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A B S T R A C T

We present an efficient method to solve the Poisson equation in embedded
boundary (EB) domains. The original problem is divided into an inhomoge-
neous problem without the effects of EB and a homogeneous problem that
imposes the effects of EB. The inhomogeneous problem is efficiently solved
through a geometric multi-grid (GMG) solver and the homogenous problem
is solved through a boundary element method (BEM) utilizing the free space
Green’s function. Our method is robust and can handle sharp geometric fea-
tures without any special treatment. Analytical expressions are presented for
the boundary and the domain integrals in BEM to reduce the computational
cost and integration error relative to numerical quadratures. Furthermore, a
fast multipole method (FMM) is employed to evaluate the boundary integrals
in BEM and reduce the computational complexity of BEM. Our method in-
herits the complementary advantages of both GMG and FMM and presents an
efficient alternative with linear computational complexity even for problems
involving complex geometries. We observe that the overall computational cost
is an order of magnitude lower compared with a stand-alone FMM and is sim-
ilar to that of an ideal GMG solver.
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1. Introduction

Solution of the Poisson equation (an elliptic equation) is important in a variety of engineering and physics ap-
plications. Of particular interest is the numerical solution of incompressible Navier-Stokes equations by projection
methods wherein the pressure is obtained by solving a Poisson equation. A variety of solution methodologies exist
such as FFT, multigrid methods, boundary integral methods such as fast multipole method (FMM), Krylov subspace
methods such as GMRES, BiCGSTAB, etc. The particular choice is largely influenced by computational efficiency
and scope with regard to geometry, mesh, boundary conditions and type of PDE. The present work focuses on constant
coefficient Poisson equation with emphasis on complex embedded boundary (EB) domains and arbitrary boundary
conditions (Dirichlet, Neumann, Mixed and Periodic).

While FFT based methods are the most efficient for smooth source functions (Gholami et al., 2016), their applica-
bility is generally limited for problems with infinite/periodic domains and uniform Cartesian grids. For non-periodic
domains, geometric multigrid methods (GMG) are the most efficient, however, they suffer from poor convergence for
problems with anisotropic grids and complex geometries. Although performance of GMG for anisotropic grids may
be improved significantly through semi-coarsening algorithms (Larsson et al., 2005), handling complex geometry
with sharp features is still a major challenge faced by GMG. In particular, the multi-level representation of com-
plex geometry features is complicated and ambiguous because small scale geometrical features are lost or poorly
represented on coarse grid levels leading to a worsening impact on the convergence behavior. Operators at coarser
grid levels are not faithful approximations to the operator at the finest grid which strongly affects the performance.
Sometimes, deletion of some of the coarsest levels from, say the V-cycle, may improve convergence, however, this
depends on the geometrical features, and may lead to loss of linear computational complexity (Guillet and Teyssier,
2011; Crockett et al., 2011; Coco and Russo, 2013, 2018). Some works modify restriction/prolongation operators
through volume fractions of the interior/exterior to account for small scale geometrical features at coarser levels. This
method is complicated, expensive (particularly, for moving boundaries) and still results in loss of linear complexity.
Hosseinverdi and Fasel (2018), Coco and Russo (2013, 2018) modified restriction/prolongation stencils near the EB
and the latter found improved convergence by additional smoothing sweeps along the boundary.

Crockett et al. (2011) developed a Poisson solver with discontinuous coefficients across the EB based on the
cut-cell approach wherein fluxes over cells cut by the EB are treated through a finite volume method. However, con-
vergence (number of MG iterations) of their method depends on the number of unknowns, and the dependence is
stronger for larger difference in coefficients across the EB. Devendran et al. (2017) developed a fourth order EB Pois-
son solver based on the cut-cell approach and demonstrated convergence for sharp complex geometries (C0) through
geometric regularization. Algebraic multigrid method is a popular alternative for complex geometries, however, it
suffers from significant memory/storage requirements.

Alternatively, the boundary element method (BEM) is one of the most efficient methods to solve elliptic problems
involving complex geometries due to the fact that the discrete degrees of freedom are distributed on a one dimen-
sional representation of the complex boundary contour embedded in a 2D domain. Usually, inhomogeneous problems
involve O(N2) operations for problems with N degrees of freedom. However, specialized methods such as fast multi-
pole method (FMM) brings the operation count down to O(N) by trading (tunable) accuracy. Originally, Carrier et al.
(1988); Cheng et al. (1999) developed FMM to accelerate N-body particle computations. Later, Ethridge and Green-
gard (2001); Langston et al. (2011) presented modifications to the particle-FMM to obtain a volume FMM wherein
summation over source points is replaced by an integral over the continuous source density.

Liska and Colonius (2014) developed a fast Poisson solver using lattice Green’s functions (discrete analogue of
Green’s function on a Cartesian grid) by leveraging the efficiency of FFT on Cartesian grids. However, their method is
limited to unbounded domains with a uniform Cartesian mesh. They extended the lattice Green’s function approach to
solve external incompressible viscous flows on unbounded domains (Liska and Colonius, 2016) and over immersed
boundaries (Liska and Colonius, 2017). Kavouklis and Colella (2019) employed method of local corrections to
solve Poisson equation on infinite domains/unit cube with periodic boundary conditions. Askham and Cerfon (2017)
developed a Poisson solver for complex geometries using the fast multipole method (FMM). They split the original
problem into homogeneous and inhomogeneous problems. Notably, they employed a fast direct solver instead of
using iterative solvers.

For homogeneous elliptic problems such as the Laplace equation, the boundary integral approach (e.g., BEM)
stands out to be the most efficient method for complex geometries with non-periodic boundary conditions. However,
Green’s function based approaches are generally limited to constant coefficient problems. Although both GMG and
FMM deliver linear computational complexity for the Poisson equation (Eq. (1)) in Cartesian geometries, FMM has
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a much larger constant in the complexity estimates compared with GMG (Gholami et al., 2016). We observed in our
numerical tests (Sec. 5) that ti

FMM >> th
FMM ∼ tGMG, where tGMG and ti

FMM are the costs of ideal (Cartesian domain)
GMG and FMM, respectively, for inhomogeneous problems and th

FMM is the cost of FMM for homogeneous problems
(S = 0 in Eq. (1)).

Our method divides the original problem into two parts similar to Askham and Cerfon (2017): an inhomoge-
neous problem without the effects of EB, and a homogeneous problem that imposes the effects of EB. In contrast
to Askham and Cerfon (2017), the inhomogeneous problem is solved efficiently through GMG in O(N) operations
instead of FMM. The homogeneous problem is solved through BEM/FMM and includes mixed boundary conditions
(both Dirichlet and Neumann) while Askham and Cerfon (2017) formulated the homogeneous problem via layer
potentials limited to Dirichlet boundary conditions. The present approach provides a simple, efficient and versatile
alternative to the existing approaches (Coco and Russo, 2013, 2018) and eliminates the need for multi-level repre-
sentation of EB. The present approach is novel in that it integrates GMG and FMM and outperforms stand-alone
FMM (Askham and Cerfon, 2017) by taking advantage of the higher efficiency of GMG over FMM for inhomo-
geneous problems (demonstrated in Sec. 5), utilizes analytical integration for both boundary and domain integrals,
and efficient adaptive quadtrees optimized separately for boundary and domain integrals. Remarkably, the combined
GMG-FMM solver has linear complexity for solving Poisson equation in complex geometries with computational
cost similar to that of an ideal GMG.

Numerical quadratures are widely used to compute the boundary integrals in BEM. Typically, a high degree
of accuracy is essential to compute the layer potentials involving weakly singular integrands which increases the
computational cost. In the present work, analytical integration is used to evaluate all the boundary integrals to avoid
additional computational expense and errors associated with numerical quadratures. Moreover, in our present method,
no special treatment is required when the EB includes sharp features.

To demonstrate the effect of the presence of EB on convergence of GMG, a simple alternative is considered in the
present work in which the EB condition is applied only at the finest grid level in the GMG solver. The EB is excluded
from coarser grid levels (restriction/prolongation operations) and hence coarser grids do not sense the presence of EB.
While this is a simple idea that is relatively easily implemented, we note that the computational cost increases and
perhaps outweighs the simplicity of this approach.

A brief outline of the paper is as follows. The problem formulation is described in Sec. 2. In Sec. 3, the boundary
element method is described. FMM and an adaptive quadtree data structure for two dimensional homogeneous prob-
lems are briefly discussed in Sec. 4. Results including accuracy and performance of the present method are presented
for a variety of complex geometry cases in Sec. 5 and the combined GMG-FMM method is demonstrated to be faster
by an order of magnitude compared with a stand-alone FMM. A stand-alone FMM used as a performance benchmark
in this study is described in Appendix B.

2. Problem formulation

Let us denote a Cartesian domain with Ωc and its boundary with Γc. Suppose that Ωc contains a closed embedded
boundary Γeb partitioning Ωc into Ωi

c (interior of Γeb) and Ωe
c (exterior of Γeb). Let Ω be the domain of interest and Γ

be its boundary. For exterior problems, Ω = Ωe
c with Γ = Γc ∪ Γeb and for interior problems, Ω = Ωi

c with Γ = Γeb.
Let ψ be a signed distance function which is negative inside Ω, positive outside Ω and zero on Γeb. We aim to solve
the Poisson equation with source S (x) in Ω and Dirichlet/Neumann/Mixed boundary conditions on Γ.

∇2 p = S (x) in Ω (1)

ap + b
∂p
∂n

= f (x) on Γc, cp + d
∂p
∂n

= g(x) on Γeb (2)

where, ∂p
∂n = ∇p · n̂ and n̂ is the unit boundary normal pointing into Ω. The coefficients a, b and c, d can be arbitrary

and their convex combination yield Dirichlet boundary conditions for b = 0, d = 0 and Neumann boundary conditions
for a = 0, c = 0. We apply the principle of linear superposition to split the solution p into inhomogeneous (pi) and
homogeneous (ph) parts so that p = pi + ph and solve the following equations,

∇2 pi = S (x) in Ωc, api + b
∂pi

∂n
= f (x) on Γc, (3)

∇2 ph = 0 in Ω, aph + b
∂ph

∂n
= 0 on Γc, and cph + d

∂ph

∂n
= g̃(x) on Γeb. (4)
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where, g̃(x) = g(x) −
(
cpi + d ∂pi

∂n

)
. The inhomogeneous problem is discretized with a standard second order central

finite difference scheme and solved through a standard V-cycle GMG with two Red-Black point Gauss-Siedel sweeps
during each pre and post smoothing operations. The homogeneous problem is solved via BEM described in Sec. 3.
Since conventional BEM has O(N3/2) complexity for 2D homogeneous problems of size N, a fast multipole method
(FMM) described in Sec. 4 is employed to achieve linear complexity. Both GMG and FMM are implemented in
MATLAB R2017b and a bulit-in GMRES solver is used to solve dense linear systems encountered in BEM/FMM.
Boundary conditions for ph on Γeb in Eq. (4) require evaluation of pi, ∂pi

∂n (thereby g̃(x)) at nodes on Γeb from pi

available at Cartesian grid nodes which is described in the following sections.

