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HIERARCHICAL MATRIX APPROXIMATIONS OF HESSIANS1

ARISING IN INVERSE PROBLEMS GOVERNED BY PDES∗2

ILONA AMBARTSUMYAN† , WAJIH BOUKARAM‡ , TAN BUI-THANH† , OMAR GHATTAS† ,3

DAVID KEYES‡ , GEORG STADLER§ , GEORGE TURKIYYAH¶, AND STEFANO ZAMPINI‡4

Abstract. Hessian operators arising in inverse problems governed by partial differential equa-5
tions (PDEs) play a critical role in delivering efficient, dimension-independent convergence for both6
Newton solution of deterministic inverse problems, as well as Markov chain Monte Carlo sampling7
of posteriors in the Bayesian setting. These methods require the ability to repeatedly perform such8
operations on the Hessian as multiplication with arbitrary vectors, solving linear systems, inver-9
sion, and (inverse) square root. Unfortunately, the Hessian is a (formally) dense, implicitly-defined10
operator that is intractable to form explicitly for practical inverse problems, requiring as many11
PDE solves as inversion parameters. Low rank approximations are effective when the data contain12
limited information about the parameters, but become prohibitive as the data become more infor-13
mative. However, the Hessians for many inverse problems arising in practical applications can be14
well approximated by matrices that have hierarchically low rank structure. Hierarchical matrix rep-15
resentations promise to overcome the high complexity of dense representations and provide effective16
data structures and matrix operations that have only log-linear complexity. In this work, we de-17
scribe algorithms for constructing and updating hierarchical matrix approximations of Hessians, and18
illustrate them on a number of representative inverse problems involving time-dependent diffusion,19
advection-dominated transport, frequency domain acoustic wave propagation, and low frequency20
Maxwell equations, demonstrating up to an order of magnitude speedup compared to globally low21
rank approximations.22

Key words. Hessians, inverse problems, PDE-constrained optimization, Newton methods,23
hierarchical matrices, matrix compression, log-linear complexity, GPU, low rank updates, Newton-24
Schulz.25

AMS subject classifications. 35Q93, 49N45, 65F30, 65M32, 65F10, 65Y0526

1. Introduction. The Hessian operator plays a central role in optimization27

of systems governed by partial differential equations (PDEs), also known as PDE-28

constrained optimization. While the approach proposed here applies more broadly to29

other PDE-constrained optimization problems including optimal control and optimal30

design, we will focus on an important class: inverse problems. The goal of an inverse31

problem is to infer model parameters, given observational data, a forward model or32

state equation (here in the form of PDEs) mapping parameters to observables, and33

any prior information on the parameters. Often the parameters represent infinite-34

dimensional fields, such as heterogeneous coefficients (including material properties),35

distributed sources, initial or boundary conditions, or geometry. We focus here on this36

infinite dimensional setting, leading to large scale inverse problems after discretiza-37

tion.38

The Hessian operator plays a critical role in inverse problems. For deterministic39

inverse problems, finding the parameters that best fit the data is typically formu-40

lated as a regularized nonlinear least squares optimization problem. Its objective41
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2 HIERARCHICAL HESSIANS

function(al) consists of two terms: the data misfit, that is, the squared `2-norm of42

the difference between the output observables predicted by the PDE for given model43

parameters and the observed data; and a regularization term that ensures stability44

by penalizing unobserved features of the parameters, such as rough components. The45

Hessian is given by the second variation, with respect to model parameters, of this46

regularized data misfit. Minimizing the objective by Newton’s method requires solu-47

tion of a sequence of linear systems with the Hessian as its system matrix. Due to48

its affine invariance and resulting mesh-independent behavior (e.g., [40]), Newton’s49

method is the gold standard for inverse problem solution, with demonstrated conver-50

gence independent of parameter dimension for large-scale, complex inverse problems51

(e.g., [33, 44]). Efficient solution of the linear systems arising at each Newton iter-52

ation requires an effective preconditioner that is inexpensive to form and “invert.”53

The challenge is that the discretized Hessian of the data misfit functional is formally54

a dense operator that cannot be formed explicitly, since each column requires the55

solution of a linearized state PDE. Instead, we can exploit the fact that for ill-posed56

inverse problems, the data misfit Hessian operator is compact (its eigenvalues accu-57

mulate at zero), and when the regularization operator takes the typical form of an58

elliptic differential operator, we can precondition by the inverse of the regularization59

to yield a preconditioned Hessian in the form of a compact perturbation of the iden-60

tity. A conjugate gradient linear solver will converge in a number of iterations that61

depends on the number of distinct eigenvalues, which for regularization precondition-62

ing is small when the compact part has eigenvalues that decay rapidly, so that it63

has small effective rank r. Since at each iteration, applying the Hessian to a vector64

requires the solution of a pair of linearized state/adjoint PDEs, O(r) such pairs must65

be solved at each Newton iteration. As demonstrated in a number of geophysical66

inversion problems involving global seismology [25], ice sheet flow [44], atmospheric67

transport [34], poroelastic subsurface flow [41], and joint inversion [29], r is small and68

dimension-independent, and such a preconditioning strategy is effective. However, as69

we shall see below, the central challenge is that r grows as the data become more infor-70

mative (a desirable situation for inverse problems), and regularization preconditioning71

becomes prohibitive.172

Another critical role of the Hessian is in Bayesian inversion, which provides a73

powerful and systematic framework for quantifying uncertainties in the solution of in-74

verse problems. Given probability distributions that represent observational data and75

their associated uncertainties, the state PDE model and its associated uncertainty,76

and any prior knowledge on the model parameters, Bayesian solution of the inverse77

problem yields the posterior distribution, which characterizes the probability that any78

particular parameter field gave rise to the observed data. The Hessian in this setting79

is given by the second variation (with respect to model parameters) of the negative80

log of the posterior distribution. This is equivalent to the deterministic Hessian in the81

common setting of Gaussian additive noise and prior. For linear inverse problems, the82

posterior covariance is equal to the inverse of the Hessian. For moderately nonlinear83

inverse problems, the posterior can be approximated by the Laplace approximation, in84

which the posterior covariance is given by the inverse Hessian evaluated at the point85

that maximizes the posterior covariance (or minimizes the negative log posterior).86

Finally, for highly nonlinear inverse problems, where the Laplace approximation does87

1The augmented Lagrangian KKT preconditioner [4] overcomes this difficulty and is insensitive
to r, but since it involves the optimality system of the PDE-constrained optimization problem, is
storage-prohibitive for large-scale time-dependent inverse problems.
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HIERARCHICAL HESSIANS 3

not adequately capture the uncertainty in the inverse solution, Markov chain Monte88

Carlo (MCMC) methods are used to sample the posterior, from which a sample pos-89

terior covariance can be constructed. In this case the Hessian plays an instrumental90

role in exploiting the geometry of the posterior to accelerate MCMC convergence91

[48, 30, 14, 26]. In all three cases, what is needed is an accurate and efficient method92

to approximate the Hessian, its inverse, and their square roots.93

The contemporary approach to approximation of Hessians of ill-posed inverse94

problems is to again exploit the compactness of the Hessian of the data misfit func-95

tional. Compactness can be theoretically proven in specific settings (e.g., for acoustic96

and electromagnetic inverse shape and medium scattering [24, 23, 22]), or else demon-97

strated numerically for an array of inverse problems [10, 48, 21, 25, 74, 41, 56, 44, 34].98

This often allows one to make a low rank approximation of the data misfit compo-99

nent of the Hessian (preconditioned by the prior covariance, which plays the role of100

the inverse regularization operator), computed efficiently via matrix-free randomized101

SVD [39]. This entails O(r) products of the prior-preconditioned data misfit Hes-102

sian matrix with random vectors, each of which as above requires a pair of linearized103

state/adjoint PDE solutions. The inverse Hessian and its square root are then com-104

puted at negligible additional cost using the resulting spectral decomposition along105

with the Sherman-Morrison-Woodbury formula [25, 56]. When the inverse problem is106

highly ill-posed, i.e., when the data inform few components of the parameter field, r107

is small. Moreover, the eigenfunctions corresponding to the dominant eigenvalues of108

the Hessian are often smooth (as a consequence of the data being unable to inform109

rough components of the parameter field), so that r is independent of the mesh size110

and hence parameter dimension. In such cases, the low rank approximation is both111

efficient and scalable (with respect to parameter dimension).112

In summary, to ensure efficiency of CG solution with regularization precondi-113

tioning as well as low rank approximation of the prior-preconditioned data misfit114

