expressed as

ΠJn =

(
2Ω2

1 − ζ2
n,1

)
βn,1J

′
n (βn,1r1)− 3ζn,1Ω1in

r1
Jn (βn,1r1)

ρ1

(
4Ω2

1 + ζ2
n,1

) (
Ω2

1 + ζ2
n,1

) . (11)

Equation (11) shows clearly for the specific case of scattering from spinning objects, that the multipoles of orders
n and −n give different contributions. The scattering coefficient sn can be easily obtained from Eq. (10), i.e.

sn =

∣∣∣∣Jn (βn,1r1) Jn (β0r1)

ΠJn
β0

ω2ρ0
J ′n (β0r1)

∣∣∣∣
∣∣∣∣∣Jn (βn,1r1) −H(1)

n (β0r1)

ΠJn − β0

ω2ρ0
H

(1)′

n (β0r1)

∣∣∣∣∣
−1

, (12)

where |M | denotes the determinant of a matrix M .
In order to single out the effect of rotation on the

scattering, we consider an object with the same density
and bulk modulus as the surrounding environment, i.e.
ρ1 = ρ0 and κ1 = κ0. This leaves us with only the ro-
tation angular velocity Ω1 of the object (r ≤ r1). A
scenario of interest is that of small objects compared to
the sound wavelength, i.e. β0r1 � 1 and βn,1r1 � 1.
The first multipole terms are thus given by

s0 =
3iπ

4

α2
1 (β1r1)

2

1− α2
1

+O
(

(β1r1)
4
)
,

s±1 =
iπ

4

α1 (β1r1)
2

±2 + α1
+O

(
(β1r1)

4
)
,

s±2 =
iπ

32

α1 (β1r1)
4

∓2 + α1
+O

(
(β1r1)

6
)
,

s±n = f±n (α1) (β1r1)
2n

+O
(

(β1r1)
2n+2

)
. (13)

In Eq. (13), f± denote functions of the variable α1. The

upper/lower sign in the second and third lines correspond
to the positive/negative coefficient, respectively. Also,
O(·) denotes the Landau notation (of a function of the
same order) [80]. It may be noted that, if the angular ro-
tation velocity of the fluid goes to zero, all the scattering
orders sn vanish without exception. A case of interest is
that of small rotation angular velocity, so the denomina-
tors in Eq. (13) are close to 1 and can be omitted, thus we
have s0 ∝ α2

1ω
2, s±1 ∝ α1ω

2, and s±2 ∝ α1ω
4. In classi-

cal scattering from non-rotating acoustic objects (or 2D
electromagnetism), it is well known that the scattering
cross-section is dominated by both the zeroth-order and
first-order, i.e. the monopole s0 and the dipole s1 [81].
However, from Eq. (13), we can see that s0/s±1 ∝ α1 � 1
and s±2/s±1 ∝ ω2 � 1. Hence, unlike for the case of
acoustics at rest [76], the SCS of spinning objects is dom-
inated by the dipole terms s±1. The higher order terms
scale as (β1r1)2n and do not contribute significantly to
the scattering, although in Eq. (11) we have terms pro-
portional to n. However, the peculiar behavior of Bessel
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FIG. 2: (a) Scattering coefficients 4/β0|sn|2 in logarithmic scale versus frequency (in logarithmic scale, too) for a spinning object
(Ω1/(2π) = 1 Hz) of radius r1 = 1 m, bulk modulus and density κ1 = κ0 = 2.22 GPa and ρ1 = ρ0 = 103kg/m3, respectively,
for n = 0,±1,±2. (b) Total normalized SCS (σscat/r1) with 21 scattering orders taken into account (n = −10 : 10) versus the
normalized spinning velocity for different kinds of objects, ranging from soft (

√
κ1ρ1� 1), ”normal” (

√
κ1ρ1 ≈ 1), to hard-wall

(See Section III C) (
√
κ1ρ1 � 1). (c) Normalized SCS in logarithmic scale, of the spinning cylinder vs the frequency of the

acoustic wave ω and the spinning velocity Ω1 for the same physical parameters as the environment (water). The inset plots
<(p0) at corresponding parameters. The middle one corresponds to high frequency Ω1 = 2ω = 2π × 500 Hz.

functions makes the higher order multipoles negligible in
the quasi-static limit.