2.1. Bilinear reconstruction

Let a node xs = (xs, ys) on Γeb with unit normal n̂ = (nx, ny) be surrounded by four Cartesian nodes P1, P2, P3, P4
with indices (i, j), (i + 1, j), (i, j + 1), (i + 1, j + 1), respectively. Define ∆x = xi+1 − xi,∆y = y j+1 − y j, ∆x1 =

xs − xi,∆x2 = xi+1 − xs, and ∆y1 = ys − y j,∆y2 = y j+1 − ys. A bilinear approximation at xs involves four degrees of
freedom determined from field values at P1, P2, P3, P4 and yields following expressions,

p(xs) =
∆y1

[
∆x1 pi+1, j+1 + ∆x2 pi, j+1

]
+ ∆y2

[
∆x1 pi+1, j + ∆x2 pi, j

]
∆x∆y

, (5)

∂p
∂n

(xs) = nx

∆y2

(
pi+1, j − pi, j

)
+ ∆y1

(
pi+1, j+1 − pi, j+1

)
∆x∆y

 + ny

∆x2

(
pi, j+1 − pi, j

)
+ ∆x1

(
pi+1, j+1 − pi+1, j

)
∆x∆y

 . (6)

2.2. Bicubic reconstruction

In this case, let xs be surrounded by 16 neighboring Cartesian nodes (xm, yn),m, n = 1, 2, 3, 4, denoted by Pm,n.
Define x̃ = x − xs, ỹ = y − ys and the bicubic polynomial p(x̃, ỹ) =

∑3
m=0

∑3
n=0 Cmn x̃m ỹn. A bicubic approximation

at xs, with a formal accuracy of O(∆x4,∆y4), involves sixteen degrees of freedom which are determined from field
values at Pm,n = (xm, yn). The solution and its normal derivative at xs are given by,

p(xs, ys) =

4∑
n=1

vn(ỹ)
4∑

m=1

vm(x̃) p(xm, yn),
∂p
∂n

(xs) = nx
∂p
∂x

(xs) + ny
∂p
∂y

(xs), (7)

∂p
∂x

(xs, ys) =

4∑
n=1

vn(ỹ)
4∑

m=1

wm(x̃) p(xm, yn),
∂p
∂y

(xs, ys) =

4∑
m=1

vm(x̃)
4∑

n=1

wn(ỹ) p(xm, yn). (8)

where, the weights vm(x̃) and wm(x̃) depend on x̃m as below (the weights vn(ỹ) and wn(ỹ) depend on ỹn similarly),

v1(x̃) =
x̃2 x̃3 x̃4

f (x̃1; x̃2, x̃3, x̃4)
, v2(x̃) =

x̃1 x̃3 x̃4

f (x̃2; x̃1, x̃3, x̃4)
, v3(x̃) =

x̃1 x̃2 x̃4

f (x̃3; x̃1, x̃2, x̃4)
, v4(x̃) =

x̃1 x̃2 x̃3

f (x̃4; x̃1, x̃2, x̃3)
,

w1(x̃) =
−(x̃2 x̃3 + x̃2 x̃4 + x̃3 x̃4)

f (x̃1; x̃2, x̃3, x̃4)
, w2(x̃) =

−(x̃1 x̃3 + x̃1 x̃4 + x̃3 x̃4)
f (x̃2; x̃1, x̃3, x̃4)

, w3(x̃) =
−(x̃1 x̃2 + x̃1 x̃4 + x̃2 x̃4)

f (x̃3; x̃1, x̃2, x̃4)
,

w4(x̃) =
−(x̃1 x̃2 + x1x3 + x2x3)

f (x4; x1, x2, x3)
, f (a; b, c, d) = bcd − a(bc + bd + cd) + a2(b + c + d) − a3.

3. Boundary element method (BEM)

Here, we describe the boundary element method (Pozrikidis, 2002, 2008) used to solve the homogeneous problem
(Eq. (4)). For brevity, we omit the superscript h used for the homogeneous solution in this section. An extension to
the inhomogeneous problem (Eq. 1) is described in Appendix B.3.
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3.1. Integral representation

Let G(x, x0) be the fundamental solution of the Laplace operator satisfying,

∇2G(x, x0) + δ(x − x0) = 0, (9)

where δ is the Dirac delta distribution. Apply Green’s second identity to the solution p and the Green’s function G to
have,

G(x, x0)∇2 p(x) − p(x)∇2G(x, x0) = ∇ ·
[
G(x, x0)∇p(x) − p(x)∇G(x, x0)

]
. (10)

Substitute Eq. (4),(9) in Eq. (10), integrate over Ω and apply divergence theorem to have the Green’s third identity,∫
Ω

p(x)δ(x − x0) dΩ = −

∫
Γ

G(x, x0)∇p(x) · n̂ dΓ +

∫ PV

Γ

p(x)∇G(x, x0) · n̂ dΓ. (11)

where, n̂ is the unit inward normal vector on Γ. Note that the last integral in the above equation is a principal value
integral when x0 lies on Γ because ∇G(x, x0) is singular. Using the properties of the Dirac delta distribution, the
integral on the left side of Eq. (11) becomes,∫

Ω

p(x)δ(x − x0) dΩ = αp(x0), (12)

where, α is equal to 1 for x0 ∈ Ω, 0 for x0 < Ω, 1/2 for x0 on smooth part of Γ, and θ/(2π) for x0 on sharp corner
of Γ with θ being the angle subtended by Γ at the corner x0 towards Ω (§2.4.1, Pozrikidis (2002)). For example,
corners of a square domain yield α = 1/4 with θ = π/2. Using Eq. (11) and (12), we obtain the following integral
representations for p(x) on the boundary Γ (assuming that x0 lies only on smooth part of Γ) and in the domain Ω,

1
2

p(x0) = −

∫
Γ

G(x, x0)
∂p
∂n

(x) dΓ +

∫ PV

Γ

p(x)
∂G
∂n

(x, x0) dΓ, x0 ∈ Γ (13)

p(x0) = −

∫
Γ

G(x, x0)
∂p
∂n

(x) dΓ +

∫
Γ

p(x)
∂G(x, x0)

∂n
dΓ, x0 ∈ Ω (14)

Typically, the boundary conditions provide either p or ∂p
∂n on different segments of the boundary Γ leading to a

mix of Fredholm integral equations of first kind and second kind. So, we first solve Eq. (13) for the unknowns (either
p or ∂p

∂n ) on all the boundary segments. Once both p and ∂p
∂n are known on the entire boundary Γ, we obtain p inside

the domain Ω through direct evaluation of Eq. (14).

3.2. BEM discretization

We discretize the boundary Γ into M boundary elements, and the unknown functions p and q ≡ ∂p
∂n are approxi-

mated with constant functions over each element Γi, denoted by pi and qi, respectively. Henceforth, this approximation
is referred as constant element approximation. Applying Eq. (13) at M collocation points (center of each boundary
element Γ j) results in a system of dense linear equations (Eq. (15)) for the unknown element value, pi or qi. Similarly,
applying Eq. (14) at N collocation points corresponding to the interior nodes in Ω results in N algebraic equations
(Eq. (16)). The integral equations Eq. (13), (14) are then approximated by the following algebraic equations,

1
2

p(x j) = −

M∑
i=1

qiAi(x j) +

M∑
i=1

piBi(x j), x j ∈ Γ, j = 1, 2, ...,M, (15)

p(x j) = −

M∑
i=1

qiAi(x j) +

M∑
i=1

piBi(x j), x j ∈ Ω, j = 1, 2, ...,N, (16)

where, Ai(x j) ≡
∫

Γi
G(x, x j) dΓ and Bi(x j) ≡

∫ PV
Γi

∂G(x,x j)
∂n dΓ are influence coefficients computed over an individual

element i. First, Eq. (15) is solved through either direct solvers (Gauss elimination, LU based, etc.) or iterative solvers
such as GMRES. For the examples in Sec. 5, we use GMRES as it was faster than LU based solvers for the chosen
examples. Then, Eq. (16) is evaluated at N interior nodes in Ω.
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Note that the Green’s function property requires
∑M

i=1 Bi(x j) = 1
2 for x j on Γ. In two dimensions, the free-space

Green’s function is well known to be G(x, x0) = − 1
2π ln |x − x0|, and

A ji ≡ Ai(x j) ≡ −
1

2π

∫
Γi

ln |x − x j| dΓ, B ji ≡ Bi(x j) ≡ −
1

2π

∫ PV

Γi

n̂(x) · (x − x j)
|x − x j|

2 dΓ, (17)

where PV denotes the Cauchy principal value. Computation of A ji and B ji for linear elements is described below.
Curved boundary segments are linearized by partitioning in to a number of straight/linear elements. Let ∆li be the
length of an element Γi for 2D problems.

3.2.1. Singular case (i = j)
For a straight element Γi with x, xi ∈ Γi, n̂(x) · (x − xi) = 0 and the singular case (i = j) yields (Pozrikidis, 2008),

Aii ≡ Ai(xi) ≡ −
1

2π

∫
Γi

ln |x − xi| dl(x) = −
1
π

∫ ∆li/2

0
ln l

′

dl
′

= −
1
π

∆li
2

(
ln

∆li
2
− 1

)
, (18)

Bii ≡ Bi(xi) ≡ −
1

2π

∫ PV

Γi

n̂(x) · (x − xi)
|x − xi|

2 dl(x) = 0. (19)

3.2.2. Non-singular case (i , j)

(a) (b) (c)

Fig. 1: Double layer potential
∑

i B ji for Γ, which is a square in this illustration (x, y ∈ [−0.5, 0.5]), computed through (a) analytic integration Eq.

(21), and Gauss-Legendre quadrature with (b) 8 and (c) 20 base points. As expected,
∑

i Bi(x j) =
∑

i −
θ ji
2π =

∫ PV
Γ

∂G(x,x j)
∂n dΓ = α = 1, 0, 0.5, 0.25

for x j located on the inside, the outside, the edges and the corners of the square, respectively.

