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SUMMARY

Recently a blind source separation model was suggested for spatial data together with an esti- 25

mator based on the simultaneous diagonalisation of two scatter matrices. The asymptotic proper-
ties of this estimator are derived here and a new estimator, based on the joint diagonalisation of
more than two scatter matrices, is proposed. The asymptotic properties and merits of the novel
estimator are verified in simulation studies. A real data example illustrates the method.

Some key words: Joint diagonalisation; Limiting distribution; Multivariate random field; Spatial scatter matrix. 30

1. INTRODUCTION

There is an abundance of multivariate data measured at spatial locations s1, . . . , sn in a domain
Sd ⊆ Rd. Such data exhibit two kinds of dependence: measurements taken closer to each other

C© 2018 Biometrika Trust
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tend to be more similar than measurements taken further apart, and the variable values within a
single location are likely to be correlated.35

This complexity makes modelling multivariate spatial data computationally and theoretically
difficult due to the large number of parameters required to represent the dependencies. In this
work we address this problem through blind source separation, a framework established as in-
dependent component analysis for independent and identically distributed data and for station-
ary and non-stationary time series; see Comon & Jutten (2010) and Nordhausen & Oja (2018).40

Denoting a p-variate random field as X(s) = {X1(s), . . . , Xp(s)}T, where T is the transpose
operator, we assume that X(s) obeys the spatial blind source separation model introduced in
Nordhausen et al. (2015). That is, X(s) at a location s is a linear mixture of an underlying
p-variate latent field Z(s) = {Z1(s), . . . , Zp(s)}T with independent components,

X(s) = ΩZ(s), (1)

where Ω is an unknown p× p full rank matrix. In this introduction section, we consider that the45

random fields X and Z have mean functions zero, for the sake of simplicity.
When the observed random field X takes the form (1), modeling and computational simplifi-

cations can be obtained. Indeed, if no assumption at all is made on X , then the distribution of
X is characterized by p covariance functions and by p(p− 1)/2 cross-covariance functions. In
contrast, when it is assumed that X takes the form (1), then the distribution of X is character-50

ized by p covariance functions and by a p× p matrix. As a function is an infinite-dimensional
object, it is more difficult to model and estimate than a fixed-dimensional matrix. Thus, when the
observed random field X takes the form (1), modeling simplifications are available.

When no assumption is made on X , a common practice in geostatistics is to let each of the
p covariance functions and each of the p(p− 1)/2 cross-covariance functions of X be charac-55

terized by q parameters. For instance the case q = 2 can correspond to a variance and a length
scale parameter for an isotropic function. Then, the resulting qp(p+ 1)/2 parameters are usually
estimated jointly by optimizing a fit criterion, typically the likelihood (Genton & Kleiber, 2015).
This involves solving an optimisation problem in dimension qp(p+ 1)/2, where the computa-
tional cost of an evaluation of the likelihood is O(p3n3). Once the qp(p+ 1)/2 parameters are60

estimated, the prediction ofX(s) for new values of s can be performed at the computational cost
O(p3n3).

In contrast, consider that model (1) holds forX . We will show in this paper that an estimate of
Ω−1 can be obtained. This is carried out by, first, computing scatter matrices with computational
cost O(p2n2) and, second, performing an optimization in dimension p2 where the computational65

cost of the function to be evaluated is O(p2), see § 4 for details. If each covariance function of
Z is characterized by q parameters, each of them can be estimated separately, by optimizing the
likelihood in dimension q. The evaluation cost of the likelihood isO(n3). Once the qp covariance
parameters are estimated, the prediction of X(s) for new values of s can be performed at cost
O(pn3). Indeed, the predictions of Z1(s), . . . , Zp(s) can be performed separately at cost O(n3)70

and aggregated with negligible cost.
Not all random fields X obey a spatial blind source separation model of the form (1). For

instance, (1) forces the cross-covariance functions of X to be symmetric. Nevertheless, it is
a reasonable assumption in a fair number of practical situations (Nordhausen et al., 2015) and
brings the computational benefits discussed above. Furthermore, an additional benefit of the form75

(1) is dimension reduction. In blind source separation, often significantly fewer than the full p
latent components are needed to capture the essential structure of the original observations and
the remaining components can be discarded as noise.
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We thus consider the spatial blind source separation model (1) in this paper and focus on
the estimation of Ω−1. As discussed above, this estimation enables us to estimate the cross- 80

covariance functions of X and to perform prediction. Our approach for estimating Ω−1 is based
on the use of local covariance, or scatter, matrices,

M̂(f) = n−1
n∑
i=1

n∑
j=1

f(si − sj)X(si)X(sj)
T, (2)

where f : Rd → R is called the kernel function. Nordhausen et al. (2015) obtained estimators
Γ̂(f) of Ω−1 through a generalized eigendecomposition of pairs of local covariance matrices
with kernels of the form (f0, fh), with fh(si − sj) = I(‖si − sj‖≤h), for a positive constant h, 85

where I(·) denotes the indicator function and f0(s) = I(s = 0). Their estimators were based on
the following definition, with f = fh for some h > 0.

DEFINITION 1. An unmixing matrix estimator Γ̂(f) jointly diagonalizes M̂(f0) and M̂(f) in
the following way

Γ̂(f)M̂(f0)Γ̂(f)T = Ip and Γ̂(f)M̂(f)Γ̂(f)T = Λ̂(f),

where Λ̂(f) is a diagonal matrix with diagonal elements in decreasing order. 90

This method is conceptually close to principal component analysis where latent variables that
have maximal variance are found through the diagonalisation of the covariance matrix. How-
ever, since the covariance matrix does not capture spatial information, it was extended to the
concept of a local covariance matrix in Nordhausen et al. (2015). Analogously, diagonalising
local covariance matrices then aims to find latent fields that maximize spatial correlation. 95

Here, we expand on their work by not restricting the kernel f in Definition 1 to be of the ball
form fh. Furthermore, we derive the asymptotic behavior for the method proposed in Nordhausen
et al. (2015) for a large class of kernel functions f .

The idea when constructing these kernel functions is that the mean values of M̂(f) and M̂(f0)
would be diagonal matrices if, in their definition, the mixed components X were replaced by the 100

latent components Z. Hence, a general blind source separation strategy is to undo the mixing
in X by finding a matrix Γ̂(f) which simultaneously diagonalizes M̂(f) and M̂(f0). This is
computationaly simple and can always be done exactly using generalized eigenvalue-eigenvector
theory. From temporal blind source separation, it is however well known that when diagonalising
only two matrices, the choice of the matrices can have a large impact on the separation efficiency. 105

Therefore, it is a popular strategy to approximately diagonalize more than two matrices with
the hope of including more information; see for example Belouchrani et al. (1997), Nordhausen
(2014), Miettinen et al. (2014), Matilainen et al. (2015) and Miettinen et al. (2016). Approximate
diagonalization becomes then necessary as the matrices commute only at the population level but
not when estimated using finite data. There are many algorithms available for this purpose. We 110

use this idea to extend the method of Nordhausen et al. (2015) to jointly diagonalize more than
two local covariance matrices. We also derive the asymptotic behaviour of these novel estimators.