Hessian, it is critical that the effective rank r of the Hessian remain small relative to115

the parameter dimension. However, while r generally does not grow with increasing116

parameter dimension, it does grow as the data become more informative about the117

parameters. In fact, for a linear Bayesian inverse problem with additive Gaussian118

noise, the Kullback-Leibler divergence (or relative entropy) from posterior to prior119

measure—which quantifies the information gained from the data—can be shown to120

be equal to Σi log(λi + 1), where λi are the eigenvalues of the prior-preconditioned121

data misfit Hessian [1]. This sum can be truncated when λi � 1, so the dominant122

eigenvalues—and hence effective rank of this operator—are directly related to the123

information content of the data. The information gained from the data (and hence124

r) generally increases as the number of sources (or experiments) increases and the125

number of observations (or sensors or receivers) increases. The data also become126

more informative as the state PDEs become less dissipative (for example as flow127

or transport equations become more advection-dominated), or as they resolve finer128

scales (such as in wave propagation with increasing frequency). Finally, as the noise129

in the data decreases, the strength of the data misfit Hessian increases relative to130

the prior/regularization, again increasing the effective rank and hence informative-131

ness of the data. In all such cases, both regularization preconditioning as well as low132

rank-based data misfit Hessian approximation become prohibitive, and there remains133

a critical need for more efficient Hessian approximation.134

In this paper, we show for the first time the efficiency of hierarchical matrix135

representations [37] in representing the Hessian operator of various PDE-constrained136

problems, and consider these tunable-accuracy approximations to address the short-137
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4 HIERARCHICAL HESSIANS

comings of the globally low rank representations in the increasingly data-informed138

regime, as well as to provide log-linear time complexity algorithms for constructing139

robust approximations of the inverse of these operators. Hierarchical matrices exploit140

the fact that many of their off-diagonal blocks can be approximated to high accuracy141

with blocks of low rank, allowing substantial compression in the memory footprint142

relative to the dense representation. The blocks that may be so represented can be of143

different sizes offering a natural tree hierarchy for managing and operating on them,144

and resulting in matrices that can be stored and operated on in linear or log-linear145

space and time complexity as opposed to polynomial complexity of dense represen-146

tations. Such matrix representations provide an algebra in which memory versus147

accuracy tradeoffs may be explicitly made to suit the needs of specific application148

contexts, a particularly useful feature for algorithms that can operate with coarser149

approximations to benefit from substantial speedup. Hierarchical matrices may be150

viewed as algebraic generalizations of fast multipole methods [65], allowing the fast151

performance of not only matrix-vector products, but also a full stack of linear algebra152

operations including generalizations of randomized algorithms for constructing matrix153

decompositions [39, 20].154

With the emergence of GPUs and manycore architectures as key platforms for155

high performance scientific computing, efficient execution on these architectures has156

become a critical feature for algorithms that aim to be deployable in practice. With157

this in mind, the algorithms we present for operating on hierarchical representations158

of Hessians are developed to exploit the high throughput of these modern architec-159

tures through data parallel operations and careful orchestration of data movement160

to minimize latencies. Linear algebra operations such as matrix-vector products, low161

rank updates, and matrix inversion can be performed directly on the GPU resident162

compressed representations, allowing algorithms to benefit both from the reduced163

memory footprint with its resulting log-linear operation count as well as from the164

high flop rate of modern hardware architectures.165

Besides low rank approximation, several methods for compact approximation of166

(data misfit) Hessians stemming from inverse problems have been developed recently.167

The pseudodifferential scaling method of [51, 52] exploits the pseudodifferential nature168

of the Hessian in seismic inverse problems, in particular that it is approximately169

diagonal in phase space and can thus be estimated by a single application to a vector.170

Also exploiting the pseudodifferential structure of seismic inversion Hessians is the171

matrix probing method of [31], which approximates the Hessian (and its inverse)172

with basis matrices stemming from the Hessian’s symbol and find their coefficients173

by probing the Hessian in random directions. Recently, methods that exploit the174

local translation invariance of Hessians have been introduced [74, 3]. The adaptive175

product-convolution approximation in particular is demonstrated to be robust to the176

Peclet number for advection-dominated transport and the frequency for an auxiliary177

operator that arises in connection with KKT preconditioning [3] for a wave inverse178

problem [2]. Here we focus on comparisons with low rank approximation, and defer179

comparison to these other methods in appropriate contexts for future work.180

The rest of this paper is organized as follows. In section 2, we argue why Hes-181

sians of PDE-governed inverse problems are expected to be well approximated by182

hierarchical matrices. Section 3 introduces the H2 data structures used to store183

the hierarchical matrix as well as key operations on the representation, including184

matrix-vector multiplication, compression, low rank updates, and construction from185

randomized sampling. In section 4 we present numerical experiments to assess the186

effectiveness of the hierarchical matrix Hessian representations on inverse problems187
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HIERARCHICAL HESSIANS 5

governed by diffusion, transport, and acoustic and electromagnetic wave propagation.188

The experiments demonstrate the superiority of hierarchical matrix approximations189

over a low rank approximation as the data become more informative, with speedups190

ranging from two to over an order of magnitude. Section 5 concludes the paper.191

2. Why do Hessians Admit Hierarchical Low Rank Representations?192

The Hessians that arise in PDE-governed inverse problems (whether deterministic or193

Bayesian) may be approximated to specified accuracy by highly compressible matrices,194

a property they inherit from the underlying PDE operators [12], often reinforced by195

sparse observation operators. As argued above, the global rank of these Hessians196

increases as the data become more informative, such that a low rank approximation197

may no longer be tenable. However, as we argue below, these Hessians typically198

have blocks that can be well approximated by low rank representations with bounded199

rank. These blocks are at different levels of granularity because of their different sizes,200

making hierarchical matrix representations an ideal vehicle for storing and computing201

with Hessians.202

In this paper, we consider inverse problems governed by PDEs with distributed203

parameter fields to be inferred from data. After discretization over a d-dimensional204

domain Ω (which without loss of generality we assume is conducted by finite elements),205

we obtain an optimization problem of the form206

(2.1) minimize
m

J(m) := F (u(m)) + αR(m)207

where the state variables u(m) ∈ RN depend on the model parameters m ∈ Rn via208

solution of the discretized PDEs209

(2.2) g(m,u) := K(m)u− f = 0,210

with coefficient matrix K ∈ RN×N and source f ∈ RN . For simplicity, we confine211

our discussion to the case where the forward problem g(m,u) = 0 represents elliptic212

PDEs that have arbitrary dependence on the parameter but are linear in the state.213

However, our methodology is more broadly applicable to parabolic and hyperbolic214

forward problems, as demonstrated in the applications in section 4, and to nonlinear215

forward problems. Multiple sources (or multiple experiments) may be used to generate216

data, in which case (2.2) is indexed by source s, generating the state us.217

The data misfit term F (u(m)) measures the difference between recorded obser-218

vations and the response of the model at receivers placed on the boundary or the219

interior of Ω. It is often taken to be the sum of squares, over all sources and receivers,220

of dsr, the difference between the observed state at receiver r due to source s, and the221

corresponding model response usr,222

F := 1
2

∑

s

∑

r

‖usr − dsr‖2223

although other measures of misfit may be sometimes preferable [64]. R(m) is a regu-224

larization term expressing prior information on the parameter field (such as piecewise225

smoothness) and α is a scalar regularization parameter that attempts to annihilate226

components of m that are uninferable from the data while preserving those that can227

be inferred. The regularization term is generally a local operator whose discretization228

is sparse and does not pose computational difficulties even at large scale. Thus in229

this section we focus on the treatment of the problematic F term, whose evaluation230

requires solution of the forward PDEs for a given m for each source s.231
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6 HIERARCHICAL HESSIANS

We define G ∈ RN×n to be the partial derivative of the forward PDE residual232

with respect to the parameter field, i.e.,233

G := ∂mg = ∂mK ×2 u,234

where ∂mK is a third order tensor of size N × N × n and ×2 is the 2-mode tensor235

vector product operation in the notation of [45]. Since K is a discretization of a local236

PDE operator, it is representable as a sparse matrix. The parameter field is typically237

discretized on the same mesh as the state (perhaps at lower order), and thus the local238

operator G is also sparse.239

Unlike the local sparse matrices K and G, the inverse operator K−1 is a dis-240

cretized, non-local solution operator, and is in general formally dense. It is however241

data-sparse, since many of its off-diagonal blocks can be represented to high accu-242

racy by low rank approximations with bounded rank k, and these blocks occur at243

different levels of granularity [12, 16]. For a block ts of K−1, with rows and columns244

corresponding to the index set t and s of clusters of nodes of a finite element mesh,245

the compressibility condition states that if the bounding boxes of these clusters are246

sufficiently far away from each other, then the local rank of the ts block is essentially247

independent of the block size for Poisson-like operators. Such a condition is known as248

an admissibility condition, and it depends on the spatial distance between the clusters249

of t and s, relative to their size.250

Using the nested basis H2 representation [15], the total amount of storage needed251

to represent K−1 to a given accuracy ε is only O(Nk), where the local block rank252

k grows as | log ε|d+1 for PDEs in d spatial dimensions. Note that the local ranks253

of the blocks are independent of the global rank. Even for matrices that are of254

full rank N , the local ranks grow slowly, with only a logarithmic dependence on255

target approximation accuracy, as well as with a logarithmic dependence on high256

contrast coefficients [11]. High-frequency problems can be tackled effectively by using257

directional compression techniques, with asymptotic storage O(Nk2 logN) [17].258

The gradient of the data misfit term of the objective function may be written in259

terms of an adjoint variable p ∈ RN , defined via the adjoint equations [43]260

(2.3) l(m, p) := KT(m) p+ ∂uF = 0.261

The gradient of F is then given by262

(2.4) ∇mF := (∂mK ×2 u)T p = −GTK−T∂uF.263

We denote by L ∈ RN×n the partial derivative of the residual of the adjoint equations264

(2.3) with respect to m,265

L := ∂ml = ∂mK
T ×2 p,266

which is a local operator and has a sparsity pattern similar to that of G. Taking the267

derivative of (2.4) with respect to m, we obtain an expression for the Hessian matrix268

in terms of the state and adjoint variables u and p, and the local operators G and L,269