Another interesting remark about scattering of spin-
ning fluids can be immediately seen upon inspection of
Eq. (13). We can see that the scattering coefficients pos-
sess poles for determined values of α1. Namely, these are
ω = ±Ω1 for s0, ∓Ω1/2 for s1,−1 and ±Ω1/2 for s2,−2.
Thus for these frequencies, resonant scattering may be
observed. For instance,

σscat ≈ π

2
(β0r1)

α2
1

(
α2

1 + 4
)

(α2
1 − 4)

2 . (14)

Figure. 2(a) plots these normalized scattering coeffi-
cients 4/β0|sn|2 in logarithmic scale versus frequency (in
logarithmic scale, too) for a spinning object (made of
water, as the surrounding, and separated from it by a
thin membrane), with Ω1 = 2π rad, of radius r1 = 1
m, bulk modulus and density κ1 = κ0 = 2.22 GPa and
ρ1 = ρ0 = 103kg/m3, respectively, for n = 0,±1,±2.
These plots show that although the object has the same
physical parameters as the environment (water, here, for

instance) resonant modes take place at specific frequen-
cies given by Eq. (13). It should be also noted that
both modes n = 0 and n = ±1 dominate, as can be
anticipated from Eq. (13). Also the resonance of modes
n = 1 and n = −2 cannot be seen here as we use positive
Ω1(= 2π rad). Figure. 2(b) depicts the total scattering
cross-section σscat with 21 scattering orders taken into
account (n = −10 : 10) versus the normalized spinning
velocity for different kinds of objects, ranging from soft,
i.e.

√
(κ1ρ1)/(κ0ρ0) � 1 [green line in Fig. 2(b)] ”non-

rigid”, i.e.
√

(κ1ρ1)/(κ0ρ0) ≈ 1 [red and blue lines in
Fig. 2(b)], to hard-wall (rigid) (detailed in Section III C),

i.e.
√

(κ1ρ1)/(κ0ρ0)� 1 [black dashed line in Fig. 2(b)].
The resonant scattering can be seen from all these ob-
jects around the predicted spinning velocities. Here the
frequency is fixed at 1 Hz (quasistatic limit). It should
be noted that the presence of these Mie resonances is
unusual in acoustics, where homogeneous objects do not
possess low frequency resonance. The only case of low-
frequency Mie resonances, concerns flexural waves scat-
tered off thin-plate objects as was analyzed in Ref. [82],
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originating from the peculiar nature of flexural bihar-
monic waves obeying a fourth order PDE [83]. How-
ever, in the present scenario, these resonances re due to
pure rotation. Figure 2(c) plots contours of normalized
SCS σscat/r1 (in logarithmic scale) of a scatterer with the
same physical properties as the surrounding (water) for
varying frequencies ω and spinning speeds Ω1. This plot
clearly shows that the SCS has two resonances (marked
with dark red color) for each spinning speed. Moreover,
the blue horizontal thick linear region at the center with
blue color (i.e. zero scattering) corresponds to very low
down to zero spinning speeds, and as the scatterer pos-
sesses the same density and bulk modulus as the sur-
rounding, it does not scatter at all at these low spin-
ning speeds. On the other hand, if we take vertical cuts
along this 2D graph, four resonances occur (in a sym-
metric manner with respect to Ω1) as it transpires from
Fig. 2(b) and as predicted from Eq. (13).

The inset of Fig. 2(c) plots the real part distribution
of the pressure field [<(p)] in the scattering region (i.e.
region 0) in the presence of the spinning acoustic cylin-
der. These plots correspond to frequencies and spin-
ning speeds of different resonating modes, as depicted
in Fig. 2(c). It may be seen that the pressure field takes
very large values (in comparison to the non-resonating
case, where <(p) ≈ 10−3p0) which is coherent with the
observed Mie resonance due to the spinning fluid.

III. SCATTERING CANCELLATION FOR
SPINNING CYLINDERS

A. Bessel function expansion for the core-shell
structure

Let us now turn to the analysis of cloaking the spinning
objects using the paradigm of the scattering cancellation

technique (SCT) [52]. We consider a core-shell structure,
depicted in Fig. 1(a), with an object of radius r1 and a
shell of radius r2. The parameters of the object and the
shell are denoted by ρ1,2, κ1,2, and Ω1,2, for the density,
bulk modulus, and angular velocity, respectively. On the
other side, the parameters of free-space are just ρ0 and
κ0, as the fluid in region 0 is at rest. The field expansions
are similar to the ones of a bare object. However, we have
now an additional domain (the shell) r1 < r ≤ r2, where
the pressure field can be expanded as

p2 =

+∞∑
−∞

in [bnJn (βn,2r) + cnYn (βn,2r)] e
inθ , (15)

with Yn the Bessel function of second kind, βn,2 =√
−(4Ω2

2 + ζ2
n,2)/c22 and c2 =

√
κ2/ρ2.