2. SPATIAL BLIND SOURCE SEPARATION MODEL

2.1. General assumptions
In the spatial blind source separation model, the following assumptions are made: 115

Assumption 1. E{Z(s)} = 0 for s ∈ Sd;
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Assumption 2. cov{Z(s)} = E{Z(s)Z(s)T} = Ip;

Assumption 3. cov{Z(s1), Z(s2)} = E{Z(s1)Z(s2)T} = D(s1, s2), where D is a diagonal
matrix whose diagonal elements depend only on s1 − s2.

Let cov{Zk(si), Zk(sj)} = Kk(si − sj) = D(si, sj)k,k, where Kk denotes the stationary co-120

variance function of Zk, for k = 1, . . . , p.
Assumption 1 is made for convenience and can easily be replaced by assuming a constant

unknown mean, as shown in Lemma ?? in the supplementary material. Assumption 2 says that
the components of Z(s) are uncorrelated and implies that the variances of the components are
one, which reduces identifiability issues and comes without loss of generality. Assumption 3125

says that there is also no spatial cross-dependence between the components. However, even after
these assumptions are made, the model is not uniquely defined. The order of the latent fields and
also their signs can be changed. This is common for all blind source separation approaches and
is not considered a problem in practice.

2.2. Identifiability130

The expectations of M̂(f) and M̂(f0) are respectively

M(f) = n−1
n∑
i=1

n∑
j=1

f(si − sj)E{X(si)X(sj)
T} and M(f0) = n−1

n∑
i=1

E{X(si)X(si)
T}.

(3)
Thus the empirical procedure of Definition 1, operating on M̂(f) and M̂(f0), can be associated
to the following theoretical procedure, operating on M(f) and M(f0).

DEFINITION 2. For any function f : Rd → R, an unmixing matrix functional Γ(f) is defined
as a functional which jointly diagonalizes M(f) and M(f0) in the following way135

Γ(f)M(f0)Γ(f)T = Ip and Γ(f)M(f)Γ(f)T = Λ(f),

where Λ(f) is a diagonal matrix with diagonal elements in decreasing order.

We remark that an unmixing matrix Γ(f) can be found using the generalized eigenvalue-
eigenvector theory. In addition, an unmixing matrix is never unique, since if Γ(f) and Λ(f)
satisfy Definition 2, then SΓ(f) and Λ(f) also satisfy Definition 2 for any diagonal matrix S with
diagonal elements equal to −1 or 1. We also remark that Λ(f) is not the expectation of Λ̂(f), in140

general. Indeed, Definitions 1 and 2 are based on non-linear functions of {M̂(f), M̂(f0)} and of
{M(f),M(f0)}.

The usual notion of identifiability in blind source separation is that any unmixing functional
Γ(f) should recover the components of Z up to signs and order of the components. Thus, any
unmixing functional Γ(f) should coincide with Ω−1, up to the order and signs of the rows.145

DEFINITION 3. We say that the unmixing problem given by f is identifiable if any unmixing
functional Γ(f) satisfying Definition 2 can be written as PSΩ−1, where P is a permutation
matrix and S is a diagonal matrix with diagonal elements equal to −1 or 1.

The motivation behind identifiability is that, if identifiability holds, then estimatingM(f0) and
M(f) consistently by M̂(f0) and M̂(f) enables us to obtain Γ̂(f), which will be approximately150

equal to a matrix of the form PSΩ−1, with P and S as in Definition 3. The following proposition
provides a necessary and sufficient condition for identifiability. This proposition is proved in § ??
of the supplementary material. All the other theoretical results in this paper are also proved in
the supplementary material. Let M−T denote the inverse of the transpose of M .
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PROPOSITION 1. The unmixing problem given by f is identifiable if and only if the diagonal 155

elements of Ω−1M(f)Ω−T are distinct.

We remark that identifiability is a joint property of the kernel f and the covariance functions
K1, . . . ,Kp. For instance, consider the situation where K1, . . . ,Kp are compactly supported
and equal to zero at distances larger than 0 < r <∞, and where one uses the function f(s) =
I(r1 < ‖s‖ ≤ r2), with r ≤ r1 < r2 <∞ as kernel. Then identifiability does not hold because 160

Ω−1M(f)Ω−T is equal to the zero matrix. On the other hand, if f is a ball kernel of the form
f(s) = I(‖s‖ ≤ r0) with r0 > 0, then identifiability may hold, for the same covariance functions
K1, . . . ,Kp.

Finally, for any kernel f , a necessary condition for identifiability is that there does not exist
k, l ∈ {1, . . . , p}, k 6= l, such that Kk(si − sj) = Kl(si − sj) for all i, j = 1, . . . , n. Indeed, if 165

this was the case, then the diagonal elements k and l of Ω−1M(f)Ω−T would be equal, for any
kernel f . An extreme example of this issue is K1 = · · · = Kp with only Gaussian components.
If this is the case, then, for any orthogonal matrix Q, the distribution of the random field QZ is
the same as that of the random field Z. Hence, no statistical procedure can be expected to recover
the components of Z, even up to signs and permutations, when only observing the transformed 170

random field X .

2.3. Relationships with other models of multivariate random fields
The spatial blind source separation is notably different from the usual multivariate models

for spatial data, which are often defined starting with their covariance functions contained in a
cross-covariance matrix, 175

C(s1, s2) = cov{X(s1), X(s2)} := {Ck,l(s1, s2)}pk,l=1,

whereas our approach for estimating Ω−1 does not need to model or estimate the covariance
functions of the latent fields Z1(s), . . . , Zp(s).

In a recent extensive review, Genton & Kleiber (2015) discussed different approaches to define
cross-covariance matrix functionals and gave a list of properties and conventions that they should
satisfy, for instance stationarity and invariance under rotation. As Genton & Kleiber (2015) 180

pointed out, to create general classes of models with well-defined cross-covariance functionals is
a major challenge. Multivariate spatial models are particularly challenging as many parameters
need to be fitted. In textbooks such as Wackernagel (2003) usually the following two popular
models are described.

In the intrinsic correlation model it is assumed that the stationary covariance matrix C(h) can 185

be written as the product of the variable covariances and the spatial correlations, C(h) = ρ(h)T ,
for all lags h, where T is a non-negative definite p× p matrix and ρ(h) a univariate spatial
correlation function.