Conventionally, numerical quadratures are used to compute the influence coefficients (A ji, B ji). Since the inte-
grands are weakly singular, high accuracy is required (see Fig. 1 for an example demonstrating this). Here, we
present analytical expressions for A ji, B ji in case of straight boundary elements so that the computation is efficient
and has no error due to numerical integration. Note that the analytical expressions are applicable for even the singular
case (i = j).

Let t̂ = (xi+1 − xi)/|xi+1 − xi| be the unit vector along an element Γi, and l be the distance from the element
midpoint xm along t̂, see Fig. 2(a,b). For straight elements with x ∈ [xi, xi+1], define r(x) ≡ |x − x j|, rm ≡ r(xm).
Now, let us express xm − x j in terms of an orthonormal basis n̂, t̂ (see Fig. 2 (a,b)) with components a, b, respectively,
where a = (xm − x j) · n̂ and b = (xm − x j) · t̂. Then, we have x − x j = a n̂ + (b + l) t̂ and r2 = a2 + (b + l)2. Define
c ≡ b + ∆li/2, d ≡ b−∆li/2. Note that the integrand below is weakly singular whose integral is a continuous function.

A ji ≡ Ai(x j) ≡ −
1

2π

∫ ∆li/2

−∆li/2
ln |x − x j| dl(x) = −

1
2π

[
c ln

∣∣∣a2 + c2
∣∣∣1/2 − d ln

∣∣∣a2 + d2
∣∣∣1/2 − ∆li + a θ ji

]
, (20)

B ji ≡ Bi(x j) ≡ −
1

2π

∫ ∆li/2

−∆li/2

n̂(x) · (x − x j)
|x − x j|

2 dl(x) = −
θ ji

2π
, θ ji = tan−1

(
a∆li

a2 + cd

)
. (21)
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(a) (b)

(c)

Fig. 2: Schematic of a straight element Γi ∈ [xi, xi+1] with source at x j. The boundary element Γi is in (a) anti-clockwise γ ∈ [−π, 0] (a ≤ 0),
(b) clockwise γ ∈ [0, π] (a ≥ 0) orientation w.r.t. x0. The unit inward normal n̂ always points in to the interior Ω. (c) Distribution of θ ji, angle
subtended by the element Γi at the source x j, with ∆l = 1, t̂ = (−1, 0), and n̂ = (0,−1).

Proofs of Eq. (20) and (21) are given in Appendix A. Here, θ ji ∈ [−π, π] is the angle subtended by each boundary
element Γi = [xi, xi+1] at the source x j with t̂ counter-clockwise being positive and clockwise being negative. Note
that

∑
i θ ji = 2π, 0, π for x j on the interior, the exterior and the boundary of the closed surface. If x j is located on the

sharp corner of a non-smooth boundary, θ ji is the subtended angle at the sharp corner towards the interior (Fig. 1).
Since θ ji is discontinuous as x j approaches the element Γi (see Fig. 2c), we explicitly assign θ ji = 0 for |a| ≤ 10−15,

in accordance with the singular case Eq. (19), to avoid θ ji = ±π due to round-off errors in xi, xi+1, x j.

3.2.3. Effect of linearization of EB
For circular and other non-linear boundaries, we linearize the EB by dividing it into a number of linear segments.

This creates non-physical sharp corners at the ends of each boundary element and may lead to errors in
∑

i θ ji if x j

coincides with the element end points and thereby the non-physical corners. However, with increasing resolution, θ ji

converges to its true value. Nevertheless, we collocate x j only at the element mid points and not with the element end
points. Therefore, we can safely ignore the effects of linearizing the EB on B ji.

4. Fast Multipole Method

Here, we describe FMM for two dimensional homogeneous problems (Eq. (4)). Let N be the number of grid
points inside the Cartesian domain Ωc and M be the number of boundary elements on Γ. Computation of the boundary
integrals in Eq. (15) and (16) require O(M2) and O(MN) operations, respectively. FMM reduces this operation count
to O(mM) and O(mN), respectively, by trading accuracy which is controlled by the number of terms in multipole/local
expansions m with m � M. Typically, M = O(N1/2) in 2D which leads to an overall complexity of O(N). We solve
Eq. (15) iteratively through a restarted GMRES during which FMM is employed for one time evaluation of known
terms and repetitive evaluation of unknown terms until convergence.

The key idea of FMM is to split interactions between source nodes (xi ∈ Γi) and target nodes (x j) in Eq. (15),
(16) into near and far field interactions. While near field interactions are evaluated directly, far field interactions
are evaluated by transferring node-node interactions to interactions among clusters of nodes. Typically, nodes are
clustered into a hierarchy of bins through a quadtree datastructure (see Fig. 3) as described below.

4.1. Adaptive quadtree data structure

An adaptive quadtree data structure (Q) is employed in FMM to facilitate efficient interactions among clusters of
nodes by identifying near/far field sets. The quadtree is formed by first identifying a square large enough to contain
Ω (thereby all source and target nodes) and let us refer it as a bin of level 0. Next, this parent bin is equally divided
into four child bins of level 1. We continue this procedure recursively, i.e., a parent bin at level l is equally divided
into four child bins of level l + 1. The recursive division of a bin is terminated if (a) it contains less than or equal to a
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preset number (s) of source nodes, say, bin capacity, or (b) maximum level (lmax) of the tree (equivalently, minimum
bin size) is reached, or (c) none of the neighbor bins (including self) contain source nodes.

(a) (b)

Fig. 3: Neighbor (N) and interaction (I) lists in the adaptive quadtree data structure Q for (a) bin T (highlighted in blue) and (b) its parent bin
T
′

(highlighted in black). For target nodes in the bin T , bins in the list NT contain near field source nodes and bins in the list IT contain far field
source nodes. Filled circles denote centers of boundary elements. Bin capacity s = 2.

Fig. 3 illustrates Q with an example of a circle (Γeb) embedded inside a square (Ωc) and bin capacity s = 2. Here,
Γ = Γc ∪ Γeb and centers of the boundary elements Γi (also source nodes) are marked by filled circles. Note that each
bin has number of source nodes less than or equal to s due to the stopping criterion (a) above. Furthermore, the bins
are finer (larger level l) near Γ and coarser inside Ω (smaller level l) owing to the distribution of source nodes (xi ∈ Γ).

Now, consider a bin T (blue square in Fig. 3(a,b)) of level l with side a and the following definitions. Parent of T
is the bin on level l − 1 that contains T and denoted as T

′

(thick black square in Fig. 3(b)). Children (CT ) of T is the
set of bins whose parent is T (the four small bins inside T in Fig. 3(a,b)). Bins that do not have children are leaf bins.
A bin is said to be well separated from T , if it is separated by a distance at least a. Next, consider the following lists.

• Neighbors (NT ) of T is the set of (1) bins at level l that touch T including T itself (smaller green squares in
Fig. 3(a)) and (2) leaf bins at coarser levels (with side > a) that touch T (larger green squares in Fig. 3(a)). For
target nodes x j ∈ T , source nodes xi ∈ NT constitute the near field set. Neighbors (NT ′ ) of T

′

are highlighted
by the green squares in Fig. 3(b).

• Interaction list (IT ) of T is the set including (1) children of the bins in NT ′ that are not in NT (smaller red
squares in Fig. 3(a)) and (2) leaf bins in NT ′ that are not in NT (larger red squares in Fig. 3(a)). For target
nodes x j ∈ T , source nodes xi ∈ IT constitute a far field set. Though bins outside IT , for example IT ′ (red
squares in Fig. 3(b)), are well separated from T , they are also well separated from its parent T

′

and the far field
interactions involving these bins take place preferentially at the coarser level l − 1 through T

′

.

Note that bins without source nodes (boundary elements) in NT ,IT are not required and hence ignored. Each bin in
Q is tagged with an universal tree index based on Z-order space filling curve and its neighbors (constituting list N)
are identified efficiently via binary representation of the universal index and bit interleaving/deinterleaving (see §5.3,
Gumerov and Duraiswami (2004)).

Due to different spatial distribution and density of target nodes x j in Eq. (15) with j = 1, 2, ...,M and Eq. (16)
with j = 1, 2, ...,N, we use two different adaptive data structures, one for solving Eq. (15) for the boundary unknowns
and other for interior field evaluation through Eq. (16). Let us denote these with QM

M (Fig. 4(a)) and QM
N (Fig. 4(b)),

respectively. Here, the superscript indicates number of source nodes and the subscript indicates number of target
nodes. For optimum performance, we use an additional criterion (which overrides condition (a) above) for QM

N in
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(a) (b)

Fig. 4: Adaptive quadtree data structures used in FMM for a square domain (Ωc) with a circle (Γeb) embedded in it: (a) QM
M for solving Eq. (15)

with target nodes x j on Γ, (b) QM
N for evaluating Eq. (16) with target nodes x j uniformly distributed over Ωc. Here, the boundary elements (Γi) are

marked by filled circles at their centers and bin capacity is 2. For a reference bin T highlighted in blue, its parent bin T
′

is the thick black square,
bins in the neighbor list (NT ) are the green squares, bins in the interaction list (IT ) are the red squares. Further, bins in the interaction list of its
parent bin (IT ′ ) are the yellow squares.

which a bin T of level l < lmax must be divided if any of the neighbor bins (NT ) of level l + 1 contains source nodes
(boundary elements). This criterion reduces the number of direct (near field) interactions from the list N which are
expensive and increases the number of far field interactions from the list I. Furthermore, different bin capacities are
used for QM

M and QM
N to account for different target densities (nodes per unit area). The adaptive strategy described

above effectively takes advantage of the fact that sources for homogeneous problem lie only on Γ. Fig. 4(a),(b)
exemplifies the data structures QM

M , QM
N for a square domain with a circle embedded inside it. For a bin T highlighted

in blue, its parent T
′

(thick black square), its neighbor listNT (green squares), its interaction list IT (red squares) and
the interaction list of its parent IT ′ (yellow squares) are highlighted.