The obtained scattering system for this structure is
thus obtained by applying the same boundary conditions
at the interfaces r = r1 and r = r2, taking into account
that the fluid is either rotating or at rest. This leads to


0 Jn (βn,2r2) Yn (βn,2r2) −H(1)

n (β0r2)

0 ΠJn (βn,2r2) ΠYn (βn,2r2) − β0

ω2ρ0
H

(1)′

n (β0r2)

−Jn (βn,1r1) Jn (βn,2r1) Yn (βn,2r1) 0
−ΠJn (βn,1r1) ΠJn (βn,2r1) ΠYn

(βn,2r1) 0


anbncn
sn

 =


Jn (β0r2)
β0

ω2ρ0
J ′n (β0r2)

0
0

 , (16)

with the functionals ΠYn
given in the same way as ΠJn ,

shown in Eq. (11), up to the replacement of Jn by Yn.

The scattering coefficient is thus sn = |M |/|M̃ |, where

M is the 4×4 matrix in the LHS of Eq. (16) and M̃ is the
matrix obtained from M by replacing its fourth column
vector by the vector in the RHS of Eq. (16). Solving
Eq. (16) is straightforward using a numerical software
such as Matlab [84], and this will be performed later to
characterize and analyze this peculiar cloaking mecha-
nism.

B. Analysis of the SCT

In order to gain more insight, and due to the general
complexity of this linear system, it is instructive to ana-
lyze the long wavelength limit (as done for the bare object
in previous section) corresponding to acoustically small
objects and shells, i.e. β0r1,2 � 1 and βn,1,n,2r1,2 � 1.
Note that with the values of the parameters in this study,
it is sufficient to impose the first condition β0r1 � 1.
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Under these assumptions, and by denoting Ω1 = α1ω,
Ω2 = α2ω, r2 = r1/γ, and by choosing without loss of
generality ρ2 = ρ1 = ρ0 and c2 = c1 = c0, in order to
single out the effect of spinning (by ignoring scattering
due to the acoustic impedance mismatch due to inhomo-
geneities), we obtain for the leading scattering orders, as
discussed in the previous sub-section,

s0 =
3iπ

4γ2

[
γ2α2

1 −
(
−1 + γ2 + α2

1

)
α1α2

]
(−1 + α2

1) (−1 + α1α2)
(β0r1)

2

+ O
(

(β0r1)
4
)
, (17)

and

s±1 =
iπ

4γ2

A±1

B±1
(β0r1)

2
+O

(
(β0r1)

3
)
, (18)

with

A±1 = ±2γ2α1 + α2

(
±2∓ 2γ2 + α1 − 6γ2α1

)
+ α2

2

(
−3 + 6γ2 ± α1 ± 4γ2α1

)
+ α3

2

(
±1∓ 4γ2 + 6γ2α1

)
+ α4

2

(
6
(
1− γ2

))
,(19)

and

B±1 = 4± 2α1 + α2

(
∓4 + 3α1 − 2γ2α1

)
+ α2

2

(
−1 + 2γ2 ± α1 ∓ 2γ2α1

)
+ α3

2

(
±13± 2γ2 + 6γ2α1

)
+ α4

2

(
6
(
1− γ2

))
.(20)

In Eqs. (19)-(20) the upper (lower) sign correspond to
the order n = 1 (n = −1). Note that as α2 → 0 i.e.
the shell is at rest, the expressions of s0 and s±1 given
in Eqs. (17)-(20) reduce to the ones given in Eq. (13), as
expected.

In order to cancel the total SCS, i.e. σscat, we have to
enforce s0 = 0 and s±1 = 0. For small angular rotation
speeds, only s±1 is significant (as we have seen earlier
from Eq. (13)). and it is safe to ignore the contribution of
the higher order multipoles (|n| ≥ 2), as these scale with

(β0r1)
2n

(their squared amplitude, i.e. their contribution

to the SCS, from Eq. (7) scales with (β0r1)
4n−1

, which
is even smaller).

First, enforcing |s0| = 0, we derive the quasistatic con-
dition of SCT, i.e.

γ2α2
1 − (−1 + γ2 + α2

1)α2
2 = 0 , (21)

which relates α2, α1, r1, and r2 (via γ). It is found that,
to satisfy Eq. (20), α2 must take positive and/or nega-
tive values. Note that positive (resp. negative) angular
velocity just means an anticlockwise (resp. clockwise)
rotation. We thus have

α2 = ± γα1√
(−1 + γ2 + α2

1)
. (22)

Also, when γ2 + α2
1 ≤ 1, no solution can be found, that

may cancel the scattering monopole s0. The behavior of

FIG. 3: (a) Contour plot of α2 versus α1 and γ for the first
order (n = 0) condition, given in Eq. (17). (b) Contour plot of
α2 versus α1 and γ for the second order condition (n = ±1),
given in Eqs. (18)-(20).