(2.5) ∇2
mmF = GTK−T∂2

uuFK
−1G−GTK−TL− LTK−1G+ (∂2

mmK ×2 u)×1 p.270

The first term of the latter expression represents the positive semi-definite Gauss-271

Newton part of the Hessian, involving the application of the local operator G and272

its adjoint from the left and right to the triple product K−T (∂2
uuF )K−1. The next273

two terms involve the application of the sparse Jacobians of the state and adjoint274
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HIERARCHICAL HESSIANS 7

equations, from the left and from the right, to K−1 and its adjoint K−T . The last275

term involves a sparse, fourth-order tensor multiplied in 1-mode and 2-mode by the276

adjoint and state variables.277

Equation (2.5) shows why it is prohibitive to form the Hessian operator explicitly:278

forming K−1G (and similar products) requires a number of forward PDE solves equal279

to the number of parameters multiplied by the number of sources. On the other hand,280

(2.5) also shows that products of the Hessian with arbitrary vectors can be carried281

out at the cost of one forward solve (with K) and one adjoint solve (with KT ). Note282

also that (unless the forward problem is linear in m), in general u, p, K, G, and L283

all depend on m, so the Hessian varies over parameter space. However the argument284

below is not predicated on where in parameter space the Hessian is evaluated.285

In the form given in (2.5), we can see why the Hessian of (2.1) exhibits a hierar-286

chical low rank structure. We first consider the Gauss-Newton term. The observation287

operator ∂2
uuF is positive semi-definite, and in particular is block diagonal for the288

standard weighted least squares objective (where the blocks correspond to the sup-289

port of the receiver operators). When the number of observations in F is small, it290

could have relatively small global rank as well. A general result concerning the struc-291

ture of the product of hierarchical matrices [35, Theorem 2.24] shows that the triple292

product K−T∂2
uuFK

−1, even when ∂2
uuF is full rank, may be represented as a hierar-293

chical matrix, although the local ranks may grow as a result. By the same argument,294

the right and left multiplications of the latter triple product by the sparse matrix G295

and its transpose also produce a hierarchical matrix with bounded local ranks. For296

favorable sparsity structures in G, the resulting local ranks may even decrease. This297

is due to the fact that a block in the product contains contributions from a bounded298

number of block product pairs, where most of the operands involved are zero and299

contribute no data to the target block. The local ranks of the Gauss-Newton Hessian300

may therefore end up being smaller than the local ranks of the solution operator. The301

second and third terms of the full Hessian expression given in (2.5) also have the form302

of a hierarchical matrix multiplied on both sides by sparse matrices, and therefore303

result in hierarchical matrices with small local ranks. Finally, the last term of the304

Hessian involves the sparse fourth order tensor. The sum of all four terms may of305

course increase the local ranks slightly, but the resulting Hessian will still retain a306

hierarchical structure.307

3. Hierarchical Matrix Construction of Dense Hessians. In this section308

we describe the hierarchical Hessian representation that results in linear space com-309

plexity, and show how to perform linear algebra operations on the Hessian directly in310

its compressed representation, including matrix-vector products and norm computa-311

tions, in near linear time complexity. We also describe a randomized procedure for312

constructing hierarchical Hessian approximations to a desired accuracy ε.313

3.1. Structure and representation. Various representations for hierarchical314

matrices have been proposed in the past and may be roughly classified along two315

characteristics as shown in Table 1. One relates to the structure of the block parti-316

tioning of the matrix, and the other relates to the format of the representation and317

how the low rank data is stored. In the simplest representations, such as Hp [37] or318

HODLR [5] (see also [66, 67]), a weak-admissibility condition is used for partitioning,319

so that all the off-diagonal blocks touch the main diagonal, and each block at level l320

of the hierarchy defined by the row and column index sets t and s respectively has its321

own low rank representation Alts = U ltsV
l
ts
T

. The HSS representation [63] improves322

the asymptotic complexity by using nested bases while still keeping the simple par-323

This manuscript is for review purposes only.



8 HIERARCHICAL HESSIANS

titioning. In nested basis representation, the column and row bases are no longer324

specific to a given block but shared with all blocks in the t block row and s block325

column, i.e. Alts = U ltStsV
l
s
T

. The bases Ut and Vs are not stored explicitly, but are326

computed recursively on demand from their “children,” i.e., block rows and columns327

that are subsets of t and s. Bases are only stored explicitly at the lowest level, and328

only small transfer matrices are needed to compute coarser levels bases, resulting in329

the asymptotically optimal O(kn) storage, where k is the maximum rank among Alts330

blocks.331

Flat bases Nested bases

Weak admissibility partitioning HODLR[5],Hp[37] HSS[63]

Strong admissibility partitioning H[37] H2[15],DH2[17]

Table 1: Classification of hierarchical matrix representations.

U
V

Al
tst

s







Ut =







Ut1

Ut2







Et1

Et2

Fig. 1: O(n) hierarchical representation of A: matrix partitioning and nested bases. Low

rank representation of the blocks is of the form Al
ts = U l

tS
l
tsV

l
s
T

, with U l
t computed from the

bases of its children U l−1
t1 and U l−1

t2 using small transfer matrices El−1 stored in a column
basis tree U . Per-block low rank data Sts are stored as small k×k blocks in a matrix tree S.

The primary drawback of the weak admissibility partitioning is that the ranks of332

the off-diagonal blocks grow too large even when only a moderate accuracy is requested333

for many problems of interest, and in particular for three-dimensional problems. This334

undesirable growth in rank demands a more refined matrix blocking, tuned to the335

actual geometric discretization of the problem, to be used for the partitioning of the336

hierarchical matrix. In this blocking, identified as strong admissibility partitioning337

in the bottom row of Table 1, only those matrix blocks ts whose t and s index sets338

define clusters that are sufficiently far away from each other will admit a low rank339

representation. This allows more refinements to take place on large blocks of the weak340

partitioning block structure. In this work, we use the H2 representation [15]; for a341

schematic representation of the storage format, see Figure 1. A general partitioning342

of the matrix is allowed, as prescribed by an application-dependent admissibility con-343
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dition, quantifying the relative distance between clusters. Every admissible low rank344

block is represented by a triple product UtStsV
T
s : all the needed information for gen-345

erating the Ut columns bases is stored in the leaves of the U tree. For non-symmetric346

matrices, a separate row basis tree V is also needed. Blocks that do not admit a low347

rank representation are stored as dense blocks, and are limited to the leaf level of the348

matrix blocks. An informal notation for a hierarchical matrix A is then349

(3.1) AH2 = D + U · S · VT350

where D is a block sparse matrix, and the tree triplet {U ,S,V} provides the data for351

the low rank blocks at multiple levels of granularity. Hierarchical matrices may hence352

be viewed as generalizations of matrix decompositions of the form “diagonal plus low353

rank” or “sparse plus low rank” that have been used with success in PDE-governed354

inverse problems [25].355

3.2. Fast operations on hierarchical matrices. The power of hierarchical356

matrices is not only a result of their optimal storage but of the fact that we can also357

perform general linear algebra operations directly in the compressed representation358

in linear or log-linear time complexity.359

Matrix-vector multiplication, for example, can be done in four stages:360

(3.2) AH2x = Dx+ U · S · VT · x = Dx+ U · (S · (VT · x)))361

The part involving dense matrix blocks may be done via the usual block sparse mul-362

tiplication separately from the low rank part. The latter is done by first applying the363

row basis tree VT to x and involves an upsweep in the V tree, with multiplication by364

the explicit basis at the leaves and the transfer matrices up the tree. This is followed365

by the application of S to this product for all blocks at all levels. Finally, the ap-366

plication of U on this intermediate result is done via a downsweep through the tree367

using the transfer matrices and the explicit bases at the leaves. This is the key idea368

of fast multipole methods and a similar operations count shows that the complexity369

is O(kn). In addition, there is much concurrency in all stages and overlap between370

the stages can be exploited for efficient execution on GPUs [19].371

Recompression is a basic operation on hierarchical matrices that we rely on for372

efficiently building and updating them. Consider for example the task of adding a373

low rank update to AH2 ,374

(3.3) ÃH2 = AH2 +XY T375

where X and Y are global low rank matrices of size n×k′. This update will evidently376

affect all blocks of AH2 at all levels in the hierarchy, since the triple product form of377

a given block in the updated matrix may be expressed as:378

(3.4) Ãlts =
[
Ut Xt

] [Sts 0
0 I

] [
V Ts
Y Ts

]
379

where Xt and Ys are restrictions of X and Y to the index sets t and s, respectively.380

The local ranks of the matrix blocks have now increased to k + k′. The leaves of the381

basis tree U and its transfer matrices have also increased by k′. Recompression is382

the problem of finding new bases Ū and V̄ with rank k̄ < k + k′ and projecting the383

matrix Ã on these bases, to obtain the compressed representation Ā such that the error384

introduced is below the target threshold to which A itself is represented, ||Ã−Ā|| ≤ ε.385
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Fig. 2: Block sampling patterns. Sampled blocks need not correspond to the block structure
of the hierarchical Hessian being constructed as illustrated in the figure on the right.