Fig. 5 depicts various stages in far field interactions between clusters of target nodes x j ∈ T and source nodes
xi ∈ τ. Here, the source nodes xi lie in a leaf bin τ with center zc whose parent is τ

′

with center zc′ . The target nodes
x j lie in a leaf bin T with center zL whose parent is T

′

with center zL′ . Let us say τ and T have sides a which implies
that their parents τ

′

and T
′

have sides 2a. Now, consider τ
′

∈ IT ′ which implies that τ
′

is at least a distance 2a
away from T

′

(i.e., well separated) as shown in Fig. 5. First, sources at all nodes inside τ including xi are transferred
to multipole expansions Mk(zc) at the center of τ through P2M kernel (see Sec. 4.2). Then, multipole expansions

Fig. 5: Schematic of various stages involved in far field interaction between source node xi and target node x j: P2M (xi → zc), M2M (zc → zc′ ),
M2L (zc′ → zL′ ), L2L (zL′ → zL), L2P (zL → x j). Here, xi lies in a leaf bin τ with center zc whose parent is τ

′
with center zc′ and x j lies in a leaf

bin T with center zL whose parent is T
′

with center zL′ . Bins τ
′

and T
′

of size 2a are well separated if the distance between them is at least 2a.
Source bins/nodes are in red and target bins/nodes are in blue.
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Mk(zc′ ) at the center of τ
′

are computed by grouping those from its children including τ via M2M kernel. Next,
multipole expansions at zc′ are transferred to local expansions Ll(zL′ ) at the center of T

′

through M2L kernel. Then,
local expansions at the center of T

′

are translated to centers of its children including T through L2L kernel. Finally,
local expansions Ll(zL) at the center of T are used to evaluate the boundary integrals due to far away sources at all
target nodes in T including x j through L2P kernel.

Though bins τ and T in Fig. 5 are well separated from each other, they interact indirectly through their parents
(via additional steps M2M, L2L) because interactions over larger clusters are more efficient. So, interactions occur
preferentially at larger bins if the source and the target are significantly far away and at smaller bins if the source and
the target are somewhat closer but still well separated. The quadtree data structure facilitates this through interaction
list I. For example, see IT ′ (yellow squares) for the bin T

′

(thick black square) and IT (red squares) for the bin T
(blue square) in Fig. 4(a,b).

4.2. Multipole and local expansion kernels

FMM in 2D utilizes a complex notation where each physical point x = (x, y) is represented by a point z = x + iy
in the complex plane and the kernels in Eq. (13),(14) are represented in complex form as G(x j, x) = <{G(z j, z)} and
F(x j, x) ≡ ∂G(x j, x)/∂n = <{F(z j, z)} where,

G(z j, z) = −
1

2π
ln(z j − z), (22)

F(z j, z) = n(z)G
′

(z j, z), with G
′

(z j, z) ≡
∂G(z j, z)

∂z
and n(z) = nx + iny. (23)

The following multipole/local expansion kernels are taken from Liu and Nishimura (2006).

Ik(z) ≡
zk

k!
for k ≥ 0, Ok(z) ≡

(k − 1)!
zk for k ≥ 1, and O0(z) ≡ − ln(z). (24)

Multipole expansion (P2M)
Referring to Fig. 5, let a set of boundary elements Γi have their center inside τ (Γi ∈ τ) and constitute a part S 0 of

the boundary Γ. The boundary integrals over S 0 with kernels G(z j, z) and F(z j, z) are expressed in terms of multipole
expansions Mk(zc) at the center of τ as,∫

S 0

G(z j, z)q(z) dS (z) =
1

2π

m∑
k=0

Ok(z j − zc)Mk(zc),
∫

S 0

F(z j, z)p(z) dS (z) =
1

2π

m∑
k=1

Ok(z j − zc)Nk(zc). (25)

For a linear element Γi, the unit normal is constant, say, n(z) = ni, and with constant element approximation we have,

Mk(zc) ≡

∫
S 0

Ik(z − zc)q(z)dS (z) =
∑
Γi∈τ

qi

∫
Γi

Ik(z − zc)dS (z) =
∑
Γi∈τ

R(τ)
ki qi, (26)

Nk(zc) ≡

∫
S 0

n(z)Ik−1(z − zc)p(z)dS (z) =
∑
Γi∈τ

pini

∫
Γi

Ik−1(z − zc)dS (z) =
∑
Γi∈τ

T (τ)
ki pi. (27)

where, R(τ)
ki ≡

∫
Γi

Ik(z − zc)dS (z) =

(
(zi+1 − zc)k+1 − (zi − zc)k+1

(k + 1)!

) (
z∗i+1 − z∗i
|zi+1 − zi|

)
, and T (τ)

ki = niR
(τ)
k−1i. Here, multipole

expansions are truncated to m + 1 terms. Note that Nk(zc) are needed only for k ≥ 1, so we set N0(zc) = 0.

Moment-to-moment translation (M2M)
Referring to Fig. 5, multipole expansions at the center of τ

′

are expressed in terms of those at the center of τ as,

Mk(zc′ ) ≡
∫

S 0

Ik(z − zc′ )q(z) dS (z) =

k∑
l=0

Ik−l(zc − zc′ )Ml(zc). (28)
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Moment-to-local translation (M2L)
Referring to Fig. 5, let the bin T (and thereby T

′

) contain a set of target nodes x j (z j in complex form). Local
expansions Ll(zL′ ) at the center of T

′

are expressed in terms of multipole expansions Mk(zc′ ) at the center of τ
′

as,∫
S 0

G(z j, z)q(z) dS (z) =

m∑
l=0

Ll(zL′ )Il(z j − zL′ ), Ll(zL′ ) =
(−1)l

2π

m∑
k=0

Ol+k(zL′ − zc′ )Mk(zc′ ). (29)

Local-to-local translation (L2L)
Referring to Fig. 5, local expansions at the center of T are translated from those at the center of its parent T

′

as,

Ll(zL) =

m−l∑
k=0

Ik(zL − zL′ )Ll+k(zL′ ). (30)

Local-to-particle translation (L2P)
Finally, referring to Fig. 5, the boundary integral at a set of target nodes x j due to far away source elements Γi ∈ τ

constituting S 0 are evaluated through local expansions at the center of T as,∫
S 0

G(x j, x)q(x) dS (x) = <

{∫
S 0

G(z j, z)q(z) dS (z)
}

= <

 m∑
l=0

Ll(zL)Il(z j − zL)

 . (31)

Note that the translations M2M, M2L, L2L, L2P are applicable for the kernel F(z j, z) (with N0(zc) = 0) and are not

repeated here. The approximation error in multipole expansions truncated to m + 1 terms scales as em ∼
(

zi−zc′

z j−zc′

)m+1
≤( √

2a
3a

)m+1
(see Fig. 5). This yields m ∼ −3.06 log10 em − 1. For example, to have the approximation error em below

O(10−10), we consider at least 31 terms in multipole/local expansions.

4.3. Traversal through the quadtree data structure
Far field interactions in FMM are efficiently computed via upward and downward traversal through a quadtree

data structure Q (Carrier et al., 1988).

4.3.1. Upward traversal
First, boundary sources are transferred to multipole expansions at centers of the leaf bins that contain them (P2M)

by using Eq. (26), (27). Then, multipole expansions of their parent bins are computed by summing the moments via
M2M translations from the four children by using Eq. (28). This procedure is carried through the hierarchy up to
level two.

4.3.2. Downward traversal
Starting with bins (T

′

) in level two, contribution of far away sources from bins in their interaction list (τ
′

∈ IT ′ )
is transferred to local expansions Ll(zL′ ) at their centers via M2L translations by using Eq. (29) which are then
transferred to their children (T ) via L2L translations by using Eq. (30). This procedure is continued through the
hierarchy down to the level of leaf bins. For bins T of level l > 2, the local expansions via L2L translations from
their parent bins T

′

are added to the local expansions via M2L translation from bins in their interaction list (τ ∈ IT ).
Once the leaf bins T are encountered, far away source contributions are evaluated at each target node inside them by
using L2P translation (Eq. 31). Finally, contribution of nearby sources from neighbor bins NT are evaluated directly
through Eq. (20), (21) and added to the contribution of far away sources evaluated through L2P translation (Eq. 31).

4.3.3. Complexity estimates
Complexity estimates of FMM to solve Eq. (15) for the boundary unknowns through the quadtree QM

M is given by
(Nishimura, 2002),

QM
M , (xi, x j ∈ Γ) :

O(mM)︸  ︷︷  ︸
P2M

+O(m2M/s)︸      ︷︷      ︸
M2M

+O(27m2M/s)︸          ︷︷          ︸
M2L

+O(m2M/s)︸      ︷︷      ︸
L2L

+O(mM)︸  ︷︷  ︸
L2P

+ O(9sM)︸   ︷︷   ︸
P2P (direct)

 × nGMRES , (32)
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where, M is the number of boundary elements, m is the number of terms in multipole/local expansions, s is the bin
capacity (maximum number of source nodes inside a leaf bin) and nGMRES is the number of iterations in GMRES to
solve Eq. (15). Here, number of leaf bins is O(M/s). For constant m and s, the total complexity is O(M) (Nishimura,
2002). Once m = −3.06 log10 em − 1 is fixed based on accuracy requirements, optimum value of s that balances
the dominant operations M2L and P2P is given by s = σm, where σ depends on the average number of bins in the
interaction list that contain non-zero source nodes (maximum 27, see Fig. 4(a) for example) and the work required
per each direct interaction between a source and a target. The latter can be decreased significantly by precomputing
and storing the influence coefficients (IC) for each bin τ (A ji, B ji,∀x j ∈ τ, xi ∈ Nτ) which need to be computed only
once. We exploit these features to enhance performance during the iterative solution via GMRES.

Complexity estimates of FMM to evaluate Eq. (16) for the interior solution through the quadtree QM
N and the

domain integral in Eq. (B.2) through the quadtree QN
N are given by,

QM
N , (xi ∈ Γ, x j ∈ Ω) : O(mM)︸  ︷︷  ︸

P2M

+O(m2M/s)︸      ︷︷      ︸
M2M

+O(27m2N/s2)︸           ︷︷           ︸
M2L

+O(m2N/s2)︸       ︷︷       ︸
L2L

+O(mN)︸ ︷︷ ︸
L2P

+O(9s2M)︸    ︷︷    ︸
P2P (direct)

, (33)

QN
N , (xi, x j ∈ Ω) : O(mN)︸ ︷︷ ︸

P2M

+O(m2N/s)︸      ︷︷      ︸
M2M

+O(27m2N/s)︸         ︷︷         ︸
M2L

+O(m2N/s)︸      ︷︷      ︸
L2L

+O(mN)︸ ︷︷ ︸
L2P

+ O(9sN)︸  ︷︷  ︸
P2P (direct)

, (34)

where, N is the number of interior nodes. For QM
N , each leaf bin has a maximum of s source nodes (xi) andO(s2) target

nodes (x j). While M2M operation involves O(M/s) bins (leaf bins for source nodes), the operations M2L and L2L
involve O(N/s2) bins (leaf bins for target nodes). The direct (P2P) interactions involve O(M/s) bins (the bins τ closer
to Γ with non-zero source nodes inside Nτ, see Fig. 4(b) for example) each with O(s2 × 9s) operations. Bins with
empty neighbor list sense the boundary sources via M2L and L2L operations. Optimum choice of s is proportional to
m with a overall complexity of O(mN) + O(m2M) which implies O(M) complexity for small N and O(N) complexity
for large N. For QN

N , the complexity estimates are similar to QM
M except that the number of source/target nodes is N

instead of M, resulting in a overall complexity of O(mN).