The more popular linear model of coregionalization is a generalization of the intrinsic corre-
lation model, and the covariance matrix then has the form 190

C(h) =

r∑
k=1

ρk(h)Tk,

for some positive integer r ≤ pwith all the ρk’s being univariate spatial correlation functions and
Tk’s being non-negative definite p× p matrices, often called coregionalization matrices. Hence,
with r = 1 this reduces to the intrinsic correlation model. The linear model of coregionalization
implies a symmetric cross-covariance matrix.
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Estimation in the linear model of coregionalization is discussed in several papers. Goulard &195

Voltz (1992) focused on the coregionalization matrices using an iterative algorithm where the
spatial correlation functions are assumed to be known. The algorithm was extended in Emery
(2010). Assuming Gaussian random fields, an expectation-maximisation algorithm was sug-
gested in Zhang (2007) and a Bayesian approach was considered in Gelfand et al. (2004).

There is a simple connection between the spatial blind source separation model and the linear200

model of coregionalization. The covariance matrix CX(h) resulting from a spatial blind source
separation model is always symmetric and can be written as

CX(h) =

p∑
k=1

Kk(h)Tk,

with Tk = ωkω
T
k , ωk being the kth column of Ω. Thus the spatial blind source separation

model is a special case of the linear model of coregionalization with r = p and where all
coregionalization matrices Tk, k = 1, . . . , p, are rank one matrices.205

3. ASYMPTOTIC PROPERTIES FOR SIMULTANEOUS DIAGONALISATION OF TWO MATRICES

Recall the definition (2) of a local covariance matrix and that

M̂(f0) = n−1
n∑
i=1

X(si)X(si)
T (4)

is the covariance estimator. Asymptotic results can be derived for the previous estimators assum-
ing that Assumptions 1 to 3 hold together with the following assumptions:210

Assumption 4. The coordinates Z1, . . . , Zp of Z are stationary Gaussian processes on Rd;

Assumption 5. A fixed ∆ > 0 exists so that, for all n ∈ N and, for all i 6= j, i, j = 1, . . . , n,
‖si − sj‖ ≥ ∆;

Assumption 6. FixedA > 0 and α > 0 exist such that, for all x ∈ Rd and, for all k = 1, . . . , p,

|Kk(x)| ≤ A

1 + ‖x‖d+α
;

Assumption 7. Assuming Assumption 6 holds, then for the same A > 0 and α > 0 we have215

|f(x)| ≤ A

1 + ‖x‖d+α
;

Assumption 8. We have

lim inf
n→∞

min
i=2,...,p

[{
Ω−1M(f)Ω−T

}
i,i
−
{

Ω−1M(f)Ω−T
}
i−1,i−1

]
> 0.

Assumption 5 implies that Sd is unbounded as n→∞, which means that we address the
increasing domain asymptotic framework (Cressie, 1993).

Assumption 7 holds in particular for the function I(s = 0) and for the ball and ring ker-
nels B(h)(s) = I(‖s‖ ≤ h) with fixed h ≥ 0 and R(h1, h2)(s) = I(h1 ≤ ‖s‖ ≤ h2) with fixed220

h2 ≥ h1 ≥ 0.
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Up to reordering the components of Z, which comes without loss of generality, Assumption 8
is an asymptotic version of the identifiability condition in Proposition 1. Under Assumption 8,
identifiability in the sense of Definition 3 holds for sufficiently large n, from Proposition 1.

Proposition 2 below gives the consistency of the estimator M̂(f), where f satisfies Assump- 225

tion 7. The proof of this proposition is provided in § ?? of the supplementary material.

PROPOSITION 2. Suppose n→∞ and Assumptions 1 to 6 hold and let f : Rd → R satisfy
Assumption 7. Then M̂(f)−M(f)→ 0 in probability when n→∞.

We remark that M(f) depends on n and that we do not assume that the sequence of matrices
M(f) converges to a fixed matrix as n→∞. Hence, Proposition 2 shows that M̂(f)−M(f) 230

converges to zero, and not that M̂(f) converges to M(f).
Next, we show the joint asymptotic normality of n1/2{M̂(f0)−M(f0)} and n1/2{M̂(f)−

M(f)}, seen as sequences of p2 × 1 random vectors. Similarly as in Proposition 2, we do not
need to assume that the sequence of 2p2 × 2p2 covariance matrices of these two sequences of
vectors converges to a fixed matrix. Hence, we will not show that these sequences of random 235

vectors converge jointly to a fixed Gaussian distribution. Instead, we will show that the distances
between the distributions of these random vectors and Gaussian distributions converge to zero as
n→∞. As a distance between distributions, we consider a metric dw generating the topology
of weak convergence on the set of Borel probability measures on Euclidean spaces, see for in-
stance (Dudley, 2002, p. 393). The benefit of such a distance is that a sequence of distributions 240

(Ln)n∈N converges to a fixed distribution L if and only if dw(Ln,L) converges to zero. The next
proposition provides the asymptotic normality result. It is proved in § ?? of the supplementary
material.

PROPOSITION 3. Assume the same assumptions as in Proposition 2. Let W (f) be the vector
of size p2 × 1, defined for i = (a− 1)p+ b, a, b ∈ {1, . . . , p}, by 245

W (f)i = n1/2{M̂(f)a,b −M(f)a,b}.

Let Qn be the distribution of {W (f)T,W (f0)T}T. Then, as n→∞,

dw[Qn,N{0, V (f, f0)}]→ 0,

where N denotes the normal distribution and details concerning the matrix V (f, f0) are given
in Appendix A.2. Furthermore, the largest eigenvalue of V (f, f0) is bounded as n→∞.

In Proposition 3, V (f, f0) is a 2p2 × 2p2 matrix that depends on n and is interpreted as
an asymptotic covariance matrix. Also, in Proposition 3, the vectors W (f) and W (f0), that 250

are asymptotically Gaussian, are obtained by row vectorization of n1/2{M̂(f0)−M(f0)} and
n1/2{M̂(f)−M(f)}. Taking f(s) = I(‖s‖ ≤ h) with h > 0 in Propositions 2 and 3 gives the
asymptotic properties of the method proposed in Nordhausen et al. (2015).

Remark 1. Propositions 2 and 3 remain valid when centering the process X by X̄ =
n−1

∑n
i=1X(si). Indeed, we prove in Lemma ?? of the supplementary material that the dif- 255

ference between the centered estimator and M̂(f) is of order Op(n−1).

For a matrix A with rows lT1 , . . . , l
T
k , let vect(A) = (lT1 , . . . , l

T
k )T be the row vectorization of

A and for a matrix A of size k × k, let diag(A) = (A1,1, . . . , Ak,k)
T. Next, Proposition 4 shows

the joint asymptotic normality of the estimators Γ̂(f) and Λ̂(f). This proposition is proved in
§ ?? of the supplementary material.260
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PROPOSITION 4. Assume the same assumptions as in Proposition 2. Assume also that As-
sumption 8 holds. For Γ̂(f) and Λ̂(f) in Definition 1, let Qn be the distribution of

n1/2

 vect
{

Γ̂(f)− Ω−1
}

diag
{

Λ̂(f)− Λ(f)
} .