α2, versus γ and α1, corresponding to Eq. (17) is depicted
in Fig. 3(a) [See Fig. 8 for a different view of the same
plot]. Specifically, we can observe that for the domain
γ2 + α2

1 ≤ 1, no solution for α2 can be found (empty re-
gion of the plot). For γ2+α2

1 = 1, very high positive (and
negative) values of α2 are required. On the other hand,
when the condition on γ2 + α2

1 is relaxed, small values
of α2 are sufficient. It should be also noted that α2 is
symmetric with respect to the variation of α1 (α1 and
−α1 give the same values of α2) as seen from Fig. 3(a).
Let us now turn to the analysis of cancelling the leading
scattering dipole orders s±1. In fact, Eq. (19) is of fourth
order, so we may expect to obtain four distinct solutions
for α2. This is exactly what may be observed in Fig. 3(b),
where four branches can be distinguished in this three-
dimensional contourplot. In this scenario, we can see
that there is a lack of symmetry with respect to α1, due
to the presence of the dipole order term in the equation
(n = ±1). Clockwise an anti-clockwise rotations Ω2 are
thus viable ways to counteract the anti-clockwise rota-
tion of the object and make it look static to external
observers (by cancelling the n = ±1 multipoles). The
angular rotation speeds needed here are also comparable
to the speed of the object to cancel. The graphs of Fig. 3
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FIG. 4: (a) Normalized SCS (σscat
c /σscat

b ) in logarithmic scale, (where the subscripts c and b refer to the scattering cross-section
of the obstacle and cloaked structure, respectively) versus the spinning frequency of the cloaking shell Ω2/(2π) and the radii
ratio γ. The bright regions represent the locations of optimized scattering reduction, with values exceeding 40 dB (in absolute
value). The inset gives the acoustic Poynting vector of the cloaked structure normalized by the one of the bare object in the
scattering region. (b) Scattering amplitude (|f(θ)|2) in logarithmic scale for the cloaked structure (normalized by the amplitude
of the bare object) for Ω2/(2π) = 16.06 Hz (solid line) and Ω2/(2π) = −22.7 Hz (dashed line,) corresponding to the highlighted
values from (d). (c) Normalized SCS versus γ for various values of Ω2/(2π). (c) Normalized SCS versus the spinning frequency
of the cloaking shell Ω2/(2π) for various values of γ. All these figures were plotted for a frequency of ω/(2π) = 15.5 Hz and
Ω1/(2π) = 15 Hz.

are only dependent of frequency through the parameters
αi = Ωi/ω.

Next, we consider the general case where we do not
make use of asymptotic (quasistatic) approximation,
and solve the exact scattering problem, stemming from
Eq. (16). The angular rotation speed of the fluid in re-
gion 1 (r ≤ r1) is Ω1/(2π) = 15 Hz and its density and
bulk modulus are assumed, as before, equal to those of
free-space (water). Here, the frequency of the wave is
chosen as ω/(2π) = 15.5 Hz (high spinning regime, i.e.
Ω1 ≈ ω). σscat

c of the total object-shell structure is nor-
malized with the SCS of the bare object and subsequently
plotted against varying values of Ω2 (in units of 2π rad)
and γ. This result is shown in Fig. 4(a) in logarithmic
scale. The regions colored with dark blue correspond to
significant scattering reduction (i.e. σscat

c /σscat
b � 1),

whereas the dark red regions correspond to enhanced
scattering from the core-shell geometry. It can be seen
that two distinct regions of cloaking can be distinguished,
i.e. for ω2/(2π) > 15.5 Hz and for ω2/(2π) < −15.5 Hz,
and both with values of γ) between 0.4 and 0.8, for ef-
ficient scattering reduction. In particular, a minimum

of -40 dB of σscat
c /σscat

b � 1 is seen around values of
Ω2/(2π) = −16.7 Hz and γ = 0.6. In addition, the
dashed black lines give the results of Eq. (17),(22).