4.4. Preconditioner
A block diagonal (left) pre-conditioner is employed to improve convergence of the iterative solver (GMRES).

Self-interactions of leaf bins (i.e., direct evaluations among all sources and targets inside a bin) constitute a block
diagonal matrix. We invert this matrix and pass it as a left-preconditioner to GMRES solver. For a fixed tolerance,
we observed 20-50% reduction in the total number of iterations depending on the case and mesh size. Further, the
preconditioner is more effective at smaller mesh sizes for a fixed bin capacity (Table 1-3) as the sparsity of the block
diagonal matrix increases with increasing mesh size. For a given mesh, the preconditioner is more effective with
larger bin capacity s (fewer levels in QM

M) due to reduced sparsity of the block diagonal matrix.

5. Results

The Method of Manufactured Solutions (MMS) is a powerful and widely used technique to test the accuracy of a
solver in which an exact (particular) solution is manufactured to satisfy a set of governing equations that are altered
through forcing terms. While testing a solver via MMS, boundary conditions are typically derived from the exact
(particular) solution which leads to a trivial homogeneous solution and nullifies the boundary effects on performance.
Therefore, MMS is not necessarily a suitable technique to test the effect of boundary conditions on the performance.

Here, we present test cases with a non-trivial homogeneous solution that challenge the performance of a solver in
the presence of boundary effects. This is achieved by either vanishing source terms in part of the Cartesian domain
(Ωi

c for exterior problems and Ωe
c for interior problems) or choosing boundary conditions that are different from the

particular (inhomogeneous) solution. In the following examples, the Cartesian domain is discretized uniformly with
N grid points and spacing ∆x,∆y along x, y− directions, respectively. Note, however, that the method is applicable to
non-uniform grids as well. The boundary mesh used in BEM has M elements with size ∆l.

FMM performance (compute time) shown in the following sections depends on the ratio of far field to near field
(direct) interactions and the optimum ratio in turn depends on the number of multipole/local expansions (determined
by the accuracy requirements) and EB geometry (i.e., source distribution along Γ). We observe that downward traver-
sal (M2L+L2L) and local (L2P+direct) operations take significantly (an order of magnitude) larger time than other
operations such as upward traversal (P2M + M2M). We choose the bin capacity s that minimizes compute time for
the downward traversal and local operations.
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(a) (b) (c)

Fig. 6: The unit circle case with S = 0: (a) homogeneous solution through FMM, (b) error distribution for N = 2562, and (c) grid convergence.

5.1. The unit circle with a homogeneous source
Here, we consider a homogeneous problem (S = 0) with Ω corresponding to interior of the unit circle (Γ = Γeb).

Since the particular solution is trivial (pi = 0), this case specifically targets accuracy of the BEM/FMM solver by
solving for ph and comparing it with an exact solution given below,

p(θ) = sin(nθ) on Γ, (35)
p(r, θ) = rn sin(nθ). (36)

Here, n = 8 is chosen. The Cartesian domain (Ωc) and Γ are uniformly discretized with ∆x = ∆y = ∆l. Fig.
6(a) shows the homogeneous solution (ph) obtained via FMM for N = 2562 uniform grid and spatial distribution of
corresponding error is shown in Fig. 6(b). The grid convergence shown in Fig. 6(c) indicates a first order accuracy in
local (L∞) norm and second order accuracy in global (L1, L2) norms.

5.2. Circle embedded in a square domain
Consider a square domain [−1, 1]2 with a circle of radius R = 0.5 centered at the origin embedded in it and

Ω = Ωe
c. Let us consider Neumann boundary condition ∂p

∂n = q on Γeb and a source term S (r, θ) as in Eq. (37).

S (r, θ) = D(k2 − n2)r(k−2) sin(nθ),
∂p
∂n

= q on Γeb, (37)

pi(r, θ) = Drk sin(nθ), ph(r, θ) = −D
(

k
n

) ( r
R

)(n−k)
rk sin(nθ) + Rq ln r. (38)

Here, D =
(√

2
)−max(k,n)

is a normalization constant and we choose k = 1, n = −5, q = 1. The particular (pi) and
homogeneous (ph) solutions given in Eq. (38) are used to prescribe Dirichlet boundary conditions on the Cartesian
boundary (Γc) for the inhomogeneous problem (Eq. (3) solved via GMG) and the homogeneous problem (Eq. (4)
solved via BEM/FMM), respectively. For the homogeneous problem, boundary condition on Γeb becomes ∂ph

∂n =

q − ∂pi

∂n = q − DkR(k−1) sin(nθ). The exact solution is p(r, θ) = pi(r, θ) + ph(r, θ). For BEM, both Γc and Γeb are
uniformly discretized into straight elements with ∆l = ∆x = ∆y = 2/N1/2. In FMM, the multipole/local expansions
are truncated to m = 15 terms.

Fig. 7(a-c) show the numerical solutions obtained through GMG (pi), BEM/FMM (ph) and their sum for N =

2562, respectively. Fig. 7(d) compares profiles along the diagonal from (-1,-1) to (1,1) of the numerical solutions pi,
ph and their sum (p) with the exact solutions (Eq. 38) pi

exact, ph
exact and pexact, respectively. Note that the region −0.5 <

r < 0.5 lies outside Ω and is excluded. Spatial distribution of error in the numerical solution (p) in Ω is shown in Fig.
7(e) for N = 2562. The error is quantified in terms of the integral p−norm defined as Lp =

(
∆x∆y

∑
i
∑

j |ei j|
p
)1/p

.
Grid convergence results in Fig. 7(f) show that the error is locally first order (L∞ ∼ O(∆x)) and globally second order
(L1, L2 ∼ O(∆x2)). This is expected as the constant element approximation used in BEM discretization introduces an
error of O(∆l).
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(a) (b) (c)

(d) (e) (f)

Fig. 7: The case of circle embedded in a square domain with S (r, θ) as in Eq. (37): (a) inhomogeneous solution (pi) through GMG without
satisfying the EB condition, (b) homogeneous solution (ph) through BEM/FMM, and (c) combined (GMG+BEM) solution satisfying the EB
condition, (d) profiles of numerical and exact solutions (pi, ph, p) along the diagonal from (-1,1) to (1,1) , (e) spatial distribution of the error in the
combined solution (p) for N = 2562, and (f) convergence of the error. Here, multipole/local expansions in FMM are truncated to m = 15 terms.

Table 1 shows the compute time (on a MacBook Pro with 2.5 GHz Intel Core i7 processor and 16 GB/1600 MHz
DDR3 memory) taken by GMG, BEM, FMM, and a stand-alone FMM described in Appendix B along with individual
contributions from each part in the solution algorithm. For GMG, we report compute time for two different problems:
EB-GMG is a stand-alone method which solves the original undivided problem, Eq. (1)-(2), through an immersed
boundary method (Rapaka and Sarkar, 2016; Rapaka and Samtaney, 2018) in which the solution at ghost nodes (nodes
outside Ω that are immediate neighbors to at least one node inside Ω) is reconstructed via bilinear approximation
(Sec. 2.1) by imposing boundary condition ( ∂p

∂n = q) on Γeb only at the finest multi-grid level. GMG(Ωc) solves the
inhomogeneous problem, Eq. (3), in the Cartesian domain Ωc and ignores the EB so that the boundary condition is not
satisfied on Γeb ( ∂p

∂n , q). Our tests indicate that convergence of EB-GMG for this case is optimum when the coarsest
level has four points (i.e., the number of multigrid levels is one less than the ideal). Notably, Coco and Russo (2013);
Crockett et al. (2011) also found it necessary to sacrifice few coarse grid levels for convergence of GMG involving
EB geometries.

For BEM/FMM, compute times to solve Eq. (15) for unknowns on Γ via GMRES and evaluate Eq. (16) for
interior (Ω) solution are reported in Table 1 along the columns GMRES and Eval, respectively. Time taken to compute
the influence coefficients A, B in Eq. (15) for BEM is shown in the column IC. In FMM, A, B are computed only
for near field (direct) interactions and far field interactions are evaluated through multipole and local expansions. In
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Grid EB-GMG GMG(Ωc) Time for BEM Time for FMM GMG+FMM Time for stand-alone FMM s
N M Time (Iter) Time (Iter) IC GMRES Eval IC RHS GMRES (Iter) MLE Eval Total Time pi ph (Iter) Total QM

M
642 357 0.11 (12) 0.06 (7) 0.02 0.05 0.13 0.06 0.01 0.04 (20) 0.01 0.04 0.16 0.22 0.14 0.18 (20) 0.32 16

1282 714 0.30 (16) 0.13 (7) 0.07 0.05 0.80 0.08 0.01 0.06 (20) 0.03 0.10 0.28 0.41 0.54 0.33 (22) 0.87 32
2562 1427 0.70 (16) 0.26 (8) 0.22 0.08 6.48 0.12 0.01 0.07 (20) 0.05 0.19 0.44 0.70 1.61 0.55 (22) 2.16 64
5122 2853 3.50 (20) 0.51 (8) 0.81 0.18 50.81 0.29 0.02 0.10 (22) 0.13 0.42 0.97 1.48 5.78 1.03 (24) 6.81 128
10242 5705 24.03 (22) 1.92 (8) 3.09 0.95 405.48 0.35 0.03 0.26 (28) 0.23 0.83 1.70 3.62 22.80 1.97 (31) 24.77 128
20482 11409 118.19 (24) 9.06 (8) 12.99 4.27 – 0.84 0.05 0.70 (35) 0.46 1.81 3.86 12.92 93.46 4.42 (37) 97.88 128

Table 1: Performance of GMG, BEM and FMM for the case of circle embedded in a square domain. Here, EB-GMG is a stand-alone method for
complex geometries that solves Eq. (1)-(2) and imposes boundary conditions on Γeb only at the finest grid level via bilinear reconstruction Eq.
(5-6); GMG (Ωc) solves Eq. (3) in the Cartesian domain Ωc and ignores the EB. Here, Lx = Ly = 2,D = 1,∆x = ∆y = ∆l. Convergence criterion
for GMG and GMRES: normalized residual ≤ 10−8. Iter - number of iterations in GMG/GMRES, IC - influence coefficients (A, B) for direct
interactions, MLE - multipole and local expansions. Bin capacity s (number of source nodes per bin) is shown for the quadtree QM

M and s = 16 for
both QN

N and QM
N . Note: the maximum number of target nodes for the smallest leaf bins (near Γ) of QM

N is s2. All times are in seconds.