The new bases may be expressed as UtRt where Rt is the result of computing a QR386

factorization of the block row defined by t, and it can be computed quite efficiently387

via a downsweep pass through the basis trees performing QR factorizations only388

on small dense blocks. UtRt is then truncated to the target accuracy via an SVD389

or randomized SVD via an upsweep pass through the basis trees performing SVD390

operations only on small dense blocks. All recompression computations may be done391

in log-linear time complexity, and there is substantial parallelism in all of the tree392

sweep operations, which can be exploited in manycore architectures. For further393

algorithmic and implementation details on the recompression procedure, see [19].394

Matrix norms are also required by various operations, and they can be efficiently395

obtained via fast matrix-vector products or by accessing the low rank blocks. The ex-396

act Frobenius norm of a hierarchical matrix with an orthogonal basis can be efficiently397

evaluated in O(kn) by simply taking the sum of the squares of the Frobenius norms of398

the coupling matrices of all blocks, ‖A‖2F =
∑ ‖Ats‖2F =

∑∥∥UtStsV Ts
∥∥2

F
=
∑ ‖Sts‖2F .399

On the other hand, p-norms can be approximated by a sequence of matrix-vector prod-400

ucts using for example an iterative p-norm power method [42]. While the 1-norm and401

∞-norm only require a very small number of iterations to converge, the 2-norm can402

require a relatively large number of iterations. In this case, we terminate the itera-403

tions when the norm value has converged to only 2 significant digits. In practice this404

is a good enough threshold for the relative norm estimation used in this work.405

3.3. Construction from Hessian-vector products. Here we describe how to406

construct the hierarchical Hessians ab initio. In [66, 67], a method for constructing407

a hierarchical representation is presented that relies on having O(1) access to indi-408

vidual matrix entries. In [49], construction of an HSS approximation is presented409

that also requires O(1) access to entries. Unfortunately, in the case of the Hessians410

originating from PDE-constrained problems, access to individual entries in constant411

time is not generally possible, as these operators are only available in the form of412

matrix-vector products. For example, given an arbitrary vector in Rn, the Hessian413

matrix-vector product for inverse problems governed by (time-dependent) PDEs is414

computed by solving the (forward-in-time) forward and (backward-in-time) adjoint415

equations as well as second order incremental state-like and adjoint-like PDEs, and416

by assembling the resulting product from spatio-(temporal) integrals involving the417

state, adjoint, incremental state, and incremental adjoint solution variables [43]. Ex-418

amples of this procedure for inverse problems governed by several different classes of419

PDEs are described in section 4.420

In order to generalize the successful randomized methods of dense matrix factor-421
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izations [39] to hierarchical matrices, a number of procedures [46, 50, 20] have been422

proposed. As with dense matrices, these procedures sample the matrix via products423

with random vectors. The generalization to hierarchical matrices proceeds by levels,424

from coarsest to finest, and uses patterned random vectors chosen to sample particu-425

lar blocks of the matrix. Figure 2 illustrates how this local sampling works; a column426

space for the low rank representation of the top right block (in the left figure) is427

generated by matrix-vector products with random columns Ω having nonzero values428

corresponding to the block being sampled. The resulting product has in its top block429

row, (AΩ)1, the desired column space, and the rest of the product may be discarded.430

A QR factorization of (AΩ)1 gives the orthogonal columns basis U and the product431

V = AT [0 UT ]T gives the row basis for the block and its representation UV T . This432

process is repeated until the approximation of the sampled block satisfies an approx-433

imation threshold [20]. Similar low rank representation for the remaining blocks at434

the same level are performed, and they are then added as local low rank updates to435

the hierarchical matrix being constructed.436

The blocks of the next level in the hierarchy are processed in a similar fashion437

but by sampling a matrix from which the higher level blocks previously sampled have438

been removed, as illustrated in the middle panel of Figure 2. Note that a single439

sampling matrix can be used to generate low rank representations of multiple blocks440

simultaneously as long as other blocks do not interfere with the sampling. Once441

the low rank block representations are generated, they are added as local low rank442

updates and the matrix is recompressed. We note here that we may sample larger443

blocks than the destination matrix has, as shown in the right panel of Figure 2 and444

our current implementation uses a weak admissibility sampling structure. Low rank445

representations of these sampling blocks are generated similarly and then added to446

multiple blocks of the destination matrix via local low rank updates. If the ranks of447

these blocks are too large there may be an advantage in sampling with larger blocks as448

the matrix is peeled in fewer steps, albeit with every step requiring more matrix-vector449

products.450

For every level l in the matrix, we therefore need Clk Hessian vector products,451

where Cl is a constant that depends on how many blocks can be sampled simultane-452

ously at level l, and k is a representative local rank. The total number of samples is453

then Ck log n. The constant C is small if we choose large sampling blocks (which will454

likely have larger local ranks k), but it is larger if we choose sampling strategies with455

smaller blocks. Therefore tuning the granularity of the sampling, which affects C and456

k, may be needed, and it depends on the structure of the Hessian and on the relative457

costs of the matrix-vector products. It is also worth noting here that on modern458

hardware architectures, doing Clk matrix-vector products, i.e., solving multiple state459

and adjoint PDEs simultaneously, may not be much more expensive than solving for460

a single column, as the computations involved are usually memory bound and a mul-461

tiple right-hand side approach will substantially increase the arithmetic intensity and462

the resulting throughput of the algorithm. As a result, operations count may not be463

the best complexity metric to evaluate performance.464

The above procedure may be combined with global low rank approximations and465

may be accelerated if a Hessian approximation is available, e.g., for a different param-466

eter from a previous iteration. For example, in situations where the data available for467

inversion is limited, the Hessian of the data misfit has a small finite dimensional range468

space, and the global Hessian rank may be small relative to its size. In these cases, an469

initial global small-rank approximation BBT of the misfit Hessian may be computed470

by the usual dense randomized sampling methods. If the global rank approximation471
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does not reach the desired target accuracy, the hierarchical construction can be done472

on the residual (H−BBT ) matrix, and BBT may then be added as a low rank update473

to it. This will likely require a smaller total number of matrix-vector products for the474

sampling relative to directly building the hierarchical Hessian.475

A similar procedure can be used if a Hessian approximation is available, e.g., from476

a previous optimization iteration for a different parameter. Denoting the Hessian477

approximation by H̃, one can construct a hierarchical approximation (or a global478

low rank approximation) for the difference H − H̃. Alternatively, provided H̃ is479

invertible and we have an inverse square root H̃−1/2 available, one could compute an480

approximation to (H̃−1/2HH̃−1/2 − I). In the same spirit, regularization matrices,481

which are generally sparse but have full rank, may be readily added via local low rank482

updates after the hierarchical misfit Hessian is constructed to obtain an explicit full483

Hessian representation that can then be efficiently operated on.484

In Appendix A we describe iterative methods that operate directly on this com-485

pressed representation to generate an approximate inverse of the Hessian. These486

methods have the advantage of preserving the H2-format of the approximation and487

only rely on available fast, GPU-accelerated, blocked matrix-vector multiplications.488

They essentially construct a sequence of matrices that quickly converges to the in-489

verse. These iterative methods may also be adapted to square root and inverse square490

root computations.491

4. Illustrative Applications. In this section, we discuss the effectiveness of492

the hierarchical representation of Hessians for several inverse problems, governed493

by a time-dependent diffusion equation in one spatial dimension (subsection 4.1),494

and in two space dimensions by a steady-state advection-diffusion equation (subsec-495

tion 4.2), a frequency-domain wave equation (subsection 4.3), and a time-dependent496

low-frequency Maxwell equation (subsection 4.4). The last two examples are proto-497

types for geophysical inverse problems with seismic and controlled-source electromag-498

netic (CSEM) modalities, respectively.499

The problems we consider are infinite-dimensional inverse problems, i.e., we in-500

fer parameter fields. We use a deterministic inverse problem approach, i.e., we use501

an optimization formulation and employ regularization to cope with the inherent502

ill-posedness. Note that under certain assumptions, the resulting PDE-constrained503

optimization problem can also be interpreted in a Bayesian context, in which case504

the minimizer corresponds to the maximum a posteriori parameter estimate. Upon505

discretization with finite elements (details on the discretization is given for each prob-506

lem individually), these problems results in large-scale optimization problems, which507

we solve using an inexact Newton-conjugate gradient descent method with linesearch508

[32, 53]. This requires availability of gradients and of Hessian-vector products, which509

are computed using adjoint methods as summarized in each example separately be-510

low. Similar methods are common in PDE-constrained optimization, [43, 18], and511

have successfully been used in large-scale optimization formulations of inverse prob-512

lems, e.g., [25, 33, 74, 44, 41]. Here, we mainly focus on the approximations of the513

Hessian, which are always evaluated at the parameter field found as the solution of514

the optimization problem. In particular, we study the cost in terms of the number of515

Hessian applications (in PDE-constrained optimization this is usually the dominating516

cost) required for the construction of H-matrix approximations, and compare it with517

the cost of global low rank approaches. We also study the influence of the number of518

observations and properties of the governing PDEs on the compressibility of Hessian519

matrices.520
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4.1. Density inversion in 1D time-dependent diffusion equation. We521

consider a one-dimensional domain where we seek to invert for a spatially-varying522

porosity coefficient ρ(x) in the governing diffusion equation ρ(x)∂tu− ∂2
xu = w(x, t).523

We use 3 sources and 8 receivers placed as shown in Figure 3. The point sources524

produce a Ricker wavelet time history input W and the signals are recorded at the525

receivers until they have effectively dissipated at a final time T > 0.

-1 -0.5 0 0.5 1

lo
g
ρ

-2

-1

0

Fig. 3: (left) Sources (•), receivers (◦), and target profile; (right) Hessian structure.