Then, we can choose Γ̂(f) and Λ̂(f) in Definition 1 so that when n→∞,

dw{Qn,N (0, F1)} → 0,

where details concerning the matrix F1 are given in Appendix A.3.

In Proposition 4, similarly as before, we consider the sequences of vectors obtained by vector-265

izing n1/2{Γ̂(f)− Ω−1} and taking the diagonal of n1/2{Λ̂(f)− Λ(f)}. Again, we do not show
that the sequence of joint distributions of these vectors converges to a fixed distribution. Instead,
we show that these joint distributions are asymptotically close to Gaussian distributions, with
covariance matrices given by F1. We remark that F1 denotes a sequence of (p2 + p)× (p2 + p)

matrices. We also remark that, in Definition 1, Γ̂(f) is not uniquely defined. It is defined up to270

the signs of its rows. Hence, Proposition 4 shows that there exists a choice of the sequence Γ̂(f)
in Definition 1 such that asymptotic normality holds as n→∞.

The performance of the estimators Γ̂(f) and Λ̂(f) depends on the choice of M̂(f) that should
be chosen so that Λ̂(f) has diagonal elements as distinct as possible. This is similar to the time
series context as described in Miettinen et al. (2012). To avoid this dependency in the time series275

context, the joint diagonalisation of more than two matrices has been suggested and we will
apply this concept to the spatial context in the following section.

4. IMPROVING THE ESTIMATION OF THE SPATIAL BLIND SOURCE SEPARATION MODEL
BY JOINTLY DIAGONALISING MORE THAN TWO MATRICES

Spatial blind source separation with more than two kernel functions of the form f0, f1, . . . , fk,280

with k ≥ 2, can be formulated as

Γ̂ ∈ argmax
Γ:ΓM̂(f0)ΓT=Ip

Γ has rows γT1 ,...,γ
T
p

k∑
l=1

p∑
j=1

{γT
j M̂(fl)γj}2. (5)

We can show that, if k = 1, the set of Γ̂ satisfying (5) coincides with the set of Γ̂(f1) satisfying
Definition 1. From experience in time series blind source separation, see for example Miettinen
et al. (2016), usually the diagonalisation of several matrices gives a better separation than those
based on two matrices only. In this paper, we indeed show that using k ≥ 2 is beneficial from a 285

theoretical point of view and in practice.
The identifiability notion of Definition 3 and Proposition 1 can be extended to the case of more

than two local covariance matrices. We first remark that the theoretical version of (5) is

Γ ∈ argmax
Γ:ΓM(f0)ΓT=Ip

Γ has rows γT1 ,...,γ
T
p

k∑
l=1

p∑
j=1

{γT
jM(fl)γj}2. (6)
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We then extend Definition 3 and Proposition 1 to the case of more than two local covariance
matrices. 290

DEFINITION 4. We say that the unmixing problem given by f1, . . . , fk is identifiable if any
unmixing functional Γ satisfying (6) can be written as PSΩ−1, where P is a permutation matrix
and S is a diagonal matrix with diagonal elements equal to −1 or 1.

PROPOSITION 5. The unmixing problem given by f1, . . . , fk is identifiable if and only if
for every pair i 6= j, i, j = 1, . . . , p, there exists l = 1, . . . , k such that {Ω−1M(fl)Ω

−T}i,i 6= 295

{Ω−1M(fl)Ω
−T}j,j .

Proposition 5 is proved in § ?? of the supplementary material. We remark that the identifia-
bility condition in Proposition 5 is weaker than that in Proposition 1, because if the condition in
Proposition 1 holds with f being one of the f1, . . . , fk, then the condition in Proposition 5 holds.
This is one of the benefits of jointly diagonalising more than two matrices. 300

One of the main theoretical contributions of this paper is to provide an asymptotic analysis of
the joint diagonalisation of several matrices in the spatial context. Assumption 8, on asymptotic
identifiability, can be replaced by the following weaker assumption.

Assumption 9. A fixed δ > 0 and n0 ∈ N exist so that for all n ∈ N, n ≥ n0, for ev-
ery pair i 6= j, i, j = 1, . . . , p, there exists l = 1, . . . , k, such that |{Ω−1M(fl)Ω

−T}i,i − 305

{Ω−1M(fl)Ω
−T}j,j | ≥ δ.

In the next proposition, we prove the consistency of Γ̂. This proposition is proved in § ?? of
the supplementary material.

PROPOSITION 6. Suppose Assumptions 1 to 6 hold. Let k ∈ N be fixed. Let
f1, . . . , fk : Rd → R satisfy Assumption 7. Assume that Assumption 9 holds. Let 310

Γ̂ = Γ̂{M̂(f0), M̂(f1), . . . , M̂(fk)} satisfy (5). Then we can choose Γ̂ so that Γ̂→ Ω−1

in probability when n goes to infinity.

In Proposition 6, we remark that Γ̂ is defined only up to permutation of the rows and multi-
plications of them by 1 or −1. Hence, we show that there exists a choice of a sequence Γ̂ that
converges to Ω−1. The next proposition provides an asymptotic normality result. It is proved in 315

§ ?? of the supplementary material.

PROPOSITION 7. Assume the same assumptions as in Proposition 6. Let (Γ̂n)n∈N be any se-
quence of p× p matrices so that for any n ∈ N, Γ̂n = Γ̂n{M̂(f0), M̂(f1), . . . , M̂(fk)} satisfies
(5). Then, a sequence of permutation matrices (Pn) and a sequence of diagonal matrices (Dn)
exist, with diagonal components in {−1, 1}, so that the distribution Qn of n1/2vect(Γ̌n − Ω−1) 320

with Γ̌n = DnPnΓ̂n satisfies, as n→∞,

dw{Qn,N (0, Fk)} → 0,

where details concerning the matrix Fk are given in Appendix A.4.

In Proposition 7, for any n ∈ N, the choice of Γ̂n satisfying (5) is not unique. The propo-
sition shows that, for any choice of the sequence of matrices Γ̂n, one can exchange the rows
and multiply them by 1 or −1, to obtain a sequence of matrices Γ̌n that converges to Ω−1 as325

n→∞. Furthermore, similarly as in Proposition 4, we show that the sequence of distributions
of n1/2vect(Γ̌n − Ω−1) is asymptotically close to a sequence of Gaussian distributions. The
sequence of p2 × p2 covariance matrices of these Gaussian distributions is Fk.
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The idea of joint diagonalisation is not new in spatial data analysis. For example in Xie & My-
ers (1995), Xie et al. (1995) and De Iaco et al. (2013), in a model-free context, matrix variograms330

have been jointly diagonalized. However, the unmixing matrix was restricted to be orthogonal,
which would therefore not solve the spatial blind source separation model.