FMM, right hand side (including known terms) of Eq. (15) is computed only once (column RHS in Table 1) while the
left hand side (including unknown terms) of Eq. (15) is repeatedly evaluated using an iterative solution till GMRES
converges (column GMRES). Number of iterations for GMRES are shown in column Iter. Column MLE shows wall
time for computing multipole and local expansion coefficients involving P2M, M2M, M2L, L2L kernels. Column
Eval shows wall time for L2P and P2P (direct) interactions. Bin capacity for the quadtrees are reported in columns
s. For QM

N , the smallest leaf bins near Γ each have a maximum number of target nodes s2. For the stand-alone FMM,
compute times for obtaining the particular solution (pi) involving domain integrals and the homogeneous solution (ph)
involving boundary integrals are shown separately. Also, number of iterations taken by GMRES solver is reported as
Iter.

Our convergence criteria for GMG is that the normalized residual be less than or equal to 10−8. While the
GMG(Ωc) has an ideal performance with compute time proportional to N, EB-GMG has poor performance with a
worsening (non-linear) dependency of compute time on N. The loss of linear complexity can be attributed to sacri-
ficing coarser multigrid levels necessary for EB applications. Though EB-GMG has simplified treatment of EB (only
at finest multi-grid level), it serves to demonstrate the loss of linear complexity which is found even in more sophisti-
cated approaches involving multi-level representation of EB (Coco and Russo, 2013; Crockett et al., 2011). While the
regular BEM has O(N3/2) complexity (O(N) for GMRES and O(N3/2) for Eval), the FMM for homogeneous problem
showsO(M) complexity in the column Total which implies thatO(m2M) dominatesO(mN) for the range of mesh sizes
considered (see Sec. 4.3.3 for complexity estimates). Overall, compute times of GMG+FMM (column highlighted in
bold in Table 1) are an order of magnitude lower than that of stand-alone FMM (Total column highlighted in bold in
Table 1). For example, compute time of GMG+FMM for N = 20482 is 12.98s while that of the stand-alone FMM is
96.43s. The difference is chiefly due to differences in computation of the inhomogeneous part (pi): column GMG(Ωc)
takes 9.02s while column pi of stand-alone FMM takes 90.24s. This shows the efficiency of GMG compared with that
of FMM for inhomogeneous problems. Note, however, that the compute time of FMM for the homogeneous problem
(3.86s) is similar to that of the GMG for the inhomogeneous problem (9.06s).

5.3. Stand-alone GMG vs. FMM

In this section we compare stand alone performance of GMG and FMM with the source term S = 1 whose
particular solution is given below. Here, a square domain is considered for two reasons: 1) complex geometries
require the domain Ω to be discretized into non-Cartesian cells (e.g., triangles in 2D) which evades the purpose of
EB methods, and 2) scope of the analytical expressions derived in Appendix B to compute G ∗ S is limited to the
Cartesian cells. Dirichlet boundary conditions are prescribed with values derived from the particular solution.

p(r, θ) = r2/4 (39)

Table 2 shows compute times and L2 norm of the error for two stand-alone methods to solve above problem in
Cartesian domain: GMG and FMM. The global error (||e||2 in Table 2) is of second order for both GMG and FMM
whereas the local error (L∞ norm, not shown) is of second order for GMG and first order for FMM, as expected.
Remarkably, the GMG is an order of magnitude faster than FMM (bold columns in Table 2). For example, GMG
takes 8.99s for N = 20482 while FMM takes 96.65s of which a majority 93.22s is due to the evaluation of the domain
integrals and a negligible 3.43s is due to the evaluation of the boundary integrals.
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Grid GMG Time for stand-alone FMM Bin Capacity (s)

N M Time (Iter) ||e||2
domain integrals boundary integrals (Iter)

Total ||e||2 QN
N QM

M QM
N∑N

i C jiS i αp j +
∑M

i (A jiqi − B ji pi)
642 256 0.06 (8) 1.22 × 10−4 0.14 0.16 (9) 0.30 2.03 × 10−5 16 16 16

1282 512 0.09 (8) 3.05 × 10−5 0.50 0.24 (10) 0.74 5.10 × 10−6 16 32 16
2562 1024 0.14 (8) 7.63 × 10−6 1.62 0.49 (10) 2.11 1.28 × 10−6 16 64 16
5122 2048 0.46 (8) 1.91 × 10−6 5.79 0.77 (11) 6.56 3.20 × 10−7 16 128 16
10242 4096 1.83 (8) 4.77 × 10−7 24.58 1.60 (18) 26.18 8.04 × 10−8 16 128 16
20482 8192 8.99 (8) 1.19 × 10−7 93.22 3.43 (31) 96.65 2.07 × 10−8 16 128 16

Table 2: Performance of GMG and FMM for the case of a square domain. Here, Lx = Ly = 2,∆x = ∆y = ∆l. Convergence criterion for
GMG/GMRES: normalized residual ≤ 10−8. Iter - number of iterations in GMG/GMRES. Number of terms in multipole and local expansions is
15. Bin capacity s (of source nodes) is shown for the quadtrees QN

N ,Q
M
M ,Q

M
N . Note that for QM

N , the maximum number of target nodes inside the
smallest leaf bins (near Γ) is s2. All times are in seconds.

Grid Time for GMG+FMM Time for stand-alone FMM Bin Capacity (s)

N M
GMG FMM

Total
DI BI (Iter)

Total QN
N QM

M QM
NTime (Iter) IC BS (Iter) DS Total C ∗ S αp + Aq − Bp

642 484 0.05 (8) 0.06 0.23 (32) 0.08 0.38 0.43 0.18 0.48 (32) 0.66 16 16 32
1282 966 0.11 (8) 0.06 0.25 (35) 0.12 0.43 0.54 0.50 0.54 (35) 1.04 16 32 32
2562 1931 0.17 (8) 0.14 0.31 (37) 0.21 0.66 0.83 1.64 0.80 (37) 2.44 16 64 32
5122 3861 0.46 (8) 0.54 0.39 (39) 0.37 1.30 1.76 5.69 1.45 (39) 7.14 16 128 32
10242 7721 1.93 (8) 0.65 0.79 (45) 0.70 2.14 4.07 23.64 2.86 (45) 26.50 16 128 32
20482 15442 9.02 (8) 0.90 1.70 (50) 1.36 3.96 12.98 90.24 6.19 (50) 96.43 16 128 32

Table 3: Performance of GMG + FMM and stand-alone FMM for the complex geometry case of Askham and Cerfon (2017) with Lx = Ly = 1,∆x =

∆y ∼ 4∆l. Here, DI - domain integrals associated with the inhomogeneous problem, BI - boundary integrals associated with the homogeneous
problem, Iter - number of iterations for GMG/GMRES. Convergence criterion for GMG and GMRES: normalized residual ≤ 10−8. Number of
terms in multipole and local expansions is m=15. Bin capacity s (of source nodes) is shown for the quadtrees QM

M ,Q
M
N ,Q

N
N . The smallest leaf bins

(near Γ) of QM
N each have a maximum number of target nodes (s/4)2 = 64. All times are in seconds. BS-boundary solution, DS-domain solution,

IC-influence coefficients (A ji, B ji) for direct interactions (source nodes xi ∈ NT ).

5.4. Multiply connected domain

Here, we consider an irregular and multiply connected domain (Askham and Cerfon, 2017) defined by two bound-
aries: r(θ) = c0 +

∑
j(c j cos( jθ) + d j sin( jθ)). The non-zero coefficients of the outer boundary are c0 = 0.25, c5 =

0.02, c6 = c8 = c10 = d3 = 0.01 and the inner boundary are c0 = 0.05, c2 = c5 = c7 = d3 = 0.005. The source term
and exact solution are given by

S (x, y) = −200 sin(10(x + y)) + 2, p(x, y) = sin(10(x + y)) + x2 − 3y + 8. (40)

Dirichlet boundary condition (Eq. (40)) is prescribed on Γeb for p while pi = 0 is prescribed on Γc for GMG. The
source term is continuous across the EB and is zero for ψ > 0.1. The inhomogenenous solution pi (Fig. 8(a) for
N = 2562) obtained through GMG is interpolated on to Γeb through bicubic approximation (Sec. 2.2) to compute the
boundary condition for ph = p − pi on Γeb. The homogeneous solution is then obtained via FMM and is shown in
Fig. 8(b). Grid convergence reported in Fig. 8(c) confirms second order global accuracy (L1, L2) and first order local
accuracy (L∞), as expected. We repeated the simulation with a stand-alone FMM solver wherein the inhomogeneous
solution is also obtained through FMM as described in Appendix B.3. Peformance of stand-alone FMM is compared
with that of the combined GMG-FMM method in Table. 3. For stand-alone FMM, column BI refers to the time
taken by terms involving the boundary integrals (for both boundary solution through GMRES and interior solution,
i.e., the homogeneous part) and DI refers to the time taken by the domain integrals (i.e., the inhomogeneous term
involving G ∗ S ). The combined GMG-FMM (12.98s for N = 20482) outperforms the stand-alone FMM (96.43s)
by an order of magnitude in terms of the total simulation time. While the time taken by BI in stand-alone FMM is
similar to the time taken for the homogeneous solution by GMG+FMM solver, DI in stand-alone FMM takes an order
of magnitude larger time to solve the inhomogeneous problem compared with the GMG. This shows the superior
computational efficiency of the combined GMG-FMM approach against the stand-alone FMM although both have the
linear complexity.
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(a) (b)
(c)

Fig. 8: Multiply connected domain with S = 0 for ψ > 0.1: (a) inhomogeneous solution through GMG, (b) homogeneous solution through
BEM/FMM for N = 2562, and (c) grid convergence. ∆l ≈ ∆x/4.

5.5. Four-lobe structure

Here, we consider the domain to be the region between the unit square and a complex (EB) surface defined by
r(θ) = Rm + Rd cos(4θ) with Rm = 0.305,Rd = 0.117. The source term considered and corresponding exact solution
are given below (Hosseinverdi and Fasel, 2018),

S (r, θ) = 12(10r2 − 1)e−10r2
+

4∑
k=1

40(10r2
k − 1), (41)

p(r, θ) = 0.3e−10r2
+

4∑
k=1

e−10r2
k , rk =

√
(x ± 0.45)2 + (y ± 0.45)2. (42)

Dirichlet boundary conditions are prescribed on all boundaries using Eq. (42). The source term is continuous across
the EB (ψ = 0) but zero outside Ω for ψ > 0.1 (∈ Ωi

c) so as to ensure a non-trivial homogeneous solution and that the
GMG solver alone does not yield the total solution (p).