526

The medium to be recovered is in the interval −1 ≤ x ≤ 1 and has sharp disconti-527

nuities (see Figure 3), prompting the use of a (smoothed) total-variation regularization528

such that the optimization formulation is:529

(4.1) minimize
ρ:[−1,1]→R

J(ρ) := 1
2

∑

s

∑

r

∫ T

0

(us(xr, t)− dr(t))2dt+ α

∫ 1

−1

√
|dxρ|2 + β dx,530

where for all sources s, us(x, t) is the solution to531

(4.2)

ρ(x) ∂tus − ∂2
xus = δ(x− xs)W (t− t0), |x| <∞, 0 ≤ t ≤ T,

us(±∞, t) = 0, (Dirichlet BC)

us(x, 0) = 0. (IC)

532

Here, the first term of the objective is the least squares time misfit summed over all533

sources and receivers. The second term is a total-variation regularization functional534

that allows sharp discontinuities to be recovered, where α > 0 is the regularization535

weight and a small β > 0 ensures that the objective is differentiable.536

For the computations below, ρ(x) is discretized in [−1, 1] using n linear elements.537

A finite element discretization of the governing equation with the same mesh is used in538

[−1, 1] and extended outside with constant ρ = 1 to apply the homogeneous Dirichlet539

boundary conditions at a sufficiently far distance. An implicit second-order time540

integration scheme is used for solving the semi-discrete equations.541

The computation of the gradient may be done at the cost of two PDE solutions,542

a forward and an adjoint. The continuous form of the gradient of J , its functional543

Fréchet derivative, is544

(4.3)
δJ

δρ
(x) =

∑

s

∫ T

0

∂tus(x, t)ps(x, t)dt545

where, for each source s, us is the solution of the state equation (4.2), and ps the546

solution of the corresponding adjoint equation that must be solved backwards-in time:547

(adjoint)
−ρ(x) ∂tps − ∂2

xps = −∑r δ(x− xr)(us(xr, t)− dr(t))
q(±∞, t) = 0; q(x, T ) = 0.

548
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To compute a hierarchical representation of the Hessian, we need the ability549

to compute products of the Hessian of the misfit term with vectors generated as550

described in section 3. This may be done at the cost of solving, for each source s, two551

additional forward-like and adjoint-like PDEs. The continuous form of the Hessian-552

vector product, i.e., the product of the Fréchet Hessian with a model perturbation553

ν(x) is:554

(4.4)
δ2J

δρ2
ν =

∑

s

(∫ T

0

∂tu(x, t)q(x, t)dt+

∫ T

0

∂tv(x, t)p(x, t)dt

)
+
δ2R

δρ2
ν,555

where the last term denotes the Hessian of the TV regularization R, and vs and qs556

are the solutions of the following incremental or second order forward and adjoint557

equations:558

(2nd order forward)
ρ(x) ∂tvs − ∂2

xvs = −ν(x) ∂tus(x, t),
vs(±∞, t) = 0; vs(x, 0) = 0,

(2nd order adjoint)
−ρ(x) ∂tqs − ∂2

xqs = −∑r δ(x− xr)vs(xr, t)− ν(x) ∂tps(x, t),
qs(±∞, t) = 0; qs(x, T ) = 0.

559

The structure of the H-representation of the Hessian is depicted in the right panel560

of Figure 3. We used a weak admissibility partitioning of the hierarchical matrix as561

appropriate for a one-dimensional spatial domain. There are 2l symmetric blocks562

pairs at level l, each of size n/2l. For this example of size n = 2048, we use 6 levels in563

the hierarchy, stopping the matrix refinement at blocks of size m = 32. We construct564

the Hessian to a relative accuracy of about 10−6 in the 2-norm. The local ranks of565

the resulting matrix are shown in the left panel of Figure 4. The ranks plotted are566

the maximum local ranks for all off-diagonal blocks for every level. Even though the567

Hessian is full rank because of the regularization term, we note that its local ranks568

are small compared to its size even when a relatively tight tolerance of 10−6 is used569

in the construction.
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Fig. 4: (left) Local ranks of Hessian and its inverse. (middle) Convergence history of NS.
(right) Number of samples needed to construct the matrix over the iterations.

570

Given this explicit representation of the Hessian, we can invert it to produce an571

explicit inverse using Newton Schulz (see Appendix A). The convergence behavior of572

Newton Schulz starting from a scaled identity initial iterate to a relative accuracy573

of ε = 10−6 is shown in Figure 4. The number of samples needed to construct the574

hierarchical approximation of the iterates is shown as well. In this simple 1D setting,575

we used a static threshold and a constant accuracy in the iterates. The increase in576
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the required samples, and the corresponding local ranks, of the intermediate iterates577

is noteworthy. The left panel of Figure 4 shows the local ranks of the inverse along578

with the Hessian local ranks for comparison. There is little change in the local ranks579

in the inversion operation.580

4.2. Source inversion in stationary advection-diffusion. We consider a581

linear source inversion problem, i.e., we infer the right hand side source m(x) in582

an advection-diffusion-reaction equation from point observations of its solution on a583

domain Ω ⊂ R2. This amounts to the following optimization problem:584

(4.5) minimize
m:Ω→R

J(m) :=
1

2σ2

∑

r

(u(xr)− dr)2 +R(m),585

where u is the solution of586

(4.6)

−div(κ∇u) + v · ∇u+ cu = m in Ω,

u = 0 on ΓD,

κ
∂u

∂n
= 0 on ΓN .

587

Here, the measurements dr are assumed to contain additive independent and identi-588

cally distributed Gaussian noise with variance σ, and R(m) is a regularization term.589

The coefficients κ, v and c represent the diffusivity, the advective velocity and the590

reaction constant, respectively, and ΓD,ΓN ⊂ ∂Ω is a splitting of the boundary ∂Ω,591

where we impose Dirichlet or Neumann boundary conditions, respectively.

Fig. 5: Dependence of the solution for different diffusion parameters κ: Shown on the left
is the source m entering on the right hand side of (4.6). The right three plots show the
solutions of the state equation for κ = 10−1, 10−2, 10−3 (from left to right). Depending on
κ, the problem is diffusion- or advection-dominated.

592

For our study of the Hessian, we use Ω = [0, 1]2, the physical parameters c = 0.5593

and v = (x1, x2)T , and a noise level of 1%. To study the influence of the diffusion594

and the number of observations, we use different values of κ ∈ {10−3, 10−2, 10−1} and595

different numbers of observation points, Nobs ∈ {250, . . . , 16000}.596

We discretize Ω using triangles based on a uniform grid of size 128 × 128, and597

use linear continuous finite elements to discretize the parameter m. The presence of598

strong advection in the problem mandates the use of stabilization for the state and599

adjoint variables. We employ the first-order SIPG scheme [7, 57] with upwinding [8]600

for the forward and adjoint problems. Our implementation is based on FEniCS [47]601

and hIPPYlib, an open-source library providing scalable adjoint-based algorithms for602

PDE-based inverse problems [62]. The true source and the state solutions correspond-603

ing to the different values of the diffusion coefficient are shown in Figure 5.604
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Fig. 6: The y-axis shows the number of Hessian-vectors products (samples) needed for con-
structing hierarchically and globally low rank approximations of the misfit Hessian to an
accuracy of ε = 10−4 for increasing number of observations plotted on the x-axis. Shows are
results for κ = 10−1 (left), 10−2 (middle), and 10−3 (right).

In our study of the compressibility of the Hessian and the associated compu-605

tational cost, we only consider the misfit Hessian, i.e., neglect the Hessian of the606

regularization term. This allows us to compare H-matrix approaches with the more607

commonly used global low rank approach, which would suffer from inclusion of the608

Hessian of the regularization, which typically has full rank. Note that since this is609

a linear inverse problem, this misfit Hessian does not depend on the parameter m.610

Figure 6 shows the number of Hessian-vector products needed for constructing the611

misfit Hessian to a relative spectral accuracy of 10−4 for three different values of the612

diffusion coefficient κ and an increasing number of observations. For small numbers of613

observations, the misfit Hessian has a fast decaying spectrum and a globally low rank614

representation can be achieved at a lower cost than with the hierarchical approach,615

measured in the number of Hessian-vector products. However, as more observations616

are incorporated, the Hessian applications required for the global low rank approx-617

imation grows rapidly. In contrast, the cost for the hierarchical compression only618

increases mildly with the number of observations as it is insensitive to the global619

rank. We also observe that larger diffusion coefficients κ limit the increase of compu-620

tational cost for increasing number of observations for both, the hierarchical and the621

global low rank approximations. This is a consequence of the fact that diffusion limits622

the amount of fine-scale information that can be recovered in the inversion, and thus623

more observations do not have a significant effect on the rank of the misfit Hessian.624
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Fig. 7: 8-level structure of Hessian (left) and corresponding maximum local ranks per level
for different number of observations and κ = 10−3 (right).
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The relative insensitivity of the number of samples to the data dimension is re-625

flected in the fact that the blocks of the resulting H2 have small local ranks that do626

not grow much even as the global rank of the matrix increases. The left panel of Fig-627

ure 7 shows the structure of the constructed matrix which uses a node ordering of the628

mesh obtained from a KD-tree binary space partitioning method, with leaf clusters of629

size 64, and an admissibility condition that resulted in the refined matrix partitioning630

shown. The right panel of Figure 7 shows how the block ranks grow much slower than631

the global Hessian rank as the data dimension of the problem grows.632

4.3. Frequency-domain wave equation inversion. We consider the inverse633

acoustic wave propagation problem in frequency domain governed by the Helmholtz634

equation in a bounded domain Ω ⊂ R2 :635

(4.7) ∆u+ ω2qu = f, in Ω,636

where u is the time-harmonic pressure, f is the source and w is the angular frequency.637

One corresponding inverse problem is to infer for the squared slowness, q(x) = 1/c2(x),638

where c(x) is the speed of sound. We assume that the observations are given as the639

frequency-weighted normal derivative of the time-harmonic pressure at the receivers,640

located at all discretization points xr on the top boundary of the domain.641

Assuming homogeneous Dirichlet boundary conditions and introducing the linear642

observation operator B defined by B(u)(xr) = ω2∇u(xr) ·n, the deterministic inverse643

problem with an appropriate regularization term R(q) can written as follows:644

(4.8)
minimize
q:Ω→R

J(q) := 1
2

∑

r

(B(u)(xr)− dr)2 +R(q),

where u solves (4.7) with u = 0 on ∂Ω.