While two symmetric matrices can always be simultaneously diagonalized, this is usually
not the case for more than two matrices which are estimated based on finite data. Therefore,
algorithms are needed for approximate joint diagonalisation. In this paper we use an algorithm335

which is based on Givens rotations (Clarkson, 1988). Other possible algorithms and their impact
on the properties of the estimates are for example discussed in Illner et al. (2015).

5. SIMULATIONS

5.1. Preliminaries
In this section we use simulated data to verify our asymptotic results and to compare the340

efficiencies of the different local covariance estimates under a varying set of spatial models.
All simulations are performed in R (R Core Team, 2019) with the help of the packages geoR
(Ribeiro Jr & Diggle, 2016), JADE (Miettinen et al., 2017) and RcppArmadillo (Eddelbuettel &
Sanderson, 2014). To generate the simulation data, we have chosen some particular covariance
functions for the latent fields. However, our proposed methods do not use this information in any345

way, but operate solely through the selection of local covariance matrices.

5.2. Asymptotic approximation of the unmixing matrix estimator
We start with a simple simulation to establish the validity of the asymptotic approxima-

tion of the unmixing matrix estimator Γ̂(f) for different kernels f and to obtain some pre-
liminary comparative results between the proposed estimators. We consider a centered, three-350

variate spatial blind source separation model X(s) = ΩZ(s) where each of the three indepen-
dent latent fields has a Matérn covariance function with shape and range parameters (κ, φ) ∈
{(6, 1·2), (1, 1·5), (0·25, 1)}, which correspond to the left panel in Fig. 1. We recall that the
Matérn correlation function is defined by

ρ(h) = 21−κ Γ(κ)−1 (h/φ)κKκ(h/φ),

where κ > 0 is the shape parameter, φ > 0 is the range parameter and Kκ is the modified Bessel355

function of the second kind of order κ. Our location pattern is constructed in the following way:
the first 200 locations are drawn uniformly random from an origin-centered square S1 of side
length 2001/2 units. For the next 200 locations, we scale the side length of the square S1 by
the factor 21/2 to obtain the larger square S2 and draw the points uniformly random on S2 \ S1.
Next, we always scale the side length of the previous square Sj by 21/2 to obtain Sj+1 and360

draw the same amount of locations we already have on Sj+1 \ Sj , thus doubling the number of
points every time. This process is continued until we have obtained a total of 3200 locations.
In the simulation we consider the sample sizes n = 100× 2j , for j = 1, . . . , 5, each time using
the first n of the 3200 points, that is, all points inside the jth innermost square on the left-hand
side of Fig. 2. The six samples then correspond to nested samples of points and represent the365

increasing domain asymptotic scheme implied by Assumption 5.
We expect any successful unmixing estimator Γ̂ to satisfy Γ̂Ω ≈ Ip up to sign changes and

row permutations. The minimum distance index (Ilmonen et al., 2010) is defined as,

MDI(Γ̂) = (p− 1)−1/2 inf{‖CΓ̂Ω− Ip‖, C ∈ C},
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Fig. 1: Matérn covariance functions of the first (solid red line), second (dashed green line) and third (dotted blue
line) latent fields used in § 5.2 (left panel) and § 5.3 (right panel). The parameter vectors (κ, φ) of the three fields

equal, (6, 1·2), (1, 1·5), (0·25, 1) and (2, 1), (1, 1), (0·25, 1), respectively.

Fig. 2: From left to right: the location pattern scheme used in § 5.2 with the marker type alternating between the
consecutive layers and only 1 percent of the locations shown for clarity, a diamond grid of radius 10 having n = 221
locations and a rectangle grid of radius 10 having n = 231 locations. The diamond and rectangle grids, with a one

unit distance between two neighbouring locations, are used in § 5.3.

where C is the set of all matrices with exactly one non-zero element in each row and column and
‖ · ‖ is the Frobenius norm. The minimum distance index measures how close Γ̂Ω is to the iden- 370

tity matrix up to scaling, order and signs of its rows, and 0 ≤ MDI(Γ̂) ≤ 1 with lower values in-
dicating more efficient estimation. Moreover, for any Γ̂ such that n1/2vect(Γ̂− Ip)→ N (0,Σ)

for some limiting covariance matrix Σ, the transformed index n(p− 1)MDI(Γ̂)2 converges to a
limiting distribution

∑k
i=1 δiχ

2
i where χ2

1, . . . , χ
2
k are independent chi-squared random variables

with one degree of freedom and δ1, . . . , δk are the k non-zero eigenvalues of the matrix, 375(
Ip2 −Dp,p

)
Σ
(
Ip2 −Dp,p

)
,

where Dp,p =
∑p

j=1E
jj ⊗ Ejj and Ejj is the p× p matrix with one as its (j, j)th element and

the rest of the elements equal zero, and ⊗ is the usual tensor matrix product. In particular, the
expected value of the limiting distribution is the sum of the limiting variances of the off-diagonal
elements of Γ̂. This provides us with a useful single-number summary to measure the asymptotic
efficiency of the method, i.e., the mean value of n(p− 1)MDI(Γ̂)2 over several replications. 380

Following the argument of the proof of Proposition ?? in the supplementary material, our spa-
tial blind source separation estimators are affine equivariant. More precisely, let Γ̂(Ip) be com-
puted from {Z(si)}i=1,...,n according to (5) and recall that Γ̂ is computed from {X(si)}i=1,...,n
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Fig. 3: The solid lines give the mean values of n(p− 1)MDI(Γ̂)2 in the first simulation and the dashed lines
correspond to the asymptotic approximations of the same quantities. The three used local covariance matrices are

B(1) (blue line), R(1, 2) (green line) and {B(1), R(1, 2)} (red line).

according to (5). Then we have Γ̂ = Γ̂(Ip)Ω
−1, up to sign changes and row permutations. In

this sense, Γ̂Ω is invariant to the value of Ω. As the minimum distance index depends on Γ̂ only385

through Γ̂Ω, it is thus without loss of generality that we may consider throughout § 5 only the
trivial mixing case Ω = I3. Taking different Ω into consideration would give exactly the same
results as those provided below.

Recall that the ball and ring kernels are defined asB(h)(s) = I(‖s‖ ≤ h) andR(h1, h2)(s) =
I(h1 ≤ ‖s‖ ≤ h2) for fixed h ≥ 0 and h2 ≥ h1 ≥ 0. We simulate 2000 replications for each390

sample size n and estimate the unmixing matrix in each case with three different choices for
the local covariance matrix kernels: B(1), R(1, 2) and {B(1), R(1, 2)}, where the argument s
is dropped and the brackets {} denote the joint diagonalisation of the kernels inside. The latent
covariance functions on the left panel of Fig. 1 show that the dependencies of the last two fields
die off rather quickly, and we would expect that already very local information is sufficient to395

separate the fields. Moreover, out of all one-unit intervals, the magnitudes of the three covariance
functions differ the most from each other in the interval from 1 to 2 and we may reasonably
assume that either R(1, 2) or {B(1), R(1, 2)} will be the most efficient choice.