Fig. 9(a) shows the inhomogeneous solution (pi) for N = 2562 uniform grid obtained via GMG without consider-
ing the effects of EB. Then, pi is interpolated on to Γeb via bilinear approximation (Eq. (5)) to compute the boundary
condition for the homogeneous solution as ph = p − pi. Here, Γeb is discretized into 4N1/2 elements with uniform
angular resolution. A homogeneous solution, shown in Fig. 9(b), is then obtained via FMM with P = 35 terms in
multipole/local expansions. The combined solution is then compared with the exact solution shown in Fig. 9(c). The
spatial distribution of error is shown in Fig. 9(d) for N = 2562 and the grid convergence shown in Fig. 9(e) indicates
a second order accuracy in both local (L∞) and global (L1, L2) norms.

5.6. Three-lobe structure: exterior

Here, we consider the domain Ω to be the region between the unit square and a complex EB defined by r(θ) =

Rm + Rd cos(3θ) with Rm = 0.55,Rd = 0.38. The source term and exact solution are given below (Hosseinverdi and
Fasel, 2018),

S (r, θ) = 7r2 cos(3θ), (43)
p(r, θ) = r4 cos(3θ). (44)

Dirichlet boundary conditions are prescribed on all boundaries using Eq. (44). The source term is continuous across
the EB (ψ = 0) but made zero outside Ω for ψ > 0.1 so as to ensure a non-trivial homogeneous solution.

Fig. 10(a) shows the inhomogeneous solution (pi) for N = 2562 uniform grid obtained via GMG without con-
sidering the effects of EB. Then, pi is interpolated on to Γeb via Eq. (5) to compute the boundary condition for the
homogeneous solution as ph = p − pi. Here, Γeb is discretized with 4N1/2 elements of uniform angular resolution. A



18 N. R. Rapaka et al. / Journal of Computational Physics (2020)

(a) (b) (c)

(d)
(e)

Fig. 9: (a) Inhomogeneous solution (pi) through GMG (S = 0 for ψ > 0.1), (b) homogeneous solution (ph) through FMM, (c) exact solution, (d)
distribution of error (N = 2562), and (e) grid convergence for the case four-lobe structure. Source is continuous across EB and zero outside Ω for
ψ > 0.1 (∈ Ωi

c).
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homogeneous solution, shown in Fig. 10(b), is then obtained via FMM with P = 35 terms in multipole/local expan-
sions. The combined solution is then compared with the exact solution shown in Fig. 10(c). The spatial distribution of
error is shown in Fig. 10(d) for N = 2562 and the grid convergence shown in Fig. 10(e) indicates first order accuracy
in local (L∞) norm and second order accuracy in global (L1, L2) norms. The first order error is due to the constant
element approximation used in BEM/FMM.

(a) (b) (c)

(d) (e)

Fig. 10: (a) Inhomogeneous solution (pi) through GMG, (b) homogeneous solution (ph) through FMM, (c) exact solution, (d) distribution of error
(N = 2562), and (e) grid convergence for the case three-lobe structure: exterior.

5.7. Three-lobe structure: interior

Here, we consider the domain Ω to be interior of a closed curve (EB) defined by r(θ) = Rm + Rd cos(3θ) with
Rm = 0.55,Rd = 0.38. The source term and exact solution are given in Eq. (43) and Eq. (44), respectively. Dirichlet
boundary condition is prescribed for p at Γeb using Eq. (44) and pi = 0 at Γc. The source term is continuous across
Γeb (ψ = 0) but made zero outside Ω for ψ > 0.1 to ensure a non-trivial homogeneous solution.

Fig. 11(a) shows the inhomogeneous solution (pi) obtained via GMG for N = 2562 uniform grid. Then, the
boundary condition for the homogeneous solution ph = p − pi on Γeb is evaluated by interpolating pi on to Γeb from
pi at nearby Cartesian nodes via Eq. (5). Here, Γeb is discretized into 4N1/2 elements of uniform angular resolution.
A homogeneous solution, shown in Fig. 11(b), is then obtained via FMM with P = 35 terms in multipole/local
expansions. The combined solution is then compared with the exact solution shown in Fig. 11(c). The spatial
distribution of error is shown in Fig. 11(d) for N = 2562 and the grid convergence shown in Fig. 11(e) indicates first
order accuracy in local (L∞) norm and second order accuracy in global (L1, L2) norms. The first order error is due to
the constant element approximation used in FMM.

5.8. Annulus domain

Here, we consider the domain to be an annulus with inner radius Ri = 0.25 and outer radius Ro = 0.75.
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(a) (b) (c)

(d)
(e)

Fig. 11: (a) Inhomogeneous solution (pi) through GMG, (b) homogeneous solution (ph) through FMM, (c) exact solution, (d) distribution of error
(N = 2562), and (e) grid convergence for the case three-lobe structure: interior.
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(a) (b) (c)

Fig. 12: (a) Solution (p) through FMM, (b) error distribution for N = 2562, and (c) grid convergence for the annulus domain with S = 0.

5.8.1. Homogeneous source
Here, we consider a homogeneous source (S = 0) with Neumann and homogeneous Dirichlet boundary conditions

at inner and outer boundaries of the annulus, respectively. The corresponding exact solution varies only along the
radial direction and is given below,

∂p
∂n

= q at r = Ri (45)

p = 0 at r = Ro (46)

p(r, θ) = Riq ln
(

r
Ro

)
. (47)

Here, q = 1 is chosen and Γeb is discretized uniformly with ∆l = ∆x = ∆y on both inner and outer boundaries of the
annulus. Fig. 12(a) shows the homogeneous solution (ph) for N = 2562 obtained via FMM with P = 35 terms in
multipole/local expansions which is then compared with the exact solution Eq. (47). The spatial distribution of corre-
sponding error is shown in Fig. 12(b) for N = 2562 and the grid convergence shown in Fig. 12(c) indicates a second
order accuracy in both local (L∞) and global (L1, L2) norms. This is because the constant element approximation does
not introduce any error for this case as the solution is uniform along Γeb and the inhomogeneous problem (Eq. (3)) is
discretized with the standard second order central difference scheme.

5.8.2. Inhomogeneous source
Here, we consider a uniform source with Neumann and homogeneous Dirichlet boundary conditions at inner and

outer boundaries of the annulus, respectively. The corresponding exact solution varies only along the radial direction
and is given below,

S (r, θ) = 1 (48)
∂p
∂n

= q at r = Ri (49)

p = 0 at r = Ro (50)

p(r, θ) =
r2 − R2

o

4
+ Ri

(
q −

Ri

2

)
ln

(
r

Ro

)
. (51)

Here, q = 1 is chosen. For GMG solver, the particular solution pi = r2/4 is prescribed on Γc. Boundary conditions
for the homogeneous solution are ph = −r2/4 and ∂ph

∂r = q − r/2 at r = Ro and r = Ri, respectively. We also tested

ph = −pi and ∂ph

∂r = q − ∂pi

∂r where, pi and ∂pi

∂r are numerically evaluated through Eq. (5) and Eq. (6), respectively.
Here, Γeb is discretized uniformly with ∆l = ∆x = ∆y on both inner and outer boundaries of the annulus.

Fig. 13(a) shows the inhomogeneous solution (pi) for N = 2562 uniform grid obtained via GMG without consid-
ering the effects of EB. A homogeneous solution, shown in Fig. 13(b), is then obtained via FMM with P = 35 terms
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in multipole/local expansions. The combined solution (pi + ph is then compared with the exact solution (Eq. (51))
shown in Fig. 13(c). The spatial distribution of error is shown in Fig. 13(d) for N = 2562 and the grid convergence
shown in Fig. 13(e) indicates a second order accuracy in both local (L∞) and global (L1, L2) norms. This is expected
because the constant element approximation does not introduce any error as the solution is constant along Γeb.

(a) (b) (c)

(d)
(e)

Fig. 13: Annulus domain with S = 1: (a) Inhomogeneous solution (pi) through GMG without satisfying the EB condition, (b) homogeneous
solution (ph) through FMM satisfying the EB condition, (c) exact solution, (a) distribution of error for N = 2562, and (b) grid convergence.

6. Conclusions

We developed a Poisson solver for complex geometries with linear computational complexity. The method relies
on the principle of linear superposition and splits the original problem into an inhomogeneous problem containing
sources inside the domain and a homogeneous problem that satisfies appropriate boundary conditions.

While the inhomogeneous problem is solved via a geometric multigrid method (GMG), the homogeneous problem
is solved via a boundary element method (BEM). Analytic integration is employed to compute the influence coeffi-
cients which provide higher accuracy and significantly faster computation compared with numerical quadratures.
Numerical tests show that BEM has O(N3/2) computational complexity in its conventional implementation.

A fast multipole method (FMM) is utilized to compute the boundary integrals in BEM with linear complexity.
In FMM, integrals involving near by sources are evaluated directly and far field sources are evaluated by multipole
and local expansions. Since the homogeneous problem has sources only on the boundary, adaptive quadtree data
structures are employed in FMM. To obtain optimum performance, different adaptive strategies and independent bin
capacities/tree depths are used in the quadtree data structures while solving for boundary and interior fields. For the
boundary solution, optimum bin capacity is proportional to N1/2 for large N and for the interior solution, optimum
bin capacity is proportional to the number of terms in multipole/local expansions.

A range of test cases are presented including interior/exterior/annulus domains and smooth/sharp geometrical
features. Grid convergence studies show that the BEM/FMM, and hence the combined GMG-BEM/FMM solver,
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has first order accuracy in the (L∞) norm, and second order accuracy globally (L1, L2 norms), as expected due to the
constant element approximation employed in evaluating the boundary integrals. The GMG solver is second order
accurate as demonstrated by the tests involving constant solution along the embedded boundaries.

We also tested performance of a stand-alone FMM that solves the original inhomogeneous problem which re-
quires evaluation of the domain integrals in addition to the boundary integrals present in the homogeneous problem.
Numerical tests for various cases show that the compute time of the domain integral is an order of magnitude larger
compared with that of the boundary integrals. Further, compute time of FMM for the homogeneous problem is sim-
ilar to that of the GMG for the inhomogeneous problem. As a result, the stand-alone FMM is an order of magnitude
slower compared with the combined GMG-FMM method. Thus, we retain the efficiency of GMG and versatility of
FMM for complex geomtries.