To isolate the effect of Ω2 and γ on the scattering re-
duction mechanism, a plot of σscat

c /σscat
b is given versus

γ and for different values of Ω2/(2π). We can see in
Fig. 4(c) that one single cloaking regime takes place. For
higher values (in absolute value) of Ω2/(2π) the cloaking
is broader with γ but less pronounced. When Ω2/(2π)
approached ±15.5 Hz, the scattering reduction is higher
but less broad with respect to γ. In addition, for the
domain Ω2/(2π) ∈ [−15.5, 15.5] Hz, no cloaking can take
place. Next, σscat

c /σscat
b � 1 is given versus Ω2/(2π)

for different values of γ in Fig. 4(d). We can see that
two scattering dips exist for different values of γ. For
instance for γ < 0.4 and γ > 0.8, no cloaking is possi-
ble. The minimum cloaking is for Ω2 = −16.7 Hz and
γ = 0.6. To better illustrate the efficiency of the pro-
posed cloak, the far-field scattering patterns (i.e. |f(θ)|)
in polar coordinates are shown in Fig. 4(b), for two spe-
cific parameters of Ω2 and γ, depicted in Fig. 4(d) with
circles. This plot demonstrates that the spinning fluid
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FIG. 5: (a) Near-field plot (in arbitrary units) of the acoustic scattered Poynting vector Πb (proportional to |pscat|2) of the
bare object of radius r1 = 1 m, spinning with speed Ω1/(2π) = 15 Hz at the frequency ω/(2π) = 15.5 Hz. (b) Same as in (a)
for the cloaked object (Πc), with the shell of radius r2 = r1/γ and γ = 0.71 and spinning frequency Ω2/(2π) = −16 Hz. The
physical parameters of the object and shell are equal to those of the surrounding, i.e., water. The phases (normalized with π)
of the total Poynting vectors are given in (c) and (d) for the bare and cloaked object with same parameters as in (a) and (b),
respectively. The black dashed lines represent the contours of the phases.

is undetectable for all angles [Fig. 4(c) gives normalized
|fc(θ)/fb(θ)|, with subscripts c and b, denoting, as be-
fore, the cloaked and bare object, respectively]. In fact,
it should be understood that the continuous line offers
better cloaking than the dashed one, that is translated
by a smaller SCS (which is clearly visible in the figure.)
However, it can be remarked that the scattering ampli-
tude is reduced more for some angles (180◦ for instance).
Hence, for the continuous curve, the scattering reduction
ranges from -23 dB to -35 dB, which is considered as
being cloaking for all angles. For the dashed curve, the
scattering reduction is not very efficient and it is around
10 dB, on average. This is visible in Fig. 4(d) that gives
the SCS (which is the integration of the scattering am-
plitude over all angles, and which is a better measure of
scattering reduction). This plot confirms that a clockwise
rotating shell of small radius can cloak an anti-clockwise
spinning object.

Last, Figs. 5(a)-(b) plot the near-field scattered pres-
sure field amplitude (or more precisely the amplitude of
the normalized scattered acoustic Poynting vector [85] ,
i.e. |Πb| and /|Πc|) in the environment region (region 0)
for the bare object and cloaked object, respectively. We
can observe that a drastic reduction of the scattered fields
(about two orders of magnitude), takes place, in the case

of an object with spinning coating. The phases (normal-
ized with π) of the total Poynting vectors are given in
Fig. 5(c) and Fig. 5(d) for the bare and cloaked object
with same parameters as in Fig. 5(a) and Fig. 5(b), re-
spectively. These plots show that the phase of the fields is
not distorted in the case of cloaked scenario (straight con-
tour lines, marked with the dashed black lines) whereas
for the bare case it is slightly distorted (contour lines
are curved due to the enhanced scattering from the spin-
ning object). A discussion on the frequency response of
the cloaking mechanism and near-fields at a different fre-
quency are given in Appendix A, Fig. 9.

C. The Case of a Hard-Wall Object

Let us first derive the equivalence of the scattering from
a hard-wall object and an infinite acoustic impedance
object different from the case of a finite acoustic in-
homogeneity, shown for comparison in Fig. 6(a)). The
hard-wall (rigid) boundary condition for r = r1, namely
n · v = 0 (or in terms of pressure 1/ρ ∂rp = 0.) The inci-
dent field is as usual a plane-wave expressed as in Eq. (5)
and the scattered pressure is given as in Eq. (6). By ap-
plication of the hard-wall boundary condition at r1, we
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FIG. 6: (a) SCS for an object of radius 1, density ρ1 = ρ0, bulk modulus κ1 = 0.1× κ0 versus frequency when the object is at
rest (dashed blue curve) and when it is spinning with Ω1/(2π) = 25 Hz (black circles). (b) SCS for the hard-wall boundary (blue
line), infinite acoustic impedance approximation, i.e.,