The mean values of n(p− 1)MDI(Γ̂)2 over the 2000 replications are shown as the solid lines
in Fig. 3, with the dashed lines representing the asymptotic approximated values of the means,400

towards which they are expected to converge, see Propositions 4 and 7. As evidenced in Fig. 3,
this is indeed what happens. For the reasons detailed in the previous paragraph, the kernelR(1, 2)
is notably a more efficient choice thanB(1). However, the ball kernel still carries some additional
information to the ring as their joint diagonalisation, {B(1), R(1, 2)}, gives the best results out of
the three choices, albeit marginally. As the main purpose of the current simulation was to verify 405

the limiting theorems and compare the different choices of kernels, the estimation accuracy of the
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sources was considered jointly, through the minimum distance index. However, as it is possible
that some of the individual sources are more difficult to estimate than others, we have included in
§ ?? of the supplementary material a simulation study exploring individual component recovery.

The previous investigation and Fig. 3 used only the expected value of the asymptotic distri- 410

bution. In Fig. ?? of the supplementary material, we have also plotted the estimated densities of
n(p− 1)MDI(Γ̂)2 for all local covariance matrices and a few selected sample sizes and com-
pared with the density of the asymptotic approximation estimated from a sample of 100,000
random variables drawn from the corresponding distributions. Overall, the two densities fit each
other rather well, especially for the local covariance matrices involving the ring kernel. This 415

shows that the asymptotic approximation to the distribution of n(p− 1)MDI(Γ̂)2 is good al-
ready for small sample sizes.

5.3. The effect of range on the efficiency
The second simulation explores the effect of the range of the latent fields on the asymptoti-

cally optimal choice of local covariance matrices. The comparisons between the estimators are 420

made on the basis of the expected values of the asymptotic approximations to the distribution
of n(p− 1)MDI(Γ̂)2, that is, using the equivalent of the dashed lines in Fig. 3, meaning that no
randomness is involved in this simulation.

We consider three-variate random fields X(s) = ΩZ(s), where Ω = I3 and the latent fields
have Matérn covariance functions with respective shape parameters κ = 2, 1, 0·25 and a range 425

parameter φ ∈ {1·0, 1·1, 1·2, . . . , 30·0}. The three covariance functions are shown for φ = 1 in
the right panel of Fig. 1. The random field is observed at three different point patterns: diamond-
shaped, rectangular and random, which was simulated once and held fixed throughout the study.
The diamond-shaped point pattern has a radius of m = 30 and a total of n = 1861 locations,
whereas the rectangular point pattern has a radius of m = 15 with a total of n = 1891 locations. 430

In both patterns, the horizontal and vertical distance between two neighbouring locations is one
unit and examples of the two pattern types are shown in the middle and right panels of Fig. 2
with a radius m = 10. A rectangular pattern with radius m is defined to have the width 2m+ 1
and the height m+ 1. The random point pattern is generated simply by simulating n = 1861
points uniformly in the rectangle (−30, 30)× (−30, 30). We consider a total of eight different 435

local covariance matrices, B(r), R(r − 1, r) for r = 1, 3, 5, and the joint diagonalisations of the
previous sets: {B(1), B(3), B(5)} and {R(0, 1), R(2, 3), R(4, 5)}.

The results of the simulation are displayed in Fig. 4 where the two joint diagonalisations are
denoted by having value J as the parameter r. Recall that the lower the value on the y-axis,
the better that particular method is at estimating the three latent fields. The relative ordering 440

of the different curves is very similar across all three plots, and it seems that the choice of the
location pattern does not have a large effect on the results. In all the patterns, the local covariance
matrices with either r = 1 or r = 3 are the best choices for small values of the range φ but they
quickly deteriorate as φ increases. The opposite happens for the local covariance matrices with
r = 5; they are among the worst for small φ and relatively improve with increasing φ. The joint 445

diagonalisation-based choices fall somewhere in-between and are never the best nor the worst
choice. However, they yield performance very close to the best choice in the right end of the
range-scale and are close to the optimal ones in the left end. Thus, their use could be justified
in practice as the safe choice. Comparing the two types of local covariance matrices, balls and
rings, we observe that in the majority of cases the rings prove superior to the balls.450
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Fig. 4: The asymptotic approximate mean values of n(p− 1)MDI(Γ̂)2 as a function of the range of the latent
Matérn random fields for the different choices of local covariance matrices in the second simulation. The solid and

the dashed lines correspond, respectively, to the ball and ring kernels and the value of the parameter r is indicated by
the color of the line as follows: 1 (red), 3 (green), 5 (blue), J (purple). The y-axis has a logarithmic scale.

5.4. Efficiency comparison
To compare a larger number of local covariance matrices and their combinations, we simu-

late three-variate random fields X(s) = ΩZ(s), where Ω = I3 and the latent fields have Matérn
covariance functions with the shape parameters κ = 6, 1, 0·25 and the range parameter φ = 20,
in kilometers. We consider two different fixed-location patterns fitted inside the map of Finland;455

see Fig. 5. The first location pattern has the locations drawn uniformly from the map and the
second location pattern is drawn from a west-skew distribution. Both patterns have a total of
n = 1000 locations and to better distinguish the scale we have added three concentric circles
with respective radii of 10, 20, and 30 kilometers in the empty area of the skew map.

We simulate a total of 2000 replications of the above scheme with the fixed maps. In460

each case we compute the minimum distance index values of the estimates obtained with
the local covariance matrix kernels B(r), R(r − 10, r), G(r), where r = 10, 20, 30, 100, and
the joint diagonalisation of each of the three quadruplets {B(10), B(20), B(30), B(100},
{R(10), R(20), R(30), R(100} and {G(10), G(20), G(30), G(100} adding up to a total of 15
estimators. The Gaussian kernel is parametrized as G(r) ≡ exp[−0·5{Φ−1(0·95)s/r}2], where465

s is the distance and Φ−1(x) is the quantile function of the standard normal distribution, making
G(r) have 90% of its total mass in the radius r ball around its center. Thus, G(r) can be con-
sidered a smooth approximation of B(r). The larger radius kernels B(100), R(90, 100), G(100)
are included in the simulation to investigate what happens when we overestimate the dependency
radius. The mean minimum distance index values for the 15 estimators are plotted in Fig. 6 and470

show that for both maps and all local covariance types, increasing the radius yields more accu-
rate separation results all the way up to r = 30, whereas for r = 100 the results again worsen.
This observation shows that when using a single local covariance matrix, the choice of the type
and the radius are especially important, most likely requiring some expert knowledge on the
study. However, this problem is completely averted when we use the joint diagonalisation of475

several matrices. For both maps and all local covariance types the joint diagonalisation produces
results very comparable to the best individual matrices, even though the joint diagonalisations
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Uniform Skew

Fig. 5: The two fixed location patterns in the map of Finland, the uniform on the left and the skew on the right.
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Fig. 6: The results of the efficiency study for the uniform sampling design (left) and for the skew design (right).

also include the bad choices, r = 10, 20, 100. We also observe a similar behaviour in the first
and second simulation studies where, in the absence of knowledge on the optimal choice, the
joint diagonalisation either is the most efficient choice or provides a performance very close to 480

the most efficient choice. Thus, we recommend the use of the joint diagonalisation of scatter
matrices with a sufficiently large variation of radii for the kernels.