Also, we tested performance of a stand-alone EB-GMG solver that uses an embedded boundary method for the
un-split (original) problem which imposes boundary conditions on complex geometry through bilinear reconstruction
at finest grid level only. Numerical experiments suggest that convergence of solution requires limiting the number of
coarse grid levels leading to loss of linear complexity. In comparison, GMG-FMM solver has linear complexity and
is significantly faster than EB-GMG.

Conventional FMM solvers for the Poisson equation have linear complexity but are known to be significantly
slower compared with GMG. The present approach eliminates the domain-domain convolutions required in stand-
alone FMM solvers and the multi-level representation of complex geometries required in stand-alone GMG solvers
(e.g., EB-GMG). Overall, the present solver is significantly faster compared with stand alone FMM solvers and
achieves performance comparable with that of an ideal GMG method even for complex geometry applications.

Appendix A. Boundary integrals for BEM in 2D

Recall from Sec. 3 that l is the distance from xm along t̂ (Fig. 2(a,b)), x − x j = a n̂ + (b + l) t̂, r2 = |x − x j|
2 =

a2 + (b + l)2 and define m ≡ b + l.∫ ∆li/2

−∆li/2
ln |x − x j| dl(x) =

1
2

∫ ∆li/2

−∆li/2
ln |a2 + (l + b)2| dl(x) =

1
2

∫ b+∆li/2

b−∆li/2
ln |a2 + m2| dm(x),

=
1
2

[(
m ln |a2 + m2|

)b+∆li/2

b−∆li/2
−

∫ b+∆li/2

b−∆li/2

2m2

a2 + m2 dm(x)
]
,

=

[m
2

ln |a2 + m2| − m + a tan−1
(m

a

)]c

d
, ∵

m2

a2 + m2 = 1 −
a2

a2 + m2

=
c
2

ln |a2 + c2| −
d
2

ln |a2 + d2| − ∆li + a tan−1
(

a∆l
a2 + cd

)
,

= c ln ri+1 − d ln ri − ∆li + a tan−1
(

a∆l
a2 + cd

)
,

= ∆li (ln |∆li/2| − 1) , for a = b = 0 or x j = xm, i.e., i = j.

Since n̂(x) · (x− x j) = a, B ji is 0 for a = 0 (x j lies on Γi or along the line passing through xi and xi+1) and is obtained
from the integral below for a , 0,

θ ji ≡

∫ ∆li/2

−∆li/2

n̂(x) · (x − x j)
|x − x j|

2 dl(x) =

∫ b+∆li/2

b−∆li/2

a
a2 + m2 dm(x),

= tan−1
( c
a

)
− tan−1

(
d
a

)
,

= tan−1
(

a∆li
a2 + cd

)
. ∵ tan−1 x − tan−1 y = tan−1 x − y

1 + xy

Note that θ ji is discontinuous as x j approaches the element Γi inside/along the circle centered at xm with radius
∆li/2, i.e., a2 + b2 ≤ ( ∆li

2 )2 or a2 + cd ≤ 0 (Fig. 2c). As x j approaches any point on the element Γi along t̂ (a = 0),
θ ji = 0. As x j approaches the interior of the element Γi from either side (a → 0±), θ ji → ±π. As x j approaches the
element end points (c = 0 or d = 0) from either side of Γi (a→ 0±), θ ji → ±π/2.
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Appendix B. Stand-alone BEM-FMM for the Poisson equation in 2D

Green’s third identity applied to the Poisson equation Eq. (1) yields (analogue of Eq. (11)),

αp(x0) = −

∫
Γ

G(x, x0)
∂p
∂n

(x) dΓ +

∫ PV

Γ

p(x)
∂G(x, x0)

∂n
dΓ −

∫
Ω

G(x, x0)S (x) dΩ. (B.1)

Let us discretize Γ into boundary elements Γi, i = 1, 2, ..,M, each of size ∆li and Ωc into Cartesian cells Ωi, i =

1, 2, ..,N, each of size ∆xi,∆yi in x, y directions, respectively. Let us collocate x0 with centers of Γi and Ωi. We
make the constant element approximation for the source density S (x) to have S (x) = S (xi) ≡ S i for x ∈ Ωi. Above
equations become,

αp(x j) = −

M∑
i=1

qiAi(x j) +

M∑
i=1

piBi(x j) −
N∑

i=1

S iCi(x j). (B.2)

Here, C ji ≡ Ci(x j) =
∫

Ωi
G(x, x j) dΩ. Here, j = 1, 2, ...,M for x j ∈ Γ and j = 1, 2, ...,N for x j ∈ Ω. The last term in

above equation is computed efficiently through FMM using a quadtree datastructure (QS ) for x j ∈ Γ and x j ∈ Ω. Near
field interactions between sources xi and targets x j are computed directly by analytically evaluating C ji as described
in Appendix B.1. Far field interactions are evaluated through upward and downward traversal through the quadtree
QS . The translation operators (M2M, M2L, L2L, L2P) described in Sec. 4 are used for the domain integrals as well
except for P2M. Notably, the multipole coefficients Mk(zc) involve an area integral over each cell Ωi as described in
Appendix B.2.

Appendix B.1. Domain integrals for BEM/FMM (direct evaluation)

Let xi be the center of a Cartesian cell Ωi ([xi−
∆xi
2 , xi+

∆xi
2 ]×[yi−

∆yi
2 , yi+

∆yi
2 ]) and x j be the target (collocation) node.

Let xi−x j = a î+b ĵ and x−xi = l î+m ĵ. We can express the distance vector x−x j = (x−xi)+(xi−x j) = (l+a) î+(m+b) ĵ
so that |x − x j| =

√
(l + a)2 + (m + b)2. Let us denote a± = a ± ∆xi

2 and b± = b ± ∆yi
2 and l̃ = l + a, m̃ = m + b.

C ji = −
1

2π

∫
Ωi

ln |x − x j| dΩ = −
1

4π

∫ b+

b−

∫ a+

a−
ln

(
l̃2 + m̃2

)
dl̃ dm̃,

= −
1

4π

∫ b+

b−

([
l̃ ln

(
l̃2 + m̃2

)]a+

a−
− 2

∫ a+

a−

l̃2

l̃2 + m̃2
dl̃

)
dm̃,

= −
1

4π

∫ b+

b−

[
a+ ln

(
a+2

+ m̃2
)
− a− ln

(
a−

2
+ m̃2

)]
dm̃ +

1
2π

∫ a+

a−
l̃
[
tan−1

(
b+

l̃

)
− tan−1

(
b−

l̃

)]
dl̃. (B.3)

By using integration by parts we have,∫ b+

b−
ln

(
a+2

+ m̃2
)

dm̃ = b+ ln
(
a+2

+ b+2)
− b− ln

(
a+2

+ b−
2)
− 2∆yi + 2a+

[
tan−1

(
b+

a+

)
− tan−1

(
b−

a+

)]
,∫ a+

a−
l̃ tan−1

(
b+

l̃

)
dl̃ =

a+2

2
tan−1

(
b+

a+

)
−

a−
2

2
tan−1

(
b+

a−

)
+

b+∆xi

2
−

b+2

2

[
tan−1

(
a+

b+

)
− tan−1

(
a−

b+

)]
.

By substituting above expressions in Eq. (B.3) we have,

C ji = −
1

2π

[
f (a+, b+) + f (a−, b−) − f (a+, b−) − f (a−, b+) −

3∆xi∆yi

2
+ g(a+, b±) − g(a−, b±) + g(b+, a±) − g(b−, a±)

]
.

(B.4)

where, f (r, s) = rs
2 ln(r2 + s2), g(r, s±) = r2

2

[
tan−1

(
s+

r

)
− tan−1

(
s−
r

)]
= r2

2 tan−1
(

r(s+−s−)
r2+s+ s−

)
. Here, some variables such

as a, b, l,m are redefined for exclusive use in this section. Note that Eq. (B.4) is applicable even for i = j.
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Appendix B.2. Multipole expansions for domain integrals (P2M)

Let a set of Cartesian cells Ωi have their center inside a bin τ (Ωi ∈ τ) and constitute a part Ω0 of the Cartesian
domain Ωc. We denote center of the cell Ωi in the complex plane as zi = xi + iyi. Then, we can express a point z ∈ Ωi

in parametric form as z = zi + s ∆xi
2 + it ∆yi

2 , where s, t ∈ [−1, 1] are parameters. Let the four corners of Ωi be z1, z2, z3, z4
corresponding to (s, t) = (−1,−1), (1,−1), (−1, 1), (1, 1), respectively. Note that z2 − z1 = ∆xi, z3 − z1 = i∆yi and
z4 = z2 + z3 − z1. The domain integral over Ω0 is expressed in terms of the multipole expansions Mk(zc) at the center
zc of the bin τ as,∫

Ω0

G(z j, z)S (z) dΩ(z) =
1

2π

m∑
k=0

Ok(z j − zc) Mk(zc), Mk(zc) ≡
∫

Ω0∈τ

Ik(z − zc) S (z) dΩ(z) =
∑
Ωi∈τ

R(τ)
ki S i, (B.5)

where, R(τ)
ki ≡

∫
Ωi

Ik(z − zc) dΩ(z). Here, we assumed S (z) = S (zi) ≡ S i to be constant over Ωi. Integration yields,

R(τ)
ki =

∫ 1

−1

∫ 1

−1

(z − zc)k

k!

∣∣∣∣∣∂z
∂s

∣∣∣∣∣ ∣∣∣∣∣∂z
∂t

∣∣∣∣∣ ds dt = −i
[
(z1 − zc)(k+2) + (z4 − zc)(k+2) − (z2 − zc)(k+2) − (z3 − zc)(k+2)

(k + 2)!

]
. (B.6)

Appendix B.3. Stand-alone FMM for complex geometries

For complex geometries, we split the original solution into inhomogeneous (pi) and homogeneous (ph) parts as
described in Sec. 2 except that boundary conditions on Γc (Eq. 3) are not imposed on pi. First, a particular solution
pi is computed in Ωc through FMM intead of GMG.

pi(x j) = −

∫
Ωc

G(x, x j)S (x) dΩ, x j ∈ Ωc. (B.7)

Above integral is discretized and computed as described in the above subsections. Then, homogeneous solution
is obtained through the BEM-FMM described earlier in Sec. 3-4. This approach avoids the otherwise necessary
discretization of Ω into an unstructured (non-Cartesian) mesh while Cartesian mesh has computational advantages
including efficient evaluation of C ji through analytical expressions Eq. (B.4)-(B.6) rather than expensive numerical
quadratures. Note that analytical expressions for cells of other shapes such as triangles can be derived which is not
the focus of this article.
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