√
ρ1κ1 →∞ (red dashed line), and spinning infinite acoustic impedance

approximation (circles). (c) Cloaking scenario for the hard-wall object of radius r1 = 1 when using classical SCT scheme, i.e.,
by varying the density and bulk modulus of the shell of radius r2 = 1.2 at frequency ω/(2π) = 383 Hz. (d) Same as in (c) but
using a spinning shell of density and bulk modulus equal to those of free-space.

obtain the expression of the coefficients

s(r)
n =

−J ′n (β0r1)

H
(1)′
n (β0r1)

, ∀n ∈ Z . (23)

On the other hand, an object of same radius r1, density

ρ1, and bulk modulus κ1 embedded in a homogeneous
medium of density ρ0 and bulk modulus κ0, possesses
scattering given by

sn =

∣∣∣∣Jn (β1r1) Jn (β0r1)
J ′n (β1r1) χJ ′n (β0r1)

∣∣∣∣
∣∣∣∣∣Jn (β1r1) H

(1)
n (β0r1)

J ′n (β1r1) χH
(1)′

n (β0r1)

∣∣∣∣∣
−1

, (24)

where χ = Z1/Z0, and Z0,1 =
√
ρ0,1κ0,1 the impedance

of the object and free-space, respectively.

Now in order to establish the analogy between the
hard-wall boundary and the inhomogeneous medium, we
must equalize Eqs. (23)-(24). This can be obtained for
all scattering orders, if we ensure that χ→∞, i.e. by as-
suming an infinite impedance of the object. This is some-
how coherent as the higher impedance leads to enhanced
reflection and in this limit the fields cannot penetrate
the object, which is an equivalent to hard-wall boundary.

This fact is demonstrated in Fig. 6(b), where the plot of
the SCS versus a broadband of frequencies is depicted. It
can be also seen from Fig. 6(b) that rotating a hard-wall
object does not change its scattering response, unlike for
the case of an acoustic medium with finite impedance,
shown in Fig. 6(a). This is mainly due to the fact that
there is no flow inside the object (pressure and velocity
are zero for r ≤ r1) and hence rotating the object does
not induce any extra scattering features.

Last, to verify the versatility and robustness of this
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FIG. 7: (a) Phase (normalized with π) of the total Poynting vectors of a bare rigid object of radius unity at frequency
ω/(2π) = 383 Hz. (b) Phase (normalized with π) of the total Poynting vectors of a rigid object of radius unity at frequency
ω/(2π) = 383 Hz, cloaked by a shell of radius 1.2, density and bulk modulus corresponding to point A in Fig. 6(c), i.e.
ρ2 = 0.094ρ0 and κ2 = 0.246κ0. (c) Same as in (a). (d) Same as in (b) but here ρ2 = ρ0 and κ2 = κ0, however Ω2/(2π) = −366
Hz and γ = 0.958, corresponding to point B in Fig. 6(d).

new kind of SCT-based cloaking, we investigate the pos-
sibility to cloak a rigid (hard-wall like) cylindrical object
by using only a rotating shell, of same physical param-
eters (ρ2 and κ2) as those of the surrounding medium
(water, here). The rigid body can mimic for example
a submarine, or any under-water solid (we ignore shear
waves here, as only compression waves are investigated).
We first coat the rigid object of radius r1 = 1 m with
a shell of radius r2 = 1.2 m and we sweep the density
and bulk modulus of the shell, as usually done in SCT
cloaking. The normalized SCS is plotted as before, at
frequency ω/(2π) = 383 Hz, and the result is depicted
in Fig. 6(c). On the other hand, we consider to coat the
same object with a shell of radius r2 = r1/γ and spin-
ning angular frequency Ω2. In this scenario ρ2 = ρ0 and
κ2 = κ0. So the SCT is induced here purely by spin-
ning effect. The result is depicted in Fig. 6(d) and it can
be clearly seen that comparable scattering cancellation is
possible to achieve. The advantage is here that we do not
need near-zero or negative density and/or bulk modulus
for the cloaking operation [as can be seen from Fig. 6(c)].
By pure rotation of homogeneous shells, cloaking is made
possible. Note that we can further improve this scatter-
ing rotation with spinning by allowing some freedom for
the density and/or bulk modulus of the shell.

Figure. 7 plots the phases (normalized with π) of the
total Poynting vectors for the bare and cloaked object,

corresponding to points A and B, highlighted in Fig. 6(c)-
6(d). These plots show that the phase of the fields is not
distorted in the case of cloaked scenario (straight contour
lines, marked with the dashed black lines) whereas for the
bare case it is slightly distorted (contour lines are curved
due to the enhanced scattering from the spinning object).
This plot confirms also the findings of Figs. 6(c)-6(d).