645

In order to be able to compare with global low rank methods, we do not include the646

regularization term in the gradient and Hessian expressions below, nor include them647

in our compression experiments. The continuous gradient of the misfit objective F at648

a parameter q0 is given by:649
∂F

∂q
(q0) = ω2q0u0v,650

where u0 is the solution of the state problem (4.7) with slowness q0 and v solves the651

adjoint problem:652

∆v + ω2q0v = −
∑

r

(B(u)(xr)− dr) in Ω, v = 0 on ∂Ω.653

In our numerical experiments, we use the Gauss-Newton approximation HGN of the654

Hessian, which neglects terms involving the adjoint variable. This approximation is655

commonly used in practice since, differently from the Hessian, it is guaranteed to be656

positive semidefinite. In matrix form, it is given by657

HGN = CTA−TBTBA−1C,658

where A stems for the discretization of the state operator, and C from the discrete659

representation of the partial derivative of the PDE with respect to the parameter.660

Our numerical test is set up using the 2D acoustic Marmousi model [61], a bench-
mark model for seismic inversion. The initial “hard” model is smoothed using a
Gaussian filter to produce the result shown in Figure 8, which we use to generate
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Fig. 8: Smoothed Marmousi model used to generate synthetic observations.

synthetic observations. We consider a triangulation of the the rectangular domain
Ω = [0, 9192]× [0, 2904] m2 in order to obtain about ten grid points per wave length.
The state, adjoint and parameter variables are discretized using continuous piecewise
linear Lagrangian finite elements. Since we use the same finite element basis for the
state u and the parameter q, the ij entry of C reads as

C(u0, q0)ij = ω2

∫

Ω

φju0φi dx.

The right-hand side term in (4.7) is given as a sum of sources, located at a depth of661

10m, spaced evenly every 12.5m. We further incorporate Dirichlet boundary condition662

along the top boundary of the domain and PML absorbing boundary conditions [13]663

on the other three boundaries. As in the previous problem, our implementation uses664

FEniCS and hiPPYlib [47, 62].665
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Fig. 9: Number of Hessian applications (samples) needed to construct the Gauss-Newton
Hessians for different frequencies and different accuracies for hierarchical and global low
rank approximations.

Figure 9 shows the number of samples needed to construct the Gauss-Newton666

Hessian evaluated at the converged parameter values for a range of frequencies and to667

accuracies in the range 10−6 ≤ ε ≤ 10−1 measured in the relative 2-norm of the matrix.668

The sizes of the Hessians at the three frequencies w = 30, 45, and 60 are n = 8,211,669

18,164, and 33,269, respectively, growing with the square of the frequency to maintain670

about ten grid points per wave length. For a desired accuracy, the number of samples671

needed for the construction of the Hessian shows a slightly sublinear growth with672

frequency, and for a given frequency, a slow growth in the number of required samples673
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Fig. 10: Structure and max local ranks per level of Hessian at ε = 10−4.

with | log ε|. Due to the fairly limited information, coming from a single supersource674

input, the global low rank of the misfit Hessian requires fewer Hessian-vector products675

than the hierarchical representation. However as the accuracy increases the global676

grows rapidly, particularly at higher frequencies. We expect that with more data677

incorporated in the inversion (using multiple independent sources, for example) the678

total number of required samples will grow slower for the hierarchical compression679

than for the global low rank approximation.680

Figure 10 shows the structures and the local ranks of the resulting compressed681

Hessians. A leaf size of 64 was used in the construction with an admissibility condition682

that produces the structure shown. The matrix structure for the larger problems683

corresponding to ω = 45, 60 is visually similar to the matrix structure of the smaller684

problem ω = 30 but is refined by two more levels. The resulting local ranks (maximum685

block rank) per level are shown for a relative accuracy of ε = 10−4. We note the686

relatively mild sublinear growth in the local ranks with frequency.687

4.4. Transient controlled-source electromagnetic inversion. In this sec-688

tion we consider a problem arising in transient controlled-source electromagnetism,689

see, e.g., [73, 36]. The deterministic optimization approach to infer the spatially vary-690

ing electrical conductivity field σ from observation data minimizes the least squares691

misfit between these observations and the response predicted by the model, i.e.,692

(4.9) minimize
σ:Ω→Rd×d

J(σ) := 1
2

∑

r

∑

s

∫ T

0

(δ(xr)Es − drs)2dt+ αR(σ) = F (σ) + αR(σ).693

Here, Es is the electric vector field which is assumed to satisfy Maxwell’s equations694

in the low frequency regime695

(4.10)

σ ∂tEs +∇× (µ−1∇×Es) = −Js on Ω× (0, T ],

Es × n = 0 on ∂Ω× [0, T ],

Es = 0 on Ω× {0},
696

where µ > 0 is the constant corresponding to the magnetic permeability of free space,697

drs is the measured time-varying response at a receiver located at xr corresponding698

to a given source term Js. In our study, we consider a horizontal electric dipole point699

source at xs oriented along the x-axis direction, which leads to Js = δ(xs)e1∂tW (t),700

where W is a Ricker wavelet of the type [27]701

W (t) :=

(
a− 1

2

)
e−a, a =

(
π(t− ts)

tp

)2

, ts = 1.4 tp,702
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and δ(·) is the Dirac delta function. The continuous gradient of F (we do not include703

the regularization in the expressions below) at a parameter σ0 may be computed as:704

∂F

∂σ
(σ0) =

∑

s

∫ T

0

∂tEs ·Ps dt,705

where Es is given by solving the state equation (4.10) for the s-th source and with706

conductivity σ0, and Ps is obtained by solving the adjoint PDE707

(4.11)

−σ0 ∂tPs +∇× (µ−1∇×Ps) = −
∑

r

(δ(xr)Es(t)− drs(t)) on Ω× [0, T ),

Ps × n = 0 on ∂Ω× [0, T ],

Ps = 0 on Ω× {T}.
708

Taking another variation, the product of the Hessian of F at a parameter σ0, with a709

model perturbation ν : Ω→ Rd×d is computed as710

(4.12)
∂2F

∂σ2
(σ0) ν =

∑

s

∫ T

0

∂tEsQs dt+
∑

s

∫ T

0

∂tFsPs dt,711

where Es and Ps are given by solving (4.10) and (4.11), respectively, and Fs and Qs712

are obtained from the solution of the incremental forward problem713

(4.13)

σ0 ∂tFs +∇× (µ−1∇× Fs) = −ν∂tEs on Ω× (0, T ],

Fs × n = 0 on ∂Ω× [0, T ],

Fs = 0 on Ω× {0},
714

and the incremental adjoint problem715

(4.14)

−σ0 ∂tQs +∇× (µ−1∇×Qs) = −
∑

r

δ(xr)Fs − ν∂tPs on Ω× [0, T ),

Qs × n = 0 on ∂Ω× [0, T ],

Qs = 0 on Ω× {T}.
716

The Hessian matrix-vector products are computed by using the software frame-717

work PETScOPT [68]. We discretize the state and adjoint variables with hexahedral718

Nedelec vector finite elements using the open-source library MFEM [6], which sup-719

ports adaptive mesh refinement and higher-order elements. For the parameter space,720

we use standard Lagrange elements. For time integration of (4.10), (4.11), (4.13) and721

(4.14), we use the Crank-Nicholson scheme as implemented in the PETSc library [9].722

For all the PDE considered, at each time step, we need to solve a poorly conditioned723

linear system with the matrices724

1

∆t
M +A, Mij =

∫

Ω

φj · φi dx, Aij =

∫

Ω

µ−1∇× φj · ∇ × φi dx,725

where φi is the i-th Nedelec finite element basis function for the Nedelec element726

space and ∆t the time step. These solves represents a key challenge for scalability.727

We use conjugate gradients preconditioned with the Balancing Domain Decomposition728

by Constraints solver [70, 71, 72] combined with a robust choice of the initial guess729

based on a reduced basis approximation scheme [69]. For the reported experiments,730
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Fig. 11: Shown on the left is the truth parameter field to be recovered from CSEM data,
together with the locally refined discretization overlaid on material properties, which contain
two anomalies (in blue). The right figure shows the total number of Hessian vector samples
needed for hierarchical compression as a function of accuracy for different regularization
parameters α of the TV regularizer.