Finally, a comparison between the two maps reveals that the relative behaviour of the estima-
tors is roughly the same in both maps, but the estimation is generally more difficult in the skew
map, revealed by the on average higher minimum distance index values. This is explained by the 485

large number of isolated points which contribute no information to the estimation of the local
covariance matrices, making the sample size essentially smaller than n = 1000.

6. DATA APPLICATION

To illustrate the benefit of jointly diagonalising more than two scatter matrices from a prac-
tical point of view, we reconsider the moss data from the Kola project which are available in 490

the R package StatDa (Filzmoser, 2015) and described in Reimann et al. (2008), for example.
The data consist of 594 samples of terrestrial moss collected at different sites in north Europe
on the borders of Norway, Finland and Russia. The corresponding map with sampling locations
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Table 1: Maximal absolute correlations of different estimators with respect to the gold standard. All estimators used
the empirical covariance matrix. The distances for the scatters are given in kilometers

Est Scatters IC1 IC2 IC3 IC4 IC5 IC6
1 B(25) 0·96 0·93 0·91 0·68 0·64 0·77
2 B(75) 0·98 0·98 0·92 0·96 0·91 0·63
3 B(100) 0·76 0·80 0·77 0·96 0·60 0·53
4 R(0, 25), R(25, 50), R(50, 75), R(75, 100) 0·97 0·98 0·92 0·97 0·83 0·80
5 R(0, 10), R(10, 20), R(20, 30), R(30, 40),

R(40, 50), R(50, 60), R(60, 70), R(70, 80)
0·96 0·97 0·91 0·97 0·78 0·77

Est, estimator; IC, independent component.

is given in the online supplement in Fig. ??. The amount of 31 chemical elements found in
the moss samples was already used as a spatial blind source separation example in Nordhausen495

et al. (2015) where the covariance matrix and B(50) were simultaneously diagonalized. The
goal of that analysis was to reveal interpretable components exhibiting clear spatial patterns. In
Nordhausen et al. (2015), the radius of 50 kilometers was carefully chosen by an expert in that
analysis and considered best compared to several other radii not mentioned there. The analysis
found six meaningful components, which could be used to distinguish underlying natural geo-500

logical patterns from environmental pollution patterns. These six components had the six largest
eigenvalues and are visualized in Fig. ?? in the online supplement.

We show that the gold standard components can be stably estimated without subject knowl-
edge on the optimal radius by simply jointly diagonalizing a large enough collection of local
covariance matrices. To address the compositional nature of the data, we follow the same data505

preparation steps as in Nordhausen et al. (2015) and then compute five competing spatial blind
source separation estimates. The scatters we used in addition to the covariance matrix are detailed
in Table 1. Using these methods, we identify the six components with the highest correlations,
in absolute values, to the six main components identified in Nordhausen et al. (2015). Table 1
gives the correlations of the six components. The table shows that when using only two scatters,510

estimators 1, 2 and 3, some components cannot be easily found. However, when jointly diag-
onalising more than two scatters, the results are more stable and less dependent on the chosen
distances of the scatters as can be seen for estimators 4 and 5.

This is illustrated using the gold standard and estimators 3 and 4 in Fig. A.1 in the Appendix
for the first two components. For completeness, § ?? of the online supplement contains all six515

components for the three estimators. The first two components represent, according to Nord-
hausen et al. (2015), areas with different types of industrial contamination and Fig. A.1 shows
that the gold standard and estimator 4 agree quite well on these, but estimator 3 yields a different
map. More precisely, the first component obtained by the gold standard and the estimator 4 high-
lights a cluster of negative scores around the Monchegorsk and Apatity region, which reveals520

the mining and processing of alkaline deposits. This cluster is not revealed by estimator 3. Sim-
ilarly, the second components are similar between the gold standard and the estimator 4, but the
component from the estimator 3 differs from these two, especially for the sampling locations in
Finland. Thus, using several scatters gives a more stable impression whereas the maps can vary
considerably when only two scatters are used, in which case subject expertise becomes more 525

relevant.
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7. DISCUSSION

Our proposed methodology can be extended in multiple directions in future work. The assump-
tions of Gaussian or stationary fields could be relaxed. The spatial and temporal blind source
separation methodologies could be combined to obtain spatio-temporal blind source separation. 530

If used for dimension reduction, estimators for the number of latent non-noise fields could be de-
vised using strategies similar to those in Virta & Nordhausen (2019). Additionally, the combina-
tion of spatial blind source separation with univariate kriging and univariate modelling warrants
investigation.

How to choose the local covariance matrices optimally is also of interest. This is still an open 535

problem for temporal blind source separation methods, such as second-order blind identifica-
tion (Belouchrani et al., 1997). Several strategies have been suggested, see for example Tang
et al. (2005), and many of them could be useful also in selecting the kernels in spatial blind
source separation. The estimation accuracy of our proposed method is based on how well sepa-
rated the eigenvalues of the matrices M(f0)−1/2M(fl)M(f0)−1/2, l = 1, . . . , k, are. Since the 540

connection between the eigenvalues and the unknown covariance functions is complicated, our
suggestion, backed up also by the simulations, is to stay on the safe side and jointly use a large
number of ring kernels. However, including large numbers of unnecessary kernels can still have
the drawback of inducing some noise to the estimates. One way to remove the unneeded kernels
would be to first obtain preliminary estimates for the latent fields using a large number of kernels 545

jointly. Then, our asymptotic results could be used to select from a large collection of sets of ker-
nels, the one which achieves the smallest value of δ1 + · · ·+ δk; see § 5.2. The final estimates
could then be computed with this asymptotically optimal choice of kernels. A similar technique
was used in the context of temporal blind source separation in Taskinen et al. (2016).
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SUPPLEMENTARY MATERIAL

Supplementary material available at Biometrika online includes the proofs of all theoretical
results, an auxiliary simulation and additional figures for the simulations and the data application.