Figure 7(a) depicts the phase of the total Poynting
vector of a bare rigid object of radius unity at frequency
ω/(2π) = 383 Hz, whereas Fig. 7(b) gives the same quan-
tity for the rigid object at frequency ω/(2π) = 383 Hz,
cloaked by a shell of radius 1.2 m, density and bulk mod-
ulus corresponding to point A in Fig. 6(c), i.e. ρ2 =
0.094ρ0 and κ2 = 0.246κ0. Next, Fig. 7(c) and Fig. 7(d)
give the same situation but here ρ2 = ρ0 and κ2 = κ0,
however Ω2/(2π) = −366 Hz and γ = 0.958, correspond-
ing to point B in Fig. 6(d). Both scenario show compa-
rable scattering reduction, demonstrating thus the effi-
ciency of spinning shells in cloaking rigid objects.

IV. CONCLUDING REMARKS

In summary, a detailed analysis of spinning acoustic
objects and their scattering properties is proposed, and
acoustic cloaks based on the scattering cancellation tech-
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nique are designed. Here the main challenge is that the
object to conceal (cloak) is not at rest, and experiences
rotation along its z-axis (for cylinders) at constant angu-
lar speed (with a few rotation cycles per second). Scat-
tering by such acoustic rotating objects is physically dif-
ferent from objects at rest, and possesses resonant Mie
features at specific frequencies. The cloaking mechanism
introduced here presents several advantages in compari-
son with zero-velocity cloaking, as it may be more useful
in realistic applications (where objects are most of the
time moving). Using a homogeneous layer of same prop-
erties as free-space with a rotation (in the opposite di-
rection to the object) we are able to significantly reduce
the scattering from objects with various spinning speeds.
It is also shown that using purely a spinning shell, it is
possible to cancel the scattering from a rigid (hard-wall)
object in a similar manner as optimizing its density and
bulk modulus, which shows the versatility of this cloaking
mechanism.

Experimental realization of this concept may be within
reach readily, as it only requires rotating objects and
shells, allowing for interesting applications in scenarios
in which it is desirable to suppress the scattering from
obstacles that are in a spinning movement (e.g. rotating
components of cars or helicopter rotor blades) for noise
reduction. The same concept can also be generalized to
other classes of waves, such as linear surface water waves,
flexural waves in thin-plates or beams.
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Appendix A: Characterization of the SCT cloaking

To give a better view of the analytical results of Fig. 3,
Fig. 8 plots the same results, but from a different view
angle.

In order to characterize the efficiency of the cloaking
mechanism presented in this work, Fig. 9 gives the scat-
tering response versus frequency. For instance, Fig. 9
plots the normalized SCS (σscat

c /σscat
b ) in logarithmic

scale, (where the subscripts c and b refer to the SCS of
the bare obstacle and cloaked one, respectively) versus
the wave frequency ω/(2π) and the spinning frequency
of the cloaking shell Ω2/(2π), for γ = 0.71 and an ob-
ject of radius 1 m and spinning frequency Ω1/(2π) = 15
Hz, and same physical parameters as the surrounding,
for both object and cloaking shell. The dark blue regions
represent the locations of optimized scattering reduction,
with values exceeding 30 dB (in absolute value). This fig-
ure shows also that two cloaking peaks can be attained,
the first one around frequency 7.5 Hz, that is hardly tun-
able, whereas the second one can be controlled by vary-
ing the spinning frequency of the cloaking shell. This

FIG. 8: Same as in Fig. 3 but with a rotated view to highlight
the different solutions of Eqs. (17)-(20).

is shown more clearly in Fig. 9(c) that gives the normal-
ized SCS versus wave frequency ω/(2π) for various values
of Ω2/(2π), corresponding to the dashed colored lines in
Fig. 9(a). The phase (normalized with π) of the total
Poynting vector for the cloaked object corresponding to
the situation encircled in Fig 9(c) is given in Fig 9(d)
along with the contours of the phases (black dashed).
Moreover, in this scenario, we wished to isolate the pure
effects of scattering and scattering cancellation due solely
to spinning, by assuming ρ1,2 = ρ0 and κ1,2 = κ0. How-
ever, another interesting case, is to consider an object of
ρ1 6= ρ0 and κ1 6= κ0. This scenario is plotted in Fig 9(b),
where an object has ρ1 = ρ0 but κ1 = 0.1×κ0 and moder-
ate spinning Ω1/(2π) = 5 Hz. The shell has also the same
radius as in Fig. 9(a), ρ2 = ρ0 but κ2 = −0.11×κ0. This
2D plot shows that broadband scattering reduction can
be achieved for a large interval of spinning frequencies
of the shell. A particular scenario is plotted in dashed
curve which corresponds to a specific Ω2/(2π) = −5 Hz,
and its axis is shown. Form this plot, we can see that for
most of the frequency domain considered here, a scatter-
ing reduction of at least 20 dB can be achieved, which
shows that this technique is efficient to cloak acoustic in-
homogeneities with spinning movement, by tailoring the
shell’s physical properties.
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FIG. 9: (a) Normalized SCS (σscat
c /σscat