this strategy leads, remarkably, to an average of less than one linear iterations per731

time step.732

To illustrate the hierarchically low rank nature of the Hessians given in (4.9),733

we generate synthetic data for a two-dimensional isotropic tensor σ whose spatial734

distribution is given in Figure 11; the simulated time is 2 seconds, with a constant735

time step of 0.01 seconds. The values used for the conductivity field, reported in736

logarithmic scale in the figure, are 3.0 S/m (water), 0.1 S/m (sediments), 0.01 S/m737

(salt), and 0.001 S/m for the T-shaped anomaly region. The non-conforming mesh738

used to discretize the conductivity is also shown. The setup uses an array of 14 equi-739

spaced sources located at the water/sediments interface and an array of 18 receivers740

placed right in between the water/sediments interface and the non-conforming mesh741

interface. The region of interest for the optimization process extends to the first layer742

of elements surrounding the non-conforming interface, for a total of 2381 optimiza-743

tion degrees of freedom. For the optimization, we used a primal-dual total variation744

regularizer [28], which preserves sharp gradients in the coefficient values close to the745

data recording location, and guarantees an almost optimal line-search process.746

Results for Hessian compressibility reported here consider the full Hessian as given747

in (4.12). Figure 11 shows the number of samples needed to construct the Hessian748

at convergence of the inversion process. We note two characteristics of hierarchical749

representations in this numerical experiment. The first is the log dependence of the750

number of samples (and local ranks, not shown here) on the desired accuracy. The751

second is the relative insensitivity of the local ranks to the amount regularization.752

The global rank of the matrix does not have a direct effect on the local ranks.753

Figure 12 shows the structure of the hierarchical low rank Hessian approxima-754

tion. Note the importance of ordering the matrix in a spatially-aware manner so that755

indices that are close correspond to nodes that are in spatial proximity. The figure756

depicts the entries of the Hessian when the nodes are ordered lexicographically and757

re-ordered using a KD-tree binary spatial partitioning. The reordering of the opti-758

mization degrees of freedom, results in larger blocks that are “smooth”, a necessary759

characteristic for an efficient hierarchically low rank representation.760

5. Conclusions. In this paper we presented a hierarchical matrix representa-761

tion of Hessians as a viable and practical representation for storing and manipulating762
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Fig. 12: Shown in the left figure is the structure of the hierarchical Hessian using the KD-tree
ordering. Middle and right figures show the Hessian entries with lexicographic and KD-tree
ordering of mesh nodes, respectively. Color reflect magnitude of absolute value, red is largest
and blue is smallest.

second order information for inverse problems governed by PDEs, which we expect763

will be applicable to a broader class of PDE-constrained optimization problems. We764

have shown the increasing superiority of hierarchical matrix approximation of the data765

misfit Hessian over a low rank approximation as the data become more informative766

for four inverse problems governed by diffusion, transport, and acoustic and electro-767

magnetic wave propagation. Since the eigenvalues of the data misfit Hessian typically768

decay more slowly in higher dimensional problems, we expect the hierarchical approx-769

imations to continue to be effective for inverse problems in three dimensions, and plan770

to study their performance in future work.771

The primary advantages of the hierarchical representation are that it provides a772

tunable accuracy approximation, it has a small and asymptotically optimal memory773

footprint, and it may be generated from Hessian-vector products that are generally774

available via state and adjoint PDE solves. Our numerical results have shown that the775

Hessians that appear in applications do, as predicted, admit a hierarchical structure776

and can therefore be represented with blocks at different levels of granularity that have777

small bounded rank. Once the hierarchical Hessian approximation is computed, it can778

also be operated on very efficiently, purely algebraically, for performing operations779

such matrix-vector multiplications, local and global low rank updates, inversion, and780

square roots.781

The machinery of hierarchical Hessians is general, algebraic, and effective in stor-782

ing and manipulating the formally dense Hessians arising in a variety of PDE-governed783

inverse problems. Our initial results on moderately-sized problems are encouraging,784

and we intend to study the computational advantages and effectiveness of hierarchical785

Hessians at large scale in future work.786

Appendix A. Iterative Methods for Inverse Hessian Approximation.787

Iterative methods for computing the matrix inverse have a long history dating788

back to [59]. Under reasonably general assumptions, they can be shown to be globally789

convergent methods, and require 2 log κ+log log(1/ε) number of iterations to converge790

to an ε accuracy, where κ is the condition number of the matrix being inverted [60].791

Iterative inversion methods have not been very popular (but see [58]) because at792

face value their computational cost is larger than direct factorization-based inversion793

methods as they require two O(n3) matrix multiplications per iteration when used794

with dense storage. This calculus changes with hierarchical matrices, as the product795
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of two such matrices may be obtained in log-linear time O(kn log n) [20]. This fast796

matrix multiply makes iterative inversion methods attractive here, even with memory797

considerations aside.798

Algorithm A.1 Stabilized Newton-Schulz for inverting A starting with X0

1: procedure newton schulz(A, X, X0, ε)
2: X = X0

3: while ‖AX − I‖2 > ε do
4: X = (2I −XA)X
5: if stabilization on then . when unwanted σ become small
6: X = XAX

A basic stabilized Newton-Schulz (NS) iteration shown in Algorithm A.1. For799

symmetric positive-definite matrices, a scaled identity X0 = I/||A||∞ may be used800

as the starting iterate and results in globally convergent iterations. Newton-Schulz801

converges only linearly in the early iterations before entering the rapid quadratic con-802

vergence regime. Its convergence can be sped up with improved initial guesses and803

convergence accelerations [54]. In the current optimization context, the inverse from804

a previous iterate provides a natural starting point and this warm-start reduces the805

number of iterations compared to an agnostic starting point, as we illustrate below.806

The basic NS iteration is numerically stable and even self-correcting for nonsingular807

matrices. It may also be used to compute the Moore-Penrose pseudoinverse for singu-808

lar matrices. However, for such matrices, and for matrices A(ε) where singular values809

below ε are ignored, it may be mildly unstable. The correction step in lines 5-6 of Al-810

gorithm A.1 insures stability and need only be activated after the unwanted singular811

values of XA are small enough, a condition that can be inexpensively monitored [54].812

A.1. Newton-Schulz iterations with hierarchical matrices. To adapt iter-813

ative methods to the hierarchical matrix representation context, two modifications are814

needed as shown in Algorithm A.2. The first comes from the fact that the primary fast815

operation we have, especially on GPUs, is a blocked matrix-vector multiplication; the816

construction of the Schulz iterates is done via the procedure of subsection 3.3 where817

a sampler, i.e., a matrix-vector expression evaluator, is provided to the construction818

procedure at every iteration. For example, a simple sampler for NS would follow819

Algorithm A.3 to produce the samples Y from random input vectors.820

The second, more consequential modification, is that the iterative algorithm may821

be carried out with truncation—an option made possible by the tunable-accuracy na-822

ture of the hierarchical representation. As solving exactly the tangent system in the823

early phases of the Newton method is a waste of computational resources, it makes824

little sense to construct the matrices in the first iterations to the ultimately desired825

accuracy. In fact, Hackbusch et al. [38] showed that, under fairly general conditions,826

the intermediate iterates Xk may be replaced by approximations without affecting827

the convergence rate of the method. Therefore we have the freedom to choose the828

accuracy εk to which the intermediate iterates are to be generated. A more effective829

strategy starts with a low accuracy in the early iterations and gradually reduces it830

as convergence is approached. As we show below, the use of such a dynamic thresh-831

old reduces substantially the overall computational cost of inversion by producing832

intermediate iterates with smaller footprints.833

We show the effectiveness of Algorithm A.2 on the following minimal surface834
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Algorithm A.2 Hierarchical matrix iterative inversion of A starting with X0

1: procedure hnewton schulz(A, X, X0, ε)
2: k = 0, Xk = X0

3: while E = ‖AX − I‖2 > ε do
4: S = ns eval <Xk, A> . sampler for (k+1)st iterate
5: εk = setContructionThreshold (E, k, ε) . dynamic threshold
6: Xk+1 = buildH (S, εk) . construction of subsection 3.3
7: k = k + 1

Algorithm A.3 Templated sampler for Newton-Schulz iterate, computes Y = Xk+1Ω

1: procedure ns eval<Xk,A>(Ω, Y )
2: Y = (2I −XkA)XkΩ

problem. Let m(x) be the height of a surface defined in the unit square Ω = [0, 1]2.835

(A.1)
minimize

m(x)
J(m) =

∫

Ω

√
1 + |∇m|2dΩ,

subject to m(∂Ω) = m0.
836

We discretize m(x) and the objective using finite differences on an n = 128 × 128837

grid. The Hessian for this problem can be computed exactly, up to discretization838

errors, since it corresponds to the linearization of a nonlinear Poisson equation. Its839

inverse, however, is dense, and therefore it is a good test for the effectiveness of the840

iterative inversion method described above, since all resulting approximation errors841

are attributable to it.842

For the following experiments, we set the compression threshold used during the843

construction of the hierarchical matrix to εk = 10−6 with a leaf size of 64. Starting844

from the scaled identity X0 = I
‖A‖∞

, inverting the Hessian using NS for the first845

optimization step needs quite a few iterations, with the number of required samples846

for intermediate iterates increasing very rapidly before receding as it converges as847

shown in Figure 13a. The total time needed to invert the Hessian using this method848

is about 178 seconds on a P100 GPU, with over 75% of the total runtime spent849

in compression. To alleviate the impact of the intermediate iterates, we can start850

with a relatively loose compression error threshold εk, tightening the threshold as851

we converge. This significantly reduces the number of samples needed for the earlier852

iterations as shown in Figure 13a, where we start with a much looser threshold of853

10−2. The total runtime is then reduced to 51s, a 3.5× reduction in inversion time,854

with 69% of the time spent in compression.855

From the second optimization iteration onwards, we can use the approximate Hes-856

sian inverse from the previous iteration as an initial guess, allowing NS to converge in857

fewer iterations. While the first optimization iteration converged in 16 NS iterations,858

the second iteration needed only 6, inverting the Hessian in 32s if a static threshold859

is used and in 14s with a dynamic threshold. In Figure 13b, we compare the number860

of needed samples for static and dynamic thresholds. Finally, the error in the inverse861

‖AX − I‖2 throughout the NS procedure is shown in Figure 13c for a given optimiza-862

tion step, exhibiting rapid convergence as we approach the solution. Warm-starting863

from previous iterations results in the iterations entering the fast convergence regime864

earlier.865
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Fig. 13: Performance of Hessian inversion on a problem of size n = 16,384. Number of
Hessian-vector products throughout the NS iterations: (a) starting from a scaled identity
and (b) a warm starting from previous iteration. (c) Convergence history.