A. APPENDIX

A.1. Notation 560

Let y and z be the np× 1 vectors defined by y(i−1)p+j = Yj(si) and z(i−1)p+j = Zj(si), for
i = 1, . . . , n, j = 1, . . . , p. Let R = cov(y) and Rz = cov(z). Let eb(p) be the bth base column vec-
tor of Rp for b = 1, . . . , p. For f : Rd → R and for b, l = 1, . . . , p, let Tb,l(f) be the np× np ma-
trix, that we see as a block matrix composed of n2 blocks of sizes p2, and with block i, j equal to
f(si − sj)(1/2){eb(p)el(p)T + el(p)eb(p)

T}.565

For b ∈ N, we letD(b) = {1 + (i− 1)(b+ 1); i = 1, . . . , b}. We remark that {vect(M)i; i ∈ D(b)} =
{Mi,i; i = 1, . . . , b} for a b× b matrix M . Let D̄b = {1, . . . , b2}\Db. We remark that {vect(M)i; i ∈
D̄(b)} = {Mi,j ; i, j = 1, . . . , b, i 6= j} for a b× b matrix M . For a ∈ {1, . . . , b2}, let Ib(a) and Jb(a) be
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the unique i, j ∈ {1, . . . , b} so that a = b(i− 1) + j. For i ∈ {1, . . . , b}, let db(i) = 1 + (i− 1)(b+ 1)
and note that {vect(M)db(i); i = 1, . . . , b} = {Mi,i; i = 1, . . . , b} for a b× b matrix M . For a matrix M570

of size b× b, recall that diag(M) = (M1,1, . . . ,Mb,b)
T and that tr(M) denotes its trace.

A.2. Expression of the matrix V (f, f0) from Proposition 3
Let f, g : Rd → R. Using the notation of Appendix A.1, let Σ(f) and Σ(f, g) be the p2 × p2 matrices

defined by, for i = (s− 1)p+ t and j = (u− 1)p+ v, with s, t, u, v ∈ {1, . . . , p},

Σ(f)i,j = 2n−1tr {RT (f)s,tRT (f)u,v} and Σ(f, g)i,j = 2n−1tr {RT (f)s,tRT (g)u,v} .

Let575
V (f, g) =

(
Σ(f) Σ(f, g)

Σ(g, f) Σ(g)

)
.

Then V (f, f0) is equal to V (f, g) for g = f0.

A.3. Expression of the matrix F1 from Proposition 4
From Assumption 8, there exists n0 ∈ N such that for n ≥ n0 the diagonal elements of Ω−1M(f)Ω−T

are strictly decreasing. Write these diagonal elements as λ1 > · · · > λp. Using the notation of Ap-
pendix A.1, for n ≥ n0, let A, B, C and D be respectively the p2 × p2, p2 × p2, p× p2 and p× p2

580

matrices defined by

Ai,j =


−1/2 for i = j ∈ D(p),

−λIp(i){λIp(i) − λJp(i)}−1 for i = j 6∈ D(p),

0 otherwise,

Bi,j =

{
{λIp(i) − λJp(i)}−1 for i = j 6∈ D(p),

0 otherwise,

Ci,j =

{
−λi for j = dp(i),

0 otherwise
and Di,j =

{
1 for j = dp(i),

0 otherwise.

Let
G =

(
A B
C D

)
.

Let MΩ−1 and M̄Ω−1 be respectively the p2 × p2 and (p2 + p)× (p2 + p) matrices defined by 585

(MΩ−1)a,b =

{
(Ω−1)Jp(b),Jp(a) if Ip(a) = Ip(b),

0 if Ip(a) 6= Ip(b)
and M̄Ω−1 =

(
MΩ−1 0

0 Ip

)
.

Let Ṽ (f) be defined as V (f0, f) but with R replaced by Rz . Then, for n ≥ n0, F1 is defined as

F1 = M̄Ω−1GṼ (f)GTM̄T

Ω−1 .

A.4. Expression of the matrix Fk from Proposition 7
Let D(f) = Ω−1M(f)Ω−T. For a diagonal matrix Λ, let Λr = Λr,r. Let A0, A1, . . . , Ak and B be

p2 × p2 matrices defined by, for n ≥ n0 with the notation of Assumption 9,

A0,i,j =


−1/2 for i = j ∈ D(p),

−
∑k

l=1{D(fl)Ip(i) −D(fl)Jp(i)}D(fl)Ip(i) for i = j 6∈ D(p),

0 otherwise,
590

Al,i,j =

{
D(fl)Ip(i) −D(fl)Jp(i) for i = j 6∈ D(p),

0 otherwise,
for l = 1, . . . , k,
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and

Bi,j =


1 for i = j ∈ D(p),

[
∑k

l=1{D(fl)Ip(i) −D(fl)Jp(i)}2]−1 for i = j 6∈ D(p),

0 otherwise.

Let G be the p2 × (k + 1)p2 matrix defined by G = B(A0, A1, . . . Ak), for n ≥ n0. Let MΩ−1 be as
in Appendix A.3. Let Ṽ (f1, . . . , fk) be the (k + 1)p2 × (k + 1)p2 matrix composed of (k + 1)2 blocks
of size p2 × p2 with block (i+ 1), (j + 1) defined similarly as Σ(fi, fj) in Appendix A.2, but with R
replaced by Rz . Then, for n ≥ n0, Fk is defined as 595

Fk = MΩ−1GṼ (f1, . . . , fk)GTMT

Ω−1 .

A.5. Map for data application

Gold standard

IC1

> 2.25 − 4.15
> 0.14 − 2.25
> −0.59 − 0.14
> −1.02 − −0.59
   −2.29 − −1.02

Gold standard

IC2

> 1.14 − 1.53
> 0.74 − 1.14
> −0.55 − 0.74
> −2.13 − −0.55
   −3.84 − −2.13

Estimator 3

IC1 (cor = 0.76)

> 1.91 − 3.01
> 0.72 − 1.91
> −0.82 − 0.72
> −1.32 − −0.82
   −2.16 − −1.32

Estimator 3

IC2 (cor = 0.80)

> 1.34 − 1.98
> 0.74 − 1.34
> −0.57 − 0.74
> −1.99 − −0.57
   −3.55 − −1.99

Estimator 4

IC1 (cor = 0.97)

> 2.15 − 3.45
> 0.32 − 2.15
> −0.64 − 0.32
> −1.15 − −0.64
   −1.88 − −1.15

Estimator 4

IC2 (cor = 0.98)

> 1.16 − 1.60
> 0.78 − 1.16
> −0.62 − 0.78
> −1.99 − −0.62
   −3.55 − −1.99

Fig. A.1: The first two independent components from the gold standard and estimators 3 and 4.
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