b ) in logarithmic scale, (where as before the subscripts c and b refer to the SCS of the
obstacle and cloaked structure, respectively) versus the wave frequency ω/(2π) and the spinning frequency of the cloaking shell
Ω2/(2π), for γ = 0.71 and an object of radius 1 m and spinning frequency Ω1/(2π) = 15 Hz, and same physical parameters
as the surrounding, for both object and cloaking shell. The dark blue regions represent the locations of optimized scattering
reduction, with values exceeding 30 dB (in absolute value). (b) Same as (a) but here the object has ρ1 = ρ0 but κ1 = 0.1× κ0

and moderate spinning Ω1/(2π) = 5 Hz. The shell has same radius as in Fig. 9(a), ρ2 = ρ0 but κ2 = −0.11× κ0. The dashed
curve corresponds to a specific Ω2/(2π) = −5 Hz, and its axis is shown. (c) Normalized SCS versus wave frequency ω/(2π) for
various values of Ω2/(2π), corresponding to the dashed colored lines in Fig. 9(a). (d) Phase (normalized with π) of the total
Poynting vectors for the cloaked object corresponding to the situation encircled in Fig 9(c). The black dashed lines represent
the contours of the phases.

Appendix B: Derivation of The Acoustic Equation
in Spinning Media

Let us consider a uniformly rotating medium, as
schematized in Fig. 1(a). The usual equations of motion
(momentum conservation) and continuity (conservation
of mass) need to be modified [57–60, 63, 79]. If we con-
sider no shear stresses and body forces, it is shown that
the momentum conservation can be written as,

ρ

(
Du

Dt′

)
= −∇′P , (B1)

where the operators D/Dt′ and ∇′ represent the total
time-derivative and the spatial derivative, respectively,
in the reference frame R′ associated with the spinning
disc. The density ρ is assumed to be constant with re-
spect to time, due to low compressibility and reasonable
rates of rotation, as well as small-amplitude sound waves,
as usually assumed. Here the total pressure P accounts
for the pressure due to acoustic waves as well as to the

rotation of the structure and u is the total velocity.
In the reference frame R associated with the labora-

tory, Eq. (B1) is transformed into

ρ

[
∂

∂t
+ (u · ∇)

]
u = −∇P , (B2)

with u = u0 + v, with v the velocity of the acoustic
wave, and u0 = u0(r) the bulk velocity, with r being
the position vector with origin taken at the center of
the rotating frame, that corresponds to rotation. For
a uniform spinning, we have u0 = Ωreθ, with r = |r|,
eθ the azimuthal unit-vector, and Ω the angular velocity.
By denoting P = p0 + p, with p0 the time-independent
pressure due to the frame motion and p the pressure of
the acoustic waves (due to the acoustic perturbation).
Equation (B2) can be expressed as [79][

∂

∂t
+ (u0 · ∇)

]
v + (v · ∇) · u0 = −ρ−1∇p . (B3)

For the mass conservation equation, a similar reasoning
permits to show that it can be expressed in the laboratory
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frame R as[
∂

∂t
+ (u0 · ∇)

]
p+ c2ρ∇ · v = 0 , (B4)

using the fact that ∇·u0 = 0 and noting c =
√
κ/ρ, with

κ the bulk modulus of the structure.
Similarly, the boundary conditions at the interface be-

tween two spinning media (or a spinning media and a
medium at rest) shall be modified [79]. For instance, the
pressure p is continuous across the interface. For the sec-
ond boundary condition, that is the normal component
of the velocity (n · v), in media at rest, it was shown in

Ref. [79] that it should be replaced in the moving media
by the displacement ψ, that is related to the pressure
through the modified relation

ρ

(
∂

∂t
+ vn1

∂

∂n1

)
ψn2

= − ∂p

∂n2
, (B5)

with vn1
= v · n1 and ψn2

= Ψ · n2, where n1 is the
direction of the flow velocity and n2 is the normal to the
considered interface. It is also assumed here that a very
thin membrane separates both fluids from mixing, and
that the spinning of both fluids is thus independent.
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