A.2. Higher order methods for faster convergence. The results above866

show that the hierarchical matrix compression portion of the construction algorithm867

dominates the total runtime of the inversion algorithm. This is because we apply the868

low rank updates generated during the sampling phase in relatively small blocks due869

to memory constraints of the GPU. The majority of the resulting linear algebra oper-870

ations during compression, such as batched rank-revealing QR and tall skinny QR de-871

compositions, are not particularly efficient on GPUs and are relatively costly. On the872

other hand, the sampling operations, which primarily consist of batched matrix-matrix873

products and blocked sparse matrix vector products, are highly parallel, efficient, and874

arithmetically intensive. Taking this disparity into consideration, we employ high875

order hyperpower iterative methods to shift the computational load to the sampling876

phase. An order l hyperpower iteration is defined as [55]877

(A.2) Xk+1 = Xk

(
I +Rk + · · ·+Rl−1

k

)
= Xk

l−1∑

i=0

Rik,878

where Rk = I−AXk, involving l matrix products. Setting l = 2 gives us the standard879

NS iteration of the previous section. Most previous work on efficient hyperpower iter-880

ations with dense matrices attempt to reduce the number of matrix-matrix products881

by calculating a few temporary matrices and factoring the summation in (A.2). Here,882

we seek to avoid the costly compression for those temporary matrices, and use the883

original form of the equation which performs l products. This achieves our goal of884

concentrating the workload on the far more efficient sampling phase of the computa-885

tion, and achieves considerable time savings. Sampling Xk+1 can be done efficiently886

using a method similar to Horner’s method for polynomial evaluation, as shown in887

Algorithm A.4 which replaces the NS evaluation of line 4 of Algorithm A.2.888

The performance of higher order methods is illustrated in Figure 14a which shows889

the number of iterations and the samples taken in each iteration for hyperpower890

iterations of order l = 8, 16, 32, which are notably lower than those of Figure 13a. High891

order methods also have the benefit of faster convergence as shown in Figure 14b where892

the order 8 method takes 7 iterations to converge and the order 16 and 32 methods893

take 6 iterations, as opposed to the 16 iterations needed by the second order method.894

The overall inversion times are also considerably lower, with order 8 and 16 at 20895

seconds and the order 32 at 25s. The order 8 method does one more iteration than896

the order 16 method, but the lower sampling cost puts it on equal footing, whereas897
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Algorithm A.4 Sampling hyperpower iterate Xk+1 of order l, computes Y = Xk+1Ω.

1: procedure hyperpower eval<Xk,A>(Ω, Y , l)
2: Y = R = Ω
3: for i = 1 . . . l − 1 do
4: R = (I −AXk)R
5: Y = Y +R

6: Y = XkY

the order 32 performs the same number of iterations as the order 16 method while898

having higher cost per sample.899
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Fig. 14: Performance of Hessian inversion using high order iterations of order 8, 16, and 32.

A.3. Unrolling iterations. As another algorithmic optimization for the exam-900

ple problem (A.1), we consider the effect of loop unrolling. The low number of NS901

iterations needed for the second optimization iteration onwards, due to the use of902

the previous approximate Hessian inverse as the initial NS iterate, presents another903

opportunity for greater inversion performance. By unrolling the iterates to express904

Xk in terms of X0, we can achieve the same goal as the higher order methods, where905

the workload is shifted to the sampling phase and the increase in samples for the906

intermediate iterates can be avoided; the k-th unrolled iterate can be evaluated as the907

hyperpower iterates as:908

Xk = Xk−1 (2I +AXk−1)

= Xk−2 (2I +AXk−2) (2I +AXk−2 (2I +AXk−2)) = . . .

= X0

2k∑

i=0

(
2k

i

)
(−AX0)i.

(A.3)909

Since the number of entries in the sum grows exponentially, we can efficiently unroll910

only a small number of iterations (say 5 or 6); however, since the number of iterations911

needed after the first optimization iteration is small, we can effectively unroll all of the912

required iterations, and obtain the approximate inverse in a single construction. This913

further reduces the inversion time from 14 seconds to 4 seconds, giving us another914

3.5× improvement on the dynamic error threshold inversion.915
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We remark that the inversion methods introduced in this section demonstrate the916

performance benefits of concentrating the computational effort in the arithmetically917

intensive sampling phase, not only in terms of reducing inversion time as in the un-918

rolled iterations, but also in terms of reducing the total number of iterations required919

for convergence, as in the higher order methods. Related methods for computing920

square roots and inverse square roots may be similarly formulated and optimized.921

Acknowledgments. This work was supported by the King Abdullah Univer-922

sity of Science and Technology (KAUST) Office of Sponsored Research (OSR) under923

Award No: OSR-2018-CARF-3666.924

REFERENCES925

[1] A. Alexanderian, P. J. Gloor, and O. Ghattas, On Bayesian A-and D-optimal ex-926
perimental designs in infinite dimensions, Bayesian Analysis, 11 (2016), pp. 671–695,927
https://doi.org/10.1214/15-BA969. arXiv preprint arXiv:1408.6323.928

[2] N. Alger, Data-Scalable Hessian Preconditioning for Distributed Parameter PDE-Constrained929
Inverse Problems, PhD thesis, The University of Texas at Austin, 2019.930

[3] N. Alger, V. Rao, A. Meyers, T. Bui-Thanh, and O. Ghattas, Scalable matrix-free adap-931
tive product-convolution approximation for locally translation-invariant operators, SIAM932
Journal on Scientific Computing, (2019). To appear.933

[4] N. Alger, U. Villa, T. Bui-Thanh, and O. Ghattas, A data scalable augmented Lagrangian934
KKT preconditioner for large scale inverse problems, SIAM Journal on Scientific Comput-935
ing, 39 (2017), pp. A2365–A2393, https://doi.org/10.1137/16M1084365.936

[5] S. Ambikasaran and E. Darve, An O(N logN) fast direct solver for partial Hierarchically937
Semiseparable matrices, Journal of Scientific Computing, 57 (2013), pp. 477–501.938

[6] R. Anderson, J. Andrej, A. Barker, J. Bramwell, J.-S. Camier, J. Cerveny, V. Do-939
brev, Y. Dudouit, A. Fisher, T. Kolev, W. Pazner, M. Stowell, V. Tomov,940
I. Akkerman, J. Dahm, D. Medina, and S. Zampini, MFEM: A modular finite ele-941
ment methods library, Computers & Mathematics with Applications, (2020), https://doi.942
org/https://doi.org/10.1016/j.camwa.2020.06.009, http://www.sciencedirect.com/science/943
article/pii/S0898122120302583.944

[7] D. N. Arnold, F. Brezzi, B. Cockburn, and L. D. Marini, Unified analysis of discontinuous945
Galerkin methods for elliptic problems, SIAM Journal on Numerical Analysis, 39 (2002),946
pp. 1749–1779.947

[8] B. Ayuso and L. D. Marini, Discontinuous galerkin methods for advection-diffusion-reaction948
problems, SIAM Journal on Numerical Analysis, 47 (2009), pp. 1391–1420.949

[9] S. Balay et al., PETSc users manual: Revision 3.10, tech. report, Argonne National950
Lab.(ANL), Argonne, IL (United States), 2018.951

[10] O. Bashir, K. Willcox, O. Ghattas, B. van Bloemen Waanders, and J. Hill, Hessian-952
based model reduction for large-scale systems with initial condition inputs, International953
Journal for Numerical Methods in Engineering, 73 (2008), pp. 844–868.954

[11] M. Bebendorf, Low-rank approximation of elliptic boundary value problems with high-contrast955
coefficients, SIAM Journal on Mathematical Analysis, 48 (2016), pp. 932–949.956

[12] M. Bebendorf and W. Hackbusch, Existence of H-matrix approximants to the inverse957
FE-matrix of elliptic operators with L∞-coefficients, Numerische Mathematik, 95 (2003),958
pp. 1–28.959

[13] J.-P. Berenger, A perfectly matched layer for the absorption of electromagnetic waves, Journal960
of computational physics, 114 (1994), pp. 185–200.961

[14] A. Beskos, M. Girolami, S. Lan, P. E. Farrell, and A. M. Stuart, Geometric MCMC962
for infinite-dimensional inverse problems, Journal of Computational Physics, 335 (2017),963
pp. 327–351.964
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